Chapter 2

Complex Numbers

Ex 2.1
Simplify the following:

Question 1.
i1947 + 11950
Solution:

j1947 4 1950 — j4(486)+3 | j4E8TI+2= B L 2= |

Question 2.
i1948 - i-1869
Solution:

1948 _ ;1869 — ;4(48T) _ j —(4(46T)+ )= | _ j-4(487) , ;-1 = |_ (j4) - (487) . l
i

i X +i -1

Question3.
Y12n=1in
Solution:
12
Y= R+ (B E+ T+ B+ (O 041+ 12 =0

n=l

Question 4.
i59+1i59
Solution:
_ 1 i 1 1Xi
59 .
it = =3 — = i+ =—i+i=0
Question 5.

11213 ....... 12000



Solution:

2000(2001) 1000 001

“*2 .;3- I'EI]{H}: i{]—-2+3+...+2ﬂﬂﬂ} — 1 2 — (1 )
Question 6.
>»:10n=1in+50
Solution:

10 ) 10 ) 10 10

Ei:ﬂ"':}u — Zin -i:}l:l — Zf” _1-43 FI,E — _1 [Eiﬂ}

n=| n=] n=l n=]

=i+ 2+ P+ i+ B+ i+ 7+ B+ P2+ 10
=-1[0+0+i+?]=-1(i-1)=1=~i



Ex 2.2

Question 1.

Evaluate the following ifz=5 - 2iand w = -1 + 3i
Dz+w

(ii) z - iw

(iii) 2z + 3w

(iv) zw

(v) z2 + 2zw+ w2

(vi) (z+w)2

Solution:
(Dz+w=(5-2i)+ (-1+3i)
=4 +i

(i) z - iw= (5 - 2i) -i (-1 + 3i)
=5-2i+i+3i*(~i*=-1)
=5-2i+1-3(-1)
=5-2i+i+3

=8-i

(iii) 2z+ 3w =2 (5-2i) + 3 (- 1 +3i)
=10-4i-3+9i

=7+ 5i

(iv)zw = (5-2i1) (-1 + 3i)
=-5+4 2i+ 15i - 6i*
=-5+17i+6

=1+17i

(v) z2 + 2zw + w2

= (z + w)?

= (4 +i)?

=@ +2(H0 + O

=16+ 8i+1i°

=15+ 8i

(i) (z + w)2 =z + 2zw + w?
=(z+w)?=(4+1i)?

=16+ 8i+1i°

=15+ 8i

Question 2.

Given the complex number z = 2 + 3i, represent the complex numbers in the Argand
diagram.

(i) z,iz, and z + iz

(ii) z, -iz, and z - iz

Solution:



(i) z,iz and z + iz.

z=2+3i

iz=i(2+3i))=-3+2i

z+iz=2+4+3i-3+2i=-1+5i
Im

»Re

(i)z=2+3i
iz = -i(2 + 3i)
=-2i-3i2
= (3 -2i)
z-iz=(2+3i)+ (3-2i)
=5+i

A Im

Question 3.

Find the values of the real numbers x and y, if the complex numbers.
B-D)x-(2-1)y+2i+5and2x+ (-1 + 2i) y + 3 + 2i are equal
Solution:

Given that the complex numbers are equal
B-iD)x-(2-i)y+3+2i+5

=2x+(-1+2))y+3+2i

3x-ix-2y +iy + 2i +5

=2x-y+2iy+3+2i

(Bx-2y+5)+i(y-x+2)

=(2x-y+3)+i(2y + 2)

Equating real and imaginary parts separately



3x-2y+5=2x-y+3

X=YV=-2 e (D
y-x+2=2y+
X-y=0 .. (2)

solving 1 and 2
x-y =-2 (1)
=%~y =0 (2)

-2y = -2
y=1
Substitutingy = 1in (1)
x-1=-2
x=-2+1=-1
values of xand y are -1, 1




Ex 2.3

Question 1.

Ifz1 =1 - 3i, z2 = -4i, and z3 = 5, show that
() (z1+2z2) +z3 =21+ (22 + 23)

(ii) (z1z2) z3 = 71 (z2 23)

Solution:

(i) Givenz1=1-3i,z2=-4i,z3=5
z1+72=(1-3i))+ (-4) =1-7i
(z1+22)+z23=1-7i+5=6-7i.....(1)
z2+z3=(-4i) + (5) =5-4i
z1+ (z2 +z3) = (1 - 3i) + (5 - 4i)
=6-7i curunnnn (2)

From (1) and (2)

(z1+2z2) + 23 =71+ (22 + 23)

Hence proved.

(ii) z1 z2 = (1 - 3i) (-4i)

= -4i - 12i?

=-12 - 4i

(z1z2)z3 = (-12 - 4i)(5)
=-60-201.ccr.n. (D)

7273 = (-4i) (5) =-201i

z1(z2 z3) = (1 - 3i) (-20i) = - 20i + 60 i?
=-60-201 .cccuuennen. 2

~ from 1 and 2

(z1 z2)z3 = z1(Z2 23)

Question 2.

Ifz1=3,z2=-7i,and z3 = 5 + 4i, show that
(1) z1 (z2 +2z3) = 2172 + 21 23

(i) (z1z2) z3=127123 + 22 Z3
Solution:
(Yz1=3,22=-7i,2z3=5+4i
z1(z2+23) =3 (-71+ 5 + 4i)

=3 (5-3i)

=15-9i...... (D
7172+ 7123 =3 (-7i) + 3 (5 + 4i)
=-21i+ 15+ 12i

=15-9i...... (2)

from (1) & (2), we get

w21 (Z2 +23) = 2122 + 21 23

(ii) (z1 + z2) z3= (3 - 7i) (5 + 4i)
=15+ 12i- 35i - 282
=15-23i+ 28



7173+ 7223 = 3(5 + 4i) - 7i(5 + 4i)
=15+ 12i - 35i - 282

=15-23i+ 28

=43 -23i....(2)

from (1) & (2), we get

~(z1+ 22) 23 = 7123 + 22 73

Question 3.

Ifz1 =2 4 51,22 =-3 - 4i,and z3 = 1 + i, find the additive and multiplicative inverse of z1,
72, and z3.

