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Quadratic Equations and Expressions

QUICK LOOK

Identity: f(x)=¢(x)is an identity if f(x)and @(x)have the
same value for every real value in R. An equation with arbitrary

coefficients may be an identity under certain conditions.

= ax’ +bx+c=0will be an identity (or can have more than
two solutions) if coefficient of each power of x is separately

zero,i.e., a=0,b=0,c=0,d =0.
b +ex+d =0
a=0,b=0,c=0,d =0.

will be an  identity if

Polynomial equations and their solutions: If f(x) is a
function of x then f(x)=01is an equation in one unknown (or
variable) and zeros of f(x) or roots of f(x) =0 are the values
of x which make f(x)equal to 0.

(1) If f(x)is a polynomial of the first degree in x then the
equation f(x)=0 is of the first degree in one unknown.
ax+b =0 1is an equation of the first degree in x. Its solution (or
root) is found like this: ax =-b;

LXx= %b. A first degree equation has only one solution.

(i) If f(x)is a polynomial of the second degree in x then the
equation f(x)=0 is of the second degree (or quadratic
equation) in one unknown.

ax® +bx+c =0is an equation of the second degree in x where
a#0.

—b+b* —4ac
2a '

of ax*+bx+c=0 can also be

The roots of ax® +bx+c¢=0are x =

The

factorizing ax” + bx + ¢ and equating each factor to 0 separately.

roots found by

A second degree equation has two solutions (different or equal).
(iii) If f(x)is a polynomial of the degree three (or more) then
the equation f(x)=0is cubic (or of higher degree) in one
unknown.

Such equations can be solved if f(x) can be factorized in linear

or quadratic factors.
An equation of the nth degree has n solutions (different or equal).

Example: Solve x’ +x° +x=84.

Here the equation is X* +x° +x—84 =0

We have to factorize X* +x° +x—84.

Trying x =1,-1,2,-2, etc., we get,

when x=4,x + x> +x-84=4"+4>+4-84=0
(x—4)is a factor of x* +x” +x—84.

Dividing X’ +x° +x—84 by x—4. We get X" +5x+21.
X+ +x-84=0

= (x—4)(x2+5x+21)=0

x-4=0 or X +5x+21=0
-5++/25-84
x=4 or X=—
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Exponential equations and their solutions: If the equation
involves terms or factors of the type a’™ or {#(x)"™, it will be

an exponential equation.

(iv) If the exponential equation is such that it can be put in the

form a’®™

=ay(x),a#1 a#lthen f(x)=w(x) will give the

solution.

Example: Solve (2+/2)" =8

Here (242)" ={(2y2)"}*

or  (2V2)" =(2V2)"
x> =6x or
x=0,6.

(v) If the exponential equation cannot be put in the above

x(x—6)=0;

form, select an exponential as y so that the equation changes
into a polynomial equation in y.

(vi) In the exponential @*, a is greater than 0. So, no negative
value of " is possible.

Logarithmic equations and their solutions: If the equation

involves logarithm of some function of the unknown then it

will be a logarithmic equation.

= If the logarithmic equation is such that it can be put in the
form log, f(x) =log, ¢(x) then f(x)=¢(x) will give the
solution. Only those values of x from f(x) = ¢(x) will give

admissible solutions which make both f{(x) and g(x) greater
than 0.



= [f the logarithmic equation cannot be put in the above form,
select a logarithm as y so that the equation changes into a
polynomial equation in y.

= [f the bases of the logarithms are also functions of x, the
admissible solutions must make the values of the bases
greater than 0 but not equal to 1.

Equations Involving Modulus, Greatest Integer Function,

etc., and Their Solutions

= f(x)=|x—al is a piecewisely defined function whose
definitionis f(x)=x—a, x>2a —(x—a), x<a

= f()=[x] is

definition is

a piecewisely defined function whose

f(x)=n,n < x <n+1where n is an integer.

= f(x) =[x+n]=[x]+n,where n is an integer.

