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An equation involving the derivatives of a dependent variable
with respect to one or more independent variables is called a
differential equation. The order of a differential equation is the
order of the highest differential coefficient involved. When an
equation is a polynomial in all the differential coefficients, the
power to which the highest differential coefficient is raised is
known as the degree of the equation.

| Illustration | 1 ;

Any differential equation of order 1 is of the form
fix, y, y)=0e. g

y' =y, xy =2y + x are 1 order differential equa-
tions. The order of the equation

y” +5y=0is 2.

The order of x>y y' + €y’ = (&> + 3) °

is order 3. The degree of the equations

2 2
Q+y2=0,ﬂ+(%) +y=0

dx dx*
2 2

and (%) +% +y = x° are
X

1, 1 and 2 respectively.

FORMATION OF A DIFFERENTIAL
EQUATION

To obtain the differential equation whose solution is the
equation f(x, y, ¢, ¢, ***, ¢,) =0, where x and y are variables
and ¢, ¢y, -*-, ¢, are arbitrary constants we differentiate the
above equation n times successively, so that n + 1 equations
are obtained. From these n + 1 equations, eliminate the con-

stants ¢y, ¢,, **+ C,,.

Illustration | 2 ;

Find the differential equation of family of circles
of radius Scm having centre on x-axis.

The equation of such a circle is

(x —a)* + y* =25 (1)

Differentiating this equation with respect to x, we get

2(x —a) + ZyQ =0
dx

dy
=S>x-—a=-y—
7 dx

Substituting this value in (1), we get

2
2dyj 2
| +y* =25
y(l y

which is the required differential equation.

Illustration | 3 ;

Find the differential equation corresponding to the

equation y = ae* + be™ + ce " (1)
where a, b, ¢ are arbitrary constants.

V' = ae* + 2be™ — 3ce (ii)
V" = aé* + 4be** + 9ce (iii)
V" = ae* + 8be* — 2Tce (iv)
Y —y = be* — dce " W)
V' =y =2be™ + 12ce (vi)
Y =y = 4be* — 36ce (vii)

Putting (v) in (vi)

VY =y =20/ —y) + 8ce ™ + 12ce™
= )" =3y + 2y = 20ce ™

Putting this value in (v),

be™ = (y) —y) + dce ™

4 1 U4 4
=(vfy)+§(y -3+ 2y

1,2, 3
57 75V 75

Substituting all these values in (vii), we have

77,

7 V4 4 ” ’ 36 ” ’
V0 =y'= g(y +2y —3y)—2—0(y -3y"+2y)

”’+(—1—i+2 ”+(—§—2—7 ’+(2+§
Y 57 5) s 5 ) T\ 5Ts )

=0
y”r_7yr_,’_6y:0
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METHODS OF SOLVING DIFFERENTIAL
EQUATIONS SOLUTION OR INTEGRAL
OF A DIFFERENTIAL EQUATION

Itis arelation between the variables, not involving the differ-
ential coefficients such that this relation and the derivatives
obtained from it satisfy the given differential equation. The
solution of a differential equation is also called its primitive.

A solution which involves a number of essentially dis-
tinct arbitrary constants equal to the order of the equation is
known as the general solution.

A solution of a differential equation obtained from a
general solution by giving particular values to one or more
arbitary constants is called a particular solution.

A solution which cannot be obtained from any general
solution by any choice of the arbitrary constants is called a
singular solution.

EQUATIONS OF FIRST ORDER AND
FIRST DEGREE

A differential equation is said to be linear if the dependent
variable and its differential coefficients occur in it in the first
degree only and are not multiplied together.

Equations in which the Variables are Separable

These are the equations which can be so expressed that the
coefficients of dx is only a function of x and that of dy is only
a function of y. The general form of such an equation is f(x)
dx = g(y)dy. Integrating both the sides, we get the solution.

| Illustration | 4 E

Solve 9yy’ + 4x = 0.

Separating variables, we have
9y dy =—4x dx

Integrating both sides, we obtain

2
9% =—2x? + Const

2 2
= x_+y_ = Const
9 4

Linear Equations

A linear equation of first order and first degree is either of

the form
dy

4 Thy=0 @)

where P and Q are functions of x, or

dx .
d_y +Px=0, (i1)

where P, and Q, are functions of y. In order to solve equa-
tion (i), we multiply both sides by the integrating factor is
e P4 After the multiplication, left hand side becomes the

differential coefficient of yejP % and now integrating both
the sides, we have

yeJde:J‘ erPd"dx+ C

as the solution. Similarly we solve equation (ii)

Equations reducible to linear form. If the given equation
is of the form dy/dx + Py = Qy" where P, Q are functions of
x, we can reduce it to a linear equation by dividing both the
sides by y" and then substituting )f"Jrl = z. The given equa-
tion will be linear in z.

Illustration | 5 E

Solve y — y = ¥

This is a linear equation with P = -1, Q = e
The LE = ¢4 = ¢, Multiplying with
L.E., we have

2x

d
E (ye—)() — e—X yl _ ye—x — e)(

Integrating both sides
ye™* =Je" dx + C
e+ C
=>y= e + e

6 F

y — Ay = — Byz, A, B are constants. This is a dif-
ferential equation reducible to linear equation with
P=-A, Q =- B, n=2. Dividing by y*, we have

| Illustration

1, 1

2 y

P R Iy
y y~ dx dx

d—Z +AZ=-B

dx

This is a linear equation with P = A, Q = - B
LE = ¢, so

di (ZeAX): _ BeAx

x

= ZeM = - EeAx+ C
1

=-— = B, Ce™

y
Homogeneous Equations

dy f(x,y)

It is a differential equation of the form — =

dx  ¢(x,y)

f(x, ¥) and ¢(x, y) are homogeneous functions of x and y of

, where



the same degree. A function f(x, y) is said to be homogene-
ous of degree n if it can be written as x" f;(y/x). Such an
equation can be solved by putting y = Vx. After substituting
y = Vx, the given equation will have variables separable in
V andx.

The equations of the form dy/dx = (ax + by + ¢)/
(Ax + By + C) can be reduced to a homogeneous equation
by changing x = X + hand y = Y + k, where h and k are the
constants to be chosen so that it makes the given equation
homogeneous provided aB — bA # 0.

If aB — bA = 0 then the given equation can be written as

b(ax+ )+c

o _ W)

dx B(Ax+y)+C
B

Now put (a/b) x + y = z so that the given equation reduces
to an equation whose variables are seperable in z and x.

Illustration | 7 E

+
Solve y’ = )
X=y
Yy = fix, ¥), fix, y) is a homogeneous function of
degree 1. Putting y = Vx, we have & =V+ xﬂ
dx dx

The given equation reduces to
dav _xd+V) _1+V

V+x = =
dx x(1-V) 1-V

v 1+V 1+V-V+V? 1+V?
Yooy VT -

1-v 1-V C1-V
1_
= V2dV=@
1+V X
11 v _dx
1+v? 21+V? x

= tan”'V — % log(1 + V3 = logx+ C

1

= tan~ =log x (1 + V2)”2 + C

1

= tan~ =log (> + yH"? + C

=% | %<

ORTHOGONAL TRAJECTORY

Any curve which cuts every member of a given family of
curve at right angle is called an orthogonal trajectory of
the family. For example, each straight line y = mx passing
through the origin, is an orthogonal trajectory of the family

of the circles x* + y2 =d

Differential Equations 15.3
Procedure for finding the orthogonal trajectory

(i) Let f(x, y, ¢) = 0 be the equation, where c¢ is an
arbitrary parameter.

(i1) Differentiate the given equation w.r.t. x and then
eliminate c.

(iii) Replace j—y by — dx in the equation obtained
X
in (ii)

(iv) Solve the differential equation in (iii).

DIFFERENTIAL EQUATIONS OF FIRST
ORDER BUT NOT OF FIRST DEGREE

The equations which are of first order but not of the first
degree, the following types of equations are discussed.

(i) Equations solvable for p = dy/dx

(i1) Equations solvable for y

(iii)) Equations solvable for x

(iv) Clairut’s Equations
(1) If there is a quadratic (or third degree) equation in p,
solve the equation for p to get two (or three) first order and
first degree equations in x, y and p. These equations can be
solved as above.
(i1) Suppose that the given differential equation on solving
for y, gives

y=f(x,p) (D

. .. ) dy dp
Differentiating w.r.t. x, we obtainp= — =Q | X, p,— |,
dx dx

so that we obtain a new differential equation with variables
x and p. Suppose that it is possible to solve this equation.
Let the solution be

fx,p,0)=0 2

where, c is the arbitrary constant.

‘We may either eliminate p between (1) and (2) or we may
solve (1) and (2) for x, y.

(ii1) In this case differentiate w.r.t. y and proceed as in
case (ii).

(iv) The equation of the form y = px + f(p) is known as
Clairut’s equation.

d d
Differentiating w.r.t. x, we get p = p + x Ly P
dx dx

N2 =0 = 9P _0 xip(p)=0
dx dx

d
If d—p =0, we have p = constant = ¢ (say). Eliminating p
X
we have y = cx + f(c) as a solution. If x + f'(p) = 0, then by
eliminating p, we will obtain another solution. This solution
is called singular solution.

Remark If u = rf(60), then du = rf’(6)d0 + f(6) dr
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SECOND ORDER BUT OF DEGREE ONE

If there is a linear second order equations with constant coe-
d?y

fficients say —= + a dy + a,y = 0 then we solve the quad-
dx? dx

ratic equation m” + a, m + a, = 0. There will be three cases

Case I Discriminant of the quadratic equation above is
positive say roots are o, and ¢, then y = C; 1" +
C, €*?" is a solution.

Case Il If oy = o, = o(say) then a solution is y = (C; x +
Cye™.

Case Il o, = o+ if (complex roots) then a solution is
y=C, cos ox + C, sin Bx.

Illustration | 8 E

Solve y” +y" =2y =0

Consider the equation m* + m — 2 = 0
=>m+2)(m-1)=0

>m=-2,1

Hence the required solution y = C,e ™ + C,e*

Ilustration | 9 E

Solve y” +2y" +y =0

Consider the equation m*+2m+1=0
(m+ 1> =0, so

m = —1 are coincident roots. Hence required
solution y = (C; + Cyx)e ™.

1
® Example 1: The solution of the equation y’ = Y ¥ is
x
given by
(@ y=Cx+1 b)y=Cx-1
() y=Cx*+1 (d) y=Cx-2
Ans. (b)

Solution: The equation is with separable variables, so
can be written as

| Illustration |IOE

Solve y” +y =10

Consider the equation m+1=0=>m==i
are two complex roots with ¢ = 0, 8 = 1.
Hence required solution is

y=C;cos 0x + C, sinx = C; + C, sin x.

2

Yt

x2

Equation of the form

2
If the given differential equation is % = f(x) then inte-
X

grating both the sides, we get ? = F(x) + C,, where F(x)
X
= j fix) dx and C, is a parameter.

Integrating again, we have
y=Gx)+C;x+C,
where G(x) = j F(x) dx and C,, C, are parameter.

| Illustration |11E

Integrating, we get
dy

y = J sin® xdx + C, = %J‘ (1-cos2x)dx+ C,
X

_ l(x— sin 2x) ‘0,
2 2
Integrating again, we have

2
y=%+écos2x+C1x+C2.

SOLVED EXAMPLES
Concept-based

Straight Objective Type Questions

dy  dx
v+l x
Integrating, we have
log(y + 1) =log x + Conts

= y+1l=Cx=y=Cx-1.
® Example 2: The solution of the equation

xy’ =y
X

—tan 2 is given by
X



(a) sin 2 = Cx (b) cos < = Cx
X X
(©) tanz = Cx? (d) tanz =Cx% +x
X X
Ans. (a)
Solution: The given equation can be written as y’ =
tan 2 +2
X X

This is a homogeneous equation of degree 1 so puty = Vx.

V+xd—v =tanV+V
Ix

xd—v =tan V= cot VdV = ﬂ
x X

= logsin V =log x + Const = sin y/x = Cx.

, 2xy

® Example 3: The solution of y > =1+x

1—x

yl.-o=11s given by

1+
(a) y= ,_x +sin”! x
1-x

(b)y=1\/7[2+xﬁ]

2

(C)y=% /1+x[2+x\/ — x? +sin” x]

1 2ox x4j
d)y= (1+ =
(dy 2 X+

—-Xx 3 4
Ans. (d)
Solution: The equation is a linear equation with inte-
dx 2x
- o2 _'[l—xz : logl =) _ 2
grating factor e =e ¢ =(1-x9

Multiplying with LF., we have

1= =(1-) (1 +0)
dx

y(1 —xz):f(l —x2+x—x3)dx+ C

3 2 4
—x- 4t L

3 2 4
_ 1 (x x3+x2 x4)+ C
A 32 4) 1-22

since y(0)=1so C=1. Hence

Differential Equations 15.5

® Example 4: The solution of y’ +y = — X s given by
y

1
a) “=-x+¢
(a) 5

(b) Y =—x*+ %(1 +e™)

1
(©) y2=—x+5(1 +e )

—X

1 1 3
d) “=——x+—
()y 2x 2e

Ans. (c)

Solution: The given equation is reducible to linear
equation yy’ +y* = —x

dy dz
Put y2:Z:>2y—y=—.Thus
dx dx

1dZ
2 dx

+7Z=—x

= d—Z +27Z=-2x
dx

which is a linear equation with LF. = ¢, so

d 2x 2x
— (Ze™) = - 2xe
e (Ze™)

2
= Zezx:—ijezxdx+C:—2[xe2 dx}+C
2x
=+ +C
2
2 1 —2x
= Yy =—x+—-+Ce
2
1 1
For x=0,y0)=1so0l==+C=>C=—.
2 2
2 1 —2x
Thus y:—x+§(1+e )
. , 2x—y+1. .
® Example 5: The solution of y) = ~———— is given by
x—=2y+1

(a) xz—xy+y2+x+y:C

(b) xz—xy+y2+x—y:C

(©) xz—xy+y2—x+y=C

(d) —x2+2xy—y2—x+2y: C
Ans. (b)
Solution: The given equation is reducible to homoge-
neous equation. Puty =Y+ k, x=X+h

dy _ dy dY dX (4
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Select h, k suchthat2h—k+1=0,h—-2k+1=0s0

h:—l and k = l.Thus
3 3

dy —
Fde 2X-y which is a homogeneous equation
Putting Y =vX, we have
crxde 2o
ax 1-2v
o 2 _ 2
- & _2-v-vi2 =_2(1 v+?)
dx 1-2v 2v—1
222‘}—_1(1‘/ =_2d_X
vi—v+1 X
= log (v* = v + 1) + logX* = Const
2
= (y—z—z+1jX2=C0nst
x° X
= Y? - YX + X* = Const
(1) -3l g)oorg)
= y——| =l y—= || x+= |+| x+=| =Const
3 3 3 3
= 2 2,1 ( L] 1)+x2+2x
S R T G S R 3
1
+— = Const
9
2, .2 -
= Y +x —-xy-y+x=C