Solution:

z1=2+5i

(a) Additive inverse of z1 = -z1 = -(2 + 5i) =-2 - 5i
(b) Multiplicative inverse of

1 1 25§ (2—5i) o

1= 20 T ogs N mi T 4y

z2=-3-4i
(a) Additive inverse of z2 = -z2 = -(-3 - 4i) = 3 + 4i
(b) Multiplicative inverse of

1 1 344i  —3+H4i 344

Z = —

# —3—4i 3+4i  9+16 25

z3=1+1
Additive inverse z3is -z3
=>-1+i)=-1-i
Multiplicative inverse z3 is (z3)!
We know
z3z31 =1

i i) =1 [z L =u+iv]
>A+)(u+iv)=1[~z3
utivt+iu-v=1
(u-v)+i(u+v)y=1+i0
Equating real and imaginary parts

u-v=1
ut+v=_0
Solving them, we getu = % and v = —%

cz3 = 1 (1-1)



Ex 2.4
Question 1.
Write the following in the rectangular form:

i) (5 +99) + (2 — 49)

... 10—5Hi

(1) T

(i) 37 + L
2

—1i

Solution:
(2= (5+9)+(2-4i) = (5+9i}+(2—4;‘) =5 _Qj+2+4i=T—5j
_10-5i _ 6-2i _ 60-20i-30i+10i" _ 60-50i-10

o T =
W% 642 6-2i 36+4 40
_ 50-50i _ S0(1-1) _ E (1-1i)
40 40 4
- 1 1 2+i 2+i
iz=3 + — =-3i+ X =-3i+ ——
Wz= 3t 2-i 2+ 4+1
_ -ISi+2+i _ 2-14i _ 2 14
] 5 5 5
Question 2.
If z = x + iy, find the following in rectangular form.
(i) Re(3)
(ii) Re(iz)

(i) Im(3z + 4z - 4i)

Solution:
“\ 1y _ 1 z—iy
[:IJ RE"( =T RE"[: I+1y X I—fy' ¥
_ T—iy
= Re( x2 g2 )
_ T

24yt

(i) Re(iz7) = Rei(x-iy) = ix + i’y = ix +y
=y+ix
=Yy



(iii) Im (3z + 4z - 4i)

3z+ 4z -4i=3(x+1iy) + 4(x-ly) - 4i
= 3x + 3iy + 4x - 4iy - 4i

=7x -1y - 4i

=7x+i(-y-4)

= -y_4

Question 3.
If zy =2 —iand z; = -4 + 3i, find the inverse of z; z; and =

Solution:
z1=2-1,22=-4+ 3i

() z1z2=(2-1) (-4 + 3i)
=(-8+6i+4i-3i?)

=(-8+10i+ 3)
= (-5 + 10i)
1 1 —5—-10i —5-10i 5(-1-2) -—1-2i
(zlzz)_lz = - o —— == = =
(zyz5) =5+10i _5-10; 25+100 125 25
Gy Z_ 2-i  —4-3i  -8—6i+4i+3° —8-2i-3 -11-2i
z, —4+3i —4-3i 16+9 25 25
—
a | _ 25 _ 25 x—11+2i _25(=1142i)  25(-11+2i)
Z5 -11-2i =11-2i -11+2i 121+4 125
1
= —(=11+2i
5( )
Question 4.
The complex numbers u, v, and w are related by % = % + % lfv=3-4iandw =4 + 3i, find u
in rectangular form.
Solution:
v=3-4i,w=4+4+3i=i(3-4i
1 1.1 1 1 1 [ 1><—;1
—=—+—= + = 1+
u v. w 3-4i i(3-4) 3-4i iX—i
1 : 1-i 3+4i 3+4i-3i+4 1 T+
SR PR R el BV > -=1
3-4i 3-4i 3+4i 9+16 u 3
_ 25 T-i_25(7-i) _ 25(7-i) _1(7-i) 7
7+i T-i  49+1 S0 2 2 2



Question 5.
Prove the following properties:

(izisrealifand onlyifz =z

(ii) Re(z) = T and Im(z) = =

]|

2i

Solution:

(i) Letz=x+1iy

nZ =X-1y

giventhatz=z"

X+iy=x-iy

Equating real and imaginary parts
X=X

y=-y

2y=0=>y=0

~zzx zimplies z is real.

(ii) Hz _ zTHytzr—iy 2z

% 2z =z T

Real part of z = x

hE i _ (ztiy)—(z—iy) _ zHy-cHy _ 2y _
2 2i — 2i 2

Img partof z = y.

Question 6.

Find the least value of the positive integer n for which (V3 + i)n
(i) real

(ii) purely imaginary

Solution:

(V3 +i)n

(V3 +1)?

=3-1+42V3i
=(2+2V3i)

(V3+i)3 = 3+1)2(3+1)
=2 +2V3i) (V3 +1i)

=2V3 +2i+ 6i-2V3

(\/3 + i) = 8i = purely Imaginary whenn = 3
(V3 +i)t= (3 +1)3 (/3 +1)

=8i (V3 +1)

= (-8 + 8V31)

(V3 +1)5=(3+i)*(V3+1)

= (-8 +8V3i) (V3 +1i)

= -8V3-8i+ 24i-8V3



=-16V3 + 16i

(V3 +1i)6= (V3 +1)5 (V3 +1i)
= (V3 +1) (-16V3 + 16i)
=16 (V3 +1i) (V3 +1)

=16 (-3 +iV3-iV3-1)

= -64 purely real whenn =6

Another Method:
(3 +i)= r(cosB + i sind), y= |'|x3+y1 =4 =2.
= o — — -1 =] = = = *
{\E +i)=2 (Cosﬁ ismﬁ] o= tan”! [~ am ‘@‘ j

" mo. . nm
{Jﬁ +iyr=2" [cns%+ising] =" [ms%ﬂsm%}

T .. T
when n=13, (/3 +i)} =23 [59554“351"5] = +8 (0+ i) = 8i purely imaginary

when 1= 6, (/3 +i)® = 26[cos T+ isin®] =-25=— 64 purely real.

Question 7.
Show that

(i) 2 +iV3)19 - (2 -iv3)'®is purely imaginary

.y 12 .y 12
. 19-—7i 20-—5i
(”)( 673 ) + (ﬁ)
Solution:
(i) (2 +iV3)10- (2 - iV/3)10
20-5i 20-5i y T+6i

7-6i 7—6i  T+6i
140+120i —-35i+30 _ 170+ 85i _ 85(2+1i) _

- (2+i)
49+36 85 85
12 12

19-7i 20-5i 12
Z= 4 — 3 ]2

90+ ] [?-&] (2-9)7+@+9)
z=2-D2+2+0)7% = 2?42+ =Q+ D2+ (2 -2
zZ =z = z1s purely real.



