13. LIMITS AND DERIVATIVES

LIMITS
MEANING OF x —»a

If xbe a variable and x takes values such as 1.99,1.999,1.9999, ... . From these values it is clear
that xtakes these values, from left to right, the numerical difference between x and 2 gets closure and
closure to 0. Similarly, if xtake values 2.01,2.001,2.0001, ... . Even then the numerical difference
between x and 2 gets closure to 0. In such a situation, we say that x approaches to 2 and we write x — 2

In general, x —a means that the variable xand x takes values either less than or greater than that
of a and the numerical difference between xand acan be made as small as we please.

>>-@

Let y = f(x) be a function of x and let a and k be the constant such thatas x > a, f(x)=k,
the numerical value of the difference between f(x) and k can be made as small as we possible by taking

x is sufficiently closure to a. It can be symbolically written as: lim f(x)=k .
X—a

Note: (i) Lt f(x)issameas lim f(x).
x—a X—a

(i) lim (Areaof polygon of nsides)= Areaof circle

NX—»o0

STANDARD RESULTS

e Limit of a constant function is a constant. i.e., If f(x)=k, then lim k =k , where ‘k’ is any constant
X—a

lim k.f (x) =k. lim f(x)
X—a X—a

lim[f(x)+g(x)]= lim f(x)+ lim g(x)
X—a X—a X—a
lim[f(x)—g(x)]= lim f(x) — lim g(x)
X—a X—a X—a

e lim[f(x).g()]= lim f(x) x lim g(x)
X—a X—a X—a

lim f(x)
o dim X2 x—a ,g(x)=0
x—a g(x)  lim g(x)
X—a

e limYf(x)= rq/;iinaf(x)

X—a



Eg: i lim(X*2|-1#2_3_1
x—I\ X+5 1+5 6 2

. [x2+2x—5] 22 10x2-5 4+4-5 3
. lim = — _

3x+5 3x2+45 645 11

X—2

1

X+3 —-2+3 1

2 2
i, lim {X +3X+2J=(-2) +3x(-2)+2 _4-6+2
X——2

iv. lim (3x+2)(x2 +2X)=(3><3+2)(32 +2x3)=(9+2)(9+6)=11x15=165
X—3

Evaluation of lim w,where lim f(x)=0 and lim g(x)=0
x—a g(X X—a X—a
f(x) 0 _ _ . . .
m ——==—,when lim f(x)=0 and lim g(x)=0, is known as indeterminate form.
x>adg(x) O X—a X—a

The form % is called indeterminate form.

[Note: The other indeterminate forms are ﬁ,oxoo, w—o0o, 0°, 1° and ooO, etc. ]
0

We cannot find the limits such functions directly. The following methods are used to find the limits:

1. Factorization Method:
a) Factorize the numerator and denominator and cancel the common factors from the numerator and
the denominator.
b) Be sure that the limit of the resulting denominator is non-zero.

c) Apply quotient rule of limit.

2 f—
E.g.: Evaluate lim X7 -5x+6_0
x—3 X—3 0

_ lim (X=2x=3)_ lim(x—2)=3-2=1
X—3 X—3 X—3

2. Substitution Method:

In this method, put x=a+h. As x—a, h—0. Then lim R IimM

. It can be simplified
x—a g(x) h—0g(a+h)

by cancelling the powers of h and can be simplified.

. sinx sinzr O
E.g.: Evaluate lim = =—
xox 7—X x—m 0




put x=z+h as x>z, h—0

Now lim SMX _ jim SIGTEN) — fim =80 _ iy SiOD_y
X—>r T—X X—)ﬂﬁ_(ﬂ+h) X—>7 —h x—z —h x—z h

sin(z+h)

Rationalization Method:

a) Rationalize the expression, which involve square roots.

b) Cancelling the factors from the numerator and denominator
c) Be sure that the limit of the resulting denominator is non-zero
d) Apply quotient rule of limit.