® Example 6: A particular solution of
log % =4x+ 5y, »(0)=0is given by

(b) 5¢™ +4e¥ =9
(d) 4e¥ + 56 =9

(a) 5e¥ +4¢> =9
() 4¢™ + 5¢ =20

Ans. (a)
. dy 4x + 5y 4 5
© Solution: —= =™ =™ ¢”
x
= e Yy =" dx
Integrating, we have
—Sy 4x
£ =% 4¢
-5 4
4x =Sy
= c=2+¢
4 5
1 1 9
Puttin x=0and y(0)=0,C= —+—-—=—
g y©) 475 20
Thus 9 =56 +4¢™

. S d.
® Example 7: The motion of a particle is given by d—); =
. d .
—3a cos® t sin 1, zy = 34 sin’t cos 7 and passes through at ¢
t

=0, then the path is given by

@ x+a+y-a =1

) (x—a)® + (v + a)*> = 2

() 2B+ = 2P

@) (x+a)?? + 3 = g
Ans. (d)
Solution: x =—3afcos’tsintdr+ C=acos’ 1+ C
Fort=0,C=-a
y=alsin’tcos tdt=asin’ 1+ G,at1=0,y=0so C, =0
Thus x = a(cos3 t-1),y=a sin® ¢

N 13 13
= (— + 1) =CoS 1, (2) =sin ¢
a a

N 2/3 2/3
- (_+1j n [X) =1 :>(x+a)2/3+y2/3=a2/3
a a

® Example 8: The solution of initial value problem xy’ + y
=0, y(2) =-2 s given by

(@) xy+4=0 (b) ¥+2)=0
() x—2=y+2 ) (x-2)(y+2)°*=4
Ans. (a)
Solution: xQ =y Q+% -0
dx y X
i log y +log x = Const
= xy = Const
Since y(2) =— 2 so Const = 2(-2) = -4

Thus xy + 4 = 0 is the required solution

® Example 9: The solution of y' + xy = xy’l, y(0) =2is
given by

(@) y?=2+2¢" () Y2 =3+¢"

() y’=3+¢" @) y*=2+2""
Ans. ()
Solution: y' +xy=xy"' = yy’ +xy* =x
d
This is reducible to linear equation, so put y* = z = yay
1k
2 dx
1 dz
—— +xz=x
2 dx
= d + 2x7=2x
dx

LF. = e2I e Multiplying with LF., we have

d 2 2
—(ze")=2x¢"
dx ze")

= zex2=f2xexzdx+C=e"2+C
= ¥ =" +C

Since y(0)=1so0C=3

= V=3 +e

® Example 10: The solution of y* + cos(x + y) = cos(x — y)

T\ w
and (—)z— is given b
y 1 1 g y



(a) siny=2sinx coszy (b) cosy=2sinx sinzy
(¢c) cosy=2cos x sin’ y (d) sinx=2cosy sin’ y
Ans. (b)

Differential Equations 15.7
= —cosecycoty=—2cosx+ C
. T T
Since y(—) = — so C=0. Thus
4 4

cosec ycoty=2cosx

. dy o .
Solution: i cos(x —y) — cos(x + y) = 2sin x sin y N cos y = cos x sin’y
d
- Y —2sinxdy
siny
LEVEL 1

® Example 11: The degree of the differential equation

3 2.\2 2
d_y_’_s(ﬁj =x° logj—y is

dx? dx? x?
(a) 1 (b) 2
(c) 3 (d) none of these
Ans. (d)

Solution: Since the equation is not a polynomial in all
the differential coefficients so the degree is not defined.

® Example 12: The degree of the differential equation y23/ 2
-y,"?-4=0is

(a) 6 (b) 3
(c) 2 d) 4
Ans. (a)

Solution: y,”?=y,"? + 4. Squaring both sides, we have
Y =y +16+8y, "

= (3 =y, = 16)? = 64y; = )0 = 32y3 = 2y3 y; + y{ = 32y, +
256 = 0. Hence the degree of the given equation is 6.

® Example 13: Which of the following equations is a lin-
ear equation of order 3 ?

Ans. (c)

Solution: The equations in (a), (b) and (c) are of order
3 and in (d) is of order 2. The equations in (c) and (d) are
linear, see theory for definition.

Straight Objective Type Questions

® Example 14: The order and degree of the differential

NEEN

equation x” = are (respectively)

d*y/dx*
(a) 2,1 (b) 2,3
() 2,2 d) 2,6
Ans. (¢)

Solution: The given equation can be written as

(] (2]

which is clearly of order 2 and degree 2.

® Example 15: An equation of the curve in which sub-
normal varies as the square of the ordinate is (k is constant
of proportionality)

(a) y= A (b) y= e
() Y2 +kx=A d) Y +k*=A
Ans. (a)
d
Solution: According to the given condition y d_y = ky*
X
d
= X = kdx (variables separable equation)
y

= log Iyl =kx + C = Iyl = B = y = A¢*™ where A =
+ B and k is the constant of proportionality.

® Example 16: A solution of the differential equations

2
(ﬂ] —xd—y +y=0is

dx dx
(a) y=2 (b) y=2x
(c) y=2x—4 (d) y=2x>-4
Ans. (¢)

d . .
Solution: Letp = d_y so that the given equation can be
X

written as p2 —xp +y =0. Therefore y = xp — p2 which is a
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Clairut’s equation see theory. Differentiating with respect
to x, we have

d d
p= <Y =p+x—p—2pd_p
dx dx dx

(x—-2p) d_p =0= d_p =050 p = const = C (say)
dx dx

Soy=Cx- C’isa solution, in particular C = 2.

® Example 17: The solution of & = is given by

2x—y2

1 1 1
a) y=Ce ™+ —x* +—x+—
@y 4 2 4

1 1 1
b) x=Ce? + —y* +~y+—
(b) x=2=Ce 1) Tty

| 1
c) x=Ce”+ —y* +y+—
(©) VRN

Solution:

=2x— y2 (This is a linear equation in x).

dx
dy
The integrating factor is e_I e

So i (xe ™) =—
dy

Integrating, we have

2 -2y
2y _ —ye

5 J ye ® dy + Const

xe

2 —2y
=L ey ye lj ¢ dy + Const
2 2 2

_2\'
£ 4 (oN
4

2
x:Cl €2y+ y_+X+l

® Example 18: The curves whose subtangents are pro-
portional to the abscissas of the point of tangency (the pro-
portionality factor is equal to k) is

(a) y*=Cx (b) Y=o
(c) yk/ =X’ (d) none of these
Ans. (a)

d . .
Solution: Subtangent=y d_x so according to the given
y

dx
condition y — = kx
dy

d
= %:k—y

X y
= Alxl =y

= log A + log Ixl = k log Iyl

= yk=iAx=Cx

® Example 19: The degree of the differential equation of
all curves having normal of constant length C is

(@ 1 (b) 3
(c) 4 (d) none of these
Ans. (d)

Solution: According to the given condition

2 2
y 1+[d_x) =C = y2+y2(d—x) =C?
dy dy
The degree of this equation is 2.

® Example 20: Which of the following transformation

. . . dz g 4 2
reduce the differential equation q + =logz= - (logz2)
X

into the form X X

du +uP(x)=Q(x)
dx

(a) u=logz (b) u=é*
() u=(logz)" (d) u=(log z)
Ans. (¢)

Solution: Dividing the given equation by z(log z)%, we
have

1 dz 1 1 1
+

——a - == ()
z(logz)* dx logz x  x?
Putting —— = have S — (1 )*215
utting log 2 = u, we have dx 0gz L dx

So (i) can be written as

du u -1

dx x dx x x

which is in the required form with P(x) = —1/x and Q(x)
=— /3%
® Example 21: A particular solution of log dy =3x +
4y, y (0)=0is dx
(a) e +3¢ =4
(c) 3¢ +4eV =7

(b) de¥¥—e ¥ =3
(d) 4e¥+3e =7

Ans. (d)
Solution: 4y _ TV =Y = eV dy=edx
X
-4y 3x 1 1
Thus — = Const. But y(0)=0,s0, -~ _ - =C.
-4 3 4 3

Hence (e /(= 4)) — (e¥3)==T7/12 = 3¢ ¥ +4=7.



® Example 22: The solution of & _axtb represents
a parabola if dx cy+
@ a=0,c=0 (b) a=1,b=2
(c) a=0,c#0 d a=1,c=1
Ans. (c)
Solution: The given equation has separable variables so

2
(cy + d)dy = (ax + b) dx. Integrating we have % +dy +
2

K= % + bx, K being the constant of integration. The last

equation represents a parabolaif c=0,a#0o0ra=0, c#0.

® Example 23: The differential equation corresponding
to the family of curves y = ¢* (a cos x + b sin x), a and b be-
ing arbitrary constants is

(@ 2y, +y,—2y=0

(€) 2y, —y; +2y=0
Ans. (b)

Solution: y, =¢"(—asinx+bcosx)+ e (acosx+bsinx)

(b) y,-2y;+2y=0

(d) none of these

= yi=€¢ (—asinx+bcosx)+y

= Y=y, +€ (—acosx—bsinx)+e" (—asinx+
b cos x)

= yo—2y; +2y=0.

® Example 24: The solution of y° x + y — x ? =0is
X

(a) x4+ (1/5) (xly)’ =C

(b) xX°/5 + (1/4) (x/y)* = C

() )Y +xM4=C

d (xy)+x/5=C
Ans. (b)

Solution: The given differential equation can be writ-
ten as y° xdx + ydx — xdy = 0. Multiplying by x*/y°, we have

3 —
X dx+ x—s(—yd" Z’Cdy} -0

y y
Integrating, we get x/5 + (1/4) (x/y)* = C,

ﬁ(ydx—xdy

3 2
y y

) 3 X
since =u du where u = —.
y

® Example 25: The equation of the curve passing through
(3, 9) which satisfies dy/dx = x + 1/x* is

(a) 6xy=3x>—6x+29

(b) 6xy=3x>-29x + 6

(c) 6xy=3x>+29x -6

(d) none of these
Ans. (c)

Solution: The given differential equation has variable
separable so integrating, we have y = x*/2 — 1/x + C. This
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will pass through (3, 9)if 9=9/2 - 1/3 + C = C = 29/6.
Hence the required equation is 6xy = 3x° + 29x —6.

xdy y
2y 2ty

(b) cos™! (x)=—=x+c¢
(d) y*x*=xtan (c —x)

® Example 26: The solution of
dx is

(a) y=xcot(c—x)
(c) y=xtan (c—x)
Ans. (¢)

Solution: The given equation can be written as

xdy—-ydx xdy—ydx 1
ﬁz—d‘x:} Y 2y X ) > =—dx
x“+y X 1+y°/x
= % a4 (X) = — dx. Integrating we have
I+y /x” dx \x

tan™! x)y=—x+c
= y=xtan(c—x).

® Example 27: The solution of the equation (2x +y + 1)
dx+ @x+2y—-1)dy=0is
(@) log2x+y-1l=C+x+y
(b) log(dx+2y-1)=C+2x+y
() log2x+y+1)+x+2y=C
(d loglx+y-1l+x+2y=C
Ans. (d)
dy dx
Solution: Put2x+y=X = 2+ -~ = — . There-
dx dx
fore, the given equation is reduced to (see theory the case
when aB — bA = 0)

dx X +1 dX  3(x-1)
—_— - = — = _— = —
dx 2X -1 dx 2X -1

= 22Xl xmae = Lov—l |dax=dx
3(X-1) 3 X -1

= %[2X+10gIX—1|]:x+C0nst

= 2(2x +y) + log I2x + y — 11 = 3x + Const

= x+2y+logl2x+y—-11=C.

® Example 28: Solution of the differential equation
dy

2y sin x r =2 sin x cos x — y2 cos x satisfying y(7/2) = 1
X

is given by
(b) y=sin’x
(d) y2 sinx =4 cos® x

(a) y2 =sin x
(©) y2:cosx+ 1
Ans. (a)

Solution: The given equation can be written as

. d .
2y sin x &y +y2cosx= sin 2x
dx
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d . .
= — (¥ sin x) = sin 2x
dx
= y2 sin x = (—1/2) cos 2x + C.
SO (y(71'/2))2 sin (/2) =(-1/2) cos 2Qn/2)+ C
= Cc=1/2.
Hence y2 sin x = (1/2) (1 — cos 2x) = sin® x
= y? =sin x.

® Example 29: Solution of the differential equation
xdy —y dx - )c2+y2 dx=0is

(a) y— \/xz +y2 = Cx? b)y+ VX2 +y2 = Cx°
(€) x+ x? +y2 = Cy2 (d) x — /x* +y2 = Cy2

Ans. (b)

dy

Solution: Writing the given equation as dx =

y+x’ +y? dv

and putting y = vx, we have v + x
X dx

do dx
=v+1+0* = m =

Integrating, we have log (v + /1 + v’ )= log x + Const.

= ylx+ 41 +y2/x2 =Cx = y+ \x? +y2 = Cx°
® Example 30: An equation of the curve satisfying
xdy — y dx = \x* —y* dxand y(1) = 0 is

(b) y=xsin (log Ixl)
) y=22 (-1

(a) y= x° log Isin xl
(©) ¥y’ =x(x=1)
Ans. (b)
Solution: The equation can be written as

X2 Xdy;zydx = )cﬂl—(y/)c)2 dx

d(y/x) dx
1-(y/x)* x

Since y(1) = 0 so Const = 0. Hence y = x sin (log IxI| ).
Note that one can also solve the given equation as a homog-
enous equation also, i.e. by putting y = vx

= sin'y/k= log Ixl + Const

® Example 31: A solution of the equation

dy .
x — =y(ogy-logx+1)is

dx
(a) y=xe™ (b) y*x=cx
(c) y2 =cxlogx (d) logy=cx
Ans. (a)

Solution: Putting y = vx in the given equation, we have
do 1 1 X do 1
+ = =+ = =
v xdx v(logov+ 1) dx vlog v

do dx
=— =

log llog vl = log Ix| + Const
vlogo

= logv=+Ax=cx = y=uxe™.