Let z= (2+w’§)m - (Z—fﬁ)m
5= (2+iﬁ)m*(2"!_£)m _ {21—5\6)'0—-(2-;\6}]0 .
= (2-3)" - (2+i3)" = [(ZHJE]M—(Z-:'JE)I“]
Z =-z = z is purely imaginary.
i (1927 o, [20—5:‘)”
9+i T—6i
19-7i _19-7i y 9-i _171-19i-63i-7
9+i 9+i 9—i 81+1
_ 164 —82i _ 82(2-1) -Q2-i)

82 82



Ex 2.5

Question 1.
{344
e 21 1-24
) 15 + 15
(iii) (1 — )10
(iv) 2i(3 — 4i) (4 - 3i)
Solution:
o L2 Pkl 2 2
3+4i]  [3+4] o+16 5

21, 1= _ @-i)(1-D)+(1=2i)1+i)| _ [2-2i=i-1+1+i=2i+2
147 1-i A+i)1-7) | 1+1 |
4-4i .
=5~ = Vava= =242

(iii) (1 - )10

Solution:
[zl = [v/1% + 121 [+ 2] = 2]
= (V)" =2°=32

(iv) 2i(3 - 4i) (4 - 3i)

Solution:

= |2i||3 - 4i||4 - 3i|
=2i(12-9i-16i-12)
= 2i(-25i) =50

~|z] =50

Question 2.

For any two complex numbers z; and z, such that |z¢] = |z2| = 1 and z7 zz # -1, then show that
P ]
14220
Solution:

|z4]% = 1

is a real number.

= 2121 = 1

u|,_L

::oz-l_:
1
1

Similarly zo = -

[2]]



11 7, + 7

—+ o —
I+ 2z _A 2z __hI Zl"'z:_
Z) 2y Z) Z,

= We have if z= z only when z is real.

_ 4 +Zz
_ 1+ 2zz,
[ﬁ+%]=[%+%J L B+ Iy el
I+22 I+ 22 1+ zz,

Question 3.
Which one of the points 10 - 8i, 11 + 6i is closest to 1 + .
Solution:

letzy=1+1
z>=10—-8i
23211 + bi

|lz1—z3| = |1 + i—10 + 8|

= |-9 + 9i

= /(=9%) + (9%)

= V162 = 9v2

|z— 23] = |1 + i— 11 - 6i]

= |-10 - 5i|= \/(—102) + (—5%)
= /100 + 25

= V125

= /5 x 25 = 5V5

5 5vY5 < 92

sz 2] > |z 73

=11 + 6iis closestto 1 + i



Question 4.
If |z| = 3,showthat 7 < |z+ 6 - 8i| < 13.
Solution:

|z] = 3, To find the lower bound and upper bound we have
llz1] = lzal| £ |21 + z2] < |z1] + |22
llz] — |6 - 8i|]| < |z + 6 - 8i|] < |z| + |6 - 8i
13-/36 + 64| <|z+6-8i] <3+ 36+ 64
3-10|<|z+6-8i|<3+10
7<lz+6-8i=<13
Question 5.
If |z| = 1, show that 2 < |22 - 3| < 4.
Solution:
given |z| = 1

Now |z° - 3| < |Z%] + |-3]

=zJ* + 3

=1+3=4

2P -3 g4 ()
2% = 3] > [|2°]-]-3]]
=[1-3[=]-2|=2

12" =322 e (2)
From 1 and 2
2<|*-3]<4

Hence Proved.



Question 6.

If |z — % ‘ = 2, show that the greatest and least value of |z] are V3 + 1 and V3 — 1 respectively.

Solution:
2= 2| =2
We know that
We know that
2
Iz -] < z—E =12
Z z
-2 <2
z
Case (7) Let t=|z| = ’r—% <2
-2{!-% <2 = r-%}-z(or}r—§{2
r-2<2t = £2-2t-2<0
Case (i)
_+_
£_2t-2<0 I A N

2
The minimum value of |z| is |1 - V3| =V3 -1
The greatest value of |z| is V3+1

Question 7.
If z1, z2 and z3 are three complex numbers such that |z1| =1, |z2| = 2, |z3] =3 and |z1 + z2 +
z3| = 1, show that |9z1z2 + 471 23 + 72 23| = 6.

Solution:
2, =1 = |z, 2=1
7 =1 I
21z = = 2z, =
1=1 1 Z
|z,| =2 = |3212=4
= 4
Z3Z; =4 =z, = —

)



9
Similarly 2= =
-
%3
1 4 9
2, +2z,+2,| =1 = —t—+t— =1
I 5 A
5,7 +455 + 955 _ 25 +455,+ 955 _
— — = = = =
212,25 |Z13233‘
lzz Z, + 42,2, + 92,2,
=1 = |22 +422, 49212 | = |z |z,|z]

‘zlzzz3‘
|2023 + 4212, +9212,| =1 x2x3=6

Question 8.

If the area of the triangle formed by the vertices z, iz, and z + iz is 50 square units, find the
value of |z|.

Solution:

The vertices are z = x + iy.

iz=i(x+1iy) =-y +ix

z+iz=(x-y)+ix+y)

the points representing the complex numbers z, iz and z + iz are (X, y), (-y, x) and ((x - y),
(x +y)) respectively.

given area of triangle = 50 square units

15 [xaly2—y3) + xalys = y1) + x3ly1 —y2)]| = 50
x(x —x—y) -y(x + y—y) + (x—y) (y —x)| = 100
|-xy —xy + 2xy — x* — y°| = 100

x* +y* =100

lz]* = 100

|z| =10

Question 9.

Show that the equation z3 + 2z" = 0 has five solutions.
Solution:

Given thatz3 + 22" =0

23=-27 ... (D

Taking modulus on both sides,



|2 = |- 27| = [z =2|Z|
lz]* = 2|z| = |z]*~2 |z =0
2 (|2 ~2) =0
lzl=00r |zZ2-2=0
Izl =0 = z=01s a solution.
ZP—2=0=|z2=2
zz =2

-
From()=»> — =72 .‘.{Z)jz[—;—]=2 =-z'=4

z has four non-zero solution.
Hence including zero solution. There are five solutions.

