19. SOLUTIONS OF
TRIANGLE

1. INTRODUCTION

In any triangle ABC, the side BC, opposite to the angle A is denoted by a; the side CA and

AB, opposite to the angles B and C respectively are denoted by b and c respectively. The C b
semi-perimeter of the triangle is denoted by s and its area by A or S. In this chapter, we shall

discuss various relations between the sides a, b, c and the angles A, B, C of A ABC.

2. SINE RULE Figure 19.1

The sides of a triangle (any type of triangle) are proportional to the sines of the angle opposite to them in triangle
a b C

ABC, — S et
sinA  sinB  sinC

sinA _sinB _ sinC
b c
(ii) The sine rule is a very useful tool to express the sides of a triangle in terms of sines of the angle and vice-versa

. . a b C
in the following manner: —— = —— = —
sinA sinB  sinC

Note: (i) The above rule can also be written as

=k(Let);= a=ksinA, b =ksinB, c =ksinC

sinA _sinB_ sinC
a b C

Similarly, =k(Let); = sinA =Aa, sinB=2Ab, sinC =A\c

3. COSINE RULE

A
2 2 2 2 2 2 2 2 2
Inany AABC, cosA = b7 +c —a” - COsB = &;cosc _atb’-c
2bc 2ac 2ab
Note: In particular ¢ . b
o 2, 2 2 b sin C

/A =60"= b“+c“—-a“ =bc

/B=60"= c?+a°-b’ =ca 5 C
D

/C=60"= a’+b>-c? =ab <— b cosC—»

< a >
Figure 19.2

4. PROJECTION FORMULAE

If any AABC:(i) a=bcosC+ccosB (ii) b=ccosA+acosC (iii) c=acosB+bcosA

i.e. any side of a triangle is equal to the sum of the projection of the other two sides on it.
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Case It When AABC is an acute angled triangle,

cosB :%: BD = AB.cosB = BD = c.cosB and

cosC :i—E: CD = AC.cosC = CD =bcosC

A
Q
v

then, BD+DC=BC

Figure 19.3
sa=ccosB+bcosC A
Case II: When AABC is an obtuse angled triangle,
cosC= C—D = CD =AC.cosC
AC
BD

CD =b.cosC and cos(180 - B) - 5= BD = —c.cosB then,

b D B C
a=BCand CD-BD = a=bcosC+ccosB Figure 19.4
Illustration 1: If A =75°, B =45°, then what is the value of b + c\/i ? (JEE MAIN)

Sol: Here, c =180° —120° = 60°. Therefore by using sine rule, we can solve the above problem.

a=k sin 75°

Use sine rule a - b - ¢ =K = b=k sin45°
in75° in45° in60°

sin sin sin =k sin 60°

\/§+1 \/§+1
=k =2k
2 22

=2ksin75° = 2ksinA = 2a

consider, (b+C\/§)=k(Sin450 + 25in600)

Illustration 2: Ina A ABC, if B=30° and c= \/gb, then find the value of A. (JEE MAIN)

: . ?+a’ —b? .
Sol: Here, by using cosine rule cosB = T we can easily solve the above problem.
ca

2 2 2 5 5 2
We havecosB:ujézm
2ca 2 2x3bxa

=a-b=00Ra-2b=0

;= a’ —3ab+2b> =0 = (a-2b)(a-b) =0

= Eithera=b=A=30° or a=2b=a° = 4b° = b% + > = A=90°.

lllustration 3: Prove thatasin(B—C)+bsin(C - A)+csin(A-B) =0 (JEE MAIN)
b C

sinA - sinB - sinC

In equation asin(B—C)+bsin(C—A)+csin(A—B) =0, puttinga = ksin A, b =ksinB, ¢ = ksinC

Sol: By sine rule i.e. =k we can simply prove the above equation.

= k(sinAsin(B—C)+sinBsin(C—A)+sinCsin(A—B)) =0 (expanding all terms gets cancelled)
(Using sin (0. —B) = sin a.. cos B—sin 3 cos a.)

2 2

Illustration 4: Prove that sin(B —C) = b” — ¢ sinA (JEE MAIN)

a
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2_2
sinA = a° sin(B—C):(b2 —cz)sinA

Sol: Given, sin(B-C) = b
a

Takin L.H.S., a%sin(B — C) = a2(sinBcosC — cosBsinC)

. . . 2,2 42 2 W2 2
sinA  sinB  sinC . a“+c -b a“+b° —c
= = =k (say) and cosine rule, cosB=———, and cosC=————

Now using sine rule,
a b C 2 ac 2 ab

- 2

2 W2 2 2,2 2 2 W2 2 2.2 2
. kba +b*—-c® a“+c“-b ke :kaa+b —c“-a"+c"-b
2 ab 2 ac

J:sinAx(bz—cz):RHS.

Illustration 5 The angles of a triangle are in 4:1:1 ratio. Find the ratio between its greater side and perimeter?
(JEE ADVANCED)

Sol: Here, the angles are 120°, 30°, 30°. Therefore, by using sine rule, we will get the required ratio.
Angles are 120°, 30°, 30°.

If the sides opposite to these angles are a, b and c respectively, a will be the greatest side.

. a b C a b C a b
Now from sine formula, = = : 2 _=

= = = D=
sin120°  sin30°  sin30° Y32 172 172" T3 1

Yk VB
(2+\/§)k 2443

Ilustration 6: Solve bcos® % + ccoszg in term of k where k is perimeter of the AABC. (JEE ADVANCED)

C
= — = k
1 (say)

then a= @ perimeter= (2+\/§)k ;.. Required ratio =

Sol: We can solve the given problem simply by cos? 6 = - +C;JS 2

Here, bcos? %+ ccos? % = g(l + cosC) + %(1 + cosB) [using projection formula]

= b+c +la = a+b+c; bc052%+cc052%= % [where k=a+b+c, given]

2 2 2

A-B
b tan( 5 j
Illustration 7: In any triangle ABC, show that a = (JEE ADVANCED)
+b [A + Bj
tan 5

Sol: We can derive the values of a, b and c using sine rule and putting it to L.H.S. we can prove the above problem.

We know that,—— = .b = ,C =
sinA  sinB  sinC
= a=ksinA, b=ksinB, c=ksinC ..(0)
On putting the values of a and b from (1) on LH.S., we get
) . A-B
I_HS_a—b_ksinA—ksinB_sinA—sinB 3 cos >N
"7 a+b ksinA+ksinB  sinA+sinB . . A+B__ A-B
2sin cos 5

A-B
A+B). (A-B tan[ 2 ]
=cot A tan = = RH.S.
2 2 [A+BJ
tan

N
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5. NAPIER'S ANALOGY (LAW OF TANGENTS)

. B-C b-c A, A-B a-b c) .. C-A c-a B
In any AABC, (i) tan( > ]—(mjcot(fj(u) tan[ > ]—(E)cot[E] (iii) tan( 5 j—[mjcot(zj

Proof:(i) R.H.S. =Ecot A =Mcot A [By the sine rule] = M cot A
b+c 2 ksinB +ksinc 2 sinB +sinc 2

. -C B+C
ZSln(zjcos[ > ] A
= .cot| — | [By C & D formulae]
. (B+C B-C 2
2sin| —— |cos| ——
2 2
=tan B-C .cot B+C = cot A =tan B-
2 2 2
:tan(B_CJzLHS
2

Similarly, (ii) and (iii) can be proved.

Cj.tan(%}.cot[%} [By condition identities]

Illustration 8: In any triangle ABC, if A=30°, b=3 and c= 3\/5, then find ZBand ZC. (JEE MAIN)
. C-B c-b A . .
Sol: By using formula, tan 7= _bCOtE' we can easily obtain the values of #Band ZC.
c+

Here ZA =30° . %:90%%:90—150 = 75° . ()
Sincec>b = ZC > /B and B+ C =150° ... (i)
tanc_B :ﬂcoté:ﬂtan B+C ;:>tanc_B = 33-3 tan75°

2 c+b 2 c+b 3(\/§+1)

= tan €8 =C_bcot T A =ﬂtan A
2 c+b 2 c+b 2

. C- _3(\@_1) o o _(\/g_l) tan45° +tan30°
[Using (1) ] = tan 5 —3(\/§+l)tan(45 +30 )_(\/§+1)(1—tan45°tan30°J
1
(1) T | () WBe1) ) L€ e T panase
:(\E+1) — :[\/5+1][\/§—1J:1;:> =45 ;[.tan45 -1]
NE)
= C-B=90° .. (iii)

Solving (ii) and (iii), we get #B=30° and #C=120°

6. TRIGONOMETRIC RATIOS OF HALF ANGLES

Sine, cosine and tangent of half the angles of any triangle are related to their sides as given below. Note that the
perimeter of AABC will be denoted by 2s i.e. 2s=a+b+c and the area denoted by A.
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Formulae for sm[ ] ( ) [%] for any AABC

M Si”(g} (5=0)(5=9) iy in %]:\/@(m)sin(%j: w

Formulae for cos[?] cos( j,cos(%) for any AABC

R e N e R

bc ac ab

Formulae for tan[gj , tan[%),tan(gj for any AABC

(i) tan(%j: w(“) tan@j: (s=c)(s-2) i) tan(%} (s—a)(s-b)

s(s—a) s(s—b) s(s—c)
. . .S—a s-b s-c . 2
Illustration 9: In a triangle ABC, if 11 = 5 = 3 then find the value of tan“(A/ 2). (JEE MAIN)

(s—b)(s—c)
s(s-a)

s—a_s-b s-c 3s—(atb+c) s [A]_(S—b)(S—C) ~12x13 13

A . .
Sol: As we know, tan(;) = . Therefore, by using this formula, we can solve the above problem.

s(s-a) T 36x11 33

= = = =—:Now tan
11 12 13 11+12+13 36’

Illustration 10: In a triangle ABC, prove that(a+b + c)(tan%+ tan%) =2c cot% . (JEE MAIN)

Sol: Here by using tan(%) = w and tan[gj = w we can prove the above problem.

s(s—a) s(s—b)

LHS. = (a+b+c)£tan%+tangj ZZSIJ(S;E)ESa;C) +J(Ss(<;)£5b)a }25\/5:{\/2:: ﬂ/itﬂ

(){b} 205 ¢ (1 ypiciboa)oac| S 2

C
- = =2 t—=RHS.
Js—avs— Js—avs— (s—a)(s—b) tang €03
2

A A
Alternate: LH.S. = ZS[S(S_a) + s(s—b)}

zzA{ 1 i 1 ] 2A(2$—a—b)_ 2cA? _2cs(s—c)
s

“a's-b) (s-a)5-b) (s-a)(s-bja A =2ccots = RHS.

Illustration 11: In a AABC, if coté, cotE, cotE are in AP, then prove that the sides of AABC are in A.P.
2 2 2 (JEE MAIN)

Sol: Here by using trigonometric ratios of half angles formula, we can prove the above illustration.

Given coté, cotE, cotE arein AP
2 2 2
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=

s(s—a) s(s—b) s(s—c) are in AP
AT AT A

:>(s—a), (s—b), (s—c) are in AP

=a,b,c arein AP Proved

Illustration 12: In a AABC, the sides a, b and c are in A.P. Then what is the value of (tan%+ tan%) : cot%?
(JEE ADVANCED)

B
Sol: Simply by using formula oftan%, tan% and COtE we can easily get the required result.

(tangmng];cotg{ J<s—b><s—c>+ J<s—a><s—b>] J< (50 _ (s-delsa)

s(s—a) s(s—c) s—c)(s—a) Js

=25—(a+c):s; =b: a+|;+c; =2b:a+b+c= ab.carein AP

o 2b:a+b+c=2:3

llustration 13: In any triangle ABC, show that cot% + cot%+ cotS—athbre C (JEE ADVANCED)

2 a+b-c 2

Sol: Similar to the above problem, by putting the values of coté, cotE and cotE we can prove the above
problem. 2 2 2

cot2 s cotBicots = s(s—a) n s(s—b) + s(s—¢)
2 2 2 \/(s—b)(s—c) \/(s—c)( a) \/(s—a)(s—b)

! 2(s—a) +4/s(s—b) +4/s*(s—c) |= L s(s—a+s—b+s—c
L'H.S.\/s(s—a)(s—b)(s—c)(\/ ( ) \/ ( b) \/ ( )j \/s(s—a)(s—b)(s—c)[( ° )]

= 1 si3s—(a+b+c);|= 1 s(3s— 25
R e

2

A B C S .
= cot—+cot=—+cot—= (i)
2 2 \/s(s—a)(s—b)(s—c)
Now, R.H.S. = a+b+ccot£= 2 cotEz 2 cotgzicotE
a+b-c 2 a+b+c-2c 2 2s-2c 2 s-c 2
L.HS =RH.S
s s(s—c) _ s? . a+b+cco£= 52 (i)
s-¢ (s—a)(s—b) \/s(s—a)(s—b)(s—c)' a+b-c 2 \/s(s—a)(s—b)(s—c)

From (i) and (ii), we have coté+cotE+cotE = a+b+ccot£. Proved
2 2 a+b-c




7. AREA OF TRIANGLE
. 1, . 1 . 1 .
If Abe the area of a triangle ABC, then A = EbcsmA = EcasmB = EabsmC
Proof: Let ABC be a triangle. Then the following cases arise.
. AABC : . .~ AD
Case I: When is an acute angled triangle, sinB = AB

AD=AB sin B; AD=c sin B; A = Areaof AABC ; A = %(BC)(AD); A= %acsinB

Case-II: When A ABC is an obtuse angled triangle, sin(180 —B) = %;

AD=AB sin B = AD=csinB

A =Area of AABC; A = %(BC)(AD) A= %acsinB; So in each case, A = %acsinB

(ii) Heron's formula A = \/s(s—a)(s—b)(s—c)

Proof: A:lbc ZSInAcosA = bcsin A .cos A
2 2 2 2 2

= bc\/(s—b)(s—c) X\/s(sb; a) [By half angle formula] = \/s(s—a)(s—b)(s—c)

1a’sinBsinC  1b?sinCsinA 1 c?sinAsinB

(i A:2 sin(B+C) :E sin(C+A) :E sin(A+B)

From the above results, we obtain the following values of sinA, sinB and sinC

2 s(s—a)(s—b)(s—c) (v) sinBzz—Azi s(s—a)(s—b)(s—c)

(iv) sinA:Z—A:—
bc bc ca «ca

(vi) sinC= z—ﬁ = % s(s—a)(s—b)(s—c)

sinA _sinB _sinC _ 2A

Further with the help of (iv), (v), (vi) we obtain =
a b C abc

Hlustration 14: In any triangle ABC, prove that 4AcotA =b%+c? —a?.

Sol: We can prove the above problem by using formula of area of trianglei.e. A = %bcsinA and cosA =

2,2 .2
L.HS.=4AcotA = 4.lbcsinA. C(,)SA =2bccosA = 2bc.u =b? +c® —a® =RHS.
2 sinA 2bc
2 12 cimAc
Illustration 15: In any triangle ABC, prove that a” —b” sinAsinB =A

2 sin(A-B)

Sol: By putting a=k sinA and b =ksinB we can prove the above illustration.

a2 —b? sinAsinB (k2sinzA—kzsinzB)sinAsinB kz(sinzA—sin2B)sinAsinB

LHS. == = - .
2 sin(A—B) 2sin(A-B) 2sin(A-B)
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D

Figure 19.5

D B C
Figure 19.6

(JEE MAIN)

b? +c? -a°
2bc '

(JEE MAIN)
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k?sin(A+B)sin(A-B)sinAsinB 2

[using sine formula a=k sinA etc.]= , = —.sin(A + B)sinAsinB
2sin(A—B) 2

= %(ksinA)(ksinB)sin(n—c); [-A+B=n-C]; %absinC — A=RHS.

Illustration 16: A tree stands vertically on a hill side which make an angle of 15° with the horizontal. From a point
on the ground 35m down the hill from the base of the tree, the angle of elevation of the top of the tree is 60°. Find

the height of the tree. (JEE MAIN)
Sol: We can simply obtain the height of the tree from the given figure. P
In AAQR, QR = AQsin15° =35sin15°; AR = AQcos15° =35cos15°
In AAPR, tan60°=%;:>PR:AR.\/§; = PQ+ QR =+/3AR X
— h+35sin15° =~/3.35c0s15°
= h=35(13cos15° - sin15° ) = 35[ 3341 —E]

22 22 25 < Q
:35[3+@—ﬁ+1]= 35 (4)- 3572 o .

22 242 a

Fi 19.7
Hence, the height of the tree= 35v2m rgure

2

Illustration 17: In any triangle ABC, prove that acosA +bcosB +ccosC = 2asinBsinC = 8% (JEE ADVANCED)
abc

Sol: we can solve this illustration by substituting a =ksinA, b =ksinB, and c=ksinC.

As a=ksinA, b =ksinB, c =ksinC ..(0)
LH.S.=acosA+bcosB+ccosC=ksinAcosA +ksinBcosB +ksinCcosC [using sine formula]
= g[{sinZA + sinZB} + sinZCJ = g[Zsin(A + B)cos(A - B) + 25inCcosC]
= E[2 sinCcos(A - B) + 25inCcosCJ = E[Z sinC{cos(A - B) + cos(rc —A+ B)}]
2 2

= ksinC[cos(A—B)—cos(A+B)] = ksinC[ZsinAsinB]

=2(ksinA).sinBsinC:2asinBsinC=2a Z—A Z—A : A:EacsinB:>sinB:Z—AandsinC:z—A
ac )\ ab 2 ac ab
2
_8 RHs.
abc

Illustration 18: The angle of elevation of the top point P of the vertical tower PQ of height h from a point A is 45°
and from a point B, the angle of elevation is 60°, where B is a point at a distance d from the point A measured along
the line AB which makes an angle 30°with AQ. Prove that h = d(\/g—l) (JEE ADVANCED)

Sol: By using sine rule in AABP, we can prove that h = d(\/g—l)

In the figure, PQ represents a tower of height h. The angle of elevation of the point P from the point A on the
ground is
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— /PAQ = 45°; = /PAB+ /BAQ =45°; = /PAB+30° = 45°
Z/PAB = 45° —30° [Given ZBAQ =30°]

ZPAB =15° ()
(Given) Z/APH = 45°; = /APB + /BPH = 45° (given)= /APB+30=45° = /APB=15° .. (ii)
From (i) and (ii), we have ZPAB = ZAPB So BP=AB=d; =BP =d P
[Given AB=d] /
Again ZPAQ =45°, /Q =90° = ZAPQ = 45°
In AAPQ, ZPAQ = /ZAPQ = AQ=PQ=h h
AP? =PQ2 +AQ? =h? +h? = AP? =2h? = AP =+2h
Applying sine formula in AABP, we get AB = AP H
sin15°  sin150° B

= d__ V2 :>d=@E :>d=(\/§—1)h :5 30°

sin15°  sin150° 1022 Q

2 Figure 19.8

Illustration 19: A lamp post is situated at the middle point M of the side AC of a triangular plot ABC with BC=7m,
CA=8m and AB=9m. This lamp post subtends an angle tan™* (3) at the point B. Determine the height of the lamp
post. (JEE ADVANCED)

Sol: Here in ABMP = tan ZPBM = % therefore by obtaining the value of BM we can find out the height of lamp
post.