® Example 32: The solution of x° 4 +4x% tany =
" sec y satisfying y (1) = 0 is X
(a) tany=(x-2)¢e" logx
(b) siny=e¢"(x—1)x*
(c) tany=(x—1) & x>
(d) siny=¢"(x-1)x°
Ans. (b)
Solution: Rewriting the given equation in the form

4 dy

. x d . .
X cosyd—+4x3smy=xe = d—(x451ny)=xe
x x

= x4siny=_|. xe* dx
=(x-1D+C

Since y (1)=0,s0 C=0.

Thus siny=x"*(x - 1)e".

® Example 33: If for the differential equation y’ =

Yy ¢(£) the general solution is y = X then o (x/y)
x y log |Cx]|
is given by
(a) —x*/y* (b) y*x?
(c) xz/y2 (d - )12/162
Ans. (d)

. d d
Solution: Putting v =y/x so that % +v= Ey , we have

d
X vren) > oW
dx

o(1/v)  «x

d
= loglCxl= J = (C being constant of integration.)

o(1/v)

Buty= al is the general solution so
og |(Cx)
x 1
S=—=| —= =0 =-V
y v J ¢(17v) ’
= O (xly) =- y2/x2.
® Example 34: The solution y(x) of the differential equa-
2
tion % = sin 3x + ¢* + x> when v1(0) =1 and y(0) = 0 is
x
: 4
(@ —Sm3x e Lo

9 12 3



sin3x . x 1

(b) -

cos3x
C —
© —=5 ety
(d) none of these

Ans. (a)

Solution: Integrating the given differential equation,
we have

dy 3 ’
—= = 28 x+e"+%+q

dx 3
1 1
buty1(0)=lsol=—§+1+C1 = C1=§
Again integrating, we get
sin3x x*
y=- t+te' +—+-x+C,
9 12 3
but y0)=0s00=1+C, = C,=-1.Thus
sin3x . x* 1
- e +—+—-x-1.
9 12 3

1- 2
® Example 35: The differential equation ? S b/
x y

determines a family of circles with
(a) variable radii and a fixed centre (0, 1)
(b) variable radii and a fixed centre (0, —1)
(c) fixed radius 1 and a variable centres along the

X-axis
(d) fixed radius 1 and variable centres along the
y-axis
Ans. (c)
Solution: dx = —_— dy
-y
1 2y 5
= c+x= —__[ d}’:—\ll—y
2 1— y2
= (x+ c)2 + y2 =1

which represents a family of circles of fixed radius 1 and
variable centre on the x-axis.

® Example 36: Let f(x) be a differentiable on the interval
2 _ .2
(0, o) such that f(1) = 1, and limM

t—x r—x
each x > 0. Then f(x) is

=1 for

2 2
@ L 2% by _ 1L 4
3x 3 3x 3
1 2
© —~+= @ 1
X X X
Ans. (a)

2 2 2 2
Solution: 1 =1lim~- JO) -7 f@)+ 17 f() - x" (1)

t—x t—x
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2 -—
—tim “Y D =IO i 4 £ )
t—x r—Xx t—x
= -2 f'(0) + 2x fv)
Thus f(x) is a solution of the differential equation
2dy dy 2 1
X = -2xy=-1 = =L -Zy=-— (D)
dx dx x Y x?
—J-%dx 1

This is a linear equation with LLF. = ¢ >

Multiplying (1) with (%2) we get
X
d(y 1 y 1
il Rl e

Since (1) =1 so C

Il
W
~<
Il
|
=
+

® Example 37: Suppose y = y(x) satisfies the differential
equation ydx + yzdy =xdy. Iff yx) >0V xe Rand y(1) =1
then y(-3) equals

(a) 1 (b) 2

(c) 3 @5
Ans. (¢)
Solution: ydx;zxdy =—dy

y
= d(£)=—dy = xly=-y+c
y
since y(1)=1soc=2 Thus xly=—y+2
3

when x=—3,—;=—y+2
= —3=—y"+2y = (y-1’=4
= y=1x2=3o0r-1

As y(x) > 0 for all x € R so y(-3) =3.

® Example 38: The equation of the curve whose tangent
at any point (x, y) makes an angle tan™! (2x + 3y) with x-axis
and which passes through (1, 2) is:

(a) 6x+9y+2=26"""

(b) 6x—9y +2 =261

(c) 6x+9y—2=26"""

(d) 6x—9y—2=26"1
Ans. (a)

Solution: ? = tan[tan”' (2x + 3y)] = 2x + 3y
X

= — —3y=2x

LE. =¢™>* Multilplying (1) by ¢, we get

d
e D 3¢y = 2% =

d —3x —3x
— [ye™'] = 2xe™
dx dx el
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2 2
—3x —3x —3x —3x
= e = |2xe  dx=——xe " +—| (e dx
ye = | 3 S
2
= —Zxe* —26_3" +C
3 9
As this curve passes through (1, 2), we get
2 26
2= —5(3+l)+Ce3 =C="¢"

Thus, required curve is

y= —§(3X+1)+%e3("_1) = 6x+9y+2=26e""""

® Example 39: The degree and order respectively of the
differential equation of all parabolas whose axis is x-axis, are:

(a 2,1 (b) 1,2
(c) 2,2 d 1,1
Ans. (b)

Solution: Equation of any parabola whose axis is x-axis
is

y2=4a(x+b)
d*y (dyY
= 2y%=4a = y;ﬁ%—(d—z) =0

which is a differential equation of order 2 and degree 1.

® Example 40: The solution of the differential equation
& _xty satisfying the condition y(1) =1 is
dx X

(a) y=logx +x (b) y=xlogx + X

(c) y=xe®* ™V (d) y=xlogx+x
Ans. (d)
Solution: xdy = xdx + ydx
xdy —ydx _ dx
2 x
= diy/lx)=d(logx) = y=x(logx+C)

Putting x =1, we get C =1, so
y=x(logx+1)
® Example 41: The differential equation which repre-

sents the family of curves y = ¢,e™", where ¢, and ¢, are
arbitrary constants, is

@ n' =y (b) yy’ =y">
(©) y'=y d) y'=yy
Ans. (b)

Solution: y = c,e™ = y =c,cye"

2
4 1 CrX
7”7 2 2 CyX ChX , 2 7”2
= yy = Cl C2€ e = (Clczeczx) —_y

® Example 42: Solution of the differential equation
cosx dy = y(sinx — y)dx, 0 < x < /2 is

(a) ytanx=secx +c (b) tanx = (secx + ¢)y
(c) secx = (tanx + c)y (d) ysecx=tanx+c
Ans. (c)

Solution: The given equation can be written as

0 — 1d 1
Ay JERXZD o —any - - eex
dx COS X y ax 'y
1
Put —— =z, we have
y
ﬁ (tan x)z = — secx (D)
dx
ILF. = eI g = elo8er = gecx
d 2
(1) reduces to —(zsecx) =—sec’x
dx
= zsecx = —tanx + ¢,
= secx = (¢ + tanx)y, ¢ = —cy.

® Example 43: If ? =y +3>0and y(0) and y(0) = 2,
X

y(log2) is equal to
(a) -2 (b) 7
(© 5 (d) 13
Ans. (b)
Solution: % = dx = log(y + 3) = x + ¢ when x = 0,
y+
y =2, therefore log5= C
Thus log(y+3)=x+1log5
When x =log 2, we have

log(y +3) =log 2 + log 5 =1log 10
= y+3=10=y="7.

® Example 44: Let I be the purchase value of an equip-

ment and V() be the value after it has been used for ¢ years.

The value V(¢) depreciates at a rate given by differential

d‘;(t) =—k(T-1), where k >0is a constant and
t

T is the total life in years of the equipment. Then the scrap

value V(T) of the equipment is:

equation

1

—kT 2 1
(a) e b)) T P

kT?

© I1-=- (d) T-K(T)

Ans. (¢)
. dv
Solution: i K(T-1),K>0
t
= dV=—K(T-1t)dt

2
Integrating, we have V(¢) = KT =" +C



We have V(0) = I, therefore

2
=K 0 5 c= ke
2 2

Scrap value V(T) = C = I—§T2.

® Example 45: The population p(7) at time ¢ of a certain
mouse species follows the differential equation dp(1) =0.5

p(t) — 450. If p(0) = 850, then the time at which the popula-
tion becomes zero is

1
(a) log9 (b) 510g18
(c) log 18 (d) 2log 18
Ans. (d)
Solution: The given differential equation in a linear
equation with LE, = ¢ /@94 — o= Muyltiplying with LF.

we have

i(e—”z p) =-450¢" = ¢ p(1)=900e" + C
dt
When ¢t =0, p = 850,

850=900+C = C=-50

Thus p(t) =900 — 50 ¢
When  p(f) =0, we get 900 — 50¢"* = 0
= e”=18 = /2 =logl8 ie. r=21log 18

® Example 46: If the differential equation representing
the family of all circles touching y-axis at the origin is X - y2

d
= flx)y d_x then f(x) is equal to
Yy

(a) 2x (b) x
(©) x* (d) 3x
Ans. (a)
Solution: Equation of circles touching y-axis at origin is
X+ Gy-—a)P=d @)

Differentiating, we get

2x+2(y —a) ﬂ =0
dx

= a= i:a— +x@
y @ y dy
dx

Substituting this value in (i), we have

2 2 dx 2 dx 2
X+x | — | ={y+tx—
dy dy
2 2
= |1+ dx =y’ +x° ax +2xy§
dy dy dy

= xz—y2=2xyd—x.Sof(x)=2x
dy
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® Example 47: The general solution of the differential

d 1+t
equation cos 2x A y=01is given by
dx 1—-tanx

(a) y,[tan C

=

+
~—

I

=

+

Tw

+

GRS E
N~—

[

=

+

Q

(b) yy[co

(c) y,/tan(x+% =tanx + C
(d) y,/cot(x+%):cotx+c

Ans. (b)

Solution: The given equation can be written as

d f
24 —sec2xy= tan(x+£)
dx 4

This is a linear equation whose LF. = glsec2ndx

oz onc+5)
——log tan |x + —
—e 2 4

(w5 Z))

Multiplying with LF., we have

ZA (R U I

tan|x + —
4

= y,/cot(x+§j:x+c

® Example 48: The curve y = f(x) (fix) > 0, f(0) = 0)
bounding a curvilinear trapezoid with the base [0, x], whose
area is proportional to the (n + 1)th power of fix) f(1) =1 is
given by

(@) x=y" (b) y=x"
@y+l=@+D" (@ x=y""
Ans. (a)

Solution: According to the given condition
jo F(x)dx =k(f(x))"* ", K being

the constant of proportionality. Differentiating we have

) =k(n + 1) (fix))" f'(x)
_ ndy
y=k(n+1)y I

dx=k(n+ 1)y" " 'dy

= x+C=—k(n+1)y
n
since ¥(0)=0s0o C=0.Alsoy(1)=1,s0 k= " : Thus
n+

x=y".
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® Example 49: Consider the differential equation
y___ vy
dx  2ylogy+y—x’
Statement-1: xy = y2 log y + C is a solution of the given
differential equation
Statement-2: The differential equation is a linear equation

in y and x.
Ans. (a)
Solution: ax = 2ylo{gy&=210gy+1—£
dy y y
= @+£:21ogy+lwhichislinearinxandy.
dy 'y
[+ a
IE=¢" =y
So —(xy) =2ylogy+y
dy
2
_ y
= xy—2jy10gydy+7+c
2 2 2
y y Yy
=2|—logy——|+—+C
Lroey- 2|2

:yzlogy+C.

® Example 50: Statement-1: The differential equation of
all circles in a plane must be of order 3.

Statement-2: There is only one circle passing through three
non-collinear points.

Ans. (a)

Solution: The equation of a circle contains three inde-
pendent constants if it passes through three non-collinear
points.

® Example 51: Statement-1: Curve satisfying the differ-
ential equation y" = y/2x passing through (2, 1) is a parabola
with focus (1/4, 0)

Statement-2: The differential equation y” = y/2x is of vari-
able separable.

Ans. (d)
2dy dx
Solution: @ = 4y
dx 2x y X

= log y2 =logx+const = y2 = Cx, this passes through
(2,1)if C=1/2. Thus y2 =1/2x which represents a parabola
with focus (1/8, 0).

Assertion-Reason Type Questions

+
® Example 52: Lety’ + sin al

2

Statement-1: A solution satisfying y(0) = 7 is a periodic
function with period 4.

Statement-1: y can be explicitly represented in terms of x.
Ans. (b)

- +
Solution: y’ = sin T sin2 Y = 2sin2 cos> .
2 2 2 2

= cosecy/2 dy=-2 cos (x/2) dx

= 2 log Itan (y/4)| = — 4 sin (x/2) + Const

= log Itan (y/4) | = -2 sin (x/2) + Const

= Itan (y/4)| = Const ¢~ 25" ¥

Since y(0) = 7rs0 Const = 1. Thus |tan (y/4)| = e~ 25" %2

soy=4 tan”! (+ g~ 2 sin2

4.

) which is periodic with period

® Example 53: Let (xy2 + x)dx + (y - xzy)dy = ( satisfy
¥(0)=0.

Statement-1: The curve represented by the solution of the
given differential equation is a circle.

Statement-2: It is circle with radius 1 and centre (0, 0).
Ans. (¢)

Solution: x(1 + y2)dx + y(1 —xA)dx=0

= al > dx + 4 5 dy=0
1-x 1+y
= —log (1—x2)+10g (1 +y2)=C0nst
= 1+y*=C(1-x?
Since y(0)=0so C=1
= X2+ y2 = 0 which is a point circle.

® Example 54: Let a solution y = y(x) of the differential
equation xy/x> —1 dy— y\y> —1 dx =0 satisfy y(2) = 23

Statement 1: y(x) = sec(sec”! x — 7/6)

1 2V3 1
Statement 2: y(x) is given by —=——— /1 - —

y X X
Ans. (c)

Solution: The given equation can be written as

0

dy B dx _
Wy -1 xfe -1

Integrating sec”'y — sec”'x = Const



Putting x = 2, Const = sec 123 —sec'2 = %— g =-=
so y = sec(sec \x — 71/6).

® Example 55: Statement 1: The differential equation of
all circles passing through one fixed point is of order 2.
Statement 2: General equation of a circle involves three
arbitrary constants.

Ans. (a)

Solution: General equation of a circle is

XAy +28x+2fy+C=0
where g, f, ¢ are arbitrary constant. Since the circle passes
through a fixed point so the arbitrary constants are two.
Hence required differential equation is of order 2.