Question 10.
Find the square roots of
(i) 4+ 3i
(i) -6 + 8i
(iii) -5 - 12i
Solution:
(i)z =4 + 3i
|z| =14 + 3i| =416 4+9=5
(
|z|+a b ]z|-va
= = +1i
We have Jz =2 7 5| J
\
Nor N (f EEC IO Cl BN (E VR B
V2 3V 2 2
(if) z=-6+8i = lz| = J36+64 =10
( |z|+a+1_i |z|-a
A A T

\
( 10—
J-6+8i == 10-6,:3 m+6]=ﬂ:(~ﬁ+i2v@] =+ J2(1+2i)



(iiy) z=-5-12i

f
13-5 12 [13+5

J=5-12i =+ 1/—-——-4?— ]= 8 i _iya_ifo
V2 T2V 2 V3 Jz

=+ (2-i3)=+(2-3i)



Ex 2.6
Question 1.

If z = x + iy is a complex number such that | —

pE ‘ = 1. show that the locus of z is real axis.

Solution:

—4i|
‘ z+4£' =1

= |z~ 4i| = |z + 4i

letz = x + iy

= |x + iy — 4i| = |x + iy + 4i

=[x +ily—4)] = [x +(y + 4)]

=22+ (y—4)2 = /22 + (y + 4)2

Squaring on both sides, we get

x2+y? -8y + 16 =x% +y®> + 16 + 8y
16y = 0

= y = 0 in two equation of real axis.

Question 2.
If z = x + iy is a complex number such that Im (f’;ﬂ ) = 0 show that the locus of z is 2x° + 2y?
+x—2y =0.
Solution:
Letz=x+1y

2z+1 2x+iy)+1

Im =0 o im |
iz+1 i(x+iy)+1

= Im [M} =0 =1Im [{z“l)“?yx (l_y)_(’fx)] =0
x—y+l (I=y)+ix  (1-y)=(ix)
Considering only the imaginary parts,
*I(ZIH):ZJ}(;_F} =0 = 22 —x+2y-2)2=0
(I=-») +x
2x% + 2y> + x—=2y = 0.

Hence proved.

Question 3.
Obtain the Cartesian form of the locus of z = x + iy in each of the following cases:

(D) [Re(iz)]* =3



(i) Im[(1-1)z+ 1] =0
(iii) |z +1i] = |z - 1]

(iv) z=z"1

Solution:

(i) Givenz =x + iy
iz=1i(x+1y)

~ [Re (iz)]* = -y
(*=3

y*=3

(i) Im[(1-i)z+1]=0
Solution:
Givenz =x + iy
=(1-)x+iy)+1
=x-ix+iy+y+1=0
>x+y+1)+i(y-x)
Im[(1-i)z+1]=0

~y-x=0

x-y=0

(iii) |z +1i] = |z- 1]

Solution:

[x +iy +i| =[x +iy—1| [~z = x + iy]

x + iy + D = |(x=1) +iy]

Ve t+(y+1)r =/(z-1¢ +y
squaring on both sides
A+ 1) =(x=1)7+y

XY H2y+ 1= —2x+ 1 +y°

(iv) 2 =z!
:f:%
= 2Z =
= |z]° = 1



Question 4.

Show that the following equations represent a circle, and, find its centre and radius.
() ]z-2-i|=3

(i) |2z + 2 -4i| =2

(iii) |3z-6 + 12i| =8

Solution:

iz-2-i]=3

This can be written as

lz-(2-1) =3

This is the from |z — zg| = r and it represents a circle.
. Centre is (2, 1) and radius = 3 units
Aliter:

letz=x+1ly

nlz—-2-i]=3

Ix +iy—2-i|=3

[(x=2) +ily-1)]=3

Viz+2):+ (y—1)2 =3
squaring on both sides
(x=202+(y-1°=9
X—Ax+4+y -2y +1-9=0

X +y —Ax—2y-4=0

Comparing with general from of equation of circle
ax” + by® + 2gx + 2fy + c = 0
wegeta=1b=1g=-2f=-1,c=-4

Centre (-g, -f) = (2, 1)

radius = v/ + f—¢ =4+ 1+ 4=+9 =3 units

(i) |2z+2-4i| =2
Solution:



|2z + 2 - 4i| =2
2|1z-(-1+20)|=2

This can be written as
lz-(-1+2i)|=1

which is in the from |z - zo| =1
Centre of the circle = (-1, 2i)
radius = 1 unit

(iii) |3z -6 + 12i| = 8.
Solution:

32— (2 +4i)| = 8

a8
= |z-(2-4i)| = 3

Thisis in the form |z—zg| = r
Centre of the circle (2 — 4i)

radius % units.

Question 5.
Obtain the Cartesian equation for the locus of z = x + iy in each of the following cases.

() |z-4|=16

(i) |z-4]2-1z-1]2=16
Solution:

Mz=x+iy

|z—4| =16

= x+iy—4] =16

= |(x—4) + iy| = 16

= v’f(a? —4)?2 +y2 =16

Squaring on both sides

(x—4)° + y* = 256

—>x2-8x+ 16 +y>-256 =0

= %% + y% — 8x — 240 = 0 represents the equation of circle
(ii) Givenz = x + iy

|x +iy-4]*- |x+iy-1]>=16
|(x-4)+iy|*-|(x-1) +iy|>*=16
[(x-4)2+y°]-[(x-1D*+y*] =16
x*-8x+16+y*-x*+2x-1-y*=16
-6x-1=0

6x+1=0



Ex 2.7

Question 1.

Write in polar form of the following complex numbers.
(i) 2 +i2V3

(i) 3 -iV3

(iii) -2 - i2

(iv) i—1cosm3+isinm3

Solution:

0] 2+12.J3 =r(cosO +isinB)
r=Jxt+y? =Ja+12 = /16 =4

a= tan”'[Z] =tan"! 2‘-{§| = tan"! J\E‘ I
X 2 3
2 +2i /3 lies in I quadrant
n
B=a= 3
. T .. T - o T
So 2+i2y3) =4(cns§ +isin E)=4 cos 2k::+5 +isin Zﬁr:r;+-3- Jkez
(ii) 3-iy3 =r(cosB+isinB)
r=Jxt+y? =V9+3 =12 =243
a= tan”! 4 = tan™! —-Jg = tan™! ‘-_l‘ -
x 3 NEI S

(3 - i+/3) lies in IV quadrant

G-if3)= zﬁ[ms%nsin[%‘ﬂ
- 2ﬁ[cos(2kn-%)+isin(zkn-%)],kez

(iii) -2 -i2=r(cos O +isin )
r=Jx* y* =JVa+a=22
o= tan™ Xl =tan”! |—| = tan! [1] = =
X -2 4




(-2 — i2) lies in III quadrant

0= -(n-at)=- [E-E] L

2-p=22 hccs[%)+ fsin[_f?]]

