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I. TRIGONOMETRIC IDENTITIES

Key Points

v' sin?0+ cos?0 =1 =
v' 1+ tan®0 = sec?0 =

v 1+cot?® =cosec’®d =

sin’0 = 1 — cos?0 (or) cos?0 = 1 —sin’0
tan’0 = sec’0 — 1 (or) sec’0 — tan’0 = 1

cot?0 = cosec?0 — 1 (or) cosec®0 — cot’0 = 1

Example 6.1
Prove that tan? © — sin? O = tan® 0 sin’0
Solution :
.2
. sin“ 0
tan’0 —sin’0 = tan’0 — .cos’0

cos’0

= tan’ O (1 — cos? B) = tan” 0 sin*6

Example 6.2
in A 1- A
Prove that i = _COS
1+cosA4 sin 4
Solution :
sin 4 sin A 1—cos 4

I+cos 4 B I+cos 4 8 l1—-cos 4
[multiply numerator and denominator by the
conjugate of 1 + cosA]
sin A (1—cos A) sin 4 (1—cos A)
- (1 + cosA)(l —cos A) - 1—cos” 4
_sindA(1-cosA4) 1-cosA

sin® 4 sin 4
Example 6.3
cot’ 0
Prove that 1+ =cosecH
1+ cosecH
Solution :
-1 cot?0
1+ cosecB
2 —
%61 [since cosec’® —1 = cot? GJ
cosecH +1
14 (cosece + 1)(cosece - 1)

cosecO +1
=1+ (cosecB —1)= cosech

Example 6.4

Prove that sec © — cos 0 =tan 0 sin 0

Solution :

)
secH —cosO = —cos0 :ﬂ
cosH cosO
)
0 . )
== [smce 1-cos?0 =sin? OJ
cosH

sin© . .
= X sinB® = tan0 sin0®
cos

Example 6.5

1+
Prove that /Lse = cosecH + cotO
1—cosO

Solution :
\/1 +cos \/1 +cos0 y
1—cos0 1—-cosO
[multiply numerator and denominator by the
conjugate of 1 — cos0]

1+ cos6
1+ cos6

~ (1+cos€))2 _ 1+cos6
1-cos’®  \/sin20

[since sin® 0 + cos”0 =1]

1+
= .cose = cosecO + cotO
sin®
Example 6.6
Prove that ss:c@ _sin® =cot0
sin® cos©




Solution :

_secO sin0
T sin®  cos0
1
_cosO sin6
" sin® cosH
3 1 sin©
~ sinBcosO cosO
B 1—sin* 0 B cos” 0
~ sinBcosH  sinO cosO
= cotO
Example 6.7

Prove that sin? A cos?B + cos? A sin?B + cos? A

cos’B +sin*Assin’B = 1
Solution :
=sin’A cos’B + cos? A sin’ B +

cos?A cos’B + sin’ A sin’ B
sin”A cos’B + sin’ A sin’ B +

cos?A sin’B + cos? A cos’B
= sin’A (cos?’B + sin’ B) + cos’ A

(sin®B + cos’B)
sin®A (1) + cos? A (1)
(since sin’B + cos’B = 1)

= sinA+cos’A=1

Example 6.8

If cos + sin® = /2 cos6, then prove that cosd —
sin® = /2 sin®

Solution :
Now, cos0 + sinf = /2 cos

Squaring both sides,
(cos 0 + sin 0)> = (/2 cos 0)?

c0s? 0 + sin? O + 2sin O cos O = 2cos? O

2cos? 0 — cos? O — sin? O = 2sin 6 cos 0
cos’ 0 —sin? O = 2sin O cos O

(cos 0 + sin 0) (cos 6 — sin 0)
=2sin 0 cos 0

2sin 0 cos® _ 2sin O cosO

cosO +sin® J2 coso
= ./2sin0

cos0 —sinO =

[since cos O + sin® = /2 cos 0]
Therefore, cos 6 — sin © = /2 sin 0

Example 6.9

Prove that (cosecO — sinB) (secO — cos0) (tan6 +
cotf) =1

Solution :

(cosecH — sinB) (secH — cosO) (tanb + cotH)

1 . 1 sin® cos©
=| ———sin0O || ———cosO +—
sin® cosO cosO sinB
1-sin’0 1-cos*® sin’0 +cos’0
sin© cosO sin6 cosO
_ cos’0 sin’0 x1 _
sin”0 cos’0
Example 6.10
Prove that —>2 A sin 4 =2cosec A
l+cosA 1-cosAd
Solution :
_ sind N sin A
1+cosA 1-cos A4

_sin A (1—cos A) + sin A(1 + cos 4)

- (I+cosA4)(1—cos A)
_sinA—sinAcosA+sin A+sin Acos A
- 1—cos* 4

2sind _ 2sin4

_l—coszA_ sin® 4

= 2cosec A




Example 6.11
If cosec O + cot 8 = P, then prove that

P’ -1

P’ +1

cosB =

Solution :

Given cosec O +cot® =P (1)
cosec? O — cot? © = 1 (identity)
cosecH —cotf = _
cosecH +cotH
cosecO —cotf = e 2)
P
Adding (1) and (2) we get,
2cosecO =P+ 1
P
P +1
2cosecO=—— ... 3)

Subtracting (2) from (1), we get,

2cot 0 =P—l
P

P> -1
2cotO =

Dividing (4) by (3) we get,
kme_ﬁ—& P
2cosec O P

P’ -1

P +1

gives, cos =

Example 6.12
sin’> 4 —sin’ B

Prove that tan®> 4 — tan’> B = > >
cos“ Acos” B

Solution :

tan” A — tan’ B
sin4  sin’B
B cos® A - cos’ B
sin® 4 cos® B —sin” Bcos® 4
cos® A cos’ B
~ sin” 4 (1 —sin® B)— sin® B (1 —sin® A)

cos® A cos’ B

sin? 4 —sin® Asin? B —sin® B +sin® Asin?

B

cos® A cos’ B
sin? 4 —sin’ B

2 2
cos” Acos” B

Example 6.13

Prove that

cos® 4 —sin® 4
cos 4 —sin 4

=2sin Acos 4

Solution :

B cos® A —sin’ 4
cosA—sin A4

B cos® A +sin’® 4
cos A +sin 4
_ | (cos A —sin A4) (cos® A +sin® 4+ cos Asin A)
cos A —sin 4

_ | (cos A+sin A4) (cos® A +sin* 4 —cos Asin A)
cos A+sin 4

since a® —b° = (a—b) (a* +b* +ab)
@ +b =(a+b)(a’ +b> —ab)

= (1+cosAsin 4) — (1 —cos Asin A)
= 2cos Asin 4

3 cos® A +sin® 4
cos4+sin 4

|

Example 6.14
Prove that

cosA B
cosecA+cotA—1

sin 4
secA+tan 4 —1




Solution :

B sin A cos4

“secA+tanA—-1 cosecd+cotA-1

_sin 4 (cosecA + cot A—1)+cos 4 (sec A+ tan A—1)
- (secA+tanA—1)(cosecA+cotA—l)

_ sin Acosec A +sin 4 cot A —sin 4+ cos Asec A+ cos Atan 4 - cos 4

N (sec A+ tan 4 —1)(cosecd + cot 4 -1)
_ l+cosA-sind+1+sinA4-cos4

_(1 sin 4 )[1 cos 4 )
—t 1| —+—-1
cosd cosAd sind sinA4
2
I+sind—cosA)(14cosA—sinA4
( cos 4 )( )
_ 2sin 4 cos 4
_(1+sinA—cosA)(1+cosA—sinA)
2sin A cos A
[(1+sinA—cosA)][(l—sinA—cosA)]
_ 2sin 4 cos 4
" 1-(1-2sin 4 cos 4)
_ 2sinAcosA _ 2sinAcosA
" 1-1+2sindcosd  2sinAcosd

sin A

Example 6.15
Show that 1+ tan® 4 _(l—tanAj2
ow tha 1+ cot? 4 1-cotA4
Solution :
LHS
[1+tan2Aj_1+tan2A
5 =
1+cot” 4 1+ 12
tan” A
1+tan’ 4
S nta ()
tan“ A+1
tan” 4
RHS an
(l—tanA)z_ 1—tan 4
l-cotd) -
tan A
2
| 1-tan 4 . 2 5
=l =T =(—tan4)” =tan" 4

tan A

From (1) and (2),

1+ tan® 4 _(l—tanA)2
1+ cot? 4 1—cotA4

Example 6.16
Prove that
(14 cot A+ tan A) (sin 4 —cos A)

2 2
3 3 =sin” Acos” 4
sec A—cosec’ A

Solution :

(14 cot A+ tan A) (sin A —cos A)
sec’ A—cosec’ A

( cos A
+——+
_ sin 4
(sec A — cosecA) (sec” A+ sec Acosecd + cosec’ A)

(sin A cos A + cos® A +sin® 4) (sin 4 — cos A)
sin 4 cos A

sin A

sin 4 —cos A
cosAj ( )

(secA—cosecA)( 12 + l. + .12 )
cos”A cosAsinAd sin” A4

sin 4 3 cos A
sinAcosA sinAcosA
sin® A +sin 4 cos A + cos’ A]

(sin Acos A + l)(

sin” 4 cos® 4
_ (sin Acos A +1) (sec A — cosecA)
(sec A —cosecA) (1+sin A cos A)

=sin? Acos’ 4

(sec A —cosecA) (

x sin? A4 cos® 4

Example 6.17
2 .2
0
If CO,S =p and sin” 6 = g, then prove that
sin® cosO

pq(pr g3 =1
Solution :

2
0 .

