14. LIMITS, CONTINUITY
AND DIFFERENTIABILITY

1. LIMITS

1.1 Intuitive Idea of Limits

(a) Suppose we are travelling from Kashmiri gate to Connaught Place by metro, which will reach Connaught
place at 10 a.m. As the time gets closer and closer to 10 a.m. the distance of the train from Connaught place
gets closer and closer to zero (here we assume that the train is not delayed). If we consider the time as an
independent variable denoted by t and the distance remaining as a function of time, say f(t), then we say that
f(t) approaches zero as t approaches zero. We can say that the limit of f(t) is zero as t approaches zero.

(b) Letaregularpolygon be described in a circle of given radius. We notice the following points from the geometry.

(i) The area of the polygon cannot be greater than the area of the circle however large
the number of sides may be.

(ii) As the number of sides of the polygon increases indefinitely, the area of the polygon
continuously approaches the area of the circle.

(iii) Ultimately the difference between the area of the circle and the area of the polygon
can be made as small as we please by sufficiently increasing the number of sides of
the polygon.

We can say that the limit of the area of the polygon inscribed in a circle is the area of the Figure 14.1
circle as the number of sides increases indefinitely.

1.2 Meaning of x — a

Let x be a variable and a be constant. Since x is a variable; we can change its value at our pleasure. It can be
changed in such a way that its value comes nearer and nearer to a. Then we say that x approaches a and it is
denoted by x — a:

X—> a at ¢«——x
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Figure 14.2

We know that [x — a| is the distance between x and a on the real number line and 0 < |[x —a| if x # a, “x tends to a"
means

(@) x=#aie0<|x—-al
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(b) xtakes up values nearer and nearer to a, i.e. the distance |x — a| between x and a becomes smaller and smaller.
One may ask "how much smaller”? The answer is, as much as we please. It may be less than 0.1 or 0.00001
or 0.0000001 and so on. In fact, we may choose any positive number 8. However small it may be, |x — a| will
always be less than 8. The above discussion leads up to the following definition of x — a.

Let x be a variable and a be a constant.

Definition: Given a number 8 > 0 however small, if x takes up values, such that 0 < |x—a| < 8. Then x is said to tend
to a, and is symbolically written as x — a

Note. If x approaches a from values less than a, i.e. from the left side of a, we write x — a~. If x approaches a from
values greater than a, i.e. from the right side of a, we write x — a*.

But x — a means both x — a~ and x — a*. So x approaches or tends to a means x approaches a from both sides
right and left.

Neighbourhood of point a: The set of all real numbers lying between a -8 and a + § is called the neighbourhood
of a. Neighbourhood ofa = (a—8,a +38);xe(@a-38 a +9)

1.3 Limit of a Function

Let us take some examples to find the limit of various functions:

2
X 24 . We investigate the behaviour of f(x) at the point

Illustration 1: Consider the function f(x) =

x = 2 and near the point x =2. (JEE MAIN)

Sol: Here as f(2) =0, therefore try to evaluate the value of f(x) when x is very near to 2.

f(2) = % = % which is meaningless. Thus f(x) is not defined at x = 2.

Now we try to evaluate the value of f(x) when x is very near to 2 for some values of x less than 2 and then for x
greater than 2.

2 2
Loy LY -4 039 g (op RV -4 041,
19-2  —01 21-2 01
2 _ . 2 _
(Logy . L9 -4 00399 o (oo . 201 -4 00401,
199-2  —001 201-2 001
2 _ . 2 _
(1999 - (L399 -4 _ ~0.003999 o0 (2001 - 2001 ~4 _ 0.004001 _,
1.999 -2 ~0.001 2001-2 0.001
3 39 399 3999 @ 4001 401 41
[ L 4 L 2 L L L 4 *————0

x=1 19 199  1.999 @ 2001 201 21

Figure 14.3

It is clear that as x gets nearer and nearer to 2 from either side, f(x) gets closer and closer to 4 from either side.
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When x approaches 2 from the left hand side the function f(x) tends to a definite number 4. Thus we say that as x
tends to 2 the left hand limit of the function f exists and equals to the definite number 4. Similarly, as x approaches 2
from the right hand side, the function f(x) tends to a definite number, 4.

Again we say that as x approaches 2 from the right hand side of 2, the right hand limit of f exists and equals to 4.

. . . -1,ifx<0
Illustration 2: Discuss the limit of the function f(x) = { 1 !fx < 0 atx=0 (JEE MAIN)
,ifx >

Sol: Sketch its graph when x is very near to 0 for range of x from -1 to 1.

-1, x<0

We have, f(x) =
+1, x>0

Let us sketch its graph

X -1 -0.5 -0.1 -0.01 -0.001 | 0.001 | 0.01 0.1 0.5 1
f(x) -1 -1 -1 -1 -1 1 1 1 1 1

(i) As xapproaches zero from the left of zero, f(x) remains at —1. And we say that the left hand limit of f exists at

x =0and equals to-1. lim f(x)=-1
x—0"

(ii) As x approaches zero from the right of zero, f(x) remains at 1. So we say that the right hand limit of fatx = 0

exists and equals to +1. lim f(x) = +1
x—0"

(iii) Left hand limit of f(x) (at x = 0) = Right hand limit of f(x) {at x = 0}.

So the lim f(x) does not exist.
x—0

Illustration 3: Discuss the limit of the function f(x) = 1 at x = 0 and its graph (JEE MAIN)
X
Sol: Same as above illustration.

We have, f(x)= 1 Let us draw the graph of the given function f(x) = 1
X X

X -1 -0.1 -0.01 -0.001 | -0.0001 | 0.0001 | 0.001 | 0.01 0.1 1
f(x) -1 -10 -100 -1000 | -10000 10000 | 1000 100 10 1

(i) Asxapproaches zero from the left of zero the graph never approaches a finite number so we say that the left

hand limit of f at x = 0 does not exist i.e. lim f(x) does not exist
x—0"
(ii) As x approaches zero from the right of zero, the graph again does not approach a finite number. Again we say

that the right hand limit of f at x = 0 does not exist. lim f(x) does not exist
x—0"

(iii) At x=0 left hand limit of f = right hand limit of f

Hence, the limit of f(x) does not exist.
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|
x|

Figure 14.4

PLANCESS CONCEPTS

(a) The fact that the limit of f(x) exists at x = a means that the graph of f(x) approaches the same value
from both sides of x = a.

(b) The fact that f(x) is continuous at x = a means that there is no break in the graph as x moves from
a to a*.

Vaibhav Krishnan (JEE 2009, AIR 22)

1.4 Different Cases of Limits

Right hand limit is the limit of the function as x approaches a from the positive side.
Left hand limit is the limit of the function as x approaches a from the negative side.

Note: A function will have a limiting value only if its right hand limit equals its left hand limit.

Illustration 4: Discuss the limits of f(x) = |x| at x = 0 and draw its graph. (JEE MAIN)

Sol: We have f(x) = |x|, therefore f(x) is equals to x for x > 0 and — x for x < 0.

Increasing x Decreasing x

X -3 -2 -1 0 1 2 3
f(x) 3 2 1 0 1 2 3
Limit

Decreasing f(x) Decreasing f(x)
We have f(x) = x| P f(x) :{ X, x>0
—X, <0
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Let us draw its graph.

f(x)
N
(-3,3) 3,3)
3_.._
(-2,2) > 22
LR T Au
X' < ——t——t—+— X
-3 -2 -1 1 2 3

Figure 14.5

(i) As x approaches zero from left of zero, f(x) = 0. And we say that left hand limit of f(x) exists, and is equal to
zero.
lim f(x)=0

x—0"

(ii) As x approaches zero from the right of zero f(x) is equal to zero. So we say that the right hand limit of f at x =

0 exists, and is equal to zero. lim f(x) =0 Here lim f(x)= lim f(x)=0
x—0" x—0" x—0"

Hence we say that the limit of f (x) at x = 0 exists and equals to zero.

Illustration 5: Evaluate: lim x+3 (JEE MAIN)

X—3

Sol: Simply taking value of x very near to 3 we can obtain value of the function at these points.

Let us compute the value of function f(x) for x very near to 3. Some of the points near and to the left of 3 are 2.9,
2.99, 2.999.

Values of the function are given in the table below. Similarly, some of the numbers near and right of 3 are
3.001,3.01,3.1. Value of the function at these points are also given in the table.

Increasing x Decreasing x
X 29 299 2.999 @ 3.001 3.01 3.1
f(x) 5.9 5.99 5.999 @ 6.001 6.01 6.1
- Limit
Increasing f(x) Decreasing f(x)

From the table we deduce that the value of f(x) at x = 3 should be greater than 5.999 and less than 6.001.

It is reasonable to assume that the value of function f(x) at x = 3 from the left of 3 is 5.999.

lim f(x) ~5.999 . (i)

x—3"

Similarly, when x approaches x = 3 from the right, f(x) should be 6.001

lim f(x) ~ 6.001 . (i)

x—3"

From (i) and (ii), we conclude that the limit is equal to 6.
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lim f(x) = lim f(x) = limf(x) =6

x—3"~ x—3" x—3

2 p— —
Hlustration 6: Evaluate: lim >~ —*—10 (JEE MAIN)
X—2 X2 — 4

Sol: Similar to above problem.

Let us compute the value of function f(x) for x very near to 2. Some of the points near and to the left of 2 are 1.9,
1.99, 1.999.

Values of the function are given in the table below. Similarly, some of the numbers near and to the right of 2 are
2.001, 2.01, 2.1. Values of the function at these points are also given in the table.

Increasing x Decreasing x
x 19 | 199 | 1009 | (2) | 2001 | 201 | 21
i | 2743 | 2749 | 27499 | 275) | 2.750 | 2.7506 | 2.756
- Limit
Increasing f(x) Decreasing f(x)

From the table we deduce that the value of f(x) at x = 2 should be greater than 2.7499 and less than 2.750.

It is reasonable to assume that the value of function f(x) at x = 3 from the left of 2 is 2.7499.

lim f(x) =~ 2.7499 ()
X—2"
Similarly, when x-approaches x = 2 from the right f (x) should be 2.750. lim f(x) ~ 2.750 (i)
x—2"

From (i) and (ii), we conclude that the limit is equal to 2.75. lim f(x) = lim f(x) = lim f(x) =2.75

x—2" x—2t X—2

PLANCESS CONCEPTS

oIf Limf (a—b) = Lim +(a+b), then we can say that both the left hand limit and right hand limits exist

X—a st

at x = a, and irrespective of the value of the function at a, i.e f(a), the function does not have a limit at

x = a, that is Lim f(x) does not exist
X—>a

o If both the left hand limit and right hand limit of f(x) at x = a exist and at least one of them is not equal
to f(a), then the limit of f at x = a does not exist.

Shrikant Nagori (JEE 2009, AIR 30)

1.5 Working Rule for Evaluation of Left and Right Hand Limits

Right hand limit of f(x), when x — a = lim f(x)

xaa*’

Stepl. Putx =a+ handreplace a* by a.
Step II. Simplify limf(a+h).
h—0

Step III. The value obtained in step 2 is the right hand limit of f(x) at x = a.
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Similarly for evaluating the left hand limit put x = a - h.
Evaluate the left-hand and right-hand limits of the following function at x = 1.

5x-4, if 0<x<1

f(x) =
0 4x% —3x, if 1<x<?2

Illustration 7: Does Iirqf(x) exist? (JEE MAIN)
X—>

Sol: By taking left hand limit and right hand limit we can conclude that the given limit exist or not.

Left hand limit = lim f(x) = lim (5x—4) [~ f(x) = 5x -4, if 0 < x < 1]

x—1" x—1"

= lim[5(1—h)-4]=lim[5-5h—4]=5-4=1 [Putx = 1 - h]
h—0 h—0
Right hand limit = lim f(x) = lim (4x? =3x) [ f(x) = 4x2 = 3%, if 1 < x < 2]
x—1" x—1"

= Pl1irr(1)[4(1+h)2 —3(1+h)] [Putx =1+ h]
= Ling[4+8h+4h2—3—3h]: Lirrg)[l+5h+4h2] =1

- At x = 1, Left hand limit = Right hand limit = Iin}f(x) exists and it is equal to 1.
X—>

Illustration 8: Evaluate the left hand and right-hand limits of the following function at x = 1 (JEE MAIN)
2 if 0<x<1
f(x) = 1+, I X does limf(x) exist ?
2-x, if x>1 x—1

Sol: By putting x = 1 —h and 1 + h, we can conclude left hand limit and right hand limit respectively. If both are
equal then the given limit exist otherwise not exist.
Left hand limit = lim f(x)

x—1"

lim (1 +x°) [ fx)=1+xif0<x<1]
x—1"

liml+@1-h)?]=1+1=2 [Putx=1-h]
h—0

Right hand limit = lim f(x) = lim (2-x) [ f(x) = 2 -x, if x > 1]

x—o1t x—1*
= lim2-1+h)]=2-1=1 (Putx=1+h)
h—0
Therefore, At x = 1, Left hand limit # Right hand limit = Iin}f(x) does not exist.
|x-6]

Illustration 9: Evaluate the right hand limit of the function f(x) =< x—6
0, X=6

P X760 k=6 (JEE MAIN)

Sol: Here Right hand limit of the given function f(x) at x = 6 is rI\ingf(6+h).
—
Right hand limit of f(x) atx = 6 = lim f(x), = Lirrg)f(6+h),
—

x—6"

= fim 8th=61 L Ihl

Iimh, = liml=1
h—0 6+h—-6

T ho0 h h—0 h h—0

1
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|x—4]
Illustration 10: Evaluate the left hand limit of the function: f(x)={ x—-4 '
0, x=4

X#4 tx=4 (JEE MAIN)

Sol: Here Left hand limit of the given function f(x) at x = 4 is IIwirr(1)1’(4 -h).
—

Left hand limit of f(x) at x = 4 = lim f(x) = limf(4 —h) = Iim|4_h_4| = nml‘h|
Xx—4~ h—0 h—0 4-h-4 h—»0 —h

= IimL =lim-1=-1
h—»0—-h h-0

Illustration 11: Evaluate the left hand and right hand limits of the following function at x = 2: (JEE MAIN)
2x+3, if x<2 . .
f(x) = X+ I X Does limf(x) exist?
x+5, if x>2 x—>2

Sol: Similar to illustration 7.
Left hand limit = lim f(x) = lim 2x+3) (- f(x) = 2x + 3, if x < 2)

X—2" x—2"

= lim[22-h)+3] (Putx=2-h)=4+3=7
h—0

Right hand limit = lim f(x) = lim f(x+5) (- fx) =x+5,ifx > 2)

x—2" x—2t

= lim(2+h+5)=7 (putx =2 + h)
h—0
Therefore, the left hand limit = right hand limit [at x = 2] = Iirr;f(x) exists and it is equal to 7.
X—>

mx? +n, x<0
Illustration 12: For what integers m and n does Iingf(x) exist, if f(x)={nx+m, 0<x<1 (JEE ADVANCED)
X—>

nx?+m, X>1

Sol: As the given limit exist, therefore its Left hand limit must be equal to its Right hand limit.
Limitatx=0; lim f(x)= lim (mx®+n) = Iim[m(O—h)2 +n} =n
X0~ x—0-h h—0

lim f(x)= lim (hx+m)=Ilim[n(0+h)+m] =m
0t x—(0+h) h—0

Limit exists if lim f(x) = lim f(x) =>n=m
x—0" x—0"

a+bx, x<1

Illustration 13: Suppose f(x)=1 4, x=1 andif limf(x)=f(1) What are possible values of a and b?
b-—ax, x>1 ot (JEE Advanced)

Sol: Here lim f(x) = lim f(x) = limf(x).

x—1" x—-1t x-1
a+bx, x<1
We have, f(x)=1 4, x=1 Lefthand Ilim f(x)= lim[a+bx] = rI\ing[a+b(1—h)]:a+b
—

b— ax, X > 1 x—1 x—1
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Right hand lim f(x) = lim[b-ax] = rI1irr2)[b—a(1+h)] =b-a

x—1t x—1t

I|mf(x)—I|mf(x)—I|mf(x) —>a+b=b-a=4= a=0b=4

x—1" x—1t

l l Lifx#0

Illustration 14: If f(x) = X show that limf(x) does not exist (JEE ADVANCED)
2 ifx=0 x—0

Sol: Here if left hand limit is not equal to the right hand limit of the given function then the Iinrg)f(x) does not exist.
X—>!

Left hand limitof fatx =0 = lim f(x) = limf(0-h) = Iileo_hI

x—0" h—0 h—0 (O _h) [Puttlng Xx=0- h]

Right hand limitof fatx =0 = lim f(x) = limf(0+h) = “mw [Putting x = 0 + h]
x0T h—0 h—0 (0+h)
= Iimh_—|h| = lim — h-h = lim — —I|m0 0
h—0 h h—0 h h—0 h—0

Here, left hand limit of f (at x = 0) = right hand limit of f(at x = 0). Therefore rI1inr(1)f(x) does not exist at x = 0
—

PLANCESS CONCEPTS

If f(x) denotes the greatest integer function then IirT(1) f(x) =[0] = 0 this representation is wrong.
X—>
The correct form is

lim f(x)= I|m [0+h] =

x—0"

lim f(x)= I|m [0-h] =

x—0"

Hence the limit doesn't exist. Remember that the limit must be applied only after complete simplification.

Nitish Jhawar (JEE 2009, AIR 7)

1.6 Value of a Function at a Point and Limit at a Point

Case I: limf(x) and f(a) both exist but are not equal.
X—a
X2 -1 1 W21
Example: f(x) =< y_1 "' x# ; limf(x) = lim = I|m(x+1) 2, f(x) existsatx =1
x—1 x—1 X — x—1

0, x=1

f(1) = 0, value of f also exists at x = 1. But Iian(x) = f(1).
X—>

Case II: limf(x) and f(a) both exist and are equal.
X—a
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Example: f(x) = x?; limf(x) = lim(x?) =1 limit exists, and f(1) = (1)2= 1; = value of f also exists. = limf(x) = f(1)
x—1 x—1 x—1
1.7 Properties of Limits
Let f and g be two real functions with common domain D, then.
(@) lim(f+g)(x) = limf(x)+ limg(x)
X—a X—a X—a
(b) lim(f-g)(x) = limf(x) - limg(x)
X—a X—a X—a
(¢) lim(c-f)(x)=climf(x) [c is a constant]
X—a X—a

(d) lim(fg)(x) = limf(x)- lim g(x)

f lim f(x)
(e) lim[—](X) = 28—
x—al g limg(x)

@ lim ()" = lim )

X—a X—a

X—a X—a

(@ lim(f0)™ = (Iimf(x))xlina o

(h) If f(x)g(x) xa then limf(x) < limg(x)

PLANCESS CONCEPTS
limf(x) = ¢, then lim | f(x) |=| ¢|

The converse of this may not be true i.e.
lim|f(x)|=] 2| limf(x)=¢
X—a X—a

limf(x) = A > 0and lim g(x) = B then limf(x)?® = A®
X—>a x—a

X—a

Shivam Agarwal (JEE 2009, AIR 27)

1.8 Cancellation of Common Factor

Let Iimm. If by substituting x = a, M reduces to the formg, then (x—a) is a common factor of f(x) and g(x).
x>ag(x) g(x) 0

So we first factorize f(x) and g(x) and then cancel out the common factor to evaluate the limit.

Working Rule:
f(x)

To find out lim——=, where limf(x) =0 and limg(x)=0.
x»ag(x) Xx—a Xx—a

Step I: Factorize f(x) and g(x).

Step II: Cancel the common factor (s).



Mathematics | 14.11

Step 3: Use the substitution method to obtain the limit.
Important formulae for factorization

(@ (@-b’)=(-b)(@+b)

(b) 2°-b*=(a-Db)(a®+ab +b?

() a®+b*=(a+b)@-ab+Db?

(d) a*-Db*=(a?-b? (a*>+ b? =(a—b) (a + b) (@*+ b?
(e) Iff(a) =0, then x — a is a factor of f(x)

3

Tllustration 15: Evaluate lim>—
x—=1 X —

(JEE MAIN)

Sol: Factorize the numerator and denominator.
3

If we put x = 1, the expression 1 assumes the indeterminate form % . Therefore (x — 1) is a common factor of

(x3-1) and (x — 1). Factorising the numerator and denominator, we have,

. x>-1 [0
lim —Form
x—>1 x—1 0

_lim x-1)(x* +x+1)
x—1 (x-1)

= Iirq(x2 +x+1) [After cancelling (x-1)] = 12 +1+1=3
X—

. . 4x?-1
Illustration 16: Evaluate Iqu (JEE MAIN)

1 2x-1
2

Sol: Similar to above illustration, By factorizing numerator and denominator we can evaluate given limit.

X2

. . . 0
If we put x = % the expression assumes the indeterminate from 0

X —

Therefore [x - lj i.e. (2x—1)isa common factor of (4x?— 1) and (2x — 1). Factorising the numerator and denominator,
we have,

2
lim A1 {gForm} = Iimw [a?-b?=(a—-b)(a+ b)
12x-1 |0 1 (@2x-1)

2 2

X—>

= Iin1(2x +1) [After cancelling 2x - 1)]= 2 x%+1 =1+1=2
X—=
2

2 —
Hllustration 17 Evaluate lim X~ 2X*20 (JEE MAIN)

x5 % —6x+5
Sol: Take (x — 5) common from numerator and denominator to solve this problem.
x> —9x+20

. . . 0
If we put x = 5, the expression —————— assumes the indeterminate form —.
X°—6x+5 0

Therefore (x — 5) is a common factor of the numerator and denominator both. Factorising the numerator and
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. 0 L x=4) x=5) L (x=4)
—_ = |m— = |
denominator, we have {OForm} XI_)5 (x_1) (x_5) Xlg; D)
5— 1
Aft i -5]=—==
[After cancelling (x = 5)] "2

3 _ 2 _
Hllustration 18: Evaluate lim *_— /X *14x=8 (JEE MAIN)
x—2 X2 +2x—8

Sol: Same as above illustration.

3 5.2 _ _ _
When x = 2 the expression > 7XE+14% =8 ssumes the form §-28+28-8 0
X2 +2x-8 4+4-8 0

Therefore (x — 2) is a common factor of the numerator and denominator.

Factorising the numerator and denominator, we get

i EDX=2)0=4) | (-D(x-4) | 2-1)Q-4) _1x(2)_-2_ 1

=2 (x=2)(x+4) =2 (Xx+4) (2+4) 6 6 3

4 a3
Illustration 19: Evaluate Iimgx_zﬁ (JEE MAIN)
x=>1x> —5x* +3x+1

Sol: Same as above illustration.

4 2.3
On putting x = 1 in ¢,we get 9
x> —5x% +3x+1 0

It means (x—1) is the common factor of the numerator and denominator. Factorising the numerator and denominator,
we get

3 2
fim = DX —22x —2x-2) _ im G —2x% =2x-2)
x>l (x=1)(x* —4x-1) -l 2 _4x—1

[Cancellation of (x — 1)]

3 912 9y
_1 22>< 1" -2x1-2 [Substitution method]
12 -4x1-1

_1-2-2-2_-5_5

1-4-1 -4 4

Note: When the degree of the polynomial is higher, then it is difficult to factorize. So, we apply L'Hopital’s rule

1.9 L'Hopital’s Rule

L'Hopital’s rule states that for functions f and g which are differentiable:

If limf() = img() = 0 or 40 and fim-- has a finite value then fim 1 = jim %
X—>C X—>C

x—cg'(X) x=>cg(X) x-cg'(x)

. . 0 «©
Note: Most common indeterminate forms are 6,—,0xoo,oo—oo,0°,l°0 and oo°
o0
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PLANCESS CONCEPTS

Evaluation of limits using L'Hépital’s rule is applicable only when fed becomes

q g(x)
of the form ~ or 2.
0 o0

If the form is not 9 or 2 simplify the given expression till it reduces to the form 0 or 2 and then
apply the rule. * 0 =

To apply L'Hopital's rule differentiate the numerator and the denominator separately.

What you may overlook is the fact that the LH rule is applicable only when the modified limit (obtained
by differentiating the numerator and denominator) also exists. Let's consider an example to illustrate this

2 .

. . ..o XS +sinx L . . .

point. Consider the limit lim —— - Wesee that the limit is of the indeterminate form 2. Applying
X—>00 X 2 . o0
. . . .. XS4sinX . 2X+COSX .
the LH rule two times in succession, we obtain: lim = lim (agamzform)
X—>0 X X—>00 2X 0

. 2-sinx 1. .
= lim = 1-=Ilimsinx

X—>0 X—®

Which does not exist. However, only a few moments of consideration are required to conclude that the
limit must exist, because the numerator is x> + sinx, and since x tends to infinity, the term sinx can be
ignored in comparison to x?(as sinx only ranges from -1 to 1); the denominator is x> and so the limit must
be 1. Why did the LH rule go wrong?

Ravi Vooda (JEE 2009, AIR 71)

1.10 Theorems

X" —g"

1. Letn be any positive integer. Then. lim n-1
Xx—>a X—a

"-a" (a+h"-a"

First Proof: Putting x = a + h, we get X
X—a a+h-a

= %[(a+h)” —a”]

= %[(a” +C a"th+...+h" - a”} [Using the Binomial theorem]

1 — n n— n n n—- n n— n-
:E[”Cla”1h+ C,a?h?+ . +hl=rCat+"C,a"2h+..+h!

n n
X" —a _ _ _
lim = le[”cla” L4nCa"?h+.. " 1} =na"t (as"C, =n)
x—a X—a —0

Second Proof: We know that,

n n
X" —a _ _ _ _
x"—a" = (x—a) (X" + ax"? + ..a"2x + a"1) Therefore, =x"!+ax"? +. . a" % x+a"t
(x-a)
x"—a"
= lim =a"t +a@ ?)+..a2a+a" =amt + a4 . a™! + al(n terms) = n a™t
x—a (X —a)
xM _ gm

Illustration 20: Evaluate: lim
x—a y" _g"

(JEE MAIN)
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Sol: By using L' Hospital rule, we can solve this problem.

x™ —a"

We have, lim
x—a y" _g"

— mam—l - r]an—l _ ma _ mam—l—ml m qmn
na"t n n
. X =32
Illustration 21: Evaluate: Im; (JEE MAIN)
X—>. X _8
Sol: Dividing numerator and denominator by (x — 2) we can evaluate given limit.
X - . . 0
When x = 2, the expression 3 assumes the indeterminate form6 .
x> -8
5 5 55 5 o5 B 555 33
Now limX=32 _jmX =2 _ fjm X220/ [ 22y [ X 22
x=2 33 8  xo2y3 _ D3 X%Z(X3—23)/(X—2) x=>2| X—2 x=2| X—2
n n
= 5x2°1 3% 2% |: lim X —a =nan_1}
x—a X—a
4
=5x2%+3x2% = >x2 :E><22 :E
3x2? 3 3
XN — 2N
Illustration 22: Find all possible values of n, if IirT; > =80,neN (JEE MAIN)
X2 X —
Sol: Simply using L'Hospital rule we can obtain value of n.
n_on n_.n
We have lim2 2 _ 80 = n-2m1=80 { limX =2 na”‘l}
x=2 X — x—>a X—a
= n-2"=5x21= n=5
> E)
2 _ 2
Ilustration 23: fjm &2 ~@+2) (JEE ADVANCED)
X—a X—a

Sol: Put x + 2 =y and a + 2 = b and after that solve this by using L'hospital rule.
Puttingx + 2 =yand a + 2 = b, we get

5 5
E_ 2 5_1 3 n_,n
= lim? b = 2p2 7 22p2 | im X gt
y-b y—b 2 2 y—>a X—a
3
5 =
= =(a+2)?
2( )
Illustration 24: Prove that Iimﬂ =1

x—0 X
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Sol: Proof by geometry

Draw a circle of radius unity and with its centre at O. Let ZAOB = x radians D
C
Join AB. Draw AC L OA at A. Produce OB to meet AC at C. Draw BD L. OA X
From the figure tan x
Area of DOAB < Area of sector OAB < Area of DOAC o
—  Loaep) < X oAy <Lon) a0 AL A
2 2n 2 -
= l(OA)(OB)sinx < l(OA)ZX < l(OA)~(OA)tanx Q =sinx, tanx = £
2 2 2 OB OA
= lsinx<lx<1tanx [ OA=OBJ
2 2 2
. . sinx
= sln X < X < tanx = SINX<X<
CcosX
X 1 - .
= l<—« (Dividing by sin x)
sinXx  cosX
= .Llies between 1 and
sinx cosX
Whenx — 0,cosx =1
- Whenx — 0, L lies between 1 and 1
sinx
Iim_L 1 or im2™X -1 Proved
x—0 SINX x—=0 X
Proof by algebra
i —03 /30 +(° /51— x(1—(x%/30)+(x* /5)).... 2 4
lim 20X _ Iim(x (O /30+ 0 /5Y ] = lim ( ) =liml1-2 4% =1
x>0 X x—0 X x—0 X x—0 3! 51
. . sin?5x
Illustration 25: Evaluate: lim (JEE MAIN)
x—0 X
Sol: As we know Iirr(1)ﬂ =1, Therefore we can reduce given equation by multiplying and dividing by 25.
X—>
.2 . . . .
We have, lim sin“ 5x = lim sin5x . sin5x _ IimS(SInSXJX limS(smej
x—0 X2 x—0 X X x—0 5x x—0 X
= 5(1)x5(1) =25
. . (@+x)%sin(@+x)—a’sina
Illustration 26: Evaluate: |lim (JEE ADVANCED)

x—0 X

Sol: By using algebra we can reduce given limit in the form of lim f(x) + lim g(x) + limh(x) , and then by solving we
will get the result. X0 X0 x>0

lim (a+ x)2 sin(a+ x)—a2 sina - (a2 +2ax + x2)sin(a+ x)—a2 sina

x—0 X x—0 X
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a’sin(a+x) + (2ax + x?)sin(a+ x) —a’ sina

= lim
x—0 X
2 (i . . .
. a (sm(a+x)—sma) . 2axsin(@+x) x? sin(a + x)
= lim +lim +lim———=
x—0 X x—0 X x—>0 X

2 2cos(a +(x/ 2))sin(x/ 2)

= ac li + lim 2asin(a+ x) + lim xsin(a + x)
x—0 X x—0 x—0
. X\, sin(x/2) . . . .

= a’limcos| a+= I|m¢+I|m2asm(a+x)+I|mx5|n(a+x)
x—0 2 )x>0 (Xx/2) x>0 x—0

= a’cos(a+0)+2asin(a+0)+0sin(a+0)

= a’cosa+2asina

Illustration 27: Evaluate: lim COt2x - cosec2x
x—0 X

Sol: By using trigonometric formulae, we can evaluate this problem.

cot2x—cosec2x .. ((cos2x)/(sin2x))~(1/(sin2x))  cos2x—1
We have, lim = lim =lim————
x—0 X x—0 X x—>0 X-Sin2x
; . . liml
. ~2sin® x . sinx . sinx . 1
=  lim—————= —lim =—lim -lim = 1.0 _
x—=0 X - 2SiNX - COS X x>0X-COSX x50 X  x—0COSX lim cosx
x—0
. S . _tanx—sinx
Illustration 28: Evaluate the following limits: lim —————
x—0 X3
Sol: Same as above problem.
_tanx—sinx . ((sinx)/(cosx))=sinx  sinx—sinxcosx
We have, lim—————=1Iim = lim—m—
x—0 X3 x—0 X3 x—0 X3 COS X
. sinx(l—cosx) . sinx (1-cosx) 1 _sinx . 2sin’(x/2) .. 1
= lim = lim . . = lim lim - lim-
x—0 X3 .COSX x=>0 X X2 COSX x—0 X x—0 X x—>0 COSX

. 2
_ 1.“mz(sm<x/2>].“m LI m[zjﬁz 1
x—>04\ (x/2) x—0 COSX 2)\1 2

Illustration 29: Evaluate: Iiml_cﬂ
x—0 X2

Sol: Reduce given equation in the form of % by using trigonometric formula.

2

.2 . 2
We have, lim 1-cosx _lim 2sin“(x/2) =£Iim sin(x/ 2) _ 1
x=0  y? x—0 X2 4 x>0\ (x/2)

Illustration 30: Prove that: | sin x | < | x|, holds for all x.

(JEE ADVANCED)

(JEE ADVANCED)

(JEE ADVANCED)

(JEE ADVANCED)

Sol: We know that sin x < x < tanx therefore by applying the cases, 0 <x <1< g, -1<x<0 and |x| > 1, we can

prove this illustration.
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We know that sin x < x < tanx
If0$xsl<g = |sinx| = sinx <x < x|

If -1<x<0 = |[sinx| =-sinx = sin (-x) <—x< ||

If neither of the two cases hold, i.e. if |x| > 1 then |sin x| <1 < [x| = |sin x| < [X|

1.11 Trigonometric Limits

Now, we will learn to evaluate the trigonometric limits when the variable tends to a non-zero number.
Woking Rule:

Let the variable tend to a. (x — a).