=22 cnsan—%ﬂsiﬂkn-—%]kez

(iv) Consider —~1+i = r(cos 0 +isinB)

r= \}x2+y: =J1+1 =2

= tan~! |1 = tan ' = &
=t | < ! = §

~1 + i lies in IT quadrant

-3
4

P

O=nm-oa=n-

im ir

-l +i= /2 cos — +isin —
J_ 4 4

\E[ms%+isin ?’IJ

i-1

=2 _ms[ 9E1_24n ] + isin[gnl—z4“n

[ 5 .. |5
-2 cns[—n}+rmn[—nj = 2| cis 2k1’t+5—n kez
N2 12 12

Question 2.
Find the rectangular form of the following complex numbers.

n .. =
ﬂ cnsE——tsm—

(N [ms%+isin%](ms%+isin]—2~J (i) g(ng+,‘5inE)
3 3

Solution:

= arg| L | =arg(z,) - arg(z,)
T .. T T ., . I z ! \“2
COS—+151N — COS—+ 1510 — 2
3703 37003



(i) arg(z, z,)=Arg(z)+Arg(z,)

 cos [£+£] +isin [mi) ~ cos [2] +,-sm[2“+ff]
s 12 6 12 12 12
(3::] . [311:] T .. T
=08 | — | TIsM|— | =C08 — T 51N —
12 12 4 4

1

- 5 ﬁ[“f}

msE—fsin- CUS[ - ]+:sm[ - )
6 6

A ﬁ]|"

(if)

2[ms:+isin—§] Lua-—:j_—ﬂsm(j;)

ool -3 risn(F-3) - 3| Tl )
= — c0s| — —— |+isin| ———| = — | cos +isin

2 6 3 6 3 2

1 L. (T 1, . i i
- — _+ — = —|— = — e —

5 cns( ] :sm[zﬂ 2[ il =0 3 3

Question 3.

lf(xl+r:yl)[x1+iy2){x§+I}J})“.(xn+iyn}=a+ib !Sh“w that
() [-‘13 '*’}’.1)(1-'22 +y22](x31 + ) )..1(1-“2 +P,,1):a1 +b?

b
(i) Ztan [—]-tan (J+2k:’r.kez

Solution:
() (x1 +1iy1) (x2 + iy2) (x3 + iy3) «ooooee (Xn +iyn) =a +ib ...... (D
Taking modulus on both sides,
|(x1 +iy1) (x2 + iy2) (x3 + iy3) ........ (xn + iyn)| = |a + ib|
|x1 + iy1] |x2 + iy2| |x3 + iy3] ..... |Xn + iyn| = |a + ib|
Vi 432 ey (d+yi a2yl = o+
Squaring on both sides

(x+57) (+23) (B405) - (x+22) = a2+

(ii) Taking Argument on both sides of (1)
arg [ (x +in ) (%2 + vy ) (x5 +i3)..(%, +iy,) | =arg (@ +ib)
arg (x, +iy, ) +arg(x, +iv, ) +arg(x; +iyy ) +... arg(x, +iy,) = arg (a + ib)



t:,-m_'[F—l]ﬂan_lfﬁjﬂan"l[ﬁ]t.ﬁtan'l{y” ] = 2k +tan™’ [E]
X | X2 X3 X, a
b

r=l rJ a
Question 4.
If i}: = cos 20 + i sin 268, show that z = i tan 6.
Solution:
1+z _ c0s20+isin20 Use Nr—Dr componendo and
1-z 1 Nr+Dr dividendo rule
l+z—-1+z cos20+isin26-1
I+z+1-2z  cos20+isin20+1
2z 1-2sin’ 8+ 2isinBeosO -1 [(x+iy)=i(y—xi)]
= . ;|

2 2cos’@-1+i2sinBcosh +1

_ 2sinB[icos@-sinB]  isinB[cos +isin6)]
~ 2cos0[cosO+isin®]  cosB[cosB+isin@]
z=1itan 0

Z

Question 5.

If cos a + cos B + cos y = sin a + sin 3 + sin y = 0, then show that
(i) cos3a+ cos 33 +cos3y=3cos (a+ 3 +7Y)

(ii) sin 3o+ sin 3 +sin 3y =3 sin (a+ B +7Y)

Solution:

cosa+cosf+cosy=sina+sinf+siny=0
Leta=cosa+isina,b=cosf+isinf3,c=cosy+isiny
Euler’s form eib = cos 6 + i sin 9,

Nowa+ b+ c= (cos a+ cos  + cosy) + i(sin a + sin § + siny)
=0+1i0

=0

Ifa+b+c=0thena®+b3*+c*=3abc

= (cos a+ isin a)® + (cos B +isin B)® + (cosy + i siny)?
=3(cosa+isina)+ (cos B+ isinfB) + (cosy+isiny)

By Euler’s theorem

= (eia)® + e(if ) + e(iy ) = 3 eia eif eiy

ei3a + ei3f + ei3y =3 ei(a+p+Yy)

= cos 3a +isin 3a + cos 33 +isin 3 + cos 3y +isin 3y)

= 3[cos(a+ B +7y) +isin(a+B+vy)]

(cos 3 + cos 3B + cos 3y) + i (sin 3a + sin 3 + sin 3y)



=3cos(a+B+y)+i3sin(a+p+y)
Equating real and imaginary parts,

cos 3o+ cos 3+ cos3y=3cos (a+ B +7Y)
cos 3o+ sin 38 +sin3y =3 sin (a+ B +7Y)

Question 6.
If z =x + iy and arg (f_:;) — %, then show that x2 + y2 + 3x -3y + 2 = 0.
Solution:
z—i _m
ag9\z2) ~ 1
We have arg [:_1:| = arg(z4) — arg(z>)

2
[x)

arg(z—i)—arg(z+2) = E
letz=x+ iy

arg (x +iy—i)—arg (x +iy + 2) = 7

arg(x +ily—1)—argx + 2 +iy) = 7

([ y=1_
— )
tan_] (y_l]_tan"] [L = It_ — tan_t x—l x+2 = E
x x+2) 4 1+J’ » J’z 4
(r=1)(x+2)-9" Lo
ot xa+  |_m o [@t2yox-2-9) w
x(x+2)+ y(y-1) 4 | X 4+2x+y -y 4
x(x+2)
e 3
22}?2.1' 2 =tan£=]
xT+y +2x-y | 4

2y-x-2=x24+y2+2x-y
x2+y2+3x-3y+2=0
Hence proved.