We have Cs(:lﬁ =p...(1)and sin’f = g.... (2)

p’q’ (p*+ g’ +3) = cos



cos’0 ? sin’@ ? cos’0 ? sin’@ ?
- X - + +3
sin© cosO sin© cos0O
[from (1) and (2)]
cos*0 ) ( sin*0 cos*0 sin*0
= s 2 2 X .2 + 2 +3
sin“0 /| cos“O sin“ 0 cos 0

= (cos’ 0 x sin’ 0) x

H c0s®0 +sin® 0 + 3sin? 0 cos? Gﬂ

sin®@ cos”
=c0s°0 +5in®0 + 3sin” O cos> O
=(cos*0)* x (sin? B)* + 3sin?B cos*O
= [(cos2 05in?0)* —3cos?Hsin’O (cos’ O sin’ G)J
+3sin’ 0 cos’ 0O

=1-3cos*0sin’0 (1) + 3cos’Osin’0 =1

Prove the following identities.
i) cot O + tan 0 = sec O cosec 0

ii) tan* 0 + tan® 0 = sec* 6 — sec?0

Solution:

1) LHS
=cotO + tan©

_cosO  sin@

sin®  cosO

_ cos’0 +sin’0
sinO.cosO
_
sinB.cosO
1 1
= X—=
cosO sin0
=secO .cosecH

=RHS

i) RHS

=tan* 0 + tan® O

= tan® O (tan’> O + 1)
=(sec’0—1). (sec? 0)
=sec' O —sec’ 0

=RHS

2.  Prove the following identities.
_1-tan’0 _
cot’0 —1
cosO

tan’ 0

—— =secH — tan0
1+sin6

Solution :
i) LHS
1= tan”0
cot’0 -1
1= tan” 0
1 —
tan”0
1= tan”0
 1-tan’0
tan’0
=tan’0
=RHS
ii) LHS
_ cosO
" 1+sin0
cosO

1

_ 1—sin®

" 1+sin®  1-sin@

_ cosH (l—sinG)

- cos’ 0
1-sinB

cosO
1 sin©

cosO® cosO
=secH — tan0

=RHS




3. Prove the following identities.

i) "1+s%n6 =secO + tan0O
1—sinB

1+ si 1-si
ii)\/ +s%n9 +\/ s%ne =2secHh
1-sinB 1+sinB

Solution :
i) LHS

3 /1+sin9
1—sin®
1+sin® 1+sin0

= X
1-sin® 1+sin0

(1 + sin 9)2
cos’ 0
_1+sin0
cosO
1 sin®
+
cos® cosO
=secH + tanO

= RHS

i) LHS

_\/1+sin6 +\/1—sin6
“\1-sin® V1+sin0
1

secO + tan®
=(secO + tan0) + (secH — tan0)

=2secH
=RHS

=(secO +tanf) +

=sec® O
= (sec? 0)°
= (1 + tan’0)?
("." atb)*=a’+ b’ + 3ab (atb))
=1 +tan® 0 + 3(1) tan? ©) (1 + tan® 0)
=1+tan® 0 + 3tan? 0 . sec’ O
=RHS
ii) LHS

= (sin O + sec 0)? + (cos O + cosec 0)?

=sin? 0 +sec’ 0+ 2sin 0 . sec O + cos? O

+ cosec? 0+ 2 cos 0. cosec 0
= (sin” 0 + cos” 0) + sec’ O +

5. 2cosB
+ cosec’® + ————
cosO sin©

sin@ N cosG)

cosO sinB

sin? 0 + cos? 0
cos0sin 0 J

2sin O

=1+ sec’ O + cosec’0 + 2(

=1+sec’ 0 + cosec’d + 2(

=1+ sec’ 0 + cosec’0 + 2secH cosec O

=1+ (sece cosec 9)2
=RHS

4. Prove the following identities.
i) sec® 0 = tan® 0 + 3tan®> 0 sec? 0 + 1

i) (sin © + sec 0)* + (cos O + cosec 0)* =

1 + (sec O + cosec 0)?
Solution :
i) LHS

Prove the following identities.
i)sec*0 (1 —sin*0)—2tan’ 6 =1
.., coth —cosO  cosecO —1

l =
cotO + cosO cosec+1

Solution :

i) LHS
=sec* O (1 —sin* B) — 2 tan? O



- (1+5sin’0).(1-sin’0) -

cos'0

_ (1+sin’0) cos’® _ 2sin’0

cos*0

cos’0

B 1+sin’0 B 2sin’0

cos’0
1-sin%0

cos’0

B cos’0

" cos20
=1
= RHS

i1) LHS
_ coth —cos0
cotO + cosO

cos’0

cosO (1+1)
0

sin
_cosecO —1
~ cosec +1
=RHS

2sin’0
cos’0

6. Prove the following identities.

. sinA-sinB
i

A—cosB
cosd-cosB _

cosA+cosB

__sin® A+ cos’ 4

sin A+ sin B

i
sin A+ cos 4

Solution :
i) LHS

-3 3
A- A
sin cos’4_,

sinA4—cos A4

_sindA-sinB  cosA—cosB
cosA+cosB sinA+sinB

(sin2 A—sin’ B)+ (cos2 A~ cos’ B)
(cos A+ cosB).(sin A +sin B)

(sin2 A+ cos’ A)— (sin2 B +cos’ B)
(cos A+ cosB).(sin 4 +sin B)

1-1

- (cos 4+ cos B).(sin A +sin B)

=0

= RHS

ii) LHS

sin® 4—cos® 4 sin® A+cos’ 4
- sin A+ cos 4

(sinA +cos A).(sin2 A—sin Acos A + cos’ A)
- sin 4+ cos 4

(sinA —cos A).(sin2 A+ sin Acos A + cos’ A)

" sin A —cos 4
=(1-sinAcos 4) + (1+sin Acos A)
=2
=RHS

sin A—cos A

7. i) Ifsin O + cos 0 = ﬁ , then prove that
tanO +cotO=1

ii) If /3 sin 0 — cos O = 0, then show that
tan 30 = 3tan6 — ta;n3 0
1-3tan”0
Solution :
i) Givensin O + cos 0 = NG}
= (sin O + cos 0)>’=3
= sin? O + cos* 6 + 2sin O cos 6 =13
= 1+2sinBcosO=3
=sinBcosO=1
TP: tanO+cotb=1

LHS :tan 6 + cot ©



sin® cosO V3 - 1
= +
cos® sin6 _ —3\/5
0
B sin® @ + cos” O
~ cosBsin® = undefined
1 = =
_1 (from (1)) LHS = RHS
11 = Hence proved.
_ RHS 8. i) If 2%~ mand <% —p, then prove
sin sin
Hence proved. that (m? + n?) cos’p = n?
ii) Given Given J3 sin®—cos0=0 ii) If cotO + tanO = x and secO — cos0 =Yy,
2 2
= /3 sin6 = cosO then prove that (x*y)3 — (xy*)3 =1
sin@ _ 1 Solution :
cos6 /3 N cosol cos oL
1 1) Given — =m, —— =n
= tanh=— = 9=30° smB2 sin 3 ,
NG Lo losa o cosa
— tan3 " - 20" T s 2
T.P:tan30 = 3tand —tan’ 6 t1an93 tine 0 cos” P sin” 3
-3t
an To Prove : (m? + n?) cos?p = n?
LHS LHS :
tan30 =tan 3 (30°) (m? + n?) cos’P
= tan 90° 5 s
_[ cos”a  cos a 2P
= undefined cos’f  sin’P
RHS
=cos’ ol ;+; cos’ B
_ 3tan® —tan’0 a cos’B  sin’B )
=
I-3tan"6 , [ sin®B +cos* B )
1 1) =cos” 0| —5————|.cos" B
3() _(j cos”“ P .sin“
B \a 2
= Y _cos”a
1-3| = sin? B
& 2
=n
__ 3 >
1-1




i) Given

x = cotd +tan®  y = secO —cosO
cosO  sin0 1
= — = —cosH
sin® cosO cosO
B cos’0 +sin’ 0 3 1-cos’0
sinB cosO cosO
~ 1 _ sin’0
sin® .cosO cos6
To Prove :
2, 2
@) - @) =
LHS
2
1 sin’0 %
| T2 LS
sin“0 cos“®  cosO

