Applications of Derivatives

EXERCISE 4.1 [PAGE 105]
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Find the equation of tangent and normal to the curve at the given points on it.
y=3x>-x+1at(1,3)

Solution: Equation of the curve isy =3x?-x + 1

Differentiating w.r.t. X, we get

d
£=6x—1

Slope of the tangent at (1, 3) is

dy)
— =6(1)-1=5
(dx (1,3)

.. Equation of tangent at (a, b) is

dy
y-b= (—) (x - a)
dx /(o)

Here, (a, b) = (1, 3)
~ Equation of the tangent at (1, 3) is

(y-3)=5(x-1)
~y-3=5x-5
~5X-y-2=0

Slope of the normal at (1, 3) is =

—
e
~—
=
=
ot

~. Equation of normal at (a, b) is



y—b=_—1{x—a]

(%) (ab)

~. Equation of the normal at (1, 3) is

—1
{}f-3]=?{x-‘|}
L5y -15=-x+1
L X+5y-16=0
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Find the equation of tangent and normal to the curve at the given points on it.
2x>+3y?’=5at (1, 1)

Solution: Equation of the curve is 2x?> + 3y =5

Differentiating w.r.t. X, we get

dy _
4x + by -—— =0
S dy —4x
T dx Gy

~. Slope of the tangent at (1, 1) is
(dy) B —4(1) 2
dx /) 6(1) 3

-. Equation of tangent at (a, b) is

>~ () 0y
y-b=[— X-a
dx / (o, b)

Here, (a, b)= (1, 1)
~ Equation of the tangent at (1, 1) is



{}’-1]=%2{K-1)
L3y -1)=-2(x-1)
L 3y-3=-2x+2
L 3y-3=-2x+2

2%+ 3y-5=0

: —1 3
Slope of the normal at (1, 1) Is ———— = —

()0

i

. Equation of normal at (a, b) is

}r-b:_—l{}{_a}

(®)
4 / (a,b)

-. Equation of the normal at (1, 1) is
(y-1 3{ 1)
- = — K_
¢ 2
L 2y-2=3x-3
3x-2y-1=0
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Find the equation of tangent and normal to the curve at the given points on it.
x2+y2+xy=3at(1,1)

Solution: Equation of the curve is x2 + xy + y?> =3

Differentiating w.r.t. x, we get



2x+x-?—‘i —|—y—|—2y% =0

dy
{2x+y}+{}{+2\;}§ =0
dy —(2x+7y)

Cdx X+ 2y

~. Slope of the tangent at (1, 1) is

(ﬁ) e )

-. Equation of tangent at (a, b) is

dy
y-b= (—) (x - a)
dx /o 1)

Here, (a, b) = (1, 1)

-. Equation of the tangent at (1, 1) is
y-10=-1Tx-1)

Ly-1)=-x+1

LX+y-2=0
—1

(%)
& /(1,1

Slope of the normal at (1, 1) is



. Equation of normal at (a, b) is

y—b=_—1{}¢—a}

(%) (a,b)

-. Equation of the normal at (1, 1) is
(y-10=1&x-1)

S X-y=0
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Find the equations of tangent and normal to the curve y = x? + 5 where the tangent is
parallel to the line4x -y + 1 =0.

Solution: Equation of the curve isy =x?>+5

Differentiating w.r.t. X, we get

dy
-

Slope of the tangent at P(xq, yq) Is

dy
(),
(xlsx?}

According to the given condition, the tangent is parallel to 4x -y + 1 =0

2%

Now, slope of the linedx—-y + 1=01s 4.

dy
- S fthe t t= - —4
ope of the tangen

~2X1=4

LX1=2

P(x1, y1) lies on the curve y =x2 + 5
~y1=(2)°+5



~y1=9

~ The point on the curve is (2, 9).

~ Equation of the tangent at (2, 9) is
a(y—9)=4(x—-2)

ny—9=4x-8

~4x-y+1=0

1
Slope of the normal at (2, 9) is =
(ﬁ) 4

¥/ (2,9)

.. Equation of the normal of (2, 9) Is

( 9—_1 p)
y - ]_T{K_}

L4y -36=-x+2
. X+4y-38=0
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Find the equations of tangent and normal to the curve y = 3x? - 3x - 5 where the tangent
is parallel to the line 3x -y +1=0.
Solution: Equation of the curve isy = 3x?- 3x - 5

Differentiating w.r.t. x, we get

%:6;{—3

Slope of the tangent at P(xq, yq) Is



dy
(E) = 6}(1 -3
{xlsxﬂ}

According to the given condition, the tangent is parallel to 3x -y + 1 =0

Now, slope of the line 3x—y + 1 =01s 3.

dy
- Sl fthe t t= — =3
ope of the tangen ax
~6x1-3=3
axX1=1

P(x1, y1) lies on the curve y = 3x? - 3x - 5
~y1=3(1)?-3(1) -5

SYy1=-5

~ The point on the curve is (1, -5).