Here, ABC is a triangular plot. A lamp post PM is situated at the mid-point M of the side AC. Here PM subtends an
angle tan‘1(3) at the point B. a=7m, b=8m and c=9m

2,12 _ 2 2 2 _AR2
In AABC, cos C=2 tP° =" 1 cosc = BC +CA" - AB
2ab 2BC.CA
72+8%-92 49+64-81 32 2 -
cosC = = === ()
2x7x%x8 112 112 7
2 2_ 2 2 2_ 2 _ 2
In ABCM. cosc = BC+CM? —BM ;cosC=7 +4° -BM’ _ 65-BM
2BC.CM 2x7 x4 56
_ 2
L 2_6-BM e M2 =2x56-16 [Using(i)]
7 56 7

=BM? =65-16 =49 = BM=7m

PM 1 PM PM
ABMP = tan/PBM=— = tan(tan " 3|=— =3=— = B c=7
In BM ( ) BM 7 = PM=21m

Hence, the height of the lamp post =21m. Figure 19.9

8. PROPERTIES OF TRIANGLE

8.1 Circumcircle

Acircle passing through the vertices of a triangle is called a circumcircle of the triangle. The centre
of the circumcircle is called the circumcentre of the triangle and it is the point of intersection of
the perpendicular bisectors of the sides of the triangle. The radius of the circumcircle is called Figure 19.10
the circumradius of the triangle and is usually denoted by R and is given by the following
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Where A is area of triangle and s = a+t2)+c .

a b ¢ abc
2sinA  2sinB  2sinC  4AS

formulae: R =

8.2 Incircle

The circle which can be inscribed within the triangle so as to touch all the three sides of the triangle is called
the incircle of the triangle. The centre of the incircle is called the incentre of the triangle and it is the point of
intersection of the internal bisectors of the angles of the triangle. The radius of the circle is called the inradius of
the triangle and is usually denoted by rin-Radius: The radius r of the inscribed circle of a triangle ABC is given by

o -2 (2} o) el

2
(B (C : (C - (B).. (A
asm[z)sm[zJ bSIh[ jsm(zj CSIH[ZJSIHEZJ
(b) r= = and r=——~~2 "/
B C
Cos(zj COS(ZJ Figure 19.11

1 r_
A
cos| —
2
() r=4Rsin A .sin B .sin E
2 2 2

8.3 Centroid

In A ABC, the mid-points of the sides BC, CA and AB are D,E and F respectively. The lines AD, BE and CF are called
medians of the triangle ABC. The points of concurrency of three medians is called the centroid. Generally it is
represented by G.

2 2 2 A
Als0, AG = ZAD, BG = ZBE and CG=CF.

Length of medians from Figure 9.12

F E
2 2,22
S AD? —p2 42 _gp| BIFA -
4 2ab
2 2_ .2
pap oAy L Lo a2
4 2 c
B
lo2. -2 2 1/ °
. 1/ 2 12 _ 1942 2 _2
Similarly, BE—2 2a® +2c° —-b° and CF 5 2a® +2b° —c Figure 19.12

8.4 Apollonius Theorem

AB2 + AC? = 2(AD2 +BD2)

2
Proof: 2(AD2 +BD2) = 2{%(%2 +2c? —a2)+%:l =b%+c% = AB? + AC?

8.5 Orthocentre

The point of intersection of perpendiculars drawn from the vertices on the
opposite sides of a triangle is called its orthocentre.Let the perpendicular
AD,BE and CF from the vertices A,B and C on the opposite sides BC,CA and
AB of ABC, respectively meet at O. Figure 19.13

Then O is the orthocentre of the A ABC. The triangle DEF is called the pedal Triangle of the A ABC.
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Centroid (G) of a triangle is situated on the line joining its circumcentre (O) and orthocenter (H) show that the line
divides joining its circumcentre (O) and orthocenter (H) in the ratio 1:2.

Proof: Let AL be a perpendicular from A on BC, then H lies on AL. If OD is
perpendicular from O on BC, then D is mid-point of BC.

-+ AD is a median of A ABC. Let the line HO meet the median AD at G. Now, we
shall prove that G is the centroid of the A ABC. Obviously, AOGD and AHGA
are similar triangles.

-~ 0G_GD_OD_ RcosA
HG GA HA 2RcosA

1
2

Figure 19.14

-.GD =%GA = G = is centroid of AABC and OG:HG=1:2

The distances of the orthocenter from the vertices and the sides: If O is the orthocenter and DEF the pedal triangle
of the A ABC, where AD, BE, CF are the perpendiculars drawn from A,B,C on the opposite sides BC,CA,AB respectively,
then

(i) OA = 2R cosA, OB = 2R cosB and OC = 2R cosC
(ii) OD = 2R cosBcosC, OE=2R cosCcosA and OF =2R cosAcosB, where R is circumradius.

(iii) The circumradius of the pedal triangle :%
(iv) The area of pedal triangle=2AcosAcosBcosC.

(v) The sides of the pedal triangle are acosA, bcosB and ccosC and its angles are n—2A, 1—2B and n—-2C.
(vi) Circumradii of the triangles OBC, OCA, OAB and ABC are equal.

PLANCESS CONCEPTS

e The circumcentre, centroid and orthocentre are collinear.
e Inany right angled triangle, the orthocentre coincides with the vertex containing the right angle.

e The mid-point of the hypotenuse of a right angled triangle is equidistant from the three vertices of
a triangle.

e The mid-point of the hypotenuse of a right angled triangle is the circumcentreof the triangle.

e The centroid of the triangle lies on the line joining the circumcentre to the orthocentre and divides
it in the ratio 1:2

Vaibhav Krishnan (JEE 2009,AIR 22)

9. PEDAL TRIANGLE

The triangle formed by the feet of the altitudes on the side of
a triangle is called a pedal triangle.

In an acute angled triangle, orthocentre of A ABC is the
in-centre of the pedal triangle DEF.

Proof: Points FH,D and B are concyclic

— /FDH = /FBH = Z/ABE = g—A

Similarly, points D, H, E and C are concyclic Figure 19.15
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— /HDE = ZHCE = ZACF :%—A

Thus, ZFDH = ZHDE = AD is the angle bisector of ZFDE. Hence, altitudes of AABC are internal angle bisectors of
the pedal triangle. Thus, the orthocentre of A ABC is the incentre of the pedal triangle DEF.

Sides of pedal triangle in acute angled triangle

In AAEF,AF =bcosA, AE = ccosA

By cosine rule, EF? = AE” + AF? — 2AE x AF cos ( ZEAF)

= EF? =b? cos® A+ c? cos® A - 2bccos® A

= EF? = cos? A(b2 +c? —2bccosA) = cos’ A(az) = EF=acosA

Circumradius of pedal triangle

EF _acosA acosA a

Let circumradius beR' = 2R"' = — = — =— =—
sm(LEDF) sm(n—ZA) 2sinAcosA  2sinA

=R =R'=R/2

PLANCESS CONCEPTS

e The circle circumscribing the pedal triangle of a given triangle bisects the sides of the given triangle
and also the lines joining the vertices of the given triangle to the orthocenter of the given triangle.
This circle is known as “Nine point circle”.

e The circumcentre of the pedal triangle of a given triangle bisects the line joining the circumcentre of
the triangle to the orthocentre.

e It also passes through midpoint of the line segment from each vertex to the orthocenter.
e Orthocenter of triangle is in centre of pedal triangle.
Shrikant Nagori (JEE 2009, AIR 30)

10. ESCRIBED CIRCLES OF THE TRIANGLE

The circle which touches the sides BC and two sides AB and AC produced of a triangle ABC is called the escribed
circle opposite to the angle A. Its radius is denoted byr, . Similarly,r, andr, denote the radii of the escribed circles
opposite to the angles B and C respectively. The centres of the escribed circles are called the ex-centres. The centre
of the escribed circle opposite to the angle A is the point of intersection of the external bisector of angles B and C.
The internal bisector also passes through the same point. This centre is generally denoted by, .

Formulae for r;, 1, r;

A A A
In any AABC, we have (i) r, = = i
y 0 s—a 2 s-b'3 s-c
.. A B C
i) rp =stan—, r, =stan—, r, =stan—
1 2" 2 2' 3 2
B C C A A B
cosfcosg cosfcosi COSECOSE
i) rp,=a—=—*%,r1,=b ,h=cC
( ) 1 2 B 3 C
CcOS— CcoS— cos—
2 2 2

(iv)yrp = 4RsinécosEcosE, r, = 4RcosésinEcosE, ry = 4RcosécosEsinE
2 2 2 2 2 2 2 2 2

Figure 19.16
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PLANCESS CONCEPTS

If 1, is the centre of the escribed circle opposite to the angle B, then

QL = R\/1+8siné.cosg.cos£; QL = R\/1+8cosé.sin5.cos£; 0L = R\/1+8cosé.cosE.sinE
2 2 2 2 2 2 2 2 2

Where R is circum radius
e The Sum of the opposite angles of a cyclic quadrilateral is 180°.

e In a cyclic quadrilateral, the sum of the products of the opposites is equal to the product of diagonals.
This is known as Ptolemy'’s theorem.

o If the sum of the opposite sides of a quadrilateral is equal, then and only then a circle can be inscribed
in the quadrilateral.

o If I, 1, and |, are the centres of escribed circles which are opposite to A,B and C respectively and |
is the centre of the incircle, then triangle ABC is the pedal triangle of the triangle |;L,l; and | is the
orthocenter of triangle 11,1, .

e The circle circumscribing the pedal triangle of a given triangle bisects the sides of the given triangle

and also the lines joining the vertices of the given triangle to the orthocenter of the given triangle.
This circle is also known as nine point circle.

. ) . ; 1 (ac+bd)(ad+bc)(ab+cd)
e The circumradius of a cyclic quadrilateral,R = —
(s—a)(s—b)(s—c)(s—d)

Nitish Jhawar (JEE 2009, AIR 7)

11. LENGTH OF ANGLE BISECTOR AND MEDIANS

If m, and B, are the lengths of a median and an angle bisector from the angle A then,
1 2bccosé 3
m, =Z42b% +2c% —a° and B, -— 2 Note that mg +m§ +m§ :—(a2 +b? +c2)
2 b+c 4
Illustration 20: The ratio of the circumradius and in radius of an equilateral triangle is (JEE MAIN)

Sol: Here, as we know, all angles of an equilateral triangle are 60°, therefore by using formula of Circumradius and
In radius we can obtain the required ratio.

a+b+c)cos60°
I _3cosA+bcosBrccosC o uilateral triangle, 60° = A =B = C | ) -1

R a+b+c (a +b+ c) 2
Illustration 21: In a AABC, a=18 and b=24cm and c=30cm then find the value of r;, r, and r,. (JEE MAIN)
A A . .
Sol: As we know,f; =——, 1, = b and r; = ——. Hence, we can solve the above problem by using this formula.
s—a S— s—c

a=18cm, b=24cm,c=30cm; .. 2s =a+b+c=72cm; s=36cm But, A = \/s(s—a)(s—b)(s—c)

A =216sq. units Then, r, :i = % =
s—a

So,r, r,, r; are 12cm, 18cm, and 36¢cm respectively.

12cm; r, :izﬁzl&m : @zA:E:BGcm
s-b 12 e 6
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Illustration 22: If the exradii of a triangle are in HP, the corresponding sides are in ____

Sol: Here, in this problem, r, r, and r are in H.P.

111 . s—a s—-b s-c . .
=—,—,— areinAP= , , areinAP=s-a,s—b,s—c arein AP.
2 A AT A

= -a,—-b,—careinAP=a,b,c arein AP

Illustration 23: Find the value of b-c cc-e. @ —b )

£

. A A A
Sol: Byusing rp =——, 1, = b and r; =——, we can solve the above problem.
s—-a S— s—cC

(b-c) (c-a) (a=b) =(b—c)(%}(c‘a)(%}(a_b)[%J

n b 3

A

s(b—c+c—a+a—b)—[ab—ac+bc—ba+ac—bc] :9:0
A A

Illustration 24: Find the value of the rcot%cot%.

(JEE MAIN)

(JEE ADVANCED)

(JEE ADVANCED)

Sol: Here, in this problem, r=4RsinA/2.sinB/2.sinC/2. By putting this value, we can solve the above problem.

cosB/2 cosC/2
sinB/2 sinC/2

rcotB/2.cotC/2 = 4RsinA /2sinB/2.sinC/ 2.

= 4R sinA/2.cosB/2.cosC/2=1, {as,r; = 4RsinA/ 2.cosB/ 2.cosC/ 2|
~rcotB/2.cotC/2=r

12. EXCENTRAL TRIANGLE

[as r=4RsinA/2.sinB/2.sinC/2]

~,
S
.,
~

The triangle formed by joining the three excentres 1,1, and I, of AABC is
called the excentral or excentric triangle. Note that:

(i) The incentre I of AABC is the orthocentre of the excentral ALLL.
(ii) AABC is the pedal triangle of the AL L.

(iii) The sides of the excentral triangle are

4Rcosé,4RcosE and 4Rcos£and
2 2 2
Its anglesare ———, ———= and ———.

(iv) Distance between the incentre and excentre

I, = 4Rsiné; I1, =4RsinE; I, = 4Rsin£.
2 2 2

S
~
.
S
~,

.
.
-
-
-
-
-
-
-
e
-

.
~
.
.
.

Figure 19.17

A

D n
Figure 19.18
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13. M-N THEOREM (RATIO FORMULA)

If D be a point on the side BC of a AABC such that BD:DC = m:n and ZADC =6, ZBAC=aand ZDAC =§.

@) (m+n)cot6 =mcoto.—ncotp  (b) (m+n)cote =ncotB-mcotC

Proof: (a) Given that, BD _m and ZADC =0
DC n

-+ /ADB = (180° - e); /BAD =a and /DAC =

. ZABD =180° (. +180° ~6) =6 —a and ZACD =180° —(0+P)

From AABD, ?D = AD .. (i)

sina sin(e—a)

DC _ AD ., DC __AD
sinp sin[lSOo—(6+[3)J sinp sin(0+)

From AADC, .. (i)

BDsinp sin(9+B) or msinB _ sinf.cosP + cos6.sinf

dividing () by (i), th inp _ . . .
Ividing (1) by (i), then DCsina sin(e—a) nsino  sinB.cosa —cosOsina

or msin@sinfcosa —mcos6.sina.sinf = nsinasin@cosf +nsina.cosBsinB

mcoto. —mcotd = ncotB +ncotd [dividing both sides by sinasinBsin® ] or (m+n)cot6 =mcota —ncotp
(b) Given % = mand /ADC=80; ... ZADB=180°-0; ZABD =BandZACD =C
n
and ZBAD = 180° —(180" —e+B) =0-B; .. ZDAC=180° - (0+C)
BD AD

and now from AABD.— =—
sin(06-B)  sinB

()

DC AD DC AD

and from AADC, =——or — ==
sin[lsoo_(eJrc)J sinC sm(6+C) sinC

. (i)

sin(6+C i i i i
dividing (i) by (ii), then @ : ( ) _ 5|.nC or m5|.n9cosC+coses!nC _ 5|.nC
DC sm(e—B) sinB n sinfcosB —cosOsinB  sinB

or, msinfcosCsinB + mcos0sinCsinB =nsin@sinCcosB —ncosdsinBsinC
or, mcotC+mcotd =ncotB—-ncotd [dividing both sides by sinBsinCsin0]
or,(m+n)cot6=ncotB—mcotC

Illustration 25: In a triangle ABC, if cot%cot% =c, cot%cot% =a and cot%cot% =b,

then find the value of 1 + 1 1

+ . (JEE MAIN)
s—-a s-b s-c

Sol: Here, by using trigonometric ratios of half angle, we can solve above problem.

A B s(s—a) s(s—b) s 1 C
cot—cot—= X =c; =C=>—==
22 \(s-b)(s=c) (s-c)(s-a) s—c s—c s
b
s

Similarl L—i and L—
imrarty s—a s s—b

1 1 1 atb+c 2s
So that + + = =22 =
s—a s—-b s-c S S

2
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14. SOLUTION OF DIFFERENT TYPES OF TRIANGLE

In a triangle, there are six elements- three sides and three angles. In plane geometry, we have done that if three
of the elements are given, at least one of which must be side, then the other three elements can be uniquely
determined. The procedure of determining unknown elements from the known elements is called solving a
triangle.

Solution of a right angled triangle

Case I: When two sides are given: Let the triangle be right angled at C. Then we can determine the remaining
elements as given in the table.

Given Required
(i) a, b tanA=2,B=90° A c=—2>_
b SinA
(i) a,c sinAzi, b =ccosA, B=90° - A
C

Case II: When a side and an acute angle are given: In this case, we can determine the remaining elements as given
in the table.

Given Required
(i) a A B=90°-A,b=acotA, c=—
sinA
(ii) c A B=90°-A, a=csinA, b=ccosA

Solution of a triangle in general

Case I: When three sides a, b, c are given: In this case, the remaining elements are determined by using the

following formulae. A = \/s(s—a)(s—b)(s—c) ,where2s=a+b +c

24 L 24 2A Alo 2 an 2| -2 tan| S| -2
SmA_E’SmB_E'Smc_E' OR tan(gj—s(s_a),tan(zj s(s—b)'tan(Zj s(s—c)

Case II: When two sides a, b and the included angle C are given: In this case, we use the following formulae:

AzlabsinC, tan| A28 =ﬂcot 2 ; A+B =90°—E and C:a§|nC
2 2 a+b 2 2 2 sinA

Case III: When one side a and two angle A and B are given: In this case, we use the following formulae to determine
the remaining elements.

A+B+C=180°; C=180°-(A+B) and c=
Case IV: When two sides a, b and the A opposite to one side is given: In this case, we use the following formulae.

sinB = EsinA ()
a

C-180°—(A+B), c = asinC
sinA

From (i), the following possibilities will arise:

When A is an acute angle and a <bsinA.
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In this case, the relation sinB = —sinA gives that sinB > 1, which is impossible. Hence no triangle is possible.
a

When A is an acute angle and a=bsinA.
In this case, only one triangle is possible which is right angled at B.

When A is an acute angle and a > bsinA

In this case, there are two values of B given by sinB = bsinA say B, and B, such that B, +B, =180° and side c can
be obtained by using ¢ = aélnC
SinA

Some useful results:
Solution of oblique triangles:

The triangle which are not right angled are known as oblique triangles. The problems on solving an oblique triangle
lie in the following categories:

(@) When three sides are given

(b) When two side and included angle are given
(c) When one side and two angles are given

(d) When all the three angles are given

(e) Ambiguous case in solution of triangle

When the three sides are given: When three sides a, b, ¢ of a triangle are given, then to solve it, we have to find
its three angles A,B,C. For this cosine rule can be used.

When two sides and included angle are given: Problem based on finding the angles when any two sides and
the angles between them or any two sides and the difference of the opposite angles to them are given, Napier's
analogy can be used.

When one side and two angles are given: Problems based on finding the sides and angles when any two and
side opposite to one of them are given, then sine rule can be used.

When all the three angles are given: In this case unique solution of triangle is not possible. In this case only the

ratio of the sides can be determined.
For this the formula, — = .b =——can be used
sinA  sinB  sinC

Ambiguous case in solution of triangles: When any two sides and one of the corresponding angles are given,
under certain additional conditions, two triangles are possible. The case when two triangles are possible is called
the ambiguous case.

In fact, when any two sides and the angle opposite to one of them are given either no triangle is possible or only
one triangle is possible or two triangles are possible.

Now, we will discuss the case when two triangles are possible.

Illustration 26: Solve the triangle, if b =72.95, c = 82.31, B = 42°47" (JEE MAIN)
. . . sinC sinB . .
Sol: By using sine rule i.e. — = 5 we can solve the given triangle.
c
sinC  sinB . csinB 82.31xsin42°47'

(i) To find C —:T:smC =0.7663
C

b 72.95

C=sin'(0.7663) C; =50°1'12" and C, =129°58'48"
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I solution II solution
C=50°1'12" C =129°58'48"
A=180°-(B+C) A=180°—(B+C)
A=180° - (42047'+ 5001'12") =87°11'48" =180° —(42°47'+129°58'48") =7°14'12"
To find a To find a
a b a _ b
sinA B sinB sinA  sinB
a— bsinA _ 72.95xsin87°11'48" e bsinA B 72.95x5sin7°14'12"
sinB sin42°27" sinB sin42°27"
a=107.95 a=13.62

.. Two solutions are

C, =50°1'12" A, =87°11'48" a, =107.95 C, =129°58'48" A, = 7°14'12" a, =13.62

Geometrically, we draw the triangle with given data ¢,b and angle B.

" b
(a) If AN(z csinB) =b (exactly). The triangle is a right angled triangle.
(b) If AN(: csinB) > b, the triangle cannot be drawn. /
() If AN(: csinB) <b < ¢, two triangles are possible. B G N G
(d) b>c, only one triangle is possible. Figure 19.19
Illustration 27: In a triangle ABC, b=16cm, c=25cm, and B =33°15". Find the angle C. (JEE MAIN)
Sol: Simply by using sine rule, we can find out the angle C.
We know that, sin€ _ —SIEB [Here, b=16cm, c=25cm, B=33°15"]

C
sinC = <sin - —255“‘1363 1> 0.8567;C=sin(08567)=58°57";C, =58°57"; C, =180° ~58°57" =121°3"

PROBLEM SOLVING TACTICS

In the application of sine rule, the following points are to be noted. We are given one side a and some other side x
is to be found. Both these are in different triangles. We choose a common side y of these triangles. Then apply sine
rule for a and y in one triangle and for x and y for the other triangle and eliminate y. Thus, we will get the unknown
side x in terms of a.