Ex 2.8
Question 1.

a+bw+ow? a+bwo? —1

If to w # 1is a cube root of unity, then show that AP ot o T

Solution:
Since w is a cube root of unity, we have w3=1and 1 + w + w?2=10

2z 2 2 2

LHS = =
b+co+aw” ¢+ am+bw’ mz(b+cm+am2] m2(0+am+b{l}1]
aw® + b+ cw mz[a+bm+cm2] 1 )
= 2 2 + 2 l:". W =1,w ={:)]
(01 (b+cm+am] (cm +a+bm)
_ 1 e lt+e' 1+o -’ |
w? 1 o o e
Question 2.
\5 5
Show that (%—l—%) —|—($_%) =3
Solution:
3 5
N IRANE
LHS= | =+ |4 X2-2
[2 2 2 2

3

Polar form of ?+é =r(cos O +isin 0)

3.1
r=xt+y? = Z+E =1

n
9—(1—-—6*

ﬁ ! [cos—+:s1n EJ
2 2 6 6

ﬁ_i [ os X _isinX ]
2 2 6

5 5

T n . T

1)= LHS=|cos—+isin— | +| cos——isin—
M [ 6 ’ ] [ 6 6)

+
|
||

Similarly

_.+ _Sj_t._’_ _S.E 1 5_11:
=cos — i sin 5 teos —isin 5
Sm T s
=2c0rs? =200$(ﬂ—g)=—2¢053=—2x % =—+/3 =RHS



Question 3.

10
. 14sin = +icos =
Find the value of B
1-+sin 15 i cos .5
Solution:
. T i3
w 10 Let z = sin—+icos—
l+sin£+‘ i3 ’ 10 10
1COS 1+z
10 10 - 1 ™
1 T ]+1 == sin——z‘cns£
14 sin-— —icos-— - .
T 10 - z 10 10
- 1 10 B _ - _
_(1+z xz] 0 |TE=Is Pl Z=1 =
(z+1) |
= [5in£+fcos£)m = 1% cos n isin T "’
10 10 10 10
= & [cosm—isinm] =—1 [-1]=1
Question 4.

If2cosa:x+%and2cos|3:y+ %,showthat

. "y - 1 |
—+==2cos(0.— ) i) xv——=2isin(ce + )
U, (i) o p
n 1
(#fi) i; - X < 2isin (ma - nf) (iv) x"v" +ﬁ=2cas{m+nﬂj
v x™ xy
Solution:
(i]2cosazx+%
=2 cosa= 3:2;1

= 2% cosa=x + 1

S>x2—2xcosa+1=0




2cosat+vdcosix—4

= 2
‘= 2cosot 2\/-4[1--«:»*:.»51 o)
2
2cosout 2isino
x= >

X=COos 0 *1S8ina
Let x= cosa +isina,Similarly y=cos 3 +isinf

x = ¢i% y=gb
X = i =g = &@F)
y e
d = cos (a—P) +isin(a—p)
y
Similarly f = cos (e — ) —isin (a - p)
LA 4 =2cos(a—B)
v X

(i) xv=e%eP =e®P=cos(a+p)+isin(a+p)

— =cos (a+ B)—isin(a+p)

g- |-

Xy - = [cos (o + P) + i sin (o + B)] — [cos (a + B) — i sin (a + B)]

=2isin(a+p)
i em " 14 .
_ ( ] _ e E:{mtz—nﬂ' )

(iii) X _ _
i _}’” (e‘. )n e""&

m

5 = cos (moc—nf) + i sin (moc —nf)
y



% = ¢o8 (ma — nP) — i sin (ma. - nf)
X
x_” - v_’: = [cos(ma. — nP) + i sin(ma — nP)] — [cos(mo. — nP) — i sin(ma — nP)]
X
= 2i sin (ma. — np)

(iv) x"y" = (e,-a)'" (eiﬁ)” P Jatnf))

x"y" = cos (mo + nP) + i sin (mo. + nf)

1

"y = cos (ma + np) —isin (ma + np)

1
x"y" 4 S 2 cos (ma. + nf)

Question 5.
Solve the equation 73 +27=0

Solution:
z3+27=0
=z3=-27
=z3 =33(-1)
=>z=3(-1)1/3

1
z=3[cos(2kn+m)+i sin2kn+m 3

] (2kn+n] . .(2-‘:3‘[+1‘:]:|
=3 | cos| ——— |+i sin| —

k=0,1,2

. .m
- = cos— + 1 51—
k=0,z=3 |cos 4 3}

k=1,z=3 cus3—n+isin'—3TE =-3

Sm .. Sm
= F= cos— + S1Nn —
k=12, 3 3 I 81 3}

Question 6.

If w # 1 is a cube root of unity, show that the roots of the equation (z-1)3+8=0are-1, 1
-2w,1 - 2w?

Solution:

(z-1)3+8=0



= (z-1)3=-8

(z— 1P =(2P x 1 = (z _l]—[ }3[1]3
! | 1
z-1=-2[1]s =-2 [cos2kn +isin 2kn]s
[ 2km . ka]
2_1=-2|cos==—+isin— |- k=0.1.2
! 3 3 L L |
k=0,z—-1==-2(1) = z=-2+]1=-]
k=1,z—-1==-2 cosz—n-i- rsmﬂ =2
L3 3 ]
z=1-2w
k=2,z—1=-2 1.::1255.4—:'1:+:sm|4—]I
e R 3
z—1=-2w? = z=1-2w?

The rootsare-1,1-2w, 1 - 2w?

Question 7.
Find the value of ZE,: (CDS + isin %)

Solution:
Eizl (ccrs = +isin %)

We know that 9th roots of unit are 1, w, we, ......., w?
Sum of the roots:
T+w+wi+ . +wW=0=2w+wl+w?+ ... + wd = -1
Ithk=1 = msE+isin-2£=m
Ifk=2 = lr:.msﬂ':r-i+r’sinu4—ﬂ=u:n2

. 9 9
Ifk=8 = cus%ﬂ+rsml—?=mg

The sum of all the terms Zk L (CDS 2kt | ;sin %) = -1

Question 8.
If w # 1 is a cube root of unity, show that



HAl-0o+w?)e+1+w-w?)e=128

(i) (1 + ©)(1 + 0D (1 + 0 (1 + ©F) (1 + 02 = 1
Solution:

HA-0+0)6+(1+0-w?)6

= (-0 + )6+ (-0 - w?)6

= (20)6 + (-20?)5

=26 [w® + w1?] [+ wb = 1]

=64 [1+1]

=64 x2

=128

(i) (1-w) (1+ 0w 1+ w) 1+ w2) ... 2n factors
(-0?) (-0) (0?) (-®) e 2n factor

(03) (@) ...... 2n factor
=1.1....... 2nfactor
=1

Question 9.