~ Equation of the tangent at (1, -5) is
~(y+5)=3(x-1)

~y+5=3x-3

~3x-y-8=0

Slope of the normal at (1, -5) is =

-. Equation of the normal of (1, -5) is

(y+5)= _Tl(:*-ﬂ
L3y +15=-x+1
X+ 3y+14=0
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Exercise 4.2 | Q 1.1 | Page 106



Test whether the following functions are increasing or decreasing : f(x) = x3 — 6x? + 12x
—-16,x eR.
Solution: f(x) = x® — 6x? + 12x — 16

d

F0 = (x* — 6x" +12x — 16)
=3x%-6x2x+12x1-0
=3x2-12x + 12

= 3(x% — 4x + 4)

=3(x-2)%>0forallxeR
~f(x) 20forallxeR

~. fis increasing for all x € R.
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Test whether the function is increasing or decreasing.

fx) =x—-1/x, xR, x#0,

Solution:
1
fx) =x——,xe R
X
1 1
fx)=1-(—-= | =14+ —=
(x) (Xg) +

- x # 0, for all values of x, x2 > 0
1 1 . "
;. —5 > 0,1+ — is always positive
X X
thus f'(x)>o0 , forall x € R

Hence f(x) is increasing function.
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Test whether the following function is increasing or decreasing.
fx)=7/x-3,xeR,x#0

Solution:
fx)=— — 3, xeER x=0
X
—7
flx) = —
0= —

1 T
x # 0, xz;»O, i.e.,—g >0 i.»?:.,——2 <0
X X

~f(x) <O0forallxeR, x=0

Hence, f(x) is a decreasing function, for all x € R, x # 0.
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Find the value of x, such that f(x) is increasing function.
f(x) = 2x3 - 15x%> + 36x + 1

Solution: f(x) = 2x3 - 15x2 + 36x + 1

=~ f'(x) = 6x2 - 30x + 36

= 6(x? - 5X + 6)

=6(X-3)(x-2)

f(x) is an increasing function, if f'(x) > 0
~6(x-3)(x-2)>0

2 (x-3)(x-2)>0
ab>0ea>0andb>0o0ra<0orb<0

=~ Either (x—=3)>0and (x—2)>0or
x-3)<0and (x-2)<0

Casel:x—-3>0 and x-2>0



~X>3 and x>2

WX>3

Case2:x-3<0 and x-2<0

LX<3 and x<2

aX<2

Thus, f(x) is an increasing function for x <2 or x > 3, i.e., (- «, 2) U (3, =)
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Find the value of x, such that f(x) is increasing function.
f(x) =x2+2x -5

Solution: f(x) =x?+2x -5

~f(X)=2x+2

f(x) is an increasing function, if f'(x) > 0

L 2Xx+2>0

S 2X > -2

axX>-1

Thus, f(x) is an increasing function for x > -1, i.e., (-1, «)
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Find the value of x, such that f(x) is increasing function.
f(x) = 2x3 - 15x? - 144x - 7

Solution: f(x) = 2x3 - 15x2 - 144x - 7

- f(X) = 6x2 - 30x - 144

f(x) is an increasing function, if f'(x) > 0

~ 6(x%2-5x-24)>0

~B6(x+3)(x-8)>0

“(X+3)(x-8)>0

ab>0e a>0andb>0o0ora<0o0rb<0
=~ Either (x + 3) >0 and (x - 8) >0 or
x+3)<0and (x—-8)<0



Casel: x+3>0andx-8>0
WX >-3 and x>8

~X>8

Case2:x+3<0 and x-8<0
“X<-3 or x<8

aX<-3

Thus, f(x) is an increasing function for x < -3, or x > 8 i.e., (-, - 3) U (8, «).
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Find the value of x, such that f(x) is decreasing function.
f(x) = 2x® - 15x2 - 144x - 7

Solution: f(x) = 2x3 - 15x? - 144x - 7

~ f(x) = 6x% - 30x - 144

f(x) is an decreasing function, if f'(x) <0

~ B(x2-5x-24)<0

~B(x+3)(x-8)<0

“(X+3)(x-8)<0

ab<O0Oe a>0andb<0Oora<0orb>0
=~ Either (x +3) >0and (x—8) <0 or
x+3)<0and (x—-8)>0

Casel: x+3>0andx-8<0

LX>-3 and x<8

Case2: x+3<0 and x-8>0
~X<-3 or x>8,whichis notpossible.

Thus, f(x) is an decreasing function for -3 <x < 8 i.e., (-3, 8).
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Find the value of x such that f(x) is decreasing function.
fx)=x*-2x3+1

Solution: f(x) =x*-2x3+ 1

s f(X) = 4x3 - 6x2 = 2x? (2x - 3)



f(x) is a decreasing function, if f'(x) <0
2 2x% (2x-3)<0
As x? is always positive,
(2x-3)<0
S 2X<3
3

LML —

2

3 3
Thus, f(x) is a decreasing function for x < bX Le. (—00, E)
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Find the value of x, such that f(x) is decreasing function.
f(x) = 2x3 - 15x? - 84x - 7

Solution: f(x) = 2x® - 15x? - 84x - 7

~ f'(x) = 6x2 - 30x - 84

= 6(x? - 5x - 14)

= 6(x? - 7X + 2x - 14)