Step 1: Replace x by a + h, where h — 0.

Step 2: Now the problem is transformed in h where h — 0. Use the method already discussed in the previous
exercise.

Hllustration 31: Evaluate: lim S0 ~%) (JEE MAIN)
x-n 7T —X)

Sol: By replacing x by n+h.

in(m— in(rm— i X
We have, lim S0®=X) _ 1y sinm=x) _1 ., sinh _ 1 "
x—>1 (1 —X) nx->n (T —X) nh->0 h T =>n-x—>0
Illustration 32: Evaluate: |im 1+cosx (JEE MAIN)
x> tan? x
Sol: Simply replacing x by ©+h and using trigonometric limit we can solve above problem.
lim 1 +cosx = lim 1+cos(r+h) [Putting x = +h]
x>n tan?x  h=0 tan?(n+h)
_ in2
= lim 1-cosh [“"tan (+ h) =tan h] = lim Zsm—(h/z)cos2 h
h-0 tan?h h—=0  sin“h
-2 2
= lim 2sin"(h/2) cos’h = Iim—cozS h =li = 1
h*°(4sin2(h/2)cos2(h/2)) h>02cos?(h/2) 2x(1) 2
lllustration 33: Evaluate: lim >~ —>'13 (JEE ADVANCED)

Sol: Same as above illustration replace x by a +h.

. sinx—sina . sin(a+h)-sina
We have, lim =lim ( )

X—a \/;_\/g h—0 Ja_i_h_\/;

2 h/2))sin(h/2 i
= |lim cos(a+( / ))sm( / )(\/a+h+\/;) = rI\irr(1)2cos(a+gjw [\/a+h+\/;]

h—0 (@a+h)-a

(Putting x = a + h)

(h/2) )h>

= 2cos a ’Lim (%Mjling(x/a+h+\/;) ('.'h—)O:%—)Oj

——0
2

=2 cos a[ﬂ 1)[va+0 +\/;] = 2\/5cosa
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Illustration 34: Evaluate: |im 1+cosi2x)

x>k (m—2 X)Z
2

(JEE ADVANCED)

Sol: Replace x by g+ hand then by using trigonometric formulae’s we can evaluate above problem.

1+cos2((n/2)+h
We have, lim 15C0S2X) jj, L¥rcoxax_ ., (/2+1) [9 J [ -2

N LR PR

. 1+cos(r+2h) . 1-cos2h 0 . 2sinh 1. (sinh ’ 1., 1
= lim——m=lim——— —form | = lim ==lim|— | = Q) ==
h—0 (t—m— 2h)2 h—0 4h2 0 h—0 4h2 2h—0l h 2 2

Tllustration 35: Evaluate: lim 22X —<9%@ (JEE ADVANCED)
x—a CotX —cota

Sol: By using trigonometric limit method we can solve this.

. _cosx—cosa ,. cos(a+h)—cosa . cos(a+h)—cosa
We have, lim————=| =lim . -
x»acotx—cota h-0cot(a+h)—cota h-0((cos(a+h)/ (sin(a+h))—((cosa)/ (sina))
2sin((@a—a-h)/2)sin((a+a+h)/2
_ i 25in(( )/ 2)sin(( )/2)

h-0  cos(a+h)sina—cosa sin(a+h)

[Put x = a+ h]

sin(a+h)sina

2sin(-(h / 2))sin((2a +h)/ 2)

= lim - sin(a+h)sina

h—0 sin(a—(a+h))

. h.

_ 2sincsin((2a+h)/2) _2sin(h/sin((2a+h)/2) .
= lim - sin(a+h)sina = lim - sin(a+h)sina

h—0 —sinh h-0  2sin(h/ 2)cos(h/ 2)

in((2a+h)/2 in((2a+0)/2

= Iimsm((a—Jr)/)sin(a+h)sina = Msin(a+0)sina

h—>0  cos(h/2) 1)

=sina-sina-sina = (sina)’ =sin®a

Hlustration 36: Evaluate: lim 2 ~ V3 cosx —sinx (JEE ADVANCED)

x—>L (bx - 75)2
6

Sol: Replace x by %+h.

We have, nmz‘*/gcosx‘s'”X = i

mZ_chos((“/6)+h>_sm((“/6)+h) {Putx=£+h}

xoZ (6x —m)? h—0 [6((7: /6)+ h) - nf
’ 2- \/g(cos(n / 6)cosh—sin(w / 6)sinh) - [sin(n / 6)cosh+ cos(w / 6)sinh]
= lim
h-0 |:TC +6h- n}z

o 2- «E((\E /2)cosh—(1/ 2)sinh) - ((1 /2)cosh+ (+/3 / 2)sinh)
) m 36h°

_ 2= B/ 2)cosh+ (43 /2)sinh- 1./ 2)cosh- (3 / 2)sinh
" ho0 36h2
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=lim

2-2cosh .. l-cosh . 2sin’(h/2) 1. (sinth/2)Y
- = lim = lim=————= ="lim
h—0 36h? h—0 18h? h—0 18h2 9 h-0

h

. 2
1 (“msm(h/Z)J 1

" 9x4lho0 (h/2) 36

Illustration 37: Evaluate: lim SX — 05X (JEE ADVANCED)

n Xx—(n/4)
4

X—>

Sol: Replace x by %+ h.

We have, fim SinX=cosx {putx=(n/4)+h }

ot X=(n/4) [Asx—(n/4)=h—0
4
. COS((TE/ 4)+ h)
- i SR/ 4) ) —cos((x/ 4 +h) =sin((x/4)+h+(n/2)

h—0 (m/4)+h—(n/4) ,
=sm(h+(3n/4))

i sin((n/4)+h)—sin(h+(3n /4))

i 2cos(h+(n/2))sin(~(r/4))

h—0 h h—0 h
—sinh)| sin(—(n/ 4 ;
= Iim( inh)[sin(~(r/ 4) | = Jim2sinZ[ MM = ogin Ty 2x L 2
h—0 h h>0 4| h 4 2

Note: All of the above illustrations can be solved using L'Hopital’s rule.

1.12 Infinite Functions

Now, we will discuss the evaluation of the limits of two functions

(a) Exponential function (b) Logarithmic function

(a) Exponential function

Consider the series 1+%+l+l+ 1 + . +l+ ..... o0

21731 4 n!
This infinite series is denoted by e. The domain of a function f(x) = €%, x € Ris R and the range is the set of positive
real numbers
(b) Logarithmic function
Let e¥ = x then it can be written as log_ x =y
The domain of f(x) = log_x is R® and the range is R.
The graph of the logarithmic of a function is in the adjoining figure.

Some Important Functions

2
L n-1¢  n-1n-2) 5 }

(x| <1]

M @Q+x" ={1+nx 5 30
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(iii) a* =1+x(loga) +%(Iog A .

(iv) Iog(1+x):x—X?+X?—XT+ ........ (Ix<1)
2 3 4
X° xX° X
v) logl-x)=-xXx—-—-—"——-—"—— ...
(v) g( ) >3 2
305 7
(vi) sinx = x——+ 2 X 4
31 51 71
x> x* xb
(vii) cosx:l—z—!+4—!—a+ ......
3 5
(viii) tanx=x+—+2i+ ......
3 15
W2

(ix) a=1+x(log, a)+ 5(Ioge a) 4o,

1 13x%

X) sinix=x+=—"—+=-"""+.(-1<x<l1
() 23 245 ( )
35

(xi) tan'lx:x—x?+x? ..... l<x<1)

PLANCESS CONCEPTS

Using these expansions is helpful where the limits are in the indeterminate form. But selecting the
number of terms to use in the expansion varies with problems.

Vaibhav Gupta (JEE 2009, AIR 54)

X_
Theorem 1: Prove that lim e -1 =1
x=>0 X
Proof: We know that
) W23 x4 ) X X2 3 4
€ =l+—F—+—+—+.. > € -l=—+—+—+—
1 2t 31 41 11 21 31 4l
e -1 x x2 x X . x x* X
= =l+—+—+—+.. = lim =lim|l+—+—+—+ =1
X 21 31 41 x-0 X x—0 21 31 4]
Hence proved.
. log(1+x)
Theorem 2: Prove that IIm————==1
x—0 X
log (1 +x
Proof: LetM:y.then,
X
Xy _ Xy _
:>Ioge(l+x):xy:1+x:exy:>exy_1zx:>e 1:1:e 1-y=l

X Xy
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Now taking limit, when x — 0

Xy_l

lim limy =1 [since x &> 0 = xy — 0]
xy—0 Xy x—0

Xy _
= 1.limy=1 { lim & =1}
x—0 xy—0 Xy

log.(1+x
= limy=1 = lim L:
x—0 xy—0 X

1

Hence proved

Note: If no base of log is mentioned, then it is taken for granted that the base is e.

- log ais same as log, a

X — pa—
Illustration 38: Evaluate: “me—xl (JEE MAIN)

x—0 X

X X

- o . . . e
=1, Therefore by writing given limit as lim
X x—0 X

. e .
Sol: As we already prove that lim —1 we can easily solve
x—0

above problem.
e -x-1 -1

lim —limE T 1-1-1=0
x—0 X x—0 X

X _ X

Illustration 39: Evaluate: lim a (JEE MAIN)

x—0 X
Sol: Add and subtract 1 with numerator.

imd =2 i@ D=0 -1
x—0 X x—0 X

(ax 1 b*-1

= lim

x—0 X X x>0 X x—=0 X

]:Iima “1jim2 =L Ioga—Iogb:IogE

Illustration 40: Evaluate: lim € -
x—0 X

(JEE ADVANCED)

. o et -1
Sol: Reduce given limit in the form of lim .
x—>0 X

2x 2x
T T it T S 201) =2
x—0 X x—0 X x>0 X x—>0gX x—0 2X eO

sinx
Illustration 41: Evaluate lim L (JEE ADVANCED)

x—0 X

Sol: By multiplying and dividing by sinx.

. esmx _ . e
lim = lim—
x—0 X x—0 SINX X

SMX_1 sinx
X

. e™—-1  sinx .oe™ 1
= lim— x lim = |lim -
x=0 SsInX x—=0 X sinx—>0  SINX

x1=1
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PLANCESS CONCEPTS

lim f(x) =1 and lim g(x) = then
X—a

X—a

lim g(x)| f(x)-1
lim [f(x)]g = ex—a [ ]

X—a

lim a" =0, if |a] < 1 Does not exist if |a| > 1.

n—o0

A common mistake made by students pertains to indeterminate limits. Consider a function f(x) = g(x)
h(x). We are given that Iin(w) g(x) =0. What is the value of Iing) f(x) ? Many students would say that it
X—> X—>

is 0. However, the actual answer depends on Iing) h(x) =0. If it is not finite, then the limit of f(x) is
X—>

indeterminate. The point we are trying to make is that in calculating the limit of a function which is the
product of two or more functions, if one of the function tends to 0, then that does not make it necessary
for the entire limit to be 0 as well. Similar, remarks hold for other indeterminate forms. For example, if f(x)
= g(x)"™, and g(x) — 1 as x — a, it does not necessarily imply that f(x) — 1 as x — a, because if lim h(x)
is not finite, then the limit on f(x) is indeterminate. e

Akshat Kharaya (JEE 2009, AIR 235)

2. CONTINUITY

2.1 Introduction

The word ‘continuous’ means without any break or gap. If the graph of a function has no break or gap or jump, then
it is said to be continuous. A function which is not continuous is called a discontinuous function.

Ex.

(i) (i) (i) (iv)
y y y
/L\ by =X /[L_ T = [X]
f\ > > >
/I w 0 - 1.| 123
y—smx f(x) = 1/x —e
(Continuous function) (Continuous function) (Discontinuous at x = 0) (Discontinuous) At Every integer
Figure 14.6
Following are examples of some continuous functions:
(i) f() = x (Identity function)
(i) f(x) = ¢ (Constant function)
(iii) f(x) = ax" + a, X"+ .. +an (Polynomial function)
(iv) f(x) = sin x, cos x (Trigonometric function)

(v) f(x) = a*, e*, e (Exponential function)



(vi) f(x) = log x (Logarithmic function)

(vii) f(x) = sinh x, coshx, tanhx (Hyperbolic function)

(viii) f(x) = [x|, x + |x], x = |x], x [x] (Absolute value functions)

Following are example of some discontinuous functions:

No. Functions Points of discontinuity
0} [X] Every Integer
(i) X — [X] Every Integer
(iii) 1 x=0

X 3
(iv) tan x, sec x x=i£,J_r—Tc ............

2 2
(v) cot x, cosec x x=0, £ 7w + 2m..
(vi) sinl,cosl x=0
X X

(vii) ewx x=0
(viii) coth x, cosech x x=0

2.2 Continuity of a Function at a Point

A function f(x) is said to be continuous at a point x = a, if

(@

(b) (i) limf(x) exists and is finite

f(a) exists

So lim f(x) = lim f(x)
x—at X—a

(c) (i) limf(x)=f(a) or
X—a
Function f(x) is continuous at x = a
If lim f(x) = lim f(x) =f(a)
x—a’ X—a

i.e. If right hand limit at ‘a’ = left hand limit at ‘a" = value of the function at ‘a".

If limf(x) does not exist or limf(x) = f(a), then f(x) is said to be discontinuous at x = a
x—a X—a

2.3 Continuity from Left and Right

Function f(x) is said to be

(i) Left continuous at x = a if, lim f(x) = f(a) i.e. f(a) = f(a)

i.e. f(a*) = f(a)

(i) Right continuous at x = a if, lim f(x) = f(a)

x»a*

Mathematics | 14.23

Thus, a function f(x) is continuous at a point x = a, if it is left continuous as well as right continuous at x = a.
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X+av2sinx 0<x<n/4
Illustration 42:f(x) = 2xcotx+b %S X Sg is continuous in [0, p]. Find a and b. (JEE MAIN)
acos2x —bsinx g<x§n

Sol: By checking left continuous and right continuous for x = % and x :g we can obtain value of a and b.

flZ=24p;f|Z |=Z+a=> Zia=Zib=a-b==Z
4) 2 4 4 4 2 4

T

N
f(%]:b;f[E ]z—a—b:: a-b=b=2D=-a = a=

2x2+2, X<2

, at the point x = 2 (JEE MAIN)
2X, x>0

Illustration 43: Examine the continuity of the function f(x) = {

Sol: By obtaining Left hand limit and right hand limit we will get to know that given function is continuous or not.

f2)=22+2=6 . ()
LHL.HZ):E%KZ—MZ+D:5 .. (i)
RHLfQW=g%2Q+m=4 ... (iii)

2 -0)# (2 + 0) = f(2)

. f(x) is not continuous at x = 2

X+XA, x<3
Illustration 44: If f(x)=< 4, x =3 ,is continuous at x = 3, then the value of A is (JEE MAIN)
3x—-5,x>3

Sol: As given function is continuous at x = 3, hence its left hand limit will be equal to its right hand limit f(x) is
continuous at x = 3

f(3) = lim f(x) = lim f(x) = 4=Lirr2)((3—h)+k)=3+k:>%=l

Xx—>3" x—3"

2.4 Continuity of a Function in an Interval

(@ A function f(x) is said to be continuous in an open interval (a, b), if it is continuous at every point in (a, b). For
example, function y = sin x, y = cos x, y = e* are continuous in (—oo, )

(b) A function f(x) is said to be continuous in the closed interval [a, b], if it is:
(i)  Continuous at every point of the open interval (a, b)
(i) Right continuous at x = a, i.e. RHL| __ = f(a)
(iii) Left continuous at x = b, i.e. LHL| _, = f(b)



2.5 Reasons of Discontinuity

(@) Limit does not existi.e. lim f(x) = lim f(x) 2T

X—a x—>a+

(b) f(x) is not defined at x = a 1 ¢—

Mathematics | 14.25

N

(©) limf(x) = f(a)

Geometrically, the graph of the function will exhibit a break at x = a, if the

function is discontinuous at x = a. The graph as shown is discontinuous at x = —e -1
1,2 and 3.
-2
v YI
3 DIFFERENTIABILITY Figure 14.6

3.1 Meaning of a Derivative

A\ 2

The instantaneous rate of change of a function with respect to the dependent variable is called the derivative. Let 'f’
be a given function of one variable and let Dx denote a number (positive or negative) to be added to the number

x. Let Df denote the corresponding change of 'f’, then

Df = f(x + Dx) - fx) = A = {x*20 =00
Ax AX

Af - e _ . —
If o approaches a finite value as Dx approaches zero, this limit is the derivative of ‘f" at the point x. The derivative
X

of a function ‘' is denoted by symbols such as

. df d — dy . df . A f(x+ AX) - f(x)
f (x),&,&(f(x)) orif y =f(x) by I ory' = vl A|>I<TO ~ AI)I(TO—AX

The process of finding derivative of a function is called differentiation. We also use the phrase differentiate f(x) with

respect to x which means to find f '(x).

PLANCESS CONCEPTS

The fact that f(x) is differentiable at x = a means that the graph is smooth as x moves from a-to a to a*.
Derivative of an even function is always an odd function.
Anvit Tawar (JEE 2009, AIR 9)

3.2 Existence of Derivative at x = a

(a) Right hand derivative:
The right hand derivative of f(x) at x = a, denoted by f ' (a*) is defined as:

w, orovided the limit exists & is finite. (h>0)

f'@) =lim
h—0

(b) Left hand derivative:

The left hand derivative of f(x) at x = a, denoted by f’ (a) is defined as:

f(a—h)—f(a)
“h

f'@)= ||1im , provided the limit exists & is finite. (h > 0)
—0

Hence f(x) is said to be derivable or differentiable at x = a if
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f'(@*) = f'(a") = finite quantity and it is denoted by f'(a);
Right hand and left hand derivative at x = a is also denoted by Rf'(a) and Lf'(a) respectively.

PLANCESS CONCEPTS

e If afunction is not differentiable but is continuous at a point, it geometrically implies there is a sharp
corner or a kink at that point.

e If a function is differentiable at a point, then it is also continuous at that point.

e If a function is continuous at point x = a, then nothing can be guaranteed about the differentiability
of that function at that point.

e If a function f(x) is not differentiable at x = a, then it may or may not be continuous at x = a
e If a function f(x) is not continuous at x = a, then it is not differentiable at x = a
o If the left hand derivative and the right hand derivative of f(x) at x = a are finite (they may or may not

be equal), then f(x) is continuous at x = a.

Chinmay S Purandare (JEE 2012, AIR 698)

ax+b x<-1 . P
is differentiable for xIR find ‘a’ & ‘b (JEE ADVANCED)

Illustration 45: f(x) = 3
ax’ +x+2b x>-1

Sol: By equating left hand limit to its right hand limit we can obtain ‘a’ & ‘b.

f(-1-h)—f(-1) _ Iim(a(—l—h)+b)—(b—a)= . —ah

lim——=a
-h h—0

FE1) = lim h h0 _h

3
(1% = lim f(-1+h)-f(-1) _lim (a(h-1)> +(h-1)+2b)—(b—a)

h—0 h h—0 h

= ||m[a(h2 _3h+3)+1+mj =3a+1+ ||m[Ej
h—0 h h—o{ h

For f'(-1*) to existb = 1

Given f(x) is differentiable = 3a+l=a=a=-1/2

3.3 Derivative Formula (Theorem)

If a function f(x) is derivable at x =a, then f(x) is continuous at x = a. i.e. every differentiable function is continuous.

f(a+h)—f(a) f(a+h)—f(a) h

exists. Also f(a + h) - f(a) = n

Proof: f'(a) = lim [h = 0]
h—0

fa+h)—f(a)
h

2o lim [f(a+h)—-f(a)] = lim h=f'@).0=0
h—0 h—0

= Pl]mg) [f@a+h) -f(@)]=0 = rI1in?)f(a+h) =f(a) = f(x) is continuous at x = a
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PLANCESS CONCEPTS

(i) Converse of the theorem above is not true.

(i) Every differentiable function is necessarily continuous but every continuous function is not necessarily
differentiable i.e. Differentiability = continuity

but continuity % differentiability

(iii) All polynomial, trigonometric, logarithmic and exponential functions are continuous and differentiable
in their domains.

(iv) If f(x) & g(x) are differentiable at x = a then the functions f(x) + g(x), f(x) — g(x), f(x) g(x) will also be
differentiable at x = a & if g(a) # 0, then the function f(x) / g(x) will also be differentiable at x = a

B Rajiv Reddy (JEE 2012, AIR 11)

Illustration 46: Show that f(x) = |x — 3|, “x € R, is continuous but not differentiable at x = 3. (JEE ADVANCED)

Sol: If left hand limit and right hand limit of the function is equal then the function is continuous and if the left
hand limit and right hand limit of the derivative of the function is equal then the function is differentiable otherwise
not differentiable.

X-3 !fXZ?); lim f(x) = lim-(x-3)=0
—(x=3)if x<3 3 x—3"

f(x) = (x=3) |= f(x) = {

lim f(x) = lim(x-3)=0 and f(3) =3 -3 =0; .. lim f(x) = lim f(x) =f(3)

x—3" x—3" X—3" x—3t

fx)-f(3) —(x-3)-0 _

So, f(x) is continuous at x = 3 Lf'(3) = lim = lim -1
x—»3~ X~ x—3" x-3
REE) = lim (X =fG) _ iy X=3-0_1. 1t 3R 3)

x—3" X— x—3" X—

So, f(x) is not differentiable at x = 3.

3.4 Differentiability in an Interval

(@) f(x) is said to be derivable over an open interval (a, b), if it is derivable at each & every point of the interval (a, b).
(b) A function f(x) is differentiable in a closed interval [a, b] if it is:

(i) Differentiable at every point of interval (a, b)

(i) Right derivative exists at x = a

(iii) Left derivative exists at x = b.

PLANCESS CONCEPTS

If a function is said to be differentiable over an interval, it is differentiable at each and every point in the
interval. If it is not so, even at a single point, then we cannot say that it is differentiable over the interval.

Rohit Kumar (JEE 2012, AIR 79)
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3.5 Differentiable Functions and their Properties

A function is said to be a differentiable function, if it is differentiable at every point of its domain

(a) Examples of some differentiable functions:
(i) Every polynomial function

(i) Exponential functions: a*, ex e™......

(iii) Logarithmic functions: log_x, log x .......

(iv) Trigonometric functions: sinx, cosx,

(v) Hyperbolic functions: sinhx, coshx, .......

(b) Examples of some non-differentiable functions:
(i) |x]atx =0

(i) x x| atx=0

(iii) [x], x £ [x] at everyn € Z

(iv) xsin(l) atx=0
X

(v) cos(lj, atx=0
X

X+2, x>3
Illustration 46: Check the differentiability of the functionf(x) =4 5 =~ x=3 atx=3
8-x, x<3
Sol: For the given function to be differentiable f'(3 + h) =f'(3 — h).
For function to be differentiable f'(3 + h) =f'(3 = h)
h—>0 h h—0 h h—0h
FE-h) = lim GO, 82C=N=5
h—0 -h h—0 —h h—0 —h
f"B+hy=f"3-h)
So function is not differentiable.
1, x<0
Illustration 47: Check the differentiability of the function f(x) = 1 +sinx,

Sol: Similar to above problem, Given function is differentiable if f(g + hj = f'[

- f,[g+]:f(n/2+h)—f(n/2) 24/ 2+h=/ 27 ~(Ltsin/2)

h h—0 h

= ) f((n/2)-h)-f((x/2
Cim2tN 2 koo LHL f'(f ]: ((x/2)=h)-f((r/2)
h—0 h h—0 2 _h

L

(JEE MAIN)

0<x<n/2 ,atx=mn/2

2+(x—m/2)? n/2<x<m

}

(JEE ADVANCED)



_1+sin((n/2)=h)—(1+sin(x/2)) . 1+cosh-2 . cosh-1 .
= lim = lim———— =1lim =lim sinh
h—0 —h h—0 —h h—0 —h h—0

So, the function is differentiable at x :g

xsin(l/x), x=0

Illustration 48: Check the differentiability of the function f(x) = { 0 0
I X=

Sol: Here for the function to be differentiable f'(0*) =f'(07).

For the function to be differentiable

f'(0+h)—f(0) ~lim hsin(1/h)-0

FO=FO) =—— hﬁof:msi”@

Which does not exist.

f'(07) = fO-h-f0) _ lim (—h)sin(—(l/h))—O = limsin —l
- h " ho0 “h  hs0 h

Which does not exist. So the function is not differentiable at x = 0

Illustration 49: A differentiable function f satisfies f(x +y) = f(x) f(y) V x, yiR find f(x)

Sol: As given f(x +y) = f(x) f(y), By using this obtain f'(x).

f(x +h) —f(x) —lim
h

f'(x) = lim
h h—0

—0

x) - ()~ f(x) _ “mf(x)( (f(h)_l)j
h h—0 h

= f(x)=ff(O) ;x=0= f(0)=(f(0) = f(0)=0 or f(0)=1
f(0)=0 = f'(x) =0 = f(x)is constant
f(x)

f(0)=1= f'x)=f(x) = ﬁzl = Inf(x) = x+c = f(x) = ae

v f0)=1= f(x) =&

PLANCESS CONCEPTS
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=0

atx=0  (JEE ADVANCED)

(JEE ADVANCED)

The sum, difference, product, quotient (denominator 0) and composite of two differentiable functions is

also differentiable.

Chen Reddy Sandeep Reddy (JEE 2012, AIR 62)

3.6 Rolle’s Theorem

If a function f defined on the closed interval [a, b], is:

(i) Continuous on [a, b],

(ii) Derivable on (a, b) and

(iii) f(a) = f(b), then there exists at least one real number ¢ between aand b (a < ¢ <

Geometrical interpretation

b), such that f' (¢) = 0
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Let, the curve y = f(x), which is continuous on [a, b] and derivable on (a, b), be drawn.

The theorem states that between two points with equal ordinates on the continuous graph of f, there exists at least
one point where the tangent is parallel to x-axis.

PLANCESS CONCEPTS

We can use this theorem to check if an equation has more than one root.

Consider an equation f(x)=0, where function f is continuous and differentiable and has more than 2
roots, then f satisfies all three conditions of Rolle's theorem and so we can say that the derivative f'(x)
must be zero somewhere.

If the sign of the function doesn’t change then the function can’t have more than one root.

B Rajiv Reddy (JEE 2012, AIR 11)

3.7 Mean Value Theorem

If a function 'f' defined on the closed interval [a, b] is
(i) Continuous on [a, b] and
(i) Derivable on (a, b), then there exists at least one real number c between a and b (a < ¢ < b), such that

f(b) —f(a)

f'(c) =
b-a
Geometrical interpretation

The theorem states that between two points A and B on the graph of 'f' there exists at least one point, where the
tangent is parallel to the chord AB.

Illustration 50: Verify Rolle’'s Theorem for the function f(x) = x> — 3x? + 2x in the interval [0, 2] (JEE MAIN)
Sol: By checking that the given function satisfies all the condition of Rolle’s Theorem as mentioned above, we can
verify Rolle’s Theorem for the given function.

Given that f(x) is a polynomial function. So, it is always continuous and differentiable.

f(0) =0,f2)=23-3.(2?+22)=0= f0) =1(2)

Thus, all the conditions of Rolle’s Theorem are satisfied.

So, there must exist some ¢ e (0, 2) such that f'(c) = 0

= f(c)=3c?-6c+2=0=c= liL
3

Where both c=1 ii € (0, 2) thus Rolle’s Theorem is verified.
3

Illustration 51: Verify the mean value theorem for the function f(x) = x — 2 sin x, in the interval [-=x, p].(JEE MAIN)
Sol: Similar to above, by checking that the given function satisfies all the conditions of mean value Theorem as
mentioned above, we can verify mean value Theorem for the given function.

Since x and sin x are everywhere continuous and differentiable, therefore f(x) is continuous on [-r, p] and
differentiable on (-x, ©). Thus, both the conditions of mean value theorem are satisfied. So, there must exist at least
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one c € (-m, ) such that f'(c) _fm-fm)
n—(-n)
Now, f(x) = x = 2 sin x
= 1-2cosc=2"" 1 _2cosc=1
n—(-m)

= cosc=0= c=+mn/2
Thus, c = + (n/ 2) € (-n, ) ; Hence the mean value theorem is verified

Illustration 52: Find c of the mean value theorem for the function f(x) = 3x> + 5x+7 in the interval [1, 3].

(JEE MAIN)
Sol: By using mean value theorem.

Given f(x) = 3x> + 5x + 7 .. (i)
=>f1)=3+5+7=15andf(3) =27 +15+7 =49 ;f(x) =6x+ 5
Now, from the mean value theorem

b)-f@)  ,  c_f@G-f1)_49-15_

fio) = 17 = c=2
b-a 3-1 2

PROBLEM SOLVING TACTICS

Above we have discussed L'HOpital's rule by an example. Let us consider the same example again

X2 +sinx

lim >

X—>0 X

These kind of problems where oscillating functions are involved and x — o are solved using the sandwich theorem.

It states that Let I be an interval having the point a as a limit point. Let f, g, and h be functions defined on I, except
possibly at a itself. Suppose that for every x in I not equal to a, we have:

g(x) < f(x) < h(x)
and also suppose that: limg(x) = limh(x) =L
X—a X—a

Then limf(x) =L

X—a

. -1 sinx 1 x> -1 x?+sinx _x*+1
Now we know that —1SS|nxs1:>—2£—2£—2: > < > < >
X X X X X X
X2+l . 1 X2 -1 . 1 . x? +sinx
lim =lim|{l+—=|=1; lim =lim{l-—|=1 = lm———=1
x—0  y2 X—>00 X2 x—0  y2 X—>00 X2 X—>00 X2

While examining the continuity and differentiability of a function f(x) at a point x = a, if you start with the
differentiability and find that f(x) is differentiable then you can conclude that the function is also continuous. But
if you find f(x) is not differentiable at x = a, you will also have to check the continuity separately. Instead, if you
start with the continuity and find that the function is not continuous then you can conclude that the function is
also non-differentiable. But if you find f(x) is continuous, you will also have to check the differentiability separately.
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FORMULAE SHEET

Let f and g be two real functions with a common domain D, then.

Q) lim(f + g)(x) = lim f(x) + lim g(x)
(ii) lim(f —g)(x) = lim f(x) — lim g(x)
(iii) lim(c-f)(x) = climf(x) [cis a constant]
(iv) lim(fg) (x) = limf(x) - lim g(x)
f lim f(x)

lim| — [(x) =X=22 —
V) Ha[gj lim g(x)
i) im (0)" = im )
(vii) If f(x) < = g(x), then limf(x) < limg(x)
(viii) lim X" —a =na"t

Xx—=>a X—a
(i) jim X2 _Mmen

x—a X" —g" n
() lim SNX _q

x—0 X
(xi) im& L1

x=>0 X
(xii) Iim(1+ax)1/x =e? = lim [1+EJ

x—0 X—>00 X

- . . g(x) lim g()[f00-1]

(xiii) if lim f(x)=1 and lim g(x) = then lim [f(x)} = exa

sin X < X < tanx

Expansions of Some Functions

2
L (1+x)”={1+nx+n(n;|l)x +n(n_13)|(n_2)x3+...} [|x]<1]
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2 X3 n
2 e =l X+ —+— ... AR
2! 3l 3!
2
3. a =1+x(|oga)+;(|oga)2 F oo
203 U4
4. log(l+x) = x—~—+ XX 4.
gl+x)=x=Z+3-7
2 3 4
5 logl—x)=—x-~ XX _ .
g(1-x) 32
3 5 7
6 SinX = X — LS
3 5 71
2 L4 U6
7 cosx=1->_ X X . .
2! 41 6!
3 5
8 tanx:x+—+2i ......
15
2
9. a* =1+ x(log, a) + ;(Ioge a) + o
3 5
10. sinix = x+lx—+léx—+....(—l<x<1)
23 245
3.5
11. tanix=x-2 4+ (1<x<1)
3 5
L'Hopital’s rule
For functions f and g which are differentiable: if limf(x) =limg(x) = 0 or e and Iimw has a finite value
i X—C X—C x—>c g "(x)
o fx . f'(x)
then lim—==lim——

x=>cg(X) x-cg'(X)

Common Indeterminate Forms

olo

o0
,—,0x00,00—00,0°,1° and o°
0

Differentiation

df . Af . f(x+ Ax) —f(x)
— = lim — = lim ——~~
dx Ax=0AX  Ax—0 AX

Continuity

Function f(x) is continuous at x = a if lim f(x) = lim f(x) = f(a)
x—at X—a
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Differentiability

f(x) is said to be derivable or differentiable at x = a if f'(a*) = f'(a") = finite quantity

Rolle’s theorem

If a function f defined on the closed interval [a, b] is continuous on [a, b] and derivable on (a, b) and f(a) = f(b),
then there exists at least one real number c between a and b (a < ¢ < b), such thatf’'(c) =0

Mean Value Theorem

If a function f defined on the closed interval [a, b], is continuous on [a, b] and derivable on (a, b), then there

exists at least one real number c between a and b (a < ¢ < b), such that f'(c) =

f(b) - f(a)
b-a

JEE Main/Boards

1/2 1/3

(cosx)™”“ —(cosx) is

Example 1: |lim —
x—0 sin® x

Sol: Use L' Hopital's rule to solve this problem.