2
sin*0 )A

cos’0

1 % sin’0 %
- ( cos’ 9) cos’0

= (sec36 % - (tan3 0 %
=sec’® —tan’ 0

=1

=1

=RHS

(sinﬁ. cos0

9. i) If sinO + cosO = p and secO + cosecO
= (, then prove that q (p?>-1)=2p

ii) If sin® (1 + sin®0) = cos? 0, then prove
that cos®0 — 4 cos*0 + 8cos’0 =4
Solution :
1) Given p =sin 0 + cos 0,

q=sec 0 + cosec 0

To Prove : q (p>—1)=2p
LHS:

q(*-1D
(sec@ + cosece)[(sine +cos0)” — 1]

1 1
= +
(cose sinG)

[ sin%0 + cos?0 + 2sind cosO — 1]

_ SN0 +c0s9 1y 1 ind cos — 1]
cos0 .sin0

_ sin0 + cosO

~ cosO.sin®

=2 (sin6 cos0)

=2p
=RHS

X 2sinO cosO

ii) Given sin6 (1 + sin?60) = cos? 0
To Prove :

c0s°0 —4cos* 0 + 8cos? 0 =4

cosf = 1 , then prove that

1+sin®@ a

a* -1

a’ +1

10. If

=sin0

Solution :

Given

cosb 1

1+sin® a

2
-1
To Prove : a2 =sin0
a” +1

1+sin6
a=
cosO
=(1+sin0) secO

=secO + tan0



.. LHS:

B a* -1
a*+1

_ (secO+ tan0)* — 1
(secO + tan0)* +1

B sec’ 0 + tan’ O + 2secH tanO —1
sec’ 0 + tan’ 0 + 2secH tanO + 1

B 2tan’ 0 + 2secO tan O
2sec’ 0 + 2secH tan0

~ Ztan@@@\&\sec\e)
- Zsecﬁw

sin O

_cosB
1

cos O

=sin 0O
=RHS

Ii. PROBLEMS INVOLVING ANGLE OF
ELEVATION

Example 6.18

Calculate the size of ZBAC in the given trian-
gles.

C
&
£ 8
Y @
-
m 57N o)
® 5cm 4 B 3cm A

Solution :
(1) In right triangle ABC [see Fig.]

fan0 = opposne s?de _ 4
adjacentside 5

0 =tan™’ (%) =tan"' (0.8)

0 =38.7° (since tan 38.7° = 0.8011)
Z/BAC =38.7°

(i1) In right triangle ABC [see Fig.6.12(b)]

tan0 = §
3

0 =tan™' (g) =tan"' (2.66)

0 = 69.4° (since tan 69.4° = 2.6604)
ZBAC = 69.4°

Example 6.19

A tower stands vertically on the ground. From a
point on the ground, which is 48 m away from
the foot of the tower, the angle of elevation of
the top of the tower is30°. Find the height of the
tower.

Pat iy
R . 48 m

Solution :
Let PQ be the height of the tower.

Take PQ =hand QR is the distance between
the tower and the point R. In right triangle PQR,
ZPRQ =30°



tan0 = Po
OR
tan30° = i
48
1 h
1ves,—=—5S0, h = 16\/3
BVES 3T 4g
Therefore the height of the tower is 16/3 m
Example 6.20

A kite is flying at a height of 75 m above the
ground. The string attached to the kite is tempo-
rarily tied to a point on the ground. The incli-
nation of the string with the ground is 60°. Find
the length of the string, assuming that there is no
slack in the string.

A
\emlcy,
1
c
J
i \%
o \&
60°
I N ¥
B Fig6l4 C

Solution :

Let AB be the height of the kite above the
ground. Then, AB = 75.

Let AC be the length of the string.
In right triangle ABC, ZACB = 60°

sinf =—B
in 600 = >
AC
gives,ﬁ = 7 so, AC = 150 =503
2 AC NE)

Hence, the length of the string is 50+/3 m
Example 6.21

Two ships are sailing in the sea on either sides
of a lighthouse. The angle of elevation of the top
of the lighthouse as observed from the ships are
30° and 45°respectively. If the lighthouse is 200
m high, find the distance between the two ships.

(V3 =1.732)

Solution :

Let AB be the lighthouse. Let C and D be
the positions of the two ships.

Then, AB =200 m.
ZACB =30°, ZADB =45°

In right triangle BAC,
tan30° = AB
AC
1200
3 4c
gives, AC =200~/3 ... )
In right triangle BAD,
tan45° = AB
AD
200
AD
gives, AD =200  ....... 2)

Now, CD =AC +AD
=200+/3 +200[by (1) and (2)]
CD =200(/3+1)



=200 x2.732 =546.4
Distance between two ships is 546.4 m.

Example 6.22

From a point on the ground, the angles of el-
evation of the bottom and top of a tower fixed
at the top of a 30 m high building are 45° and
60° respectively. Find the height of the tower.
(3 =1.732)

Solution :

Let AC be the height of the tower.
Let AB be the height of the building.
Then, AC = h metres, AB =30 m
In right triangle CBP,

ZCPB = 60°

BC
tan® = —
BP

AB+ AC
BP

30+h
SO,\/_— BP

tan 60° =

In right triangle ABP,
ZAPB =45°

B
tan® = —
BP

tan45° = ﬂ
BP

gives, BP =30

Substituting (2) in (1), we get

30+ h
V3= 30

h= 30(\/5 - 1)
=30(1.732-1)
=30(0.732) = 21.96

Hence, the height of the tower is 21.96 m.

Example 6.23

A TV tower stands vertically on a bank of a ca-
nal. The tower is watched from a point on the
other bank directly opposite to it. The angle of
elevation of the top of the tower is 58°. From
another point 20 m away from this point on the
line joining this point to the foot of the tower, the
angle of elevation of the top of the tower is 30°.
Find the height of the tower and the width of the
canal. (tan58° = 1.6003)

Solution :

Let AB be the height of the TV tower.
CD =20 m.



Let BC be the width of the canal.
In right triangle ABC,

tan58° = ﬁ

1.6003 = A8 o
BC

In right triangle ABD,

tan 30" =£=i
BD BC+(CD

1 __4B
J3 BC+20

Dividing (1) by (2) we get,
1.6003  BC+20
1 BC

3

=A=11.24m
1.7791

1.6003 = _AB
11.24

[from (1) and (3)]
AB=17.99

Hence, the height of the tower is 17.99 m

and the width of the canal is 11.24 m.

Example 6.24

An aeroplane sets off from G on a bearing of 24°
towards H, a point 250 km away. At H it changes
course and heads towards J on a bearing of 55°

and a distance of 180 km away.
(1) How far is H to the North of G?
(i) How far is H to the East of G?
(ii1) How far is J to the North of H?
(iv) How far is J to the East of H?

sin24° =0.4067 sin11° =0.1908
cos24° =0.9135 cos11°=0.9816

Solution :

@
G

(i) In right triangle GOH,
oG

cos24° =

0. 9135—% OG =228.38 km
250

Distance of H to the North of
G =228.38 km
(i1) In right triangle GOH,

w“%’

0.4067 —O—H ; OH=101.68
250°

Distance of H to the East of
G =101.68 km
(iii) In right triangle HIJ,



L
sinl11° = i
HJ

0.1908 = % ;10 =34.34km
Distance of J to the North of
H=34.34km

(iv) In right triangle HIJ,

HI
cosl1®=—
HJ

0.9816=ﬂ;HI =176.69 km
180

Distance of J to the East of
H=176.69 km

Example 6.25

Two trees are standing on flat ground. The angle
of elevation of the top of both the trees from a
point X on the ground is 40°. If the horizontal
distance between X and the smaller tree is 8 m
and the distance of the top of the two trees is 20
m, calculate

(i) the distance between the point X and the
top of the smaller tree.

(i1) thehorizontal distance betweenthetwotrees.
(cos 40° = 0.7660)

Solution :

Let AB be the height of the bigger tree and
CD be the height of the smaller tree and X is the
point on the ground.