® Example 56: Statement 1: The solution of xy’ + y = y2
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1 1 dy dZ
tion. Put — =72 = — —2—y=—,
y y- dx dx
az 1 logx dz 1 __ logx
dx x X dx x X
e 1 A
The ILF.is ¢ °* = —. Multiplying with L.F.
X

i(zl) _ logx
dx X X2

Integrating, we have

X

1 log x
VA dx +C
fre

log x is given by y(1 + log x + Cx) = 1. = 11 =—[—llogx+J‘i2dx} +C
Statement 2: The given differential equation is a linear y X x x
equation whose LF. is x. 1 1
Ans. (C) =— |:——10gx_—} +C

1 X X
© Solution: xy’ +y=y*logx = Y+ llzloﬁ 1

y Xy by = — =[1+logx]+ Cx

y
This is reducible to linear equation but not a linear equa-
= I =y(1 +logx+ Cx)
LEVEL 2

® Example 57: The degree of the differential equation
satisfying

\/1+x2 +\ll+y2 =A()c\/1+y2 —y\/l+x2) is

(a) 2 () 3
(c) 4 (d) none of these
Ans. (d)

Solution: Put x =tan 6 and y = tan ¢. Then /1 + x*

=sec 0, 1+ y2 = sec®, and the equation becomes

sec 0+ sec ¢ = A (tan 0 sec ¢ — tan ¢ sec 0)
- cos ¢ +cos 8 —4A sin @ —sin ¢

cos 6 cos ¢ cos 6 cos ¢
=  cos ¢+ cos 8=A (sin O — sin @)

= 2cos 9 se%(p:ZAsin

co COS ——

0-¢ 0+9¢
2 2

Straight Objective Type Questions

= cot

9;‘1’ —A = 6-¢=2cot A

= tan ' x—tan”' y=2 cot ' A.

1 1 dy
2 7|7 =0
I+x 1+y~ )dx

which is a differential equation of degree 1.

Differentiating this, we get

® Example 58: The solution of differential equation
d /x
Dy, 20
dx —x  “¢'O/x)
(@) x* 9(y) =k

©) ¢(y/x)=kx
Ans. (c)

(b) ¥ ¢ (y/x) =k
d) ¢(y/x) =ky*
du

d
Solution: Putting Y —uwehave =2 =u+x S% The
x dx dx

. . . . . du
given differential equation can be written as u + x P =u
X
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¢ (u)

oW
M) W) =, dx
T o) M7

Integrating, we get log ¢ (1) = log X+ log k, so ¢(u) = kx?
i.e. ¢(y/x) = kx’, k being an arbitrary constant.

® Example 59: The orthogonal trajectories of the family
of curves "~ ' y = x" are given by

(b) ny2 +x” = const

(d) n®x—y"=const

(a) X"+ n’y = const
(c) n*x+y"=const

Ans. (b)
Solution: Differentiating, we have (see theory)
an—l H — nxn—l N an—l — nxnflg
dx dy
Putting this value in the given equation, we have
nxn—l E y= X"
dy
. d d d
Replacing 2 by — ex , we have ny = —x il
dx dy dy
= nydy+xdx=0 = ny2+x2=const.

which is the required family of orthogonal trajectories.

® Example 60: The solution of the differential equation
2
X = 0:x(0) = 1. x(0) =0
dr?
(a) approaches infinity as t — oo
(b) is a periodic function
(c) is always greater than or equal to unity
(d) does not exist
Ans. (b)

Solution: Consider the equation m +1=0,m=+i.
Hence x = C| cos t + C, sin ¢ (see theory)

Now x(0)=1=C,=1landx"=-C,sint+ C, cos t s0
C, = 0. Hence x = cos t is the required solution which is a
periodic function.

Alternate Solution

2 2
We have Z%d—x = —2xﬂ = (%] =—x+C
dr dr? dt dt
Sincex’(0)=0and x(0)=1so C=1.Hence ;E =+V1 - x?
t
= dr =tz
V1-x?
= sin'x=t+C, or cos'x=1+C,

= x=sin (t+ C,) or x=cos (t + C,)
When t=0,x=1s0C;=m2and C, =0
Hence X=CO0S t.

d
® Example 61: The solution of the equation LAl
cos (x —y)is dx

(a) y+ cot (%) =c¢ (b) x+cot (x;y) =c

(¢) x+tan (x;y) =c (d) none of these

Ans. (b)
. . du dy
Solution: Putting u=x-y, wehave — =1- — . The
dx dx
. . . du
given equation can be written as 1 — — =cos u
X
d
- j——i—:m
l1—cosu
= lJ' cosec’ % du= _[ dx + Const
2 2
= x+c0tg=Const,i.e.x+cotx_y=c.

® Example 62: A solution of the differential equation
dy 1 )
dx = xy[x2 sin y2 +1] '
( Cis an arbitrary constant)
(a) x* (cos y>—siny*—2C e’yz) =2
(b) y* (cos x> — (sin y* = 2C e_yz) =2
(c) x*(cos y2 —sin y2 —e” )=4

(d) none of these
Ans. (a)

Solution: The given differential equation can be written

d .
as ax =Xy [x2 s1ny2+ 1]
dy

1 dx 1 . . L .
— -~ 3 y=ysin yz. This equation is reducible to
x> dy «x
linear equation, so putting — 1/x* = u, the last equation can
be written as

d
L 2uy =2y sirly2
dy

2
The integrating factor of this equation is e” . So required
solution is

uey2 = _[ 2y sin yz.ey2 dy+C
= [ Ginpedi+C =y
= (1/2) e (sin y* — cos y*) + C
= 2u = (sin y* — cos y?) + Ce_y2

2
= 2= x*[cos y* —siny? =2 Ce™ .



® Example 63: The solution of (y (1 + x 1 +sin y) dx +
(x+logx+xcosy)dy=0is
(@) (1+y'siny)+x'logx=C
(®) (y+siny)+xylogx=C
(c) xy+ylogx+xsiny=C
(d) none of these
Ans. (c)
Solution: The given equation can be written as
y(1 + xHdx + (e + log x)dy + sin y dx + x cos ydy =0
= d(y(x +log x)) + d(x siny) =0
= yx+logx)+xsiny=C
® Example 64: If ¢ (x) is a differentiable function then the
solution of dy + (y ¢'(x) — ¢(x) ¢'(x)) dx =0 is
@ y=(@@-D+Ce?™
(b) yp(x) = (p(x)*+C
(©) ye?@ = ¢(x) @+ C

@ (y-9W) = (9(x)) e?™.
Ans. (a)

Solution: The given equation can be written in the lin-

ear form as follows:
d / /
=y = 9 90)
dx

The integrating factor of this equation is eI Pdr _ o

Hence a4 (ye™™) = ¢(x) ¢ (x) 9@
dx

Integrating, we have ye‘p(x) = _[ te' dt + C, (where t = ¢(x))

=te'—¢'+ C Hence y = (9 (x) = 1) + C e,

® Example 65: The solution of y,—2y,+y=0is
(@) y=x> e + ¢, xe" + ¢,
(b) y=(c;+c,x) €*
©) y=c¢, X’ & +e +c,
(d) none of these
Ans. (b)

Solution: The given equation can be written as

IR O, ~
(dx lj(dx yj 0 @

d . d
Ifd—y — y = u then (i) reduces to cu —u=0 = u=
X
d .. .
¢, €". Therefore, we have d_y —y = ¢,¢" which is a linear
X

. - d -
equation whose LF. is ¢™. So i (ye)=c, = ye ' =cx
X

+c¢, = y=(c;x+cye'. (For ashort cut see theory).

Differential Equations 15.17

® Example 66: The solution of y, — 7 y, + 12y = 0 is
(@) y=C, ¥+ Ce™ (b)) y=Cxe*+C,ye™
(c) y= Cle3x +Cyx ¥ (d) none of these.

Ans. (a)

Solution: The given equation can be written as

d [y, :
(dx 3)(dx y) 0 @

1t 9 _ 4y = u then (i) reduces to 3% —3u=0
dx dx
d
= du _ 3dx = u = C,e™. Therefore, we have ﬁ
u

— 4y = Cy¢® which is a linear equation whose LF. is
—4x d —4x —X —4x X
e .Soa(ye )=Cie" = ye " ==-C,e" +(,

= y = C,e* + C,e™ (For a short cut see theory).
d dyY'
® Example 67: A solution of y = 2x S (_y) is
dx dx

(a) y:2c1/2x1/4+c (b) y:2\/; X+ c?
© y=2vc x+1) () y=2+cx +c

Ans. (d)
d
Solution: Writing p = d—y and differentiating w.r.t. x,
we have *
dp 4 3 5 dp
p=2p+2x dx +2xp +4p° x dx

= 0:p(1+2xp3)+2x 3_1? (1+2p3x)
X

d d
= p+2x—p:0 = 2_P__d_x
dx p X
= 2logp+logx=const = pzx=corp=\/E
X

Substituting this value in the given equation, we get
y=24cx + o

® Example 68: The equation of the curve not passing
through origin and having the portion of the tangent in-
cluded between the coordinate axes is bisected at the point
of contact is

(a) a parabola
(b) an ellipse or a straight line
(c) acircle or an ellipse
(d) ahyperbola
Ans. (d)
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Solution: The equation of tangent at any point P(x, y)

d
is Y—y= d—y X-x)
X

. . d
This intersects cut the X-axis at A (x -y d_x Oj and the
y

d
Y-axis at B (O, y—Xx d_yj . According to the given condition
X

mid point of AB = (x, y)

= x—y@=2x and y—xﬂ=2y
dy dx
= x+yﬂ=0 and y+xﬂz0
dy dx
= ﬂ+ﬂ=0
x oy

= log(xy) =logc
=  xy =c, which is a hyperbola.

® Example 69: An equation of the curve for which the
portion of y-axis cut off between the origin and the tangent
varies as the cube of the abscissa of the point of contact is

(@) y=KxX/3+Cx (b) y=—Kx/2+C
() y=—KxX2+Cx (d) y=Kx/3+Cx’12
(K is constant of proportionality)
Ans. (c)

Solution: The portion of y-axis cut off between the

origin and the tangent is y — x j—y . According to the given
X

condition y — x j—y = Kx’ (K is constant of proportionality)
X

d L .
2 y =- Kx?. This is a linear equation whose

dx «x
LF. is 1/x.
d 3
Hence i Ox)=—Kx = y=—-Kx/2+Cx.
X

® Example 70: Through any point (x, y) of a curve which
passes through the origin, lines are drawn parallel to the co-
ordiante axes. The curve, given that it divides the rectangle
formed by the two lines and the axes into two areas, one of
which is twice the other, represents a family of

(a) circles

(c) hyperbolas
Ans. (d)
Solution: Let P(x, y) be the point on the curve passing
through the origin O(0, 0), and let PN and PM be the lines
parallel to the x- and y-axes, respectively (Fig. 15.1). If the
equation of the curve is y = y(x), the area

(b) parabolas
(d) straight lines

POM = J.: y dx and the area PON = xy — J.y dx Assuming
that 2 (POM) = PON, we therefore have

ZJOy dx =xy - Joydx = 3J.Oydx:xy.
Differentiating both sides of this gives

dy dy dy _dx
= X = X/ - = _—
3y dx +y = 2y ix = y 2 .
= loglyl=2loglxl+C
= y= Cx2, with C being a constant.
This solution represents a parabola. We will get a similar
result if we had started instead with 2(PON) = POM

Y P(x,y)

Fig. 15.1

® Example 71: The solution of (y + x + 5)dy = (y — x +
1) dxis

(@) log (y+ 32+ @+2) +tan” 275 = ¢

x+2

(b) log (v + 3P + (x=2%) +tan” 272 = ¢

x—2

(©) IOg ((y+3)2+(x+2)2)+2tan_1 y_+3 =C
x+2

(@) log (v + 37+ + 2P —2tan 272 —¢

x+2
Ans. (c)

Solution: The intersectionof y—x+1=0andy+x+5

=0is (—2,-3). Putx=X-2,y=Y-3. The given equation
dy Y-X

reduces to — = —— . This is a homogeneous equation,
dX Y+X

so putting Y = vX, we get

d v* +1 v 1
XL = - = |- do = 9X
dx v+1 v"+1 v +1 X

1
= 3 log (v* + 1) —tan"" v = log | X + Const
Y
= log (Y2 + X2) +2 tan™! } = Const
+3
- log (v + 32+ (x+2%) +2tan! 222 = ¢

® Example 72: General solution of the differential equa-

. dy dx
tiony=x — + — represent
de dy



(a) a straight line or a hyperbola
(b) a straight line or a parabola
(c) aparabola or a hyperbola
(d) circles

Ans. (b)

. d . .
Solution: Putting p = ay the given equation can be

written as y = px + 1/p. Differentiating w.r.t. x, we have

d d 1d
p= Sy dp_ 1 dp
dx dx p~ dx
dp 1 dp
x—(1/p%) —=% = 21 4P _
= (x—=(17p~) dx 0=p xordx 0

d . . L
If £ =0 then p = constant = ¢ putting this value in given
equation, we get y = cx + 1/c which represents a straight
line. If p* = 1/x then y* = (px + 1/p)* = p> x> + 1/p* + 2x =

1 .
— x% + x + 2x = 4x, which represents a parabola.
X

® Example 73: The curves satisfying the differential
equation (1 —x%) y’ + xy = ax are
(a) ellipses and hyperbolas
(b) ellipses and parabola
(c) ellipses and straight lines
(d) circles and ellipses
Ans. (a)
Solution: The given equation is linear in y and can be
written as
dy L% __ax
o 1-2 1

X
L _ e—(1/2)log(1—xz)

Its integrating factor is e

- if—1<x<1landifx*>1thenLF. =

\ll—xz -1

=
L

1. The general solution of y" + xy = 4x is given by
@ y= e 1 cx (b) y= Y 4 Cx

© y=Ce™P% _4 (d) y= " 1 Cx+4

Differential Equations 15.19

+C=y=a+Cyl-x?

y 1 . a

\/1 -x° \/1 -x°
= (-a=C1-x)
= (-a'+Cx=C
Thus if -1 < x < 1 the given equation represents an ellipse.

If x* > 1 then the solution is of the form — (y — a)* + C* x* =
C? which represents a hyperbola.