= [f the definition of the function is not uniform over R, the
set R of real numbers should be divided into subsets
according to the definitions of the function and the equation
in the corresponding interval is to be solved. A solution will
be admissible if it lies in the interval of definition of that
equation.

In-equations and their Solutions
Laws of inequality are as follows

= a+b>a+c = b>c
and a > b = a+c>b+c.

= a>b = ca>bcifc>0 ca<bcifc>0

= ab>ac = b>cifa>0b<cifa<0

= g>bandc>d = a+c>b+d.

= a4>0b>0 = a+b>0andab >0
a<0,b<0 = a+b<0andab>0
a>0,b<0 = ab<0

= ax>ay = x>yifa>1x<y if0<a<l

f(x)>0, f(x)<0, f(x)=0, f(x)<0 are all inequations in
one variable if they hold for all x € 4 — R.But if they hold for
all x e R then they are inequalities.
= ax+b>0 is a linear inequation. For this inequation,
ax >—b, we have x>_—bifa>0 or x<_—b if a<0. The
a a
solution set is an infinite set

= ax’+bx+c>0 (or<Oor>0o0r<0) is a quadratic

inequation. The solution of the inequation is the set of real
values of x for which the inequality is true. The set can be
obtained conveniently by sign-scheme.

The sign-scheme for ax” +bx+c,x € R

It is as follows: Let the roots of the corresponding

equation ax’ +bx+c=0be a, f.
» Ifa,f arereal and unequal (a < f)then
sign is the same

sign in the same |  sign in opposite

|
as that of a olc to that of a ﬂl as that of a
L if a>0, ] ® O 4 ©
a B
ifa <0. O HGENG!
a B
» If &, are real and equal then
If a>0, (+) I (+)
a I: p
Ifa <0, 0 ©
a=p

= If o, B are imaginary (non-real complex) then

sign is the same as that of a throughout

- if a >0, the expression is always positive
If a <0, the expression is always negative.

Note

| x |< a,(a >0)holds when —a < x<a

| x > a,(a > 0)holds when x >aorx<-a

x* >a’holds when x> a orx<—a

x° <a’holds when —a < x <a.

Positive definiteness and negative definiteness of a quadratic

polynomial

» ax’+bx+c¢>0 holds for all xeR, ie. ax’+bx+c is
positive definite, if D<0Oand a >0 where D =b" —4ac.

»  ax’*+bx+c>0holds for all xeR, i.e., ax> +bx+c is non-
negative, if D<0anda > 0.

» ax’+bx+c<0 holds for all xeR, ie., ax’ +bx+c is
negative definite, if D <0 and a <0.

The sign-scheme for ax’ +bx* +cx+d,x € R

It is as follows: Let the roots of the corresponding equation

ax’ +bx* +cx+d =0be a, B, 7.

» If «,f,y are real and unequal (a < 8 < y)then

G (S S I )

| I |
a ¥ Y

Where a value between 3 and y makes the expression positive;
| ] |

O L ® 5 O 5 ®

Where a value between £ and y makes the expression negative.




Note

= The sign-scheme for fourth or higher degree polynomials is
also prepared as above by detecting the sign of the value of
the polynomial for x belonging to an interval determining
by two consecutive roots and then setting alternate signs in
the other intervals.

= [f two roots of f(x)=0for the in-equation f(x) > 0be real
and equal to a then (x—a)’is a factor of f(x), which is

positive for all real x except x = o where f(x)1is zero.

. The solution of f(x)>0 will be the same as
( A (x))z > 0.So the omission of the factor (x f(x)z from f
xX—a

(x) will not affect the solution of the in-equation.
= [f two roots of f (x) = O for the in-equation be complex

conjugate atiffthen (x—a)’ + B’ is a positive factor of
f(x).So the omission of the factor (x—a)* + £ from f (x)
will not affect the solution of the in-equaiton.