1 12 . 1 2/3 .
——(cosx) 172 smx+§(cosx) 213 sinx

= lim .
x—0 2sinXcosx

(using L'Hopital’s rule)

1/2 2/3

—E(cosx)’ +1(cosx)’
= lim 3
x—0 2Cosx

x—1
IS

Sol: Simply using algebra, we can solve this problem.

2\t 4
. 4 1-3x+x X' -1
lim - +3
1l | x2 —x7t 1-x3 x> —x7t

= lim
x—1

x> -1 1-x°

-1
[ 4x 1—3x+x2] +3x(x4—1)

-1
Example 2: [im 4 _1-3x+x 13X !
i x? x® —

-1
. 4x+1-3x+%°
= lim|| ————— | +3x
x—1 X3—1

= lim[x-1+3x]=3
x—1

Example 3: |im 2sin(x=/3) o
x-n/3  1-2cosx

Sol: We can solve this problem using trigonometric
formulae’s.

fim 2sin(x—m/3) (o j

—form
x->n/3 1-2cosx 0

- lim 2cos(x.—n/3)
x—n/3 2sinx

— lim 2cos(x.—n/3)
x—n/3 2sinx

= cos 0/sin (/3) =2 /3

then find lim f(x)

X—>00

Example 4: If f(x) = [
XS+ X+2

2 X
X +5x+3]

Sol: Solve it by using 1*form

2 X
lim f(x) = lim X7 +5x+3
X—>0 X—>0 X2+X+2

2 X
= “m[1+(5/x)+(3/x )J {1°°form}= e .. (i)
x>0 1+(1/x)+(2/x%)
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2
2= lim x 1+5/x)+(3/x )_1
x>0 (14+(1/x)+(2/%°%)

“im 4+1/x) _
x=>21 +(1/%)+(2/x°)

= limf(x)=e"
X—00

Example 5: If a, b are chosen from {1, 2, 3, 4, 5, 6, 7}
randomly with replacement. The probability that

X 4 pX 2/x
Iim[a * J —7is
x—0 2

Sol: Similar to above example.

X bX 2/X
Iirn[a A J [1°°form] =e?
x—0 2

.2 a* +b* . a*+b*=2110
a=Ilim= -1|=lim| ———— |{=form
x—0 X 2 x—0 X 0

= Iim(ax loga+b* Iogb) =logab

x—0

X bx 2/x
C[at+
= Im[T] =¢99% — 3p

x—0

X bX 2/X
Given ”m[a; j =7

x—0

Hence the favourable outcomes are (1, 7) and (7, 1).
Therefore, the required probability is 2/49.

Example 6: Find lim cotx - cosx

o (m=2x)°
2

Sol: Solve this by putting x = g+ h

Put x — n/2 = 0, so that

cotx —cosx
m —

[
x>n/2 (1 —2x)?

_lim cot(n/2+0)—cos(n/2+0)
0—0 (_29)3

. tan0-sin6
lim—m ™MW
00 03

1. sec?0—cosO
—lim—/—————
8 60 30?2

1 2sec’0-tan®+sin®

24 00 26
L2l
24\ 2 ) 16

Example 7: Given function g(x)=+6-2x and h(x) =

2x2—3x + a. Then
(i) Evaluate h(g(2)) (i) If f(x)= {g(x)fx <1
that f is continuous. hOgix>1

. Find ‘a’ so

Sol: Equate left hand limit and right hand limit of f(x).

()92 =6-4 =2
hg(2)=h(+2)=4-3V2 +a

gix); x <1 f(x):{\/es—zx, x <1

h(x); x >1 2x% —3x+a,x>1

(ii) f(x) ={

f1)=2RH.L |, = |im f(x) = lim (2x*> —3x +a)

x—1" x—1t
—a-1 . (i)
LHL |, = lim J6—2x =2

x—1"

Since function is continuous

LHL|_ =RHL|_ =f1) =a=3

1+x;0<x<2

Example 8: Let f(x) = .
P ) {3—x;2<x£3

Determine the form of g(x) = f[f(x)] & hence find the
point of discontinuity of g (if any)

1IN

2 3
Graph of f(x)

Sol: Sketch the graph of f(f(x)) to obtain the point of
discontinuity.
f(x) = 1+x;0<x<2

3-x;2<x<3
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(fof)(x) = f(f(x))

1+f(x);0<f(x)<2
3-f(x); 2<f(x)<3

Let f(x) =
y 3/
29 \
1 \
1 2 3
Graph of f(f(x))
£(F() = 1+y 0<y<2
3-y 2<y<3

2+x 0<x<1
=<:¢2-x 1l<x<g2
4-—x 2<x<3

Clearly from the graph we can see that at x=1 and 2 the
function is discontinuous.

Example 9: Determine the value of a, b & c for which
the function

sin(a+1)x +sinx

0 x<0
X
f(x) = C ;o x=0
(x +bx?)L/2 —x1/2
o0l ;7 x>0

is continuous at x = 0

Sol: Here the function is continuous at x = 0, therefore
by equating Left hand limit and Right hand limit of the
given function we can obtain required values.

f(0) = c; LHS |X=0 lim sin(a+1)x +sinx

x—0" X

= lim (cos(a+1)x)(a+1)+cos x= (cos 0) (a + 1)
x—0"

+cos0=a+l+1=a+2

(x +bx?)L/2 —x1/2

RHS| _,= lim f(x)= lim
- x—0" x—0" bX3/2
1
1+bx)2 -1 1
I e L(1+bx)2=2
x—0" bx x—07" 2

Since the function is continuous

c:a+2:E:>a:—§,c=£andbeR—{O}
2 2 2

Example 10: Find the locus of (a, b) for which

ax—-b ; x<1
the function f(x)=4 3x ; 1< x<2 is continuous
bx?-a ; x>2

at x = 1 but discontinuous at x = 2

Sol: Solve this example by using given condition.

at x =1 function should be continuous

=a-b=3 . (i)
at x = 2 the function should be discontinuous
= 6=#4b-a

= 6%4b-b-3 = (a, b)=(63)

Hence the locus of (a,b) is y=x-3 and x6

Example 11: Let f: R [0, o0) be such that limf(x) exists
2 x—5

and lim 1029

x—5 | X—5 |

=0.

Then limf(x) equals?
X—5

Sol: Here in the limit, denominator becomes zero but
the limit has a finite value. So, numerator should also
be zero (whether to apply L'Hopital’s rule or to factorize
the common factor).Given,

2
x—5 |X—5|

0

Here in the limit, the denominator becomes zero but
the limit has a finite value. So the numerator should
also be zero (whether to apply L'Hopital's rule or to
factorize the common factor).

Hence, lim(f(x))? -9 =0 = limf(x) = +3
X—5 X—5

Since the range of fis [0, ), Iirr;f(x) =3
X—>

JEE Advanced/Boards

Example 1: Evaluate

im Y8+x-8+x*—x

2038+ x —8+x% +x3
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3 3 2 3 2
V8+x —V8+x" —x {%form} - [n—+ﬁ+1]m—(n+%jm2+im3
3 3

Sol: lim
20308+ x =8+ x% +x

13 2 13 2 3 2 2 = i mn_iﬂ r
=“m3( 8+x) _§( 8+ X —x ) (2x—3x )=1 - -
HO;(%/S:)_Z—;(38+x2+x3j_2(2x+3x2)

2 n n n
n° 3n 3 21 3
=|—+—+1 Em— n+—§m+—§m
[2 2 ]l ( 2) 1 2
Example 2: Evaluatelim(\lx+\/x+ X —\/;] n’ +3n+2 nin+1)

X—»00
2 2

Sol: Multiply and divide to given limit by

2n+3 nn+1)2n+1) 1 n?(n+1)?
(\/x+\/x+ x+«/§]. Ty 6 +E' 2

nn+1)’(n+2) nn+1)2n+1)2n+3)  n’(n+1)°

lim (\lx+\/x+ —«/;j - 4 12 " 8
X—>o0 n n-1 n-2
1Y r+2>r+3- > r+...n-1
(\/x+\/x+ X +\/;] = |jm—1 1 1

=m[m_&j —— fim .

X+ X +X =X = (a/m+1) (@/m+1)

= lim lim L. 4
" Jxs sV 44 et (1o @/m)(2+@/m)(2+B/m) (1+a/m)

- +

—_— 12 8
= lim e 1 4 1 1
0 Ix XX VX “ 2 1278 m

V1+( /%) 1 1 x*sin(1 /x)+ X2

= lim Example 4: Evaluate |im

Hw{\/1+\/(x+«&)/x2+1} 1+l 2 x>0 14 |x]

Sol: Simply by putting x = -y in given limit, we can
evaluate this.

Example 3: Evaluate
Let x = —y. Then y — o when x — -

. 4 2 4 2
lim x*sin(l/x)+x —imY sin(-1/y)+y

4 = |im

n—ow n X—>—00 1+|X|3 y—>0 1+|_y |3
Sol: By using summation formula of n numbers we can . —y*sinl/y)+y? . o
evaluate given limit. == JI_TO 1oy [y is positive]
n—iﬂ
consider m- r . 3 2
1 = lim sind/y) y3+ y 3
_m'(n—m+1)(n—m+2) yoe | (L7Y) 1+y? 14y
2
m _ sin(l/y) -1 . 1/y)
_ 2 = .
= E{n -2m-3)n+(M-1)(m-2)} yoo | (1/y) (l/y3)+1 ((l/y3)+1)
2
=D - Dmem—3)+ N m? -3m+2) 1. 0o
2 2 2 1
n 2 3n m? 2
= —-m-n-M +—-m+—-=m"+m
2 2 2
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Example 5: Without using expansions or using

L'Hopital's rule, Prove that lim 0—sinb = l
60 g3 6

0-sind

Sol: Consider (I;nrg) =p, and after that replace 0
—

by 30 to prove above problem.
6—sin6
03

Let the limit be p. then p = lim
6—0

lim 22538 lacing 0 by 36
o (39)3 (replacing y 36)

30 —3sin® + 4sin® 0)
(30)°

lim
6—0

1. 0-sin6 4 sin® ’ 1 4 5
==lim —lim|— | ==p+—"1
900 @3 270-0( 0 9 27
S p-p=—=>= & _4 > p==

P79P=277 9 727 7 P76

Example 6:

a“—1 (bsinx—sinbx )"

x>0

f(x) = { X" sinx\ cOsx—cosbx

a* sinbx —b* sinax
tanbx — tanax

x<0

is continuous atx =0 (a, b > 0, b #1, a # b). Obtain f(0)
and a relation between a, b and n.

Sol: Here the given function is continuous at x = 0,
therefore limf(0+h)= limf(0-h).
h—0 h—0

h . . n
im0 +h) = lim a' -1 | bsinh—sinbh
h—0 h—0sinh-h" | cosh—cosbh

_ i@ =L _h [(bsinh-sinbh 1 "
h—0 h  sinh h cosh—cosbh

[ (bsinh=sinbh h? "
= | lim Ina
h—0 h3 cosh- cosbh

i b(sinh—h) — (sinbh —bh)
h—0 h3
= - Ina

b2 1-cosbh 1-cosh .
’ b2h2 B h2

. sinh—=h) (sinbh—bh !
m[b( h3 ]_( bh? jkﬁ]
b2 1 -1 Ina
&
- Iim{b(—EJ—b{—lH- 2 Ina
h—0 6 6)] -1

_[l. bb?-1) 2 Jn (bj”
= lim . Ina=Inal =
h—0 6 (b2 -1 3

hence f(0*) =In a{%)

—h _. “h _.
£07) = lim £(0 — h) = Iima sin(-bh) —b™" sin(-ah)
h—0 h—-0  tan(-bh)-tan(-ah)

_lim a"sinah—b"sinbh
h-0 3" . p"[tanah — tanbh]

h h
ah-a sm(ah)_b sm(bh).bh

= lim——2ah bh -1
h—0 ah'tan(ah) _bhtan(bh)
ah bh

If f(x) is to be continuous at x = 0, then f(0) = 1 and

Ina(gj =1
3

Example 7: Find a, b and c such that

X _ -X
lim axe* —blog(l + x) + cxe >

x—0 X2 sinx

Sol: By using L' hopital rule solve the given limit.

o ~a(e® +xe")—b-((1)/(1+x))+c(e"‘—xe‘x)

Limit = lim
X0 2xsinX + X% cosx

. A . _b
{using L'Hopital’s rule} = a=orce

But, the limit is given to be 2. So, the indeterminate

form % should continue.

So,a-b+c=0 ()
Then, limit =

. {a(1 +x)e* +ae* +(b /(1 +x)?) +c(-1)e™ +c(l—x)e™ - (—1)}
x>0 25iNX + 2XCOSX + 2XCOSX — X° sinx



{using L' Hospital's rule}
- lim a2 +x)e* + (b /1L+x)?)—c(2-x)e”
x—0 2sinx + 4Xcosx — x° sinx

_ 2a+b-2c
0

But, the limit is given to be 2.
So,2a+b-2c=0 (D)

Then, limit =

{a(Z +x)e* +ae* - 3

+c(2-x)e* + ce‘x}

lim (d+X)
x—=0 6CcosX — Axsinx — 2xsinx — x> Cosx
_ 2a+a-2b+2c+c _ 2 (given)
6
. 3a-2b+3c=12 ... (i)

Solving (i),(ii) and (iii) we geta =3, b =12,¢c=9

Example 8: Consider the function

1-a* +xa*Ina

— ix<0
a*x

2%a* —xIn2 —xlna-1

1
X2

g(x) =
x >0

find the value of 'a’ & g (0) so that the function g(x) is
continuous at x = 0

Sol: By obtaining left hand limit and right hand limit
and equating them we can easily solve given limit.

. 1-a*+xa*Ina
LHL | _ = lim|=——2 *22 14
x=0 Xy,2
X—0~ a*x

. 1-a"-haT"lna
Putx=0-h=lim—
h—0 a"h?

_a"-1-hlna _ [a"na-0-1Ina
= lim¥——mM M~ = |lim| ———
h—0 h2 h—0 2h

h 2 2
_ Iima (Ina)* -0 _ (Ina)
h—0 2 2

RHL | _, = 2

x—0" X

lim (ZXaX —xIn2—xIna—1J

Putx=0+h = |im

h—0™

2"a" —hIn2—hina-1
h2
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h—0 2h

. (2a)hln2a—ln2a
= |lim—/——————

- i (2a)"(In2a)? -0 _ (In2a)?
h—0 2h 2
Since the function is continuous

g9(0) = LHL|_, = RHL|_,

(In(2a))* _ (Ina)?
2 2

= (In (2a) + Ina) (In2a —1Ina) = 0
(InRa)In2=0=1In(2a) =0
1 1
=2 =1lDa=t—=a=——
NI

(Ina)? _(n 27122 1

0= ==(In2)?
90 2 2 8( )
sinx
Example 9: Evaluate: “r%(_smx}s.:x
X—> X

Sol: Here the given limit is in the form of 1= e?.

sinx
X

. [ sinx ),_sinx .
lim| =—= [, is of the form 1= &®
x—0 X

Where a = lim (sinx) / [Sinx—lj:—l
x—>0 1—((sinx)/x) X

sinx
X

. [ sinx );_sinx _
Llim| =2 =t
x—0 X

Example 10: Let f(x) = x* - x*—3x -1, g(x) = (x+1)a and
h(x) = % where h is a rational function such that
g(x
(a) It is continuous everywhere except when x = -1
(b) limh(x) = and

X—>00

(©) Iirrjlh(x)zg.Find |irr(1)(3h(x)+f(x)—29(x))

Sol: Simply by following given condition we can solve
above example.

_M_x3—x2—3x—1

h(x) = =
g(x) (x+1)a

(D)
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302 oy
Given that lim h(x) 1 pm XX ex-1 1
x—>-1 2 x—>-1 (x+1a 2

2
— lim (x —2x—1)(x+1):l
x—>-1 (x+1)a 2

1 3,2 _
2 (x+1)4

=

LN

gx) =4 (x+1); IirY(1)(3h(x)+f(x)—29(x)) (i)

3. 3_x?-3x-1
= lim x+1)4

0 +(X3 —x2—3X_1)_2(4(X+1))

—3-4-32 -39
4 4

-1-8=

3(-1)
4

Example 11: Let

1-cos4x

f(x) = a,

Jx

Ji6+4x -4

If possible, find the value of a so that the function is
continuous at x = 0.

Sol: f(x) will be continuous at x = 0 if
limf(0+h)=limf(0-h)=1(0).
h—0 h—0

f(x) will be continuous at x = 0 if
lim f(0 +h) = lim f(0 —h) = f(0) ()
h—0 h—0

VO+h

Now, limf(0+h)=lim———
h—0

=016 +40+h -4
\/ﬁ{ 16+\/ﬁ+4}
h—0 ’16+\M—4 h—0 16+\/H—16

= Lin?){\/16+\/ﬁ +4)=8

lim (0 —h) = lim L=€0540 =N
h—0 h-0 (0 —h)?

=lim
h—»0  p2 h—0 K2

.2 H 2
1-cos4h _ Iim25|n 2h _ IimZ-[SInZhj “4—8
h—0 2h

*. if a = 8 functions will be continuous at x = 0.

log(x +2) — x*" sinx

Example 12: If f(x) = lim examine

N—o0 " +1
the continuity of f(x) at x = 1.

Sol: In order to examine the continuity at x = 1, we are
required to derive the definition of f(x) in the intervals x
<1l,x>1andatx =1, i.e, onand around x=1.

In order to examine the continuity at x = 1, we are
required to derive the definition of f(x) in the intervals x
<1,x>1andatx=1,i.e,onandaround x = 1.

Now, if 0 < x < 1,

log(x + 2) — x*" sinx

f(X):f!m " +1
_ Iog(x+2)—05mx=log(x+2)
0+1
ifx =1, f(x) = lim log(x+2)—1-sinx _ log(x + 2) —sinx

N—>o0 1+1 2

2N i
if x > 1, f(x) = lim log(x +2) —x"sinx
n—o X2n+1

X%Iog(x+2)—sinx
= lim

T = —sinx
n—oo
1+X?
Thus, we have

Iog(x+2) O<x<l

log(x+2)—sinx
2
—sinx x>1

f(1+) — imf(l-‘- h) — rl\er(]){—ﬂn(l + h)} =—sinl

f17)=limf(1-h) lim log(1 —h+2) =log3
h—0 h—0

Clearly f(1%) = f(1")

So f(x) is not continuous at x=1

Example 13: [s f(x) differentiable at x = 0 if

X x#0
f(x) =11+ ?

0 x=0

Sol: Here if f'(0*) is equal to the f'(0") then only the given
function is differentiable otherwise not differentiable.



£0") - fim {0+ =f(O)
h—0 h
1/(0+h)y
:”m(0+h)/(1+e )-0
h—0 h
= ||m 1 = 1 :0
h-014el/h 14e”
£(07) = lim 1@=N 1O
h—0 —h
_ 1/(0-h)y _
=Iim(0 hy/1+e )-0
h—0 h
i 1 1 1
0] 4e /M 11e” 140
- (0 = f(0)

Hence f(x) is not differentiable at x = 0

Example 14: Let f(x) = x*—x? + x + 1 and

0<x<1

) = max{f(t),0 < t < x},
9= 1<x<2

3-X,

Discuss the continuity and differentiability of g(x) in the
interval [0, 2]

Sol: Similar to above example.

Here, f(x) = x* = x>+ x + 1

LX) =3x2-2x+1 or f'(x):.%{x2 —§X}+1

2
= .%{x2 —§x+%}+1—E = 3{x—§} +§>O for all x

.. f(x) is an increasing function of x (monotonic function)

S in0<x <1, max {f(t), 0 <t <x} = f(x)
g =fx) =x*-x2+x+1,0<x<1
3-x,1<x<2

As polynomial functions are continuous and differentiable
everywhere, g(x) is also continuous and differentiable
everywhere except at the turning point of definition x = 1

Now, g(1%) = limgL+h)=lim {3—-(1 + h)}=2
h—0 h—0

gl) = m gl-h)

= Lirrg{(l—h)3 —1-h?+@Q+h)+1}=2

gl)=13-12+1+1=2

9(1%) = g(1) = g(1)
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g(x) is continuous at x = 1

_ Iim{3—(1+h)}—2 _
h—0 h

-1

. 1+h)-g(

1 9L=h)-g)

! 1, -

g( ) P|1a0 —h

~ “m(l—h)3—(1—h)2+(1—h)+1—2

T o0 -h

= fim T2 N 2he2)=2
h—0 —h h—0

g (l+0)=g'(1-0);
So g(x) is not differentiable at x = 1.

. g(x) is continuous in [0, 2] and differentiable in [0, 2]
except at the point x =1

Example 15: If f(x + y) = f(x) - f(y) for all x, y € R and f(x)
= 1 + g(x)-G(x) where limg(x)=0and lim G(x) exists.
x—0 x—0

Prove that f(x) is continuous at all x € R.

Sol: Simply by following the given condition we can
solve this example. Iing)g(x) =0
X—>

= rI]iirég(o +h) = rI1iLT(1)g(O -h)=0
= rl]|_r)rg) gth) = Lm g(-h)=0 e (D)
lim G(x) exists = lim G(0 +h) = lim G(0 —h)
x—0 h—0 h—0
= limG(h) = lim G(~h) = finite ... (i)
h—0 h—0
Now, limf(x +h) = limf(x)-f(h) = f(x)lim f(h)
h—0 h—0 h—0
{~fx+y) =1(x) - f(y)}
= f(x)- Lin&{l +g(h)G(h)}, using the given relation
- (%) {1 + img(hy. fim G(h)}

= f(x) - {1 + 0 - finite}, using (i) and (i) = f(x) Also,

limf(x —h) = lim f(x) - f(=h) = f(x) - lim f(=h)
h—0 h—0 h—0
=f(x)- Lirr(]){l +g(-h)-G(=h)}, using the given relation
- f(0)- {1 + limg(-h)- im G(—h)}
= f(x)- {1 + O - finite}, using (i) and (ii) = f(x)
S limf(x+h) = limf(x —h) = f(x)
h—0 h—0

.. f(x) is continuous everywhere
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Exercise 1
Limits

Q.1 lim Vo+x-1

x>-4 %2 4 4x

-1
Q.2 lim [Xa“‘xJ

X—2 X3 -8

Q3 lim X2 —xfnx + fnx —1
T Xl X—1

Vx+h-x
h

.4 i
Q4 n

. 1 1
Q.5 lim -

2| x(x—-2)? x> -3x+2

Q.6 (a) Iimtan‘:li where a e R
x—0 X2

(b) Plot the graph of the function

f(x) = Iim(z—xtan‘1 LzJ

t—0\ 1 t
100
> X |-100
7 lim~*L
Q x|—>ml x—-1
Qs Iimx/1+x—\/1—x
x2031 4+ x -1 -x
. 1-tanx
Q9 Im———
X_,El—\/isinx

4

Q.10 fim VL= cosx”

x>0 1—cosx

. 2 . _
Q11 lim 2sin“ x+sinx—1
x=>1/6 2sin? x —3sinx +1

Q.12 lim \/E—cose—sine
o2 (40-m)

. 1-—cosx+2sinx—sin®x—x> +3x*
Q13 lim

x—0 tan® x — 6sin® x + x — 5x°

Q.14 If IimM is finite then find the value of
x>0 tan’x

‘a’ and the limit

Q.15 Iim4tan2x tan(n /4 —x)

X—1/

V1-+/sin2x

T —4x

Q.16 lim

n
X—>—
4

Q.17 limn-cos I |sin] &=
n—o 4n 4n

(cosa)* +(sina)* -1
X—2

Q.18 Evaluate: lim
X—2

X _gX _ 12X
Q19 im27 % =3+l

x—0 \/5 —+/1+cosx
sin{x}

Q.20 lim——— where {x} is the fractional part function

SR

& Iis any integer

Q.21 Iim{nsmx}r “m{ntanx} where [*] denotes the
x—0 X x—0 X

greater functionand n e I-0

Q.22 ABC is an isosceles triangle inscribed in a circle of
radius r. If AB = AC and h is the altitude from A to BC.

Then in triangle ABC evaluate Lln?)% where A is area of
~0p

the triangle and P is the perimeter.

IN1 +x +x%) +InL —x + x%)
x(e* =1)

Q.23 lim
x—0
n—oo

1 1
Q.24 lim n (a" —a"+1J, a>0

X
Q.25 lim [ﬂj =4 then find c

Xx—o{ X —C



Continuity

Q.1 Find all possible values of a and b so that f (x) is
continuous for all x € R if

|ax+3|, x<-1
|3x+a|, -1<x<0
f) =1 psi
bstX—Zb, 0<x<m
X
coszx—3, X>T
Q.2 The function
tan6x
9 tan5 ’ O<X<£
5 2
T
f(x) = b+2, X=—
(x) 5
[latanx|] .
(1+|cosx|) b ) —<x<mn
2

Determine the values of ‘a’ & b, if f is continuous at x = /2

Q.3 Suppose that f(x) = x* - 3x2 - 4x +12 and

f(x)
h(x)=<x-3"
K, x=3
(a) Find all zeros of f(x)

#3 then

(b) Find the value of K that makes h continuous at x = 3.

(c) Using the value of K, determine whether h is an even
function

2 XZ

1 +x*)"t

Q4 lety (x)= X +
" 1+x%°

and y(x) = limy_(x).

n—o0
Discuss the continuity of y (x) (n € N) and y(x) at x = 0.
Q.5 Find the number of points of discontinuity of the

function f(x) = [5x] + {3x}in [0, 5] where [y] denote greater
integer function and {y} denote fractional part of y.

Q.6 Examine the continuity of f(x) = lim X

for x € R. rHL)C’(Zsinx)zn +1
: Incosx x>0
2
Q7 Let f(x)=4 V1+x" -1
e5|n4x -1
<0

In(L +tan2x)’
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Is it possible to define f(0) to make the function
continuous at x = 0? If yes, then what is the value of
f(0), if not then indicate the nature of discontinuity.

Q.81f f(x+y)=f(x).f(y) forall x.yeR and
f(x) =1+9(x).G(x) where mg(x)=o and xligg)G(X)
exists, prove that f (x) is continuous at all x eR.

Q.9 Find the number of ordered pair(s) (a, b) for which
the function f(x) = sgn((x* - ax + 1)(bx? - 2bx + 1)) is
discontinuous at exactly one point (where a, b are
integers).

[Note: sgn(x) denotes signum function of x.]

Q.10 Let the equation x® + 2x?> + px +q = 0 and x® +
x2 + px + r = 0 have two roots in common and the
third root of each equation are represented by o and
B respectively.

e*!%tanxlo+#l -1<x<0
If f(x) = a, x=0
2
n(e* +0c[3\/;), O<x<l

b

tan\/;

is continuous at x = 0, then find the value of 2(a + b).

Q.11 A function f: R — R is defined as

. ax® +bx+c+e™
f(x) = lim
n—o l+c-e

where f is continuous on R.

Find the values of a, b and c.

Q12 Let f(x) = 129%™ o

W
V16 ++/x -4

that the function may be continuous at x = 0.

0,a,x=0

x>0. If possible, find the value of a so

"1+ ax® +bx?

Q.13 Let f(x) = lim
n—ow X2n +1

If f(x) is continuous for all x € R find the bisector of angle

between the lines 2x + y—6 =0and 2x -4y + 7 =0

which contains the point (a, b).
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Q.14 1‘(x)=x4,x2 <1
X, x> >1

Discuss the existence of limit atx = 1, -1.

Q.15 Let
. —Tt
f(x) = | (sinx + cosx)<°%¢, > <x<0
a, x=0
12 3
ex +ex + el T
_ O<x<—=
2 3 2
aex +bel

If f(x) is continuous at x = 0, then find the value of
(@% + b?).

Differentiability

Q.1 Find the derivative of cos(x?+1) w.r.t. x using the
first principle.

Q.2 Find the derivative of tanv/x w.rt. x using first
principle.

Q.3 Differentiae e™ + (tan x)* w.r.t.x

Q.4 Find the derivative of sinx? w.r.t.x using first principle.

1+x% - 1}
-~ |wrtx

Q.5 Differentiate tanl[
X

1 \/1+sinx +\/1—sinx
\/1+sinx —\/1—sinx

Q.6 Differentiate w.r.t. x: tan

Q.7 If y = (x)°* + (cosx)*™, then find j—y
X

2N
Q8If f(x): lim |Og(x+2) x“'sinx

n—o X2n +1

Examine the continuity of f (x) at x = 1.

Q.9 Find from first principle, the derivative of +/cosx
wW.r.t. X.

Q.10 Differentiate vtanx w.r.t. x from first principle

Q.11 Check differentiability of f(x)=|x| at x=0.

Q.12 If f(x) is differentiable at x = a and f'(a)=Y%, then

2 2
find Iimf(a+2h )—f(a—2h ).
h—0 h?

Q.13 Let f be a real valued continuous function on R
and satisfying f(-x) —f(x) =0V x e R If f(-5) = 5, f (-2) =
4, f(3) = -2 and f(0) = 0 then find the minimum number
of zero's of the equation f(x) = 0.

Q.14 (a) If g: [a, b] onto [a,b] is continuous show that
there is some c € [a,b] such that g(c) = c.

(b) Let f be continuous on the interval [0, 1] to R such
that f(0) = f(1). Prove that there exists a point cin {Oﬂ

such thatf(c) = f[c + %] .

Exercise 2
Limits
Single Correct Choice Type

Q.1 C is a point on the circumference of a circle &

D is the foot of the perpendicular from C on a fixed
2

diameter AB. Then the limit of Sl as Ctends to B along
the circumference DB

(A) Does not exist

(B) Equal to one

(C) Is equal to the length AB
(D) None

Q.2 Iim{1+log2 . cost
x—0 cos—
2
(A) Is equal to 4 (B) Is equal to 25

(C) Is equal to 289 (D) Is non existent

Q.3 Let o & B be the roots of the equation,
ax? + bx + c = 0 where 1 < a < 3, then

lim | ax? +bx +c|

> =1, when:
=M ax° +bx+c

A)a>0&m>1 B)a<0&m«<1

El

Qa<0&a<mc<b (D) —=18&m>a
a



1
2 _
(1+x)1 1 i

Q4 Iirr(])
L+x)3 -1

A1 (B0 (€ 3/2 (D) o
Q.5 Iirrg)(logx —X)
(A) Equals « (B) Equals e
(C) Equals —© (D) Does not exist

. 1
Q.6 limxtan—

x—0 X
(A) Equals 0 (B) Equals 1 (C) Equals «

(D) Does not exist

Q.7 The limit of \/;(\/X+4 —\/;) as Xx— o

(A) Does not exist

(B) Exists and equals 0
(C) Exists and equals 1/2
(D) Exists and equals 2

Q.8 Ilim M is equal to -
x>0t n(sinx)

(A0 (B)1 Q2 (D) 4

Q.9 Centre of circle is the limit of point of intersection
oftlines3x +5y=1and (2 + ¢)x + 5c?y = 1 as c tends
to 1. If it passes through (2, 0) its radius is -

V1601 41 1601 1601

(A) >c (B) > (@) E (D) BT

Y
Q.10 r!mz kr:1 is equal to

r=1 k3
A1 (B)3 €4 (D)2

i,ﬂ/(i ~1) 40
Q11 |im| lim|{*=L— | [isequal to
m—w| n—>w m2

(A) 1/2 (B)1/3 © 174 (D) 1/5
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Q.12 Let f(x) = xsin(l) then
X

(A) f(0) is not defined but Iing)xsin[lj =0
X—> X

(B) f(0) =0 = Iiw&xsin{lJ

X

(C) f(0) is defined but Iing)xsin(i] does not exist
X—>! X

(D) Both f(0) and lim xsin(lj are not defined
x—0 X

Continuity

Single Correct Choice Type

Q.1 [s f(x) differentiale at x = 0 if f(x) is defined as
follows:

X
f(x) = ,Xx#0
1+e¥x
0,x=0
(A)O B)1
Q2 (D) Not defferentiable

Q.2 Given f(x) = b ([x]*> + [x]) + 1 for x > -1 = sin (=(x + a))
forx < -1

Where [x] denotes the integral part of x, then for what
values of a, b the function is continuous atx =-17?