(1) In right triangle XCD,

cos40” = X
XD
D = L 10.44 km
0.7660

Therefore the distance between X and
top of the smaller tree = XD = 10.44 m

(i1) In right triangle XAB,

AX
cos40’ = —
BX

_AC+CX
"~ BD+DX

AC+8
20+10.44
gives AC=2332-8=1532m

Therefore the horizontal distance between
two trees=AC=15.32m

1. Find the angle of elevation of the top of a
tower from a point on the ground, which
is 30 m away from the foot of a tower of
height 10~/3 m.

Solution :

=0.7660 =

T
1083 m
(™\
T B  30m A
From the fig, tan 0 = %

L

3

- 0=30°

2. Aroad is flanked on either side by con-
tinuous rows of houses of height 43 m
with no space in between them. A pedes-
trian is standing on the median of the
road facing a row house. The angle of
elevation from the pedestrian to the top
of the house is 30°. Find the width of the
road.



Solution :
C
43 43 43
300
A XP X B
Let AB = Width of theroad

P =Midpoint of AB
BC = height of the row houses
=43 m

LetPB=PA=xm

In APBC, tan30° = BC

PB

1 _4B
N

= x=12m

.. Width of the road = AB
=2x
=2(12)
=24 m

3. To a man standing outside his house, the
angles of elevation of the top and bottom
of a window are 60° and 45° respectively.
If the height of the man is 180 cm and if
he is 5 m away from the wall, what is the
height of the window? (+/3 =1.732)

Solution :
T

Window
B
X
60°

C

Sm 5 M

1.8 m
D N

Sm

Let MN=180cm=1.8m
= height of the man
DN =5 m= Dist. between
Man & Wall

T, B —» Top & Bottom of Window
BC=x,TB= y (Height of window)

In ACMB, tan45° =

E
:>1—i
5
=5
o_Xt)y
In ACMT, tan60” = ——
N kb
5
= 5+y=5V3
=  y=5/3-5
=5(/3-1)
=5(0.732)
=3.66m

.. Height of window = 3,66 m

4. A statue 1.6 m tall stands on the top of a

pedestal. From a point on the ground, the
angle of elevation of the top of the statue
is 60° and from the same point the angle
of elevation of the top of the pedestal is
40°. Find the height of the pedestal. (tan

40° = 0.8391, (+/3 =1.732)
Solution :




Let D — Point of observation on the ground
BC =x m = height of Pedestal
AC = 1.6m = height of statue
Z/BDC =40° /BDA=60°, BD=ym

In ABCD, tan40” = X
y

_ X
tan 40°

X
0.8391

=Y

In ABAD, tan60° = AB
BD

N [:x+1.6

y
x+1.6
= V== e 2
3
. From (1) & (2)
x  x+1.6
0.8391 1.732

= 1.732x=0.8391x+1.6 (0.8391)
= 0.8929 x=1.343
1343

xX=
0.8929
=1.5m

=

.. Height of statue = 1.5 m

A flag pole ‘h’ metres is on the top of the
hemispherical dome of radius ‘r’ me-
tres. A man is standing 7 m away from
the dome. Seeing the top of the pole at an
angle 45° and moving 5 m away from the
dome and seeing the bottom of the pole
at an angle 30° . Find (i) the height of the
pole (ii) radius of the dome.

(V3 =1.732)

Solution :

C 7m

In AACD, tan45° = AC
CD
l:h+r
r+7
= r+T=h+vr
= h=17
. Height of the pole = 7m

In ABCE, tan30° = BC
CE

I

3 r+7+5
= 3r=r+12
= Br-r=12

= r(B-1)=12

S5m

12 J3+1

12(/3+1)
2

6(2.732)
16.392 m

.. Radius of dome = 16.39 m

r=—X
B-1 3+1

E




6. The top of a 15 m high tower makes an
angle of elevation of 60° with the bottom
of an electronic pole and angle of eleva-
tion of 30° with the top of the pole. What
is the height of the electric pole?

Solution :

A
15—
15m
30°
E C
< y
X
0
B 60 D

y

Let AB = 15 m = Height of the tower
CD = x m = Height of the pole = BE

SLAE=15—-x
LetBD=EC=y
In AADB, tan60° = AB
BD
15
N
y
15
. y=—=53 .. M
V3
In AACE, tan30° = A—E
EC
1 15-x
3oy
= 5J3 = (15-x)\/3 (From (1))
= 5=15—x
= x=10

.. Height of the pole = 10m

7. A vertical pole fixed to the ground is di-
vided in the ratio 1 : 9 by a mark on it with
lower part shorter than the upper part. If
the two parts subtend equal angles at a
place on the ground, 25 m away from the
base of the pole, what is the height of the

pole?
Solution :
A
9x
B
X 0
C e

25m
Let AC = height of the pole

B is a point on AC which divides it in the
ratio 1 : 9 such that AB = 9x, BC =x

("." lower part is shorter than upper part)

CD = 25 m = Dist. between pole and point

of observation
In ABCD, tan 6 =B—C=i
CD 25
In AACD, tan 20 =£=uj
CD 25
= tan 20 = 10_x
25
2tan0 10x
= —— =
l1-tan“9® 25
2 ) 5
L )
1=X% 5
25
2x
25 _2x
625—-x* 5

625



In APKM
625 »
E X —2 - E 0 h
25 625-x 5 tan 4 =il
25 1 Y
: —2 = —
625—x 5 = y+l=
tan 4°
= 625-x> =125
: = = @)
= x2 =500 tan 40 ...........
= x=10J5 . From (1) & (2)
~. Height of the pole =10x h___h
tan8’  tan4’
-10 (10\/5) anh anh
= @ ———07=1
=100+/5m tan4’  tan8’
8. A traveler approaches a mountain on = h [ 1 — 1 } =1
0 0
highway. He measures the angle of eleva- tan4”  tang
tion to the peak at each milestone. At two tan8° — tan 4°
. . = h _— =
consecutive milestones the angles mea- tan 8° tan 4°
sured are 4° and 8°. What is the height of 0 0
. . tan8" tan4
the peak if the distance between consecu- = h= ang —tand
tive milestones is 1 mile. (tan 4° = 0.0699, oa1114 . 8’71
tan 8° = 0.1405) o 22ax007
. 0.14-0.07
Solution :
P _0.0098
0.07
=0.14 miles
h
lil. PROBLEMS INVOLVING ANGLE OF
o DEPRESSION
40
« y M, 1 M, Example 6.26
Let PK = h = height of mountain A player sitting on the top of a tower of height 20
o 3 ) m observes the angle of depression of a ball lying
M,, M, = Mile stones, M, M, = 1 mile on the ground as 60° . Find the distance between
LetKM, =y the foot of the tower and the ball. (\/5 =1.732)
In APKM,, Solution :
h
tan 8° = —
Y
h
= =— e 1
4 tan 8’ O




Let BC be the height of the tower and A be the
position of the ball lying on the ground. Then,

BC =20 m and £ZXCA=60°= ZCAB

Let AB = x metres.

In right triangle ABC,

tan 60’ = 2
AB
20

N
X
o 20x+/3  20x1.732
V3 x\3 3
=11.54m

Hence, the distance between the foot of the tower
and the ball is 11.54 m.

Example 6.27

The horizontal distance between two buildings
is 140 m. The angle of depression of the top of
the first building when seen from the top of the
second building is 30° . If the height of the first
building is 60 m, find the height of the second
building. (+/3 = 1.732)

Solution :

X c

=
o)

140 m
Fig. 6.22

The height of the first building

AB =60 m. Now, AB =MD =60 m
Let the height of the second building
CD = h. Distance BD = 140 m

Now, AM =BD =140 m

From the diagram,

D Building - 11

ZXCA=30°=ZCAM

In right triangle AMC,
tan30° = M
AM
1 _cm
3 140
cu =140 _ 14043
3 3
_140x1.732
3
CM =80.78
Now, h =CD
=CM +MD

=80.78 + 60 = 140.78
Therefore the height of the second building is
140.78 m

Example 6.28

From the top of a tower 50 m high, the angles
of depression of the top and bottom of a tree are
observed to be 30° and 45° respectively. Find the
height of the tree. (/3 = 1.732)

Solution :

The height of the tower AB = 50 m

Let the height of the tree
CD=yand BD =x

From the diagram,
ZXAC =30°=ZACM and
ZXAD =45°= ZADB

In right triangle ABD,



AB

tan45° = —
BD
1:5—0 gives x =50 m
X
In right triangle AMC,
tan30° = AM
M
1 AM _ .
—==——[since DB=CM]
350
50 5043
AM =—==—
B3
_ 50x%1.732 —28.85m

Therefore, height of the tree =
CD=MB=AB-AM
=50-28.85=21.15m

Example 6.29

As observed from the top of a 60 m high light
house from the sea level, the angles of depres-
sion of two ships are 28° and 45°. If one ship
is exactly behind the other on the same side of
the lighthouse, find the distance between the two
ships. (tan 28° = 0.5317)

Solution :

Let the observer on the lighthouse CD be at D.
Height of the lighthouse CD = 60 m
From the diagram,
Z/XDA =28°=/DAC and
Z/XDB =45°= /DBC
In right triangle DCB,

tan45° = D—C
BC

1=ﬂ gives BC =60 m
BC

In right triangle DCA,

tan 28° = be

A

0.5317 = 60

AC

gives AC = 60
0.5317
=112.85

Distance between the two ships
AB=AC—-BC=5285m

Example 6.30

A man is watching a boat speeding away from
the top of a tower. The boat makes an angle of
depression of 60° with the man’s eye when at a
distance of 200 m from the tower. After 10 sec-
onds, the angle of depression becomes 45°. What
is the approximate speed of the boat (in km / hr),
assuming that it is sailing in still water? (\/5 =
1.732)

Solution :

X A

Let AB be the tower.
Let C and D be the positions of the boat.