In the adjoining figure, a is the known side of AABC and x is the unknown side of
triangle ACD. The common side of these triangles is AC=y(say). Now, apply sine rule.

=) and ——=I_ (i
sina sinf sin@ siny
e . xsina.  sinf asinfBsin® i 19.20
Dividing (ii) by (i) we get, —— =—; . x = — . igure 19.
asin®  siny sinasiny

In case of generalized triangle problems, option verification is very useful using equilateral, isosceles or right angle
triangle properties. So, it is advised to remember properties of these triangles.
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FORMULAE SHEET

(@) InAABC, ZA+/B+/C=x
(a) sin(B+C) = sin(n—A) =sinA
(b) cos(C + A) =CO0S (rc - B) =-cosB

(c) sin A+B

(d) cos B;C = cos(ﬁ—éj = sinA

a b C

(b) Sinerule:In, —=——=—
sinA  sinB  sinC

= 2R Where R = Circumradius and a, b, c are sides of triangle.

2 2 2 2 2 12 2 2 2
(© Cosinerule: cosA=2 "< =8 gD @b -
2bc 2ac 2ab

(d) Trigonometric ratios of half — angles:

AL w where2s=a+b + ¢ (b) cosA: s(s—a); (c) tané: w
2 bc 2 bc

(@) sin

(e) Areaofatriangle: A = %bcsinA = %casinB = %absinC

, . 3 B B - :a+b+c
(f) Heron’s formula : A_\/s(s a)(s—b)(s—c), where s "B

Ro_2a _ b ¢ _abc
2sinA  2sinB 2sinC  4A

(g) Circumcircle Radius :

. . A A B C
(h) Incircle Radius: (a) r= < (b) r=(s- a)tan(ij, r=(s- b)tan{ij and r = (s —c)tan(gj
(i) Radius of the Escribed Circle :
@ n=——"nKh=—"r=——

A B C
(b) n= stanE, r, = stanE, r :stanz

(c) rp=a 2 2 p_p—2 2 p=c—2 2

d n :4RsinécosEcos£, r =4RcosésinEcos£, r = 4RcosécosEsinE
2 2 2 2 2 2 2 2 2

(j) Length of Angle bisector and Median:

2bccosé

m =%\/2b2+2c2—a2 and Baz—z

. 5 = m,_ - length of median, B, - length of bisector.
+c
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JEE Main/Boards

Example 1: In any triangle PQR, prove that,
(b+c)cosP+ (c+a)cosQ+(a+b)cosR =a+b+c.

Sol: Simply, by using projection rule, we can solve the
above problem.

given LH.S. (b+c)cosP+(c+a)cosQ+(a+b)cosR
=bcosP+ccosP+ccosQ+acosQ+acosR+bcosR

= (bcosP+acosQ)+(ccosP+acosR) +(ccosQ+bcosR)

=c+b+a=RH.S. [By using projection Rule]

Example 2: In any AABC,

Ifa=2b= J3+1 andC = 60° , solve the triangle.
b-a C
—cot—,

b+a 2

we can obtain the value of B — A.

Sol: Here, by using tan% =

Two sides and the included angle is given.
B-A b-a C 3+1-2
= cot— =
2 b+a 2 34142
B J3-1 _ tan60° —tan45°
J3+1 1+tan60°tan4s®

-1
\/§+3\/§

cot30° =

Sotan

tan(60° - 45") =tan15°

% =15° or B—A =30° (D)

We know, A+B+C=180°

= A+B=120° ()
Solving (i) and (ii), we get B =75° & A = 45°

To find side ¢, we use sine rule

a < ;orc=2\/5§=\/g

SinA sin60°

Thus A =45°, B=75° and c = 6.

Example 3: If A=30°,a=100, c= 10042, solve the
triangle

Sol: Here, simply by using sine rule, we can obtain the
required values.

@ _ ° L gnc=1 .C=135%r45°
sinA  sinC 2

C=45° = B=105; b=CSinB:@(\/§+1)

sinC 2

C=135 = B=15°:p = <5NB —@(\E—l)

sinC 2

Example 4: In a triangle ABC, if a=3, b=4 and sinA = i,
then find the value of ZB. 4
Sol: By using sine rule, we can obtain £B

sinA _sinB

We have, —— =——or sinB=EsinA
a b a

Since, a=3, b=4, sinA=3/4,

We get, sinB =ix§=1
3 4

- ZB=90°

Example 5. Find the smallest angle of the triangle

whose sides are 6+\/§, m, «/ﬂ

Sol: The smallest angles of a triangle are those angles
whose opposite sides are small.

Leta:6+\/ﬁ, b:m, c:x/ﬂ

Here, c is the smallest side.
£C is the smallest angle of the triangle.
a’+b%-c?
2ab
(48+24x/§)+48—24 8B

4(3+\/§).4\/§ 2

So,ZC=n/6

Now cosC =

Example 6: In a AABC, tanAtanB tanC=9. For such
triangles, if tan? A +tan’B+tan’C =2 then find the
value of X.

Sol: Here, by solving
(tanA—tanB)2 +(tanB—tanC)2 +(tanC—tanA)2 >0,
we can obtain the value of A.

tan? A + tan’ B + tan’C— tanAtanB
=2 >0
—tanBtanC -tanCtanA
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= 3(tan2A+tanzB+tan2C)— (tanA+tanB+’canC)2 >0
= 37»—(tanA~tanB-tanC)2 >0;
=3A-81>0..A>27

Example 7:In a triangle, a, b and A are givenand ¢;, ¢,
are two values of the third side c. Find the sum of the
areas of two triangles with side a, b, ¢; and a, b, ¢, .

b? +c® —a’
2bc
by solving this equation we can obtain ¢; and c,.

Sol: Here, as we know cosA = , therefore,

b? +c% -a’
2bc

Which is a quadratic in ¢, whose roots are ¢; andc,;
5.¢ +¢, =2bcosA and ¢, b’ -2’

CosA = or c2—(2bcosA)c+(b2—a2)=O

. Sum of areas of two A’s with sides a, b,c; & a, b, ¢, ;
= %bc1 sinA +%bc2 sinA

= ib(c:L +c2)sinA :lb.ZbcosA.sinA = lb2 sin2A
2 2 2

2Jab . C
2

Example 8: In any triangle ABC, if tan = 5 sin
a —_

Prove that c = (a - b)sece

2:Jab

b sin% . Hence, by solving this

Sol: As given, tan =

a’ +b% -c?

b , we can solve
a

and using formula cosC =

the above problem.
2ab . C
b sin —

a 2

s tan 0=

(a—b)ztan26=4absin2E
2
2 2 _ . 2C
or (a—b) (sec 9—1)—4ab5|n 5
2 2n _ 2 . 2£
or (a—b) sec 6—(a b) +4absin >
or (a—b)2 sec’ 0 = a’ +b? —2ab.(1—25in2 E]
2

or (a—b)2 sec’ 0 =a’ +b? —2abcosC

a2+b2—c2}

- cosC =
{ 2ab

or(a—b)2 sec’@=c’; ~.c=(a-b)seco

Example 9: In any A, prove that,

1 2A 1 ZB 1 2C S
—Cos* —+—Cos“ —+=cos* — =—
a 2 b 2 C 2 abc

2

Sol: Here, simply by using trigonometric ratios of half
angle formula we can prove the above example.

Given LH.S.= lcoszé+lcoszﬁ+icosZE
a 2 b 2 c 2

L[ () A

=— s—a+s—b+s—c)

(
=_{3s—(a+b+c)} :i(3s—25)

Hence proved.

Example 10: In any AABC, prove that
2

acosA+bcosB+ccosC = 8—
abc

Sol: By using sine rule, we can obtain values of a, b and
¢ and then by substituting these values in L.H.S. we can
prove this.

a b
sinA  sinB  sinC
Then, a=ksinA, b=ksinB and c=ksinC

=k (let)[by sine rule]

Now, acosA +bcosB +ccosC

=ksinAcosA +ksinBcosB +ksinCcosC

= E[sinZA +5sin2B + sinZC}
2

= g[4sinAsinBsinC] = 2ksinAsinBsinC

:2asinBsinC:2a.2—A.2—A
ac ab
[~'-A=1absinC:lacsinB sinBzz_A' sin(j:z_A
2 2 bc ab
2
=8A= R.H.S
abc

Example 11: In aAABC, Zc=90°, a=3, b=4and D
is a point on AB so that ZBCD =30°. Find the length
of CD.

Sol: Here, by using Pythagoras theorem and sine rule,
we can obtain the length of CD.
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In AABC, £C = 90°
B? =37 +4% =25
AB=1+/3?+4% =5

and
o SinA = E,sinB = i
5 5
in ABCD, by sine rule
BD (D
sin30°  sinB
- = N30 .CD:leCDz—CD - (i)
sinB 2 8
And in AACD, by sine rule
AD (D
sin60°  SINA
— AD = 5n€0" _ﬁ 2D = iCD .. (i)
sinA 2 3

e

But BD+AD=AB - §CD+TCD 5

Oor —15+20\/§CD -5

24
” _24(4\6—3)
34443 48-9

HenceCD = 5—3(4\@—3) = %(4\/5_3)

Or CD =

JEE Advanced/Boards

Example 1: Prove that, acos2—C _ (b + C)sin%.

Sol: By using sine rule i.e.

b+c sinB+sinC
= - , We can prove the above example.
a sinA
b+c sinB+sinC . .
= - , [using sine Rule]
a sinA
. B+C B-C A B-C B-C
2sin COS——— 2C0S—Cos cos
_ 2 _ 2 2 _ 2
A A A A A
2sin—cos— 2sin—cos— sin—
2 2 2 2 2

B-C
2

(b+c)sin% =acos

Example 2:If a,, a,, a; are the altitudes of the triangle
PQR,

cosP cosQ cosR 1
+ + ==

a

prove that,

a9 2 3

Sol: Here, simply by using sine rule i.e.

(cosP)a:ZRsinPcosP and so on, we can prove the
above problem.

In APQR, consider,PX=a,;,QY =a,,RZ=a,.
Area of triangle PQR

2}
=A :%aal :%ba2 :Eca3
Z Y
a _2A a _2A a _2A
1= T 93 T
a b C
Q X R
cosP+cosQ+cosR
9 4 a3
cosPla (cosQ)b (cosR)c
(cosP)a_(cosQ)p_(cos)
2A 2A 2A

= i[ZRsinPcosP+ 2RsinQcosQ+ 2RsichosR}

[using sine rule]

Rr. . .
=—/|sin2P +sin2Q +sin2R
N Q ]

= %[ZSin(P+Q)cos(P—Q)+25ichosR]

_ RsinR [cos(P ~Q)—cos(P+ Q)]

[using P+Q+R=r]

RsinR . . 2R . . .

= 2sinPsinQ = —sinPsinQsinR

A Q A Q

2Ra b c

=——.—.— [using sine rule]
A 2R 2R 2R

_abc 1 R _1 [by using R= abc ]
4A R? RZ R 4A

Example 3: If the sides of a triangle PQR are in A.P and
if its greatest angle exceeds the least angle by o,

show that the sides are in the ratio 1—x:1:1+x
/1 —cosa
where x = ,|———
7—cosa
Sol: As the sides of a given P
triangle are in AP, by
considering the sides to be
a, a + d, a+2d and using
a+2d

sine rule, we can obtain the a+d
required result.

Consider the sides to be a,
a+da+2d:d>0 Q a R

Let P be the least angle and R be the greatest angle.
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let P=¢;then R=¢+a and Q=180°—(2¢+a)

a a+2d _ a+d
sing  sin(o+a) sin(m—(2¢+a))
a a+2d a+d 2 (a+d)

:sinq) - sin(¢+a):sin(2¢+oc) - sing+sin (p+a)

From the first and the second term,

a a+2d _ a  sing
sing B sin(p+a) T a+2d sin(p+a)

By componendo and dividendo, we get,

a+a+2d _ sing+sin(¢p+a)

a+2d—a -—sing+sin(d+a)

. o (04 o
2 — |.cos— tan| o +—
2a+d) S'n(d”zjcosz a+d (d’ 2]
- 2d = d o
2cos(q>+(;j.sin;L tanE

a

d tan —

-9 = 2 .. (i)
a+d o
tan(¢+2j

From the third and the fourth term of equation (i) we

get
a+d 2(a+d) _sing + sin (¢ +a)
sin2d+a)  sing + sin (¢ +o) ~ sinQé+a)
o o
cos— cos—
2 2

=2=

(04
—j:cos(dw?jT

cos(q) +

4/4—coszg
- tan (d) +%j -y 2 ... (i)

o
cos —
2

N R

From (ii) and (iii) we get,

1-cosa

2 _ |1-cosa .
4_1+cosa 7—cos a

2

Required ratioisa:a+d:a+ 2d
d :1:1+ d
a+d a+

=1- =1-x:1:1+x

Example 4: Let O be a point inside a triangle PQR
such that ZOPQ=/0QR=_/0RP=60. Show that
cot6 = cotP+ cotQ+ cotR.

Sol: Simply, by applying sine rule in APOQ and AQOR,
we can prove the above problem.

/POQ=n-Q and ZQOR =r—R

Applying the sine rule in ZPOQ,

we have ;:g :c?<,|_n9 . ()
sin(n-Q) sind sinQ
Applying the sine rule in AQOR,
asin(R-6
we have — 22— 2 :OQ:# . (i)
sin(R-06) sin(z-R) sinR

i asin([R-0
From (i) and (ii), we have csinb = ( )

sinR sinR
Using Sine Rule we have
2RsinRsin® _ 2RsinPsin(R - 0)
sinQ sinR
i sin(R-0) sin(P+
SR __ ( ) ( Q) =cot@-cotR

sinPsinQ  sinRsin® ' sinPsinQ

cotQ+cotP =cot®-cotR or cotd =cotP+cotQ+cotR.

Example 5: In a triangle XYZ, the median XQ and the
perpendicular XP from the vertex X to the side QR
divide angle X into three equal parts. Show that

X

b
_
Y Q P Z
e 3 e a___
2 2
X . ,X 3a
coSs—sIin™ — = ———.
37 3 32bc
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Sol: By using the cosine rule in AXYQ and APQR and
then subtracting them, we'll get the result.
X

As given, ZYXQ = ZQXP = £ZPXZ = E;

YQ=2Q=7

QP =PZ = % [Since AXQP and AXPZ are congruent]

XQ=XZ=b ..In AXYQ
2 2 a’
c+b T4 4 +4b’ -2’ .
COS— = = .(0)
3 2bc 8bc
? +b%-a°

InAPQR, we have cosP =
2bc

2 22
4co53§_3cos§:w

3 be (D]

Subtracting (ii) from (i) we get
X

cosﬁ— 4cos’ 5 +3cos—
3 3

A +4b%-a® P +b’ -2’

8bc 2bc
2
4cos5 1—cosz§ :31;
3 3) 8bc
X . ,X 3a°
cos—sin — = .
3 3 32bc

Example 6: If o, and y are the distances of the
vertices of a triangle XYZ from nearest points of contact
of the incircle with sides of AXYZ,

Y B )

GivenXL=XK=a,YL=Y]=B,Z) =ZK =y
2s=XY+YZ+ZX=c+a+b=2a+2B+2y

Area of triangle XYZ = \/s(s ~a)(s-b)(s—c)

= (a+B+y)aBy

A (oc+[3+y)0c[3y

r=—=

S a+B+y

2 ofy

=rc = .
a+p+y

Example 7: In any triangle ABC, if

cos0 = L, cosd = L CcosQ = <
b+c a+c a+b

where 6,¢,¢ lie between 0 and =,

)

prove that tangtan—tan— = tanétanEtanE.
2 2 2 2 2 2

Sol: Here, by using formula

1—tan29

cosO = and

1+tan29 b+c

= Cco0s0 ,we can

solve the above problem.

1-tan® —

By componendo and dividendo,

2 a+b+c 20 2s-2a s-a
= i=>tan - = ——=——
2tan29 b+c-a 2 2s s
2
Similarly, tanzi:s; and tan2®-35-¢
2 S 2 S
s—al{s—b)(s—c 2
tan? Qtan? Lan? @ - ( )( )( ) _A°
s st

¢

~tanltandtan® - A
2 2

S

Now tanétanEtanE
2 2

_ \/(s—b)(s—c)(s—c)(s—a) (s—a)(s-b)

s(s—a)s(s—b) s(s—c)

:\/(S—a)(s—b)(s-C) _A

s° 52

From (i) and (ii)

L)

tangtan—tan—: tanétangtang.
2 2 2 2 2 2

(i)

(i)



Example 8: The bisector of angle X of triangle XYZ
meets YZ at A. If XA= ( then, prove that

X
x[x
2|2
v A z
2
(i)ﬁzz—bccos5 (i) 2 — 1—1—
b+c 2 b+c bc

Sol: (i) Simply by using area of triangle formula, we can
prove the above equation.

(ii) Here, by using cosine rule, we can prove it.

(i) Area of AXYZ =Area of AXYA+ Area of AXAZ

%bcsinX:chsin§+ib£sin§
2bccos§:£(b+c); :ézz—bccos5
2 b+c 2
i YA_XY _c YA ZA_YA+ZA_ a
AZ XZ b C b c+b c+b
_YA__a . ()
c c+b

2 2 ya2
In triangle XYA, cosX oS ZYAT
2 2c/

= —2c€cos§+c2 + 02 =YA?
o X .
Substituting value of COSE from (i) we get

/(b+c 2l — 2
QA? :—2cfu+c2 +0? :M

2bc b
2 2
A
Equation (A) gives (Q ) P
c? c+b
b -3¢ a : 72 a
or = orfl-—=—-—.
bc? c+b bc c+b

343

Example 9: A cyclic quadrilateral ABCD of area e
is inscribed in a unit circle. If one of its sides AB=1 and

ZA is acute and the diagonal BD = 3 find the lengths
of the other sides.
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Sol: Here, area of cyclic quadrilateral = area of triangle
ABC + area of triangle BCD. Therefore by using cosine
rule in triangle ABD and BCD, we will be solving the
above example.

Given AB=1, BD=4/3
OA=0B=0D=0C=1=R (O being center of the circle),
in triangle ABD,

BD 3

—— =2R = — =sinA (. Given circle is circumcircle
SinA 2

of AABD) :>A=§;Hence sz?n

("~ ABCD is a cyclic quadrilateral)

Using cosine rule in triangle ABD,

(AB)" +(AD)” - (BD)’

COSA =
2AB.AD
2
1+(AD) -3
E:L or AD’-AD-2=0
2 2AD

or (AD-2)(AD+1)=0; ~ AD=2
Using cosine rule in triangle BCD, we have

(BC)® +(cD)’ - (8D’ 1 (BC)' +(cD) -3

cosC= 2(BC).(cD) = 2T 2(8C).(cD)

or (BC)" +(cD) +(BC)(CD)-3=0 - ()

Area of cyclic quadrilateral = Area of triangle ABC +
Area of triangle BCD

33 _Lliosin® Leccosin?®
4 2 372 3

3=2+BC.CD or BC.CD=1
Solving (i) and (ii), we get BC=CD=1

(D)

Hence length of sides of cyclic quadrilateral are
AD=2, BC=CD=1.

Example 10: The sides of a triangle are in A.P. and
its area is gth of an equilateral triangle of the same

perimeter. Prove that the sides are in the ratio 3:5:7.

Sol: Here, sides of triangle are in A.P. Hence, by
considering the sides to be a — d, a and a + d and
then by using area of triangle formula and the given
conditions, we can prove the given ratios.

Let the sidesbea—-d,aand a + d.
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2s=sum of the sides = 3a
3a
s="—
2

Now, A; = Area of the triangle whose sides are in A.P.