=6(x-7)(x+2)

f(x) is an decreasing function, if f'(x) <0

~B(X-7)(x+2)<0

S~ (X-7)(x+2)<0
ab<O0Oea>0andb<0ora<0orb>0

~ Either (x-7)>0and (x+2)<0or

(x-7)<0and (x+2)>0

Casel: x-7>0andx+2<0

aX>7 and x < -2, which is not possible.
Case2:x-7<0 and x+2>0

~X<7 and x>-2

Thus, f(x) is an decreasing function for -2 <x< 7 i.e., (-2, 7).
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Determine the maximum and minimum value of the following function.
f(x) = 2x3 - 21x? + 36x - 20

Solution: f(x) = 2x3 - 21x? + 36x - 20

=~ f(X) = 6x2 - 42x + 36 and f'(x) = 12x - 42
Consider, f'(x) =0

L 6X2-42x+36=0

S B(X2-7x+6)=0

~B6(x-1)(x-6)=0

~(x-1)(x-6)=0

~X=1o0rx=6

Forx =1,
f'(1)=12(1)-42=12-42=-30<0

~ f(x) attains maximum value at x = 1.

~ Maximum value = f(1)

= 2(1)3 - 21(1)% + 36(1) - 20
=2-21+36-20

=-19-20+ 36

=-39+36

=-3

=~ The function f(x) has maximum value -3 at x = 1.
For x =6,

f'(6) =12(6)-42=72-42=30>0

=~ f(x) attains minimum value at x = 6.

= Minimum value = f(6)

= 2(6)3 - 21(6)2 + 36(6) - 20

=432 -756 + 216 - 20

=-128

=~ The function f(x) has minimum value — 128 at x = 6.
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Determine the maximum and minimum value of the following function.

f(x) = x log x

Solution: f(x) = x log x

o d d
s f(x) X (logx) + logxa(x}

1
zxxg—l—log:{xlzl—klng){

1 1
and f'(x) =0+ — = —
X X
Consider, f'(x) = 0
~1+logx=0
~logx=-1
r 1
~logx=-loge=loge =log o
1
Sy = =
e
Forx = —
e



- f(x) attains minimum value at x = —
e

1 1 1 1
. Minimum value = f(—) = —lng(—) = Zloge !
e e e e
—1 —1
—(— (=1
. . —1 1
. The function f(x) has minimum value — atx = —.
e e
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Determine the maximum and minimum value of the following function.

16
f(x) = x2 4+
X

Solution:

Consider, f'(x) = 0

16
n2x—— =0

X

5 16

S EXN = —

x2

=8



X =2

Forx =2
32 32
fn2)=2+4+=24+—=2+4=6>0
23 8
. f(x) attains minimum value at x = 2.
. o 16
. Minimum value = f(2) = (2)" + 5 = 44+8=12

. The function f(x) has minimum value 12 at x = 2.
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Divide the number 20 into two parts such that their product is maximum.
Solution: The given number is 20.

Let x be one part of the number and y be the other part.
~Xx+y=20

~y=(20-x) ..(>)

The product of two numbers is xy.

= f(x) = xy = x(20 - x) = 20x - x?

~f(x)=20-2x and f'(x) =-2

Consider, f'(x) =0

~20-2x=0

~ 20 =2x

~x=10

For x = 10,

f"(10)=-2<0

=~ f(x), i.e., product is maximum at x = 10

and10+y =20 ...[from (i)]

i.e.,y=10.
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A metal wire of 36cm long is bent to form a rectangle. Find it's dimensions when it's

area is maximum.

Solution: Let the length and breadth of a rectangle be | and b.
=~ Perimeter of rectangle = 2 (I + b) = 36cm

~l+b=18  ...(i)

Area of rectangle =1 x b =1(18 - 1)

Let f(I) = 18I - I?

~f()=18-2l

andf'(l)=-2

Consider, f'(1) =0

~18-21=0
~ 18 =2l
~1=9

For =09,
f'(9)=-2<0

=~ f(x), i.e. area is maximum when | = 9 cm
andb=18-9 ....[From (i)]

=9cm
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The total cost of producing x units is % (x? + 60x + 50) and the price is ¥ (180 — x) per
unit. For what units is the profit maximum?

Solution: Given, no. of units = X,

selling price of each unit =¥ (180 — x)

=~ selling price of x unit = ¥ (180 - x).x

=3 (180x - x?)



Also, cost price of x units = ¥ (x? + 60x + 50)
Now, Profit = P = Selling price — Cost price
= 180x - x? - (x* + 60x + 50)
=180x - x? - X% - 60x - 50

s~ P =-2x?+120x - 50

dP
d’pP

and —dxg =4
C ider db =0
onsider, I
L-4x+120=0
so-dx=-120
~ox =30
For x = 30,
d’P
—— =-4<0
d}{2

- P, L.e. profit is maximum at x = 30.

EXERCISE 4.4 [PAGES 112 - 113]

Exercise 4.4 | Q 1| Page 112

The demand function of a commodity at price P is given as, D =

40 — e Check whether it is increasing or decreasing function.

Solution: Given, the demand function is



D:40—?
-E—U El___ﬁ,{.[]
dP 8()_8

-. The given function is a decreasing function.
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Price P for demand D is given as P = 183 +120D - 3D? Find D for which the price is
increasing

Solution: Price function P is given by
P = 183 + 120D — 3D?