® Example 74: Consider the differential equation y* dx +
1

[x——) dy=0.If y (1) =1, then x is given by:
y

1y 1 Iy
@ 4-2-“" () 3-—+¢
y e y e
1y 1y
) 1 )
© 1+--% @ 1-—+%
y € y €
Ans. (c)
Solution: The given differential equation can be written
dx 1 1 S . . .
as —x+—2x =— which is a linear equation with LF. =
y yo oy
72 . . . . .
e I (1/} )dy = ¢ /Y . Multiplying with the integrating factor

d _ | B
E(xe l/y):y_3€ 17y

1 ,
—36_1/}dy+C
y

= j—u 'du+C (u=-1/y)

= xe =

=—ue'+ j e'du+C
=" (1+1/y) +C

x= 1+1+Cel/y

Thus,
y
When x=1,y=1
I=1+1+Ce==C= —1/e.
1 Iy
x=l4—-—
y e

EXERCISE

Concept-based
Straight Objective Type Questions

2. The solution of x” + x tan ¢ = sec ¢, x(0) = 1 is
(a) x=cott+sint (b) x=cost+2sint
(c) x=cost+ sin’ ¢ (d) x=cos’r+sin s

3. A particular solution of the initial value differential
equation
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11.

12.

13.

. If x() is a solution of (t + 1)dx = 2x + (r + 1)*

Complete Mathematics—JEE Main

d
log d_y =T7x + 8y, y(0) =0 is 7. The solution of (x— y cos dex + X cos 2 dy =0,
X X X
(@) 15y=8¢ +7¢” y(1) = 0 is given by
(b) 15x=7¢™ + 8™ Y el =0 (b Y+ loskd = 0
-8 Tx = = Z =
() 8¢ +7¢ =15 (a) smx+ogx ()ycosx+ogx

(d) 7¢® +8e =15

y .y
¢) tan= +loglxl=0 (d) ysin= +loglxl=0
dt, x(0) = 2 then lim x(¢) is (©) . g (d y . g

t—1

n—1

(a) 8 (b) 10 8. The solution y* (ay’ + y) = x is
(c) 14 (d) 12 d _nx
. The degree of the differential equation d_y + x = (a) (n— l)y"f1 =Ce % +nx+a
x
(y+x@)4 is by m = Ce o
dx (b) ny" " = Ce + nx
(a) 2 (b) 3 W
(c) 4 @ 5 (c) ny" = Ce +nx—a
. 1-2y—4x . . =
. The solution yy = ——————— is given b n=l a
y 1+ y+2x g y (d) ny Ce +nx+a

9. A curve passing through origin, all the normals to
(@) (+20+ + (4202 =24 C which pass through (1, 2) is
2 (a) a circle with centre origin
(b) a straight line
(c) a parabola
(d) acircle with centre (1, 2)

d) v+ % +20)H)=x+C

(c) x+ 1 2x + y)2 =y+C 10. The solution of y" = (x + y)2, y(0) = 0 is given by
2 (a) tanx=x+Yy (b) sinzy:x+y
(c) tany=x+y (d) siny=x+y

(d) 2x+%(2x+y)2:y+C

o7 LEVEL 1
L

J Straight Objective Type Questions
y = ae™ + b is a solution of %:% when © VX' +y* +yx*=C
X
@ *+y)+n’=C
(a; a f }’ Z i(l) (3; a i g’ Z i(z) 14. Let f(x), g(x) be twice differentiable function on
© a=10b= ( a=2b= _ [0, 2] satisfying /() = g”(x), /(1) = 2¢’(1) = 4 and
(Tl;e sohllt(w/n)of ly —(xzy =2§(x 1+ yg ), y(1) = 1 is f(2) =3, g(2) = 9, then the value of f(4) — g(4) is
a) tan  (y/x) +log (x” +y") =log
(b) tan™ (y/x) + log (¥ + y*) = /4 + log 2 8 g Eg; 2 5
(c) tan”! (v/x) + log %+ yz) =log 3 ] ) i ) o
(d) none of these 15. Which of the following differential equation is not
[ yx2 dy degree 1
The solution of ﬁ = ydx - xdy is (a) x3 vy + (x +x2) y12 + € y3 =sin x
x“+y

(b) y21/2 +sinxy, +xy=x

(a) \/x2+y2 =Cx
© Jy+y =x+1
(b) Vx%+y* +yx=C (d) y=2y;+ )+



16.

17.

18.

19.

20.

21.

22.

23.

24.

The general solution of

y = X+f—¢(y2/xz) is

x vy’

@) Y’ =K ¢ (*/x)
(©) x=K ¢(*/x)

(b) x> =K ¢(y*/x%)
(d) y=Kx p(y*/x)

The solution of log — dy =3x + 4y, y(0) = 0 is
x

(@) e+ P=4 (b) 4> —e¥=3

(©) 3¢ +4e =7  (d) 4e¥ +3e =7

The solution of the equation (x + y) dy — (x — y)
dx =0is

(a) y2+2xy +x*=K (b) y2+2xy—x2:K

© X+2xy—y*=K @) y*-2xy+x°=K

The solution of (1 +y + x%) dx + (x + x°) dy = 0
is

(b)) xy+ tan'x=C

(d) x* + tan”! yvix=C

(a) y+ tan'x=C
(c) y2 +tan'x=C
The equation of curves which intersect the hyper-
bola xy = 4 at an angle /2 is

2 3
@y="z+C 0= +C
(c) yY=x*=C (d) xy=x*+C

The differential equation of a curve such that the
initial ordinate of any tangent at the point of contact
is equal to the corresponding subnormal is

(a) alinear equation

(b) not a homogeneous equation

(c) an equation with separable variables

(d) none of these

The curve satisfying y dx — x dy + logx dx = 0

(x > 0) passing through (1, 1) is

(@ y+logx+1=0  (b) =y’ +logx+1=0

(©) y3 + (log x)2 +1=0 (d) none of these

A differential equation associated with the primitive
y=a+be™ +ce Fis

(@ y;+2y,-y,=0
(b) 4y;+5y,-20y,=0
(¢) y3+2y,—35y;=0

(d) none of these

The differential equation of the family of circles pass-
ing through the fixed points (a, 0) and (- a, 0) is

@ y (yz—xz) +2xy+a2=0
(b) y1y2+xy+a2x2=0

(c) yl(y2 2+ az) +2xy=0
(d) none of these

25.

26.

27.

28.

29.

30.

31.

Differential Equations 15.21
d
Solution of the differential equation (x — y)> ot A
a* is dx
(a) y= zlog rmy-ap, .
2 X—y+a
(b) x= glog X-y+a +c
2 X—y—a
-y+
(c) y2:a10g mrra) .
xX—-y—a

(d) none of these

Solution of the differential equation

d_y =sin (x + y) + cos (x + y) is

X

(a) log 1+tan(x;yj‘ =y+c
+

(b) log 2+sec(x y)‘:x+c

(c) logll +tan (x + y)| =
(d) none of these
Equation of the curve through the origin satisfying
dy = (sec x + y tan x) dx is

(b) ycosx=x

(d) none of these

(a) ysinx=ux
(c) ytanx=x

The solution of (x dx + y dy) (x* + y*) + (xdy — ydx)
=0is

(a) x*+y° +X=

() 22 +%+2 tan”! (yj
x

2,
x
c + tan~ C
0 5 e [[)-
2
) T2 4 [—) =C
2 y
General solutions of y" = & + y/x is

(b) log ICxl = —e™"
(d) logICxl =™

(a) Cx=e™
(c) log|Cxl = ™

) is

= sin

. , . X+
The general solution of y” + sin )

(a) logltan (y/2)1=C + sin x/2
(b) logltan (y/2)1=C—-2sinx
(c) logltan (y/4)1=C -2 sinx/2
(d) none of these

The order and the degree (respectively) of the dif-
ferential equation representing the family of curves
y2 = 2c(x + \/c), ¢ > 0 is a parameter are
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32.

33.

37.

38.

42.

43.

gt
‘N

36.

gl
‘N

41.
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(a) 3,1 b 1,3

(c) 2,4 d 4,1

Let f be a real-valued on R such that f(1) = 1.
If the y-intercept of the tangent at any point
{(x, y) on the curve y = fix) is equal to cube of the
abscissa of P, then the value of f(— 3) is equal to
(a) 3 () 8

(c) 12 (@ 9

The curves given by 2xyy” = y* — x* represent

(a) family of circles with centre on y-axis

(b) family of parabolas passing through origin

(c) family of circles with centre on x-axis

(d) family of hyperbola

ol

Let y” = cos (x — y) such that y(0) = — 7 then
Statement-1: y can be expressed explicitly in terms
of x

Statement-2: x + sec (x —y) = -1

Let y = f(x) be a curve having the following prop-
erty: The segment of the tangent between the point
of tangency and the x-axis is bisected at the point
of intersection with the y-axis.

Statement-1: Such curves represent hyperbola
Statement-2: Curves have latus rectum parallel to
y-axis.

Lety =3x-2y+5

ol

A curve such that the area of the trapezoid formed
by coordinate axes, ordinate at an arbitrary point
and the tangent at this point equals half the square
of its abscissa is

(a) y=Cx* (b) y=(1/2)x + Cx*

(c) 3y=x+Cx2 (d) y=x+Cx2

A curve passing through origin, all the normals to
which pass through (x,, y,) is

@ yyo=2"+y’ (b) x* + ¥ = 20xx) + yyp)
(©) ¥*+y*=x5+y3 (d) none of these

The trajectories orthogonal to (2a — x)y* = x° is
(@) X* +y* = CO* +2x)

(b) (¢ +yH)*=Cxy

34.

35.

39.

40.

LEVEL 2

44.

45.

Solution to 9yy” + 4x = 0 represent
(a) family of circles

(b) family of ellipses

(c) family of straight lines

(d) family of hyperbolas

The solution of initial value problem y" = — 2xy,
y(0) = 1 represents

(a) a circle with centre on x-axis
(b) an ellipse

(c) bell-shaped curve

(d) acircle with centre on y-axis

Assertion-Reason Type Questions

Statement-1: The solution of the above equation is
4y —6x -7 = Ce ™

Statement-2: The given equation is linear in y and
x with LF. ¢

Let a solution y = y(x) of the differential equation
y sin x + y” cos x = 1 satisfy y(0) = 1
Statement-1: y(x) = sin (x + 71/4)

Statement-2: The integrating factor of the given
differentiable equation is sec x.
Letxy"+y—¢*=0,y) =b

Statement-1: The solution is given by yx = ¢' +
ab — e

Statement-2: The given equation is a linear func-
tion with LF. x.

Straight Objective Type Questions

(© &+’ =C0*+2x%)

@ @@+y)=x+x°

The general solution of xys = y, is given by
(@) y=C, X+ Co, x>+ C3 x> + Cy x + Cs

(b) y=C, X’ +Cyx*+ C; % + C, x + Cs

€ y=C,+Cyx+ Cyx* + C,x° + Cs x*

(d) none of these

(Cy, Gy, Cs, Cy4, Cs being arbitrary constants)

The general solution of yy” = (y’)? is
@ y=Cix+C  (b) y=Cyet
(c) y=C,+ 1" (d) y=e2 4 C1F



46.

47.

48.

49.

50.

51.

52.

53.

The curve such that the ratio of the subnormal at
any point to the sum of its abscissa and ordinate
is equal to the ratio of the ordinate of this point to
its abscissa is

(a) y=log ICxl (b) y=x>+Cx

(¢) y=xlog C(x* +y*) (d) y=xlogICxl

The curve y = f(x) (flx) 2 0, f0), = 0, A1) = 1)
bounding a curvilinear trapezoid with the base

[0, x], whose area is proportional to the (n + 1)th
power of f(x) is

(@) ¥ =x (b) y'*'=x
() x"=y @ x"*'=y
The curve satisfying the equation
_ y2 —2xy-— x?
y2 +2xy— x?

passing through (1, -1) is a

(b) circle
(d) none of these

(a) straight line

(c) ellipse

The curve whose subtangent is n times the abscissa

of the point of contact and passes through (2, 3)

represent

(a) a straight line for n =2

(b) aparabola with vertex (2, 3) forn =1

(c) acircle with centre (2, 3) forn =2

(d) a parabola with vertex origin and axes coincide
with x-axis forn =2

2
Solution of y (QJ + 2x & =yis
dx dx

(a) y=2 Cx+ C? (b) x*=2Cy+ C*
() ¥=2Cx+C* () xy=Cx*+C*
If the area of the figure bounded by a curve, the
x-axis, and two ordinates, one of which is constant,
the other variable is equal to the ratio of the cube
of the variable ordinate to the variable abscissa,
then the curve is
@ -2 =0¢ (b)) ¢P-2) =CF
©) Qy-x)?=C* @) Qy+x)*=Cx°
The curve such that the initial ordinate of any
tangent is less than the abscissa of the point of
tangency by two unit is
(a) y=Cx+loglxl-2

2
(b) y=Cx— % log Ixl - 2

() y= Cx* + log lxI -2
(d) y=Cx—xloglxl -2
The solution of y'(y — x —4) =x + y — 2 is given by

(a) x2+2xy+y2—4x+16y:C
(b) x2+2xy—y2—4x+8y=C

54.

55.

56.

57.

58.

59.

60.

Differential Equations 15.23

(c) x2—2xy+y2—2x+4y:C

(d) x2—2xy+y2—4x+8y:C

A solution of y = xy" — 3y is

(a) y=2x-3 (b) y=3x-9

() y=x-3 (d) y=2x-6

The trajectories orthogonal to x* + y* = 2ax is

@) y=x (b) y=C&*+y?)