From the diagram,



ZXAC =60°=ZACB and

ZXAD =45°= ZADB , BC =200 m

In right trlangle ABC, tan60° = AB

gives J3=——

200
weget AB=200v3 ... M

AB
In right triangle ABD, tan45° = —
BD

20043

BD
we get BD = 200+/3
Now, CD=BD-BC
CD =200+/3 — 200
=200(+/3 —1)=146.4

gives 1=

[by (1]

It is given that the distance CD is covered in
10 seconds.

That is, the distance of 146.4 m is covered
in 10 seconds.

dist.
Therefore, speed of the boat = 1s' anee
time
_la64 _ =14.64 m/s
gives 14.64 x 3600 km/hr
1000
= 52.704 km/hr

1. From the top of a rock 503 m high, the
angle of depression of a car on the ground
is observed to be 30°. Find the distance of
the car from the rock.

Solution:

X C

RK =50 \/5 m = height of the rock
C = Position of the car

KC=xm

ZTRC = ZRCK = 30°

RK
KC

1 5043

B ox

= x=150m

tan30° =

.. Dist. of the car from the rock = 150m

2.  The horizontal distance between two
buildings is 70 m. The angle of depres-
sion of the top of the first building when
seen from the top of the second building
is 45°. If the height of the second building
is 120 m, find the height of the first build-

ing.
Solution:
T
A
120 —x
120 m . = )
©
70 m
X X
B D
70 m

Height of the 1st building =CD =xm
Height of the 2nd building = AB = 120 m
Distance between 2 buildings =

BD =EC=70m



In A AEC,

ta1n45°:£
EC
1= 120—x
70
= 70=120—x
= x=120-70
= x=50

.. Height of 1st building = 50 m

3. From the top of the tower 60 m high the
angles of depression of the top and bot-
tom of a vertical lamp post are observed
to be 38° and 60° respectively. Find the
height of the lamp post. (tan 38°=0.7813,
3 =1.732)

Solution:

X

P

TR = Height of the tower = 60 m

LP = Height of the lamp post =x m = WR
S TW=60-x

LetRP=WL=y

In ATRP,
tan 60° = IR

N

0
Y

tan3OO:ﬂ
'L
1 _60-x
N
= y=3(60=x)......... )
.~ From (1) & (2)
= 20:/3=+3(60-1x)
= 20=60—-x
= x=60-20 = x=40

.. Height of the lamp post = 40m

4. An aeroplane at an altitude of 1800 m
finds that two boats are sailing towards
it in the same direction. The angles of
depression of the boats as observed from
the aeroplane are 60° and 30° respec-
tively. Find the distance between the two
boats. (/3 =1.732)

Solution:
A

1800 m

AP =1800 m

= height of the plane from the ground
B,, B, = Positions of 2 boats
LetB,B,=xm;PB =y
In AAPB,,
1800
Bl

1800
=180

tan 60° =




In AAPB,,

tan30° = 1800
y +x
- 1 _ 1800
B3 oy+x
= 3 +x=1800/3
=  600~/3 +x=1800\/3
(From (1))
= x=1200/3
x =1200 (1.732)
=2078.4m

From the top of a lighthouse, the angle of
depression of two ships on the opposite
sides of it are observed to be 30° and 60°.
If the height of the lighthouse is h me-
ters and the line joining the ships passes
through the foot of the lighthouse, show

4h
that the distance between the ships is ﬁ

m.

Solution:

LH = h m = height of the light house
S,, S, = Positions of 2 ships
SH=xm,SH=ym

Tofind: x+y

In ALS H,

. Adding (1) & (2)
xty= 3h +i

3
_3h+h _4h
IR
.. Distance between 2 ships

4h
=—m

3

A lift in a building of height 90 feet with
transparent glass walls is descending
from the top of the building. At the top
of the building, the angle of depression to
a fountain in the garden is 60°. Two min-
utes later, the angle of depression reduces
to 30°. If the fountain is 30+/3 feet from
the entrance of the lift, find the speed of
the lift which is descending.

Solution:

90 ft




LT= height of the lift = 90 ft

F = Position of the fountain

FT = Distance between fountain & lift
=304/3 ft.

LP=xft = PT=90°-x

Time taken from L to P =2 min.

In APFT,
tan30° = 20 =%
3043
1 90-x
33043
=  30=90-x
= x=60ft
-, Speed of the lift = 213t
Time
_60
2
=30 ft/min.

PROBLEMS INVOLVING ANGLE OF
ELEVATION AND DEPRESSION

Example 6.31

From the top of a 12 m high building, the angle
of elevation of the top of a cable tower is 60° and
the angle of depression of its foot is 30°. Deter-
mine the height of the tower.

Solution :

As shown in Fig., OA is the building, O is the
point of observation on the top of the building
OA. Then, OA=12 m.

PP' is the cable tower with P as the top and P' as
the bottom.

Then the angle of elevation of P, ZMOP = 60° .
And the angle of depression of P', ZMOP'= 30°

Suppose, height of the cable tower PP' = h
metres.

Through O, draw OM L PP'
MP=PP'-MP'=h-OA=h—-12

In right triangle OMP, MP _ tan 60°
oM

h-12
ives =\/§
SV T om
so,OM:ﬂ ............ 1)

NE

M,
In right triangle OMP', OM tan 30

1
oM 3
s0,0M =123

gives

From (1) and (2) we have, h-12 =123
3
gives, h—12 = 124/3 x /3 we get, h =48
Hence, the required height of the cable tower is
48 m.

Example 6.32

A pole 5 m high is fixed on the top of a tower.
The angle of elevation of the top of the pole ob-
served from a point ‘A’ on the ground is 60° and
the angle of depression to the point ‘A’ from the
top of the tower is 45°. Find the height of the
tower. (/3 =1.732)



Solution :

Let BC be the height of the tower and CD be the
height of the pole.

Let ‘A’ be the point of observation.

Let BC=xand AB =y.

From the diagram,

Z/BAD = 60° and ZXCA =45°= ZBAC

In right triangle ABC, tan45° = %

gives, 1=£so, xX=y
y

In right triangle ABD, tan60°

_BD _BC+CD
AB~ 4B

gives, f =2 >

* so,x/§y=x+5
Yy

we get, \/§x=x+5
5 __ 5 B+l
B-1 -1 3+1

5(1.73241)

[From (1)]

S0, X =

=6.83

Hence, height of the tower is 6.83 m.
Example6.33

From a window (h metres high above the ground)
of a house in a street, the angles of elevation and
depression of the top and the foot of another

house on the opposite side of the street are 0, and
0, respectively. Show that the height of the op-

posite house is 1+%
cot 0,

Solution :

Let W be the point on the window where the an-
gles of elevation and depression are measured.
Let PQ be the house on the opposite side.

Then WA is the width of the street.
Height of the window = h metres
=AQ (WR=AQ)

Let PA = x metres.

AP
In right triangle PAW, tan6, = T

ives tan0, = =
g Y w

S0, AW = al
tan0,
we get, AW =xcot® ... 1))
. . AQ
In right triangle QAW , tan0, = W
gives tan0, = N
AW
we get, AW = hcot0, ... 2)

From (1) and (2) we get, xcot0, = hcot0,
o cot0,

gives,
cot0,



Therefore, height of the opposite house =

PA+ A0 =x+h=h02 1 j o[ 1460
cot0, cot0,

Hence Proved.