Differentiating w.r.t. D

dP
D =120 — 6D

dP
If price is increasing then we have — > 0

dD
.. 120-6D > 0

~. 6D < 120
. D <20
~. The price iIs increasing for D < 20.
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The total cost function for production of x articles is given as C = 100 + 600x — 3x? . Find
the values of x for which total cost is decreasing.

Solution: Given, the cost function is
C =100 + 600x - 3x?



dC
. — = 04600 — 6x

dx
= 600 - bx
= 6(100 - x)

Since total cost C is a decreasing function,

dC
= =0

- B6(100-x) <0
100 -x <0

- 100 < x

~x > 100

~. The total cost is decreasing for x > 100.
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The manufacturing company produces x items at the total cost of ¥ 180 + 4x. The
demand function for this product is P = (240 — x). Find x for which revenue is increasing.

Solution: Let C be the total cost function and R be the revenue
~ C =180 + 4x

Now, Revenue = Price x Demand

~ R =P xx=(240 - x)x

=~ R =240x - x?



dR
R 240 — 2x = 2(120 — x)

Since revenue R is an increasing function, — > 0

dx
~2(120-x%) >0
~120-x>0
~ 120 > x
X < 120

~. The revenue is increasing for x < 120.
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A manufacturing company produces x items at the total cost of Rs (180+4x). The
demand function of this product is P=(240 - x). Find x for which profit is increasing.
Solution: Total cost function C = 180 + 4x

Demand function P = 240 - x

Where x Is the number of items produced.

Total revenue R=P.D = x (240 - x)

~ R =240x - x?

Profit functionm=R - C

= (240 x - x?) - (180 + 4x)

=240x-x2-4x-180

ST =-X%2+ 236 x - 180

Differentiating w.r.t. x



dm

dm

Profit 1t is increasing if — > 0
rofit 1 is increasing i Ix >
e if-2x + 236 >0
Le. if 236 > 2x
o iy < 236
e ifx < —

2
lLe.ifx < 118

-. The profit is increasing for x < 118.
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For manufacturing x units, labour cost is 150 - 54x, processing cost is x? and revenue R
= 10800x - 4x3. Find the value of x for which Total cost is decreasing.

Solution: Total cost C(x) = Processing cost + labour cost

C(x) = x2 + 150 - 54x

C(x) = x? - 54x + 150

dc 2X - 54

R — x -

dx

Total cost is decreasing
dC

If — <0

dx



leif2x-54 <0
e if 2x < 54
e if x < 27

Total cost C is decreasing for x < 27.
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For manufacturing x units, labour cost is 150 — 54x and processing cost is x2. Price of
each unit is p = 10800 — 4x2. Find the values of x for which Revenue is increasing.

Solution: Revenue = Price x Demand
~R=pxx

~» R = (10800 - 4x?)x

~» R =10800 - 4x3

dR 5 2
e = 10800 —12x" = 12(900 — x°)

Since revenue R is an increasing function,

dR
ax 0

+ 12(900 - x2) > 0

~900-x2>0

~ 900 > x?

~ X2 <900

~-30<x<30

~X>-30and x< 30

But x > - 30 is not possible ....[+ x> 0]
~xX<30

~ The revenue R is increasing for x < 30.
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The total cost of manufacturing x articles is C = (47x + 300x? - x*). Find X, for which
average cost is increasing.
Solution: C = 47x + 300x? - x*

C
Average cost Cp = — = 47 + 300x — x°
X

Differencing w.r.t. x,

dC,

= 300 — 3x2

dCy
dx

Now Cp Is increasing if >0

~300-3x>>0

300 > 3x2

~» 100 > x?

~ X2<100

~-10<x<10

~x>-10and x< 10

But x > - 10 is not possible  ....[+ x> 0]
~X<10

=~ The average cost Ca is increasing for x < 10.
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The total cost of manufacturing x articles C = 47x + 300x? — x* . Find x, for which
average cost is decreasing.
Solution: C = 47x + 300x? - x*



C
Average cost Cp = — = 47 + 300x — x°
x

Differencing w.r.t. x,

dCy

. =300 - 3x?
Now Cp is decreasing if dd(iA <0
- 300 - 3x% < 0
- 300 < 3x°
+ 100 < x°
= x% > 100
~x>10o0rx<-10
But x < - 10 is not possible ... [« x > 0]

x> 10

Hence Cp Is decreasing for x > 10.
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Find the marginal revenue if the average revenue is 45 and elasticity of demand is 5.
Solution: Given, average revenue (Ra) =45 and

elasticity of demand (n) = 5

1
Rm:Rﬂ(l__)
1



.. Marginal revenue (R,,) = 36

Exercise 4.4| Q 7.2 | Page 112

Find the price, if the marginal revenue is 28 and elasticity of demand is 3.
Solution: Given, marginal revenue (Rm) = 28 and
elasticity of demand (n) = 3

Rm:p(l_l)
n
1
2

28 x 3
=
S P=42

*. price = X 42

Exercise 4.4 | Q 7.3 | Page 112

Find the elasticity of demand, if the marginal revenue is 50 and price is Rs 75.