]

- E (a+2d)(a—2d) or A, = %\/az —4d® ()

4

Perimeter of equilateral triangle = Perimeter of the
given triangle

.. 3x One side of equilateral triangle = 3a

= Side of the equilateral triangle = a

Now, A, = Area of the equilateral triangle

=£><(side)2 =§a2 (1))
. Ay 3 Va?-4d®> 3
From question, = —= gor = T = E

or 25a° —100d? = 9a° or 16a® = 100d?

a 5
= —==
d 2
Ratio of the sides=a-d:a +d
=E—1:i:3+1:5—1:515+1
d d d 2 2 2
=§:E:Z:3:5:7
2 2 2

Exercise 1
Q.1.If a=13, b=14, c=15, find r and R.

Q.2.In an equilateral triangle, find the relation between
the in radius and the circum radius.

a% —p? B sin(A—B)
a2 +b? sin(A+B)

either a right angled or an isosceles triangle.

Q.3.1If in a triangle

, prove that it is

Q.4. If AABC is scalene and cosA +cosB = 4sin’C/2
then prove that A, B, C are in A.P.

Q.5. Solve the triangle, ifa=2,b = \/E c= \/§—1.

Q.6. If a=5, b=7 and sinA=%, solve the triangle, if

possible.

Q.7. Two sides of the triangle are of Iengthx/g and
4 and the angle opposite to smaller side is 30°. How
many such triangles are possible? Find the length of
their third side and area.

Q.8. If in a triangle ABC, ZA =§ and AD is a median

then prove that 4AD? =b? +bc+c?.

Q.9. If A=30°, b=8 and a=6, find c.

Q.10. The angles of a triangle are in the ratio 2:3:7.
Find the ratio of its sides.

Q.11. In a triangle ABC, if 3a = b + ¢, prove that:

cotgco’cE =2.
2 2

Q.12. D is the mid point of BC in a triangle ABC.If AD is

2(c2 —az)
perpendicularto AC, prove that cosAcosC = 3
ac

Q.13.In AABC, prove that:

cosA cosB . cosC
bcosC+ccosB ccosA+acosC acosB+bcosA
_a?+b? +c?

2abc

Q. 14. Prove that
(b +cC —a){cot(B /2) + cot(C/ 2)} = 2acot(A / 2).

Q.15.1f p;, p,, p; bethealtitudes ofatriangle ABC from
the vertices A, B, C respectively and A be the area of

> C
_ 1 1 1 2abcos"
the triangle ABC, prove that = = _ = _ 2

P P, P; _A(a+b+c)

Q.16. The sides of a triangle are three consecutive
natural numbers and its largest angle is twice the
smallest one. Determine the sides of the triangle.
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Q.17. Prove that

asin(B —C)+bsin(C—A)+csin(A—B) =0.

Q.18. With usual notations, if in a triangle,

C b+tc c+a a+b
11 12

cosA cosB  cosC
7 19 25

AB

then prove that

Q.19. In a triangle ABC, prove that
a b C
+ +
cosBcosC cosCcosA cosAcosB

=2a tan B.tan C.sec A

Q.20. Prove that the radius of the circle passing through
the centre of the inscribed circle of the triangle ABC

and through the end points of the base BC is gsec%.
Q.21. In a triangle ABC, Prove that
(b+c—a)tanA= (c+a—b)tanE= (a+b—c)tanE

2 2 2

Q.22. 3 circles of radius 3, 4, 5 touches externally. Find
the distance from point of contact to intersection point
of tangents.

Q.23. Perpendiculars are drawn from the vertices A, B,
C of an acute angled triangle on the opposite sides,
and produced to meet the circumcircle of the triangle.
If these produced parts be a, B, y respectively.

Show that i+§+E = 2(tanA+tanB +tanC).
a Y

Q.24. If in a triangle 8R? =a’ +b? +c?, prove that the
triangle is right angled.

Q.25.If A is the area of a triangle with side length a, b,

c then show that A < %J(a +b+ c)abc.

Q.26. In any triangle ABC, prove that
C

cotA + cotE+ cotE = cotécotEcot—
2 2 2 2 2 2

Q.27. In a triangle of base a, the ratio of the other two
sides is r(<1). Show that the altitude of the triangle is

less than or equal to

1-r

Q.28. Let ABC be a triangle having O and I as its
circumcentre and incentre respectively if R and r be the
circumradius and the inradius respectively, then prove
that (IO)2 =R%Z—2Rr. Further show that the triangle
BIO is a right angled if and only if b is the AM. of a
and c.

Q.29.1f o, B and yare the altitudes of the AABC from
the vertices A, B and C respectively then

show that i2+i+i = %(cotA+cotB+cotC)

o By

Exercise 2
Single Correct Choice Type

Q.1. If A is the area and 2s the sum of the 3 sides of a
triangle, then
2 2
s s
AA<>_ (B)A ="
33 2
.

Q) A>—

3

Q.2. In a triangle ABC, CH and CM are the lengths of
the altitude and median to the base AB. If a=10, b=26,
c¢=32 then length (HM) is

(A) 5 (B)7

(D) None

@9 (D) None

Q.3.In a triangle ABC, CD is the bisector of the angle C.

If cosE has the value E and I(CD)=6, then 1+l
2 3 a b

has the value equal to

1 1 1

A) — B)— Q= D) None
(A) 9 ( )12 ( )6 (D)
Q.4. With wusual notations in a triangle ABC,
(IIl).(IIZ).(II3) has the value equal to
(A) R?r (B) 2R?r (CQ)4R’r (D) 16R*r
Q.5.With usual notation in a AABC

1 1)(1 1)(1 1 KR?

B [ R e L I

non)ln )l n) a%b’cd
Where K has the value equal to
(A)1 (B)16 (C) 64 (D) 128
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Q.6. If the incircle of the AABC touches its sides
respectively at L, M and N and if x,y,z be the circumradii
of the triangles MIN, NIL and LIM where Lis the incentre
then the product xyz is equal to

(A)Rr? (B)rR? © %er (D) %rRz
Q.7. The product of the distances of the incentre from
the angular points of a AABCis

(abc)R

B) 4Rr?
(B) R

(A) 4R?r

Q.8. If x,y and z are the distances of incentre from the

vertices of the triangle ABC respectively then abe is

equal to xXyz
(A)TTtan2 (B)ZcotA

2 2
(C)Ztan% (D)Zsin%

Q.9. For each natural number k, let Ck denotes the
circle with radius k centimeters and centre at the
origin. On the circle C, , a particle moves k centimeters
in the counter-clockwise direction. After completing
its motion on C,, the particle moves to C_; in the
radial direction. The motion of the particle continues
in this manner. The particle starts at (1,0). If the particle
crosses the positive direction of the x-axis for the first
time on the circle C then n equal to

(A)6 (B)7 (©)8 (D)9
Q.10.Ifin atriangle ABC 2¢0osA + cosB + 2cosC _a b
b c bc ca
then the value of the angle is
I T T T
A) = B)— Q= D)~
( )8 ( )4 ( )3 ( )2

Previous Years' Questions

Q.1. In a triangle ABC, 43:% and AC:%. Let D

divides BC internally in the ratio 1:3, then —S!nZBAD
sinZCAD
is equal to (1995)

nLt e o=
J6 3 NE

2
(D) \g

Q.2.If in a triangle PQR, sinP,sinQ,sinR are in AP, then
(1998)

(A) The altitudes are in AP.
(B) The altitudes are in HP.
(C) The medians are in GP.
(D) The medians are in AP.

Q.3.Inatriangle PQR, £ZR =g, if tan(%} and tan(%}

are the roots of the equationax?® +bx+c = O(a # 0),

then (1999)
(A)a+b=c BYb+c=a

Qa+c=b D)yb=c

Q.4.1n a triangle ABC, 2acsin%(A -B+C)=  (2000)

(B) ¢® +a° —b®

(D) ¢? —a° -b?

(A) a° +b? - c?

(C) b? -c? -a°

Q.5.In atriangle ABC, let £C=mn/2,if ris the inradius
and R is the circumradius of the triangle, then 2(r + R)

is equal to (2000)
(A)a+b (B)b +c
Qc+a D)a+b+c

Q.6. The number of integral points (integral point
means both the coordinates should be integers) exactly
in the interior of the triangle with vertices (0, 0), (0, 21)
and (21, 0) is (2003)

(A) 133 (B) 190 (C) 233 (D) 105

Q.7. The sides of a triangle are in the ratio 1: x/§:2,
then the angles of the triangle are in the ratio (2004)

(A)1:35 (B)2:32 (0321 (D) 1:2:3

Q.8. There exists a triangle ABC satisfying the conditions
(1986)

(A) bsinA =a, A<g (B) bsinA > a, A>g

(C) bsinA > a, A<g (D) bsinA<a,A<g, b>a
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Q.9. A polygon of nine sides, each of length 2, is
inscribed in a circle. The radius of the circle is ...
(1987)

Q.10. The sides of a triangle inscribed in a given
circle subtend angles o, B and yat the centre.
The minimum value of the arithmetic mean of

cos| o+ = |, cos [3+E and cos| v+ = | is equal to
5 ) 5 Y 5 qual to ......
(1987)

Q.11. If the angles of a triangle are 30° and 45° and
the included side is (\/§+1)cm, then the area of the

triangle is....... (1988)

Q.12. If in a triangle ABC

2cosA + cosB + 2cosC = i+£ then the value of the
a b C bc «ca

angle Ais ........ degree.

(1993)

Q.13. If p;,p,, p; are the perpendiculars from the
vertices of a triangle to the opposite sides,

a’b?c?

&T (1978)

prove that p,p,p; =

Q.14.If p;, p,, p; are the altitudes of a triangle from
the vertices A, B, Cand A the area of the triangle, then

1 1 1 2ab
prove that —+ ——-—=——""
(a+b+c)a

,C
COos™ —
P1 P, Ps3 2

(1978)

Q.15. If in a triangle ABC, a :1+\/§cm, b=2cm and
ZC=60°, then find the other two angles and the third
side. (1978)

Q.16. The ex-radii r,r,, r;of AABC are in HP, show
that its sides a,b,c are in AP. (1983)

Q.17. The sides of a triangle are three consecutive
natural numbers and its largest angle is twice the
smallest one. Determine the sides of the triangle.

(1991)

Q.18. Prove that a triangle ABC is equilateral if and only
if tanA + tanB + tanC=3+/3 . (1998)

Q.19.1 is the area of n sided regular polygon inscribed
in a circle of unit radius and O, be the area of the
polygon circumscribing the given circle,

(2003)

2

@) 21
prove’chat1n=7n 1+ 1—( “]
n

Q.20. Circle with radii 3,4 and 5 touch each other
externally, if P is the point of intersection of tangents to
these circles at their points of contact. Find the distance
of P from the point of contact. (2005)

Q.21 Consider a AABC and let a, b and c denote
the lengths of the sides opposite to vertices AB,C
respectively. Suppose a = 6, b = 10 and the area of the

triangles is 15v3.If ZACB is obtuse and if r denotes

the radius of the incircle of the triangle, then r? is equal
(2010)

Q.22Ina APQR,if3sinP+4cosQ=6and4sinQ +

3 cos P = 1, then the angle R is equal to (2012)
6n e T 3n

A) — B) — Q) — D) —

(A) 5 (B) 6 © 2 (D) 2

Q.23 ABCD is a trapezium such that AB and CD are
parallel and BC L CD.If ZABD =6,BC=pandCD =
q then AB is equal to : (2013)

p2 +q2 cos 0
p cos 6+9sin6

(p2+q2)sin6

(A) .
pcosO+qsind

(B)

© p? +q° D) (p? +q%)sin®

p? cos0+q? sin®

(pcosO +q sinb)?

Q.24 If the angles of elevation of the top of lower from
three collinear points A, B and C, on a line leading to
the foot of the lower, are 30°, 45° and 60° respectively,
then the ratio, AB : BC, is (2015)

(A) V3:1 ®) v3:2
Q1:43 D)2:3
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Exercise 1

Q.1 Given a triangle ABC with AB=2 and AC=L1. Internal
Bisector of ZBAC intersects BC at D. If AD=BD and A
is the area of triangle ABC, then find the value of 12 A%.

Q.2 In a triangle ABC, let angles A, B, C are in G.P. with
common ratio 2. If circumradius of triangle ABC is 2,

then find the value of (b_1 +ct —a‘l)

Q.3 In a triangle ABC, BD is a median.
V3,
4
Determine the ZABC.

(AB) and £DBC=".

If 1(BD) = >

Q.4 In an isosceles A ABC, if the altitudes intersect on
the inscribed circle then find the secant of the vertical
angle ‘A.

Q.5 ABCD is a rhombus. The circumradii of A ABD and
AACD are 12.5 and 25 respectively. Find the area of
rhombus.

Q.6 In a triangle ABC if a® +b? =101c? then find the
cotC

value of ——M——.
cotA + cotB

Q.7 The two adjacent sides of a cyclic quadrilateral are
2 & 5 and the angle between them is 60° . If the area of

the quadrilateral is 4\/5, find the remaining two sides.

Q.8Ifina AABC, a = 6, b = 3 and cos(A-B) = 4/5 then
find its area.

Q.9 The triangle ABC (with side lengths a,b,c as usual)
satisfies loga’ =logb? +logc? —Iog(2bc cosA). What

can you say about this triangle?

Q.10 The sides of a triangle are consecutive integers n,
n+1 and n+2 and the largest angle is twice the smallest
angle. Find n.

Q.11 The triangle ABC is a right angled triangle,
right angle at A. The ratio of the radius of the circle
circumscribed to the radius of the circle escribed to
the radius of the circle escribed to the hypotenuse is,

2 (\/§+\/§) Find the acute angles B & C. Also find

the ratio of the two sides of the triangle other than the
hypotenuse.

Q.12 If a, b, c are the sides of triangle ABC satisfying
Iog[1+£]+loga—logb—logZ.
a

Also a(l - x2)+ 2bx + c(l + XZ) =0 has two equal roots.

Find the value of sinA +sinB +sinC .

Q.13 Given a triangle ABC with sidesa=7,b=8and c =
5. If the value of the expression (ZsinA)/(Zcot%J
can be expressed in the form P where p, g € Nand P

q q

is in its lowest form find the value of (p + q).

Q.14 If r, =r+r, +1;, then prove that the triangle is a
right angled triangle.

Q.15 If two times the square of the diameter of the
circumcircle of a triangle is equal to the sum of the
squares of its sides then prove that the triangle is right
angled.

Q.16 In acute angled triangle ABC, a semicircle with
radius r, is constructed with its base on BC and tangent
to the other two sides r, and r_ are defined similarly. If
ris the radius of the incircle of triangle ABC, then prove

that, Z=l+l+l

ror, n r

Q.17 In a right angled triangle ABC, ZC =90° and sides
AC, AB are roots of the equation 2+y? =3y.If the
internal angle bisector of angle A intersects BC at D
such that BD : CD = x* +1: 2x, then find the sum of all

possible values of tan%.

Q.18 Given a right triangle with ZA =90°. Let M be
the mid-point of BC. If the inradii of the triangle ABM

and ACM are r; and r, then find the range of ri

p)
Q.19 If the length of the perpendiculars from the
vertices of a triangle A,B,C on the opposite sides are



Py P, Py then prove that i+i+i=1=l+l+l.

Pp P, P3 I L b N3

Q.20 Tangents parallel to the three sides of AABC are
drawn to its incircle. If x, y, z be the lengths of the parts
of the tangents within the triangle (with respect to the

sides a, b, c) then find the value of i+X+E.

a C

Exercise 2
Single Correct Choice Type

Q.1 If the median of a triangle ABC through A is

perpendicular to AB then tanA
tanB

has the value equal to

1 1
(A) 5 (B) 2 (@ -2 (D) 5

acosA +bcosB + ccosC i

Q.2 In a AABC, the value of
a+b+c

equal to

r R R 2r
(A) R (B) > © " (D) ®

Q.3 With usual notation in a AABC, if R=K

(I’l +r2)(r2 +I’3>(I’3 +r1)

nL +LG 160

where k has the value equal to

(A1 (B) 2 Q1/4 (D)4

Q.4 In a right angled triangle the hypotenuse is 22
times the perpendicular drawn from the opposite
vertex. Then the other acute angles of the triangle are

8 5 10

T
6

T

I
W3 & 4

T T
(B)g & (C)Z &

Q.5 Let f, g, h be the lengths of the perpendiculars from

the circumcentre of the AABC on the sides a, b and ¢
respectively.

b abc

If %+§+%: A fg_h then the value of A is
(A)1/4 (B)1/2 1 (D)2

Q.6 If ‘O’ is the circumcentre of the AABC and
R,/R, andR; are the radii of the circumcircles of triangle

OBC, OCA and OAB respectively then a2, b +-5 has
Ri Ry Ry
the value equal to
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abc R3

A
(A) _Z (B) e D)—

4A
) —
© R? 4R?

Q.7Ina A ABC, asemicircle isinscribed, whose diameter
lies on the side C. Then the radius of the semicircle is

w2L @2

a+b
Where A is the area of the triangle ABC.

2A C
a+b-c (C)T (D)E

cosA  cosB  cosC

Q.8 If in a AABC,
a b C

triangle is

(A) Right angled

then the

(B) Isosceles

(C) Equilateral (D) Obtuse

Q.9 If cosA + cosB + 2cosC = 2 then the sides of the A
ABC are in

(A) AP (B)G.P. (C) H.P. (D)None

Q.10 The product of the arithmetic mean of the lengths
of the sides of a triangle and harmonic mean of the
lengths of the altitudes of the triangle is equal to:

(A) A B)2A Q) 3A (D)4 A
[where Ais the area of the triangle ABC]

Q.11If in a triangle sinA : sinC = sin(A-B) : sin(B—C) then
a2 . b2 . c2
(A) Are in AP
(C) Arein H.P,

(B) Are in G.P
(D) None of these

Q.12 The sines of two angles of a triangle are equal to

i&2. The cosine of the third angle is
13 101

(A) 245/1313
(C) 735/1313

(B) 255/1313
(D) 765/1313

Multiple correct choice type

Q.13 If the side of a right angled triangle are
{cosZa +Ccos2B + 2cos(a + B)} and
{sinZa +5sin2B + 25in(a + [3)} , then the length of the

hypotenuse is

(A)2[1+cos(oc—[3)} (B)2[1+C05(G+B)J

20—P .20 +p
(C)4cos — (D) 4sin >



19.32 | Solutions of Triangle

Match the Columns

Q.14 Let P be an interior point of AABC. Match the
correct entries for the ratios of the Area of APBC: Area
of APCA: Area of APAB depending on the position of
the point P w.r.t. A ABC.

Columnl Column II
(A) If P is centroid (G) | (p) tanA:tanB:tanC
(B) If P is incentre (I) (q) sin2A:sin2B:sin2C

©) If P is orthocenter | (r) sinA:sinB:sinC
(H)
(D) | If Pis circumcentre | (s)

)

1:1:1

(t) cosA:cosB:cosC

Q.15Ina AABC,BC=2,CA=1+ \/§ and £C=60°. Feet
of the perpendicular from A, B and C on the opposite
sides BC, CA and AB are D, E and F respectively and are
concurrent at P. Now match the entries of Column I with
respective entries of Column IL.

Columnl Column II
(A) | Radius of the circle | (p)
circumscribing the \/g — \/5
ADEF, is 4
(B) Area of the A @ 1
DEF, is ﬁ
(©) | Radius of the circle | (r)
inscribed in the A é
DEF, is 4
O | ez
4

Previous Years’ Questions

Q.1 Which of the following pieces of data does not
uniquely determine an acute-angled triangle ABC (R

being the radius of the circumcircle)? (2002)
(A) a, sinA, sinB (B) a, b, c
(©) a, sinB, R (D) a, sinA, R

Q.2 If the angles of a triangle are in the ratio 4:1:1, then
the ratio of the longest side to the perimeter is (2003)

(a)«/§:(2+x@)
(c)l:2+\/§

(b)1:3:

(d)2:3

Q.3 Orthocentre of triangle with vertices (0,0), (3,4) and

(4,0 is (2003)
5
(A)[B,ZJ (®)(3.12)
©[32 D)(3.9)
14 !