1. From the top of a tree of height 13 m the
angle of elevation and depression of the
top and bottom of another tree are 45°
and 30° respectively. Find the height of
the second tree. (/3 =1.732)

Solution:

R 45°
y 30°

13m

300

y
CD = 13m = height of tree 1
AB =x+ 13 = height of tree 2
BD = EC =y m = dist. between 2 trees

In ABCD.
tan 30° =Q
BD
-, 1.1
3oy
= y=133m
In AACE,
tan 45° :ﬂ
EC
= 1=ﬁ
y
= y=x

=  x=133m

.. Height of 2nd tree =x + 13
=133 +13

=13(/3+1)
=13%2.732
=35.516
~35.52m

2. A man is standing on the deck of a ship,
which is 40 m above water level. He ob-
serves the angle of elevation of the top of
a hill as 60° and the angle of depression
of the base of the hill as 30°. Calculate
the distance of the hill from the ship and
the height of the hill. (\/3 =1.732)

Solution :

H
X
60°
D 30° y B
40m 40m
300
S y L

D — Deck of a ship

DS =40m = Deck of ship from water level
HL = Height of the hill = x + 40

SL = DB = Dist. between ship & hill

In ADLS,
tan30° = D—S
SL
-, 1 _40
3oy
= y=403 1)



In ADHB, LE — Surface of the lake

. HB P — Point of observation 'h' mrs. from lake
tan60” = DB A, A' — Positions of cloud & its reflection
X AE=A'E,PL=CE=hm
= B ; To find :
= yz% .......... ) oy (tan + a6, )
3 tan 0, —tan0,
~. From (1) & (2) In AAPC,
X
—=40~3
NE) 3 tan0, = X
= x=40/3x3 X
=120 = y=—" )
) m tan0,
Helght of the hill =x + 40 In APA'C
=120+40 '
tan0, = ——
=160 m and PC
Distance between ship & hill tan0, = x+2h
Y
" :g\(/lgnz) _(x+2h) (2)
: “ 2é : @no,
e . From (1) & (2)
3. If the angle of elevation of a cloud from X _x+2h
a point ‘h’ metres above a lake is 0, and tan6, tan0,
the angle of depression of its reflection in
the lake is 6, . Prove that the height that = xtanb, = xtan®, + 2/ tan0,
the cloud is located from the ground is = x (tan 0, —tan0, ): 2htan0,
h(tan®, +tan0,) - _ 2htan©
tan0, + tan0, tan0, —tan0,
nAE=h+x

Solution :

L lake

x+h

2htan©,
tan 0, — tan 06,

_anl1s 2tan 0,
tan 0, — tan©,

- tan 0, + tan6,
tan0, — tan 0,

=h+



Hence proved.

The angle of elevation of the top of a cell
phone tower from the foot of a high apart-
ment is 60° and the angle of depression
of the foot of the tower from the top of
the apartment is 30° . If the height of the
apartment is 50 m, find the height of the
cell phone tower. According to radiations
control norms, the minimum height of a
cell phone tower should be 120 m. State
if the height of the above mentioned cell
phone tower meets the radiation norms.

Solution :

A
X
y
. 300 C
50 50m
B 30° y 60° D

CD = 50m = height of the apartment = EB

AB = (x + 50) m = height of the cellphone
tower

BD = EC = ym = dist. between tower &

apartment
In ACDB,
tan30° = 2
BD
130
3oy
= y=503m .. (1)
In AADB,
tan 60° = AB
D

x+50
= y= Ng

N 50\/*:x+50

3

= 150 =x+50
s x=100m

(from (1))

.. Height of cell phone tower

=x+50
=150m > 120 m
". The tower does not meet the radiation
norms.
5.  The angles of elevation and depression of

the top and bottom of a lamp post from

the top of a 66 m high apartment are 60°

and 30° respectively. Find

(i) The height of the lamp post.

(ii) The difference between height of the
lamp post and the apartment.

(iii) The distance between the lamp post
and the apartment. (\/3 =1.732)

Solution :

L

60°

66 66m

300 y
P T

AT = height of apartment = 66 m = EP
LP = height of the lamp post = x + 66

PT = EA =y m = dist. between post and
apartment

In AAPT,



N .
= yzﬁ ........... )
. From (1) & (2)

ﬁz%ﬁ

= x=606x3
=198
1) Height of the lamp post =x + 66
=198 + 64
=264 mrs

i) Difference between height of lamp post
& apartment = 264 — 66 = 198 m

ii1) Dist. between lamp post & the apartment
= y=6613m

=66(1.732)
=114.312m

Three villagers A, B and C can see each
other across a valley. The horizontal dis-
tance between A and B is 8 km and the
horizontal distance between B and C is
12 km. The angle of depression of B from
A is 20° and the angle of elevation of C
from B is 30°. Calculate :

(i) the vertical height between A and B.

(i) the vertical height between B and C.
(tan20° = 0.3640, (/3 = 1.732)

€

st < i L. |
g
» 3 ~ 303

20° 30°
8 km B 12 km

D

A, B, C — Positions of 3 villagers
To find i) AD ii) CE
In AABD,

tan 20° = Rl
8

= x=8.tan20"
=8(0.3640)
=2912
. AD=2912km
In ACBE,

tan30° = X
12

NI A"
NV NG
=43
=4(1.732)
=6.928
=6.93

CE =6.93km




Multiple choice questions

1. The value of sin’0 + is equal to

1+ tan’0
(1) tan> 6 )1 (3)cot’®

“$0
Hint : Ans : (2)
=sin’0 + _ 3
I1+tan”0

. 1
=sin’0 + —=
sec™ 0

=3sin’0 + cos’ O
=1

2. tan O cosec?0 — tan 0 is equal to

(1)sec© (2) cot? 0
(3)sin 6 (4) cot O
Hint : Ans : (4)

=tan 0 . cosec’ 0 —tan 0
= tan O (cosec? 0 — 1)
=tan 0 . cot> 0

1
= X cot>0
cot

=cot0

3. If(sin o+ cosec a)* +(cos a +sec o)’ =k +
tan® o + cot? a, then the value of k is equal

to
OF @7 35 @3
Hint : Ans : (2)

= (sina + coseca)’ + (cosa + seca)?
=k + tan’a. + cot?a.
= sin’a + cosec’a + 2 sina. . cosecal
+ cos?a + sec’a + 2cosoL secal

=k + tan’a. + cot’o
= 1+ 2+ 2+ cosec’a + sec’a
=k + tan’a. + cot’a
= 5+ 1+ cot’a + 1 + tan’a
=k + tan’a + cot’a
= 7 + cot’a + tan’c. = k + tan’al + cot’a
k=7

4. Ifsin O+ cos 8 =a and sec 6 + cosec O =b,
then the value of b (a® — 1) is equal to

(1)2a  (2)3a (3)0
(4) 2ab
Hint : Ans: (1)

b (a? — 1) = (secH + cosech) [(sinO + cosO)* —1]

= ( ! +— j[ZsinBcosG]
cosO sinB

=2sin 0+ 2 cos O

=2 (sinB + cos0)

=2a

5. If5x=secOand > =tan 0, then x?> — Lz is

equal to X x
1
25 @ > 35 DI
Hint : Ans: (2)

S5x =secH, 2 = tan0
X

= sec’0 —tan’0 =1
25

= 25 -==1
X
1

= 25(x2——2)=1
X

= Pt L
X 25




6. Ifsin®=cos 0, then 2 tan> O +sin> 0 — 1 is
equal to

-3 3 2 -2
M > 2 3 3) 3 4) 3

Hint : Ans : (2)
Given sinf = cos® = 0 =45°
o2 tan?0 + sin%0 — 1

=2 tan?45° + sin?45° — 1

=xn+(j§)—1

:2+l—1
2

3

7. Ifx =atan 6 and y =b sec 0 then

2 2 2 2
y© X Xty
W=t @z !
2 2 2 2
X Yy X Yy
) —+—==1 4)—-=—==0
()a2 , ()a2 P
Hint Ans : (1)
x=atanO, y=>bsecO
tanezf, secE)zZ
a b
sec’0 —tan’0 =1
2 2
Yy X
= b—z—?—l

8. (I+tan 0O +sec 0)(1+ cotd — cosech) is equal

to
(1o @)1 (3)2 4 -1
Hint : Ans: (3)

= (I+tan0O +secO) (1+ cotB — cosecH)

( sin® 1 j cosO 1 j
= |1+ + ST+ ————
cos® cosHO sin® sin®

B (cosG +sin6)+1 (sine +c0s6)—1
B cos0 sin®
B (cose + sinﬂ)2 -1 _ 25sin0 cosO

cos0 .sin0 cos0 sin

=2

9. acot®+bcosecO=pandbcotd+acosec
0 = g then p? — ¢* is equal to

(1)a?—b? 2)b*—a?
3)a’+b? 4)b-a
Hint : Ans: (2)

p?>—q*=(acot 6 + b cosec 0)> —
(b cot 6 + a cosec 0)*
= a’cot? O + b? cosec? O + 2ab cot 0
cosec 0) — b’cot?0 + a? cosec? 6 +
2ab cot O cosec 0)
= a? (cot? O — cosec? 0) + b?
(cosec? — cot? 0)
=a’(-1)+b’(1)
=h2— a2
10. If the ratio of the height of a tower and the

length of its shadow is /3 : 1, then the
angle of elevation of the sun has measure

(1) 45° (2) 30° (3) 90°
(4) 60°
Hint : Ans : (4)
A
h
0
B S C
mnezﬁ=%§:J§::6:6W
)




I1.