Solution:

Given, marginal revenue (R, ) = 50 and price (P) = T 75



1
using, Ry, = p(l — —)
N

1
+50-75 (1-1)
N

50 1
75Ty
2 1
-
11
=g
n=3

-. elasticity of demand = 3

Exercise 4.4 | Q 8 | Page 112

If the demand function is D = (p+6/p-3), find the elasticity of demand at p = 4.

Solution: Given, demand function is

46
o (523)
aD P -3)EH@+6) -~ (p+6)F(p—3)

- dp (p—3)°
_ (P—3)1+0)—(p+6)(1-0)
N (p—3)°

dD p—3—p—6

T (s




(p —3)°

_—p db

=D T ap

S —9

= —
(&%) ®-3)

o 9p

T r9e-3)

Substituting p = 4, we get
9x4 36

4+6)(4—3)  10(1)

. n=36

T

-. elasticity of demand atp =4 is 3.6
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2 3
Find the price for the demand function D = ( P+ ), when

Jp—1
lasticity of d di 1
elasticity of demand is —.
/ 14
Solution:
. - 11 o
Given, elasticity of demand (n) = — and demand function is D =
2p+3
Jp—1

dap  (Bp- 1)5-(2p+3) — (2p+3) 5 (3p — 1)

dp (3p —1)°



_ (3p—1)(2+0) - (2p+3)(3 - 0)

(3p —1)°

dD 6p-2-6p—9  —I1
Cdp 3p-1? (3p-—1)

—p d_[)
WZF'd—p
e

14 22 Bp-1)

11 11p

14T (2p+3)(3p—1)

S 11 Rp+3)Bp-1)=11p x 14
. 6p2-2p +9p -3 =14p

L 6p°+7p-14p-3=0

. 6p>-Tp-3=0
L (2p-3)3p+1)=0

. 2p-3=0 or3p+1=0

L p = E orp = l
PTy 3
But, p # ——
3
P 5
11 . 3
.. The price for elasticity of demand (n) = — I1s —.

14 2
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If the demand function is D = 50 — 3p — p?. Find the elasticity of demand at p =5
comment on the result.

Solution: Given, demand function is D = 50 - 3p - p>.

dD
—=0-3—-2p=—-3—2p
dp
_—p db
=D dp

—p
L= (=3-2
"= 50 3p _p? ( P)
_ 3p + 2p*
1= 50 —3p _p?

P —D
Whenp =5

3(5)+2(5)> 15450 65

T 50-3(5)— (5% 50—15—25 10

..n=6.5
~. elasticity of demand at p = 515 6.5

Here, n>0

~ The demand is elastic.
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If the demand function is D = 50 — 3p — p2. Find the elasticity of demand at p = 2
comment on the result.



Solution: Given, demand function is D = 50 - 3p - p>.

dD
—=0-3—-2p=—-3—2p
dp
_—p db
=D dp
—p
= (—3-2
"= 50 3p — 5 ( p)
| 3p + 2p?
"= 50 _3p _p?
When p = 2
32 +2(2° 0 6+8 14
50_3(2)_(2)2 50—-6-4 40
T
1790

. elasticity of d datp=21Iis -~
elasticity of demand at p S 50

Here, n <0
-. The demand is elastic.
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For the demand function D = 100 — p?%/2. Find the elasticity of demand at p = 10 and

comment on the results.

Solution:
pz
Given, demand function is D = 100 - 5
dD 2p

L =0-—==—
dp 2 P



=D T ap
—p
~n=———>-(-Dp)
100 — 2
_ P
~ 200-p?
2
2p2
=
= 900 — p?
When p = 10,
2(10)? 200
n— (10) B _ 9

200 — (10)> 100
~. elasticity of demand atp = 10is 2
Here,n > 0
.. The demand is elastic.
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For the demand function D = 100 — p?%/2. Find the elasticity of demand at p = 6 and
comment on the results.

Solution:
pz
Given, demand function is D = 100 - -
dD 2p
— =0—-"==—p
dp 2
—p dD



n= —p)
100 — &
_ P
C200-p2
5
2p2
L= —
'= 200 — p?
When p = 6,
2(6)? 72 18
n

T 200—(6)2 164 41
~. elasticity of demand at p = 6 i1s —

41
Here,n >0

-. The demand is inelastic.
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A manufacturing company produces x items at a total cost of ¥ 40 + 2x. Their price is
given as p = 120 — x. Find the value of x for which revenue is increasing.

Solution: Let C be the total cost function.