© y=C(*+2y) (@) y'=Cx

The solution of y” — 4y" + 3y = 0, y(0) = 6 and
y'(0) = 10 is

(a) y=4de'+2e" (b) y=e"+6e

(©) y=(2x+6) (d) y=2¢" +4¢*

The order of the differential equation whose general
solution is given by y = (C; + C,) cos (x + C3) —
Cy e Gs , where C,, C,, C;, C,, Cs5 are arbitrary
constant is
(@ 5

() 3

(b) 4
(d 2

d
The solution of the equation o sec (x + y) is
given by dx
(@ y—-tan(x+y)=C

(b) y—% tan (x+y)=C
(c) y—tan% x+y)=0C

(d y+ % tan (x +y)=C

The differential equation corresponding to y =
C,e"" + Cye"? + Cye™, where C,; are arbitrary
constants and m,, m,, my are roots of the equation
m —Tm +6=0is
(@) y3 =7y +6y=0
() y3=Ty, + 6y, +y=0
(€) y3=6y,+7y; +y=0
(d) y3+7y,-6y=0
The solution of the differential equation

2

d—Z = x + ¢ when y,(0) = 1 and y(0) = 0 is
dx 3
3 3x
1 1
@ y=—+"—4-x——

6 9 3 9

1
(b) y= I (B3x® + 26 - 2)

(C) —£+£+2_x+l
Y69 "9 73

(d) none of these
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2y
The solution of the differential equation —- = e

dx
sin x when y, (%) =0, y(g) =0is

(a) y=e'sin (x—4) +x + %
(b) y=(1/2) &' sin (x + 7/2)
©) y= (1/N2) € sin (x - 72)
() y=(1/2) &' sin (x — 7/2)

Previous Years' AIEEE/JEE Main Questions

. The solution of the differential equations

(L) + (x—e® ' D _ o
dx

(a) 2x gy = gty g
(b) x ™'Y =tan"'y+k
(c) x G2y gty g

d) (x-2)=k ™ [2003]

The differential equation for the family of curves
x* + y? = 2ay = 0, where a is an arbitrary constant
is

(b) 2(* + %)y’ = xy

(d) % +yD)y =2xy
[2004]

(a) (F°—y)y’ =2xy
(©) 2 —y)y =xy

. The solution of the differential equation y dx +

(x + xzy) dy =0 1is

1 1
() —+logy=C (b)) —— +logy=C
Xy Xy

(c) - i =C (d) logy==Cx [2004]
Xy

d
I x d_y = y(log y — log x + 1), then the solution
X

of the equation is

(a) log (Xj =Cx (b) log (f) =Cy
X y

(©) ylog (f) —Cx () xlog (X) = Cy [2005]
y X

. The differential equation whose solution is A +

By2 =1, where A and B are arbitrary constants is of
(a) second order and first degree

(b) second order and second degree

(c) first order and second degree

(d) first order and first degree [2006]

6.

10.

11.

The differential equation of all circles passing
through the origin and having their centres on the
x-axis is

(a) x2:y2+xyﬂ (b) )c2:yz+3)cyﬂ
dx dx

(c) y2=x2+2xy ﬂ (d) y2=x2—2xy ﬂ
dx dx

[2007]

. The differential equation of the family of circles with

fixed radius 5 units and centre on the line y = 2 is
() (x=2)y?=25-(y-2)

(b) ¢-2)y?=25-(y-2)

(©) (y=2%7=25-(y-2)°

d x-y*y?=25-(y-2)° [2008]

. The differential equation which represents the fam-

ily of curves y = ¢,e™", where ¢, and ¢, are arbi-
trary constants is

(@) y'= g’
(©) Y=y

(b) yy"=y?

(d) y'=yy [2009]

. Solution of the differential equation

cosx dy = y(sinx — y)dx, 0<x< @2 is

(a) ytanx=secx+ C (b) tanx = (sec x + C)y
(c) secx=(tanx+ C)y (d) ysecx=tanx+ C

. [2010]

If d—y =y +3>0and y(0) = 2, y(log 2) is equal
X

to:

(a) 2 (b) 7

© 5 @) 13 [2011]

Let I be the purchase value of an equipment and
V(t) be the value after it has been used for ¢ years.
The value V(r) depreciates at a rate given by dif-

V@O _ (T~ 1), where k > 0

ferential equation

is a constant and 7 is the total life in years of the



12.

13.

14.

15.

16.

17.

equipment. Then the scrap value V(T) of the equip-
ment is:

1
kT by T2-L
(a) e (b) X

kT?

_kr? K(T-1)
(c) I 5

d) I- K
[2011]

1
Consider the differential equation y2 dx + [x —;]
dy = 0. If y(1) = 1, then x is given by:

2 1y 1 1y
(@ 4-=-—  (b) 3--+°
y € y
1 1y 1 1y
© 1+-—-— @ 1-—+5—
¢ y oy [2011]
The population p(¢) df time ¢ of a certain mouse

species satisfies the differential equation
d
7 p) = 0.5 p(¢) — 450. If p(0) = 850, then the

time at which the population becomes zero is :

1
(a) log9 (b) ElogIS
(c) log 18 (d) 2log 18 [2012]
At present, a firm is manufacturing 2000 items. It

is estimated that the change of production P w.r.t.

dp
additional number of workers is given by T =
X

100 — 12+/x . If the firm employs 25 more workers,
then the new level of production of items is

(a) 3000 (b) 3500

(c) 4500 (d) 2500 [2013]
Consider the differential equation

)

dx  2(xy? —x?)

Statement 1: The substitution z = y* transforms
the above equation into first order homogeneous
differential equation

Statement 2: The solution of this differential equa-
tion is y2 eV = C. [2013, online]

Let the population of rabbits surviving at a time ¢ be

governed by the differential equation @ = % p(t)
t

— 200. If p(0) = 100, then p(¢) equals

(a) 400 — 300 " (b) 300 —200 ¢

(c) 600 - 500 " (d) 400-300¢" [2014]

If the differential equation representing the fam-
ily of all circles touching x-axis at the origin is

18.

19.

20.

21.

22.

23.

Differential Equations 15.25

d
o -2 = g(x)y, then g(x) equals

dx
(a) 1y (b) 2x*
2
(c) 2x (d) %xz [2014, online]

If the general solution of the differential equation

r_ Y

y' = +q)(£j, for some function ¢ is given by
y

X
y log lexl = x, where C is an arbitrary constant,
then ¢(2) is equal to

1
(a) 4 (b) 2

(c) -4 @ - % [2014, online]

The general solution of the differential equation

sin 2x (?—\/tanxj —-y=0is

X

(a) yvtanx =x+C
(b) yveotx =tanx+ C
(c) yvtanx =cotx+ C

(d) yveotx =x+C [2014, online]

d
It d—y +y tan x = sin 2x and y(0) = 1, then y(7)

b
is equal to

(@) 1 () -1

(c) -5 (d 5 [2014, online]

Let y(x) be the solution of the differential equation
(x log x) % +y=2xlogx (x = 1).
X

Then y(e) is equal to

(a) e (b) 0

(c) 2 (d) 2e [2015]
The solution of the differential equation y dx —

(x + 2%)dy = 0 is x = f{y). If f=1) = 1, then A1)
is equal to

(a) 4 (b) 3
(c) 2 (d 1 [2015, online]

If y(x) is the solution of the differential equation

(x+2)@ = x>+ 4x — 9, x # -2 and y(0) = 0,

dx
then y(—4) is equal to
(@ 0 (b) 1
(c) -1 (d 2 [2015, online]
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For x € R, x # 0 if y(x) is a differentiable function
such that

xfy@de = x+Dfty()dr | then y(x)
1 1

equals: (where C is a constant)

(a) Cx3el/x (b) %efl/x
X
C
(c) ge‘l/" (d) —3e71/x [2016, online]
X X
The solution of the differential equation
tan x
DY geex = , where 0<x<Z, and y(0) =
dx 2 2y 2
0 is given by
2o —
@ y secx +tanx

b y=1l+——
secx+tanx
X
¢) y=l-——
© secx +tanx
X
d yY=1-——
@ » secx +tan x

[2016, online]

26. If a curve y = flx) passes through the point (1, —1)

and differential equation, y(1 + xy)dx = x dy, then

1) .
f[—zj is equal to
2 4
(a) 3 (b) 3

2 4
(©) 3 (d) 5 [2016]

Previous Years' B-Architecture Entrance

Examination Questions

. A particular solution of the initial value differential

equation

log ﬂ =3x+ 4y, y(0) =0
dx

(a) 16y =3 (4x—3 + 3¢™)

(b) 3¢ —4e™ =1

(c) 4e¥ +3e =7
(d) 16y =-3(4x + 3 — 3¢™) [2006]

. The equation of motion of a particle are given by

@ =1t + 1), ﬂzL

dt dt  t+1

where the particle is at (x(7)), y(¢) at time ¢. If the
particle is at the origin at ¢ = O then

(@) 6x=( +1) (1)

(b) 6x=(2¢" = 1) (¢ + 1)

(c) bx=( = 1) (& + 1)

(d) 6x=2e" +1) (- 1)° [2007]

. The degree of the differential equation which has

a solution y2 = 4a (x + a°) where a is arbitrary
constant

(@) 2 (b) 3
(c) 4 @ 1 [2009]
. Let u(t) and v (¢) be two solutions of the differential

d
equation d_)t) = 6’2 y(t) + sin ¢ with u(2) < v(2)

Statement 1: u(r) < v(¢) for all ¢

. If y(x) is a solution of the differential equation d_

. The general solution of the differential equation .

Statement 2: u — v is proportional to a positive
function of ¢ [2010]

dy

+ 3y = 2, then lim y(x) is equal to X
X—o0

(a) 1 (b) 0
3 2
c) — d - 2011
(©) 5 (d) 3 [2011]
[ .2
. The differential equation ?zi determines
X y

a family of circles with

(a) variable radius and fixed centre

(b) variable radius and variable centre

(c) fixed radius and variable centre on x-axis

(d) fixed radius and variable centre on y-axis
[2012]

dy
X

is:

. X+y .
+ S1n = Sin
2 2

(a) log tan % +2sinx=C

y .X
b) logtan = +2sin — =C
(b) log 4 >



Y

(c) log cot 5 +2sinx=C
(d) log cot % +2 sin % -C [2013]

8. Consider the differential equation, ydx — (x + y2) dy

= 0. If for y = 1, x takes value 1, then the value of
x when y = 4 is
(@ 9

(c) 36

®) 16

(d) 64 [2014]

9. The general solution of the differential equation

ydy + (1+y? dx =0 represent a family of

(a) circles
(b) ellipses other than circles
(c) hyperbolas

(d) parabolas [2015]

10. The solution of differential equation

2 _xy
xe
ydxtxdy 7 satisfying y(0) = 1, is

ydx — xdy y

(@) =31 -e™) (b) x’=3)°(-1+¢?)
(© ¥=3(1-¢e”) @ x¥=3C1+e™)

[2016]

9P Answers
Concept-based

1. (¢) 2. (a) 3. (d) 4. (c)

5. (d) 6. (b) 7. (a) 8. (¢)

9. (d) 10. (a)
Level 1

11. (a) 12. (b) 13. (b) 14. (d)
15. () 16. (b) 17. (c) 18. ()
19. (b) 20. (c) 21. (a) 22. (a)
23. (¢) 24. (¢) 25. (a) 26. (d)
27. (b) 28. (d) 29. (b) 30. (¢)
31. (b) 32. (d) 33. (¢) 34. (b)
35. (¢) 36. (¢) 37. (d) 38. (a)
39. (d) 40. (a)
Level 2

41. (b) 42. (b) 43. (¢ 44. (a)
45. (b) 46. (d) 47. (a) 48. (a)
49. (d) 50. (c) 51. (a) 52. (d)
53. (b) 54. (c) 55. (b) 56. (a)
57. (¢) 58. (¢) 59. (a) 60. (b)
61. (d)

Differential Equations 15.27

Previous Years' AIEEE/JEE Main Questions

1. (a) 2. (a) 3. (b) 4. (a)

5. (a) 6. (¢) 7. (¢) 8. (b)

9. () 10. (b) 11. (c) 12. ()
13. (d) 14. (b) 15. (b) 16. (a)
17. (¢ 18. (d) 19. (d) 20. (¢)
21. (¢) 22. (b) 23. (a) 24. (d)
25. (d) 26. (d)
Previous Years' B-Architecture Entrance
Examination Questions

1. (¢) 2. (d) 3. (b) 4. (a)

5. (d) 6. (¢) 7. (a) 8. (b)

9. (¢) 10. (a)

"'r"ﬁ Hints and Solutions
Concept-based

1. The given equation is a linear equation with L.LF. =

12
—Xx

e = 20 g0

1 1
L 1, LA

=ye? =4J.xe_5x dc+ C=-4e? +C

e
soy=-4+ Ce 2"
2.1F. = eha“ rdt - glog sec t — gec ¢ Multiplying with
d
I. F. we have Z (x sec 1) = sec” t
t

= xsect=tant+ C
Since x(0) =1 so C = 1. Thus x sec 7 # tan”' 7 + 1
= x =s8inf + cos ¢

d _
3, 8 T s T 8y dy = e™ dx

dx
-8y 7x 1 1
s0 L —=% 4 C Since y(0)=0s0— ~== +C
- 7 8 7
-8y 7x
= C=- l—lz—E.Thus e_:e__g
8 17 56 -8 7 56
= Te¥ =8~ 15= Te ¥ + 8 = 15.
dt
2| —

4. ﬂ—ix=(t+1)3.TheI.F.ise J’“z;z
d  t+1 (t+1)
The equation redues to i X ! =(+1)

dr\ " (r+1)
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x (141
(t+1)° 2

+ C. Since x(0)=h 2,

_(t+1)2+§
2 (+1) 2 2
(r+1)

+= (t+ )% 11mx(t)_8+6_ 14.

4
. (y+x@j (ﬂ+x) =1
dx dx

= the degree is 5.

.Putu=y+2x:>ﬂ=@—2,sothegivenequa—
x  dx
tion reduces to
du 1-2u du 1-2u+2+42u
dc ~ l+u = dx l+u
1+
L du = dx

2
= (u+u7) =3x+C

(y+ 2)c)2

i.e.(y+2x + ) =3x+C

1
v+ o (+2x)2=x+C
. Dividing by x, we get
(I—Xcoszjdx + cos Xdy =0
X X X
dy av
e X

:cosVdV+@ =0
X

= sin V+ log Ixl = C

i.e siny + log Ixl =
X

C. Since y(1) =0so C=0

Thus sin2 + log lxl = 0

X
cay'" 'y +y' =x, Puty' = u
n—1 dy d
=>ny . The given equation reduces to
dx  dx
a du du n n
——tU=x= —+— u=—x
n dx dx a a

n n
L. F. = e4 . Multiplying with e“x, we have
i) < ]
—\ue¢ /| = —Lxe?
X a
= a n
ue“x—ﬁxea— lzeax + C
a| nfa (n/d)

>ny'=nx—-a+ Ce @

9. Let the curve be y = fix) so fi0) =0
Equation of normal at any point (x, y) is

1
Y—y=- -

' () o
This passes through 1, 2)if
2-y= 1-

r=- T 07

dx
2_y=- (12
y dy( x)

= 2-ydy=—-—dx (1 -x)
2 2

2y—y—:—x+x—+C

2 2
Since y(0) = 0, so C = 0. Hence
2 2
XY
—+= —-x+y)=0
>3 (x+y)

x2+y2—2x—4y=0
which is a circle with centre (1, 2).

10. Putx+y=u=1+y =

du du
o — —1=u>= =x
dx 1+u?
:>tan_1(x+y):x+C

But y(0) =0so C=0
= x +y = tan x.