The electric pole subtends an angle of 30°
at a point on the same level as its foot. At a
second point ‘b’ metres above the first, the
depression of the foot of the tower is 60°.
The height of the tower (in metres) is equal
to

()3 (2>§ (3)% (4)%

Hint : Ans : (4)
A
X\
E
v 607 c
b b
B 60° y 30° D
tan 300:x_+b tan 60° = =
y y
L:x+b \/*:2
NER y
= y=BG+n)|, b
3
b
B (x+b)=—
( )«@
= 3(x+b)=
= b+x=é
3

. b
= height of tower = 3 mts

12.

A tower is 60 m height. Its shadow is x me-
tres shorter when the sun’s altitude i1s 45°
than when it has been 30° , then x is equal
to

(1)41.92m
(3)43 m

(2)43.92m
(4)45.6 m

Hint :

U

U

Ans: (3)

60m

1 60

B ox+y
x+y:60\/§
X+60=603

x =603 —60
=60 ({3 -1)
=60x0.732
=4392m

13.

The angle of depression of the top and bot-
tom of 20 m tall building from the top of
a multistoried building are 30° and 60°
respectively. The height of the multisto-
ried building and the distance between two
buildings (in metres) is

(1)20,104/3 (2)30,5\3
(3)20,10 (4)30,104/3
Hint : Ans : (4)



WV

A 300

000

E 307

20 20m

B 60° y 60° D

In AADB,
4B
BD

- \/—:x+20
Yy

_x+20

N
.~ From (1) & (2)
x+20
x= 7
= 3x=x+20
= 2x=20
sx=10

tan 60° =

=

.. Height of multistoried building
=x+20
=10+20
=30m

.. Distance between 2 buildings

x+20 30

= == =103

SN RN
=10(1.732)
=17.32m

14. Two persons are standing ‘x’ metres apart
from each other and the height of the first
person is double that of the other. If from
the middle point of the line joining their
feet an observer finds the angular elevations
of their tops to be complementary, then the
height of the shorter person (in metres) is

(1)2x (2)% (3)% (4)2x
Hint : Ans: ()
A
C
h
B 0 90°'-0 |,
noo0 %

CD = h = height of shorter person
AB = 2h = height of taller person
BD =x mrs. = BO =0D = %,
In AAOB,

24 _4h

fé — )

tan O =

In ACOD,



h
tan(90° - 0) = —
%
= cotezizﬁ
X
%
X
= tan0=— ... 2
o (2)
- From (1) & (2)
4h_ x
x 2h
= 8h* =x*
= h? =£
8
X
= h=——=
22

X

.. Height of the shorter person =——=mrs.
g p > \/5

15. The angle of elevation of a cloud from a
point h metres above a lake is b . The angle
of depression of its reflection in the lake is

45° . The height
from the lake is

of location of the cloud

h (1+ tan h (1-tan
1-tan 3 1+ tan f3

(3) htan(45° — B) (4) none of these
Hint : Ans : (1)

A

P B y c

450
h h
E
L lake
x+h
AV

LE — Surface of the lake
P — Point of observation

PL=hmrs =CE

A, A' — Positions of cloud & its reflection

~AE=AE=x+h
In AAPC,

X
tan f =—

X
tan 3

= y=

In AA'PC,
x+2h x+2h
= =

y y
= y=x+2h
.~ From (1) & (2),

tan 45

X

xX+2h=
tan 3

= 2h=

- X
tan [

:>2h:x( ! —IJ
tan B
l—tanBJ

tan 3
2

o htan
I-tan

= 2h=x(

.. Height of the cloud =h + x

b+ 2htan
1—tan 3

3 2tan
- h[“—l—tan B}

_ h[ﬂ}
1—tan



1.  Prove that
(i) cot* 4 (—secA — l) +sec’ 4 (—smA — lj =0

1+sin 4 1+secA
tan’ 0 — 1
(ii) an2—=1—200526
tan“ 0 +1
Solution :
Solution :
i) LHS
cotzA(sec4_lj+sec2A(SmA_1)
1+sin 4 1+secA
1 (secA—lj_ 1 (l—sinA)
tanzAk1+sinA cos? A\ 1+secd
B 1 (ﬁﬁ%—/lj_
(secA+1)£s/ew4{ﬁ' 1+sin4

1 (;;M)
(1+sin4) (1=sid) \ 1+sec4
1

1

- (secA+1) (1+sin A) - (1+5sin 4) (1+sec A)

=0
=RHS
i1) LHS
_ tan?0 —1
tan?0 +1
_ tan?0 —1
sec’ 0

= (‘[an2 0 - l)cos2 0

)
:(smzﬂ —1) cos’0
cos“ 0

=sin’0 —cos* 0
=1-cos’0 —cos* 0
=1-2cos’0
=RHS

2. Prove that

(1+sin6 —cose)2 _ 1-cos6
1+ sin6 + cosO 1+ cosB

Solution :
LHS

_(1+sinB—cos O :
14+sinO+cos O

Takel+sin® =a,cosO=5b

_ (a-b)

" (a+b)?

_ a* +b* -2ab

© d*+b>+2ab

_ (I+sin 0)% +cos® 0 — 2(1 +sin0) cosO
 (1+5in0)* + cos’ 0 + 2(1 +sin0) cosO

1+sin® 0 + 2sin 0 + cos? 6 — 2(1 + sin 0) cos O
1+ sin® 0 + 2sin 6 + cos® 0 + 2(1 + sin 0) cosO
2+2sin0 —2(1 +sinB) cosO
2+2sin0+2(1+sinB) cosO

2(1+5sin0) —2(1 +sin0) cosO
2(1+sin0)+2(1+sinB) cosO

2(L+sin0) [1-cos6]
M [1+ cos]
1-cosO
1+ cosO

=RHS

Hence proved.

3. Ifxsin® 0 +ycos®0=sin 6 cos 0 and x sin
0 =y cos 0, then prove that x> + y?> = 1.

Solution :

Given x sin’0 + ycos®0 = sin6 cos0,
= x sin0 (sin?0) +y cosO (cos’0)
= sinO cosO
= x sin0 (sin%0) + x sin6 (cos?0)

= sin0 cosB (given x sinB = ycosO)



= x sin0 (sin?0 + cos?0) = sinb cosO
= X = cosO
Also given x sinf =y cos0
= cos0 . sinB = ycosH
= y = sinf
Sox2+y? =cos? 6 +sin’0
=1

Hence proved.

4. Ifacos 6 —bsin 6 =c, then prove that

(asin®+bcos0)=++a*>+b*-¢*
Solution :
Given a cosO —b sinf =¢
Squaring on both sides
(a cosB — b sinB)? = ¢?
a’ cos?0 + b?sin?0 — 2ab cos0 sind = ¢
= a? (1 —sin?0) + b? (1 — cos?0) —
2ab cos0 sinf = ¢2
= a’?—a’sin’0 + b*> — b% cos?0 —
2ab cosb sinf = ¢2
= a’sin’0 + b%cos?0 + 2ab cosO sinb +
a’+b?—¢?

(a sin® + b cos0)?* = a? + b? — ¢?
sasin®+bcosO =+~ a® +b* —¢?

Hence proved.

5. A bird is sitting on the top of a 80 m high
tree. From a point on the ground, the an-
gle of elevation of the bird is 45°. The bird
flies away horizontally in such away that
it remained at a constant height from the
ground. After 2 seconds, the angle of eleva-
tion of the bird from the same point is 30°.
Determine the speed at which the bird flies.

(3 =1.732)

Solution :

' 80m

450

30° [

P y G G
P — Point of observation

T, T' — Initial & final positions of the bird

TG =T'G' = 80m = height at which the bird
is on the tree, from the ground.
ZQTG=ZQT' T =30°

In APTG,

tan45° = E
PG

_80
y
= y=80
In APQG,

=1

80-x
y
_, 1 _80x
3 80
= 80 =803 —/3x
— Bx=80(3-1)
x_80(J§—1)
5

tan30° =

(from (1))

In A TQT'
tan 30° =E
TT'
- 1 x
J3 O OTT!
— TT'=+/3x

-~ =80({/3-1)

(from (2))



Given, time taken by the bird from T to

reach T' = 2 sec.