E.g. i. Evaluate Ilim —
x—0 X 0 0

“im | X —im | e 2t 1L
x—0| x{v1-x+1 x—0 (\/erl) (Jl__o+1) (1+1) 2 2

ii) Evaluate lim Vi+x-v1-x
x—0 sin L x
The expression = lim ViI+x-vyl-x)j_1-1_0
x—0 Sinflx 0 0

put x=sin@.As x—0,sind >0=6—0

Theexpn. - lim {(x/1+sin€—\/l—sin0)}
00 0
~ lim _(\/l+sinz9—\/1—sin9)x(Jl+sin9+J1—sim9)
60 | 0 (Jl+sin9+J1—sin9)

: 1+sin@—(1-sin@) , 2sind
6—0 _0(J1+sin0+J1—sin0) 6—0 0(J1+sin9+Jl—sin0)
sine 2 } 2
X =

Mo+ vi0)

= lim
00| 0 (\/1+sin9+x/1—sin€)

2 . sing
= —l 1 :l b Ilm —9 =
+ 6—0




. . X
Evaluation of lim

n_gn )
=na™™ ,njaeRa>0

x—a X—a
(Proof is not included. Please refer the class room note)

n
E.g.: i) Evaluate lim (i
x—0 X

The expn. = lim
x—0 X x—0

@+x)" -1 im | @+ x)" -1
B @+x)-1

As x>0,1+x—>1

n_n
- lim a+x)" -1 —n11 g (-,-1” :1)
@x)1| @Q+x)-1
9
9 9 .9 x-2 9-1 8
iy fim X012 i X220 i | x=2 | 9X2 T 9x27 g 085 _g,p3 _7p
x=2 x*_16 xo2 x4_2% xo2 | x*-24 | ax2%1 4x23
X—2

If xis measured in radians, then

1.

limsinx=0
x—0

lim cos x=1
x—0

. sinx
lim ——=1
x—=0 X

. X
lim —=1
x—0 SIN X

tan x

x—0 X

. X
lim——
x—0tan X

. sinax
lim =a

x=>0 X

sinax _a
x>0sinbx b

. 1-cosx
lim——=

x—0 X

0



OTHER IMPORTANT THEOREMS

1. lim leogezl (-.-Iogezlogg :1)
Xx—0
X
2. lim & _1=Ioge=1
x—0 X
aX -
3. lim =logd =loga, for a>0
x—0
3x 0
E.g.: lim & 1=e 1=1 129
x—»0 X 0 0 0
e -1 e -1
=lim x3=3xlim =3x1=3
x—0 3X x—0 3X

Meaning of x —»a~

If the variable x takes values, which are close to a constant a and always remains on the left of
a then we say that x approaches to a from left and we write as x —»a™ .

>>-@
Meaning of x »a*

Similarly, If the variable x takes values, which are close to a constant a and always remains on
the right of a then we say that x approaches to a from right and we write as x »a™ .

LEFT OR LEFT HAND LIMIT AND RIGHT LIMIT OR RIGHT HAND LIMIT

If f(x)be a function of x and a and | be any two constant, then lim f(x)=1is known as left
X—a

hand limit or left limit of the function f(x) and lim f(x)=1, is known as right hand limit or right limit
x—a’

of the function f(x).

Working rule:
1. Tofind Ilim f(x):
X—a
put x=a-h

as x—a ,h—0"

then lim f(x) = lim f(a-h)
X—0~ h—0"



2. Tofind Ilim f(x),

x—a’
put x=a+h

as x—at,h—ot
then lim f(x) = lim f(a+h)
+

x—0" h—0

EXISTENCE OF A FUNCTION
1. If lim f(x)= lim f(x),then lim f(x)does not exist.
x—a~ x—at Xx—a

2. If lim f(x) = lim f(x),then lim f(x)exists and is equal to I|m f(x) isequalto f(a) .
X—a~ x—a* X—a

x|

E.g.: Does the function lim f(x) exists, if f(x)= X #0
x—0 2 x=0

LHL= lim f(x)= |um{ | q

Xx—0" Xx—0"

Put x=0-h as x>0, h—0"

h _ _
I | {( h) h}: lim {—mﬂ: lim 2=2
x—=07| X h—>0+ -h h—0tL —h h—0*L —h h—0*

: | x=I
RHL = lim f(x)= lim|——
x—0* x—>0" X

Put x=0+h as x—>0", h—>0"

lim ﬂ_| _||_||m{o}=|im0:o
x—0t| X h—0t| —h h—0'L—h] ho0*

~LHL=RHL. .. lim f(x) does not exist.
x—0

DERIVATIVES

Derivative of a function

A function f(x)is said to be derivable or differentiable if it is derivable at every points in its
domain.

Suppose f(x) =~ . Domain of the function is R-{0}
X

f(x) is derivable at every point in R except 0.