Q.4 In a A ABC, among the following which one is true?
(2005)

A . (B+C
(A)(b+c)c053—asm( > J

cj A
=asin—
2
B—CJ (A]
=acos| —
2 2
A . (B-C
(D)(b—c)cos(;)—amn[ > ]

Q.5 In radius of a circle which is inscribed in a isosceles
triangle one of whose angle is 2/ 3, is 3, then area

(B)(b+c)cos[BJr

@(b —c)cos[

of triangle is (2006)
(A) 43 (B)12-7+3
(C)12+7\/§ (D)None of these

Q.6 If the angles A,B and C of a triangle are in an
arithmetic progression and if a,b and c denote the
lengths of the sides opposite to A,B and C respectively,

.a. C . .
then the value of the expression —sin2C + —sin2A is
C a

(2010)

(A)% (B)@ ©1 O3

Paragraph (Q.7 to Q.9):

Read the following Paragraph and answer the questions.

Consider the circle x?+y?=9 and the parabola
y? = 8x. They intersect at P and Q in the first and the
fourth quadrants, respectively. Tangents to the circle at
P and Q intersect the x-axis at R and tangents to the
parabola at P and Q intersect the x-axis at S.  (2007)

Q.7 The ratio of the areas of the triangle PQS and PQR
is

(A)1:2 ®)12 (©O1l4 (D18



Q.8 The radius of the circumcircle of the triangle PRS is

(A)5 ()33 Q32 D) 243

Q.9 The radius of the incircle of the triangle PQR is

4 8
(A) 3 (B)3 © 3 (D)2

Q.10 Internal bisector of ZA of triangle ABC meets
side BC at D. A line drawn through D perpendicular to
AD intersects the side AC at E and side AB at F. If a,b,c

represent sides of A ABC, then (2006)
A AEisHMofbandc  (B)AD = 22 cos
b+c 2
() EF = 2C Gin A (D)The A AEF is isosceles
b+c 2

Q.11 A straight line through the vertex P of a triangle
PQR intersects the side QR at the point S and the
circumcircle of the triangle PQR at the point T. If S is

not the centre of the circumcircle, then (2008)
wi il 2 g1l 2
PS ST QSxSR PS ST QSxSR
(C)i+i<i (D)i+i>i
PS ST QR PS ST QR

Q.12 Let ABC be a triangle such that ZACB =% and

let a,b and c denote the lengths of the sides opposite
to A,B and C respectively. The value(s) of x for which

a=x’+x+Lb=x>-1 and c=2x+1 is (are) (2010)
(W)-(2+3) (B)1++3
©2+3 (D) 443

Q.13 In a triangle ABC, AD is the altitude from A. Given
abc

b? —c

b>c, #C=23° and AD-= 5 thenZB=.........

(1994)
Q.14 In a triangle ABC, a:b:c = 4:5:6. The ration of the

radius of the circumcircle to that of the incircle is ............
(1996)

Q.15 ABC is a triangle, D is the middle point of BC. If AD
is perpendicular to AC, then prove that

(e -)

3ac

cosAcosC = (1980)
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Q.16 For a triangle ABC it is given that

cosA+cosB+cosC=%. Prove that the triangle is

equilateral. (1984)
Q.17 With usual notation, if in a triangle ABC
b+c c+a a+b
= = , then
11 12 3
prove that CosA = cosB = cosC . (1984)

19 25
Q.18 In a triangle ABC, the median to the side BC is
_
J11-643

angles 30° and45°. Find the length of the side BC.
(1985)

of length and it divides the angle A into

Q.19 If in a triangle ABC cosAcosB +sinAsinBsinC =/,
show thata:b:c=1:1:4/2. (1986)

Q.20 In a triangle of base a, the ratio of the other two
sides is r(< 1) . Show that the altitude of the triangle is

less than or equal to (1991)
1-r
Q2llet A, A, ... A be the vertices of an n-sided
regular polygon such that t 1 + ! . Find
AR AAs AA,
the value of n. (1994).

Q.22 Consider the following statements concerning a
triangle ABC

(i) The sides a, b, c and area of A are rational
(i) a, tan%, tan%are rational

(i) a, sinA, sinB, sinC are rational.
Prove that (i) = (ii) = (iii)) = (i) (1994)
Q.23 Let A, B, C be three angles such that A :% and

tanB tanC =p. Find all positive values of P such that A,
B, C are the angles of triangle. (1997)

Q.24 Let ABC be a triangle having O and I as its
circumcentre and incentre, respectively. If R and r are
the circumradius_and the inradius, respectively, then
prove that (10)2 =R?—2Rr. Further show that the
triangle BIO is a right angled triangle if and only if b is
the arithmetic mean of a and c. (1999)
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Q.25 Let ABC be a triangle with incentre I and radius r.
Let D, E, F be the feet of the perpendiculars from I to the
sides BC, CA and AB respectively. If r,, r, and r, are
the radii of circles inscribed in the quadrilaterals AFIE,
BDIF and CEID respectively,
prove that: ho B 5 hhfs

r-r, r-—r

] , = (r-n)(r-n)(r-n)

(2000)

Q.26 If A is the area of a triangle with side lengths a, b,

c then show that A g% (a+b+c)abc .

Also show that the equality occurs in the above
inequality if and only if a=b=c. (2001)

Q.27 Let ABCD be a quadrilateral with area 18, with side
AB parallel to the side CD and AB = 2CD. Let AD be
perpendicular to AB and CD. If a circle is drawn inside
the quadrilateral ABCD touching all the sides, then its
radius is (2007)

(A) 3 (B) 2 ©3/2 (D)1

Paragraph (Q.28 to 30)

Acircle Cofradius lisinscribed in an equilateral triangle
PQR. The points of contact of C with the sides PQ, QR,
RP are D, E, F. respectively. The line PQ is given by the
33 3
2 2

Further, it is given that the origin and the centre of C are
on the same side of the line PQ. (2008)

equation \/_x+y 6 =0 and the point D is [

Q.28 The equation of circle Cis
(A) (x=243) +(y-17 =1

2
(B) (x—24/3) +[y+%) -1
Q) (x—3P +(y+17 =1
(D) (x—+/3)?

+(y-17° =1

Q.29 Points E and F are given by

(”) (I 3} (\30) ® {f 1] (V3.0)

o[83)(22 wla2) (22
2 2 22 2 2 2 2

Q.30 Equation of the sides QR, RP are

2 2
(A) y=—7=x+1, y=——7x-1
5 5
1
B)y=—7xy=0
NE)
© y:£x+l,y:—£x—1
2 2
(D) y=+3xy=0
Q.31 Llet z=cosO+isinO. Then the value of
15
S Im (") at0=2°is (2009)
m=1
1
(A) (B)
sin 2° 3sin 2°
1 1
O — D) —
2sin 2° 4sin 2°

Q.32 In a triangle ABC with fixed base BC, the vertex A
moves such that cosB+cosC = 4sin2%. If a, band c

denote the length of the sides of the triangle opposite
to the angles A, B and C, respectively, then (2009)

(A)b + c=4a
(BYb + c = 2a
(C) Locus of point A is an ellipse

(D) Locus of point A is a pair of straight lines
Q.33 For 0<6 <g, the solution(s) of

6 —
> cosec(@+%}cosec[e+¥] =42

m=1

is (are) (2009)

T T T 5n
(A) 2 (B) 5 (@) 5} (D) 'E)

Q.34 The centres of two circles C, and C, each of unit
radius are at a distance of 6 units from each other. Let P
be the mid point of the line segment joining the centres
of C, and C, and C be a circle touching circles C, and
C, externally. If a common tangent to C, and C passing
through P is also a common tangent to C, and C, then
the radius of the circle C is (2009)

Q.35 Let ABC and ABC’ be two non-congruent triangles
with sides AB = 4, AC = AC' = 242 and angle B = 30°.
The absolute value of the difference between the areas



of these triangles is (2009)

Q.36 Let ABC be a rectangle such that ZACB :g and

let a, b and c denote the lengths of the sides opposite
to A, B and C respectively. The value(s) of x for which

a=x>+1,b=x*-1 and c = 2x + 1is (are) (2010)

(A) ~2+43) B) 1+43

©) 2443 (D) 43

Q.37 Let 0,¢ €[0, 2n] be such that

2cos 6(1—sing) = sin B[tang+cotg]coscp—l,

tan(2r—0) >0 and -1 <sinf< —g.

Then ¢ cannot satisfy (2012)
s e 47

A O<op<— B) —<op<—

(A) 0 5 (B) > 0) 3

3n

4n 3
C) —<p<— D) — 2
()3q>2 ()2<<P<1t

Q.38 Let PQR be a triangle of area A with a=2, b =§
and ¢ =%, where a, b and c are lengths of the sides

of the triangle opposite to the angle at P, Q and R

respectively. Then M equals (2012)
2sinP+sin 2P
2 2
3 45 3 45
A) — B) — Q| — D) | —
()4A ()4A (){4Aj ()(4Aj

Q.39 In a triangle PQR, P is the largest angle and
cos P :é. Further the incircle of the triangle touches

the sides PQ, QR and RP at N, L and M respectively,
such that the length of PN, QL and RM are consecutive
even integer. Then possible length(s) of the side(s) of
the triangle is (are) (2013)

(A) 16 (B) 18 (C) 24 (D) 22
Q.40 In a triangle the sum of two sides is x and the
product of the same two sides is y. If x? — ¢? = y, where
c is the third side of the triangle, then the ratio of the
in-radius to the circumradius of the triangle is (2014)

3y B) 3y C 3y D) 3y
2X(x +C) 2c(x +c) 4x(x +C) 4c(x +¢)
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Q.41 Let P and Q be distinct points on the parabola
y?2 = 2x such that a circle with PQ as diameter passes
through the vertex O of the parabola. If P lies in the first
quadrant and the area of the triangles AOPQ is 3V2,
then which of the following is (are) the coordinates of
P? (2015)

A) (4, 22) (B) (9, 3v2)

oft3

Q.42 Thecircle C :x* + y? = 3, with centre at O, intersects
the parabola x? = 2y at the point P in the first quadrant.
Let the tangent to the circle C, at P touches other two
circles C, and C, at R, and R,, respectively. Suppose C,

and C, have equal radii 2\/5 and centres Q, and Q,,
respectively. If Q, and Q, lie on the y-axis, then (2016)
(A) QQ; = 12

(B) RR, = 46

(C) Area of the triangle OR, R, is 632

(D) Area of the triangle PQ,Q; is 4\/5

D) (1,2)

Q.43 In a triangle XYZ, let x, y, z be the length of sides

opposite to the angle X, Y, Z, respectively, and 2s = x

by 4z I S-X_S-y s-z
4 3

triangle XYZ is S?Tc then

and area of incircle of

(2016)
(A) Area of the triangle XYZ is 6\/6

(B) The radius of circumcircle of the triangle XYZ is
35

—4/6

: V6

@ Sin5 sin A sin Z_4
2 2 2

35
(D) sinz(X+Y] _3
2 5

Q.44 The orthocenter of the triangle F, MN is

9 2
w3 el

9 2
© [E' Oj (D) (g, @J

(2016)
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PlancEssential Questions

JEE Main/Boards

Exercise 1

Q.10 Q.13 Q.15
Q.24 Q.29

Exercise 2

Q3 Q4 Q6

Previous Years’' Questions

Q5 Q12 Q14
Q22

JEE Advanced/Boards

Exercise 1

Q.22 Q8 Q13 Q17 Q.20
Q27
Exercise 2

Q9 Q3 Q6 Q13 Q14
Previous Years’ Questions

Q.19 Q4 Q6 Q11 Q.12
Q13 Q22 Q25

JEE Main/Boards

Exercise 1
65
1r=4R=—
Q 8

Q.6 No triangle can be formed

Q9c=43225

Exercise 2

Single Correct Choice Type
Q1A Q2C
Q78 Q8B

Previous Years' Questions
Q1A Q.28

Q7D Q.8. (A, D)

T T 5n

.2 2r=R 5 A=—B=—,C=—
Q22r @ A=4B=3.073
Q.7 sides: 2\/§ + \/5; Area: 2«/§—x/§ , 2\/51\/5
Q10 V2:2:43+1 Q.16 4,5 and 6 Q.22.45
Q3A Q4D Q5C Q6C
Q98B Q10D
Q3A Q48 Q5A Q6B
Q.9. cosec20° Q.10. —? Q.11. L +2\/§ sq. unit

Q.12.90° Q.15 c=+/6, /B=45° and /A =75 Q.17 4, 5, 6 unit



Q.205 Q.213

JEE Advanced/Boards

Exercise 1

Q19
. A.B.C
.4 1/(1 - 8sin—sin—sin—
Q4 1/( 55N> 2)
Q.6 3cms & 2 cms
Q.9 Isosceles
12

.12 —
Q 5

Q.15 right angled triangle

Q.18 bc sinCsinB
(L +sinC)(1 +sinB)

Exercise 2

Single Correct Choice Type
Ql1cC Q2A

Q7A Q8cC

Multiple correct choice type

Q13 AC

Match the Columns

Ql4 A—>s;Bo>r;, Cop;, Doq

Previous Years’' Questions

hh

Q228 Q23 A

1
.2
Q 4sinA
Q.5 400
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Q24 A

Q.3 120°

Q.6 50

Q.7 two triangles: (2\/3—\/5) & (2\/§+\/§),’ (2\/5—\/5) & (2\/§+\/§) sg. units

Q104,56

Q13 10

Q16 2
;

Q.19 l+l+l

n nHh i

Q201

Q3cC Q4B

QI A Q108

Q15 A—>qgB—->rC—op

Q1D Q2A
Q7¢C Q8B

Q.13. 113° Q.14. ?
Q191:1:42 Q.20pslarr
Q242b=a+c Q25

Q.29 A Q.30 D
Q.354 Q.36 A, B
Q41A,D Q42 A, B, C

(r=r)(r-nr)r-r)

Q3C Q4D

Q9D Q.10 ABCD
2(c? —a?) .

Q.15 3ac Q.16 Equilateral

Q.21.7 Q.22 (iii) = (i).

Q.26 Equilateral

Q31D Q.328B,C

Q37A,C D Q.38 C

Q43 A,CD Q.44 A

Q11 =" c-".b_ 5.3

12' 12" ¢
Q.14 90°
Q1738
Q5A Q6C
Ql11A Q128
Q5C Q.6D
Q.118D Q128
Q177:19:25 Q.18.2

Q23. pe(-,0)u (3 + 2ﬁ,w)

Q278 Q28D
Q33CD Q3438
Q398D Q408
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JEE Main/Boards sinA +sinB a+b
20 =2 2252 2
. sinC C
Exercise 1 EE
Sol 5: cosA =%
C
SoI1:r=é; R=% . .
S 4N Using cosine formula, we get
A= Js(s—a)(s—b)(s—c) = 21(8)(7)(6) = 84 A=TpoT 2%
4 3 12
_abc _ (13)14)(15) _ 65 4
T 4N 4x84 8 SoI6:a=5,b=7,sinA=§
r= % =4 a _ b
sinA sinB
A ﬁaZ sinB==—>1
Sol2:r=2 =4 ><a2=i
S 3a 23 no triangle can be formed.
abc a a b
= an == Sol7: 2 - 2
4A 4£a2 \/§ sinA sinB
4
2r=R o _ 4
sin30°  sinB Pa—)
2 2 . _ .
Sol 3: a“-b _ s!nAcosB cosAs!nB <inB = i _ z
a2 +b?  sinAcosB+cosAsinB J6 3
2 . .
a _ smAcgsB _ S|.nA.cosB SinB = Z CosB = ii
b2  cosAsinB  sinB cosA 3 NE)
. 1 3
a _ cosB = a cosA = b cosB SINA = —CosA = £
b cosA 2 2
= either cosA =0 orcosBora=b a?+b%-c?
cosC= ———— =cos(180 - (A + B))
2ab
Sol 4: AABC = —CcosA cosB + sinA sinB
.. C
CcOsA + cosB =4 sin’— e
2 322 ¢ :\/Ei\/g;wegetc:Zx/gi\/E
86 23
2cos B cos A-B 4sin? E 1
2 Area = Eab sinC= 2\/5— \/5 or 2\/§ + 2
2 sin% cosA_B = 4sin2%
Sol8,A=" A
A-B 3
A- L C_ 9 Length of medi
cos =2sin—->——%— =2 gth of median o
2 2 sin% AD? = AC24CD? — 2ACxCDxC
_ _ 102 -2 2
2cos£cosA B 25inA+BcosA B AD? = 2 2b° +2¢" ~a (]
T2 2 2 _, B C
= - = D
c. C sinC
2cos—sin—

2 2



4AD? = 2b% + 2¢? - a2
4AD? = (b? + c? + bc)+(b? + ¢ —a? - ac)
2,22
cos A = u = l
2bc 2

b?+c?-a*-bc=0

Sol 9: — 6 = ,8 = .c
sin30°  sinB sinC
sinB = g:cosB= i
3 3

sin 30° =

N

= sin C = sin(180 — 30 — B) = sin(150 — B)
= sin 150 cos B — cos 150 sin B

5 B2 w2
"6 2

3 6

sinC= 43245

sin30

Sol 10: Z/A = 2x; /B = 3x; £C = 7x
/A + /B + £C = 180=12x = 180=x = 15°
= /A = 30°% «£B = 45° ~C = 105°

a b
sinA sinB sinC

a:b:c=sinA:sinB:sinC

11 Byl 5,5,
3 FISE J2:2:43 +1

SoI11:a=%,S=2a

Sol 12: AD = % 2b%+2c? —a’: AC=b

A
B%\c
D
B \/bz N 2b? +2c? —a°
4

=2
T2

a*  6b%+2c% -a?
4 4
a’>—c? =3b?
cos A cos C = (b +c? —a%)(a® +b% - c?)
4b%ac
_ (-2b%)(4b%) _ -2b® _2(-3b%) _2(c*-a%)
4b%ac ac 3 ac 3ac

Sol 13: From projection formula

acosB+bcosA=C

2, .2 2
cosA:u

2bc

2,2 2 2, .2 .2 2, 2 2
So LHS. :b tc-a” T +a -b .2 +b% —c
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abc abc abc

_ @ +b? +c?)

abc

Sol 14: tan B _ [s-9(-a)
2 s(s—b)

cotE+cot£=\/ (s —b) +\/ s(s =)
2 2 \(s-a(s-o V\(s—a)(s—b)

(s—bWs +(s—cWs _ avs
Jis-a)s-b)s—c) (s-a)s-b)s—c)

aVs

LH.S. = (b+c-a)
Jis—a)(s—b)s—¢)
_ 2a\/;(s—a) - 23 s(s—a)
Js—a)(s—b)s—¢) (s—b)(s—c)

=2a cot% = RH.S.