= The solution of an in-equation f(x)>0 or <0 or >0 or
<0 is

corresponding equation f'(x) = 0.

directly dependent on the solution of the

Quadratic equation and its roots: If ax” +bx+c =0,(a # 0)

be a quadratic equation whose only two roots are a3 then

—b£b* —4ac
= Roots o, f=——,
2a
where b — 4ac is the discriminant D.
= The nature of the roots will be as follows :
D > 0 < roots are equal and unequal (a, b, ¢ being real)
D =0 < roots are real and equal (a, b, ¢ being real)
D <0 < roots are non real conjugate complex (a, b, ¢ being
real)
D is a perfect square <> roots are rational (a, b, ¢ being real)
D is a perfect square < roots are rational (a, b, ¢ being
rational)
D is not a perfect square (but positive) < roots are
conjugate irrational (a, b, ¢ being rational)
Note
If any of the coefficients a, b, ¢ is normal complex and p + ig is
a complex root of ax” + bx + ¢ = 0 then the other root need not
be p — ig. If any of the coefficients a, b, ¢ is irrational and

P+ \/5 be an irrational root of ax® + bx + ¢ = 0 then the other

root need not be p _\/5 . The above notes hold for equation of

higher degrees also. If a + b +c = 0 then the equation ax” + bx +

¢ =0 has theroot x=1.

a+ﬂ=_—b,aﬂ=£
a a

Sign of real roots
When D > 0, both roots are positive if

- B
a+ﬁ=—b>0,aﬁ=£>0 11
a a

Q—+

both roots are negative if

arf="2c0 ap=S>0 -
a a

pa O
When D >0, one root is positive and one root is negative if

C ! | |
apf= - <0 a3 B
Location of real roots:
When D >0, I T f
both roots are greater than k k

= a—-k>0,-k>0
= (a-k)+(f-k)>0,(a-k)B-k)>0
= a+p-2k>0,af-k(a+pB)+k>>0
both roots are less than k [
= a-k<0,-k<0

= (a-k)+(f-k)<0,(a-k)(p-k)>0

both roots lie between k and ! (k < /)

= a-k>0,-k>0,0-1<0,-1<0

= a-k+p-k>0,a-1+p-1<0
(a—k)p—k)>0,(a=I)S-1)>0

(b) When D >0,

(i) one root is less than k and the other greater than k&
= a—-k<0,-k>0 , | ,

= (a—-k)(p-k)<0
(ii) one root is less than k and the other greater than / (k<1)
= a-k<0,-k>0,0-1<0,5-1>0

= (a-k)(p-k)<0,(a-1)(pf-1)<0

a k | B

Equations of higher degrees and their roots

n—2

ax"+ax""' +a,x"* +..+a,=0, when a is are real

(a, #0), is an nth degree polynomial equation in one variable

x. It has n roots (unequal or equal) which are either real or
nonreal complex.



MULTIPLE CHOICE QUESTIONS

Identity and Polynomial

1.

Both the roots of given equation (x—a)(x—b)+
(x=b)(x—c)+ (x—c)(x—a) =0 are always:

a. Positive b. Negative

¢c. Real d. Imaginary

If3is aroot of X’ + kx — 24 = 0, it is also a root of:

a. X +5x+k=0 b. x> =5x+k=0

€ x>’ —kx+6=0 d. x> +kx+24=0

For what wvalues of & will the equation
x* —2(1+3k)x+7 (3+2k)=0 have equal roots?

a.1,-10/9 b. 2,-10/9
c. 3,-10/9 d. 4,-10/9

Equations of Higher Degrees and Their Roots

4.