Derivability of a function on an interval

i. A function f(x)is said to be a derivable function on the open interval (a,b), it is derivable at every
points in the open interval (a,b).

ii. Afunction f(x)is said to be a derivable function on the closed interval [a,b],
a. itis derivable at every points in the open interval (a,b),
b. itis derivable at x =afrom right

c. itisderivableat x=bfrom left
Let f(x)be a differentiable function on [a,b]. Then corresponding to each point x <[a,b], we get

a unigue real number equal to the derivative of f'(x) and are denoted by f'(x) or c;ly or Dy yjor y', etc..

dx
i_e_, ﬂ = lim w (or) d_y = lim f(X—h)— f(X)
dx h—-0 h dXx ho0 —h
a function is called differentiation.

. The process of obtaining the derivative of

Geometrical meaning of the derivative at a point: Consider the curvey=f(x). Let f(x)is
differentiable atx=c. Let P[c, f(c)] be a point on the curve and let Q be a neighbouring point on the

curve. Then slope of the chord PQ:M. Taking limit as Q—>P i.e, x—c, we get

lim w .As Q — P, the chord PQ becomes tangent at P.
X—C X—C

AY

o

Note: derivative of y w.rt. x = i(y)=ﬂ

dx dx

A d dy

derivative of y w.rt. t = —(y)=—

¢ dt (y) dt

Lo _d dx
derivative of x w.r.t. t = —(x)=—, etc.

dt dt

Derivative of a function y= f(x)

Let y=f(x)is a finite, single valued function of x. Let Ax be a small increment in x and Ay be the

corresponding increment in y respectively.



Then y+Ay = f(x+Ax)
Ay = f(x+Ax)— f(x)

Ay _ f(x+ax)-f(x)
AX AX

taking limits we have,

im &Y = i f(x+Ax)- f(x)
AXx—0 AX  Ax—0 AX
dy
B AP
dx (X)
i.e., di[f(x)]z f'(x).This is called derivative of yw.r.t xor differential coefficient of yw.r.t x. This
X

method is called first principles or delta (Aor &) method or differentiation by definition or ab initio.

Note: Other forms of % are f'(x), y’, y1, Dy, etc..
X

Note: If y= f(x)is areal function defined at a real constant ‘h’, then

/() tim L) T (1)

h—0

Find the derivative of the following functions using the first principle:
1. Let f(x)=x?
f (x+h)=(x+h)’

f(x+h)—f(x):(x+h)2—x2

f’(x)zrlér(]J :
2 2 2 2
i )X [ X)X e
>0l (x+h)=x | (+h)->x| (x+h)—x
d
ie. a(x2)=2x

2. Let f(x)=¢"

f(x+h)=e*"



f'(x)=lim (x+h)-f(h)

h—0 h

e*(e" -1 e -1
=lim ( ex.limu

h—0 h—0 h
dy < [ (ex —1} J
L =e"xl=e lim =loge=1
X x—0 X
d
&(ex)zex

3. Let f(x)=a"

()= tim L= ()
h—0 h
a*(a" -1 h_1
=lim ( ):ax.lim(a )
h—0 h h—»0 h
X
Y _a*x1=2a" [ Iim[a _1J=IogaJ
X x—0 X
d X X
&(a )Za
dy __«x X [ ; (ax _1J ]
-~ =a” xloga=a < lim =loga
dx x—=0 X

i(ax): a*.loga
dx

4. Llet f(x)=x
f(x+h)=Vx+h

( X+h +\/§)

X+ AX =X

e N i ey B e o

h
\/m-f-\/;)



7.

f(x+h)—f (h)

f'(x)=lim

i h _ 1
LO{(M%&)XJ (MM/;)
=Iim;

heo(\/mjL\/;)
dy 1 1 1

dx (ﬁﬂ/;)

(\/;+\/;) 2%

d 1
o) =5
1 2
Let f(X)ZFZX
f(x+h) z(x+1h)2 =(x+h)?
f(x+h)—f(x)=(x+h)72—x‘2
f(X)zr!m?)f(x+hz—f(h)
T ) e SN )
h—0 (x+h)—>x (x+h)—X
1 n
Let f(X)=F:X
f(x+h) =(x+1h)n =(x+h)"
f(x+h)-f(x)=(x+h)" —x"
f(X):Hngf(xmz—f(h
I ) e S L) M
h—0 h (x+h)—>x (X+h)—X