If z= 2 - 2i, find the rotation of z by 0 radians in the counter clockwise direction about the
origin when

)6 =3
(i) B = %ﬂ
(i) 6 = 3?“
Solution:

z=2-2i=2(1-1i)=r(cos O + isin )

r=+z2+1y2 =2/1+1=22

a=tan! = |Z|=tan ! |1]| = T

(1—1) lies in IV quadrant

w

— 2= 2y/2 [cos(2) + isin(F)]

7 is rotated by O = % in the counter clock wise direction.
T T (7 & T .. T

= 242 | cos| === |+isin] === || = 242 = +isin—
Z [ (3 4J ISIH{S 4]] [WSIZ 13“.112]

(i) z is rotated by O = % in the counter clockwise direction.

8:—[){:_



2 (2
z= 22 [ms(%—%)nsm(?—%ﬂ
= Eﬁ[cus?—g+fsinf—g]

(iii) z is rotated by 8 = 32 in the counter clockwise direction.

z=2V2 [Cﬂs(%-§]+isin[%—§]]

{2l

Question 10.
Prove that the values of /—1 are 4+ %(1 + 1)
Solution:
1
Letz= (-1)4

1
z= [cos[2k1r+1r} +isin(2kx +}.‘:}:F1

dkr+r .. (2kr+x)]
z = | COS +151n |
4 4 |

k=10,1273

k=0,z=cosZ+isinZ = —— 4
e =R A

ir . Aim 1 i
k=1,z= -:::::sTﬂsmT = Fﬁ+ﬁ
k=2,z= casj—z+isin5—z = —L—i

’ 4 4 2 2
k=3,z= +::us.:r.—ﬂr+isinlj'E L
’ V2 2

_ 1 :
The roots are :I:ﬁ(l + 1)



Ex 2.9

Question 1.

n + in-l—l + in+2 + in+3 is
@ao

(b) 1

(-1

(d)i

Answer:

(@0

Question 2.

The value of 312, (" +4" 1) is
@1+i

(b) i

(o1

(do

Answer:

(@1+i

13
Hint. 3, ={+i®)+ (@ +i")+ @ +)+* +7)+..0" +i")
i=l

1 +2(+2+P+ ..+ 3 =1+200)+i
L+ i

Question 3.
The area of the triangle formed by the complex numbers z, iz, and z + iz in the Argand’s
diagrams is

(a) 3 I
(b) |zI*

() 31z
(d) 2|z

Answer:



(a) 5 IzI
Hint: Area of triangle = % bh
|z liz]|

|21

B | =t B =t

Question 4.

The conjugate of a complex number is ﬁ Then, the complex number is

(d) 5
Answer:
0) 75
Hint:

zZ = -

1 -1

z= =—

—i=2  j+42

Question 5.

=y 3 . 2
If z = {ﬁ;iéi!;—ij then |z| is equal to
[]

(@0
(b)1
(c)2
(d)3
Answer:

(c)2



Hint:

L
|4+3i

-
|a

(V3+i) (3ita) B+

(8+6i)°

el =

8+ 6if*
] s
(m)z 100

Question 6.

If z is a non zero complex number, such that 2iz2 = 7" then |z| is

1
@3
(b) 1
(c)2
(d)3
Answer:

1
@ 5
Hint:

2i2=(7) = [2i2*|=|Z|

2il l2* = [ = 2z = 2]
)
lz| = —
A=
Question 7.
If |z-2 +i| < 2, then the greatest value of |z| is
(@) V3-2
(b) V3 +2
(©)V5-2
(d) V5 +2
Answer:
(d) V5 +2
Hint:
lz-2+i<2

‘Ezl
2]~ |V3] <2 |z]-5 <2
lz| < 245

“lza| < |z - 2|<2 = |la|-[2-i|<|z~2+i<2



Question 8.

If |z — % , then the least value of |z| is
(@1
(b) 2
(©3
(d)5
Answer:
(a1
Hint:
z-E =2
F4
|z|—3 < z—E =2
Z 4
3
|lz|-= <2 Lett=|z|
g
3 2
t—=-=2 = t"=3<2
t
254412 o214
2 2
(= 2-4 g 2+4
2 2
= —1, 3. The least value of |z| = 1
Question 9.
If |z| = 1, then the value of L_Li is
(a) z
(b)
(c) %
(d) 1
Answer:

(@) z

= £ -21-3<0



Hint:
lz| =1 =z =

14z l+z {l+z)xz
— = = =z
1+7 .1 (z2+4])
&

Question 10.
The solution of the equation |z| -z=1 + 2iis

(a) 5 - 2i
(b) -3 +2i
()2 51
@2+gi
Answer:

(a) 3 -2i

Hint. el —z=1+2i

~..|I'Jr:2+y2 —(x+ip)=1+2i
Nt +yt —x—iy=1+2i

y=-2 ::»-«l'x1+y2 —x=1
Vxl+4 =(1+x)

Squaring on both sides

x> +4=(1+x)?
3
Xtd=1+x"+2 = 2x=3 =>x=7
3 .
z= = =2

Question 11.
If |z1) = 1, |z2| = 2, |z3| = 3 and |921 22 + 42173 + z2 73| = 12, then the value of |z1 + 72 + z3] is

@1
(b) 2
(03
(d) 4
Answer:



(b) 2
Hint: |z1 + z2 + z3| = 2

Question 12.

If z is a complex number such thatz€ C/Rand z + 1z € R, then |z| is ___
(@0

(b) 1

(02

(d)3

Answer:

(b)1

Hint: We have

1
z+ z =2 Re(z) 5. — = Z only when |z| = |
z

1 _
z+—=z4+Z =2Re(z) .. |z7=1
z
Question 13.
74, Z; and z3 are complex numbers such that z; + z; + z3 = 0 and |z4] = |z5] =

2 2 2 .
zl—zz—l-z3 is

(@3
(b) 2
(1
do
Answer:
(d)o
Hint:

= 1 then

3

1 1 1
zytz,tz, =0 = —t—+— =0
S B

222y + 12y + 2124

E— =0 => 5 +5Z53+ 37, =0
) 3 &

= I+ nzytzz, =0



Question 14.