Level 1
dy 1 —1/x 1
11. — =—uae "'=— —b),sob=0anda =1
dx  x? x? 0=b)
—2x
12. & =2 . Putting y = vx, we get
dx 2y+x
v+xﬂ=v_2z>2v+ld——2—
dx  2v+1 1+2

1

:>log(1+v2)+tan_ v:—logx2+C

d .
X The equation reduces
dx



13.

= log (x2 + yz) + tan”! DA C
X
Putting y(1) = 1, we obtain C = g + log 2.

The given equation can be written as
xdx+yd
2 yay _

Jai+y?
2, .2 _

- 1dix"+y7) _ (x dy 2yd)c) :_d(zj
2 /x2+y2 X

Integrating we have, yx2+)2 =— 2 + C

X

—(xdy—ydx)

X

14. f” (x) — g”(x) = 0 = f'(x) — g'(x) = C. Putting x

15.

16.

17.

18.

19.

20.

= 1, we obtain ¢ = 2. Thus fix) — g(x) = 2x + C,.
Putting x = 2, we get C; = — 10. Hence f(4) — g(4)
=8-10=-2.

The degree of the equation in (a), (b), (c) is clearly
1. The equation in (a) can be written as (y — 2y;)
= 9(1 — y,)* which is of degree 2.

. d du
Putting B u, we have D s x ™ The
by dx dx
given differential equation can be written as u + x

2
du _ . Low)

dx u G
rp. 2
Lg)du _ &
o(u”) x
2
= log ¢ (u?) =log x* + const = x* =k ¢ (y_zj
X
ﬂ =e3x+4y=e3x. e4y:>e4ydy=e3xdx
dx
e—4y e3x
Thus - = Const. But y(0) = 0, so
-1 1 _C Hence 3¢ + 46 = 7.
4 3

The given equation can be written as
xdy+ydx+ydy-xde=0
= dxy + /2 - x*2) =0
= 2xy + y2 — x* = const.
Write the given equation as
dx + (1 +x2) (ydx+xdy)=0

= 5 +d(xy)=0=>tan’]x+xy=c.
+x
d d dx
yirx 2 20— D __ Y Replace 2 by - —,
dx dx X dx dy
dx
Y 2 2
we have 75— = = = y° — x” = Const.
dy X Y

21.

22.

Differential Equations 15.29

Equation of tangent at (x, y) to curve y = f(x) is ¥ —
y = f’(x) (X — x). Putting X = 0, the initial ordinate
of the tangent is y — x f’(x). The subnormal at this

o d
point is given by y d_y so we have
X

d
y 2 - y—-x & = & = -7
dx dx dx Xty
= ax ~ % — 1 which is a linear equation.
dy 'y
Multiplying the given equation by 1/x%, we get
1
yczix_xcziy+ ngxdx -0
X X X

(2 o

= d(ljw(loﬁ)—d—f =0

X X X
= X.}.bﬁ_}_l_’_c =0.
X X X

The curve passes through (1, — 1), so C =0
Thus the required curve is y + log x + 1 = 0.

23.y,=5be  -Tce ™ @)
¥, =25b e +49 ¢ (ii)
and y; = 125b ™ -343 ce™™ (iii)

24.

25.

Multiplying (i) by 7 and the result to (ii) gives
Y, + 7y, =60b ™ (iv)
Multiplying (i) by 5 and substracting the result from
(>i1), we get
y,—5y,=84Ce ™ )
use (iv) and (v) to replace to ¢ and C ¢ in (ii1)

ya= 125 ()’2 +7)’1)_343()’2 _5)’1)
60 84

= y;+ 2y, — 35y, =0.

Let the equation of the circle be X+ y2 + 2gx + 2fy
+ C = 0, it passes through (a, 0) and (- a, 0) of a
+2ga + C=0 and a - 2ga + C = 0. Substracting
we obtain g = 0 and so C = — a*. Hence the equa-
tion of circle reduces to x> + y2 + 2fy — a = 0.
Differentiating, we have x + yy, + fy; = 0

+
=>f=- M.Thus, we have
1
2 +
x2+y2_az_M=0
1
2
= xz—yz—az— 2
1
= y(»—-x+a) +2xy=0.
Put x — y = u. Then @21_@, and the given
dx dx

equation becomes 1> (1 - ﬂ) =d°
dx
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2 2
= dx = zuzdu=1+2a2du
u —a u —a
Integrating, we obtain
2
-a
x=u+ log +C
2a u+a
a xX—y—a
=x-y+ —logl—— +C
Y 2 g xX—y+a
a xX—y—a
= = —logl——| +C.
Y 2 & xX—y+a
26. Putting x + y = u, the given equation becomes
d
.—M =dx
1+sinu+cosu
d
= _[— “ =x+C
l1+sinu+cosu

Substituting tan (#/2) = ¢, to calculate the integral
on the L.H.S, we obtain its value as log | 1 + 7|
so that the required solution is

log|l + tan x;y =x+C.
27. The given equation can be written as
dy
— —ytan x = sec x
dx

which is linear equation with integrating factor

— | tan x dx _
e I = e7logseex = (o9 x.

Multiplying with the integrating factor and inte-
grating we obtain y cos x = x + C. Since it passes
through (0, 0) so we have C = 0.

28. The given equation can be written as
dy—yd
b e T2 g

x4y
d@(x2 + yz)j-f-

Integrating, we obtain

d(y/x) _
1+yz/)c2

1
3 +y)+tanyix=C

29. Put y/x = u, so that ﬂzx@+u,
x dx

From the given equation, we have

xﬂ +u=e“+u:e_“du:@
dx X
= —¢"=1log x + Const
= log|Cxl=—¢>*
- + .
30. y” = sin T sini =2 cos Tsin
2 2 2

31

32.

33.

34.

dy
sin y/2

=—2cos x/2 dx.

Integrating, we have

Y

2 log tanZ = const — 4 sin x/2

= log

tan %‘ = C—2sinx/2.

Differentiating the given equation y* = 2¢ (x++/¢ )
(D

dy =2c = C=y—y
dx dx

Putting this value in (1)

2y

dy dy

2

=2y—|x+,/y—

Y ydx( ydxj
dv 2

e

2 3
= (y—2x%) = 4y3(%j

Thus the order of the differential equation is 1 and
the degree is 3.

Equation of tangent a P(x, y) to the curve y = f(x)
is

Y—y=f'(x)(X-x)
Intercept on Y-axis is y — xf’(x)
We are given, y — xf’(x) = x°

= ﬂ — ly = — x2
dx X 1
This is a linear equation whose L.F. is —.

X
Multiplying with LE, the above equation reduces to

d(1 1 5
dx(xy) * f=y 2x o

As f(l) = 1 so C = 3/2. Thus f(x) = _%f +%x,
so f(3) = 9.
Putting y = Vx, the given equation reduces

Vv dx

1+v2  x

dx 24

dx gy

= (1 + V})x = Const
=X +yP=Cx = (x-CR*+y =CY4
which represents circle with centre (C/2, 0) i.e., on
X-axis.

2

Ody = — 4xdx = % yoo=— 2x* + const

2

2
= % + yT = Const, so represents a family of
ellipses.



35.

36.

37.

d
Do oxdx = logy=-x>+C
y
2
= y= Ce™
For x=0,y=1 soC=1
Thus y = ¢ which is bell shaped.
dy du

Putx-y=u = 1- . The given equa-

dx dx

. du
tion reduces to 1—— = cos u

dx
du =dx = lJ.cosec2 (u/2)du = x + C
1—cosu 2
:>—c0tz:x+Ci.e.—cotx_y:x+C

Putting y(0) = — &, we have C =0
y=x-2 cot ™! (= x).

Let (x, y) be the point of tangency. Equation
of tangent is ¥ — y = f(x) (X — x). This inter-

1
sects x-axis at (x—,—y, O). The mid point is
[ (x)

1
X — y,z is on Y-axis so
2f"(x)" 2
1

— p y—
2f(x)

ﬂzg = yZ:Cx
y X

which represents parabola with latus ractum parallel
to Y-axis.

38, Yooy s3es oy JGx+5) e+ C
dx -
:(3x+5)e 3 e+ C
3x+5 3
- o[22 o
2
= 4y-6x—-7=Ce ™
39. It is linear equation with LF. eI tanrdx - _ Sec X,
Required solution is y = sin x + cos x.
dx d
40. IF = eJ’C =xs0 —(xy) =¢"
dx
= xy=¢ + CPutyla)=5b
ab —e® =C,s0 xy=e" + ab — e".
Level 2
41. The tangent at any point (x, y) meets the Y-axis at

dy . : .
0,y—x ) According to the given condition
x

42.

43.

Differential Equations 15.31
1, .
5 x° = Area of the trapezoid
dy)
= + X—
(y a dx
= ﬂ -2 DA l (which is a linear equation)
dx X
1
2[=a
LE=c¢ Ix ’ =x?

Multiplying with L.F. and integrating, we have

yx’z _ _%J‘xfz

1
=—x'+C
2

dx+C

1 2
=y=—x+ Cx".
)

Equation of normal at any point (x, y)

Y-y= X -x)
) ( )

This passes through (x, y,) if
1

Yo— Y= _f’(x) (xp — x)

o=y dy +(xg—x)dx =0

o =) | (% =)’

2 2

O - yo)2 + (x — xo)2 = Const

Since y(0) = 0 so Const = yZ + x7

Thus y* — 2yy, + o> + X +x) — 2xx, = X3 + Vg
oyt = 2(xxy + Yyp)-

2a — x) 2y @ - y = 3x° (Differentiating given
dx equation)
2 (2a - x)yﬂ = 3% + y2
dx
Eliminating a between the last equation and given
equation i.e. (2a — x) y2 = x%, we have

y (3x* + ) Z—; = 2x°

d d
Replacing d_y by — d—x we have
29

'y
20 + y(3x% + yz)@ =0
dx
d - 2x°
@ z—xz which is a homogeneous equa-
e (Bx"+y)y
tion.
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Putting y = Vx »
y=f@W=Km+ 1)y 2
V+xd—V -2 dx
dx B (3+V2)V :>dx:K(l’l+ 1) yn—l dy
A [2xrert IPCES
dx G+VHV . n
2 Since f(0) =0, C=0
= Cr7)¥ 2 r Kn+1) n
x 1+ VHe+vY L+V2 2+V2} f =11 =—n = K= P
2y2 Thus x = y".
= IOg .x2:— logw + Const '
2+V? 48. Putting y = Vx
2
X (L)’ Var & Vool
RAREYTY S = Const T
2 3 2
= (2 + Y = €GP + 20, I A it A L) b ik 14
d dx V2 +2r -1
44. XyS:y4:> X — v, =y, 2
o de__ Vawo1
d = -
ﬁﬂ:ﬁ = y, = (Const) x X V> +V +V +1
Ya X ) | v
So y; = const x* + const ="yt d

_ r 3 ’ ’
PRt Gt Integrating both sides, we get

_ 7”4 2 ’” 44
=>y3y=C"x+CG"x+C"x+C, log x —log (V+ 1) +1log (V*+1)+1log C=0

:>y=C1x5+C2x3+C3x2+C4x+C5. (V2 +1)
Ly C(—J=1=>C(yz+x2)=y+x
45. yy” =y’ = — = =— Integrating, we get V+l
Y If this curve passes through (— 1, 1), we get 2C =
log y’ =log y + const = y" = Cy 0ie.
d v , . .
-2 _can> logy=Cx+ C C = 0. Hence the required curve is y + x = 0 which
Y is a straight line.
y = C eclx . . .
2 ) 49. According to the given condition
46. According to the given condition y
dy fw "
T _
x _ Y dx dy 1dx
X+ X — = nx = = _ =
p 4 dy y nx
d_y Xty Integrating y" = Cx. This passes through
x x

av 2,3)if3"2=C
Putting y = Vx, V + o =1+V

. by So y" = 32x
=»dv=2
x yY x
= V = log x + const = (g) =5 For n = 2. This represents a
= y = x log Cx. parabola whose axes coincide with x-axis.
* _ n+l 1
47. J.o f@dt =Ky 50. x = (Z - g)y . Differentiating both sides

Differentiating, we have



51.

52.

Y
i.e.ydy=cdx:>y2=2Cx+C2.
According to the given condition

3
[ royar = 2=
0 X

Differentiating, we get

x dx x

Wy
2

Cy+yt 3 dy
ry WA

X x dx

x2y+y3 _Q

3 y%x dx

Putting y = Vx

V+13 dv

3V2 V+XE

L, ar
3y *

2
= -2 _ xd_V
3V dx
S

1-212 T ox

=

Integrating, we have

= _T3log (1-2V = log x + Const
= x* (1 - 2V*)’ = Const

= (2y2 —- X)) = ¥

The initial ordinate of tangent is equal to
d
y-x _y, o)

dx

y—xﬂ =x-2

dx

53.y

54.

55.

Differential Equations 15.33

= ﬂ—ly = —1+z
dx x X

This is a linear equation with L.F. 1

x
i( l) __1. 2
dx y'x X x

y-l =—loglxl -2~ '+ C
X

y=Cx — x log Ixl — 2.
, x+y-2

y—x—-4
dy  X+Y+(h+K-2)

dX Y—-X+(h+K-4)

Putx=X+hy=Y+K

Select h, K suchthat h + K-2=0,-h + K- 4

=0

=K=3h=-1

dy _ X+Y

X Y-X

Putting Y = v X, we have
av 1+V

V+XE = V_1
av 1+ 142V =2

i X—: - - = -
ax V-1 V-1
-1 =2V +2

dx _ -1 =2r+2 .,

X 2 1+2r-v?

Integrating, we have X* (1 + 2V — V) = Const
X* - ¥* + 2XY = Const
x+1D*=(-32+2x+1) (y-3) = Const
X+ 2xy — y2 — 4x + 8y = Const.

a . o
y=2xp— 3p3, p= Ey Differentiating w-r-t-x,

dj dj
we have p = p+x—p—9p2—p

dx dx

= (x - 9p2)d—p =0
dx

d_p :O:>p:C0nstsoy:Cx—3C3
dx
y = x — 3 is solution with C = 1.