If the difference between the corresponding roots of x*+
ax+b=0and x*+ bx +a=0is same and a #b, then:

a a+b+4=0 b. a+b-4=0
c.a-b-4=0 d.a-b+4=0

If the sum of the roots of the quadratic equation
ax® +bx +¢ =0 is equal to the sum of the squares of their
reciprocals, then a/c,b/a,c/b arein:

a. AP. b. G.P.

c. HP. d. None of these

If the roots of the equation x* —5x+16=0 are «, S and

the roots of equation x* + px+q =0 area’ + 8, aff/2,

then:
a. p:l’q:—56 b. p:—l’q:—56
€ p=1,g=56 d. p=-1,4=56

If one root of the equation x* + px+¢ =0 is the square of
the other, then:

a. p’+¢"-q@Bp+1)=0 b. p*+¢* +q(1+3p)=0

c. p+q’+qBp-1)=0 d. p*+¢°+q(1-3p)=0

Let o and S be the roots of the equation x*> +x+1=0, the
equation whose roots are o'’ #’ is:

a. x’-x-1=0 b. x> —x+1=0

c.x’+x-1=0 d x> +x+1=0

If one root of a quadratic equation is; ,2then the
2445

equation is:

a x’+4x+1=0 b. x> +4x-1=0

c. x*—4x+1=0 d. None of these

10. If one of the roots of the equation x* + ax + b = 0 and x* +
bx + a = 0 is coincident. Then the numerical value of

(a+b) is:
a.0 b.—1
c.2 d.5

Properties of Quadratic Equation

11. The value of ‘@’ for which one root of the quadratic
equation (a*> —5a +3)x*> + (3a—1)x +2 =01is twice as large
as the other is:

a.2/3 b.-2/3
c.1/3 d.—1/3

Quadratic Expression

12. If x be real, then the minimum value of x* —8x+17 is:
a.0-1 b.0
c. 1 d.2

Solution of Quadratic Equations and Nature of Roots

13. The roots of the equation a(x’ +1)—(a’ +1)x =0 are:

a. a,— b. a, 2a
c. a,— d. None of these

14. The roots of the equation ix* —4x —4i = 0 are:
a.—2i b. 2i
c. —2i, —2i d. 2, 2i
15. The number of roots of the quadratic equation
8sec’ @ —6secO+1=0 is:
a. Infinite b. 1
c.2 d. o

16. The number which exceeds its positive square root by 12
is:
a.9 b. 16
c. 25 d. None of these

17. If ¥** =7x"* +10=0,then x="?
a. {125} b. {8}
c. ¢ d. {125, 8}

18. The solution set of the equation x> =9 s:
a. {—2,4} b. {4}
c. {0,—2,4} d. None of these



19.

20.

21.

22,

23.

24,

25.

26.

27.

The number of real roots of the equation ™™ —e > —4
=0 are:

a. | b. 2

c. Infinite d. None

The solution of the equation x + L 2 will be:
x

1

a.2,-1 b.0,-1, ——
5

1

c. —1,—3 d. None of these

Ifv/3x> = 7x—30 +~/2x> = 7x—5 = x + 5 then x is equal to:
a.2 b.3
c.6 d.5
distinct roots of the

If x,x,,x; are equation

ax* +bx+c=0 then:

a.a=b=0,ceR b.a=c=0,beRrR

c. b’ —4ac>0 d. a=b=c=0
The value of x =4/2+y2++/2+..... is:

a. -1 b. 1

c.2 d.3

The equatione” —x—1=0 has:
a. Only one real root x=0

b. At least two real roots

c. Exactly two real roots

d. Infinitely many real roots

A real root of the equation log, {log, (+/x + 8 —\/;)} =0is:

b.2
d. 4

a. 1l
c.3

If the roots of the equations px’+2gx+r=0 and
gx’ =2y prx+q =0 be real, then:

a. p=gq b. ¢ = pr

c. pP=gqr d. r’ =pg

If a>0,b>0,c>0 then both the roots of the equation

ax* +bx+c=07?

a. Are real and negative

b. Have negative real parts
c. Are rational numbers

d. None of these

Relation between Roots and Coefficients

28.

29.

30.

31.

32.

33.

34.

3s.