Let f(x)=sinx
f(x+h) =sin(x+h)




f(x+h)—f(x)=sin(x+h)—sinx=2ws(x+2+xj3in(x+2_xj =2COS(ZX2+h]Sin(2j
fix) = Iim(w]

h—0 h

2cos(2x+h
. f/(x) =lim =lim| 2cos

h—0 h h—0

DXZ
2

ey

[as h—0, E - Oj
h—0 2

sin
. (2x+h} (
=[im| cos X
2 h
2

. in x
=0s Xx1 =cos x ( lim sinx =1)
x—0 X

i.e., %(sin X) =C0S X

8. Let f(x)=cosx

f (x+h) =cos(x+h)

f(x+h)—f(x)=cos(x+ h)—cosx=—Zsin[x+2+stin(x+g_sz—Zsin(ZX;h)sin(gj
) - “m( f(x+h)- f(x)]

h—0 h
. (2x+hY)_. (h ;
-2sin sin| — sin
] 2 . . (2x+h 2
=lim =lim| -2sin *h
h—0 h h—0 2 7><2
2
sm[hj
=lim _sin( X+h]x 2 (as h—)O,h—>0j
h—0 D 2
2

{_sin(z“ojxl} ( lim ﬂ:lj
2 x—0 X



&(cos X) =—sinx
9. Let f(x)=tanx

f (x+h)=tan(x+h)

t(x) =|im(f(x+hg_f(x)j

h—0

- Lm[tan(x+ h)-tan x] = Llﬂg

{sin(x+h)_sinx}

cos(x+h) cosx
B sin(x +h)cosx —cos(x+h)sinx
B cos(x +h)cosx

_ sin(x+h—x) : 1 sinh . sinx
=lim =lim X - lim —==1
h-o| cos(x+h)cosxxh | h-of cos(x+h)cosx  h x>0 X

I
~ { cos(x+0)cos x

dy 1 1 2
= = =sec” X
dx COSXCOSX  gps? x

d — cec?
&(tanx)_sec X
10. Let f(x)=cotx

f (x+h)=cot(x+h)

(f(x+hz—f(x)j

f'(x) =lim

= lim| cot(x+h) - cotx | = lim

{cos(xm)_cosx}

sin(x+h) sinx
_sin xcos(x+h)—cosxsin(x+ h)
B sin(x+h)sinx

zrlwm{siii?ii;g)s(i;:)jh}:Lm{sin(xfh)sinx * Sin(h_h):l ( x“—r>nOSi¥:1)




. -1 sinh -1
=lim| — — X =| — —x1
h-o| sin(x+h)sinx  h } [sm(x+0)smx }

dy _1 1 2
2 = =———  =—cosec’x
dx sinxsinx  sin®x

i(cot x) =-cosec’x

dx

11.  Let f(x)=secx

f (x+h)=sec(x+h)

£/(x) lim f(x+h)-f(x)
h—0 h
=Iim[sec(x+h)—secx]=lim 1 im cosx —cos(x+h)
h—0 h-0| cos(x+h) cosx | h-0| cos(x+h)cosx
—Zsin(x+x+hjsin{x_(x_h)} —25in(2x+h)sin[_hj
_ 2 2 _ 2 2
h—0 cos(x+h)cosxxh h-o|  cos(x+h)cosxxh
) (2x+hj . (hj . (2x+h] ) (hj
-2sin —sin| — sin sin| —
_ lim 2/, 2) | Zlim 2 ), \2
h-0 cos(x+h)cosx  h_, h-0| cos(x +h)cos x h
2

.(2x+0j
SIn 5 .
«1 ( lim ﬂ:l}

cos(x+0)cos x x>0 X

dy sin x 1 sinx
— = = . =Sec X.tan x
dx  COSX.COSX  COSX COSX

i(sec X) =sec xtan x
dx

12. Let f(x)=cosecx

f (x+h)=sec(x+h)



f'(x) =lim

h—0

(f(x+hg—f(x)J

=lim =li

lim| cosec(x+h) - cosecx]

h—0

11
sin(x+h) sinx

sinx—sin(x+h)

= I.
. sin(x+h)sinx

h—0

m

w2 S |

—(x—=h
2cos[x+x+hjsin{x (x )} 2005(2X+hjsin(_h)
_ 2 2 . 2
=lim - - =lim - -
h—0 sin(x+h)sinxxh h-o  sin(x+h)sinxAx
I 2x+h (hY] 2x+h _(h
2cos —sin| — 0S sin| —
~ lim x— 20 jim| - 2 ), \2
h-o sin(x+h)sinx ~ h_, h-0| sin(x+h)sinx h
| 2 ] i 2
[2x+hj . (hj_ (2x+0j
cos sin| — cos _
. 2 . sinx
=lim| —— —— X =| —— ——x1 ( I|m—=1)
h-0l  sin(x+h)sinx h sin(x+0)sinx x—0 X
- 2 -
Yo _COS_X = _1 .C(_)SX=—cosecx.cotx
dx SIn X.SIN X SIn X SIn X

d
— (cos ecx) = —C0S €CX. Cot X
dx
STANDARD RESULTS
f(x) f/(x)
sin x COS X
COS X —sinx
tan x sec? x
COS ecx —COS ecx cot x
Sec X sec Xtanx
cot X —cosec?x
x" nx"L

eX



e —e
a* a*.loga
1
Jx =
2Jx
1
log x —
X
X 1
x2 2X
1 _1
Xn >(n+1
1 1
X x2
1 _2
x2 x3
dy
y dx
2 dy
2y —
y ydx