~ C =40+ 2x

Revenue = Price x Demand

~R=pxx=(120—x)-x

R =120x - 2

'E—IQU 2x = 2(60 )
= —2x = 2(60 —x



Since revenue R is an increasing function, T >0

. 2(60-x%) >0
L 060-x>0
.60 > x

X <60

-. The revenue R is increasing for x < 60.
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A manufacturing company produces x items at a total cost of ¥ 40 + 2x. Their price is
given as p = 120 — x. Find the value of x for which profit is increasing.
Solution: Let C be the total cost function.
~ C =40+ 2x
Profit = Revenue - Cost
~m=R-C
o T = 120x - X2 - (40 + 2x)
=120x - x2 - 40 - 2x

wm= —x2 4 118x — 40

dm

: : : . : : m
Since profit 1 is an increasing function, T >0

~2(-x+59)>0
~-X+59>0
59 >x
~X<59



=~ The profit 17 is increasing for x < 59.
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A manufacturing company produces x items at a total cost of ¥ 40 + 2x. Their price is
given as p = 120 — x. Find the value of x for which also find an elasticity of demand for

price 80.
Solution: Given, the price is p =120 - x
~Xx=120-p
where, x = demand
dx
— =0—-1=-1
dp
" x dp
—P
" —_ . _]_
oy P
= T120-p
p=280 ..(Given)
80 80

:—:—:2
T= 720 _80 40

-. The elasticity of demand forp =801isn = 2.
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Find MPC, MPS, APC and APS, if the expenditure Ec of a person with income | is given
as Ec = (0.0003) 12 + (0.075) | When | = 1000.
Solution: Given, Ec = (0.0003) I + (0.075) |



*. MPC = dd]i': = (0.0003)(2I) + 0.075

.. MPC = 0.0006 | + 0.075

| = 1000 ....[Given]

.. MPC = 0.0006(1000) + 0.075
= 0.6 + 0.075

.. MPC = 0.675

Since MPC + MPS =1,

0.675 + MPS =1

.. MPS =1-0.675

- MPS = 0.325

E
NDW, APC = T

~ (0.0003)I* + (0.075)I
- I

~ 1(0.0003I + 0.075)
B I

~ APC =0.0003 | + 0.075

| =1000 ....[Given]

~ APC = 0.0003(1000) + 0.075
=0.3+0.075

~ APC =0.375

Also, APC + APS =1
~0375+APS =1




~APS=1-0.375

~ APS =0.625

~ For 1 =1000,

MPC = 0.675, MPS = 0.325

APC =0.375, APS =0.625

MISCELLANEOUS EXERCISE 4 [PAGES 113 - 114]

Miscellaneous Exercise 4| Q 1.1 | Page 113
Choose the correct alternative.

The equation of tangent to the curve y = x? + 4x + 1 at (-1, -2) is

1. 2x-y=0

2. 2x+y-5=0

3. 2x-y-1=0

4, x+y-1=0
Solution: 2x-y=0
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Choose the correct alternative.
The equation of tangent to the curve x? + y2 = 5 where the tangent is parallel to the line
2x—-y+1=0are
1. 2x-y+5=0;2x-y-=5=0
2. 2x+y+5=0;2x+y-5=0
3. Xx=-2y+5=0;x-2y-5=0
4, xX+2y+5=0;x+2y-5=0
Solution: 2x -y +5=0; 2x-y-5=0
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Choose the correct alternative.

If elasticity of demand n = 1, then demand is

1. constant
2. inelastic
3. unitary elastic



4. elastic

Solution: unitary elastic
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Choose the correct alternative.

If 0 <n <1, then demand is

constant

inelastic

L

unitary elastic
4. elastic
Solution: inelastic
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Choose the correct alternative.

The function f(x) = x3 - 3x?> + 3x - 100, x € R is

1. increasing forall x e R, x #1
2. decreasing
3. neither, increasing nor decreasing
4. decreasing forallx € R, x # 1
Solution: increasing for all x e R, x # 1
Explanation:
f(x) = x3 - 3x2 + 3x - 100
Differentiating w.r.t. X, we get
f(x) =3x?>-6x+3
=3(x?-2x+1)
=3(x-1)?
Note that (x —1)>>0forallx € R, x # 1.
~3(x-1)°>0forallx e R, x# 1

~ f(x) is increasing for all x € R, x # 1.
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Choose the correct alternative.



If f(x) = 3x3 - 9x? - 27x + 15 then

f has maximum value 66
f has minimum value 30

w e

f has maxima at x = -1

4. fhas minimaatx =-1
Solution: f has maxima at x = -1
Explanation:
f(x) = 3x3 - 9x? - 27x + 15
s f(X) = 9x2? - 18x - 27
~ f'(x) = 18x - 18
Consider, f'(x) =0
S~ 9x?-18x-27=0
wX2-2x-3=0
~(x=-3)(x+1)=0
~Xx=30orx=-1
Forx=3,f"(x)=18(3)—18=36>0
=~ f(x) has minimum value at x = 3
= Minimum value = f(3) = — 66
Forx=-1,f"(x)=18(-1)-18=-36<0
~ f(xX) has maximum value at x = -1

~ Maximum value = f(-1) = 30.
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Fill in the blank:

The slope of tangent at any point (a, b) is called as
Solution: The slope of tangent at any point (a, b) is called a gradient.
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Fill in the blank:

If f(x) = x - 3x2+ 3x - 100, x € Rthen f'(x)is
Solution: If f(x) = x - 3x? + 3x - 100, x € R then f(x) is 6(x - 1)



Explanation:

f(x) = x3 - 3x2 + 3x - 100
~f'(x) =3x2-6x+3
~f"(X)=6x-6
=6(x-1)
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Fill in the blank:

7
Iffx) = — — 3, xERx#0thenf"(x) is
X

Solution:

7
Ffx) = — — 3, x € Rx # 0 then f "(x) is 14x73.
X

Explanation:

fx) = ——3

—7
2
14

X)) =

— 14x
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Fill in the blank:

A road of 108 m length is bent to form a rectangle. If the area of the rectangle is
maximum, then its dimensions are



Solution: A road of 108 m length is bent to form a rectangle. If area of the rectangle is
maximum, then its dimensions are x = 27,y = 27.