If one root of 5x° +13x+k =0 is reciprocal of the other,
then k=7

a.0 b.5
c. 1/6 d.o
If the product of the roots of the equation

(a+D)x*+Q2a+3)x+(Ba+4)=0 be 2, then the sum of

roots is:
a. 1l b. -1
c.2 d. -2

If , 8 are the roots of the equation ax’ +bx+c =0 then

. 1 1 .
the equation whose roots are o +—and f+—, is:
a

a. acx’ +(a+c)bx+(a+c)’ =0
b. abx’ +(a+c)bx+(a+c)’ =0
c. acx’ +(a+b)ex+(a+c) =0
d. None of these

If o and f be the roots of the equation
2x> +2(a+b)x+a*+b* =0 , then the equation whose
roots are (o + f)*and (a—f)* is:

a. X’ —2abx—(a* =b*)* =0 b. x’ —dabx—(a’ -b*)* =0
c. x* —4abx+(a*—b*)> =0 d. None of these

If the sum of the roots of the equation Ax’ +2x+31=0
be equal to their product, then 4 ="7?

a. 4 b. -4

c.6 d. None of these

Ifaand g are the roots of the equation 2x* =3x+4=0,
then the equation whose roots are &® and S is:

b. 4x* +7x+6=0
d. 4x*-7x+16=0

a. 4x* +7x+16=0

c. 4x*+7x+1=0

If the ratio of the roots of the equation ax” +bx+c =0 be

p:q, then:
a. pgh> +(p+q)’ac=0 b. pgb’> —(p+q)ac=0
c. pga’ —(p+q)’bc=0 d. None of these
If a, 8 be the roots of the equation x> —2x +3 =0, then

. 1 .
the equation whose roots are —- and Lz 1s:
o

b.9x2 +2x+1=0
d. 9x* +2x-1=0

Ax2+2x+1=0

c. 9x*=2x+1=0



36.

37.

38.

39.

40.

41.

42,

If &, be the roots of x’—px+g=0and o', be the

of x*—p'x+4¢'=0, then the value of
(@-aY +(B-a) +(a-p)V+(B-f) is:

a. 2{p’ ~2q+p"” -24'- pp’}

b. 2{p* ~2¢+p" -2¢'~qq'}

¢. 2{p*—2q-p” -24'- pp'}

roots

d. 2{p*-2q—-p"” -2¢'—qq'}

If a,p are the roots of (x—a)(x—b)=c, c#0, then the
roots of (x—a)(x— f)+c =0 shall be:

a.a, c b. b,c
c. ab d. a+c,b+c

. 1 1 .
If the roots of the equation + =—are equal in

X+p x+q r
magnitude but opposite in sign, then the product of the
roots will be:

2 2 2 2

2 Pt P +a7)
2 2

2 2 2 2

o P4 q. P -a)
2 2

Ife,f are roots of x* —3x+1=0, then the equation whose
1 .

— —is:

a-2 -2

a. X +x-1=0

roots are

b. x> +x+1=0

¢. x*—x—1=0d. None of these
If & and S are the roots of 6x” —6x +1 = 0, then the value of

%[a+ba+ca2 +da’] +%[a+bﬁ+cﬂ2 +dB’] is:

a. l(a+b+c+al) b. £+2+£+i
4 1 2 3 4
¢ £—2+£—1 d. None of these
2 2 3 4
If the roots of the quadratic equation XM _XET ke
mx+1 nx+1

reciprocal to each other, then:

a.n=0 b. m=n

c. m+n=1 d. m*+n* =1

If @ and b are roots of x° — px+¢q =0, then l+%:?
a

a b. d. 2
q

1 1
p q 2p

43.

44.

If a,f are the roots of ax’+bx+c=0 and a+j},
o’ +f°, o+ arein G.P., where A =b*—4ac, then:

a. A=0 b. bA=0
c.ch#0 d. cA=0

If 3p> =5p+2 and 3¢> =5¢+2 where p#gq, then the
equation whose roots are 3p—2¢g and 3¢g—2p is:
b. 5x* +3x+100=0
d. 5x* -3x-100=0

a. 3x> —5x-100=0
¢. 3x* =5x+100=0

Condition for Common Roots, Quadratic Expressions and

Position of Roots

45.