Note: Derivative of any trigonometric function starting with ‘co’ is negative.

FUNDAMENTAL RESULTS IN DIFFERENTIATION

1. Differential coefficient of a constant is zero. i.e., di(c)= 0, where ¢ is a constant.
X

d d
E.g.. —(5)=0, —(-10)=0, etc.
g: - (6)=0, —(-10)

2. If uand vare functions of x, then i(uJ_rv) =i(u)ii(v)
dx dx dx

%(Ssin x+logx) = %(Ssin x)+%(log x):S%(sin x)+%(log x) =500s x+§

i(ZeX —tan x) = i(Zex)—i(tan x):zi(ex)—i(tan x)=2e* —sec? x
dx dx dx dx dx



3. Product rule: If uand vare functions of x, then derivative of the product of two functions is equal to

first function x derivative of the second function + (plus) second function x derivative of the first
function.

. d d d
e, d—x(uv) = u.d—x(v)+ v.d—x(u)

E.g. i y = eXsinax
. esxi(sin 4x)+sin4x.i(e3X)
dx dx dx
= e cos 4x. 4+sin4xe®*.3 = e¥(4cos 4x+3sin 4x)
ii. y = x2 tan x
& :xzi(tan X)+ tan xi(xz)
dx dx dx
2 2 2

=X~ sec” X+tan x.2X =X sec2 X+2Xtan X

Corollary of product rule:

Ifu, vand ware functions of x, then i(uvw) = uv.i(w)+vw.i(u)+uw.i(v)
dx dx dx dx

E.g.: y = x%eX tan x
d
Y :x2exi(tanx)+extanxi(x2)+x2tanxi(ex)
dx dx dx dx
= x%eX sec? x+e* tan x.2x+x? tan xeX
=xe*¥ (xsec2 X+2tan x.+ x tan x.) =xe*¥ (xsec2 x+(2+x)tan x.)

4. QUOTIENT FORMULA: If uand vare any two functions of x, then quotient of two functions is

equal to (2" function x derivative of the 1% function minus 1% function x derivative of the 2™
function) divided by square of the 2™ function.

v

d d
. i(u)zv.dx(u)—u.dx(v)
" odx v2

_ Sinx+Cosx

E.Q.: .
gy Sinx — Cos x

&y (sinx —cos x).%(sinx+cos x)— (sinx + cos x)%(sinx—cos X)

dx (sinx —cos x)?




_ (sinx—cos x)(cos x —sin x)— (sinx + cos x)(cos x +sinx)

(sinx — cos x)?
_ (sinx — cos x). — (sin x — cos x) — (sin x + cos x ? _ (sinx — cos x)? — (sinx + cos x)?
(sinx — cos x)? (sinx — cos x)?
:sin2x—25inx.cosx+0052x—(sin2x+25inx.cosx+coszx)

(sinx —cos x)?

2 2 2

_Sin“ X —2sin X.cos X + €0s“ X —sin x—Zsinx.cosx—coszx)

(sinx —cos x)?

_ —25iNX.C0SX —2SiNX.COSX _ —2.2sinX.cosX _  —2sin2x
= 5 = 5=

2

(sinx—cos x) (sinx—cosx)*  (sinx—cosx)

FUNCTION OF A FUNCTION

Lety = f(u), where u=g(x), then y is called function of a function from.

Note:

S Le00]} = 1Te00 )¢ ()

Eg.: f(x)=+2x+3

1 d 1 1
f'(X)=——=x—(2X+3)=———=x2x1=
( ) 2«/2x+3 dx( ) 22x+3 2x+3
ii. y=e_axz
ﬂ :e_aX2 ><i(—a_x2):e_ax2 x—ax2x = —2axe X
dx dx

i, y=sin®x

Q:ZSinXXi(sin x)=25inx><cosx=sin 2X
dx dx

iv. f(x)=sin"x

f'(x)=nsin"" xxcosx