(A)a=2n+3/2);beR;nel
BYa=4n+2;beR;nel
Qa=4n+3/2);beR;nel
(D)a=4n+1;beR nel

2
X
Q.3 Given f(x) = [|1X lle” [x+|x]] forx20=0
e><72 —1sgn(sinx)

for x = 0 where {x} is the fractional part function; [x] is
the step up function and sgn (x) is the signum function
of x then, f(x) -

(A) Is continuous at x = 0
(B) Is discontinuous at x = 0
(C) Has a removable discontinuity at x = 0

(D) Has an irremovable discontinuity at x = 0
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Q.4 f(x) has an isolated point discontinuity at x = a, then,

(A) % necessarily has an isolated point discontinuity
X
atx=a

1
(B) —— can be continuous atx = a

f(x)

(C)%will have non-removable discontinuity at x = a
X

(D) 1 may have missing point discontinuity at x = a

f(x)

Q.5 The number of points at which the function, f(x) =
| x—0.5] + | x - 1] + tanx does not have a derivative in
the interval (0, 2) is -

(A1 (B) 2 Q3 (D) 4

Q.6 Which of the following functions defined below are
NOT differentiable at the indicated point ?

2 e
(A)f(x)={x !f 1SX<Oatx=O

2 if 0<x<1

if -1<x<0
B tx=0
®) g0x) = { nx if 0<x<1aX
2x if x<
© hix) = M2 FX=0 o
2x if x>0
O k)= X TO=xsL g
2-x if 1<x<2

¥ for x<1 .
T fx)=] € is
Q ) {a—bx for x>1

differentiable for x € R, then:

AJa=1b=e-1 Bya=0,b=¢e

C©a=0b=-¢e (D)a=e b=1
X2 +2x+3  x<2

Q.8 f(x) =

isin(7rx)+b X>2
T

If f(x) is derivable ¥ x € R, then
(A)2a +br=7

B)b+2n=3

(©)2a + br =13

(D) None of these

Q.9 The function f(x) is defined as follows

x<0
if 0<x<1 thenf(x)is

X if
f(x) = x°

x> —x+1 if

x>1

(A) Derivable and cont. atx =0

(B) Derivable at x = 1 but not continuous at x = 1
(C) Neither derivable nor cont. atx = 1

(D) Not derivable at x = 0 but continuous at x = 1

Q.10 A function f defined as f(x) = x [x] for— 1 <x <3
where [x] defines the greatest integer < x is

(A) Continuous at all points in the domain of f but non-
derivable at a finite number of points

(B) Discontinuous at all points & hence non-derivable
at all points in the domain of f

(C) Discontinuous at a finite number of points but not
derivable at all points in the domain of f

(D) Discontinuous & also non-derivable at a finite
number of points of f.

Q.11 Let f(x) = | | forx = 0 & f(0) = 1 then
sinx

(A) f(x) is continuous & differentiable at x = 0
(B) f(x) is continuous & not differentiable at x = 0
(C) f(x) is discontinuous & not differentiable at x = 0

(D) none of these

Q.12 Let f(x) = x* and g(x) = |x|, Then at x = O, the
composite functions

(A) gof is derivable but fog is not
(B) fog is derivable but gof is not
(C) gof and fog both are derivable

(D) neither gof nor fog is derivable

Q.13 [x] denotes the greatest integer less than or equal
to x. If f(x) = [x] [sin ® x] in (-1, 1) then f(x) is -

(A) Continuous at x = 0

(B) Continuous in (-1, 0) U (0, 1)
(C) Differentiable in (-1, 1)

(D) None
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Differentiability (A) f(x) is differentiable at x = 0
(B) f(x) is discontinuous at x = 0

Single Correct Choice Type (Q) f(x) is continuous no where

Q.1 Which of the following function is not differentiable (D) None of these

atx =07
(A) x |x| (B) @ Q.9 Function [x] is not differentiable at
(C) e (D) x + | (A) Every rational number

(B) Every integer
Q.2 Which of the following is differentiable function? (C) Origin

(A) x? sin 1/x (B) x |x| (D) Every where

(C) cosh x (D) All of the above |x-3] whenx >1
Q.10 If f(x) =12 .

Q.3 The function f(x) = sin || is X?—3Z—X+§ , whenx > 1

(A) Continuous for all x then correct statement is -

(B) Continuous only at certain points (A) fis discontinuous at x = 1

(C) Differentiable at all points (B) f is discontinuous at x = 3

(D) None of these () fis differentiable atx = 1

(D) fis differentiable x = 3
Q.4 1f f(x) = |[x— 3|, then fis

(A) Discontinuous at x = 2 Q.11 Function f(x) = Ix] is -
X

(B) Not differentiable at x =2

(C) Differentiable at x = 3

(A) Continuous everywhere

(B) Differentiable everywhere

(D) Continuous but not differentiable at x = 3 (C) Differentiable everywhere except at x = 0

|x-1] (D) None of these

Q.51If f(x) = ,x#=1,and f(1) = 1, then the correct

statements

(A) Discontinuous at x = 1 Q12 Let () = x ~al +hb], then -
(A) f(x) is continuous for all x € R

(B) f(x) is differential for V x € R

(B) Continuous atx = 1

(C) Differentiable atx = 1
(C) f(x) is continuous except at x = a and b

(D) None of these

(D) Discontinuous for x > 1

x+1, x>1
Q.61If f(x) =10, x =1, then f'(0) equals Q.13 Function f(x) = |x — 1| + [x=2| is differentiable in
7-3x, x<1 [0, 3], except at -
A 1 (B) 2 ©0 (D) -3 (A)x=0andx =3 B)yx=1
QOx=2 (D)yx=1landx =2
Q.7 The function f(x) = |x| + |x 1] is not differentiable at
(A)X=0,1 (B)X=O,—1 Q.14If f(X)Z 1, when x >0
1+sinx, when0<x<n/2

Ox=-11 D)yx=1,2
thenatx =0, f' (x) equals -

, then which one is correct? (A) 1 (B)0 (@O ¥ (D) Does not exist

e’*, x#0

.8 If f(x) =
Q8 If f(x) {0’ o
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X x#0
Q.15 If f(x) = 1+61/X !
0, x=0
then the function f(x) is differentiable for -
(A) x € R* (B)x e R
O xeR, (D) None of these

x*sinl/x, x=0

Q.16 If f(x)= is differentiable at

0, x=0
x =0, then -

(A)a >0 B)a>1 Qa=21 @{D)ax0

Q.17 The function f(x) = x — | x | is not differentiable at -
A)x=1 B)x=-1 (Qx=0 (D) Nowhere

Previous Years’ Questions

Q.1 For a real number vy, let [y] denotes the greatest
integer less than or equal to y. Then, the function

(1981)

(A) Discontinuous at some x

(B) Continuous at all x, but the derivative f ' (x) does not
exist for some x

(O) f'(x) exists for all x, but the derivative f " (x) does not
exist for some x

(D) f '(x) exists for all x

Q.2 There exists a function f(x) satisfying f(0) = 1. f' (0) = -1,
f (x) > 0 for all x and (1982)

(A) f"(x) < 0 for all x

(B)-1 < f" (x) <0 forall x

Q) —2<f"(x)<-1forallx

(D) f" (x) < =2 for all x

Q.3 If G(x) = —/25-x2, then IimG(X);f(l) has the

x—1 X —

value (1983)

(B) % © 24 (D) None of these

1
T

log(1+ax)—log(l—bx)
X

Q.4 The function f(x) = is not

defined at x = 0. The value which should be assigned to
fat x = 0 so that it is continuous at x = 0, is (1983)

(Aa-b (Bya+b

(C)loga+logb (D) None of these

Q.51Iff(a) =2,f' (@) =1, g(a) =-1, g’ (@) = 2, then the value
g(x)f(a) — g(a)f(x) i<

of lim (1983)
X—a X—a 1

A) -5 B) —

(A) (B) c

©5 (D) None of these

. 1 2
Q.6 Ilm(l—nz +1 = +....+1_nnzj is equal to

" - (1984)
1
(A) 0 ®) -5
(@)} % (D) None of these
sin[x]
Q71 fx) =4 pg 970
0, [x]=0

where [x] denotes the greatest integer less than or

equal to x, (1985)
(A)1 B)0

O -1 (D) None of these

Q.8 If f(x) = x(& i+ 1)) , then (1985)

(A) f(x) is continuous but not differentiable at x = 0
(B) f (x) is differentiable atx = 0

(©) f (x) is not differentiable at x = 0

(D) None of the above

Q.9 The set of all points, where the function

f(x) = —~— is differentiable, is (1987)
1+ x

(A) (~o0, 0) (B) [0, )

(Q) (=0, 0) U (0, ) (D) (O, )



Q.10 If y? = P(x) is a polynomial of degree 3, then

2
ZE(y3 j—g] equals

1988
ix Ny (1988)

(A) P (x) + P'(x) (B)P"(X)-P"(x

Q) PX) P ™ (x) (D) A constant

1
Q.111f f(x) = EX—l, then on the interval [0, p] (1989)

(A) tan [f(x)] and 1/f(x) are both continuous
(B) tan [f(x)] and 1/f(x) are both discontinuous
(O) tan [f(x)] and f(x) are both continuous

(D) tan [f(x)] and 1/f is not continuous

4/l(l—cos2 X)
Q.12 The value of limy2
x—0

X

(1989)

A1 (B) -1 o (D) None of these

Q.13 The function f(x):[x]cos{zx jn, [x] denotes

the greatest integer function, is discontinuous at (1993)
(A) All x
(©) No x

(B) All integer points

(D) x which is not an integer

Q.14 Let [x] denotes the greatest integer function and
f(x) = [tan? x], then (1993)

(A) limf(x) does not exist
x—0

(B) f(x) is continuous atx = 0
(O) f(x) is not differentiable at x =0
O f 0=1

x> sinx cosx

Q.15 Let f(x)=|6 -1 o |,
p p° p
3

where p is constant. Then d—3 f(x) atx = 0is
dx

(1997)

A p
Qp+p’

(B) p + p?

(D) Independent of p
(x—l)sin 1) ke

Q.16 Let f(x) = x-1 :

0 ifx=1
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Then which one of the following is true? (2008)

(A) fis neither differentiable at x =0 noratx =1
(B) f is differentiable at x=0 and at x=1

(C) fis differentiable at x=0 but notat x=1
(D) fis differentiable at x =1 but notat x=0

Q.17 Let y be an implicit function of x defined by
x> —2x*coty =1 =0. Then y'(1) equals (2009)

(A) -1 (B)1 (O log 2 (D) —log 2

Q.18 Let f: R—>R be a continuous function defined by

1
)=

Statement-I: f(c) = % for some ceR.

Statement-II: 0< f(x)<i, forall x eR

22

(A) Statement-I is true, statement-II is true; statement-II
is not the correct explanation for statement-I

(B) Statement-I is true, statement-II is false
(C) Statement-1 is false, statement-II is true

(D) Statement-I is true, statement-II is true; statement-II
is the correct explanation for statement-I

Q.19 Let f: R — R be a positive increasing function with

- f(3x) _ en lim f(2x) _
)Lw f(x) 1.Th )Lm f(x)

@3

(2010)

2 3
(A) 3 (B) 0 (D)1

Q.20 Let f:(-1,1) >R be a differentiable function
with f(O):—l and f'(O):lLet g(x)=[f(2f(x)+2)}2

Then g'(0) = (2010)
(A)-4 (80 (©) -2 (D) 4
1-cos{2(x-2
Q.21 lim \/ cosf2(-2) (2011)
X—2 X—2

(A) Equals \/E (B) Equals -\/5

1

NG

(C) Equals (D) Does not exist
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Q.22 The value of p and q for which the function

sin(p+1)x+sinx
(p ) , x<0
X
x=0
f(x)=
=1
VX + X x>0
X3/2
is continuous for all x in R, is (2011)
5 1 3 1
A =—, = — B =—- = —
(A) p 51473 B) p 59475
1 3 1 3
C :——’ = -— D :——’ = — —
O p 514773 D) p 54=73
) (1—c052x)(3+cosx) )
Q.23 lim is equal to (2013)
x—0 xtan4x
1 1
A) -= B) = 01 D) 2
(A) y) (B) 5 © (D)
= dy .
Q241fy :sec(tan x),then — at x=1 is equal to:
dx (2013)
1 1
A = (B) = 01 (D) 2
2 2
sin(r:cos2 x)
Q.25 lim is equal to (2014)
x—0 X
(A) —n (B) = © g D1

Q.26 If f and g are differentiable functions in [0,1]
satisfying f(O):Z:g(l),g(O):Oand f(l):6, then

for some c e [O,l] (2014)

() 2f'(c)=g'(c) (D) 2f'(c) =3g'(c)

i (1 —Cos 2x)(3 + cos x)
Q27 % X tan 4x

is equal to (2015)

(A) 4 ®) 3 © 2 o) %

kax+1 , 0<x<3
kix+1, 3<x<5

Q.28 If the function g(x) ={

is differentiable, then the value of k + m is; (2015)
16 10
(A) 2 (B) < (@) 3 (D) 4

X +2xy—3y2 =0
(2015)

Q.29 The normal to the curve,
at (1, 1)

(A) Does not meet the curve again
(B) Meets the curve again in the second quadrant
(C) Meets the curve again in the third quadrant.

(D) Meets the curve again in the fourth quadrant.

1
Q.30 Let P= li_r)rg(lﬂanz \/;)2" then log p is equal to:

(2016)
1 1
= = D) 2
(A1 ®) > © 3 (D)
Q.31 lim (n+1)(n+2).3n 1/nise | to: 2016
X o qual to: (. )
X—0 n

27 9 18
W= B (©3log3-2 ()
e e e
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Exercise 1

Limits
100 |
> x° |-100

oK=L
Q.1 Find )I(|_)rr1 o1
Q.2 Find the sum of an infinite geometric series whose
1-tanx
1-+/2sinx

as x — /4 and whose common ratio is the limit of the

1-+/x

first term is the limit of the function f(x) =

function g(x) = asx=1, eR.
(cos™t x)?
iml P __9
Q.3 Lm(l—xp 1_qup,qu

Q.4 lim(x—Incoshx) where cosh t =
X—00

. 4
Q.5 lim 202V (3vx)

x=01 —\/cosx
-1 .2
Q.6 (a) lim cos ~(2xV1—x%)
X—)i X_i
2

NG
—4/sin2x

1
b) |
(b) m; T —4x
4

X—>

[x]? +15[x] +56
x—>-7 sin(x + 7)sin(x + 8)

(@

Where [ ] denotes the greatest integer function

3
Q.7 Find lim ~XY1Nx.

X_%fl —2cos®x

8 XZ 2 2 2
Q.8 Find lim—|1-cos— —cos— + cOs—Cos—
x—)OX8 2 4 2 4

Q.9 Find
sin((m/3)+4h)—4sin((x /3)+3h)+

. 6sin((n/3)+2h)—4sin((r/3)+h)+sin(n/3)
LI—% h*

Q.10 Find lim xz(
X—0

x+2_\3/x+3]
X

X

Bx* +2x%)sin(L / x)+ | x |3 +5

|x|3+|x|2+|x|+l

Q11Find lim

X—>—00

Ql21If ¢ = Iimzn: (r+1)sini—rsinE
’ r+1 r

n—»o
r=2

then find {/}. (where { } denotes the fractional part
function)

Q.13 Find a & b if:
2
(i) Iim{x +1—ax—b]=0
x—o| X+1

(i) lim (\/x2 —x+1—ax—b)=0

X—>—0

Q.14 limlin(1+ sin?x) - cot(In® (1 + x))]

. (In(L+x)-In2)(3.4%7t = 3x)
Q15 Jim——-7 1
[(7+x%)3 =@ +3x)2]-sin(x—1)

2
e — 33x

. X2 .
SIN| — [—SsINX

Q.16 If Iin?) =InK (where KeN) find K.
X—>

2

X—1-\Vx“-5
Q.17 If lim V2x+3-x | P-sxe6
3 Jx+1-x+1

can be expressed in the form ab where a, b, c € N,
C

then find the least value of (a2 + b? + ¢?).

Q.18 If the |imi[ !

_1 1lrax
x>0y3 | \1+x 1+bx

exists and has the value equal to ¢, then find the value
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Q.19 Let {a }, {b }, {c } be sequences such that
(a +b +c =2n+1

(ab +bc +ca =2n-1

(ijabc =-1

(ivia, <b <c,

Then find the value of lim(na,)

n—o

Q.20 Let f(x) = ax® +bx?* + cx +dand g (x) = x? + x -2

If IimM =1 and lim M =4, then find the value of
x—1 g(x) X——2 g(x)

< +d?

a’ +b?

Differentiability

Q.1 Discuss the continuity & differentiability of the
functions, f(x) = sin x + sin | x|, x € R.

Q.2 If the function f(x) defined as

X2

o for x<0
. 1forx>0
in=

f(x) =
x"s
X

is continuous but not derivable at x = 0, then find the
range of n.

tanx —tany

Q.3 Let g(y) =lim

y1—X+(1—X]-tanxtany
y y

and f(x) = x2. If h(x) = Min. (f(x), g(x)), find the number of
points where h(x) is non-derivable-

Q.4 Let f(0) = 0 and f ' (0) = 1. For a positive integer k,
show that

lim l[f(x) + f[iJ + f[in =
x—0 X 2 k

Q.5 Let f(x) = xe_[liil%];

x# 0, f(0) = 0, test the continuity & differentiability at x =0.

Q6Iff(x)=|x-1]-([x]-[—x1), then find f' (1*) & f'
(17). where [x] denotes greatest integer function.

2
ax“-b .
if |x|<1
I f(x)=9 —
Q7FII=1 1 41
| x|

is derivable at x = 1. Find the values of a & b.

x+1 if x<O

Q.8 Let f(x) = {

[x-1]if x>0
x+1 if
and g(x) = X0
(x-1)*if x>0

If m, n and p are respectively the number of points
where the functions f, g and gof are not derivable, find
the value of (m + n + p)

Q.9 Let f(x) be defined in the interval [-2, 2] such that

-1 ,-2<x<0 :
f(><)={x_1’0<xS2 & g(x) = f(|x]) + [f(x)].

Test the differentiability of g(x) in (-2, 2).

Q.10 Examine for continuity & differentiability the
points x = 1 & x = 2, the function f defined by

f(x)={ X
(x=1D[x], 2<x<3

less than or equal to x.

,0<x<?2 .
where [x] = greatest integer

Q.11 Discuss the continuity & the derivability in [0, 2] of

| 2x =3 [x]
£ = for x>1

. TX
sin—  for x<1

where [ ] denotes greatest integer function

Q.12 Let f(x) = [3 + 4 sin x] (where [ ] denotes the
greatest integer function). If sum of all the values of 'x’

in [xr, 2p] where f(x) fails to be differentiable, is k—n then
find the value of k. 2

Q.13 The function
ax(x-1)+b when
x—1 when 1<x<3

px? +qx+2 when

x<1
f(x) =
X >3

Find the values of the constants a, b, p, q so that -

(i) f(x) is continuous for all x
(i) f* (1) does not exist

(iii) f* (x) is continuous at x = 3



Q.14 Let a, and a, be two value of a for which

« In(L+x)+In(1—x)
f(x)=1"~  secx—cosx

e (-1,0)
@ -3a+1)x+x° ' x €[0,0)

is differentiable at x = 0, then find the value of (a2 +a3)

Exercise 2
Limits

Single Correct Choice Type

2 2, 20
Q.1Iim1 nN+2°n-1)+3“(n—-2) +.......... +

> 3 is equal to -
n—eo nt.l 17+2°+37 +... +n

1 2 1 1
(A) 3 (B) 3 (@) > (D) 5

Q.2If /=1im [\/xz +2x—x} & m=lim {\/XZ—ZX +x},

X—0 X—>00

where [¢] & {/¢} represent integral and fractional part
respectively then ¢ + mis equal to -

(A)O (B) 1 Q2 (D) 3

Q.3 The limit of x>vVx% +x% +1 - x\/E as X—»o0

(A) Exists and equals

1
2«5
4f

(B) Exists and equals —=

(C) Does not exist

(D) Exists and equals 3

42

Q.4 Consider the function

f(x) = tan"*| 2tan= | where — % <f(x) <~
2 2 2

( lim means limit from the left at r and lim means

x—n-0 x—>n+0

limit from the right). Then

A lim f60 =2, lim foo =2

x—1-0 xan+0 2
(B) |II’Y1 f(x) = , lim f(x)
© limf(x) =

(D) limf()=-=

Q.5 If x, x

2,

numbers such that

, If lim

n—o0 X

(B)«/g—l \f 1 J5+1

Xn = Xn—l

A) (5 +1)
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Kygevereeeeeene x_is a sequence of positive
n

X exists then it is equal to -

@ —— D 3

Q.6 If o and B be the roots of ax? + bx + ¢ = 0, then

1

lim(1 +ax? + bx +¢)*® js

(A)InJa (o= )]
(C) 26~

(B) e-P

(D) None of these

Multiple Correct Choice Type

Q.7 Identify the correct statement

(A) lim
x—1 (X

@ lim smx _

X=X

=1

1-| cos(x - 1)|
_1)

1

Q.8If /= lim (cosx)X

x—0"

and n= lim (cosx)X ,

x—07"

(A) ¢ =1

1

) lim [tanxszl
2 x—0" X

D) lim 27X _o

X—>00 X

1

. 2
= lim (cosx)*
x—0"

then -

Bym2=e

(C) ¢ and n are rational (D) m? =In

Q.9 Which of the following limit(s) is are finite

x—0"

@ lim (m _ x)

X—>»00

Q.10 Let f(x) =

(A) lim f(x) =
x—0
Q) lim f(x) =

x—0

Sinx—

(A) lim (cotx) x4

In2

In4

X

X

(B) lim (cotx)sinx—x

x—0"
(D) lim (\/xz +2X — x)
X—>00

X x . [In2
< &g =2 Sln[z—xj then

(B) limg(x) = In4

(D) limg(x) = In2
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Q.11 Which of the following limits is unity ?

A) lim sin(tant) ®) lim sin(cosx)
i»0  sint x->m/2  COSX
T 2
(©) limFX=1=x D) lim>*-
x—0 X x—0 X

Q.12 Which of the following limits vanishes?
1

(A) lim stiné (B) Iim/z(l—sinx)-tanx
X—>»00 X X—>T
2 2
© 1im-2*3 sgne) ©) lim 222

2

x>0y x5 x—>3t X°—9

where [ ] denotes greatest integer function.

Q.13 Which of the following limits vanishes?

XS

2 1 \ix
(A) Iim(l— 1 J (8) lim | X1
x-»0| x tanx xom| 2y? 1
tan2x 4 2

© lim tan(x+£] D) limX =& +1
x ™ 8 =l y3_1

4
Continuity

Single Correct Choice Type

x/2-1,0<x<l1

.1 If f(x) = ,
Q 0 {1/2 ,1<x<?2

gx) = 2x + 1) (x—k) + 3, 0 <x < oo, then g [f(x)], will be
continuous at x = 1 if k is equal to -

A)12  (B)1/6 (C)11/6 (D) 13/6
[ 3/
Q.2 If function f(x)=M, is continuous
X
function, then f(0) is equal to-
(A) 2 (B) 1/4 ©1/6 (D)1/3
13
Q.3 If function f(x) = (27-29 7 -3 #0)

9-3(243 +5x)*/3
is continuous at x = 0, then f(0) is equal to
(A) 2 (B) 4 6 (D) 2/3

Q4 1f
log(1 + 2ax) —log(1 —bx) -

f(x) = X '
k

0
x=0

is continuous at x = 0, then k is equal to -

(A)2a+b (B)2a-b (O b-2a (D)a+b
el/X_l 0

Q5If f0={inp1
X X =

then at x = 0, f(x) is
(B) Left continuous

(D) None of these

(A) Continuous

(C) Right continuous

Q.6 If the function

1+sin§x , —o<x<l1
fx)=<{ ax+b , 1<x<3
6tan’> | 3<x<6

is continuous in the interval (oo, 6), then the value of a
and b are respectively

(A)O, 2 B)1,1 ©20 D)2, 1
Q.7 If
sin[x] -0
[x]+1
fx)=4cosnxl/2
[x]
K r x=0

is a continuous function at x = 0, then the value of K ([-]
denotes greatest integer function) is -

(A)O B) 1 ) -1 (D) None of these
x, if x rational . .

Q.8 If f(x) = o , then lim f(x), is -
—x, if xirrational x—0

(A) O (B)1

< -1 (D) Indeterminate

Q.9 Function f(x) = [x]? — [x%], where [x] greatest integer
< x is discontinuous at -

(A) All integers

(B) All integers except 0 & 1
(C) At x = 1 only

(D) All integers except 1



Xx+2 , 1<x<2

Q.10 Function f(x)=< 4 , x=2 iscontinuous -
3x-2 , X>2

(A) Only at x = 2 (B) Forx <2

(©) Forx=>2 (D) None of these

54 ,0<x<1
4x? +3bx , 1< x <2

is continuous at every point of its domain, then b is
equal to -

Q.11 If function f(x) = {

A0  (®1 (O-1 (D)13/13
L1
Q.12 If function f(x) = X =SIN_X
2x +tan ™ x

is continuous at every point of its domain, then f(0) is
equal to -

(A) 1/3 (B) -1/3 (©) 2/3 (D) 2
Q.13 If
1- czs4x « <0
X 1
f(x) = a ’ x=0
L , X > 0
V16 +/x -4

then correct statement is -

(A) f(x) is discontinuous at x = 0 for any value of a
(B) If f(x) is continuous at x = 0 whena = 8

(Q) f(x) is continuous at x = 0 whena =0

(D) None of these

Q.14 Function f(x) = 1 + |sin x| is -
(A) Continuous at all points

(B) Discontinuous at all points

(C) Continuous only atx = 0

(D) None of these

Q.15 The sum of two discontinuous functions
(A) Is always discontinuous

(B) May be continuous
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(C) Is always continuous

(D) None of these

x*cosl/x , x#0

Q.16 If f(x) = {

, x=0
is continuous at x = 0, then
A)a<0 B)a >0
Qoa=0 D)a>0
Q.17 1f f(x) = 1n_5|2nXX'X”/2

K i X=m/2

is continuous at x :g, then k is equal to -

(A) O (B) 1 <) -1 (D) 1/2
xsinl/x,x=0

.18 If f(x) =
Q18 (x){ <o

is continuous at x = 0, then the value of k will be -
A1 (B) -1
o (D) None of these

Q.19 Function f(x):[x]cos[zxz_ljn is discontinuous

at -
(A) Every x (B) No x

(C) Every integral point (D) Every non-integral point

Q.20 If
X+av2sinx , O<x<mn/4
f(x) = 2xcotx+b , n/4<x<n/2
acos2x—bsinx , w/2<x<n

is continuous at x = n/4, then a —b is equal to -

(A)rm/2  (B)O 14 (D) n/4

Q.21 At origin, the function f(x) =[ x| XD
X
(A) Continuous

(B) Discontinuous because |x| is discontinuous there

. . x| . . .
(C) Discontinuous because u is discontinuous there
X

(D) Discontinuous because [x| and

X
u both are
discontinuous there X
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. 2
SN~ ax 0
Q221f f(x)=4 5 ' then
1 x=0

(A) f(x) is discontinuous at x = 0

(B) f(x) is continuous atx = 0

(Q) f(x) is continuous at x = 0 if f(0) = a?
(D) Alternative (A) and (C)

1-sinx+cosx

Q.23 If f(x) = - .
1+sinx+cosx

is continuous at x = x, then f(rn) is equal to -

(A) -1 (B) 2 @14 ©Op
sin3x x£0
Q.241f f(x) =1 sinx
k 1 X = 0
is continuous function, then k is equal to -
A1 (B) 3 € 1/3 (D)0
1-cosx « 0
Q.251If f(x) = 2
,x=0
k
is continuous at x = 0, then k is equal to -
(A) Va (B)-1/2 @0 (D) 1/2

X[x1*10g . 2

Q.26 Consider f(x) = |n(eX2 +2 {X}j

tan\/;

where [*] & {*} are the greatest integer function &
fractional part function respectively, then -

for-1<x<0
for 0<x<1

(A) f(0) = In2 = fis continuous atx = 0
(B) f(0) = 2 = fis continuous at x = 0
(O) f(x) = e2 = fis continuous at x = 0

(D) f has an irremovable discontinuity at x = 0

Q.27 Let f(x) = [2+3 sin x] (where [] denotes the greatest
integer function) x € (0, w). Then number of points at
which f(x) is discontinuous is -

(A)O (B) 4 Q5 (D) Infinite

Q.28 y = f(x) is a continuous function such that its graph
passes through (a, 0). Then
log (1 +3f
jim 293+ 3100
x—>a 2f(x)

A1 (B)O (©) 3/2 (D) 2/3
Q.29 'f' is a continuous function on the real line. Given

that 2 + (f(x)-2) x —/3 .
f(x) + 2\/5— 3 = 0 then the value of f \/5 j.

(A) Cannot be determined (B) Is 2(1- \/5)

(Q) Is zero (D) Is

263-2)
3

x? if xis irrational ¢
1 if xis rational

Q.30 Let f(x) = hen

(A) f(x) is discontinuous for all x
(B) Discontinuous for all x except atx = 0
(C) Discontinuous for all exceptatx = 1 or -1

(D) None of these

n H n
Q.31 Consider f(x) = lim >——""%_ forx 7 0, x = 1 f(1)
= 0 then - n-e x" 4 sinx”

(A) fis continuous atx = 1
(B) f has a finite discontinuity atx = 1
(O) f has an infinite or oscillatory discontinuity at x = 1

(D) f has a removable type of discontinuity at x = 1

Q.32 If f(x) = a | sin x| + beX + ¢ |x? and if f(x) is
differentiable at x = 0 then -

(A)b =0,c=0,ais any real
(B)a=0,b=0,cisany real
(©)c=0,a=0bisany real
(D) None of these

Q.33 The number of points in (1, 3) where f(x) = a[XZ], a
> 1 and [x] denote the greatest integer function is not
differentiable is -

(A1 (B) 3 @5 (D)7



Q.34 A function f defined as f(x) = x [x] for -1 <x <3
where [x] defines the greatest integer < x is:

(A) continuous at all points in the domain of f but non-
derivable at a finite number of points

(B) discontinuous at all points & hence non-derivable
at all points in the domain of f.

(C) discontinuous at a finite number of points but not
derivable at all points in the domain of f

(D) discontinuous & also non-derivable at a finite
number of points of f

X +{x}+xsin{x} for x=0
0 for x=0
where {x} denotes the fractional part function, then:

Q.35 If f(x) = [

(A) 'f " is continuous & differentiable at x = 0
(B) 'f " is continuous but not differentiable at x = 0
(C) 'f"is continuous & differentiable at x =2

(D) None of these

Multiple Correct Choice Type

xIn(cos x)
Q.36 If f(x) =1 In( +x?)
0 x=0

(A) fis continuous atx =0

then

(B) fis continuous x = 0 but not differentiable at x = 0
(O) fis differentiable at x = 0

(D) fis not continuous at x = 0

Differentiability
Single Correct Choice Type

X
€ x<0 then f(x) is -

L If f(x) =
Q ™ |1-x], x>0

(A) Continuous atx = 0

(B) Differentiable at x = 0

(C) Differentiable atx = 1

(D) Differentiable both atx = 0 and 1

Q.2 Which of the following function is not differentiable
atx=1

(A) sint x (B) tan x (C) a (D) cos h x
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Previous Years’ Questions

Q.1Ifx +|y| =2y, theny as a function of x is
(A) Defined for all real x

(1984)

(B) Continuous at x = 0

(C) Differentiable for all x

(D) Such that d_y = 1 forx <0
dx 3
Q.2 The function f(x) = 1+ |sin x| is (1986)
(A) Continuous no where
(B) Continuous every where
(C) Differentiable atx = 0

(D) Not differentiable at infinite number of points

Q.3 Let [x] denote the greatest integer less than or
equal to x. If f(x) = [x sin px], then f(x) is (1986)

(B) Continuous in (-1, 0)
(D) Differentiable in (-1, 1)

(A) Continuous at x = 0

(C) Differentiable atx = 1

Q.4 The function
|x=3], x>1

fX)=9x2 3x 13 is (1988)
— 4=, x<1
4 2 4

(B) Differentiable at x = 1
(D) Differentiable at x = 3

(A) Continuous atx =1

(C) Discontinuous atx = 1
Q.5 The following functions are continuous on (0, =)

(1991, 2M)
(A) tan x

o1
B) |tsin=dt
()Ismt

01, OSXS3—Tc
C
© 2sin=x, 3¢

——<X<TW

Xsinx, 0<x£g
D) in .

—sin(mt+x), ™

2 E<x<n
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Match the Columns

Match the conditions/expression is column I with
statement in column II.