46.

47

48.

49.

50.

51.

If the roots of the equation x*— 2ax + a* + a -3 = 0 are real
and less than 3, then:
a. a<2

c. 3<a<4

b. 2<a<3
d. a>4

If both the roots of k(6x>+3)+rx+2x*—1=0 and

6k(2x* +1)+ px+4x” —2 =0 are common, then 2r— p is

equal to:
a.—1 b. 0
c.l d.2

. If the two equations x’ —cx+d =0 and x’—ax+b=0

have one common root and the second has equal roots,
then 2(b+d)="?

a.0 b. a+c
¢. ac d. —ac
If every pair of the equations x*+ px+qr=0,

X +qgx+m=0, x’+rx+pg=0 have a common root,

then the sum of three common roots is:

a —(p+q+r) b. -p+q+r
2 2
c. (p+qg+r) d. —p+qg+r

If the equation x” + px+¢ =0 and x’ +gx+p =0, have a

common root, then p+¢g+1="7?

a.0 b. 1 c.2 d.—1
x*=1lx+a and x* —14x+ 2a will have a common factor,
if a=?

a.24 b. 0, 24 c.3,24 d.0,3

If x* —3x+2 be a factor of x* — px” +¢, then (p,q)="?
a.(3,4) b. (4,5)
¢ (4,3) d. (5, 4)



xX+2 takes all value in

2x* +3x+6

o [-L]
13°3

d. None of these

52. If x is real, the expression

the interval:

11

a | —,—
[13 3)
c.|—,—
313

53. If x,y,z are real and distinct, thenu =x* +4y” +92* —
6yz —3zx — zxy is always:

a. Non-negative b. Non-positive

¢. Zero d. None of these
54. If x is real, the functionwwill assume all real
x—c
values, provided:
a.a>b>c b. a<b<c
c.a>c<b d. a<c<b

55. If the roots of the equation x* —2ax+a’ +a—3 = 0 are real
and less than 3, then:

b. 2<a<3

d.a>4

a. a<?2
c. 3<a<4
56. If a,b,c are real numbers such that a+5+c =0, then the

quadratic equation 3ax” +2bx +c¢ = 0 has:
a. At least one root in [0, 1]

b. At least one root in [1, 2]

c. At least one root in [—1,0]

d. None of these

57. Ifthe equationa,x” +a, X" +..+ax=0 a %0, n>2,
has a positive root x=a , then the equation na,x""
+(n—1) a, ,x"” +....+a, =0 has a positive root, which is

a. Greater than or equalto @  b. Equal to a?

¢. Greater than o d. Smaller than o

Descarte's Rule of Signs

58. The maximum possible number of real roots of equation
¥’ —6x*—4x+5=0 is:
a.0 b.3
c. 4 d.5

Calculus in Problems of Equations and Expressions

59. 1f—2 > L then:
2x +5x+2 x+1
a. 2>x>-1 b. 2>x>-1
c. 2<x<-1 d. 2<x<-1

60. If for real values of x,x? -3x+2>0andx? -3x-4<0,
then:
a. -1<x<1 b.-1<x<4
c. -1<x<lor2<x<4 d. 2<x<4
Equation and In-equation Containing Absolute Value
61. Therootsof | x —2|% +| x —2| -6 =0 are:

a.0,4 b.-1,3 c.4,2 d.5 1

62. The set of all real numbers x for which x?~| x +2| +x >0,
is:

a. (o0, — 2)U (2, %)

b. (—0,-v2)U W2, %)
d. (\/E,oo)

¢. (—o,—1)U(l, )