Sol 15: Length of CD = (a sin B)
sin C = sin(180 — (A + B) = sinA cosB

/IC\
B , A

acosB D

1 1 1
+

LHS. = — — =
asinB c¢sinB csinA
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_ 2R N 2_R_2_R:2R(a+b—c)

" bc ca ab abc
:2R2(s—c): 4R(s—¢) _s-=¢
abc abc A
abcos? ¢ 2abcos’ S
_ 2 _ 2

4AS (@a+b+0)A

a _ a+1 _ a+2
sinA  sin(180—-A -2A) sin2A

A<180-A-2A < 2A
A <180-3A < 2A
4A < 180 < 5A

A<45°;A>%:A>36°

Sol 16:

a+1l a+2

) 3-4sin’A " 2cosA

_ a+l _a+?2
4cos’A-1  2cosA
_ a+1 _ (a+1)a2
[a+2J2 4+4a
— 1 -1
a

=>4+4a=(@+1a

=>a=4

Sol 17: LH.S. = asin(B-C) + b sin(C-A) + ¢ sin(A - B)

= a sinB cosC — a cosB sinC + b sinC cosA — b cosC sinA
+ C sinA cosB — C cosA sinB

= cosC (asin B—b sin A) + cos B(C sin A—a sinC) + cos
C(a sin B—b sinA)

=0 =RHS.(as asin B =b cosA)
Hence Proved.
b+rc c+a a+b

12 13

b+c=11x| a=7x
c+a=12x} b =6x

Sol 18:

a+b=13x| c=5x
b?+c?-a®> 36+25-49 1
COSA = = = =
2bc 2(6)(5) 5
2 2 12 _ 38
cosBzuzwz— 19

2ac 2(7)(5) 0 35

a’+b?—c? 49+36-25 5

cosC =

2ab 26)7) 7
5 cosA = 35cosB _ 75cosB
19 75

cosA cosB  cosC
7 19 25

Sol 19: acosA+bcosB+ccosC

cosAcosBcosC
= 2a tanB tanC secA
= a cosA + b cosB + c cosC = 2a sinB sinC
= a cosA + b cosB + cosC = 2(2R sinA) sinB sinC
= a cosA + b cosB + c cosC = 4R sinA sinB sinC
L.H.S. = a cosA + b cosB + c cosC
= (2R sinA) cosA + 2RsinBcosB + 2RsinCcosC
= R(sin 2A + sin 2B + sin 20)
from property of a triangle
sin2A + sin2B + sin2C = 4 sinA sinB sinC

(we can prove this property using basic trigonometric
formulas)

= 4R sinA sinB sinC

Sol 20:

BE = EC = a/2

/BOE = /EOC

/DBE = /B2

/DCE = /C/2

/BDC =180°— | BXC | — 1800 - [189=A )L gpe . A
2 2 2

/BFC = 180° — (90+%} = 90° - %



/BOC = 2(9o_gj - 180°—A

LBOE:9O°—é
2
Z/EBO = 90° - 90—A :A
2 2
= BE = a = BO = isec—
2 2 2

Sol 21: (b + c—a) tan% =(c+ a—b)tan%

C
=(@a+b-0otan—
(a c)an2

b+c-—a=2(s-a)
c+a-b=2(s-b)

a+b-c=2(s-0¢

(s A
r=1(s a)tan(zj

Hence proved.

Sol22:C(C,=3+5=38
CC,=5+4=9
CC,=3+4=7

OA = OB = OC = k(let's say)

since C,C is angle bisector of
angle ZC.C,C,.

So OA is radius of incircle of triangle AC,C,C..

OA=r=

A _ \1212-7)12-8)(12-9)
s 12

&

Sol 23: DO, =3, EQ, = b, FO, =g

ZBOA = 2C
ZA
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Sol 24: 8R? = a2 + b2 + 2
a? = 4R’ sin’A
So, 2 = sin?A + sin?B + sin2C
_ 1-cos2A N 1-cos2B N 1-cos2C
2 2 2
4 = 3 - cos2A - cos2B - cos2C

C0s2A + cos2B + cos2C =1

2cos(A + B) cos(A-B) + 2cos’C-1=1
2cosC[cosC—cos(A-B)] =0

cosC [cos(A + B) + cos(A-B)] =0
cosA cosB cosC =0

So one angle should be 90°.

Sol 25: AS%\/(a+b+c)abc

RHS. = \/ a+b+clabc = (abc
abc abc A2
4A

1

=A
\/ . A_.B.C
8sin—sin—sin—
2 2 2

Sol 26: coté + co’cE + cotE = cotécotEcotE
2 2 2 2 2 2

tanE’canE +tan£tanA + tanétanE
2 2 2 2 2 2

tané _ |(s=b)(s—c)
2 s(s—a)
s—a s-b s—-c 3s—(a+b+c)
= + + =
S S S S

=1

Sol 27: b cos B <

1-r?
A

br b
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a’ +b?r? —b? a
b <
2abr 1—r2
a’ +b%(r? -1) < 1

2a’r 1-r?

Sol 28:

w
(@)

let's say B lie on center and BC lies on x-axis B(0, 0),
C(a, 0)

A(c cosB, csinB)

BDz[ ¢ Ja
b+c

Sol 29: AD = a = CsinB = b sinC = (2R) sinB sinC

A

B D C

1 1
RHS. = ZZ(CO'EA) = ZA—ZAcotA

cosA 1
SinA A

2

1 1 . 1
= —)» —bc sinA —bc cosA
153 >

1 Zb2+c2—a2_ 1
247 2 40

2(z) -2k

Exercise 2

Sol 1: (A) Area = \/s(s—a)(s—b)(s—c) = %ab sinC

(s—a)+(s—b)+(s—c¢)

3 > [(s —a)(s = b)(s— )]

s 3/2
(gj > [(s - a)(s — b)(s — )]
3/2
ROk > [s(s — a)(s — b)(s — )2
343

=

s2

A< —

33

Sol 2: (C) CH =b sin C = 2Rsin B sin C
C

A B
16— M
«—30—»

AM =16,AC=b=26,CB=10=a

2,2 2
AH =bcos A=b u
2bc
_ (26)? +(32)° —(10)* _ 5
2(32)
HM=25-16=9
b
Sol3:(A)AB=C, AD=|——|C
b+a
C
A B
length of angle bisector = 6
C
2ab cosE 1 1 1
= = — + — = —
a+b a b 9

Sol 4: (D) I, = 4R sin%

(IL)L)(IL,) = 64R? sin%sin%sin%

= 16R? 4RsinésinEsinE =16 R?r
2 2 2
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Sol5:(C)r, = —

s—a
1.1 s—at+s-b ¢
n r, A A
3.3 3 2
LHS, = abc _a b’c 64 64R

Sol 6: (C) ON =r=0L=0M
Z/NOL =180-B

L

180-(180-B) B

LONL = =27V 78) P
2 2
r
Rof ANOL = S oNE
r3
Xyz =

. . B. C
8sin—sin—sin—
2 2
r:4RsinAsinEsinE
2 2 2

r’R

XyZ = ——
Y 2

Sol 7: (B) LABO = /B/2
r

OF=r, OB= ——
sin—
2
3 B
(OB)(OC)(OA) = arR
. .B . C
4R sin—sin—sin—
2 2 2
3
= AR 4R

‘ -

Sol 8: (B) OB = x =

N | @

sin

r=4R sinésinEsinE
2 2 2

o)
@)

_a
2sinA

oA . B . C
sin® —sin— sin—
2__ 2

xyz = abc| — - -
sinA sinB sinC

xyz = abc tanétanEtanE
2 2 2

a_bc = cotécotEcotE = ZcotA
Xyz 2 2 2 2
Sol 9: (B) arc length = k

radius of circle = k

k0) = k = 06 =1 radius

Particle moves to next circle after completing arc length
= k.

To cross positive x-axis
n(®) > 2n

n) > 6.28

6 = 1 radian

n > 6.28

n=7

2cosA 2cosB  2cosC
i b " C

Sol 10: (D) LH.S. =

by cosine rule

2b? +2c? —2a’ +2a° +2¢% - 2b% + 2a° + 2b% - 2¢?

2abc
a+b’+c? _a b c _a, b
abc bc ca ab bc ca

then we can conclude that there should nor < termin
LH.S.. 1t is possible only if cosA = 0 ab

A=T
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Previous Years’ Questions

Sol 1: (A) In A ABD, applying sine rule, we get

AD  «x
sint/3 sina

= AD :gxsina . ()

And in A ACD, applying sine rule, we get

AD  x
sint/4 sinf

= AD :ixsinB (D)

V2

From Egs. (i) and (ii)
sinoe 1

\/gx _ 3x = _ 1
2sina \f2sinB sinB /6

Sol 2: (B) By the law of sine rule

P
ch Ab
‘ P+ k
Q a R
9 .b =——=k (say)
sinP  sinQ sinR
1 2A 2A
Also, —ap, =A = — = ==
2 Py - a Pr =Py ksinP

o 2A 2A
Similarly, p, = m andp, = KSinR

Since, sin P, sin Q sin R are in AP, we get that p,, p,, p,
are in HP.

Sol 3: (A) It is given that tan (P/2) and tan (Q/2) are the
roots of the quadratic equation

ax? + bx + ¢ = 0 and LRzg

- tan (P/2) + tan (Q/2) = -b/a
and tan (P/2) tan (Q/2) = c/a
Since, P + Q + R = 180°

:>P+Q=90°:>¥=45°

A
o| B
/3 P /4
B XD 3x C
tan(P/2)+tan(Q/2) 1
1-tan(P/2)tan(Q/2)
= _b/a = :>_b/a=]_:>__b:1

l1-c/a a—-c a—c

a

=-b=za-c=a+b=c

Sol 4: (B) We know than, A + B + C = 180°
=A+C-B=180-2B.

Now, 2ac Sin|:%(A—B+C):| = 2ac sin (90° - B)

2ac-(a° + ¢ —b?)

=2accos B = =a’+c% -b?

2ac

Sol 5: (A)

Here, R2 = MC? = %(a2 +b?) (by distance from origin)

%cz (Pythagorus theorem)

=R=—
2

Next,r=(s—c)tan (C/2) =(s—-c)tann/4 =s-cC
L 20r+R)=2r+2R=2s-2c+c =a+b+c-c=a+b

r' N

Sol 6: (B) +B(0,21)

> X
0](0,0) A(21,0)
y

y



The given vertices of triangle are (0, 0) (0, 21) and (21,
0). To find number of integral points inside the A AOB,
then

x>0,y>0andx+y<?21
~.Number of points exactly in the interior of the triangle

_ 20x20-20 _190

Sol 7: (D) B

B
C b A

leta:b:c=1:43:2= % =a% +b?
= Triangle is right angled at C

o a_:
orZ C=90°and b \/5
In ABAC tanA= 2 = =
b 3
—~ A=30°andB=60° (A +B =90°

. Ratio of angles, A: B : C = 30°:60°:90°
=>A:B:C=1:2:3

Sol 8: (A, D) The sine formula is

.a =.L:> asinB=DbsinA
sinA  sinB

(@ bsinA=a =asinB=a = Bzg

Since, ZA <g therefore, the triangle is possible

(b)and (¢):bsinA>a = asinB>a = sinB>1
. AABC is not possible
(d):bsinA<a= asinB<a

=sinB <1 = ZB exists
Now, b >a = B >AsinceA<g
- The triangle is possible.

360°

Sol 9: Here, central angle = = 40°

In AACM, l =sin20° = r = cosec 20°
r
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.. Radius of circle = cosec 20°

Sol 10:

Since, sides of a triangle subtends o, B, y at the center.
Lo+B+y=2n (D)

. Arithmetic mean

T Y Y
Cos| —+a |+Ccos| = +B |+cos| = +7
A i i ),
3
The value is minimum when the three angles are equal.

3

The minimum value of the AM is 5

Sol 11:

a=3+1)

. a b C
By sine rule, — = ——=—
sinA  sinB  sinC
_ V341 b (/3 +1)sin30°
sin(105°) sin30° sin105°

. Area of triangle

o [o]

:iab cind5o— (\f 1)(x/7+1)sm30 sin45
2 sin105°

_1 (3+1y 1.1

2 (sin45°cos60°+cos45°sin60°) 2 f

1 (3+1+2f) _ (4+2\3)
4&[ 1 f] 420 +3)
227802

_ L++3) _1+43

= sq unit
20++3) 2
Sol 12: Given, 2COSA+COSB +2COSC =i+£ .. (i)
a b C bc «ca
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2, .2 2
We know that, cos A = b”+c -a”
2bc
 +a% -p?
cosB= ——M—
2ac
2 2 2
and cos C = b7 -¢”
2ab

On putting these values in Eq. (i), we get

20° +c?—a%) ?+a’-b® 2@ +b*-c?)

+
2abc 2abc 2abc

a b
=g —
bc «ca

20° +? —a®)+c? +a —b% +2@@% +b* =)

2abc
_a’+b?

= = 3b? + 2 + a%2 = 2a% + 2b?
abc

=b’+c?=a’

Hence, the angle A is 90°

8A®

Sol 13: p p,p, = be
Since, A = a_bc
4R

) _ 8 (abc)® 3 (abc)?
PP e Tear? | aR

Sol 14: Since, A =%apl = l:i

p; 2A
Similarly, — = >, = =%
(o8 A p; 2A
£ i—izi(a+b—c)
Pp Py Py 2
B 2(s—c)_s—c_s(s—c)‘ﬂ
2A A ab  sA
ab 2C 2ab 2C

- -Cc0s*—=—"—""—2C0S
(a+b+c]A 2 (@+b+cA

Sol 15: Given that,
a=1++3,b=2and £C = 60°

We have, ¢ = a? + b?-2 ab cos C
:>c2=(1+\/§)2+4—2(1+\/§)-2cos60°
—2=1+23+3+4-2-243

2

=c=6= c= \/6
Using sine rule,

a b ¢
sinA  sinB  sinC

1+\/§ 2 \/g
. _

sinA  sinB  sin60°

2x\/§
N -
sinB = 2sin60° 2 1

NN

.. /B = 45°
= /A = 180° - (60° + 45°) = 75°
Sol 16: Since, r, r,, 1, are ex-radii of AABC are in HP.

g

L=, =, = arein AP

, , >~ ¢ are in AP
A

=Ss-a,sS—b,s—carein AP
=-a,—-b,—carein AP

=a, b, carein AP.

Sol 17: Let ABC be the triangle such that the lengths of
its sides CA, ABand BC are x—1, xand x + 1 respectively
where x € N and x > 1. Let ZB =a be the smallest
angle and ZA =2 a be the largest angle.

A

20,

B
X+1
Then, by sine rule, we have

sina _ sin2a
x-1 x+1

sin2aa x+1 x+1
=— :>2COSOL=—1

sina. x-1 X—
cosa = x+1 ()
2(x-1)
2 2y 1y2
Also, cosa = X x+ D)7 = (x=1) , using cosine law

2X(x +1)
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X+4
2(x-1)

. (i)

= cosa =

From Egs. (i) and (ii), we get

x+1  x+4
2(x-1) 2(x+1)

= (x+1)? = (x+4) (x-1)

=>x+2x+1=x+3x-4=x=5

Hence, the lengths of the sides of the triangle are 4, 5
and 6 unit.

Sol 18: If the triangle is equilateral, then
A=B=C=60°

= tanA + tanB + tanC = 3tan60° = 3x/§
Conversely assume that

tanA + tanB + tanC = 343

But in triangle ABC, A + B = 180°-C
Taking tan on both sides, we get
tan(A+B) = tan (180°-C)

= % =—tanC

= tanA + tanB = — tanC + tanA tanB tanC

= tanA + tanB + tanC + tanA tanB tanC = 3\/§
= none of the tanA, tanB, tanC can be negative
= A ABC cannot be obtuse angle triangle

Also, AM > GM

%[tanA + tanB + tanC ] > [tanA tanB tanC '3

= %(3\6) > (33)#= 3 > 3

So, the equality can hold if and only if
tanA = tanB = tanC or A = B = C or when the triangle
is equilateral.

Sol 19: We know, I :Er2 sinz—Tc(In is area of regular
polygon) 2 :

2L, . 2n
= — =sin—
n n

(r=1) (i)

and O, = nr? tang {0, is area of

circumscribing polygon}

O

—_n _ tanzl (”)
n n
sin=— l+cos—7t

;ﬂz n ;.I_n:coszzz

0, tan™ 0, n 2

n

I 1+1-(2L /n)?

O—“: ; n /) [from Eq. (i)]

n

On
I = 7(“«/1—(2% /n)ZJ

Sol 20: Since, the circles with radii 3, 4 and 5 touch
each other externally and P is the point of intersection
of tangents

= Pis incentre of AC,C,C,

Thus, distance of point P from the points of contact

= In radius (r) of AC,C,C,

_A \/s(s—a)(s—b)(s—c)

e, r
S S
where2s =7 +8 +9
ns =12
Hence, r = \/(12—7)(12—8)(12—9) ) \/5.4.3 _
12 12

Sol 21: A= LabsinCsinC = 22 = 2x1543 :ﬁc ~120°
2 ab  6x10 2

=C= \/a2 +b? —2abcosC

— 62 +10% - 2x6x10x cos120° =14

2 225><3

f =— = =

S 6+10+14
2
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Sol 22 : (B)
3sinP +4cosQ =6 . ()
4sinQ+3cosP=1 ... (i)

From (1) and (2) £P is obtuse,

(3sinP +4cosQ)2 +(4sinQ+3cosP)2 =37
= 9+16+24(sinP cosQ + cosPsinQ) =37
= 24sinP+Q)=12

= P+Q:5—Tc = R=

. 1 T
P+Q)== —
= sinP+Q) > o 6

Sol 23: (A) Let AB = x

p

tan(n—-0-a)=——=tan(0+a) = P
X—q

q—X

= g-x=pcot®+a)

= x=q-p cot(0+a) =q_p(cot6cot6—1j

cota+cot O

9eoto-1 ot 0
9+cot9 a+p
p
cos 6—psin 6
=q-p iJ
qsinB+pcosH
Sol 24: (A) tan30° = - = AD=hy3
AD
BD=h; CD:L
3
AB_AD-BD _\3-1_3-\3_ g
BC BD-CD 1 J3-1

1- =

NE]

JEE Advanced/Boards

Exercise 1

Sol1: AB=2,AC=1BC=a

CD:L(a): E’DB: E’AD: E
1+2 3 3 3
2bccosé
2

Length of angle bisector = ————=% =

2_a
b+c 3

C
D
A B
2(2)cos— 23 a
= = - =cos — = —
3 3 2 2
2 b? +c? —a? 5-a°
= CcosA= —-1= =
2bc 4
=a’=3

~12A% = 12x%bcsinA =9

Sol 2: A = x, B = 2x, C = 4x

= 7x =180

X = @; Cis obtuse angle

2R = 4 = .a = b = .C ,
sinA  sinB  sinC

sinC = sin3A

1 1 1 1] 1 1 1
-4+ == + -
a b c 4| sinB  sinC  sinA

_1 1 O T T
413A-4sinP A sin?A SinA | 4sinA

NG

Sol 3: Length of median BD = T3€(AB)

De b/2 P>

BD = £c = l\/2a2 +2¢2 -b?
4 2
c = V2a° +2c% -b?

N[ &

ic2 =2a’+2c-b’=b?=2a%+ Ec2
4 4



= 4b? = 8a% + 5¢? . (i)

[h2
BD = ﬁcz b__a2
4 4
b2

ic2: — —a? =3c? = 4b?-16a?
16 4

4pb? = 3¢ + 16a? .. (i)
From (1) & (2)
2c2=8a% c=2a

=4b? = 12a’ + 16a’=b = ﬁa

2, 2 2 2 2 5.2 B
cos/ABC = a“+c“-b _a +4a° —-7a =_3
2ac 2a(2a) 4
= /ABC = 120°
Sol 4: OD = 2r A
secA = ? = we need to find F £
OA = 2R cosA
@)
OA +0D = AD = 2cot2
2 2
B C
D<=

2r + 2R cosA = icotA
2 2

2 RsinésinEsinE +2RcosA = 2RSInAcotA
2 2 2 2 2

cosA

éBsinAsinEsinE +2co0sA = 2sin—cos— 2
2 2 2 . A
smE

85inésinEsinE +2C0osA = 2cosZA -1+1

2 2 2 2
85inésinEsinE +2cosA=cosA+1

2 2 2
cosA=1- 85inésinEsinE

2 2 2
ssecA=1/(1- 85inA sinE sinE)
2 2 2

Sol 5: /DAB = A A

ZDAC = A 8
2

DB = 2a sin% D B

/BAC = 180 - A a a
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AC = 2a cosA
2
2asinA 3
R,(of AABD) = ——2 = 2a
2sinA A
A a 2cos—
_ 2
COS— = —
2 25

R, (of AACB) = 25

2acosé
_ 2 _ a
2sinA 25in%
. A A
sin— = —
50

a{ 1 + L } =1
2572 (50)2
a2 = (25)2§ =500

Area of rhombus = 2(Area AABD)

1 2tané
= 2=a’%sinA= a’sinA= 500 =400
2 1+tan’ =
2
cosC
Sol6: —<°t¢ . sinC
cotA + cotB cosAsinB +sinAcosB
sinAsinB
_cosC sinAsinB _ cosC sinAsinB
" sin(A+B)" sinC  sinC~ sinC

Applying sine & cosine rule

_[a®+b®-c®|1ab _ 100 (ab) _ .,
2ab cc 2ab | ¢?