Q6 (1992)

Column-I Column-II
(A) sin (p[x]) (P)
(B) | sin (n(x-[x])) | (q)

(r) | not differentiable at 1 and -1

differentiable every where

nowhere differentiable

Q.7 In the following [x], denotes the greatest integer
less than or equal to x. (2007)

Column-I Column-II

(A | x|¥| (p) continuous in (-1, 1)

(B) [ x| (9) differentiable in (-1, 1)

Q) | x+[x] (n strictly increasing(-1, 1)

(D) | |x-1] + (s) not differentiable at least at
Ix +1| one pointin (-1, 1)

Analytical and Descriptive Questions

Q.8 Evaluate the following limit
. [ x—1 j
lim| ————
x>1{ 2x2 —7x+5

Q.9 Evaluate lim(1 - x)tan(n—xj
x—1 2

(1978)

(1978)

Q.10 Differentiate from first principle sin(x> + 1)

(1978, 3M)
Q.11 If f(x) = x tan™*x, find f '(1) from first first principle
(1978)
Q.12 Find f' (1) if
Zx;l, when x #1
f(x) = 2x° =7x+5 (1979, 3M)
—%, when x =1
Q.13 Evaluate lim /% (1979)
x>0\ x + cos” x
2 2
Q.14 Evaluate L'E(‘) (a+h) sm(a; h)-a” sina (1980)

. 5x 2
Q.15 Given y = ————=+cos"(2x+1),
3y -x)?
find dy (1980)
dx

Q.16 Let f: R — R be a continuous function defined by

1
)=

Statement-I: f(c) = % for some c eR. Statement-I:

o <f(x) < for all x e R Statement-I:

T2

o<f(x)<i, for all x eR.

"2

(A) Statement-I is true, statement-II is true; statement-II
is not the correct explanation for statement-I

(B) Statement-1 is true, statement-II is false
(C) Statement-I is false, statement-II is true

(D) Statement-I is true, statement-II is true; statement-II
is the correct explanation for statement-I (2010)

Q.17 Let g(x)zlog(f(x)) where f(x) is a twice
differentiable positive function on (O,oo) such that

f(x+l) = xf(x) .Then, for N=1,2,3,.

ettt

(A) -4 l+l+i+...+;2
9 2 (2N-1)
(B) 4 1+l+i+...+;2
9 (2n-1)
1

1 1
€ 4 l+—+—+..+———
2% (N+1)

1

(D) 4 1+l+i+...+—2
9 2 (2N+1)

(2008)



Paragraph 1:

Consider the function f: (—o0,00)—(—o,) defined by

2_
f(x)=>(2a—x+l,0<a<2.
x“ +ax+1

Q.18 Which of the following is true?
@) (29 (1) + (2~ £(1) -0
) (2+a) f'(1)-(2-a) f'(-1)=0
© F)F ()~ (2-of

(D) f'(1)f'(-1)=~(2-a)° (2008)

Q.19 Let

o=

=———~ 0<Xx<2,m
Iogcosm(x—l)

and n are integers, m=0,n>0,and let p be the left
hand derivative of |x—l| atx =1

If lim g(x)=p, then (2008)
x—1"

(Ayn=1m=1 B)n=1,m=-1

@ n=1m=2 (D) n>1m=n

Q.20 Let f and g be real valued functions defined
on interval (—1,1)such that g"(x) is continuous

9(0)=0,9'(0)=0,g"(0) =0 and f(x) = g(x)sinx
And
Statement-II: f(O) = g(O)

(A) Statement-Iis True, statement-II is True; statement-II
is a correct explanation for statement-I

(B) Statement-I is True, statement-II is True; statement-II
is NOT a correct explanation for statement-I

(C) Statement-I is True, statement-II is False

(D) Statement-I is False, statement-II is True (2008)
Paragraph 1: Consider the functions defined implicitly
by the equation y>—-3y+x=0on various intervals
in the real line. If xe (—oo,—Z) U (2, oo), the equation
implicitly defines a unique real valued differentiable
function y = f(x). if xe (—2,2) , the equation implicitly
defines a unique real valued differentiable functiony =
g(x) satisfying g(0) = 0.
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Q.21 Iff(—lO\/E ) = 242, then f(—1oJ§ ) _ (2008
73 73 73 73

Q.22 For function f(x) = xcosl,x >1
X

(A) For atleast one x in interval |:l,oo),f(x + 2) - f(x) >2

(B) limf'(x)=1

X—>0

(C) For all x in the interval [1,00),f(x+2)—f(x) >2
(D)f(x)is strictly decreasing in the interval [1,00)

(2009)

Q.23 Let p(x) be a polynomial of degree 4 having
extremum at x = 1,2 and

X—>00 X

X
lim f{l +$2)} =2 .Then the value of p(2) is  (2009)

2
X
a—vVal-x* -~

X4

,a>0. If finite, then

Q.24 Let L=Ilim
x—0

(2009)
1 1
AWMa=2 @Ba=1 QL= OLl=x

Q.25 Let f be a real-valued function defined on the
interval (O,oo) by f(x) =Inx +j 1+sintdt.

0
Then which of the following statement (s) is (are) true?
(A) f(x) exists for all x e (O,oo)

(B) f'(x) exists for all f'(Z‘) = |imw

h—0 —h

and f' is continuous (O,oo), but not differentiable on (0, )

(C) there exists o > 1 such that |f'(x)| < [f(x)| for all x €
(a, )

(D) there exists B > 1 such that |f(x)| + |f'(x)| < B for all x

€ (0, o) (2010)
-1/x
Q.26 Iflim[1+xln(1+b2)} — 2bsin?6,b >0
x—0
and 0 e (—n, rc], then the value of 0 is
T T T P
A) £— B) +— Q) +— D +—
(A) 7] (B) 3 (@) 6 (D) >
(2011)
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—X—E, X < _E
2 2
Q.27 If f(x) ={—cosx, 0<x<1 then, (2011)
Inx, x>1

(A) f(x) is continuous at x = — /2
(B) f(x) is not differentiable at x = 0
(O) f(x) is differentiable at x = 1

(D) f(x) is differentiable at x = -3/2

Q.28 Let y'(x) + y(x)g'(x) = g(x)g'(x), y(0) = 0, x € R, where
f'(x) denotes df(x) dx and g(x) is a given noncontact
differentiable function on R with g(0) = g(2) = 0. Then
the value of y(2) is (2011 (1))

Q.29 Let f: R — R be a function such that f(x + y) = f(x)
+ f(y), V x, y € R If f(x) is differentiable at x = 0, then
(2011 (1))

(A) f(x) is differentiable only in a finite interval containing
zero

(B) f(x) is continuous V x € R
(©) f'(x) is constant V x e R

(D) f(x) is differentiable except at finitely many points

Q.30 lim

X—>00

{x2+x+1

—ax — b} =4,then (2012 (1))
Xx+1

AJa=1b=4
Qa=2b=-3

(B)a=1b=-4
D)a=2b=3

T
x’lcos—| x#0
X

Q31 Let f(x)= ,x € then fis

0 x=0

(A) Differentiable both atx = 0 and atx = 2

(B) Differentiable at x = 0 but not differentiable at x = 2
(C) Not differentiable at x = 0 but differentiable atx = 2
(D) Differentiable neitheratx = 0O noratx =2 (2012)

Q.32 For a € R (the set of all real numbers), a = -1,

(1a +2° +....+na) 1
lim — - =
n—e (n+l) [(na+1)+(na+2)+ +(na+n)] 60
Thena = (2013)
(A) 5 ®) 7 0= o

Q.33 Which of the following is true for 0 < x < 17?
(2013)
1

m)0<f@)<w $)—%<f@)<—

m)—%<fu)<1 (D) —0 < f(x)<0

Q.34 Let f: { }—) R (the set of all real numbers) be
a positive, non-constant and differentiable function
such that f(x) < 2f(x) and f[%} =1. Then the value of

J f(x)dx lies in the interval
1/2

(2013)

(A) (2-1,2€) (B) (e-1,2e-1)
e-— 1 e-1

Q.35 Let f: [0,2} — R be afunction which is continuous

on [0, 2] and is differentiable on (0, 2) with f(0) = 1.

2

Let F(x)= jﬂ )& for xe[0,2]. If F(x)for al

( 2) with f(0 (2014)
(A) e -1 (B) & — Ce-1 (D) e*
Q.36 The value of g(%} is (2014)
) (-1,0)u(0,2) (8) 2"

f'(x)—3g'(x) =

T T
© 0 (D) 7
Q.37 The value of g(%} is (2014)

T T
(A) ) (B) n © ) D)o



2
19x for all xeR with
2+sin” X

f@j:o.xf mgljlf(x)

of mand M are

Q.38 Let f(x) =

dx M, then the possible values

(2015)
1 1

B)m==M==
) 4 2

(D) m=1,M=12

(A) m=13,M=24

(€O m=-11,M=0

Q39 let f,g:[-1,2]>Rbe continuous functions
which are twice differentiable on the interval (—1,2)
Let the values of f and g at the points —1,0 and 2 be as
given in the following table:

In each of the intervals (—1,0) and (1,0)the function
(f—39)n never vanishes. Then the correct statement(s)
is(are)

(A) f'(x) (x
(-1.0)0(02)

(B) (—1,0)u(0,2) f'(x)—3g'(x):0 has exactly one
solution in (~1,0)

=0 has exactly three solutions in

) f'(x)-3g'(x) =0 has exactly one solution in (0,2)

(D) f'(x)-3g'(x)=0 has exactly two solutions in

(~1,0) and exactly two solutions in (0,2) ~ (2015)
Q.40 The correct statement (s) is (are)
(A) f'(1)<0
(B) f(z) <0

) f'(x) = 0forany xe(1,3)
(D) f'(x) =0for some x < (1,3) (2015)

Q.41 Let g:R — R be a differential function with
X
—g(x) x=0

9(0)=0,9'(0)and g(l) # f(x) = |x| ( )

0 x=0

And h(x) = e‘x‘ xeR (f o h)(x) denote f(h(x)) denote

f(h(x)) Then which of the following is (are) true?

(A) f is differentiable at x =0
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(B) h is differentiable at x=0
(C) f o h is differentiable at x=0

(D) h o fis differentiable at x=0 (2015)

Q.42 Let a,b eRand R — R be defined by

xsm(‘x + X‘)

(A) Differentiable at x=0if a=0and b=1

(B) Differentiable at x=1if a=1and b=0

(C) NQT differentiable at x=0if a=1land b=0

(D) NOT differentiableatx =1ifa=1land b=1 (2016)

f( )—acos(‘x —x‘)+b Then fis

Q.43 Let

f(x)= lim : =
(W2 2 2. N 2 N
(e )(x +4J ..... ( J

for all x > 0. Then

*) f@z (1) ®) f@]s f@

(@ f'(2)<0

(2016)

Q.44 Let f:[—%,Z} — Rand g: [—%,2} — R be
functions  defined by f(x) = [xz - 3} and
= |x|f(x)+|4x—7|f(x

), where [y] denotes the

greatest integer less than or equal toy For ye R. Then
(2016)

(A) fis discontinuous exactly at three points in {—%,2}

(B) f is discontinuous exactly at four points in [—%,2}
(C) g is NOT differentiable exactly at four points in
37

2

(D) g is NOT differentiable exactly at five points in

£
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Q.45 let f: (0,00) — R be a differentiable function such

that f(x):Z—LX):Z—Mfor all xe(O,oo) and
X X

f(l) #1.Then

(A) lim X2f'(£]=l (B) lim xzf'[ijzz
x—0" X x-0 | X

© lim x*f'(x) =2

x—=0

(D) f(x)sz‘ for all x € (0,2) (2016)

Q46 Let ' R > R, g R > R and h:R—>Rbe

differentiable functions such that

PlancEssential Questions

JEE Main/Boards

Exercise 1

Limits

Q7 Q13 Q20 Q.22 Q.25
Continuity

Q4 Q9 Q11 Q13
Differentiability

Q7 Q38 Q13 Q14
Exercise 2

Limits

Q1 Q7 Q9 Q.10
Continuity

Q3 Q4 Q6 Q9 Qll1 Ql4
Differentiability

Q3 Q7 Q11 Q15 Q16

Previous Years' Questions

Ql Q6 Qlo

Q13 Q15

f(x):x3+3x+2,g(f(x):x) forall xeR (2016)
() 1 :

A g'(2) =13 (B) (1) =666

(O h(0)=16 (D) h(g(3)) =36

JEE Advanced/Boards

Exercise 1

Limits

Q.6 Q11 Q17 Q19 Q20

Continuity

Q4 Q7 Q12 Q17 Q19 Q2

Differentiability

Q3 Q.6 Q.9 Qll Q14

Exercise 2

Limits

Q.2 Q4 Q.6 Q8 Q10

Continuity

Q3 Q6 Q8 Q10

Differentiability
Q1

Previous Years' Questions

Q1 Q3 Q7 Q9 Q14 Q15 Q16
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Exercise 1

Limits
1 3
1 —= 2 =
Q 8 Q 2
Q4Lifx>0'ooifx=0 Q.5 x
2Vx '
Q.6 (a) n/2ifa>0;0ifa=0and-rn/2ifa <0 (b) f(x) = |¥|
3
Q38 > Q92
1
Q.11-3 Ql2 ——
1642
Ql4a=2limit=1 Q.15 0.5
Q.17 % Q.18 cos? a/n cos a+ sin2 a/n sin a
Q.20 does not exist Q.21 (2n-1)
Q231 Q.241Ina
Continuity
Qla=0b=1 Q2a=0b=-1

Q.4 y_(x)is continuous at x = 0 for all n and y(x) is discontinuous at x = 0

Q.7 f(0*) = -2; f(0")= 2 hence f(0) not possible to define

Q96 Q.109
Q1238 Q.13 6x-2y-5=0
Q.15 ¢ + 2
Differentiability
sec2 \/;
.1 —2x sin(x?+1 .2 —
Q.1 -2xsin(x*+1) Q 2dx

Q.3 j—y =(tan x)[log(tanx)+2x cosec2x]
X

1/ 1
S Q6

Q32

Q.7 5050

Q.10 \2

Q132

Q.16 Does not exist

Q.19+/8 2[/n3P?

1
.22 ——
Q 128r

Q.25c =1n2

Q.3 (a)-22 3 (b)K =5 (c) even
Q.5 30

Qllc=1abeR

Q.14 Does not exist

Q.4 2x cos x?
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Q.7 :_y = XX {—sinx logx + COSX} +COSsX SinX[—sinxtanx +COSX - Iogcosx]
X

8x=1 g - X 10 ——sec’x
Q8 x= Q 2+/cosx Q 2/tanx
Q.11 Not differentiable Q121 Q.135
Exercise 2
Single Correct Choice Type
Limits
Ql1C Q2C Q3C Q4C Q5C Q6D
Q7D Q8B Q9A Q10D Ql11A Q12A
Continuity
Q1D Q2A Q3A Q4D Q5C
Q6D Q7C Q8D Q9D Q.10 D Q11A
Q12C Q13B
Differentiability
Q1D Q2D Q3A Q4D Q5A Q6D
Q7A Q8B Q9B Q10C Q11C Q12A
Q13D Q14D Q15C Q16 B Q17C
Previous Years’' Questions
Q1D Q2A Q3A Q4B Q5C Q6B
Q7D Q8cC QI A Q10C Q118 Q12D
Q13C Q14B Q15D Q.16 A Q17 A Q18 A
Q19D Q20 A Q21D Q228 Q23D Q24 A
Q258 Q.26 D Q27C Q.28 A Q29D Q308

Q31A
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Exercise 1

Limits
1 8 p—q

.1 5050 2a=2r=—;S=—; 3 —
Q Q 2 3 Q >
Q.4 In2 Q.5 324
Q.6 (a) Does not exist (b) does not exist (c) 0 Q.7 —%

1 5

.8 — .9 — .10 1/2
Q > Q > Q101/
Q11-2 Ql2x-3 Ql3()a=1b=-1(i)a=1 b= —%
Ql41 Q.15 —%lnﬂ Q.16 27

e

Q.17 29 Q.18 72 Q.19-1/2 Q.20 16
Differentiability
Q.1 f(x) is continuous but not derivable at x = 0 Q20<n<1
Q32 Q.4 f is cont. but not diff. atx = 0 Q.5
Q6f' (1) =3f"(1)=-1 Q7a=1/2,b=3/2 Q.85
Q.9 Not derivableatx =0 & x =1
Q.10 Discontinuous & not derivable at x = 1, continuous but not derivable at x = 2
Q.11 fis conti. at x = 1, 3/2 & discount. at x = 2, fis not diff. at x = 1, 3/2, 2
Q.12 24 Q13 a=1b=0,p =% andq=-1 Q145
Exercise 2
Limits
Single Correct Choice Type
Q1A Q2A Q3B Q4 A Q5D Q6B
Multiple Correct Choice Type
Q7A, B, C Q8A, B, C Q9A,BCD Q1l0C D Q.11A,8B,C Q.12A,B,D

Q13A B CD
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Continuity

Single Correct Choice Type

Q1A
Q7A

Q138
Q198
Q25D
Q318

Multiple Correct Choice Type

Q.36 A, C

Differentiability

Single Correct Choice Type

Q1A

Previous Years' Questions

Q1A B D

Q2C
Q8A
Ql4 A
Q20D
Q26D
Q32A

Q2A

Q2B,D

Q3A
Q9D
Q158
Q21C
Q27C
Q33D

Q3A B D

Q7A—>p,qgrB-opsCorsDopq

Q19C
Q26D
Q328,D
Q38D
Q448,C

Q208

Q27A,B,C D

Q33D

Q39B,C
Q45B,C

Q218

Q298B,C

Q34D

Q40 A, B, D

Q.46 A

Analytical and Descriptive Questions

1
Qs -

Wy 2
Q12 fW--2
Qis. | 3d-X

3x—1Y?

> 2sin(4x + 2)

—2sin(4x+2) x>1

Qo 2
T

Q130

Q4 A Q5C
Q10C Q11cC
Q168 Q17 A
Q22A Q23 A
Q.28 C Q298
Q34D Q35D
Q4 A, B Q58B,C
Q16 A Q17 A
Q228,C, D Q24A,C
Q308 Q318
Q358 Q36 A
Q41A, B Q42 A, D

Q.10 2x cos (x* + 1)

Q.14 a%cosa+2asina

Q6C

Q12A
Q18C
Q248
Q30C

Q6A—>p,Bor
Q.18 A

Q.25 B, C
Q.31B,D
Q37D

Q43 A, B

A1 —+—
Q 2 4
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Exercise 1

Limits

o Bax-1 (\’5“—1) ix+1
Sol 1: lm ———— =

= X
x4 y2 4 Ay x4 x(x+4) N

— Iim (5+x—1) 1 _1

X—’J‘x(x+4)(\/5+7x+1) T 4x2 8

=lim =

hﬂOh{ﬂh&} 2V

Sol 4: [im
x—0

\/x+h—\/; X+h-—x 1
h

Sol 5: lim 1 > 2_1“2
X—2 X(X—Z) X
—x% +3x-1

i 0 x(=2) = oo
X2 (x—2)2 (x—l).X ’Hzx(x—Z)z (X—l)

Sol 6: (a) lim tan" -2
x—0 X2

Graph of ¥y = tan* x
y

12+ y=tan '

T -1/2

L 1 a
Soin lim tant-<
x—0 XZ

a T T
Xx=>0 — >0 =|-——, =
As 2 © ( 5 2]

Depends upon value of a.

(b) f(x) = tlm [é.tan1 12}

T t

100
> xk -100

Sol 7: lim*xL — —|im

x—1 x-1 x—1 (X—l)

(X+X2+X3+ ..... +X100)

=i
o (x-1)

100x101

=1+2+..+100= =5050

Sol 8: Use Binomial Expansion.

Sol 9:

. 1-tanx 1+\/§sinx
lim X
H%l—\/zsinx 1++/2sinx

(1—tanx)(1+x/zsinx)
= lim
X_,% 1-2sin®x
(1—tanx)(1+\/§sinx)
= lim
X_,% 1—tan’ x
1+tan’ x
(1+tan2 x)(l+\/§sinx)
= lim

n (1+tanx)

X—>—
4

=2

Sol 10: Use 1-c0s20 = 2sin’ 0

(2sinx—1)(sinx+1)

Sol 11: fim (25inx—1)(sinx—1) =3

m
N
6
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Sol 12:

\/E—(cose+sine)

ﬁ—ﬁcos(@—ij
Iirr;t > = Iirr71T >
7 16/0-T 7 16/0-T
4 4

>-3)
\/5 25inzT4

1
= |lim =
T 2
4 16 (e—“] 1672
4
Sol 13:

. X . .
2sin® = + 2sinx—sin® x — x? + 3x*
lim 3 — 3
x=0 tan® x —6sin” x + x —5x

. X
sin= . .
. 2sinx  2sinx
—2.sm5x2+ - —x+3x°
= lim X 23 X
x—0 i
tan”x  6sin X+1—5x2
X X
=2
. asinx-sin2x. .. .
Sol 14: " lim————isfinite
x=0 tan’ x
.'.Iimacosx—(c052x).2:0
x—0
—a-2=0
—>a=2
. 2tanx 1-tanx . 2tanx
Sol 15: |im = lim ——

X
©1—tan’x 1l+tanx n 2
xo -7 (1+tanx)

2

(2

1
2

Sol 16: Does not exist.

Sol 17:

. Y . T

lim ncos| — |sin| —

n—m (4nj (4n)
. T
sin| —

( b1 j [4nj

4n

= lim cos
n—oo

Sol 18: Use L'Hospitals Rule

Sol 19: lim i (3X _1)_1(3X _1)

0
7 \/5 {1 — cos;}

" (3-1)(9* -1)
e 22sin? %

(3X —1) 9)( _1
% 8
=lim—* —X -~ Jog3xlog9
x>0 Zﬁsinzg \/5
2
Xontay

(4
= 8\/§(|og 3)2

Sol 20: Does not exist.

Hint: Use LHL and RHL.

Sol 21: Iim{nsmx}ﬂim ”ta”"}
x—0 X x—0 X

2 4 ]
nx{l_x_i_x...}
31 5l
= lim

x—0 X x>0 X

=n-1l+n=2n-1

Sol 22: From the diagram,

A
h2+£=b2
4
or,h? =b? - < h
4
ab?
. A . 4r
lim—=1
hI—rfg’P?’ hI_r’%(a+2b)3 B\/C
22
a - 1

2
Iog{(l+x2) —xz}
Sol 23: |lim

x—0 x(ex 1
4

Iog{1+x2 + X }

~—

=1

(XZ +X4
=lim X
2

x>0 (x2+x4) y (ex—lj

X




1 1
Sol 24: = lim n2 {[an —1}—{8”"’1 _1}}
n—o

1 1
. an -1 n? |aml-1
=limn -
n—o l (n+1) 1
n n+1
2
. n . n
= limnloga———loga=logalim —— =loga
n—w (n+1) noon+1

X—>0

X X
X+C
Sol 25: Iim[( )] =4:Iim(1+£] =4

Continuity
l[ax+3] , x<-1
[3x+a] , -1<x<0
Sol 1: f(x) = i
x) bsm2x_2b  Oexen
X
cos’x-3 X227

For x < -1, f(x) = |ax + 3| and it will be continuous.

Atx=-1,

Vi(x =-1) = |-a + 3| = |a- 3]

LHL = |a - 3]

RHL= Ilim |3x+a| =]a-3|
x—>-1%

At x = =1, function is continuous.
Atx =0,
LHL =VF(x = 0) = RHL

lim |3x+a| = |a] = lim bS|n2x_2b

x>0 x—0" X

LHL = f(0) = |a|

RHL = lim 2P28IN2X 50 o0 _ob =0

x—0" X

~Jal=0=a=0
Atx=p

LHL = f(r) = RHL

lim bSIn2x_2b = costn -3 = lim cos?x-3
X—>n X ot

=>2b=-2=-2=b=1
a=0b=1

tan6x

. 6 )tan5x
Sol 2: LHL = lim (gj

T
X——
2

x=£—h,asx—>£;h—>0
2 2

a

tan6| ——|
[ J —tan6h

5h
LHL = Iim(éjta’ﬁ[] = lim (9] !
h—0| 5 hoot 5

6 —tan6h tanSh
= lim (—j =1
h—0™ 5

f(E] =b+2=LHL
2

N

a

N

=b+2=1

b=-1
[latanx|]
RHL = lim (1+]cosx) b
+
x—T
2
.

x=£+h,asx—>E ,h—>0*
2 2

atan A
2

. n b
RHL = lim|1+|cos| =+h

h—0" 2

lacoth] lalcoth
= lim (@+]|sinh]) b = lim (+]|sinh]) b
h—0" h—0"

(as sin h > 0, forh — 0* and cot h > 0, for h — 0%)

Now, this limit will be of the form equation for non zero

values of a fora = 0,

RHL = lim (1+sinh)° =1 = LHL = RHL = f(ﬁ]
h-0* 2
Sol 3: (a) f(x) = x* = 3x>—4x + 12
=(x-3)(x*-4)
fx) = (x=2) (x + 2) (x=13)
zeros:2,-2,3
(x—=2)(x+2)(x—3)

(b) h(x) = X—3 '
k ,, Xx=3

Atx = 3, for the continuity
h(x = 3) = LHL = RHL
LHL=1.5=5=k

X #3
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(c) We have, Thus Vf(x = 0) # LHL, therefore discontinuous
_(=X=2)(—x+2)(—x—=3)
hex) = =3 X#-3 Sol 5: f(x) = [5x] + (3%}
=(x+2)(x=-2),x#3=h(x atx=0,f0)=0
hence even RHL = lim[5x]+{3x} =0
x—0
Atx=-3, . continuous at x = 0
h(x) =-1x-5=5 = h(3) 1
. Atx = =,
Hence, even function 5

2 2 2 1 _ 1 l_ i_ﬁ
Sol 4:y,( = X 4+ —— 4 ——— 4. - f(S B R e -

This is summation of a G P with n terms, a = x, LHL = [im [5x]+ {3x}
-
r _ 1 X—)g
1+x? 3 3
n 2 n =0+ o=+
al-r") X 1 5 5
yn(x) = = 1_
1-r 1 1 1+x° 1
1+X2 LHL#VF[ngj
2 2 n
_ X (L+x%) 1_{ 1 j Therefore discontinuous at x = l
1+x%-1 1+x? 5
1
n Similarly discontinuous at —, i. € (1, 24), i # 5, 10, 15, 20
y(x)—(1+x2){1 ( L J] ’
T B 2
1+x Atx= = fx=L]=|2]+13xtl=040=0
3 3 3 3
Fory (x),atx =0
7\ LHL = lim [5x]+{3x} =1 ¢Vf[x :lj
yn(X) =1 1_[_j =1 1” 3
1 xag
LHL = RHL = 1 Therefore, discontinuous
n 1
. imilarly di i ==,ie@d 14,
LHL = I|m(1+x2){1—( 1 j ] -1 Similarly discontinuous at x 3 ie( )
x>0 1+x2
i#3,69 12

Therefore, y (x) is continuous Now, at Total 10 points

LHL = RHL, as it is an even function fx=1)=[5x1] +{3x1} =5

Y0 = lim(+x3)| 1 1 LHL= lim[5x]+{3x} =4+1=5
n—o 1 +x2)" x=>1
RHL = lim[5x]+{3x} =5+0=5
i y(0)  fim lim (12| 1= —2— | o
RN R 1+ %2 “"LHL = RHL = Vf(x = 1), continuous at x = 1
Atx = 0 similarly continuous at x= 2, 3, 4
y(x) will be indeterminate further LHL = RHL . D is continuous at total 20 + 10 = 30 points

X X
2n :0 1:X'
) +1 +

n
1- ! ,as n — o« , approaches ) .
1+%° Sol 6: If |25|nx|<l,f(x)= lim
n_)°°(25inx
solimlimy (x) =1
x—>0n—o



. . 1

If |2sinx| =1,f(x) = lim X X ==X
| | ) n_’°°(2$inx)2n+1 1+1 2
If |25inx| >1,f(x)= lim X X 0.

rHoo(25inx)2 +1 ol
. . 1
But |25|nx|<1 :|sm x|<§
1 . 1 T T
= 2 <sinx<=— D NT——<X<NU+—
2 6 6
1

|25inx| =1= |sinx| :E = sinx=+ =
2 2

:x=nrc+(—l)n.(4_r£j=n7c4_rE
|25inx|>1 :>|sinx|>1
2
. 1 . 1
=sinx>= or sinx<-—-=
2 2

T 5w
SNN+—<X<NU+—.
6 6

Thus, h f(x =X,nTC—£<X<nTE+E
us, we have () 5 6

lx,x=n7ciE
2 6

b 5w
O, Nner+—<x<nu+—
6 6

As polynomial functions are continuous everywhere,

only doubtful points are x=nnt* g Clearly,

flnr—240|2f nr-2-0 because nt——= %0
6 6 6

f(nn+%+0]¢ f[nn+g—0] because 0= nn+g

. . T
f(x) is not continuous at x = nnig

.. The function f (x) is continuous everywhere in R

except the set of points {x X=nn i%,nez}

/ncosx
#, X>0
Sol 7: fx) = | V1+x" -1
esin4>< -1
<0

/n(l+tan2x)’
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sin4><_
LHL = fim - —1
<0~ {n(1 + tan2x)
1
"X _1 || sin(L+tan2x | sin*x
LHL= lim . .
w0~ | sin? x tan2x tan2x
| sindx ﬂ 1 B
w0~ 4x T 2x tan2x
2X
RHL = lim f(x) = lim 200X 0 ¢
x—0" xa0+41+n2_1

Using L Hospital rule.

RHL = lim —* (=sinx)
x-0" COSX l(1 +x° )_3/4 .2X

- lim 2(sme( x2)3/4——2( I.msmx_1]
x->0COS| X x=>0 X

“" LHL # RHL, it is not possible to make the function
continuous. This is jump discontinuity.

Sol 8: lim g(x),=0= lim g(0+h) = lim g(0-h) =0

= r!l_q]og(h) =r!i_rn)g(—h) =0 . ()

lim G(x) exists = lim G(0+h) = lim G(0-h)

= lim G(h) =lim G(-h) = finite ...
Now, lim f(x+h) = lim (x).f(h) = f(x) lim (h)

{ f(x + y) = f(x).f(y)}
= f(x). lim {1+g(h)G(h)},

Using given relation
=f(x). {1 +mg(h).me(h)}

=f(x).{1+0. finite} , using (1) and (2)

=f(x)
Also, lim f( )—mf(x)f( h) = ().mf(-h)
=f(X).r|1lg%{ ( ) ( )} using given relation

= f(x).{l +Ai%g(-h).gi%6(-h)}
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=f(x).{1+0. finite} , using (i) and (i)
=f ()
o lim f(x+h) = lim f(x~h) = f(x).

" f(x) is continuous everywhere.

Sol 9: f(x) = sgn((x> — ax + 1) (bx?— 2bx + 1))

This function will be discontinuous when (x> — ax + 1)
(bx?=2bx +1)=0

Therefore, for this to be discontinuous at exactly one
point if

(x2—ax + 1) (bx? — 2bx + 1) has exactly one root.
Forx?—ax+1, D=a*-4

D<0=a’<4

=a=-2-1,01,2("ae2

forbx?—2bx + 1, D = 4(b?-b) <0
=>b=10""bez

At b =0, bx? - 2bx + 1 = 1, which has no root pairs
(a, b) for which exactly root,

(_1/ 1)/(01 1)1(11 1)1(_Zr 0)1(2/ 1)1(21 O)
x=1,x=1x=1x=-1,x=1x=1

Total 6 ordered pairs.