Explanation:

Let the length and breadth of a rectangle be x and y.
~ Perimeter of rectangle = 2(x + y) = 108

L X+y=54

~y=54-x  ...()

Let A = Area of rectangle = x x y

=X (54 - X) = 54x - x?

Differentiating w.r.t. we get

% =54 — 2x
dA
Consider, Tt =0
54 -2x=0
X =27
Ly =27 .[from (1)]
x=27,y=27
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Fill in the blank:

If f(x) = x log X, then its minimum value is

Solution:

, . o —1
If f(x) = x log x, then its minimum value is —
e
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State whether the following statement is True or False:

The equation of tangent to the curve y = 4xe* at (—1, _—) is ye
e

+4=0

1. True
2. False
Solution: True.

Explanation:

y = 4dx e*
dy

- = 4e* + 4xe*

—4
Slope of the tangent at (—1, ?) Is

(ﬁ) —4e 4 4(—1)6_1
(—1,<)

dx
I
e e

—4 -
- Equation of the tangent at (—1, ?) Is (}'+ E) =0(x + 1)

~ye+4=0
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State whether the following statement is True or False:

X + 10y + 21 = 0 is the equation of normal to the curve y = 3x? + 4x - 5 at (1, 2).

1. True
2. False

Solution: False.



Explanation:
At (1, 2) equation of the line x + 10y + 21 =0 is
(1)+10(2)+21=1+20+21=42#0

i.e., (1, 2) does not lie on line x + 10y + 21 =0
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State whether the following statement is True or False:

An absolute maximum must occur at a critical point or at an end point.

1. True
2. False
Solution: True.
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State whether the following statement is True or False:
- x(1-x) - . - —1
The function f(x) = x - e s increasingon | —, 1 |].

1. True
2. False

Solution: True.
Explanation:
fix) = x - <17

L fx) = & px. X1 - 2x]
= (17 [1 +x— 212]

If f(x) is increasing, then f '(x) > 0.
Consider f'(x) > 0

. (1) (1 +x — 2}:2) >0

L2X2-x-1<0



~(2x+1)(x-1)<0
ab<0sa>0andb<0Oora<Qorb>0
=~ Either (2x + 1) >0 and (x—1) <0 or
(2x+1)<0and (x—-1)>0

Case 1: (2x + 1) >0and (x-1) <0

1
—— d 1
X > 5 an X <

1
e, x€ | ——,1
.e., X ( 5 )

Case2: 2x + 1) <0and (x-1) >0
1

LX< —— and x > 1
2

which is not possible.

1
- f(x) Is Increasing on (—E, 1)
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Find the equation of tangent and normal to the following curve.

C
Xy = c? at (ct, ?) where t is parameter.

Solution: Equation of the curve is xy = c?

Differentiating w.r.t. x, we get

dy
X +y=0
dy —y




c
~. slope of tangent at (ct, f) Is

®),, %7
d.X (Ct-?i} ct t2

]

c
Equation of tangent at (ct, ;) E

)=

2

ytt-ct=-x+ct

.'.x+yt2—2ct={)

Slope of normal =—— = t?

c
Equation of normal at (ct, ?) Is

( — %) — t%(x — ct)

s yt-c=xtd-ctt

SBx-yt-(t*-1)c=0
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Find the equation of tangent and normal to the following curve.
y = X2 + 4x at the point whose ordinate is -3.

Solution: Equation of the curve isy = x> + 4x  ....(i)

Differentiating w.r.t. X, we get

d
y=-3 ... [Given]

Putting the value of y in (i), we get



-3 =x2+4x

2X2+4x+3=0
A(X+1)x+3)=0
~X=-1lorx=-3
Forx=-1,y=(-1)>+4(-1)=-3
~ Pointis (x, y) = (- 1, -3)

d
Slope of tangent at (-1, -3) is % =2-1)+4=2

Equation of tangent at (- 1, - 3) is

y+3=2(x+1)

Ly +3=2x+ 2

L 2x-y-1=0

Slope of normal at (-1, -3) is ;1 — —1
d_i 2

Equation of normal at (-1, -3) is

3= — 1
y + > x + 1)

~2y+6=-x-1

SX+2y+7=0
Forx=-3,y=(-3)2+4(-3)=-3

~ Pointis (x,y) =(- 3, - 3)

Slope of tangentat (-3,-3)=2(-3)+4=-2
Equation of tangent at (- 3, -3) is
y+3=-2(x+3)

~y+3=-2x-6

L2X+y+9=0



-1 1
Slope of normal at (- 3,-3) is — = —

dy 2
dx

Equation of normal at (- 3, - 3) is
3 1( 3)
+3=—(x+
y 2
L2y + 06 =%x+3
Lx-2y-3=0
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Find the equation of tangent and normal to the following curve.