Sol 7: We know that in cyclic quadrilateral, sum of
opposite angle is 180°

ZABC =60°,AD=a,CD=b
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ZADC = 120°

Area (ZABC) = %(2)(5) Sin60° = #

Total area = 4«/§

53
2

Area (AADC) = 44/3 —

= ﬁ = Eab sin120°
2 2

=>ab=6 o (D)

(5)? +(2)> - (AC)?
265)(2)

cos ZABC =

(AC)? =19

a’ +b%-19
2(a)(b)

cos ZADC =

1 a’+b?-19

2 2(6)
a’+b?=13
From (1) & (2)

. (i)

a=3cm, b =2cm

2 2
Sol 8: cos30° = @ +c-6_ E
2(4)(c) 2

2
10+c _ \/g
4c

- 4y3c+10=0=c= 23+

=cC= Zﬁi\/i

Two triangles are possible.

J48 - 40
2

b2c?
2bcosA

Sol 9: a° =

bc b? +c? —a?

COSA= — = ———
232 2bc

= b?c? = a%b? + a’c?* - a*

= b}(c?-a)-a’(c?-a?) =0

= (?-a)b?-a) =0

= eitherc=aora=>b

Hence triangle is isosceles.

Sol 10: Let the sides of Aben,n + 1, n + 2 wheren € N.

leta=nb=n+1c=n+2

n+1

26

R C
D A

n

Let the smallest, angle ZA = O then the greatest £C =
26. In AABC by applying Sine Law we get,

Sin6/n=sin26/n+ 2
=sinB/n=2sinBcosB/n+2

= 1/n=2cosB/n+ 2 (assin B # 0)
=cosO=n+2/2n (@
In A ABC by Cosine Law, we get
CosO=(n+12+n+22-n2n+D(n+2) ..
Comparing the values of cos 8 from (i) and (ii), we get
M+1P2+N+22°-n2Nn+1)(n+2)=n+2/2n
=>nN+2°M+1)=nn+2?+nn+12-n?
=>nn+2?n+2?2=n(n+2)?2+n{n+172?-nd
=>n+4n+4=n+2n+n-n
=>n-3n-4=0=>N+1)(n-4=0
=>n=4(asn#-1)

~Sidesof Aare4,4+ 1,4+ 2,ie.4,5,6.

Sol1l:r =4R sin%cos%cosE

2
R_ 2 3
£ V3+2
A C

4sinésinEsinE = B++2

2 2 2 \/E
= 4LsinEsin(45—EJ = V3+42

V272 2 N
= isinE cosE-sinE _ \/§+x/§

202002 T2 4



=sinB-1 + cosB = \/52+2

\/g+4
2

= sinB + cosB =

\/g+4
22

= sin(B + 45°) =

:>B=5n,c=£
12 12
:}E:S_ILB:2+\/§
C sinC
Sol 12: (ﬂ] [iJ =2
a b
a+c=2b

=a(l-x)+2bx+c(l+x)=0
x(c—a)+2bx+c+a=0

for equal roots b?—c? + a2 =0
a?+b?=c

Hence it is right angle at £C

Putting value in equation (2) from equation (1)

=a’+b?=02b-a) = a2+ b?=4b? + a’-4ab

= 3b? = 4ab :>b=ia;c=2b:>c=§a

Hence a = 3k, b = 4k, ¢ = 5k

sinA+sinB+sinC=§+i+1:E
5 5 5

Soll3:a=7,b=8,c=5
2A 2A 2A

sinA+sinB+sinC _ pc  ac  ab

COtA-FCOtE-FCOtE icot£+cotE
2 2 2 s—cC 2 2

2A (2)s(s—c)
abc (a+b) s(s—c)
\'(s—a)(s—b)

4_A\/s(s ~a)(s-b)(s—0)
abc (a+Db)?

S
(a+b)abc

Calculating value p + q = 10

. (i)

- (i)

Sol14:r —r=r,+r,

A A A A
- - = +
s—a S s-b s-c

Aa Aa

= =
s(s—a) (s—b)(s-c)

=s(s—a)=(s—-b)(s—-¢) :>tanA - |5=P)s=9 _4
2 s(s—a)

= A =90°

Sol 15: 2(2R)? = a? + b2 + ?

a : b : C ’
2=|—| +|—| + | —

2R 2R 2R
= sin?A + sin?B + sin’C = 2
= 3 - co0s2A —cos2B-cos2C =4
= c0s2A + cos2B + cos2C = -1
= 2cos(A + B)[cos(A-B) + 1] =-1
= cosC cosAcosB =0

Hence it is right angled triangle.
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SoI16:§—l=l+l+l
ror A A
A
P
B C
<«—x——D
. 2bccosA
OD = :AD =
. A b+c
sin—
2 A . A
2bc cos—sin—r
- =DE= | 22 | op= 2_2 _ 4
@ oD (b+0o)r b+c
2 1 1 1
— = —_ 4+ 4+
r R L T
1 1 1 11 1 1 S
—_— = |4 - 4| - = —
r ror ron ror A
1 _b+c
r A

RHS. = b+ct+ct+a+a+b _ 2s _

A A

2
;
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Sol 17 : y? + 2= 3y A
y=12
AC=1,AB =2 1
BD _ X2 +1
D 2x C D
. e
BD+CD _ x*+1+2x
CD 2X
V3 1)y
CD 2%
2
o= 2 b
(x+1) c+b
2
Similarly BD = M
(x+1)?
2\/§x B i
(x+1? V3
6x=(x+1P2=>x2+1-4x=0
=>x +x,=4
tanﬁ+tan& = ZA + zﬁ =8
2 2 1 1
Sol 18: Area (AAMC) = Area(AAMB)
B9 _am-me-2
2 2
AC = 2(AE) = b, AD = DB = %
. A
In radii of AAMB = —
s
5 iArea (AABC) _ Area (AABC) bc
2 a+c a+c a+c
2
C
E M
A D B

In radius of AAMC = lArea (AABC)

15

_ Area (AABC) _ bc

a+b a+b

i bc bc

Y2 at+ca+b

no 1 1 ] sinCsinB

o |a,, .|  La+sinQ)d+sing)
C b

Sol 19: AD = (AB) sinB = CsinB
P, = AD = 2R sinC sinB

A

D

zl _ (sinA+sinB +sinC)
A 2RsinAsinBsinC

A B C

4cos—COS—COS—

_ 2 2 2
2R 25inécosé ZSInEcosE 25in£cosE
2 2 2 2 2 2

= 1 = l = R.H.S.

4Rsinésin§sin— '
2 2 2

AAAAlll

+ + = —+—+—
S s-a s-b s-c n 1, n

1
r

1 Z+cC 1
—cP,= —(@2nN+ =z(P, - 2r
> P= — (2r) 2(3 )

:>ZP3+2CI’=CP3:>E = 1—£
C P3
.'.£+X+E =3-2r i+i+i
a b c P P, P

=3-2=1



Exercise 2

Single Correct Choice Type

Sol 1: (C) BD = %BC

A

B
Pythagoras theorem in ABAD
c? + (AD)? = (BD)?
2
c+ l(2b2 +2c¢2-a?) = a
4 4
=a’=b’+3c

tanA _ sinA cosB
tanB  sinB cosA

_a a’ +c? —b? 2bc _a’+c? -b? -
b 2ac b? +c% -a’ b? +c? —a?

Sol 2: (A) Puta = 2Rsin A

_ 2(sinAcosA +cosBsinB +sinCcosC
2(sinA +sinB +sinC)

sin2A +sin2B +sin2C
2(sinA +sinB +sinC)

2sin(A +B)cos(A—B)+2sinCcosC
2(sinA +sinB +sinC)

sinC[cos(A —B) — cos(A +B)]
(sinA +sinB +sinC)

2sinAsinBsinC
sinA +sinB +sinC

2sinAsinBsinC

. (A+B A-B . C C
2sin cos +2sin—cos—
2 2 2 2

2sinAsinBsinC
A-B A+B}

C{
2cos5 cos +Cos

A . B . C r
=4 sin—sin—sin—= —
2 2 2 R

Sol 3: (C)r, =4R sin% cos% cosE
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+B B. A+C A . B+C
cos—sin cos—sin
2 2 2 2

RHS. =

64R3 cosg{sin A

Zl6R2 cosécosEcosE sinésingcosE
2 2 2 2 2 2

4Rcosécos§cosE
2 2 2

& A.B_C
Zsm—smfcos—
R R R

s\/s(s —a)(s—b)(s—c)

cos A _ [s(s—a) _ 4R abc
NV obe L Jss—a)s-b)s—0)
Z abc -9
]
_ abe =R = ks %
[(s—c)+(s—b)+(s—a)]ﬁ
X _ X

Sol 4: (B) AC =

sin/ACD  sinC

x2£ L + L j=8x2
sin?C  sin’B

sin?B + sin?C = 8 sin?C sin?B

1 = 8 sin’C cos’C

(sin2C) = 1 _c_m g3
8 8

2
Sol 5: (A) OB =R
Z/AOC = 2A, /BOD = A
f=0D=Rcos A
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LHS—a+b+c— S b +—°
T8 g h  RcosA RcosB RcosC

PutR = 'LA = 2(tanA+tanB+tanC) = 2tanA tanB tanC

2sin
RHS. = & abc
R3 cosAcosBcosB
Put R = ——— = 8A tanA tanB tanC
2sinA
1
=>A= —

Sol 6: (C) ZAOB =2/C=2C A
OA=0B=R

AB
sinZAOB

R = C B C
1 2sin2C

L.H.S. = 2[sin2A + sin2B + sin2C]
= 2[2 sin(A + B) cos(A —B) + 2 sin C cos C]
= 4 sin C[cos(A — B) + cos(A + B)] = 8 sinA sinB sinC

=8 labsinC lbcsinA lcasinB
2 2 2

8a  64A°  4A

a’b’c?  a%b’?  R?

Sol 7: (A) DF = 2 OE = r; OD = —

sin—
2
A
E
o
B PD C
2bc (:osé
AD= — 2
b+c
i [AD
oD
A
_ 2becos A _bcsinA - 2A
r(b +c) 2 b+c +cC
2A

If Cis the base = ——
a+b

b

C

Sol 8: (C) From sine rule

Given situation

a b < _
cosA cosB cosB

2R sinA = k cosA
tanA = tanB = tanC

Hence it is equilateral triangle.

Sol 9: (A) cosA + cosB = 2(1 — cosC)

A+B A-B ., C
cos cos| —— | = 2sin?—
2 2
:cos( j = 2sin— =2COS[A;B]
cos
2
= =2
A+B
cos
A-B A+B
cos + cos
22 el %)
- =
A-B A+B 2-1
cos —Cos
2 2
:cotécot— =3= L
2 5-c

a+b+c=3a+3b-3c=2c=a+b

Sol 10: (B) Arithmetic mean = atb+c

- R

(sinA + sinB + sinC)

Length of altitude = b sinC = 2R sinBsinC

. 3
Harmonic mean =

1
Z2RsinB sinC
_ 6RsinA sinB sinC
sinA +sinB +sinC

Product = (6R)[§j (sinAsinBsinC)

= 4R? sinA sin B sinC

= ( 'a j(ijsinAsinBsinC= 2A
sinA /| sinB

sinA - sinB B sinC -

2R



sinAsinB-C) _ 1

sinC sin(A —B)

_ sin(B + C)sin(B-C) _ cos2B —cos2C _
sin(A +B)sin(A—-B) cos2A —cos2B

Sol 11: (A)

LH.S.

= 2sin’B = sinA + sin’C=2b? = a% + ¢?
Sol 12: (B) sinA = %A = acute angle

sinB = 2 ~1
101

B~90
C will be acute angle.

cosC>0

cosC = \/1—sin2C = \/l—sinz(A+B)

= \/1 —[sinAcosB + cos AsinBJ?

2
= cosB = ,[1- 2 = ﬂ
101 101
= COsA = 2
13

5(20) 12( 99\ 255
=cosC= J1-|—| — |[+—| — = £
121701 ) " 13\ 101 1313

Multiple correct choice type

Sol 13: (A, C) Hypotenuse

_ [[(cos2a +cos 2B + 2cos(o + B2

_\/ +[sin20c+sin2[3+25in(oc+B)]2

cos2a + cos2B + 2cos(a + B)

= cos?a.— sina + cos?B —sin?b + 2cosacosP — 2sinasinb
= (cosa + cosP)? — (sina. + sinP)?

sin2a. + sin2B + 2sin(a. + PB)

= 2sinacosa. + 2 sinfcosP + 2sinacosb + 2cosasinb
= 2sinafcosa + cosP] + 2sinf[cosp + cosa]

= 2(cosa. + cosP)(sina + sinf)

Hypotenuse

= (cosa + cosP)? + (sinow + sinp)?

= 2 + 2cos’acosP + 2sinpcosb

=2+ 2 cos(a—PB)= 4cosZOL—_B
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Match the columns type

Sol14: A—>s;Bo>r,C—o>p;D—>q

(A) Centroid divides the A
triangle into three equal
partsol:1:1

(B) P is incentre

PD=r B C
BC=a

Area (APBC) = ar

hence ratio = a:b:c=sinA:sinB:sinC
(C) P is orthocentre

Area of (APBC) = % x PD x BC = % x (AD + AP)

= %(ZR SinB sinC — 2R cosA)

= aR(sinB sinC — cosA) = aR][sinB sinC + cos(B + C)
= 2R cosB cos C = 2R sinA cosB cosC
Hence ratio tanA : tanB: tanC

(D) If P is circumcentre

A
PB =R
BD = 2
2
a2
PD = Rz—Z B 5 c

Area APBC = %XPD x BC

:i\/Rz_iziJ @ al
2 4 2\4sin2A 4

4
_ 3 COSA _ oRy sin2A
4 sinB

Ratio = sin2A : sin2B : sin2C

Sol15: A—»qg,B—>r,C—>p;D—>q
CA=b=1+3

BC=a=2,cosC=%
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(AB) = \6 =C
L cosp . A b (2P 4(6)-(B3+1)
2ac 202)(/6)
= cosB = 6_2\/5: 313 = -1
a6 243 2
B = 75°
A = 45°

— (BE) = a sinC = 2{?] -3

— DA = CsinB = /6 (sin 75°)
1

V2

ADEF is pedal triangle of AABC

— CF=bsinA = (V3+1)

ADEBzg—A:LDEan—ZA

(A) Circum scribing circle = — EF
sin(EDF)
__acosA R a1
2sin(t—2a) 2 AsinA 2

(B) Area = % x (DE)(DF) x sin(EDF)
1 .
= E(C cosC x b cosB) x sin(m — 2A)

= bc sinA cosA cosB cosC

1(3-1)(1) 26 BB
- (V3 +1)¢5$[TJ(5]: Ry

A _ \3/4 _J6-\2

s JacosA 4

Qr=

Previous Years’ Questions

Sol 1: (D) Here, for

(a) If a, sinA, sinB are given, then we can determine b

-2 sinB, c = ——sinC. So, all the three sides are

SinA sinA
unique.
So, option (A) is incorrect.

(b)The three sides can uniquely make an acute angled
triangle. So, option (B) is incorrect.

(0)If a, sin B, R are given, then we can determine b = 2R
asinB

sinB, sinA = . So, sin C can be determined.

Hence, side c can also be uniquely determined.
(d) If a, sin A, R are given, then

.L = L =2R

sinB  sinC

But this could not determine the exact values of b and
C.

Sol 2: (A)

120° 30
A < B

Given, ratio of anglesare4:1:1
=4x + x + x = 180°
= x = 30°

s ZA=120°, Z/B=2C=30°
a

Thus, the ratio of longest side to perimeter =
a+b+c

letb=c=x
= a’=b?+ - 2bc cosA
= a’= 2x?— 2x? cosA = 2x?(1-cos)

= a?=4x’sin? A/2 = a = 2xsin A/2

y

A

B(3.4)

A
v

= a = 2xsin 60° = \/gx

Thus, required ratio is

a V3 V3

atb+c _x+x+x/§x_2+\/§

Sol 3: (C) To find orthocentre of the triangle formed by



(0, 0), (3, 4) and (4, 0).
Let H be the orthocentre of AOAB
. (Slope of OP ie, OH) - (slope of BA) = -1

= u . 4__0 :_1 :_iyz_l :>y:§
3-0 3-4 3 4

~.Required orthocentre = (3, y) = (3,%)

Sol 4: (D) Let a, b, c are the sides of triangle ABC.

. (B+C B-C
2sin| —— |cos| ——
Wb+c_k(sinB+sinC) _ ( 2 ] ( 2 j

a ksinA

No
A A
2sin—cos—
2 2

B-C . (B-C
cos sin
b+c ( 2 J b-c ( 2 J
= = Also, =

a . A a A
sin— cos—
2 2

Sol 5: (C) A

Let AB = AC = aand ZA =120°
- Area of triangle = % a’sin120°

where, a = AD = BD

= V/3tan30° + /3 cot15°
o [e]
“ 14 \/5 14 \/g 1+tan45°tan30
tan(45°-15°) tan45°—-tan30°

14 \/§+1 Caz4+
=1 ﬁ[ﬁ-l} na=4+243

= Area of triangle = %(4 +2\/§)2 [?] =12 +7\/§

Sol 6: (D) Since, A, B, C are in AP
=2B=A+Cie 4B =60°

.4 (2sinC cosQ)+ a (2sinA cosA) = 2k (a cosC + ¢ cosA)
C C

. b C 1
Using, | —=—=——==
sinA  sinB  sinC  k

= 2k (b) = 2sinB [using, b = a cosC + c cosA] = \/5

Sol 7: (C)

Coordinates of P and Q are (1, 2x/§) and (1, —2\/5)
Now, PQ = /(4v2)2 +02 =442
Area of APQR = %4\/58 = 16\/5

Area of APQS = %-4\/52 =442

Ratio of area of triangle PQS and PQRis 1: 4
Sol 8: (B) Equation of circumcircle of APRS is
X+ x+9+y?+ 2y =0

It will pass through (1, 2\/5), then

“16+8+ 1-242 =0

"2

~.Equation of circumcircle is
X2 +y?—8x + 2\/§y—9 =0
Hence, its radius is 3x/§.

Alternate Solution
22 ng PR

23 2R

—PR= 62 =2R-sinf = R =33

Let /PSR =0 = sin0 =

Sol 9: (D) Radius of incircle is, r = A
s

Since, A = 16«/5

Now, s

82

:6x/§+6«2/§+4\/§:8ﬁ

2
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Sol 10: (A, B, C, D) Since, AABC = AABD + AACD

:>lbcsinA= chDsinA + l b AD sin A
2 2 2 2 2
= AD = 2—bccosA
b+c 2
A 2bc

Again, AE = AD secE = = AEis HM of b and c.

b+c
A
EF = ED + DF = 2DE = 2AD tanE

2bc A A  4dbc . A
cos—tan— = sin—
b+c 2 2 b+c 2

=2

Since, AD 1 EF and DE = DF and AD is bisector.

= A AEF is isosceles.

Sol 11: (B, D)

=

Let a straight line through the vertex P of a given A
PQR intersects the side QR at the point S and the
circumcircle of APQR at the point T.

Points P, Q R, T are concyclic, then PS - ST = QS - SR

Now, PS;ST > JPS-ST  (AM > GM)

and

1 1 2 2
—t—>
PS ST /pS-ST /QS-SR

AISO,% > J5SQ-SR

QR 1 2 2 4
=5 JSO-SR S S B .
-2 QSR = SQ.SR>QR3 SQ-SR>QR

HenceiJri>#>i
'PS ST Jos-sR QR
Sol 12: (B)

a’ +b% -c?

Using, cosC =
2ab

VB x4 (2 1) - (2x+1)?

2 20 +x+1)(x° =1)

= X+2)(x+1)(x=1)x + (x* = 1)? = \/§ (X2 +x+1)(x>-1)

— 2 +2x +02-1) = 3 (C+x+1)
= 2= +2-VB)x- (B +1) =0
—x=-2+\3) andx=1+3
Butx = —(2 +/3) = c is negative

~x = 1443 is the only solution.