Sol 10: Let the common roots be A, and 4,

Then, we have from x* + 2x> + px + q = 0

ak, + ok, + LA, =p

a(d, + 1) + LA, =p . ()
fromx3+x2+ px+r=0

BA, +A) + Ak, =p .. (i)
from (i) and (ii)

a, + &) + MA, =B, +4) + LA,

a, + &) =B, + 1)

=X, + A, = O(for non zero o, B)

Now, from (@), a + A, + A, = -2 = o = -2

from (b), p+ A, + 4, =-1

p=-1

o+ Bl=3,ap=2

Now, for f(x) at x = 0,

LHL = lim f(x) = lim °%n3 = Jim 3¥°%x¢
x>0~ x>0~ x—0"
X
= lim 39900 _ 3 [ i 1093 %) _y
x—>0" x—>0 X
RHL
2
X
lim fo) = lim bw
x—0" x—0" tan«/;
2
fn[ex [1+QB\2&N
X
=b limb €
x—07" tan\/;
5 fn[1+a\/2;]
= b| fim X+ e ) apyx 1
x—0" tan\/; o \/; tan\/; ex2
2
X

e

X

3/2 fn(1+2\&J 2

X2
5 g tan \/;
x—0 \/; 7 \/; e

e

1
2

=b0/1+1.2.1)=2b
Now, for continuity
LHL= RHL = Vf(x = 0)

. 3=2b=a 3

a=3,b==
2

Hence, 2(a + b) = 2[3+%) =9

ax’ +bx +c+e™

Sol 11: f(x) = lim

X% 1+ce™
Forx =0
. c+1l
fx=0) = lim—~
nsol+c
Forx < 0,
2 nx
... ax‘+bx+c+e
LHL = lim lim
x—0~ N® 1+ ce™
asx—>0,e™—0
2
. . ax‘ +bx+c
~LHL = lim lim————— =c¢
x>0~ 140

im lim ax® +bx+c+e™
X~)0+ n—oo

RHL =

1+ce™
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nx nx nx 1
= lim lim£ el e ==
+ N— C
x—0 - +c
e X

For continuity, LHL = RHL = l =c=>c==x1
C

But, for c = -1,

f(x = 0) = indeterminate therefore, c = 1
Sol 12: f (x) will be continuous at x = 0 if

mf(om):mf(om):f(o) . ()

Now, lim f(0+h) =lim 0+h
h—0

h=0 /16 +/0+h -4
. Jh
=lim

\M{M+4}
= lim

>0 16++h-16

m{M+4}:8

=i
h—0

1-cos4(0-h

Iimf(O—h) = Iim#
h—0 h—0 (O—h)2

. 1-cos 4h _ 2sin® 2h
=lim——— =|lim——

h—0 h2 h—0 h2

. 2

_ IimZ.(SInZhJ x4 =8

h—0 2h

f(0)=a.. by(1),8=8=a; a=8.

Sol 13: We have to check continuity at x = £1 only as
function will be continuous for other points.
Atx =1,

x4 ax® +bx?

LHL = lim >
x"+1

x—1"

asx > 1, x50, x>0

3 2
LHL = lim &0 _ 1y
x—=1"
VE(x=1) = l+a+b
1+1

for continuity, LHL = Vf(x = 1)

La+bs= l+a+b =Sa+b=1 ()
Atx=1
RHL = lim X +ax’ +bx®

x—-1" X2n+1

asx = —-1%, x*land x*» - 0

ax® +b?

s RHL = lim

x—>-1F

fx = -1) = -l-a+b
1+1

for continuity RHL = Vf(x = -1)
-1-a+b

=-a+b

L—a+b= =-2a+2b-1-a+b

—a-b=1

Solving (i) and (i), a=1,b =0
~.(a,b)=(,0)

Lines 2x-y+6=0

2x-4y +7=0

- (i)

2x+y =6
N 2x-4y +7=0

(1,0 \

We see that origin is on same side as (1, 0) .

.. equation of angle bisector

2x—y+6  2x-4y+7
NG

4x -2y + 12 =2x-4y + 7

foréx-2y-5=0

Sol 14: We have x* < 1= (x+1)(x—1)<0.
From the sign-scheme, x< -1 or x> 1.
Thus, the function is f(x) =x,x < 1
x*-1<x<1

X, Xx>1

Now, lim f(x) =lim f(1+h) =h|imo{1+h} =1

x—1+0 h—0

lim_f(x) = lim f(l—h):rliﬁn%(l—hf =1

x—>1-0

s lim f(X) exists and it is equal to 1.
x—1
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Next, lim f(x)=lim f(~1+h) =l!ig2)(—1+h)4 _1 = lim
cos(x2 +1).C05(h2 + 2><h)—sin(x2 +1).sin(h2 +2xh) —cos(x2 +l)
Iirpof(x) :r!irr}) f(—l—h) :Air%{—l—h} =-1 h
x—>1- - -
. X“_ml f(x) does not exist e cos(x2 +1)[cos(h2 +2xh)fl}fsin(x2 +1)‘sin(h2 +2xh)
h—0 h
Sol 15: Atx =0 cos(x2 +1).(cos(h2 +2hx)—1)
= lim X
LHL = Iim_(sinx+cosx)c°secx h—0 h(h+2X)
0 sin(x2 +1).Sin(h2 +2xh)
= Iir?_(l+(sinx+cosx—l))°°secx (h+2x)- h(h+2x) x(h+2x)
X—>
A o cosx- h? 4+ 2h —1}
_ e)(I_I)rr(; cosecx(sinx+cosx-1) _ e1+x|2q0cc;?%1 - r!mg) COS(X2 +1)<h+2X).|:COS(h2 +2h X) ~
- + 2hx
2sin2 X ) sin? X '
1+ |im0f2X 1- lim. 2 oy sm(h2 +2xh)
e X—> 2s|nx§c055 _e COSE e SIh(X +1),(h+2X). h2 o
L2 2 cosx—1 . sinx
X 1 ax 1 al = lim =0 and - lim —=1
RHL = lim f(x) = lim exze#e; 00 Jim =
+ + E
. 0 ae; +beM cos(x2 +1)(2x)(0)—sin(x2 +1).(2x)
1 1
= |im ex+1—ex+1 = l :>—2x.sin(x2 +1)
x—0" —=
ae* +b
for continuity, e = a = % Sol 2: f(x) = tan/x
~a=eb=e! a2+b’=e’+e? tan(A-B) =t :atr;':A_iatr;iB
Differentiability £(x) = lim f(X+h2—f(X)
h—0
Sol 1: f(x):cos (x2+1) . tanyx +h —tanv/x
= =]
f(x+h)-f
fl(x):J}imM (1+tan\/x+h.tan\/;).tan(\/x+h—\/;)
-0 h

lim

e (e h—)

. cos((x+h)2 +1j—cos(x2 +1)
:J\I—TJ h :Am(l+tanm.tan«/;)m

B cos[x2 +h? +2xh+1}—cos(x2 +1) (m_\&)

(E]

B h = lim (1+tan\/x+h.tanx/;) lim
h—0 h—0
cos[x2 +1+h? +2xh}—cos(x2 +1) 1
- h = lim (1+tan\/x+h.tanx/;) Iim—i—“XJrh
h—0 h—>0 2 1

Apply cos(A+B) = cosAcosB —sinAsinB



1 j :_seczx/;
24x 23x

:>(1+tan2 \/;){

Sol 3: e™ + (tan x)* = f(x)

df(x) _ desin™ +d(tanx)x
dx dx dx

)

I

Part-I:

de™  de™ dsinx
dx dsinx~ dx

Part-II:

d(tanx)*
dx
M = (tan x)

= Cos x esin

log p = x log (tan x)

1d

X
— = log(tanx) + x sec’ x
dx tanx

j—y =(tan x)[log(tanx)+2x cosec2x]
X

Sol 4: f(x) = sin x?

sin(x + h)? —sinx?
h

[xz +h? +2xh+x2J . [hz +2xhj
2cos sin

f0) = i
®= 0

= 2X COS X?

X

dtan-t 1+x° -1 q 1+x% -1
X X

f'(x) = X —————=
d{ 1+x2—1J dx

1+x° -1
Sol 5: f(x) = tan™*| —

X

2x2
— 22 _(W1+x%-1)
_ 1 241+ %2

2 2
2 X
1_{ 1+x IJ
X

X (x> —1-x% +V1+x%)
= 2W1+xX°(W1+x2-1) x°1+ X2

_ 1
21 +%°)

Alternative

Putx =tan 6

Sol 6: tan_l{x/1+smx +\/1—sme= )

\/1+sinx —\/l—sinx
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2 2
. X X . X X
sin—+cos— | +,/| sSihn=—cos—
-1 \/( 2 ZJ \/( 2 ZJ
=tan
2 2
. X X . X X
sin-—+cos—| —,[| sin=—cos—
. X X . X X
Sin— + COS— +Sin— — COS—
—tan! 2 2 2 2
. X X . X X
sin—+ CoS— —sin—+ CcoS—

2 2 2 2

— tanx tan X = X = f(x)
2 2
e 36/ 1
dx 2

Sol 7:y = (x)«° + (cosx)™
y = u(x) + v(x) where u(x) = (x)e
log u = cos x log x

ldu _ cosx

= —sin x log x
u dx
COSX .
% - Xcosx( —S|nX|OgX]
dx

v(x) = (cosx)s™
log v = sin x log cos x
ldv _ sinx

= (=sinx) +cosx log cosx
v dx CcosX

dv . sin? x
.. 2¥ =(cosx)s™| cosxlogcosx —
dx CoSX
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dy COSX
S =X 222 _sinxlogx
X

dx
2
sin® x
+ (cosx)sinx[COSX|OgCOSX— cost
1 . sin(x+h)cosx —cos(x +h)sinx
= im
2y/tanx h-0 h(cos(x +h)cos(x))
1 1 . sin(x+h-x)
= X > lim
2Jtanx  cos® x h—0 h
sec’x . smh ssec’ x

2\/tanxh%° h 2+/tanx

Sol 8:In order to examine the continuity at x = 1, we are
required to derive the definition of f (x) in the intervals x
<1,x>1andatx=1,i.e,onandaround x = 1.

Now, if 0<x <1,

log(x+2) - x*"sinx

f(x) = lim

n—» in +1

~ Iog(x+2)—0.sinx
- 0+1

=log (x+2)

Iog(x+2)—1.sinx

IfX:l,f(x): lim :log(X+2)—sinx
n—oo 1+1 2

I 2)— 2n _;
)y 215

iIog (x+2)—sin X
. X2n .
= lim =—sinx
n—»w 1
1+T
X n

Thus, we have

Iog(x+2) c 0<x<1l
f(x) = %{Iog(x+2)—sinx} ;ox=1
—sinx x>1

f(1+0) =r!irr2)f(1+h) = Ain})f{—sin(1+h)} =—sinl
f(l—O):rLir%f(l—h) :Airr?) log (1—h+2):log 3
- f(1+0) = f(1-0)

So f (x) is not continuous at x = 1.

Sol 9: f(X) :\/E
f(x+h)-f(x) \/cos(h+x)—\/cosx

R e

li COS(X+h)+Cosx
= lim -
h_’oh(\/cos(x+h)+\/cosx) ( Ratlonal|5e)

1 cos x(cosh—l)—sinx.sinh

= lim .

h—02,/cos x h

: 1 cos x(cosh—1)  sinx.sinh
= lim . -

h—02,/cos x h h

sin x

= —

Sol 10: Here f(x) a/ta?
= f'(x)z lim _—f(x+h)—f(x)}

(h—)O) i h

_1/tan(x+h) —M]
h

s () i \/tan X+h \/tanx \/tan
(h—0) h \/tan

tan(x+h)—tanx

_h(\/tan(x+h) +\/tanx)_

sin(x+h) sinx
cos(x + h) ~ cosx

h(\/tan(x+h) +\/tanx)

:>f'(x)=(klli_r9))

\/tanx}
\/tanx

:f'(x):(kl]i:%

~

= f'(x):(rl]i_r)r?J

—

_sin(x+h).cosx—sinx.cos(x+h)

) cos(x+h).cosx
= f'(x) = lim
(h—0 h(\/tan(x+h)+\/tanx)

—




Df'(x)(r!im)){ sin(x+h—x) }

h cos (x+h).cos x(\/tan(x+h) +\/tanx)

— sin h
= f (X) = (J‘ﬁo){h cos (x+h).COS x(\/tan(x+h) +\/tan X):I

:>f'(x): 1 _ sec® x
cos(x+0).cosx(\/tan(x+0) +\/tan x) 2\/tan X

{ . sinh }
o lim —— =
(h—0) h

—X x<0
Sol 11: f(x) = x=0
X x>0

Sol 12: f'(a) :%

- f(a+2h2)-f(a-2h2)

h—0 h2

i f(a+2h2) i f(a—2h2)

h—0 h2 h—0 h2

o f'(a+2h2).4h . f'(a—2h2).(—4h)
h—0 2h h—0 2h

- ILng)z.f'(a+2hz)+}y§3)2.f'(a—2hz)

1

:>2.f'(a)+2.f'(a) :2& + 2xZ =1

(-5, 5) y
(-2,4)

Sol 13:
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Sol 14: (a) Proof. We consider the function g (x) = f
(x) —x . g is continuous on [a, b], and g(a) = f(a)—az 0
because the range of f is [a, b]. By the same reason,
g(b):f(b)—bso. Now by the intermediate value

theorem, there exists Ce [a, b] such that g(c) =0 je,
f(c)=c.

(b) Let f be continuous on the interval [0, 1] to R and
such that f (0) = f (1). Prove that there exists a point

ce [Ol} such that f(c) = f(c +1)
2 2
Proof. (Paige Cudworth) Define

h(x):f(x)—f(x+%} Then h(o):f(o)—f[%j and
i3 -1

1
Case 1: h(O) >0> h(i] . Then by the Location of Roots

1
Theorem, there exists CG{O,E) such that h(c) =0.So

0=f(c)= f(CJr%j = f(c)= f(c+%}
Case 2: h(O) <0< h{%} Similar to case 1.

Case 3: h(O):O:hEJ. Then O:f(o):f[%J, 50

f(O)=f(O+%}.

Exercise 2
Limits
Single Correct Choice Type

Sol 1: (C)
Hint : CD? = AD xDB

N
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Sol 2: (C)

2
lim {1+Iog2 < cost
x—0 cosE

. . log(cosx
limlog Xcosx:llmL
x—0 cos= x—0 X
2 log| cos=
2
—sinx X
4c052§
= lim—S2X = lim =4

x=0 . _cin X x=>0 COSX
1 S|né

E COS%

Sol 3: (C)

\ /

TR i N

n n
—a _
=nan1

Sol 4: (C) Use lim 2

X—a X—a

Sol 5: (C) Iinz) logx—x =00
X—>

Sol 6: (D)

1 2
=lim 1+—+—....
x-0 3x2  15%°
Hence, (D).
Sol 7: (D)

im x4 )X+ 4 %)
X Wx+4 +x)
Vx4) 4

=lim —————==—=2
X2 X+ 4 +\/; 2

Sol 8: (B)

lim In(sin2x) i In(sin2h)

w0t IN(sinx) 0 In(sinh)

Use L'Hospitals rule

Sol 9: (A)

On solving for x and y we get

. 1-C . (1-0@d+c 2

X = lim lim =—

124 C-3C2>1(2+3c)1-c) 5
1
25

Ly =

Now, radius can be found by distance formula.

fE s
Sol 10: (D) Iim » ==— = lim

i =T A S

k — et

I;L 4 2 4

r
4 2

r
n 7(r+1 n 2
. . 2r° +2r
I 20 s
= Z‘ r* 4 2r® 4+ r? ~ o r; r*+2r +r?
4
2r(r+l) 2r(r+1)

:Iimi >

o (r2+2r+1)

:>Iimzn:

n—ow = r(r+1) nowo r(r+1)

. n . 1
= lim2—=Ilim2—=2
n—w n+ n—o
1+=

n

Sol 11: (A) Take i common and use binomial theorem.

1 sin™— 1
Sol 12: (A) lim xsin= = lim —% [ sin= < 1) =0
x—0 X x>0 1 X
X
But f (0) is not defined
Hence, (A)
Continuity
Single Correct Choice Type
0+h
T -0
_ 1 0+h
Sol 1: (0 + 0) = lim 1OV =0 1+e
h—0 h—0
=lim . 0
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_h)— +e 0-h
f'(O—O)zAim fO-M-f0) _ lim '

-0 —-h h—-0 —

e L1 1
0 14 14e™ 140

- f'(0+0)=f(0-0).

Hence, f(x) is not differentiable at x = 0.

Sol 2: (A) At x = -1,

LHL = lim f(x) = lim sin(x(x +a))
x—>-1 x—>-1"

=sin(z(-1 + a) ) = sin(r — ma) = —sin na

RHL= lim f(x)= lim b(x]* +[x])+1

x—>-17 x—>-17
=bl-1)+1=1
fx=-1)=-b(1l-1)+1=1
For continuity, at
LHL = Vf(x = -1) = RHL

= -sinma=1

ma = [2n+§)n
2

a=2n+%,ne1,andbeR

[ x 1 [t | x []

, x=0
Sol 3: (A) f(x) = el/"2 —1sgn(sinx)
0 , x=0
LHL = lim f(x)
x—0"

Letx=0-h,asx—> 0, h—> 0"

2
- LHL = ||m [l_hl]e( hy [_h+|_h|]

h—0*

et-h? [xsgn(sin(=h))]
forh — 0*
Now, |-h| = h, [h] =0,
sin(-h) = =sin h < 0 V sgn |sin(-h) ) | = -1

“LHL = lim O.-h+hl _

0

2 2
RHL = lim [ x 13 D+ [x]] _ i 0:€Dxx]
1

x—0" - x—0"
X I 2
eX” —| x sgn(sinx) ex” -1

LHL = Vf(x = 0) = RHL

0

f(x) is continuous atx = 0

Sol 4: (D) Consider a function

fx) = X—3, X#3
6, x=3

This function has a isolated point continuity at x = 3.

1
1 fx-3
fo) | 1
6

Here, the function is not defined at x = 3. Therefore,
g(x) has missing point discontinuity.

X #3

Now, g(x) =
,  x=3

Sol 5: (C) f(x) = |[x= 0. 5] + |[x — 1| + tanx
We know |x — a| is not differentiable at x = a

~ x =0.5and x =1 are two points of discontinues
further in (0, 2), tan x is not differentiable at x = g

.. Total three points at which function is not derivable.

Sol 6: (D) (A) for f(x) ,atx = 0,

LHD = 2
dx

=2x=0
x=0

RHD = 4 |-, =-2x=0
dx -

“" LHD = RHD, f(x) is differentiable
(B) forg(x),atx =0

=1

LHD = i(x)
dx 0

=sec’x =1
x=0

d
RHD = —(tanx)
dx

" LHD = RHD, g(x) is differentiable
(©) forh(x)atx=0

= 2cos’X = 2

LHD = i(sin2x)
dx §
x=0

RHD = i(2x)
dx

x=0
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" LHD = RHD, g(x) is differentiable
(D) fork(x),atx =1

d
LHD = — (x), ;=1

d
RHD = 2 (2-x)_, =-1
dx( Xt

“" LHD # RHD, k(x) is not differentiable at x = 1

Sol 7: (C) It should also be continuous for continuity.

LHL = RHL= Vf(x = 1)

lime* = lima-bx =a-b=el=a-b
x—1" x—1"
for differentiability
LHD = RHD
i(ex) = i(a—bX) =e=-b
dx 1 dx 1

Puttingin (i),a=0

Sol 8: (D) f(x) must also be continuous at x = 2
- LHL = RHL = Vf(x = 2)

lim x> +2x+3 = lim Esin(1tx)+b=4 +4+3

Xx—2" x—2t T

= 2sn2n+b=11=>b-11
T

for derivability,

LHD = RHD

i(X2 +2x+3)| = i[Esin(nx) + bj

dx o adxim o
(2x+2)|_,=(acos(nx)) ,=6=a

S b=11,a=6
SL2a+brn=12+11ln#7
b+2r=11+2n+3

2a +bn =12 + 11n# 13

.. No correct option.

X ., x<0
Sol 9: (D) f(x) = X , 0<x<1
C-x+1 , x>0
Atx=0
LHL = lim f(x)= lim x=0
x—0~ x—0~

()

RHL = lim f(x)= lim x> =0

x—0" x—0"
Vix=0)=02=0
“" LHL = RHL = Vf(x = 0), continuous at x = 0

d
for derivability LHD = —(x)

=1
dx 0
RHD = i(xz) =2x=0
dx 0
" LHD # RHD

f(x) is not derivable at x = 0

Atx =1,

LHL = lim f(x) = lim x*> =1

x—1" x—1"

RHL= lim f(x) = lim (¢ -x+1)=1

x—1" x—1t
fx=1)=1
LHL = Vf(x = 1) = RHL, function is continuous atx = 1

=2x| _,

Now, LHD = i(><2)
dx 1

=(3x¢-1) =2

RHD = i(x3 —x+1)
dX x=1

“" LHD = RHD,

f(x) is derivable at x = 1

Sol 10: (D) Discontinuous & also non-derivable at a
finite number of points of f.

| x|

Sol 11: (A) f(x) = < sinx’ x#0
1, x=0
Atx =0,
LHL = lim M
x>0~ SINX

Letx =0-h,asx —> 0%, h > 0*

CLHL = lim A i R
hoot —Sinh hoot SiNh

We see that LHL # Vf(x = 0), therefore, f(x) is not
continuous and hence not differentiable at x = 0

Sol 12: (C) f(x) = %3, g(x) = |¥|
fog(x) = [x?



gof =[x’
for gof, at x = 0,

gof (x) is continuous , gof(x = 0) = 0

lim gof(0 —h)—gof(0)

LHD =
h—0" -h
3 3
= lim [hy [0 = lim [h71-0
h—0™ - h—»ot —
3
As lim h— =0
h—ot —
RHD = fim 92f0+M =0of®) _ ;W [-0 _,
h—0" h h—0™ -

Since LHD = RHD,
gof(x) is differentiable at x = 0
for fog(x) , atx =0

— 3_
im fog(0 —h) —fog(0) _ Iim| h|° -0

LHD = i
h—0" -h h—0" -
3
—im T im o2 <0
h—»0T — h—0"
3 —
RHD = lim f090+h-fog@) _ . Ih"[-0
h—0" h h—0"
= limh? =0
h—0"

Since, LHD = RHD,
fog(x) is differentiable at x = 0

Sol 13: (B) Function can be discontinuous at x = 0
Atx =0

LHL = lim [x][sinmx]

x—0"

As x — 0, [x] = -1, [sin tx] > -1
SLHL=-1x-1=1
RHL = lim [x][sinnX]

x—0"

asx—> 0% [x]—>0
~RHL=0
“" LHL # RHL, f(x) is discontinuous at x = 0.

It can also be discontinuous at x = %

Atx =

N

LHL = Iim_[x][simtx] =0

1
X—=
2

RHL = lim [x][sin7x] =0
1+

2

continuous at x = % (" LHL = RHL)
At x = _—1
2

LHL = Iim_[x][sinrrx]

1
X—>=
2

as x — _—l, [x] = -1,
2

sin mx —» -1,
2 [sinmx] = -1

SHL=-1x-1=1

RHL = lim [x][sinmx]

1t
X—>—
2

.
asx—>% L [x] = -1, sin nix —» 17T

[sin mx] = -1
SRHL=-1x-1=1

“" LHL = RHL, continuous at x = _—1

. f(x) is continuous in x (-1, 0) U (0, 1)

Differentiability

Single Correct Choice Type

X2

2

Sol 1: (D) Considering the case (A), x| x| = {
—X

this is continuous at x = 0

“RHL=LHL=0
(B) x* is polynomial function which is continuous for x
e R
(C) e is exponential function which is continuous for
x e R
0 x<0
D) f(x) =
(B {ZX X > 0}
#(07) = fim&erM =0 _ . 2040 _,

h—0 h h—»0 2

x>0

x<0
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f(0) = Iim@ =0

h—0 —h
“" LHD = RHD

.. Function is not differentiable

Sol 2: (D) Considering the case A, f(0*)

(x? +2xh+h2)sin(1hj 1
= lim XTh) - Iimhsin(—j =0
h—0 h h—0 h

(~h)? sin(lhj
f(0) = lim————~2 = |im +hsin[lJ =0
h—0 —h h—0 h
" LHD = RHD
.. function is differentiable
(B) x| x|

As function changes the definition at x = 0. So we check
differentiability at x = 0.

-x° x<0
f(X)={ 5
X x>0

+(0+h)? —o} o

f09 = Eﬂa{ h

(0-hy? -0
h

) = fim~ - limh =0

" LHD = RHD
so function is differentiable.

e +e¥

(C) f(x) = cosh x =

_eMie_2 e"-1 [e"-1] 1
+) = = =~ - lim + —-= =
f07) = Jim—— hs0 —2h { | 270
“h h -h h
f0) = fim& e *2 o jim| &L [ L1EL g
h—0 -2h h—0 —h 2 h
“" LHD = RHD

So, given function is differentiable

So, all the three functions are differentiable.

sinx x>0
-sinx x<0

Sol 3: (A) f(x) = sin | x| = {

lim f(x) = 0 = f(x)

x—0"

lim f(x) =
x—0"

.. Function is continuous atx = 0

other than x = 0 the function is a trigonometric sin
function which is continuous for x € R.

#(09 = lim=SNEN=0 _ 4
x—0 -h

#(0%) = lim SN =0 _4
x—0 h

" LHD # RHD

.. Function is not derivable at x = 0

- >
Sol 4: (D) f) = [x—3 | = {< 73 *=3
3-x x<3
lim f(x) = lim3-x =0
x—3" x—3"
lim f(x) = limx-3 =0
x—3t x—3"

.. Function is continuous at x = 3

#3) = imE=B=M _ 4
h—0 —h

P = limGTN=3 g
h—0

" LHD # RHD

Function is continuous at x = 3 and not derivable
atx = 3.

_ Ix-1]

Sol 5: (A) We have, f(x) = —1,x¢1,f(1)=1
1 x>1

fx) = -1 x<1
1 x=1

lim f(x) =-1= limf(x) =1

x—1" x—1t

.. Function is discontinuous at x = 1

If function is discontinuous at x = a then it is also not
differentiable at x = a.

o [7-3(0+h)]-7
Sol 6: (D) f'(0) = lIgg)—h
. 7-3h-7
= lim—— =

h—0 h

-3
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2x-1 x>1 @+h? 31+h) 1 3
T, T4 1h2+h) 3
Sol 7: (A) f(9) = | x| + |x-1| =1 1 0<x<1 - lim—4% 24 2 jplhe@th) 3 _
1_2X X S 0 h—)O —h h~)04 h 2
fl(1) = Llrral;hl =0 -.LHD = RHD
ol ah—1_1 So function is differentiable at x = 1
f(1%) = im2d+h-1-1 _,
h—0 h
1 x>0
F0) = i L=20-h]-1 Sol 11: (C) f(x) = {_1 x<0}
h—0 h
f(0) = ”ml—l -0 Iimﬁf(x);t Iim+f(x)
h—0 +h x—0 x—0
~. Function is not differentiable at x = 0, 1. = Function is discontinuous and not differentiable at
x=0
1/x
Sol 8: (B) f) = | €+ *X70 2x—a-b  x>b
0 = Sol 12: (A) f(x) = b-a a<x<b; letb>a
11 -h a+b—-2x x<a
im i ex+h _@ax 1 i x(x+h)-1
lim Hox) = fim e = et lim lim (2a—a-b) =b-a= lim (b-a)
x—b™ x—b™
—h 1
1 x(xh) _q 1 _ex . Function is discontinuous at x = b
= eX lim > h(—l):—z
oot T X(eh) X lim(@+b-2a) =b-a
X(X+h) X—a
11 1 lim (b —a)
x+h _ ax _ax Im{-a) =b-a
lim f(X) = lim € € = ez x—at
x—0" x—0" X
.function is continuous at x = a
LHL = RHL=f(0) = 0 (o9 = fim 2b+h)—a—b)—(b—a) e
.. Function is discontinuous at x = 0 h—0 h
b = [im L= -b-a) _
Sol 9: (B) [x] = x - (x} = f(x) fb) = Jim=——— =0
lim[x] = a fa*) =0
xaa*’
aecl . [a+b-2(@a-h)]-(b-a
imix] =a-1|"" fa) = lim (@a-hi-tb-a _ ,
_ h—0 —h

X—a

~. Function is discontinuous at every integer. +- Function is not differentiable at x = b, a

2x -3 X>2
- 1
1 10: (C) f(x) = |); 3| = Sol13: (D) f(x) = | 1 l<x<?2
Sol 10: () f6) = X, 13 o4 3-2x  x<1
4 2 4
FL) = 1im 3-(1-h)-2 . f(x) is not differentiable at x = 1 & 2
h—0 -h (1) = -2 and f/(1*) = 0 and f'(2°) = Of'(2*) = 2
@+h? 3a+h 13} (1 3 13 (—h) —
- sl il B Sol 14: (D) f/(0) = lim 2XSNCEN =11 _ 4
. i 4 2 4] 4 2 4 im -
=% h 70" =0

given function is not differentiable.
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_h Sol 2: (A) Since, f(x) is continuous and differentiable
1 where f(0) = 1 thus f(x) is decreasing for x > 0 and
h . 1
Sol 15: (€) f(0) = lim 167 = fim 4——=— =4y Concavedown
h>0  —h - 1+71 =f"x) <0
h 6h Therefore, (A) is answer.
1
AR | 1+6H T 1 _
F(O7) = lim 25 === lim —— =0 Sol 3: (A) Given, G(x) = —/25 — x2
1+6h
o fimS=G) i, G190

.. function is not differentiable at x = 0

x>l x—1 x>l 1-0
()" sin[lJ (using L' Hospital’s rule)
Sol 16: (B) f(0) = |im @S - G = ﬁ
. (1
(h)* sm(j
£(0) = lim h 2 G(X) = —V25-x% = G'(X) = X
h>0  (h) 2N25-x°

.. for function to be differentiable )
Sol 4: (B) For f(x) to be continuous, we must have

f(0) = f(07) f(0) = Iing f(x)

. _h o-1 — h a-1
=—(-h) (h) i log(1 + ax) —log(1 — bx)
L))t = ()t g

x—0 X

La=even=a>1 alogd+ax)  blog(l-bx)

= lim =a-1+b-1
x—0 ax —bx
0 x>0
Sol 17: (C) f(x) = {ZX .- 0} {using Iin?)I09(1+x) -1
X— X
0 = limZN=0 _ 5 = a+b . f(0) = (a + b)
h—»0 —h

f(0*) =0 Sol 5: Given f(a) = 2,f' (a) = 1,

. Function is not differentiable at x = 0. g@a)=-1g' (@ =2

for x> 0; f(x) = 0 which is derivable lim g(x)f(a) —gla)(x) _ lim g'(x)f(a) — g(a)f'(x)
" xoa X—a x—a 1-0

for x < 0;f(x) = 2x which is a polynomial function
(using L' Hospital's rule)

=g'@f@-g@f @=22)--1) 1) =5

So, it is differentiable at x < 0

Previous Years’ Questions

Sol 6: (B) Iim( 1 + 2 +..+ n j
) xo>0(1-n2 1-n2  1-n?

Sol 1: (D) Here f(x) = A -ml

1+[x]? _ Iim1+2+3+....+n
Since, we know n[(x — )] = nx and tan nm =0 o (1-n?)
Y1+ X220 — lim nin+1) ~lim " =_l
- f(x) = 0 for all x o 2L=n(d 40 xoe 2l -n) 2
Thus, f(x) is a constant function sin[x]

Sol 7: (D) since, f(x)=| [x] ' [x]#0

0, [x]=0

o f' (x) exists for all x.



sin[x]

X eR-[0,1
L= d pg ¢ XEROD
0, 0<x<
Atx =0
RHL = lim 0 =0 and
x—0" ) ) )
LHL = fim SN0 _ i sinl0=hT _ ) sinGL) _ g
x—0" [X] h—0 [O_h] h—0 -

Since, RHL # LHL

.. Limit does not exist

Sol 8: (C) Given f(x) = f(x) = x('x +/x +1)
= f(x) would exists whenx>0andx+1>0
= f(x) would exist when x > 0

. f(x) is not continuous as x = 0, because LHL does not
exist.

Hence, option (C) is correct

L, X >
Sol 9: (A) Given f(x) = X _Jl+x
1+ x| X
——, x<0
1-x
(1+x)1-—2x~1 50
afpg=d X
(1-x)-1-x(-1) <0
(1-x)7°
;2, x>0
s F() = (L+x)
1
— x<0
L-x) 3
. RHDatx =0 lim =1

x—0 (1 + X)2

and LHD atx =0

= lim 1 > =1
x—0 (1—X)

Hence f(x) is differentiable for all x.

Sol 10: (C) Since, y? = P(x)

On, differentiating both sides, we get2yy, = P " (x),
Again, differentiating, we get

2yy, + 2y; =P" ()

=2y%y, +2y%y; =y*P"(%)

=2y, = y? P" () - 2 (yy,)?
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=2y’y, = P(x)~P"(x)—@
Again, differentiating, we get
d , p
2&(y3y2): P (x)=P " (x) + P(x) - P "(x)

_2P'(x)-P"(x)
2

d
:2&<y3y2) =P(x)-P"(x)

d( 5 d’
:ZE(y ~§]=P(x)~P (x)

Sol 11: (B) Given f(x) = %x—l forO<x<p

-1, 0<x<?2
0 2<x<n=n

s )] = {

0<x<?2
an0, 2<x<m=

tan [f(x)] {tatn(_l)’

= lim tan[f(x)] = —tanl
X—2~

and lim tan[f(x)]=0

x—2"

So, tan f(x) is not continuous at x = 2
1
Now, f(x) = EX -1

X—2 1 2
= — =
2 fx) x-2

= f(x)=
Clearly, 1/f(x) is not continuous at x = 2

So, tan[f(x)] and tan 1 are both discontinuous at
X =2 fx)

Sol 12: (D)
1 2

. \/5(1_&5 X | sinx |

limis— = |jm—.>~!

x—0 X er\/E X

Atx =0

RHL |imiﬂ=i and LHL = |imiﬂ=_i
haO\/E h \/5 h—0 2 —h \/5

Here, RHL # LHL

. Limit does not exist.
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Sol 13: (C) Here, f(x) = [XJCOS(ZXZ_ 1)“

(2x—1)
—Cos T
2

0 —1<x<0
;0<x<l1

f(x) = _ '
) cos(zx2 1jn 1<x<?2
12<x<3

2cos(2x_1jn
2

which shows

RHL = LHL at x = n € Integer as

ifx=1

= lim cos[zx_ljnzo and lim0=0
x—1" x—1"

Also, f(1) = 0

.. continuous atx =1

Similarly, when x = 2

= lim f(x)= lim f(x)=0
x—27" Xx—2"

Thus, function is discontinuous at no x

Hence, (c) is the correct answer

Sol 14: (B) Given, f(x) = [tan®X]
Now, —45° < x < 45°

= tan (-45°) < tan x < tan (45°)

= —tan 45° < tan x < tan (45°)
=-1l<tanx<1

=0<tan’x <1 =[tan’x] =0
i.e f(x) is zero for all value of x from

x = —45° to 45°. Thus f(x) exists when x=0 and also it is
continuous at x = 0.