Di
*. Speed of the bird = w
Time

_80(s3-1)
2
=40(\3-1)

=40x1.732
=29.28 m/sec.

An aeroplane is flying parallel to the Earth’s
surface at a speed of 175 m/sec and at a
height of 600 m. The angle of elevation of
the aeroplane from a point on the Earth’s
surface is 37° at a given point. After what
period of time does the angle of elevation
increase to 53° ? (tan 53° = 1.3270, tan 37°
=0.7536)

Solution :

600m

53¢ 600m

P — Point of observation.
A, A' — Initial & final positions of the
plane.
Speed of the plane = 175 m/sec.
AG=A'G'=600 m
= height at which the plane is flying.
In APAG,

Al
tan37° = —G
PG

600
ytx
600

tan37°
600

- tan37° -

= tan37°=

= y+x=

=

In APA' G,

A'G'

PG’

600
y
600

= =— . 2
7 tan 53° @

tan53° =

= tan53’ =

.. From (1) & (2)

600 600
tan 530 tan 370

= x=600

tan37° tan530)
tan53° — tan37°
tan 53° tan37°
tan53° — tan37 ]

(- tan 53°
=cot53° =1)

=600

=
SR B
(

tan53° tan37°

0
_ 600(tan53 —tan37°

=600 (1.3270 — 0.7536)
=600 x 0.5734
=344.04m

. Distance
Time=—
Speed
_344.04

175
=1.9659

=1.97 sec.




.. After 1.97 sec (approx), angle of eleva-

tion changes from 37° to 53°.

7.

A bird is flying from A towards B at an an-
gle of 35°, a point 30 km away from A. At
B it changes its course of flight and heads
towards C on a bearing of 48° and distance
32 km away.

(1) How far is B to the North of A?
(i) How far is B to the West of A?
(iii) How far is C to the North of B?
(iv) How far is C to the East of B?
(sin 55° =0.8192, cos 55° = 0.5736,
sin 42° =0.6691, cos 42° = 0.7431)

Solution :

B

35°

D A

1) The distance of B to the north of A [BE]
In ABCE,

= cos 48’ = BE
BC

BE

32

= BE =32 (0.6691)
=21.4112
=21.41km.

= sin42° =

i1) The distance of B to the west of A [BD]
In ABAD,

= sin35° = BD
30

= cos55" = % (.rsin (90 —-06) =cosO)

= BD =30" . cos 55°
=30(0.5736)
=17.208
=17.21km.

Two ships are sailing in the sea on either
side of the lighthouse. The angles of depres-
sion of two ships as observed from the top
of the lighthouse are 60° and 45° respec-
tively. If the distance between the ships is

200 (\/g il lj metres, find the height of the

NE

lighthouse.

Solution :

A X H y B

LH = h m = height of the light house
AB = Dist. between 2 ships =

J§+1j

3

x+y=200(

In ALBH,

tan45° =



tan60° = —
X
- =l
X
= x—% .......... 2)
- Adding (1) & (2)
x+y=h+%
ﬁ+1j 1
A A —
= 200[ 7 (Hﬁj
200(\B+1):h(\6+1J
V3 V3
- h=200

.. Height of the light house = 200 m.

9. A building and a statue are in opposite side
of a street from each other 35 m apart. From
a point on the roof of building the angle of
elevation of the top of statue is 24° and the
angle of depression of base of the statue is
34° . Find the height of the statue.

(tan24° = 0.4452, tan 34° = 0.6745)

Solution :
A
y
Statue
1 35m 24°
B C
340
X x Building
340
B D

35m

Let CD = x m = height of the building = EB
AB =x +y m = height of the statue
In ACBD,
tan34° = b
BD

= tan34’ = X
35

x=35tan34" ... )
In AACE,
tan24° = 4E
EC
= tan24" = X
35
y=35tan24° ... 2)

Height of the statue =x +y
= 35 (tan34° + tan24°)
=35(0.6745 + 0.4452)
=35(1.1197)
=39.1895
=~ 39.19m

PROBLEMS FOR PRACTICE
1. If 7 sin’0 + 3 cos’0 =

tanOZ/\/g.

2. Prove that 2(sin® 6 + cos®0) — 3 (sin* 6 +
cos*0=0

4, show that

cot 4+ cosecA—1 1+ cosA

3. Prove that =
cotA—cosecA+1

sin 4
4. Iftan © +sin 6 = p, tan O — sin 6 = q, prove

that p° —q° =4 pq

2cos’0 -1
5. ProvethatcotO—tan 0 = £eos U7

sin0.cos0O

6. Ifx=secA+sinA, y =secA —sinA,

2 ) (x=p)
prove that ( ) +( J ) =1
xX+y 2




10.

I1.

12.

13.

14.

15.

3—4sin’0

If sin 6= 5 , find the value of ————
17 4cos”0 -3

If a = sin® + cosO, b = sin®* O + cos® O, then
show that (3a — 2b) = a’

1
If secO = x+4— prove that secO + tanf= 2x
X

Prove that
sin 0 sin O
2+
cot® — cosec O

cotd + cosec®

Prove that (tan a + cosec B)* — (cot B —
sec o)’ =2 tan a. . cot  (cosec o + sec P).

If sin © + sin?> 6 = 1, prove that cos'? 6 +
3c0s' 0 + 3cos® O + cos® O + 2cos* 6 + 2cos?
06-2=0

Two vertical lamp - posts of equal height
stand on either side of a roadway which is
50m wide. At a point in the road between
lamp posts, elevations of the tops of the
lamp posts are 60° and 30°. Find the height
of each lamp post. (Ans : 21.65 m)

The angle of elevation of a jet plane from a
point P on the ground is 60°. After 15 sec-
onds the angle of elevation changes to 30°.
If the jet is flying at a speed of 720 km/h,
find the height at which the jet is flying.

(Ans : 2.6 km)

From an aeroplane flying horizontally
above a straight road, the angles of depres-
sion of two consecutive kilometer stones on
the road are 45° and 30° respectively. Find
the height of the aeroplane above the road
when the km stones are i) on the same side
of the vertical through aeroplane

i) on the opposite sides.
(Ans : i) 1.366 kmii) 0.366 km)

Objective Type Qustions :

1.

Ifcos 6 = ab , then cosec 0 is equal to
b b
a) A b) B2 _ 2
-a
2 2
5 b"—a d) a
b b* —a?
(Ans : (b))
If sin O — cos 6 = 0, then the value of sin* 6
+ cos* 0 is

o Vs w0 % d)1
(Ans : (d))
1
The value of —cot2 0 cos’0 1S
a)y 11 b)0 c)%1 d)y-11
(Ans : (d))

If tan® + cotd = 5, then the value of tan’0 +
cot?0 is
a) 23 b)25 )27 d)15

(Ans : (a))
The value of (1 + cot?0) . (1 + cos 0) (1 —
cos 0) is
a)sin’0  b) cosec® O c)l
d) sec?6 (Ans : (¢))
The value of tan10° . tan15° . tan75° tan80°
is
a)—1 b) 0

ol dy4

(Ans : (¢))
A pole 6m high cases a shadow 23 m
long on the ground, then the sun's elevation
is
a) 60° b) 45°

©)30°  d)90°

(Ans : (a))



10.

The angle of elevation of the top of a tower
from a point situated at a distance of 100m
from the base of a tower is 30°. The height
of the tower is

100

a) ok b) 100v/3m
c) %m d) 50~/3m

(Ans : (a))
The angle of depression of a point on the
horizontal from the top of a hill is 60°. If
one has towalk 300m to reach the top from
this point, then the distance of this point
from the base of the hill is
a) 3004/3m  b)150m
150
¢)150+/3m d)—m
) ) 75
(Ans : (b))
The value of sinf . cosecO + cos0 secH is

Ayl b2 )0 d)%

(Ans : (b))

11.

12.

13.

14.

15.

If 5 cos 6 = 7sin 0, then the value of
7sin0 + 5cosO .

—— is
5sinB + 7cosO

a)ﬂ

= Do

02
37

| w»n

(Ans : (d))

1
If sin A= —=, thensec A is
J5

2 J5

b)ﬁ 0)7 d)5

NG

(Ans : (¢))

The acute angle '6' when sec? 0 + tan? 6 = 3
is

a) 30° b) 45° c) 60° d) 90°

(Ans : (b))
If tan (20° — 3a) = cot (5a. — 20°), then o is
)45 b) 300 ¢) 90°

d) none of these (Ans: (a))
1

Iftan o= /3 , tan p = —=, then cot (o + p)

is V3

a3 b0 0)% d)1

(Ans : (b))