If % is purely imaginary, then |z| is

(a) 1
(b) 1

(c)

(d) 3
(b) 1

Hint, ~—

i is purely imaginary.

x+iy-1
c[x+@+|]=ﬂ
Considering only the real part
(x=1)(x+1)+ )’

0

1'f3c+1}2 +y?
ﬂ—]+&g=ﬂ
= z2 =1

Question 15.

Answer:
R [z-—i]
= Re z+1 =0

= Re ({_x.—.]}+iyx{x+1}—iy] o

(x+1)+iy  x+1-iy

=x2+y2=1

= 2| =1

If z=x + iy is a complex number such that |z + 2| = |z - 2|, then the locus of z is

(a) real axis

(b) imaginary axis

(c) ellipse

(d) circle

Answer:

(b) imaginary axis

Hint:

|lz+ 2| =|z-2|

= |x+iy+ 2| =|x+1iy - 2|
= |x+2+iy|2=|x- 2+ iy|?
>x+2)+y’=(x-2)2+y?
=>x2+4+4x=x2+4-4x
=>8x=0

=>x=0



Question 16.

The principal argument of 1‘3”. is
S
(a) -
2
y— =t
(b.-' 3
) _3r
I:C.-' 4
y T
I:dJ 2
Answer:
Hint:
3 3-1-1)  3(-1-1)
—1+i (=1+i}=1-=i) 2
b1
o = tan™! " =tan”! |1 = n
The complex number lies in lll quadrant. § = —(m — a:) = — (';r — %) = j’r

Question 17.

The principal argument of (sin 40° + i cos 40°)5is_____
(a) -110°

(b) -70°

(c) 70°

(d) 110°

Answer:

(a) -110°

Hint:

(sin 40° + i cos 40°)5

= (cos 50° + i sin 50°)5

= (cos 250° + i sin 250°)

250° lies in III quadrant.

To find the principal argument the rotation must be in a clockwise direction which
coincides with 250°

6 =-110°

Question 18.

If(1+4+1i)(1+2i) (1+3i)..(1 +ni) =x+iy, then 2.5.10.....(1 + n2 ) is ____
(@1

(b) i

(c) x% + y?

(d) 1+ n?



Answer:
() %2 +y?

Question 19.
If w # 1 is a cubic root of unity and (1 + w)7 = A + B w, then (A, B) equalto _____
(@) (1,0)
(b) (-1, 1)
(©) (0,1)
(d @11
Answer:
(d (1, 1)
Hint:
(1+w)=A+Bo
(- ®’) = A+ Bo [Since 1 + w + ©? = 0; ©? = (1 + ©)]
-0 = A+ Bo
-0° = A+ Bo
{1+ w)]=A+Bo

l+o=A+Bo = A=1,B=1
(A,B)=(1.1)
Question 20.
. (1+iy3)?
The principal argument of the complex number HA=is3) is
(a) 2
(b) T
©%F
d I
Answer
d I
Hint
[1+N’§f C1-3+2i3 24203 2(—1+:‘Ji}
4i(1-i3) C A3 4(V3+i)  4(VB+)
i(\ﬁﬁ-f] i T
e = —
2(V3+i) 2 B



Question 21.
If a and B are the roots of x2 + x + 1 = 0, then a2020 4 32020ig
(a)-2
(b) -1
(o1
(d)2
Answer:
(b) -1
Hint:
x2+x+1=0
a and (3 are the roots of the equation.
There are the two roots of cube roots of unity except 1.
==
2020 4 [321312(! - mmm + {mz)zmu = m3{6?3}+ Iy (m}[ﬁ? I+ I}Z

=w+n? =-1
Question 22.
3
The product of all four values of (CDS % + 25in %)T is
(a) -2
(b) -1
(1
(d) 2
Answer:
(1
|
Hint. [CQSEHSME]‘ = (cosm+isinm)4 =qis[2kﬂ4+n]
3
. [EJ _ [31":) : (5:;} . (Tn
The roots are cis | — | cis | —— | cis | = | cis | —
4 4 4 4
. (m 3m 5m U= .
Product of roots = cis (—— e +—] = ¢is (4m)
4 4 4 4
=cos0+isin0=1
Question 23.
[1 1 1
If w # 1is a cubicroot of unityand [1 —w? —1 w?| =3k thenkis equal to
|1 w? w"
(@1
(b) -1

(c) iV3



(d) -iv3

Answer:
(d) -iv3
Hint:
1 1 1 1 1 1
| —0=1 o =3k =1 -0’-1 o =3k
1 o o I o e
~1+i3
1+w+ae’=0) w="7
3 0 0
1 -1-0* o’ =3k[R, >R +R,+R)
1 ®
3(_0}._0]3_.(,)4): 3k = 3{——20} —])=3k
-1 i3
_.2[‘2“+!—;£] -1 =k
1-i3 -1=k =k=-i3
Question 24.
.y 10
The value of (1+—""§=) is
1—/3i
. 2x
(a) cis 3
4
(b) cis =5
2
(c) -cis =
dar
(d) -cis =
Answer:
2
(a) cis 5
Hint:

1+£ﬁ =r(cos O +isinf)

r=1||'x2+y =4 =2

o = 0=tan 2| = tan" ]\E‘ =z
X ' 3




(I+;‘J§) -2 [cas%ﬂsing)
[]—r\ﬁ) =2 [ces%ﬂ+isin_—;J

(8] |2 s o] ol

. [ 2n
= cis(6n+ E_n') = cm(—]
3 3

Question 25.

z+1 W w?
If w = cis %‘" then the number of distinct roots of | w z 4 w? 1 =0 are
w? 1 z+w
@1
(b) 2
(03
(d) 4
Answer:

@1
Hint:

z+1 (0 mz

w z+o@ 1 |=gq

m? 1 z+®

R|—1R|+R_Z+R3andl+m+mz=[l

z Z z

o 1 z+o



1 1 1 {

z| W 7+ 0° 1 = —

mi

o 1  z+o
z [(z+m2 —m](z+m—tﬂ2]—[l mmz)[l—m]] =10

z[[zz -{m-u:rz)zj]—[1~mum2 +m31

z{zz—[m1+m—2]—3} = {zz}

z = () one distinct root

0

-

® z+0 -o

2

0
1—m

ZHm -

=0