Also, f(x) is differentiable atx = 0

and has a value of zero.
3 .
Xx°  sinX cosx

Sol 15: (D) Given, f(x)=|6 -1 0

p p° P

On differentiating w.r.t.x, we get

3x2 cosx -sinx| [x> sinx cosx

f(x)=| 6 -1 0 |[+/0 O 0

p p° p|lp PP P

x> sinXx cosx

+6 -1 0
0 0 0
3% cosx —sinx
= f'xX)=| 6 -1 0
p p* P
6X —sinx —cosx
= f"xX)=|6 -1 0 [+0+0
p p° P
6 —Ccosx -—sinx
and f"'(x) =16 -1 0 [+0+0
p P P
6 -1 0
~f"0)=16 -1 0|=0
p p° p’

f(1+h)-fa
Sol 16: (A) f'(1)=r|]maw

=f'Q)= Lirrgsin(%}

- fis not differentiable at x =1

. , L f(h) - f(0)
Similarly, f (O) _LL%T
(h—l)sin(hllj—sin(l)
=f'(0) = lim —
h—0 h

= fis also not differentiable at x =0

Sol 17: (A)
x> —2x*coty—-1=0 .. (i)
Now x =1,

1-2coty-1=0= coty:O:yzg

Now differentiating eq. (i) w.r.t. 'x’

2x* (1+logx) - 2|:XX (—coseczy)%Jr coty x*(1+log x)} =0



1 e

X427 ™42

Sol 18: (A)f(x) =

(ezx + 2)ex —2e% &

(62x+2 )2

= e +2 = 2%

= 2 +2 = 2%

201

Maximum f(x) .
1

4 2L

O<f(x)s = for some ceR
1
f(c)—§

Sol 19: (D) f(x) is a positive increasing function

22

= 0 < f(x) < f(2x) < f(3x)

f(2x) f(3x)

=<

f(x)  f(x)

) ) f(2x)
= lim1<lim
X—>0 X—>0 (X)

=0<1<

< lim f(3x)
0

By sandwich theorem,

= lim f(2x)

L

Sol 20: (A)

g'(x)= 2(f(2f(x)+2)){%(f(2f(x)+2))]

= 2f (2f(x)+ 2)f'(2f(x) + 2).(2f(x))

= g'(0) = 2f(2f(0) + 2).f'(2f(0)+2).2(f'(o) = 4f(0)f'(0))

~4(-2))-
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2sin’ (x—Z) i 2‘sin(x—2)‘
= lim

X—2 x—2 X—2

Sol 21: (D) lim
X—2

RHL =v2 ,LHL= =—2

Limit does not exist.

sin[p+1)+sinx
Sol 22: (B) IimL
x—0

x—0

lim (p+1)cos(p+1)x+cosx=q :%

= +1+1—l:> __3.4-1
p _2 p_ 2’q_2

) (1—cos2x)(3+cosx) X
Sol 23: (D) I = lim >

X 1 “tan4x
. 2 1
_ I:”mZSm x3+cosx- X _o4t_ >
x>0 x2 1 tan4x 4
Sol 24: (A) y = sec(tan‘1 x)
1+ X2 X
0
1
Let tantx =0
y =sech
y= 1+x°
d_y: ! 22X
dx  14x2
at x=1
dy 1
dx 2
sin(ncos2 x)
Sol 25: (B) lim
x—0 X
sin(rc(l—sin2 x) (n—nsin2 x)
=lim = limsin
x—0 X2 X—0 X2
.2
msin© X
=Iimsin( ) [.'.sin(n—e):sine]
x—0 X
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.2
. . (TESII’] X) TCSIn2X . sinx 2
=lim sin X 5 =limlxmn

x-0 (n sin’ x) X x—0

Sol 26: (D) Using, mean value theorem

Sol 27: (C)
(1 —Cos 2x)(3 +Cos x)

x—0 X tan 4x

_2sin? x (3+cosx) cosx
=1m " =2
x>0 y2 sin4d x 4

4x

Sol 28: (A)

( ) kvx+1l 0<x<3
kax+1 3<x<5

(x+1—4) k

s _XLT* (x—3)(ﬁ+2) 4

mx + 2 — 2k

R(g'(S)): lim ~—3

x—3"
Since this limit exists
3m+2-2k=0 =2k =3m+2 ()
So R(g'(B)) =m by L-Hospital rule
Since g(x) is differentiable k = 4m (i)
Solving (i) & (ii)
2 8

m=—k=—
5

k =2 (1
c =k+m (i)

Sol 29: (D) X +2xy —3y* =0
= 2x+2xy'+2y -6yy' =0

Xty
= [
Y 3y —x

At x=1,y=1 we have d—yzl
dx

Equation of normal at (1, 1)isy -1 = - (x- 1)

= X+y=2

Solving with curve, ¥2 +2x(2—x)—3(2 —x)2 =0
=x=1,3

= P(@ 1)andQ (3, -1)

So normal meets curve again at (3, -1) in fourth

quadrant.

1
Sol 30: (B) p= lim {1+tan2 &ZXJ thenlog p =

x—0"

lim
21
t b
lim 1 X_)oJr(ani\/;z):eZ
xe0+(1+tan2 \/;—1)— 2(\/;)
p=e X — @
1

logp = IogeE :%

Sol 31: (A) p = lim
X—0

1 2n r
logp==| lim » log| 1+—
gp = Hw; g[ n]

2
logp = Ilog(1+x)dx
0

n2n

[(n+1)(n+2)...(n+2n)J

2
logp = (xlog(l+x))20 [ dx

ol+x
1
logp =2log3 - I[l——}dx
1+x
logp = 2log3 - ( —log 1+x)
logp =2log3-(2-log3)
Iogp=3|ogB—2:Iog£
o2
7
o2

JEE Advanced/Boards
Exercise 1
Limits

Sol 1: Use L'Hospitals rule



Sol 2:

. 1—-tanx —sec® x \5)3

lim ————=lim =2

X_,Tfl \/Esmx X_)Z_ 2.COSX \/5
a=2 1

=1 (cos™t x)? xol 5 coslx[ -1 J

\/72 —— (-2x)
_ lim YL =X i 2V1-x*
x>1\x.costx *x>1 N [ -1 ]Jr cos x

—x24x 1

= lim =

1 1-x%.costx-2x 4

r==
4

Now, use the formula for sum of infinite terms in a GP.

Sol 3: |im{L_ q }:“mp(l—xf’)—q(l—xp)
x->1 |1 —xP 1—X9 x—1 (1_XP)(1_X9)
_ P _pyd
_lim (P—q)+(9%x" —px™)
x>l 1 _yP _x9 4Pt

lim (q PxFLl P.qxq’l)

Pq(xP* —x91)

= lim

-1 PxP1(x? —1)+9x°1(x" —1)

-1 P-q _

_lim Pg.x"(x 1)

x>1 PxPL(x® —1)+ qxa (P -1)

P-q _
ol

i ' (x-1)

- xILq q P
p.xPt [X — 1} +qxd?t {X — 1}
x—1 x—1

_PaP-9) _p-q

P +pq 2

e +e™

Sol 4: lim x—Incoshx = lim x—In
X—>0 X—>00

. J1+e™
= limx-InJe
X—>0 2
-2x
:Iimx—lnex—ln[lJre J:—In(EJ:InZ
X—>00 2 2
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Sol 5: |im———M— >IN 3\/—

x->01 — '/COSX x—0

4.2

3Vx 1-cosx

_lim {sinB\/;F 34x2(1+\/cosx)

= lim x(L++/cosx) =3*x2? =324
x—0 . 2 X
2.sin 5

-1 2
Sol 6: (a) lim <25 (&XV1-x7)

X—>—F= X ——
v V2

Use L'hospitals rule.

.COS2Xx 2
(b) lim L2YSIN2X _ i 2sin2x -0

xot o T 4x X2 —4
4 4

() RHL = lim #2=105+56 _
haO sinhsin(1 +h)

LHL = lim 64 -120+56 0
h»oo—smhsm(l h)

Hence. Limit = 0

Sol 7: Using L'Hospitals rule

.sec? x
i 3(tanx)A
im :
x—%‘ —2.2cosx(—sinx)

(—/2)? 1

3.(-17° (—M,{EJ(%} 3

Sol 8:

3 2 2 2 2
lim—-|1-cos— - cos— + cos—.cos—
2 4 2 4

X*)OX
2 2
8 1—cosx— 1—cosx—
) 2 4

= lim

x—0 X8

Now, use 1-cos20 = 2sin’0to get the answer.

Sol 9:

25in(;E + ZhJCOSZh—SSin(g + 2hjcosh+ 6sin(73E + ZhJ
lim

h—0 h4
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25|n[

n—oo ( T ]
45|n{;E J cos’h— 2cosh+1} n+l

w3

+2h coth 4cosh+3} sin( nlj

=lim
h—0

=lim
h—0
4sm(§+2hj (1 - cosh)? Sol 13:
:LI—% h* - x> +1—ax’ —ax—bx—-b
@) lim =0
X0 x+1
4sin| T 42n | 4.sin* o
. 3  limitis o
= lim n =—
h—0 h >4 2 .. The numerator should not have terms containing x?
2)° and x
= a=1 and b=-1
Sol 10

(i) lim Vx®?-x+1-ax-b=0
lim 2 /x+2_3x+3 Xm®
X—>00 X X 1 1 1
1 1 ! Tx e e ]
= lim ——=— =
= lim x° 1+z g 1+i ’ X0 1
X—>00 X X ;

- Use L'Hospitals Rule

= lim x? 1+£.£+ + o
X—>0 2 X 21
B Sol 14:
(1)(—2][3)2 In(L + sin® x) sin® x
23 2 Iy in? . 2 2
_ 1+l(§j+$+ .... 1 “mw: lim sin’ x X __1
3\ x 21 2 x>0 tan(In“1+x) X_’Otan(In2(1+x))[|n(l+x)]
In(1+x) X
sinl Sol 15:
2 X 3
X3 +2). X[ 45 o (n4x)-In 234 - 30
Sol 11: lim X ol : .
am IXP +|xP +|x]+1 (7+x)3 —(1+3x)2 |sin(x—1)
3+—+|X|3+5 @1t-1) 1-x
. 23 3-1 (In1 +x)—1In 2)3. +
= lim 3 > = =-2 x-1 x-1
o x P IxP Ix] 1 -1 = lim
B e o1 L sin(x—1)
X X x> X (7+%)3 - (1+3)2 —
x—1
Sol 12:

. (In@+x)-In2)3(In4-1)
— i . T _ — ||m
I Mr; (n+ 1)5|n(n T 2 m [ 1 1}

(7+x)3 —(1+3x)2
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1
(mJa(lrm ~1)

" (;jB(In4—1)
=|lim =

X%ll =2 3 -1 1(1 3(1
(7+x)3 —5(1+3x)2 3la) 202

=—I|n—
4 e
Sol 16: 2
e 1|, (27°-1
X° — X
ex2 _33x X2 X
lim =lim
x>0 x2 x—>0 G
S|n7—smx sm? ﬁ_ sinx )
X2 2 X
2
. x In 27
= lim
x—0 X2
Z_—x
2
ex _33x
lim
x—0 . [ij .
sin| — |—sin x
2
Apply LH. Rules
2
e .2x-3%(In3)3  0-13.In3

lim =
x—0 X2 0-1
CcOSs ? X—COS X

=3In3 =1In3® =k=27

2

x—1-Vx“-5
Sol 17: im V2x+3-x | 2-5xs6
3 (Yx+1-x+1
_PaxD)-(4-)
—lim 2X+3-X° VX+14+X=1 |(x25x+6)((x-1)+Vx2-5)
x=3 | x+1—(x —2x+1) \/2x+3 +X

-2

([X+1J\/X+1+X 1} 2)(x=1)+Vx2=5)

\/2x+3+x

[ -0 - -2

3 ax/g
=22 ===
4\/_ C

= lim

Xx—3

=324224+4%=29

least

" (a2 +b? +c2)

Sol 18:
lim i 1 _1+ax
x>0 x3 | J1+x 1+bx

~ fim = (1+x)77 —(1+ax)(1+bx)‘1}

—(1+ax)(1 —bx +b?x? —b3x3)
1 [1—£+§x2 —ixg’j
- lim — 2 8 16

—[1 +(@a—-b)x+b(b—a)x? —b?(b— a)xﬂ

—x[a—b+lj+x2{§—b2 +ab]
2 8

0 3
X +x3(—%—b3+ab2j

222 pPeap? =242 |12
16 16 16|2| 32

12,3 4 203+3/ 27
a | b 3

Sol 19: From the given condition we can write that
a,.,b,,c, are roots of a cubic equation

f(n)=x3 —2n+1)x* + @n-1)x +1
Clearly 1 is a root to this equation
() = (x=1)(x* —2nx - 1)

wa, <b <c,

a,=n- n?+1, b,=1c¢, =n+vn®+1
. lim na = lim n(n—+n? +1)

X—>00 X—>00
-1 -1

=limn = lim =—

X—>0 X—>»00 1
n+vn® +1 14+ 1+7
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Sol 20: lim M 1 & M _4 for function to be not differentiable
x>1 a(x) x>-2a(x) n-1<0-.n<1
= (x-1) & (x+2) are factors of f(x) Alson > 0 (for continuous)
_ _ ~0<n<1
N ”n} a(X( 1)(;)? 2)(;) k) _ 1
X— X —=1)(x + _
Sol.3 g(y) = Iim( tanx —tany ] 1
x—y| 1 +tanxtany X
= al-k)= (1) (1 - yj
e tan(x -y) . o
ax-1)(x+2)(x-k) _, = Jim Yoy xf(x) = x
x—>—2 (x=1)(x+2) hx) = min. (g(y), f6))
= a(-2-k)=4 (2) X2 =—xx=0, -1
=> k=2,a=-1
= () =-(x-1)(x+2)(x—=2) =% +x° + 4x—4 V=x
22 2 42
. c2 +d2 _ 42 +42 _16
a“+b 1°+1
Differentiability y=-x
o1 1 00 - Yein x>0 - h(x) is not derivable at x = -1, 0
o ST = x<0 —X x<-1

hix) = Ix2 =
lim f(x) =0; limf(x) =0 X) = <x 1<x<0

x—0" x—0" —X x>0
.. Function is continuous at x = 0 s _
P19 = lim SN
#(0) =0 A
2
e o 2sin(0+h) f-1) = |i (-1-h"-1_,
F09) = Jim=="—= =2 oo —h
(0 £ (07 F09 =110y =2
.. Function is not differentiable at x = 0
Sol 4: f(0) =0, f/(0) = 1
_ﬁ x<0 f(0) = |imw =1= |]mwzr|‘ir%% =1
Sol 2:fx) = | 2 . >0 h >0 h -
x"sin= x>0 - lim fth/2) 1 _ 1
X h-0(h/2) 2 2
. . .1
lim f(X) = lim x"sin= =0forn>0 . f(X) f(X/2) 1 f(X/3) 1 f(X/k) 1
x—0" x—0~ X solim] —+ — X=.. —
, x=0| X x/2 2 x/3 3 (x/k) k
. =x
lim f(x) = lim|—1|=0 1
x>0~ X—)O_[ 2 J =1+ % * g % hence proved.
_(Oz;h)_o h _{E}
R I P e Ul xso0
1 Sol 5: f(x) = X x <0
h"sin= 0 x=0

(0 = lim h = Jim it sint =0
h—0 h h—0 h



lim f(x) — g — lim fx) = |im X o
x—0" x—0" x—0" e

.. Function is continuous at x = 0

(0-h-0 _

09 = Jim=—0 !
_2
f(0) = lim -0 = Iimizo
h—0 haOez/h

.. Function is not differentiable at x = 0.

Sol 6: f(x) = | x— 1| ([x] - [-X])

x-D[I1-(=21=3(x-1) x>1
fx)= | A-x)[0-(-1)]=0-x) x<1

0 x=1
f1 = lim3Ath=D-0 _
h—0 h
(1) = “mw =-1
h—0 -h
(—1j+1
o qimth) R 1
SoI7:f(1):IHO h =meﬁzl

fry=|

-0 -h h—0 -h

o 2a =1 (for f(17) = f(1*) i. e. function to be derivable.

N~

S.oa=

Also function should be continuous at x = 1.

.'.a—b=—1;b=1+a;b=%

x+1 x<0
Sol 8:f(x) = |1-x 0<x<l1
x—1 x>1

f(0) =1

£(07) = -1
f (1) =-1
f (1) =1

~.f(x) is not derivable atx = 0, 1
sm=2

i x+1 x<0
)( =
9 (x-1Y x>0

2 2
[l =h)? ~b]-[a-b] _ “m{ah —2ah} o
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. g(x) is not differentiable at x = 0

g)=1
g'(0") =-2
~n=1
X+2
gof=| x°
(x—2)?
f(0) =1
f(0) =0
f(1)=2
fi(1v) =-2

x<0
0<x<l1

x>1

gof is not differentiable at x=0,1

p=2

m+n+p=1+2+2=5

Sol 9: f(x) = {

-1

9(x) = flx| + [f(x)]

0<

-1 -2<x<0
X Xx<2

fx) = -x-1 -2<x<0
x-1 O<x<2
1 -2<x<0
[fx)] = |1-x 0<x<1
x—1 l<x<2
- X -2<x<0
Lo = 0 O0<x<1
2x—2 l<x<2
g'(0) =-1
gl(0+):0
g1)=0
gv(1+)=2

. g(x) is not differentiable at x = 0, 1

Sol 10: f(x) =

fi(1) =
fi(1+) =

f(2) =

0
X
2(x-1)
3(x-1)
0
1
im@=M=2 _
h—0 —

0<x<l

1<x<?2

1

2<x<3
x=3
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. 22+h=1)-2
im—=—=
—0 h

. Function f(x) is not derivable at x = 1,2.

f(21) = | =2
h

lim f(x) =0 lim f(x) = lim x =1
x—1" x—1t x—1"

.. Function is not continuous at x = 1

lim f(x) = 2and lim f(x) =2

X—2" x—2"

.. Function is continuous at x = 2.

3-2x 1<x<3/2
Sol 11: f(x) = | 2X—3 3/2<x<2
sin(m / 2x) x<1

lim f(x) = lim sinfx =1
x—1" x—1"
lim f(x) = limB3-2x) =1
x—1*t x—1t

.. Function is continuous at x = 1
3

lim f(x) =3-2x > =0
x>
2
. 3
lim f(x) =2x =-3=0
3+ 2
X
2
Function is continuous at x = %
lim f(x) =2x2-3=1; lim f(x) =2

X—2" x—2"

.. Function is not continuous at x = 2
f(1) = Zcos| = | =0

2 2
/(1Y) = =2;f'(2) = 2,;f(29 = 0

2 2

.. Function is not derivable at x = 1, % 2.

-1 —1£sinx<_—3
4

0 — <sinx < —
4 2

Sol 12:f(x) = | 1 _—1£sinx<_—
2 4

-1 .
2 — <sinx<0
4
3 sinx=0
L . . -3
.. Function is discontinuous at sin x = T

and so is not differentiable at these points.

' ! _1[_3J

SoX =T+ sintt — |,

4
-3

21 —sin™t 4 , T+ sint ,
-1 -1

21 —sin™t o , T+ sin™t l
-1

cin-l| ——
21— sin [4J

T, 2T

|
NIRR

;SumcﬁaHx=1Zr=24g
Ans. = 24

ax(x-1)+b x<1
Sol 13: f(x) = x—1 1<x<3
px2+qx+2 X >3

lim f(x) = lim f(x)
x—1" x—1"

al-1)+b=1-1=b=0

lim f(x) = lim f(x)

x—3~ x—3"
3-1=9p+3q+2
3p+qg=0

(1) = 2ax——aL:1 =a
ff(1r) =1 saxl

fx) = 2px+q x>3
1 1<x<3

S2px3+qg=1
p+qg=1

-1

71

-1

4
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1 1
.'.p=§,q=—1,b=0,a¢1 O=§—k:k=§
(ty| (P@=h)+ ¢n(l +h) Sol 2: (C) We have,
Sol 14: £(0) = i sec(—h) —cos(-h)
ol 14: 1(0) = o (~h) f(x) = VI+x-31+x _ Iim\/m-%/m
- X B x—0 X
i /ML -h)1+h) h 0
B h'ﬂ?) (1-cos?h) cos This is 0 form, using L'Hospital rule, limit becomes
1 2
_ ||m _fn(l—hz)x COSh _ _l ||m%(1+x)_5 _i(l_’_x)_g = l — l = l
h—0 (_hZ) (l_cosz h) x—0 3 2 3 6
h2 Similar for LHL and RHL
f(0)=a*-3a+1 ) f(O)—l
na‘t-3a+2=0 6
_ onl/3
(@-2)(-1)=0 Sol 3: (A) limf(x) = lim_2/ =29~ =3
a=12 x>0 x>09 3(243 +5x)"/°
a=1a,=2 this is % form

raf+a’=1l+4=5 using L'Hospital rule

1(27 —2x)23(=2)

Continuity “r%f(x) _ Iinr(w)
X - 2 (243 +5x) 7Y (5)
5—1 , 0<x<1
Sol 1: (A) f(x) = 1 lxllx )
2 , lsx<2 =L:ix81x5xg=2
3 1 5 27 3 5
g(x) = (2x+ 1) (x—k) +3,0<x < 0 X5y (™
glf(x) 1 = (2f(x) + 1) (f(x) — k) + 3, Similar for LHL and RHL
0 <) < o0 .. For function to be continuous,
« f(0) = 2
forO<x <1, f(x) = 5 -1
) ) Sol 4: (A) limf(x) = lim 29 +22x)~10g(1 ~bx)
g(f(x)) = {2(5—1}1} [5—1—@ +3 x>0 x=0 X
~ lim log(l + 2ax).2a B log(1 + (—bx).(-b)
= (x-1) [g—(uk)j +3,0<x<1 x>0 2ax (—bx)
1 :Za+b£'.' |Imw=lj
x—0 X

For1£x<2,f(x):§

1 1 1 Similar for LHL and RHL
g(fx)) = (2'54_1) (E_kj +3=2 (E_kJ +3 .. For function to be continuous

For continuity at x = 1, LHL = RHL f(0) = limf(x) = 2a +b

1

1 1 . . oex-1
1-1)|=-@Q+k)|+3=2|=—k| +3 Sol 5: (C) LHL = lim f(x) = lim =
2 2 x—0" x—>0" =

ex+1

x=0-h,asx—>0,h—-0*
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1 .. for continuity,
_eh -1 _eth et
S LHL= lim & = imIZ€ = lim = f(0) = LHL = RHL = 0 = k.
hoot - L o 1+e"  hootet/M+1
eh +

This is = form, using L Hospital Sol 8: (A) f(0)=x=0

1t In neighbourhood of x,
hTeh for rational x,
LHL = —|im—1 =-1
01 o LHL= lim x =0
hTe x—0"
e/ _q RHL= limx =0
RHL = lim ——— x-0"
x>0t e +1 For irrational x,
RHL = 1(using result of LHL) LHL = lim (—x) = 0
Since, RHL = f(0) , this is right continuous x>0
RHL= lim(-x) =0
x—0"

Sol 6: (C) Atx =1,
Since, all limits are 0, Iirrgf(x) =0

f(x=1)=1+sin§=2

LHL = lim f() = lim 1 +sinZx Sol 9: (D) f(x) = [x]* - [x]
x—1" x—1"
forx =1,
RHL= Ilim f(x) = limax+b =a+Db flx=1)=1-1=0
x—1t x—1"
for continuity at x = 1, LHL = lim f(x) = lim[x]*=[x*] =0-0=0
a+b=2 (I) x—1 x—1 ) )
RHL = |j = i - =1-1=0
Ax=3, fmfo = lim 61~ 1)
fx=1)=6 tan%. 63 =06 “" RHL = LHL = (1)

LHL = lim ax+b =3a +b continuous atx = 1

x—>37 Atx=N,NeZ N=1
RHL = lim 6tan’> =6 f(N) = [N2=[N?] =0
x—3t 12
- 2 1,27 — _
for continuity atx =3,3a+b =6 ()} RHL = XI_':LL[X] ~DXT =N -N2=0
from (i) and (i), a=2,b=0 LHL = lim [ —[x%] = (N=1)2— (N>—1)
x—N~
Sol 7: (A) LHL = lim f(x) =0 (QI(N) 2] = N2-1
x x>0 =N2+1-2N-N2+1 =2(1-N)=0, Nfor N1
lim cosm-- . f(x) is discontinuous for x = N
x—0" [X] T
o575 Sol 10: (C) Atx = 2,
atx — 0, [x] =-1; SLHL= ——————<2 =0
-1 fx=2) =4
RHL= lim foo= lim SniX LHL = lim f(x) = lim (x+2) =4
<0 w0t [X]+1 x—2 x—2
RHL = lim f(x) = lim (3x-2) = 4
atx—> 0, [x1=0 XLTJf ™ anzq+( X2
sin[0] _ - LHL = Vf(x = 2) = RHL, continuous at x = 2.

- RHL =

0+1
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For x > 2, continuous as 3x — 2 is continuous . - |sin x| is also continuous for all x € R
.. f(x) is continuous for x > 2. - 1+ [sin x| is continuous for all x € R.
Sol 11: (C) It can be discontinuous only at x = 1. Sol 15: (B) Let f(x) = [x] and g(x) = {x}
Atx=1 we see that both f(x) and g(x) are discontinuous .
fx=1)=51)-4=1 But, h(x) = x, which is a continuous function.
LHL = lim f(x) = lim5x—-4 =1 Thus, sum of two discontinuous functions may be
X1~ x>1 continuous.
RHL = limf(x) = lim 4x®+3bx =4 + 3b 1
x>l x-1" Sol 16: (B) We have, limf(x) = limx*cos=
x—0 x—0 X

for continuity

LHL= RHL = Vf(x = 1)

leta=nn>0

Then, limf(x) = limx" cos1 = 0. lim COSE: 0
x—0 x—0

=4+3b=1=b=-1 X x—0 X
.. continuous
Sol 12: (A) Discontinuity can arise only atx = 0 foro =0
Now, for x # 0 . . 1
. I|rT(1)f(x) = Imrg’cos—,
- X—> X—> X
x| 2SI X sin!x S .
X 2- which is indeterminate
f(x) = = X1
tan! x tan!x fora=-n,n>0
X| 2+ 2+ 1
X X cos=
.4 1 limf(x) = lim—2X
sin~ x . sinTTXx x—0 x>0 N
2— 2—1lim
limf(x) = lim b S 0 x _2-1_1 L .
x>0 Hoz tan~L x . tantx 2+1 3 This is indeterminate
- X +xm X .. For f(x) to be continuous, o > 0
1
.. For continuity, f(0) = = ) —si
y 10y =3 Sol 17: (A) LHL = lim f(x) = lim S'Z”X
n - m—-2X
. . 1-cos*x 2 Hg
Sol 13: (B) LHL = lim f(x) = lim — - -
X0~ X0~ X letx==-h,asx— =, h—> 0"
2 2
.2 . 2
= lim 25'”2 X _ 3 lim (s'”ixj 4 =8 l—sin(n—hj
x>0~ X x50~ \ 2X CLHL = 1im 2 _ iy Lo cosh
\/’ h—0* T2 (ﬂ? _ hj hoot  2h
RHL = lim f() = lim ——2_ 2
x—0" x—>0+1[16+\/7_4 h N 5
25in? h sin—
\/; 1/16+\/;+4 = lim = lim 4 —2 =0
= lim =38 hoot  2h hoot 4 h
0" 16++/x 16 2
. For continuity, RHL = [im L=Sinx
f(0)=a=LHL=RHL =8 Hg* - 2X
T TEJr
Sol 14: (A) f(x) = 1 + |sin x| X=o +hasx—> -, ho>0

We know, modulus function is continuous for all x € R
and sin x is also continuous.
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nlsinz
= lim — =0
hot 4 b
2

.. For continuity,

T

1
Sol 18: (C) LHL = lim xsini =0. limsin= =0

x—0"

f(E] =k=LHL=RHL=0

X

h—0"

1-cosh

2h

x—07"

RHL = lim xsinl = x lim sinl= 0
x—0" X x—0"

.. For continuity,
f(0) =k = LHL=RHL =0

Sol 19: (B) f(x) can be discontinuous atx =N, N € Z

At x =z, zis an integer

X

]n =(2-1.0=0

LHL = lim f(x) = lim [x]cos(zx_l
X—Z X—Z
RHL = lim f(x) = lim [x]cos[zx_ljn =2.0=0
X*)Z+ X*)Z+
fx=2)"=0
" LHL = Vf(x = z) = RHL,
f(x) is continuous
T
Sol 20: (D) At = —
4
LHL = lim f(x) = lim x+a\/§sinx
xaﬁ_ xe37
4 4
=" a2t
TN
LHL= = + 3
4
flx="|=2.Zcot T +b="1p
4 2
RHL = lim f(x) = lim 2xcotx + b = Tip
TE+ TE+ 2
X—>— X—>—
4 4

Now, for continuity at x =

Aa

1

LHL = Vf(x:E]
4
I ia=Iip=a-b==1
4 2 4
Sol 21: (C) m = sgn(x), which is discontinuous at
x = 0. X
| x|

Hence, f(x) = |x| + —, will be discontinuous
W "

Continuous at discontinuous

x=0x=0

atx=0

Sol 22: (A) We have, atx = 0

.2 . 2

. SIN™ ax . Sinax

RHL = lim = lim azx[—j =a20.1=0
x—0" X x—0" ax

andf(x=0) =1

Now, since RHL = Vf(x = 0) it is a discontinuous function

Sol 23: (A) Atx =7,

. . 1-sinx+cosx

LHL = lim f(x) = lim —————
womt x>~ L+ SINX +COSX

letx=n-h,asx—>n, h—>0*

CLHL = lim 1—Sin(n—h)+cos(n—h)
hoot L+ sin(mt —h) + cos(n—h)

lim 1-sinh+ cosh
hosot L+ sinh—cosh

This is % form, using L hospital rule.

LHL = Iim cosh+s!nh -1
ho0* COSh+sinh

. . 1-sinx+cosx
RHL = lim f(x) = lim —————
xomt vt L+ SINX +cosx

letn=n + h,asx > n*, h = 0"

CRHL = lim 1—s!n(n+h)+cos(n+h)
vort L+ sin(m+h)+cos(n+h)

= lim M = -1 (same expression as in LHL)
hoot 1+ sinh—sinh

Now, for continuity,
f(n) = LHL = RHL = -1
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Sol 24: (B) At = 0,

. . sin3x . [sin3x 1 3x
lim f(x) = lim — = lim — | =
x—0 x—0 SinX x—0{  3x sinx X

X
=3x1x1=3

for continuity, f(0) = limf(x)=3 =k
x—0

Sol 25: (D) At x = 0, limf(x) = lim 2=<25X
x—=0 x—0 X
X % )
2sin’ = sin®
= lim = iim2l 2| =L, 1
x>0  y x—0 4 X 2 2
2
Now, for continuity,
fix=0) = k = limf(x) = =
x—0 2
Sol 26: (D) At x = 0,
. _ ,
LHL = lim f(x) = lim x[x]"log,,,, 2
x—0" Xx—0"

Atx >0, [x]=-1=[x]*2=1

Letx=0-h,asx—> 0, h—> 0"

LHL = lim —-h.log,; ;,2 = lim ————.log2
h-0" A= et log(L - h) ?
=log 2 lim ) = log 2

hosot log(L+(-h) "

. In(eX2 +24/{x})
lim ——— 207
tan/x

RHL = lim f(x) =

x—0" x—0"

forx - 0%, {x} =p

2
X
©RHL = lim € £2¥%)
x—0" tan«/;

In[eX2 [l + 2\/;]]

2
me* + Kn[l +

lim

24

e

N

|

tanv/x

/n| 1+
= |lim X’ +
x—>o+tan\/; 2\/;

2

e

tanx/;

x—0"

23x

2
e*

] 2x 1
. o “tan/x

2 .1

lim . lim 2:O.(1)+1><2><1=2
x—0" tanyXx x—0" eX

LHL = RHL, this is an irremovable discontinuity.