Sol 13:In A ADC, % = sin23°
= AD = b sin 23°

abc .
But AD = m (given)

H o)
abcz =bsin23° = — % = sin23 (i)
b —c b —c c
Again, in A ABC,
sinA _ sin23°
a C
SinA a .
= from Eq. (i
2 "7z lfrom Eq. (0]
2 2.2
=sinA = a =sinA = k%sin” A
b —c k? sin® B —k? sin®> C
)
—=sin A = ZSLAZ
sin“B —sin“ C
)
=SinA = — >IN A
sinB + C)sin(B-C)
)
=sin A = L
sinA-sin(B-C)

—sin(B-C) =1
= sin (B - 23°) = sin90° = B — 23° = 90°
—B=113°

Sol 14: We have, R = a_bc andr = A
4A S

abc s abc's abc

AN A 4A2  4(s-a)(s—b)(s—c)

R
-

Buta:b:c=4:5:6(given)

(sin A #0)



5220
4 5
= a =4k, b = 5k, c = 6k
Now, s = %(a+ b+c¢= —(4k + 5k + 6x) = 15k
.R_ (4k) (5k) (6k)
g kg ][ 2K g |12k g
2 2 2
30k° 308 16
k3 15-8)(15-10)(15-12 7-5-3 7
2 2 2
AC
Sol 15: In AADC, we have cos C = D
cosC = 20 . (1)
a

Applying cosine formula in A ABC, we have

2,2 2
cos A= DIt
2bc
2, 122
and cos C = u (D)
2ab

From Egs. (i) and (ii), we get
a’+b’ - 2b

2ab a
= a? + b? - = 4b?
=a’-c’=3b’ .. (iii)

b2+c?-a’ 2b b?+c?-a’
Now, cos A cos C = —=

2bc a ac
_ 3b? +3(c® —a?)
3ac
_ @ - +3(P-a?) 2 -a%)
3ac 3ac

Sol 16: Let a, b, c are the sides of a A ABC.
. 3
Given, cos A + cos B + cos C = >

b? +c? —a’ +a2+c2—b2 +a2+b2—c2 3

2bc 2ac 2ab 2

= ab? + ac? — a3 + ba?+ bc? - b3+ ca?+ cb?- 3 = 3abc
=a(b-c)? + b(c-a)? + c(a-b)?

- (""*Tt”c)[(a—b)z +(c-ay]

=@+b-c@-b2+b+c-a)(b-c?+(c+a-b)

+(b-c)?
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(c-a)¥=0
(as we know, a+b—c > 0, b+c—a > 0, c+a—b > 0)

. Each term on the left of equation has positive
coefficient multiplied by perfect square, each term
must be separately zero.

—a=b=c

~Triangle is an equilateral.

b+c c+a a+b

Sol 17: Let 1" 1" 13 =i
=((b+c)=11A,c+a=121,a+b =134 ()
=2(@+b+c)=36AL

=a+b+c=18A . (i)

On solving the Egs. (i) and (ii), we get
a=7M\,b=6A and c=5L

. CoSA = b®+c*—a® 36A°+250° —49%° 1
2bc 2(30)02 5
COSB = M
2ac
_ 492 +250° -361° _ 19
7002 35
cosC - a’+b*—c® 4927 +360° -250° 5
2ab 84,2 7
. coSA : cosB : cosC = 1 E E =7:19:25
5357
A
Sol 18:
30°|45
0
B \\ C
a/2 D a/?2

Let AD be the median to the base BC = a of A ABC, and

let ZADC =0, then

V3-1
2

—+i cote——cot30°—icot45° = cotf =
2 2 2 2

Applying sine rule in A ADC, we get

AD _ DC
sin(m—0—45°) sin45°
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a
AD _l

T sin(0+45°) 1

2
a . .

= AD = —(sin45°cos0 + cos45°sin0
o )

= AD :i w :i(c059+sine)
V20 W) 2

L1 :3{ -1 2 J
J11-6v3  2(8-23 +8-243

_ 248-243 :2\/8—2\/3:2
J44-243+223-36  8-23

Sol 19: Given,

=a

cosA cosB + sinAsinBsinC =1

. 1-cosAcosB .
=sinC=——+—7—"— .. ()
sinAsinB

1-cosAcosB (sinC < 1)
sinAsinB

= 1-cosA cosB < sinA sinB

= 1 < cos(A-B)

=cos(A-B)>1

= cos(A-B) =1 [as cos(0)<1)

= A-B=0

On putting A = B in Eq. (i), we get

sinc- 1205 A
sin® A

— sinC=1 :c:%
NowA +B+C=nx

—A+B=Z=
2

—A="|- A=Band C=T"
4 2

- sinA:sinB : sinC
TR SR
=sin—:sin—:sin—
4 4 2

:>a:b:c=i:i

21=1112\/§
2 2

Sol 20: A
C b
p
-
B D C

< a >

Let ABC be a triangle with base BC=a and altitude AD =P

then, Area of AABC = %bc sinA
1
Also, area of AABC = Eap

.'.Eap = Ebc sinA
2 2

_ bcsinA L abc sinA
= p - a p - a2
abc sinA - (sin’ B —sin® C)
=p=

az(sin2 B —sin’ (@)
_ abcsinA-sin(B+C)sin(B-C)

B (b?sin® A —c?sin® A)

. b c
wsinrule; ——=—— = —
sinA  sinB  sinC

_ abcsin®AsinB-C) _ abcsin(B-C)
(b2 —c?)-sin’ A b? -c?
_ ab’rsinB-C) _ arsin(B-C)
b? —b?r? 1-r?
ar .
=>p= [sin(B-C) <1]
1-r?
Sol 21:
0
2n
n
r r
Al A2

Let O be the centre and r be the radius of the circle
passing

through the vertices A, A, ..., A

n

2
Then, ZA, OA, =—n, also OA = 0A, =r
n



Again by cos formula we know that,
2 2 2

S(z_nj _OA] +0A7 —AA;
2(0A,)(CA,)

n

5
= COSs| — | =
n

= 2r cos[z—nj =2r’- AlAg
n

2 2 2
r“+r —A1A2

2(r)(r)

= AAS =2r2-2r cos(z—nJ
n

= AAS = 2r2(1—cos[2—nn
n
= AlAg = 2r%-2sin? (E]
n
2 . T (T
= AjA; = 4rsin? (Hj = AA, = 2rsm[—j
n

Similarly, A;A; = 2rsin [2—75]
n

andA/A, = 2rsin [3—75]

n
Since, 1 = 1 + (given)
AA, AA, AA,
1 1 1

= - = +-—
2rsin(e/n)  2rsin(2x/n)  2rsin(3n/n)

1 1 1
= — =— +—
sin(k/n) sin(2x/n) sin(3x/n)

. (375] . (an
sin| — |[+sin| —
1 _ n n

sin(xt/n) sin(r/n)sin(3r/n)

= sin

z) Hzcosj( a2 )H

n

o) {2
375]

|
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Sol 22 : 1t is given that a, b, c and area of A are rational.

We have, tanB _ [6=96-2a)
s(s—b)

_ \/s(s—a)(s—b)(s—c) A
s(s—b)  s(s—b)

. . . a+b+c .
Again, a, b, care rational given, s = are rational,

Also, (s — b) is rational since, A is rational, therefore, we
get

o2}

Similarly, tan(%) =

is rational.
s(s—b)

is rational,
s(s—c¢)

B C .
Therefore a, tanE, tanE are rational.

Which shows that (i) = (ii)
Again, it is given that

B .
a, tanE, tan% are rational, then

A n B+C
tan— = tan E_ >
1—tan(Bj~tan(C]
B+C 1 2 2
= cot = =
2 B C B C
tan| —+— tan| — [+ tan| —
2 2 2 2

Since, tan (B/2) and tan(C/2) are rational numbers, we
get tan (A/2) is a rational number.

2tanA/2
1+tan® A/2
number, sinA is a rational number. Similarly, sinB and
sinC are rational numbers. Thus, a, sinA, sinB, sinC are
rational numbers therefore (i) = (iii)

Now, sin A = as tan (A/2) is a rational

Now again, a, sinA, sinB, sinC are rational.

b C

By the sine rule —— =——=—
sinA  sinB sinC

a sinB asinC
=— and ¢c=—
sinA SsinA

since a, sin A, sin B and sin C are rational numbers,

=b

= b and c are also rational.
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1 .
Also, A = =bcsinA
2
As b, ¢ and sinA are rational numbers, A is a rational
numbers.
Therefore, a, b, c and A are rational numbers.

Therefore (iii) = (i).

Sol 23: Since, A+B+C=n
=B+C=n-n/4=3n/4 ..()
.0 <B,C<3n/4

(A= /4, given)

Also, given tanB - tanC = p

sinB-sinC _p i

cosB-cosC 1

N sinB-sinC+cosBcosC  p+1
sinB-sinC—-cosB-cosC p-1

l1+p
1-p
1+p)

V2(1-p)

Since, B or C can vary from 0 to 3w /4
0<B-C<3n/4

cosB-C)
cos(B+C) B

= cos(B-C) = — .. (i) (B+C = 3n/4)

1
—-—<cosB-0)<1 (D]
2
From Egs. (ii) and (iii), we get
1 1+p <1
2 e-y
l+p l+p
= - and <1
f S Be-1  V2p-1)
L 1P L1 gang TPV N2
p-1 V2(p-1)
(l—\/E)[p—l—H/E}
2p 1-42
= ——>0and <0
p-1 V2(p-1)
32_p>OandMZ
p-1 (p-1)
+ - + + - +
I I I I
0 1 1 (2+1)

= ((p<0orp>1
and(p < Lorp>(\2 +1)?)

Combing above expressions;
p<Oorp2 (\E+1)2

ie, Pe (-0, 0) U[(V2 +1)?, =)
or Pe(-o,0) UBB+242, «)

Sol 24 : A

It is clear from figure that OA = R.

_ IF

sin(A/2)

_r
sin(A/2)
Butr = 4R sin (A/2) sin (B/2) sin(C/2)

= Al = 4R sin (B/2) sin(C/2)

Again, ZGOA =B = OAG = 90° -
Therefore, ZIAO = ZIAC - ZOAC

- A AIF is right angled triangle =

=A/2-(90°-B) = %(A+ZB—180°)

1 1
—(A+2B-A-B-C)==(B-C
2( ) 2( )

In AOAL OF = OA? + AI2 — 2(0A)(Al)cos ( ~IAO)
= R? + [4R sin (B/2)sin (C/2)? -
=
CcOos
2
[R2+16R2sin2(B/2) sin%(C/2) -

(9

= R? [1+16 sin2(B/2) sin%(C/2)
B—C)]
2 .

= R?[1+8 sin(B/2)

2R: [4Rsin(B/2) sin(C/2)]

8R?sin(B/2) sin(C/2)] cos

— 8sin(B/2) sin(C/2)] cos

sin(C/2) {ZSin(B /2) sin(C/2) cos[B

<)

= R2[1+8 sin(B/2)



sin(C/2) {cos(B_C] +COS[B+C]_ COS(B—CJH
2 2 5

= R? {1 - 85in(B/2)sin(C/2)cos(B ; CH

>

s

= R? {1 - 85in(B/2)sin(C/2)cos[— __H

2
A B C =
et —t—==
[ 2 2 2 2}

N

= R?[1-8 sin(A/2) sin(B/2) sin(C/2)]

- R{l-é{#ﬂ - R2—2Rr

Now, in right ABIO
= OB? = BI? + 10?

= R? = BI?> + R2—2Rr
= 2Rr = BI?

= 2Rr = r?/sin?(B/2)
= 2R =r/sin*(B/2)
= 2Rsin?B/2 =r

= R (1-cosB) =r

3 ospy =2
4A S

2
= abc (1-cosB) = 4i
s

2,2 2 2
- ab{l—a +c“-b }=4A
C

2a S

{Zac—a2 —c? +b2} 4A°
= abc =

2ac S

2
= b[b’-(a-0)3 = 4%

= blb’-(@a-c)? =8(s—a)(s—b)(s—c)
=b[fb-(@a-c)}{b +(@-0c)} =8(s—a)s—b)s-c¢)
=Db[b+c—-a)b+a-¢c)]=8(s—a)s—b)s—c)

= b[(2s — 2a)(2s — 2¢)] = 8(s — a)(s — b)(s — ¢)

= b[(2:2 (s—a)(s—¢c)] = 8(s—a)(s—b)s—c)
=b=2s-2b

= 2b=a+c

Which shows that b is arithmetic mean between a
and c.
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Sol 25: A

The quadrilateral HEKJ is a square because all four
angles are right angle and JK = JH.

Therefore, HE = JK = r, and IE = r(given)
=>IH=r-r

Now, in right angled triangle IHJ,
ZIH=n/2-A/2

[ ZIEA =90°, ZIAE = A/2 and ZJIH = ZAIE Jin triangle
JIH

A r. r-
tan(E——j =1 - cotéz 1

2 2 r-r 2 r-n

I B r C r
Similarly, cot— = —— and cot—=——
r—r, 2 r-n

On adding above results, we get
cot A/2 + cot B/2 + cot C/2 = cot A/2 cot B/2 cot C/2

I I I. LT
— 1 + 2 3 123

+ =
r-=rn r—r, r-n (r=r)(r-—r)(r-r)

Sol 26: Given A < %\/(a +b +c)abc

= L (@a+b+clabc >1
4A

:>(a+b+c)abc21 25abc2
16A? 16A2
s abc

= >1
8-s(s—a)(s—b)(s—c)

N abc 21
8(s—a)(s—b)(s—c)

:»a?bc > (s - a)(s - b)(s - ©)
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Now, puts—a=x20,s-b=y>0,s-c=2z20 33 3
s—a+s-b=x+y EquationofCDis—2 =—2--1 = C=(3,1
2s—a-b=x+y ﬁ !

2 2
c=x+y Equation of the circle is (x —3)? +(y —1)? =1

Similarlya=y +z b=x+2z

(x+y) (y+2) (x+2) g Sol 29: (A) Since the radius of the circle is 1 and C

5 > 2 xyz (+/3,1), coordinates of F = (+/3,0)
which it true Equation of CE is x-+3 :y__lzl = EE[EIEJ
Now quality will hold if —ﬁ ! 22
) 2

Xx=y=z=a=b=c = triangle is equilateral.

Sol 30: (D) Equation of QR is y -3 = \/g(X—\/g)

Sol 27: (B)
(0, 2r) D C (o ,2r) = y=\3
Equation of RPisy = 0.
[ ]
(. Sol 31: (D) X =sin0+sin30+...+sin 290
(0,0) A B (20 ,0) 2(sin 0)X =1 —cos 20 +cos 20 —cos 40 +... +

cos 286 —cos 300

1
18_5(3a)(2r):>(xr—6 yol-cos306 1

2sin®  4sin2°

Line y = —z(x —2a) is tangent to
o

(=12 4 (y —1)% =12 Sol 32: (B, C)
200=3r and or =6 2cos[B+CJcos[¥j=4sin2§
r=2.
B-C .
Sol 28: (D) cos[ 5 J=25m(A/2)
/
23+ (-1 =1 ==
(- 237+ (- COS( 2 J—Z sinB +sinC _>
sinA/2 sinA
= b +c=2a (constant)
(%)
22 Sol 33: (C, D) Given solutions
y 1
sin(n/ 4)
sin0+mw/4-0) N sin@+x/2-(0+n/4))
=l 60° sin@-sin@+n/4) sin0+x/4)-sin(0+mw/2)
> sin((0+3n/2)—(0+5n/4))
/X_ : F(+3.9) \ﬁx vy-60 | T sin0+30/2)-sin(0+57/4)
x-3 N

= ﬁ[cose—cot(9+n/4)+cot(e+ n/4)
—cot@+m/2)+...+cot(0+5n/4)-cot(0+3n/2)] = 4\/5
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22 1 = \/§x2+x+1 =2x2 +2x -1
Sol 34: cosa=—=, sina =, tana = Zf ( )
= (\/5_2)X2+(\/§—2)XJ,_(\/§+1)=0
22 .
= R= = 8 units |
tano On solving

=  X*+x-(33+5)=0
x=\/§+1,—(2+\/§)

Sol 37: (A, C, D)
2sin’ 0

2cos0(1 —sing) = cos p—1=2sin6p-1

2cos 6 —2cos Osing =2 sinfcos -1

; A
C 2cos0+1=2sin(0+0)
---------- tan(2r-0) >0 =tan6 <0 and —1<sin6<—73
3n 5m
30° = 0e >3
B C
Sol 35: %<sin O+9)<1
2 _ 2 T 5n
cosp =2 +16-8 N Eza +8 = 2n+g<9+(p<z+2n
2xax4 2 8a
T S5n
= a2+4\/§a+8:0 2n+g_6max<q)<2n+€_emin
:a1+a2:4\/§,a1a2:8 £<(P<ﬂ
2 3
= |a, -a, =4
= A —A, |:%><4 sin30°x4 =4 Sol 38: (C)
Sol 36: (A, B) A a=2=QR,b:Z:PR,c:E:PQ
<\ 2 2
S=a+b+c=§=4
, 2 4
2x+1 X-1 2sinP—2sinP cos P 2 sin P(1—cosP)
2sinP+2sinPcosP  2sin P(1 + cosP)
/6 L P
B C 1-cosP 25|n2§ P
X Ax+1 = = =tan’ —
1+ cosP 2P 2
2cos” —
s = =17 40 +x+1)° - (2x+1)?
6 20" +x+1)(x* - 1) _(s-b)(s—¢) (s—b)’(s—c)?
ﬁ_(x2—1)2+(x2+3x+2)(x2—x) s(s—a) A?
2 20 +x+1)(x* -1) 2 2
e
V303 -1+ (D 2x(x —1) U2 2 :[if
2 20 +x+1)(x% -1) A? 4A

2_
N 3=x 1+x(x+2)

X2 +x+1
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Sol 39: (B, D) P P(at? 2at)
l6a 8a
Q(t—z"?}
1
AOPQ = SOP-0Q
Q s-b L R
1 5 a-4) 16|
lets—a=2k-25s-b=2ks-c=2k+2kelk>1 — 2oVt 4 \/Tz““gﬁ
Addi t,
ng wege — 2 -32t+4=0 = t=+2,22
s = 6k
2 t°
So,a=4k+2,b=4k c=4k-2 P(at ,2at)=P[?,t]
N p-1
ow, cosP =2 t=+2 = P 2)
IS S t=2v2 = P(4,242)

2bc 3

= 3[(4k)? + (4k —2)® — (4k + 2)%] = 2 x 4k(4k - 2) Sol 42: (A, B, C)

= 3[16k? — 4 (4k)x 2] = 8k (4k —2)

— 48k —96k =32k? 16k = 16k® =80k=k =5  Q
So, sides are 22, 20, 18 R
Sol40: (B)x=a +b,y=ab

x2—c=y T

2
2 2 2
w:_lzcos(lzoo) B
2ab 2

= 4C=2—TE 0
3
= Rzﬁ,rzé
4A S

2
, 4 1absin[2n] Q
T AA° 2 3 ,
R s(abc) X+C X“+y" =3
R :
r 3y X° =2y
R 2c(x+¢) Intersection point is P = 2,1
Equation of tangent is \/§X+ =3
Sol 41: (A, D) Ay p(at’, 2a) L 9 Y
tan(0) = —/2
tan(a) = tan(0-90) = —cot 6 = i
2
. 1 23
sin(a) = —==——
QT

= Q;T=6

w
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Q2Q3:2Q3T:12 Eék
_xz_9 3 9 _35
tan(a) = i = &3 R3T = 2\/5 4A 4 x 6\/6 24
2R T 8
L (x) .o (y). [z r 3 4
R,R; =2R, T =446 sin| = |sin| = |sin| = |=—=—""—==—
S R
 22NO
24
L distance of o from R, R, is 3 . ﬁ‘
V(\/§)2+12 Sinz X+_y :COSZ E :M:E
1 z 2 2 5
. Area (OR2R3):§>< 3><4\/g=6\/§ square units
Sol 44: (A)
Similarly, Area (PQ2Q3):£>< 2><12=6\/§ square
. 2
units
Sol 43: (A, C, D)
s—X _s-y _s-z 3s—(x+ty+z) s
4 3 2 9 9
5s 2s 7s
X:_ly:_lZ:_
3 9
A:7tr2:8—TE
3
é: § AZ_E a:i
s 3 3 e==—
4 2s 8 >
s s 2s 2
= S— = —==5 s FE=(-1
9 39 3 1 =10
= s=9 F, =(1.0)

So, equation of parabola is y? = 4x

A= \/§X9 =66 square units

Solving simultaneously, we get [% + \/gj

. Orthocentre is _—9,0
10