2x + 2y & =2a:a=x+yﬂ
dx dx
Eliminating a, we have
K +y = 2(x+yﬁjx
dbx
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.y dx 59. Clearly y; — 7y, + 6y = 0 is the required equation
Replacing d_by_d_ Jld
x
Y 60. — (—y) =x+ > Integrating, we have
d dx \ dx
2 2 2 X
Xty =2(x —xyd—) AR B
Y 4 = —+— + (|
y2 — 2 dx dx 2 3
= -2 xy - d_y ¥ e
:y: Z"’_ +C1x+C2
X
% = 24 7 . Putting y = Vx, we have 1 1
oo r Ty Sincey(O):0s0C2=—§and§:yl(O)
yexd = 20 !
dx 1-y? =§+C1:>C1=O
1—V2 3 3x
—2dV_@ Hencey:x—+e —l:i(3x3+263"—2).
v(1+7?) < 6 9 9 18
e sin(x—m/4
1 2y v - dx 61. % = Je"sinxdx = (T)-'_ ¢
Vo] T N
1 e'sin(x—m/2)
4 =>y= =——"—+Cx+C
= — >~ = const V2 V2 : 2
x(1+V7) . .
=y=Cx +y). O:y(E):O+C15+C2
56.m> —4m+3=0=(m-1)(m-3)=0 0=y (,r) _ le”/“[ sinﬂ+cos7r/4} e
=Dl = —sm— 1
som=1,3 4 2 4
Hence y = C, &' + C, ™ :CIZOSIOCZZO
Yo n
6 = )’(0) = Cl + Cz, 10 = y'(O) = Cl + 3C2 Hence y = Ee sm (x_z)'
— — _ X 3x
€, =2 C =4 Thus y = 4 + 2¢7, Previous Years’ AIEEE/JEE Main Questions
57. Since C, + C, is one constant C, ¢* * s , S\ dy
:C1 eCS ex 1 (1+y)+ (x_etan y)a :O
Thus there are three arbitrary constants. So the order 5\ dx .
of the differential equation is 3. = (1"')’ )d_y+x = ey
58. Putx+y=u= 1+ @ = @ The given equation dx 1 1 4
x  dx - — 4+ Sx = zetan y
reduces to dy l+y I+y
du | _ 1
— —l=secu ~ jﬁdy oty
dx LF. = e =e
du .
=d B 2tan” y
1 +secu * i(xetan ‘y) _ ¢ .
| dy I+y
= (l 1 )du =dx tan y
+
cosu = ey = je 5-dy + const
S>u—-tanu2=x+0C I+y
= x + y — tan Y oy = leszl»"+const
2
= y — tan Y _c = 2xe™ Y = Y 4k




2 2
+
2.2+ -2ap=0=2a=2"Y
y
Differentiating, we get
Qx+2p )y =4y

y2

= (& -y’ = 2y

3. We can write the given differential equation as

1
(ydx + xdy) + — (xp)’ dy =0
y

= d(xyz)+ldy -0
()"

= —L+logy =C.
Xy

4. The given differential equation can be written as

b Z[logl+1}
dx x X

Put y/x = v, so that

dy dv
= = =vVv+tx—
dx dx

Putting this in (1), we get

v+xﬂ =Vlog v+ 1)
dx

dv dx
viogv x
= Fiogw ~ 1%
ogyv X

= log log v =log x + log ¢

= log v = cx or log (l) = cx
X

5. Differentiating w.r.t. x, we get

24x + 2By @ 0
dx

= —Ax = By ﬂ

dx

Again differentiating w.r.t. x, we get

2 2

dy d”y
~A=B|=| +By| —=
(dx) y(a’xzj

(M

(M

Differential Equations 15.35

d dy d’y
= Byd—y = Bx(d—)Jfoy(E] [from (1)]

d’y

dy _
= xyﬁﬂ—(x—y)— =0

dx

which is of second order and first degree.

. Equation of any circle through origin and having

centre on the x-axis is

(x —a)} +)y' =d* (1

Differentiating w.r.t. x, we get

2—a)+2y) =0

Sa=x+y
V4

Fig. 15.2

Putting this in (1), we get
)2+ =&+ )

:>y2=x2+2xy%

. Let the centre be at (a, 2). Equation of circle of

radius 5 is
(x—aP +(y—-2)7%=25 (1)

Differentiating, we have
dy
2x—a) +2(0-2) = =0
(x—a)+2(y-2) e
=>x-a=-y-2) &
dx
Putting this value in (1), we have
FRY
(v — 2y (—y) Ty -22 =25
dx

v-27y*=25-(y -2~
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— CrX
8.y = ce?

10.

I1.

=) = ¢
”o_ 2 _cyx
. yy" _ cfcgeczxeczx

= (Clczeczx)z = (V’)z

. We can write the given differential equation as

ld 1 _
y2 dx y S€C x

dy _ y(sinx—y)
dx cosx

1
Put —— = z, so that the above equation becomes

y
d.
—Z+(tanx)z = —sec x €]
LE. = ejmm = %8 5 X = ge¢ x

Multiplying (1) by sec x, we get

= % [(sec x)z] = — sec’ x = (sec x)z = ¢, — tan x
—secx
y =c¢c —tanx =secx = (c+tanx)y
Where ¢ = — ¢;.
dy
i :y—|—3
dx
d
= ‘[y_—)k}3 :de:>1n(y+3):x+c

When x = 0, y = 2, therefore, In 5 = ¢

Thus, In (y +3)=x+1In5

When x = In 2, we get
In@p+3)=m2+nS5=>py+3=10o0ry=7

W KT k>0
dt

= dV =—-k(T - fHdt
= [dV = —k|(T - t)dt

= W) = % (T-10*+C

We have V(0) = I, therefore

12.

13.

k

1= T2+C:>C=1—§T2

N |

Also, scrap value = N(T) = C

:]_ET2
2

1
yzdx + (x——jdy =0

y
de 1 1
= d—y+?x = y—3 (l)
LF. = eJ(l/yz)dy _ W

Multiplying (1) by ¢, we get
d 1 _
—[xe_”y] = 3¢ "

dx y

1 _
= xe 'V = 'f?e Wy = (say)

To evaluate 7, put —1/y = ¢, so that
1= J’(ft)et dt = —te' + Je' dt

=1 -1 =e"1+ 1)

Thus,

xe W=+ 1) + e

1
=S>x=1+— +ce”
y

Whenx =1,y =1.
Hence,

1=1+1+ce=c=-l/e

1 el/y
x=14—-2—

y e

% p() — 0.5p(f) = — 450. LE. = ¢

= % () e = — 450 &
= p(H)e ™ =450 x 2. ' + C
Putting # = 0, 850 = 900 + C

= C=-50

= p(1) = 900 ¢ — 50



14.

15.

16.

1
pt)=0= ™ = Tl 0.5t = — log 18

= t =2 logls.

dP
— =100 — 124/
/ 124/ x

= dP = (100-12x)dx

= P = [(100-12x)dx

P(x) = 100 x — 8x*% + ¢

We have P(0) = 2000,

Therefore, ¢ = 2000.

Thus, P(25) = 100 (25) — 8(25)*? + 2000 = 3500

dz d

2 )y

= = — = Qy—=

=Y dx ydx

dy y3 dy 2y4
P B T A frul i ST
dx 2(xy° —x") dx 2(xy° —x")

dz z*

2w (o)

which a first order homogeneous differential equa-

. 4 du
tion. Putz=ux = — =u+ x—
x dx
» u’x? u?
Uu+x— = 75 2
dx (x u—x) u—1
du W —u?+u u
= = =
dx u—1 u—1
u—1 dx
= —du=—
u X

> u—-logx=logx+C
= u=Ilogux +C
= ux = ce"

Ix _

= ze ’ c

Ze—yz/x

=y =c

d 1
— () ——p(t) = — 200.
dtp() 2p()

|
—t
IF. is e 2, s0

17.

Differential Equations 15.37

I
%Le_;’ p(t)] = 200¢ 2
L, _1
= e 2 p(t) = 400e 2 +C
Putting 1 = 0
100 = p(0) = 400 + C
= C=-300

1
—t
Thus p(¢) = 400 — 300 e2

An equation of circle touching the x-axis at the
origin is

Cr@y-a’=d (1)
where a is parameter.

Differentiating (1) w.r.t. x,

we get

2x +2(p —a)y’ =0

x
=Sa=)yt+t—;
y

Q-

Fig. 15.3

Putting this in (1), we get
) 2
X
2+ 2| = ()"'“—,)
b y
2 2 1
= x" =y + (2xy) ?

d
= (2 -y —dy = 2x)y
X

soglx) = 2x

1
18. Y In |ex| + y (;) =1
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19.

20.

21.
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X
y X

2
- -2l
x \x X X
1
= o = ~—
u
1
S0 = ——
¢(2) 1
Given differential equation is
ﬂ — cosec (2x)y = /tanx )]
dx
LF. = e—Jcosec(2x)dx

1
Jtan x

1

, we get
Jtan x

— e—(1/2)log(tan X) _

Multiplying (1)

dx\ \/tan x
= yvJeotx =x + ¢
LE = ej(tan X)dx _ elog sec x

= S€C x

Multiplying the given differential equation by
sec x, we get

d .
= =2
((sec x)y) sin x

= (secx)y=-2cosx +C

Putting x = 0, y = 1, we get
1=2+C=C=3

When x = 7, we get
-l)y==2cosnr+t+3=>y=-5

We can write the given differential equation as

&y, 1
dx  xlogx

y =2 (1)
LF. = ejdx/x logx _ log (logx) _ log x
Multiplying (1) by log x, we get

(log x) Q+1y =2 log x
dx x

22.

23.

24.

= 4 [(log x)y] = 2 log x

dx
= (log x)y =2(x logx—x)+ C
When x = 1, we get
0=20-1H+C=>C=2
When x = e, we get
(log e) y(e) = 2(e log e —e) + 2
= y(e) =2

Write the differential equation as

&(_ijx _,
dy y 4

LF. = ef(—l/y)dy — 6—108}’ = l
Yy

Multiplying (1) by 1/, we get

= Ea 2y + ¢
y
=x= 2y2 + cy
When y = -1, x = 1,
Therefore, 1 =2 —c = c =1
Thus, Ay) = 2)> +y = f(1) = 3.
We can write differential equation as

d 2 _
DX A9 L, 13
dx x+2 x+2

:>y=%(x+2)2—1310g|x+2|+C
As y(0) = 0, we get
0=2-131log 2|+ Cor C=13log2 -2
Also, y(4) =2 —-13log2 + 13 log2 - 2
= 0.

[y de = e+ 1) [T dr

Differentiating both the sides, w.r.t. x, we get



25.

26.

Dyt +xy(x) = [T ty(@) + (x + Dxy(x)

= JIY y(dt = Lx y(t)dt + x*y(x)
Differentiating both the sides w.r.t. x, we get
Y0 = xp(@) + 200(x) + 2y ()
= (1 - 3%) y() = x¥'(x)

Yy 1 3

y(x) x_2 - ;

Integrating we get
1

= Inpx)=—-3Inx|+4
x

—1+A

X

= In [¥*y(x)|
x3y(x) — :|: eAefl/x — Cefl/x
where C is a constant

c
=)W= 7 e

dy 1 tan x
—4+—ysecx =
dx 2 2y

= i(y2) + (sec x)y* = tan x )
dx

LF. = ejsec x dx In(sec x + tan x)

=e
=sec x + tan x

Multiplying (1) by sec x + tan x, we get

d >

o [y* (sec x +tan x)] = tan x (sec x + tan x)
X

= > (sec x + tan x) =sec x + tan x —x + C
When x = 0, y = 1, so that
1=1+C=C=0

Thus, = |- ———
secx +tanx

We can write the differential equation as

dy 1
2 ay -1
& =1 1
dx xy M)

d dt
Put fy*1 =t= y_zd—i; = E

We can write (1) as

Differential Equations 15.39

dt
= —(&x) =
dx(x) X

1
= x = 5x2+C

N | —

. 1
As it passes through (1, -1), 1 = E+C = C=

1
x> +=. When x = —5,

1
y'o2

_1(_1) 1 1 _5
:_+_:_
y\ 2 8 2 8

Previous Years’ B-Architecture Entrance
Examination Questions

dy
1. log== =3x +4
g y

d +
= _y = e3x 4y — e3x €4y
dx

= eV dy=e"dx

—4y e3x
+ const

U
|
I

1 1 7
y(0)=0= —— = —+const = const = ——
4 3 12

s0 3V =4 -7
=4 + 3¢V =7

dx 22

L =ttt ) =>x= —+—+C
A R

Butatr=0,x=0s0C, =0

£ 7
Thus x = —+— )]
3 2

dy 1
-~ =—=y=logt+1)+C
/ i1 y =log ( ) 2

Butatz=0,y=0s0C,=0
Thus y=log (¢t + 1) =>t=¢" —1.
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Putting in (1), we have _
gin ) 7. b sin 2 sinx+y
6x = 1* (2t + 3) dx 2 2
5 _ X .y
= (& - 1) (Z&" + 1). = —2005551n5
3. Differentiating y* = 4a(x + a%) ) - dy cosE dx
d ’ 51ny/2 2
We have, 2y_y =4a=a= 2 x
dx 2 = 2log tan y/4 = —4sin5+c
Putting in (1) .
, q = log tan%+2sin5 =C
y2 _ 4&(x+—y2y'2) ) B
2 4 8.ydx—(x+y)dy=0
=2xy )+ )7 yax — xdy
. = P =dy
So the degree is 3. y
4. u'(t) = ¢ u(t) + sin £, V() = e v(f) + sin ¢ = d(f) =dy
y
Subtracting, we have X
s = — =y+tc
W (t) = V() = " (u(t)=w1)) Y
, Since (1) =1soc=0
= log (u—v) = J.e’ dt+c 5
=Sx=y
2
u(t) — w(t) = C Jlerd x =16, when y = 4.
so u — v is proportional to a positive function of ¢. 9.y dy+ {l1+y*dx =0
Since u(2) < v(2) so C < 0. y
= dx+ dy =0
Hence u(?) < v(¢) for all ¢ J1+y?
/ 2 _
T N S T = x+yl+)y” =c
X
J = (c-xP=1+)°
Sle) =2 R
which represents a hyperbola.
Sy = 2+ C=y= Z4Ce . . . . .
10. Write the given differential equation as
lim y(x) 2 L
e (3]
x> 3 ¥ ¥
—_ 2 _ Integrating, we get
6.%= ly:—% 2y2dy=x SrAting, we 8
X y I-y Ly (x )3
—e = 5 —| +C
= —\J1-y? =x+c¢ Y
When y(0) = 1, we get
:>lfy2—(x+c)2
|
=@+l )yt =1, —e0=§(0)+C:>C=—1
which represent a circle with radius 1 and centre ) o 1x 3
on x-axis so fixed radius and variable centre on L l-ev= 3 ;
X-axis.
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