Sol 27: (C) f(x) = [2 + 3 sinx], x € [0, @]
f(x) will be discontinuous at where f(x) € z
we need to find x for which f(x) = z

Now, for x € (0, n) , f(x) = z,

; 1

Discontinuous for 5 values of x marked in graph of sin
x for x € (0, n)

forsinx = 0, E,
3

2/3
1/3

SRS X3

Sol 28: (C) We have limf(x) = 0, as graph of f(x) passes
through (a, 0) e

log, (1 + 3f(x))
2f(x)
Letf(x) =g,asx—>a, f(x) =0

Now, L = lim

X—a

Ioge(1+5'.y)><3 _ ilim Ioge(1+3y)
2yx3

L= lim =
2y-0 3y

y—0

,_
1]
N | w

Sol 29: (B) We have, X2 + f(x) — 2x — N3 f() + 2¢/3-3
=0

¢ +2x+2V3-3) _ -(x-VB)x-(2-+3)
x-3 (x-+3)

Now, since f(x) is continuous

(x—3)(x—2++/3)
(x_\/§)

=-(3-2+3)=20-3)

fx) =

f(\3) = im_f(9 = lim

X—>V3 x—>x/§
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Sol 30: (C) We have
2
fo) = 4%
11

for any real number k, in the neighbour of k, for
irrational numbers.

x isirrational
X is rational

LHL = RHL = limx? = k2

x—k

For rational number,

LHL=RHL = lim1=1

x—k
f(x) = will be continuous if both of these limits are equal,

iLekl=1=k==+1

n . n
Sol 31: (B) f(x) = lim>——>""%_ _ |im

nowy Lsinx” o {sinx”}

H n
1_(smx j
Xn
lim lim

x—1~ N2* 1+ sinx"
"

Asx —>1-andn— oo, x" >0

H n
... | sinx
[im lim =1
xo1~ el X"

Now, at x = 1,

LHL =

LHL = 1-1 =
1+1
H n
1_[smx J
Xn
RHL = Ilim lim ——<%
X*)1+n—)00 [Slnxn]
1+ 220
Xn
Axx — 1*and n = o, X = o and sinx" € [-1,1)
H n
lim 1im 22X~ o
Y1t N> Xn
- RHL = ﬁ =1
1+0
“" LHL # RHL

The function has a finite discontinuity at x = 1

Sol 32: (A) |sin x| is not differentiable at x = 0. Therefore,
for f(x) to be differentiable, a = 0

e is not differentiable at x = 0. Therefore for f(x) to be
differentiable atx = 0, b = 0.

|x|® is differentiable at x = 0. Therefore c can be any real
number for f(x) to be different.

a=0,b=0,ceR

Sol 33: (D) f(x) = a[le, a > 1 will be differentiable at
points where [x?] is not continuous . Now, for x (1, 3),

[x?] will not be continuous at x = \/5 \/g \/Z 2, \/g
6,7, 8 i.e.total 7 points. for which x?is an integer.

Sol 34: (D) Noting the definition of [x], f[x] becomes

X, -1<x<0

0, 0<x«<l1
fx)=4x 1<x<2

2X, 2<x<3

3x, x=3

from def" of f(x) , we note that f(x) is discontinuous at
x =1, 2, 3 and at these points only, the function will be
non-differentiable.

Sol 35: (D) At x = 0,

LHL = lim x+{x} + xsin{x}

x—0"

atx—>0,{x}=1

LHL = lim x+1+xsinl=1
x—0"
RHL = lim x+{x} + xsin{x}

x—0"

asx— 0%, {x}=0

S RHL= limx=0
x—0"
.. LHL = RHL

f(x) is not continuous atx = 0

At, x =2

LHL = lim x+{x} + xsin{x}

x—2"

atasx—> 2, {x}=1

S LHL = lim x+1+xsinl
X—2~

=3+2sinl

RHL = lim x+{x}+ xsin{x}

x—2"

asx— 2%, {x}=0

S RHL= lim x4+ 0+xsin0 =2

x—2t



“" RHL # LHL, f(x) is not continuous at x = 0

Therefore, the function is not continuous at x = 0 and

X = 2.

Multiple Correct Choice Type

xIn(cos x) 40
Sol 36: (A, €) f(x) = { In(1+x2)
0, x=0
Atx =0
LHL = Iim xIn(cosx)

x—0" In(1 + X2)

x=0-h,asx—>0,h— 0"

ZLHL= lim —hIn(cos(-h))
h>ot  In(l+h?)

== lim . > >
h—0* —25in2b Inl+h*)  h*
2 h2 4
=1x1x-2x 2 zglimsnh o
4 h—»0 h

RHL = lim xIn(cosx)

-0+ In(1+x?)
Proceeding similar to LHL, we get RHL = 0
Since, LHL = Vf(x = 0) = RHL,
f(x) is continuous atx = 0

Now, let L = nmw
h—0 h

lim hin(cosh) ~ lim In(cosh)

h>0In(L+h%h  h>0|n(1 +h?)

lim

2
In 1—25in2b -2 sin2b
2 1 2

h? 2

>0t _oeip2 D In1+h?) h)
2 2

1
1x1x(=2)x =
(=2) 7

Since L exists, f(x) is differentiable at x

) = —L
f(x)—2

. oh
In| 1| 2sin® = . 2h
”( [ sin 2)} 1 -2sin 5 h

4

1
4
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Exercise 2
Limits

Single Correct Choice Type

Sol.1: (A)
im 1°n+2%(n-1)+3°(n-2) +.... + n*(n— (n— 1))
n—>e0 P+ +..+0°
_ lim N2 +22+3F +.+0?) = (22 4232 4342 + .+ (n-1)n?)

o n?(n+ 1)

4
nwf(l +22 433+ n)A+22+3F 4 40P)

= lim

n—>o0 nz(n+ 1)2

(+1) n(n+1)@2n+l) n’(n+1)” 1 1
n—o n? (n+ 1) 1 3
4 4

2
n—o m+x

_ Iim{z—x}—l
N> X% 42X + X

[,2
m = lim { (Wx?=2x +X) ﬂ
n—o ,X2—2X—X

= lim {_—ZX} =0
=% [ \x? = 2x —x
Sol 3: (B) lim x* {\/xz +Ux* +1 —ﬁxj

X—00
x3(x2 +Ux*t +1 —2X2)
= lim

TR X +1 +/2x
xg(\/x4+1—x2j
= lim
TR Xt 1 ++/2x
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i xa(x4+1—x4)

Hw(\/x +4/X +1+\fx] x* +1+x

= |lim

“w[mwx] s

= |lim

X—>00 4\/5

ek SN [1+l+1
X4 )(4

Sol.4: (A)

lim tan™* [Ztanij = limtan™! (Ztan(n _th
x—>1—0 2 h—0 2

= limtan™ [2 cotbj _T

h—0 2 2

lim tant (Ztanil = limtan™ (Ztan(7T b h]]
x—>1+0 2 h—0 2

= limtan (—2cothj =T

h—0 2 2

Sol 5: (D) x, =X, 1 +X,

n-2

=| :>|:1+l:,|2—|—1:o

n—o0 Xn—l

\/§+1

| = 5 (as 1>0)

1£5
== 2 =

1
Sol 6: (B) lim(L+ax’ +bx+c)x = e

X—a

. alx—o
(1+ax’+bx+¢) = lim

X—a

k= lim
Xx—=a X — Ol

Multiple Correct Choice Type
Sol 7: (A,B,C)

1-]cos(x—1)|
(x—1)?

[— 2 —
_lim 1-cos“(x—1)

(a) lim
x—1 (x— ]_)2 1+ | cos(x—1) |)

x—1

_lim sin (x 1) E
x>1 (x—1)2(1+ | cos(x—1)|) 2
sec’x -1

1/x
. tanx
lim =
x—07" X x—0" X
= lim ———= |

2
x—0" X x—0" 2 X

(b)

(©) lim >

Xx—wo X
=0(as -1 < sinx < 1)
(d) lim

X—>00 X

=not defined

Sol 8: (A,B,C) | = lim (cos x)*/* = &

ok = lim l[ta”""xj
X

S _ 0 xsineo = 0x something defined

X 0 xsinoo = 0xsomething not defined

x—0"
.1 . =2sin’x/2
K= lim =(cosx—1) = lim —2/.x:0
x—0" X x—0" X
. /% _ .a
m = lim (cos x) =e
x—0"
2sin’x /2 1
a= lim —(cosx 1) = lim —2/.x: =
x%O*’X x—0" X 2
sin Xx—x
Sol 9: (A,B,C,D) (a) lim (cot x) **
x—0"
sinx—x 1 XX
= || X——4+—+..|-X
x4 x4 31 5l
1(1 %2
= == +...
x| 3! 5!
. sin x—x
. sinx—x . o
= lim =—o0; lim (cot x) )
x—0" X x—0"
X
(b) lim (cot x)*"*7*
x—0"
sin X —X 1+x2 x4
31 5 71
3 x?
= lim — =—6; lim (cotx)*"*™* =0® =0
x—0" SIN X=X x—0"



2,12
(c) Iim\/x2+1—x:limw

X—>00 X—>00 ,X2+1+X

2 2
. XS+ 2X—X
d) lmx%+2x —x =lim —=2-"
X—>00 X—>0 'X2+2X+X

Sol 10: (€, D) f(x) = 22 —%
of 10 1& 1-cos x

2
x| [ 1+xIn2+ % (In2?2 +.. | -1
x2* —x . 2!

lim =lim

x>01—cos X x—0 2 4
1—P—X+X“}
2! 4l
In2+i|(ln2)2 +..
= lim : =2In2
x—0 1 X2

T

g(x)=2xsin(|n—2j as X >0 =>-X—>-0=>2">50
2X

sIHnZXQnGEzj:IHnﬂDQﬂDEz:InZ
X—»00 2X yA)O y

Sol 11: (A,B,C)

. sin(tant . sin(tant t tant
(@) lim (, )=I|m ( )>< — x——=1
t>0 sint t>0 tant sint sint

(b) lim sin(cos x) 1 [
x—>n/2  COS X

cosx—>Oasx—>n/2}

(©) lim L+x- 1_X—Iim 2 —g—l
x—0 X x>0 1+ x —/1—=x 2
N x] L

(d) im——=Ilim— (limit doesn't exists)
x—0 X x—0 X

Sol 12: (A, B, D)

1
1 sin— -3

@ lim x4 —Xx= =1lim x4 =0

X—>0 L X X—>00
X
(b) lim(1 -sinx)tanx

X—>=
2

2 .
. X . X sinx
= lim| cos=—-sin—
x—)g 2 2 [ 2X ZXJ

cos” ——sin
2 2
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X . X .
COS——SINn— [.SINX

= lim =0
Hg cos> +sin>
2 2
2
(¢ lim gx—+3.sgn(x)
x>© x4+ x-5
2+i2
= lim X_ sgn(x) = 2
X—>00 1+1_£
X X2
(d) lim w_o

0 (3+hP -9

Hence A, B and D

Sol 13: (A, B, C, D)

@) Iim(

x—0

1 l} . tanx—x
—— =lim

X tanx x—>0 xtanx

. sec’x—1 ) tan® x
= lim = lim >
>0tanx 4+ x.sec” x  *>0tanx + xsec” x
7sinx sinx
. 2 .
. sin® x .
=lim ———> =|im —X— =0
x=>0 SINX.COSX+ X x—0 SINX X
——cox+=-
X X

3 3
2 %—x 2 lim T
(b) lim [3X2+1J —(Iim 3x +1Jx—>wl X

x| 2x° —1 e 2@ -1

tan2x —0
(©) lim {tan{x+£j} :(tanf—nD =0
ot 8 8

X—>—

2 2 2 2
(d) lim (x*-1) _lim (x-1)(x+1)

=0
Ol —1) (x> +x+1) Lx—1)(x* +x+1)

Hence A, B, C and D.

Differentiability

Sol 1: (A) lim f(x) = lim fl-x) =1

x—07" x—0"
lim f(x) = lim e =e’=1
x—0" x—0"

.. function is continuous at x = 0
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forx <1, f(x) =1-x
x>1fx)=x-1
.. function is not differentiable at x = 1.

(-h)

f(0) = |im - =1
#(07) = fim L=0=1 4
h—0 h

f/(0) = £(0%)

.. Function is not differentiable at x = 0.

sint(1-h)-sint1
-h

Sol 2: (A) f'(1") = Lirr(])

sint(1+h)-sin1
h

f'(1*) = lim
h—0

.. Differentiation of sin"'x is not defined for x > 1
. sinXx is not differentiable at x = 1

All other function are continuous at x = 1 and derivable
atx =1

dtanx da*
= sec’ ; =aYlog a
dx dx
e +e
dcoshx 2 _ et er e
dx dx 2 2 2

Previous Years’ Questions

Sol 1: (A, B, D) Sincex + |y| = 2y

- X+y =2y,
X—y =2y,

wheny >0
wheny <0
y

N

S

¢’;f y = XI X >

N A45°
< e

L7 (0]

> X

----

v

1

y=x wheny >0 =x>0
=

y:%,wheny<0 =>x<0

which could be plotted as,

Clearly, y is continuous for all x but not differentiable
atx =0,

x>0

"dx  (1/3,

dy 1,
Also, —=
>0 { x<0

Thus, f(x) is defined for all x, continuous at x = 0,
differentiable for all

X € R—{O},d—yzl forx <0
dx 3

Sol 2: (B, D) We know, f(x) = 1 + |sin x| could be plotted
as,

(i)y = sinx ..(0)

(i) y = [sin x[..(ii)

12 y = +1[sin x|

...................

Clearly, y=1 + [sin x| is continuous for all x, but not
differentiable at infinite number of points

Sol 3: (A, B, D) We have, for-1<x < 1
=0<xsinnx<1/2 ..[xsinnx] =0

Also, x sin mx becomes negative and numerically less
than 1 when x is slightly greater than 1 and so by
definition of [x] f(x) = [xsinnx] = -1, whenl <x<1+h

Thus, f(x) is constant and equal to 0 in the closed interval
(-1, 1) and so f(x) is continuous and differentiable in the
open interval (-1, 1)
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At x = 1, f(x) is discontinuous, since Lirrg)(l—h) =0
—

and lim(1+h)=1,
h—0

. f(x) is not differentiable at x = 1

Hence, (A) (B) and (D) are correct answers.

| x=3], x>1
Sol 4: (A, B) Here, f(x) =12 3% 13
———+—, xx<l1
4 2 4
o RHLatx =1,
= lim|1+h-3]=2
h—0
LHLatx =1
' 1-h? 31-h) 13 1 3 13 14 3
h—»0 4 2 4 4 2 4 4 2
~.f(x) is continuous at x = 1
—(x—3), 1<x<3
Again, f(x)=1{ (x-3), X>3
3 13 x<l
4 2 4’
-1, 1<x<3
s =41, Xx>3
5_3 x<1
2 2
RHD atx=1= -1 ]
LHD atx=1= 13
2 2

differentiable atx = 1

. RHDatx=3 = 1|
Again not
LHD atx=3 = —1_

differentiable at x = 3

Sol 5: (B, C) The function f(x) = tan x is not defined at

X = g so f(x) is not continuous on (0, n).

Since, g(x) = x sin 1 is continuous on (0, nr) and the
X

integral function of a continuous function is continuous,

L f(x) = .[Oxt(sin%]dt is continuous on (0, wt)

1, O<x£3—7r
4

Also, f(x) =
25in{2—xj, 3—Tc<x<rc
9 4

We have, |lim f(x)=1
3n
X—>——
4

lim f(x)= lim 25inf[§j=1
3" 3l 9
L3

4

X

So, f(x) is continuous at x = 34—n

=f(x) is continuous at all other points

Finally, f(x):gsin(x+n) = f[gj:_g
lim f00 =limf{ Z—h]| = limZsin[ 3F_p|= T
_ h—0 h—0 2 2 2
4

and lim f(x)=Lirr(1)f(§+h] :Lirrggsin(%n+hj:g
— —

So, f(x) is not continuous at x :g

Sol6:A—>p;B—or
We know [x] € I, V x € R. Therefore,

sin(n[x]) = 0, V x =R, by theory we know that sin (n[x])
is differentiable everywhere, therefore (A) <> (p).

Again, f(x) = sin (n(x— [x]))
Now, x — [x] = (x) then =t (x — [x]) = 7(X)
Which is not differentiable at x e I

Therefore, (B) <> (r) is the answer

Sol7:A > p,qrB—->ps C—ors;D—>pqg

(A)x|x| is continuous, differentiable and strictlyincreasing
in(-1, 1)

(B) /| x| is continuous in (-1, 1) and not differentiable
atx =20

(C) x+[x] is strictly increased in (-1, 1) and discontinuous
atx=0

= Not differentiable at x = 0
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D) |x=1] +|x+1=2in(-1,1)

= The function is continuous and differentiable in

(_11 1)

sol 8 lim| — =Y | jm—t -1
x>l (x=1) 2x-5) ) x>1(2x-5) 3
. ™

Sol 9: Im(l—x)tan(—j
x—1 2

— limhtanZ(1-h) = Iimhcot(n—hj

h—0 2 h—0 2

nth

_jim—2_m _2

h—0 [nhj
tan| —
2

Sol 10: Let y = sin (x*+ 1)

2
%<
T

Cdy sin[(x + 8x)% + 1] - sin(x? +1)

dx -0 OX

ox
2COS|:X2 + X'6X+%(5X)2 +1}sin[x~8x+(2)}

3x—0 OX

sin[x~8x+%(6x)2] x-6X+%(5X)

=2cos(x? +1) lim X

0 X+ OX + %(Sx)2 Ox

X OX + l((‘Sx)2
= 2cos(x? +1)-1 lim
x—0 OX

Sol 11: Given f(x) = x tan™ x

using first principle

f,(l)zlm{f(l+hg—f(l)}

-1 -1
_ “m{(lJrh)tan (L+h)—tan (1)}
h—0 h

1 1 1
) “m{tan (@+h)-tan’(@) htan (1+h)}
h—0 h h

= lim Etan’l L +tant@ +h)
h—0| h 2+h

= 2x cos (x> +1)

h—0 (2+h) h 4
2+h
21 h
1 2+ r 1
= i +—=—+
h—»02+h h 4 4
(2+h)

-= ,whenx=1
f(1+h)-f(1)
h

[ 1+h-1 _(_1)}
2_ 3
i L2A R~ 7 +h)+5
h—0 h

RHD = lim
h—0

[3h+20+h? —7A+h)+5
h=0| 3h{2(1+h)? —7(1 +h) + 5}

. 2h? 2
= lim| —=—— |=-2%
h—0{ 3h(-3h + 2h?) 9

- fa-h-f@)

LHD = li
h—0 -h
[ 1-h-1 _(_1]}
—h?-71- 3
- lim 20-h)*=7(1-h)+5
h—0 -h

~ l.m—3h+2(1+h2—2h)—7(1—h)+5

h—>0  _3h[2(1-h)? —=7(1-h)+5]
2

im— 2" __2 . |HD=RHD

h-0_3h(2h? +3h) 9

Hence, required value of f (1) is _?2

1/2

. lim(x —sinx)
. / X —sinx
Sol 13: |lim — = Xx20 7
=0\ x +cos’x  lim(x+cos® x)*/
x—0
. 1/2
. sinx
lim| x| 1-—=
x—0 X 0.0

= = _:0
lim(0 +1)*/2

x—0




(a+h)?sin(a+h)-a’sina
h

. lim
Sol 14: Here, h|—>0

a’[sin(a+h) —sina] . h[2asin(a+h) +hsin(a+h)]

h—0 h h
a’ -2cos(a + 2] . sinb
= lim +(2a+h)sin(a+h)
h—0 Zb
2

= a?cosa + 2a sin a

Sol 15: Given, y = +cos?(2x +1)

5x
311-x]|

+ c052(2x +1), x<1
3(1-x)

+ cosz(2x +1), x>1
3(x—-1)

The function is not defined at x = 1

é{w}_ZSin(4x+z), ‘<1

3 _ 2
:j_y: L-x)
X — _
E{M}_zsin(4x+2), ‘o1
3 (x-1)7?
4 2—25in(4x+2), x<1
:d_y: 3(1—5x)
A _2sin(4x+2), x>1
3(x -1y

Clearly at x = 1, dy / dx is not defined
Sol 16: (A) x™* —2x*coty -1=0
Now x =1,
1—2coty—1:03coty:0:>y:§

Now differentiating eq. (i) w.r.t. ‘X'

232 _ (1 +log x) - 2{xX (—coseszy) jy + city x* (1 + Iogx)} =0

dx
Now at (lﬁj
2

2(1+logl)-2 1(—1)[3—0 +0|=0
t,E

:>2+2d_y =0= dy =-1
dx tE dx tE
2 2

Sol 17: (A) g(x+1) = Iog(f(x + 1)) =log+ Iog‘(f(x))

= g"(x+1)—g"(x) =logx

Summing up all terms

Hence, g"[N+EJ—g"(l):4 1+l+ ..... t—

Sol 18: (A)
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4ax(x2ax + 1)2 - 4ax(x2 - 1)(2x + a)(x2 +ax + 1)

(x)= :
(x2+ax+1)

(1) 4a (). —4a

W

(2+a) f'(1)+(2-a)"f'(-1)=0

Sol 19: (C) From graph, p = -1

= lim g(x) =-1

x—1"

= Iimg(1+h)=—1

x—0

hn
= lim| —— |=-1
x-0{ Jogcos™h

\ Xx+1

x-1

nhnfl n hnfl
= lim— =—| —|lim| — |=-1,
x—>0(—tanh) m Jh—0| tanh

which holds if n=m=2
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Sol 20: (B) f(x) = g(x)cosx+ sinx.g'(x)
= f'(0) =g(0)
f'(x)=29'(x)cosx—g(x)sinx+sinxg"(x)
=f'(0)=2g'(0)=0

But lm[g(x)cotx _9(0)cosech - l'E(‘) sinx
_ i 9 (¥)cosx=g(x)sinx _ g'(0)=0=F(0)

x—0 COSX

Sol 21: (B) Differentiating the given equation, we get
3y2y'— 3y+1=0

= y'(—lO\/E) =——
Differentiation again we get 6yy? + 3y’y"—3y" =0

. f"(—loﬁ) _ 622 a2

(21)° 73

Sol 22: (B, C, D) For f(x) = xcos(lj,x >1
X
F’f(x) = xcos[lJ+lsin[£J —>1for x > o
X)) X X

isin E —isin l —i—cos E
x° x) x? x) x3 X
1

= ——cos(l) <0 forx=>1
x> X

Also f'(x) =

= (x) is decreasing for [1,00)

= f'(x+2) < f'(x) . Also,

)!ig;f(x+2)—f(x) = le{(x+2)cosx12 —xcosﬂ =2

f(x+2)—f(x) >2vx>1

Sol 23: Let P(x —ax? +bx® +ox® +dx+e

1)=p'(2)=0

o
i <2002

g(x)cosx—g(0)

=p(0)=0=d=0

i )2

=c=1

Onsolving, a=1/4,b=-1
4

So, p(x):XT—x3+x2

:>p(2):0

Sol 24: (A, Q)

Numerator — 0 if 3=2 and then L :i

2

Sol 25: (B, C) f(x) = Inx+Jx/l+ sintdt
0

f'(x) = —+\/1+ sinx

00 = = cosX

x_2+m

(A) f" is not defined for x = _7“+nn, nel, (A) is wrong
(B) f'(x) always exist for x > 0

@ <

Sincef'>0andf>0 f <f

X
l+\/1+ sinx < Inx+J'\/1+ sinx dx
X

0

LHS is bounded RHS is increasing with range o« so
there exist some o beyond which RHS is greater than
LHS

(d) |f|+|f'| <b is wrong as f is M1 and its range is not
bound while B is finite.



2 2
Sol 26: (D) €"!**") = 2bsin? 0 = 1 ;s

1+b?

=sin0=1as 5 >1

6=xm/2.

Sol 27: (A, B, C, D) lim f(x)=0=f(-n/2)

x>l
2
lim f(x)=cos| -Z|=0
T () [ ZJ
X———
2
-1 x<-n/2
f‘(x): sinx, —m/2<x<0
1 O<x<1
1/x x>1

Clearly, f (x) is not differentiable at x = 0 as f(0-) = 0
and f'(0+) = 1. f (x) is differentiable at x = 1 as f¢ (1-) =

f(1+) =1

Sol 28: y'(x)+y(x)g'(x) :g(x) (x)

y(x) = eg(x) = Ieg(x)g(x)g‘(x)dx
= Jettdt, where g(x) = t

=(t-1et+c

y(x)eg(x) = (g(x) —l)eg(x) +C
Putx=0_0=0-1).1+c=>c=1
Putx=2=y(2).1=0-1).(1) +1
Y(2)=0

Sol 29: (B, C) ~-f(0) =0

And f'(x): lim (x_+h)—f(x)
h—0 h
f(h
-l = 0] =k

2
Sol 30: (B) Given Iim[x +X+1—ax—b]:4
X—00 x+1

x> +x+1-ax’ —ax—bx-b

jlm (x+1) =t
~ im (l—a)x2 +(1—a—b)x+(l—b) 4

X—>00 (x+1)
=1l-a=0andl-a-b=4b=-4a=1
) . f(0+h)—f(0)
Sol 31: (B) f'(0) —

=lim
h—0

h?|cos ™| -0
=lim———1 =lim hcos[ﬁj =0
h—0 h h—0 h
so, f(x) is differentiable at x = 0

f.(2+)= Iimf(2+h)-f(2)

h—0 h
T T
| (2+h2)cosm—0 | (2+h2)cos[2+hj
=lim =lim
h—0 h h—0 h
2
f'(2+):lim(2+h) sin| T
h—»0 h 2 2+h
| (2+h) . h
=lim sin
h>0 1h 2(2+h)
2
:Iim(2+h) sin rh LI
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h—0 -h h—0 —h
i (2 - h)2 nth T
= 1im sin = —
h>0 zh 2(2—h) 2(2—h)
2(2-h)



14.110 | Limits, Continuity and Differentiability

Sol 32:(B, D) Required limit is

1
jxadx , ,

2a+1)(a+1) 120

1
J‘ a+x
0

:>a—7or—1—7
2

Sol 33: (D) Let g (x) = e—x f (x)

andg” (x)>1>0

So, g (x) is concave upward and g (0) =
Hence,g(x) <0 V x € (0, 1)

= e‘xf(x) <0

f(x) <0vxe(0.1)

g@ =

Alternate solution

)20+ ¢
:{f(x)e‘x _éj >0

9(0)-0.9(1)- %

Since g is concave up so it will always lie below the

chord joining the extremities whichisy =y = —g

X
< —=

2
:f(x)e’x —X? 5

(XZ _X)ex <0Vx e (0,1)

Sol 34: (D) Given f' (x)
2X

-2f(x) <0
:>f(x)<ce

1 1
Put Xx=—=cC>—
2 e

Hence f (x) <e?*1

:0<j dx<je2X1dx
1/2 1/2
0< j dx < -_—
1/2

Sol 35: (B) F'(x) = 2xf(x) =f(x)

f(X) — ex2+c

Sol 36: (A) g[%]— lim j /24t

h—0* }
1
1
todt ¢ dt Y R
= = —sin| —2
ox/t—t2 0 |1 12 1
a2 2 e
1_

Sol 37: (D) We have g(a)=g(l-a)and g is
differentiable

Hence g[%] =0

Sol 38: (B, C) Let H (x) = f (x) —
H(-1)=H(@©)=H(2)=3.
Applying Rolle’s Theorem in the interval [~1,0]
H'(X) = f'(X) - 39'(X) =0 for atleast one ce (—1,0)
As H"(x) never vanishes in the interval

1,0) for which H'(x) =

39 (x)

= Exactly one ce(-
Similarly, apply Rolle’s Theorem in the interval [0,2].
= Exactly one ce (—1,0) for which H'(x) =

Similarly, apply Rolle’s Theorem in the interval [0, 2].

= H'(x) =0 has exactly one solution in (0, 2)

Sol 39: (A, B, ©) (A)f(x) =

F'(1) =F(1)+F'(1)

f'(1)=F(1)<0

F(x)+xF'(x)

f'(1)<0



(B) f'(2) = 2F(2)

f(x)is decreasing and F(1)=0
Hence F(2) <0

=f(2)<0

(@) f(x):F(x)+xF'(x)
F(x)<0vxe(1,3)

F'(x) <0vxe(1,3)

Hence, F(x) < 0vx e (1,3)

Sol 40: (A, B) p(RedBall) =p(1).p(R|1)+p(1I).p(R|T)

p(II|R)=1: p(II).p(R 1)
3 p(1)p(RI(RIT)+p(1)p(R|M))
N
1 n3 +n3
3.y ony
nl +n2 n3 +n4

Of the given options, A and B satisfy above condition

Sol 41: (A, D) Differentiability of f(x) at x=0

LHD f(O’) = lim {M} - |im0+g—(_6) =0

-0 o c—0 o

RHD f'(0*) = |im—f(o+6)_f(o)( )= im) g
>0 o >0 ©

= f(x) differentiable at x =0

Differentiability of h(x)x =0

h'(0) = lg(e‘x‘)v eR

LHD
f(n(o))- li%f(h(o))‘i(h(o—")) _ mg(l)‘cg(ec) o)
RHD
) -y 0O o)y

Since g(l) 0= f(h(x)) is non diff. atx = 0

Differentiability of h(f(x)) at x=0

(i) {1 20

1 x=0
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LHDh'(f(0-5)) = lim h(f(0))-h(f(0-))

c—0 o

1ol

Ja(=)
B

(e

= lim =0

c—0

g

RHD h‘(f(0+c)) = lim h<f(o+c))_h(f(o))

c—0 o

= lim e -1 9(-o)

c—0 g(c) o =0

Sol 42: (A, B) f(x) = acos(|x -] +b|x|sin(’| +x)
[AJ1f a=0b =1, (x) =[xsin(jx* x|

= f(x) = qsin(j® + x|

Hence f(x) is differentiable.

[B11f a=1,b=0 f(x) = cos(jx’| -x|

= f(x) = cos(x* ~x) Which is_differentiable at x = 1

and x = 0.

Sol 43: (B, C)

—-
7\
x
+
= |3

[y

.X
In f(x) = lim=In
n—o N

_‘
'L S |=
|

>

N

+
—:N‘DN
Ne—
=
I S
_
7/ N\
= |3
N—

Inf(x) = lim > In

n—>on " on [n)
n 1 =1 r

1 n
=x lim —Zlnln

n—>aonr:l r
X+—| +1
n



14.112 | Limits, Continuity and Differentiability

Sol 45: (A) f'(x) Q =

oo ~
Put, tx = p, we get + 1 - = xf'(x)+f(x) = 2x :Jd(x.f(x)):jzxdx
Inf(x Iln[lﬂojdp \ :>xf(x):x2+c; f(x):x+z(c¢0asf(1¢1))

0 1+p For this function, only (A) is correct.
jm:m(l”} Sol 46: (B, C)
f(X) 1+%x°
f(x)=x3+3x+2, f(1)=6 g(6)=
sign scheme of ' (x)
Also, f' (1) = 0 9(f(x)) =x=g'f(x)xf'(x) =1
x=0, g'(f(0))f(0)=1
Aot e "
3 3 ' - - _=
I (2) f(0) 3
Q_f 2) _ [ij_/ ( j f(3)=38
f3) 1@ 0 ’ ~.9(38)=3
( j f' 3) (2) f(2)=16:>g 16)=2
=In <0=
f(3) f(z) h(g(g16)) =h(0)
16 =h(g(g16)) = h(0)
Sol 44: (B, C) (c)lscorrect
f(x)=[x2-3|=|x*]-3 (6)L
(x) [x ] [x J f'(6)=11Lf(1)=6=g9 (6)2
f(x) is discontinuous at x = 1, v/2, v/3, 2 h g(g(x))) =X
g(x)=(|x|+|4—7|)([x2J—3) :h'(g(g(x)))xg'(x):l
_1_._
142432
T () T T T T
14 —0
2T —o0
_3_._
O O
15x - 21 x<0
% 9x - 21 0<x<1
g=— 6x - 14 1<x<y2
X;‘ 3x-7 W2 <x<y3
0 3<x<2
3 Xx=2

g(x) is not differentiable, at x = 0, 1, V2,43