1 P
X = —, =t——, a =
g t

Solution:
1 ¢ 1
){:— f— _—
g Y n
dx 1 d 1
S 1dy 1
dt t2 7 dt t2
d 1
' d — _ 1
dt t2

Slope of tangentatt =2 is



dy) 5
) =-22-1=-5
().,

_ 1 1
. Point is (xq, yq) = E’Z_E =

1 3
Equation of t tat [ =, =
quation o tangent a (2 2)

3, 1
Y=o =72\

L2y -3=-52x-1)
S 10x + 2y = 8
LOxX+y=4

Lo +y-4=0

Slope of normal att =2 is

. 1 3.
Equation of normalat | —, = | is

3 1 1
Y‘EZE(X—E)
S 2y—3  2x-—1

2 10
S 10y - 15 =2x - 1

L 2%x-10y + 14 =0

LX-5y+7=0
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Find the equation of tangent and normal to the following curve.
y =x3-x2 - 1 at the point whose abscissa is -2.
Solution: Equation of the curveisy =x3-x2-1 ...(i)
Differentiating w.r.t. X, we get

dy
dx

Ifx =-2, ....[Given]

—3x2 — 2x

Putting the value of x in (i), we get
y=(-22-(-2°-1=-8-4-1=-13
- Point is P (xq, yq) = (-2, -13)

Slope of tangent at (- 2,- 13) is
d

(—1) =2(-2)2-2(-2)=12+4 =16
dx (—2,-13)

Equation of tangent at (- 2, -13) is

()0
Y-Y1= | 3+ X - X1
X/ (x—g)

Ly -(-13)=16[x- (- 2)]
Ly + 13 =16x + 32

S 16x -y +19=0

Slope of normal at (- 2, - 13) is = ——



Equation of normal at (-2, - 13) is

.'.y+13=ﬁ{:~:+2]

X+ 16y +210=0
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Find the equation of tangent to the curve

y=vx-3

which is perpendicular to the line 6x + 3y — 4 = 0.

Solution:

Equation of the curveisy = vx -3

Differentiating w.r.t. x, we get

dy 1
dx  92y/x-3

Slope of the tangent at P(xq, y1) Is

(&)
X / (o y)= e

V3

Slope of the line 6x + 3y —4 =0 is -2.

According to the given condition, tangent to the curve is perpendicular to the line 6x +
3y—-4=0.

d 1
~. slope of the tangent = °y = —
I/ xyy) 2

1 1
90X —3 2




V3=
X1 -3 =1

L X1 =4

P(x1, yq1) lies on the curve y = Vx-3
Ly =v4-3

sy =1

.. The point on the given curve is (4, 1).

.. Equation of the tangent at (4, 1) is

1
y-10=5 k-4
L2y-2=X-4
Lx-2y-2=0
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Show that function f(x) = X-2 , X # -1 s increasing.
x+1
Solution:
0 =2 x 20
x+1

For function to be increasing, f '(x) > O
d d
(x+1)g(x-2) = (x-2) 5 (x+1)
(x+1)°

Then f'(x) =



x4+ —(x-2) xJ}l—x+2

(x+1)° (x+1)°
— ﬁ >0 L+ 1) #0, (x+ 1)2> 0]
X

Thus, f(x) Is an increasing function for x # - 1.
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Show that function f(x) =3/x + 10, x # 0 is decreasing.
Solution:

3
fx) = — 4+ 10
X

For function to be decreasing, f '(x) < 0

Thenf'()= — <0 ..[:x#0,- x2 < 0]
X

Negative sign indicates that it always decreases as x? never becomes negative.

Thus, f(x) is a decreasing function for x # 0.
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If X + y = 3 show that the maximum value of x?y is 4.
Solution: x+y=3

~y=3-X

Let T=x%y =x33-Xx) =3x?-x°

Differentiating w.r.t. X, we get

% = 6x — 3x% _.()

Again, differentiating w.r.t. X, we get



*T 66 )

E = — DX ...(II}
. dT

Consider, — =0

dx
L BX-3x2=0
X =2

Forx =2,

d2T
— =6-6(2)=6-12=-6<0
dx” / (x=2)

Thus, T, i.e., xzy Is maximum atx = 2
Forx=2,y=3-x=3-2=1
- Maximum value of T = xzy = (2)2(1] =4
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Examine the function for maxima and minima f(x) = x2 - 9x? + 24x
Solution: f(x) = x3 - 9x2 + 24x
~f'(x) =3x%- 18x + 24

~f"(x) =6x-18

Consider, f'(x) =0
~3x2-18x+24=0
~3(X2-6x+8)=0

2 3(x-4)(x-2)=0

s (x-4)(x-2)=0

“X=2 orx=4

Forx =4,
f"(4)=6(4)-18=24-18=6>0



~ f(X) is minimum at x = 4

~ Minima = f(4) = (4)® - 9(4)? + 24(4)
=64-144 +96 = 16

For x =2,

f"'(2)=6(2)-18=12-18=-6<0

~ f(x) is maximum at x = 2

~ Maxima = f(2) = (2)3- 9(2)2 + 24(2) =8 - 36 + 48 = 20

~ Maxima = 20 and Minima = 16