63. Product of real roots of the equation 2x?+| x| +9 =0 (= 0)

a. Is always +ve b. Is always —ve

¢. Does not exist d. None of these

64. The number of solution oflog, (x—1) =log,(x—3)?

a. 3 b.1
c.2 d.0

NCERT EXEMPLAR PROBLEMS
More than One Answer
65. Let and given by

aeR f:R—>R be

f(x)=x"—5x+a.Then:

a. flx)has three real roots, if a >4

b. f{x)has only one real root, if a > 4
¢. flx)has three real roots, if a <—4

d. f(x)has three real roots, if —4 a <4

66. Let fix) be a quadratic expression which is positive for all
real x. If g(x)= f(x) —f'(x)+ f"(x), then for any real x:

a. g(x)>0 b. g(x)>0
c. g(x)<0 d. g(x)<0
67. The real  values of A for which the

equation, 3x” + x> —7x+ A =0, has two distinct real roots
in [0, 1] lie in the interval: (s)
a. (<2,0)

c. [0,2]

b. [0,1]
d. (—o0,00)
68. The roots of the equation, (x* +1)* = x(3x> + 4x + 3), are

given by:

a. 2—\/5
C. 2+\/§

b. (—1+if3)/2,i=+-1
d. (—-1-iv/3)/2,i=+-1



69.

70.

71.

72.

73.

74.

If A, G and H are the Arithmetic mean, Geometric mean
and Harmonic mean between two unequal positive
integers. Then the equation Ax* — |G| x — H = 0 has:

a. both roots are fraction

b. at least one root which is negative fraction

¢. exactly one positive root

d. at least one root which is an integer

If a, b, c € R and the equality ax® —bx + ¢ = 0 has complex
roots which are reciprocal of each:
a.|blg|al b.|b|<|c|

c.a=c d.b>a

The equation |x+1||x—1|=a*-2a—-3 can have real
solution for x, if a belongs x to:

a. (—0,~1]U[3,00) b. [1-+/5,1+/5]

c. [1-+/5,-1]U[3,1++/5]  d. none of these

The equation x*+a’x+b*>=0 has two roots each of

which exceeds a number ¢, then:
a. a* > 4b* b. *+a’c+b*>0

c. —a*/2>c¢ d. none of these

A quadratic equation whose difference of roots is 3 and

the sum of the squares of the roots is 29 is given by:

a. x> +9x+14=0 b. x> +7x+10=0

¢. x’=7x-10=0 d. x> -7x+10=0

If a, b, ¢ are distinct number in arithmetic progression,
then both the roots of the quadratic equation
(a+2b=3¢) X’ +(b+2c—-3a)x +(c+2a-3b)=0 are:

a. real b. positive

c. negative d. rational

Assertion and Reason

Note: Read the Assertion (A) and Reason (R) carefully to mark
the correct option out of the options given below:

a.

If both assertion and reason are true and the reason is the
correct explanation of the assertion.

If both assertion and reason are true but reason is not the
correct explanation of the assertion.

If assertion is true but reason is false.

If the assertion and reason both are false.

e. Ifassertion is false but reason is true.

75.

76.

71.

78.

79.

80.

81.

82.

Assertion: If a,b,c e R— {0}, then at least one ax’ +bx+c
=0, bx* + ¢x +a=0 and cx + ax + b =0 has imaginary
roots.

Reason: If a,b,c € R,a#0, then imaginary roots of the

equation ax” + bx + ¢ = 0 occur in conjugate pair.

2 3 4
X

Assertion: The equation f(x)l+ I X X 0 has
1 2! 31 4

two pairs of repeated roots.

Reason: Polynomial equation P(x) = 0 has a repeated root

aif P(@) =0 and P' (@) =0.

Assertion: If all the four roots of x*— 4x’ + ax’— bx + 1 =0
are positive, then a = 6 and b =4.

Reason: If polynomial equation P(x) = 0 has four positive
roots, then the polynomial equation P'(x) = 0 has 3 positive

roots.

Assertion: If a, b, c € Q & 2'7 satisfies a+bx+cx* =0,
then a=0,b=0,c=0.

Reason: A polynomial equation with rational coefficients
cannot have irrational roots.

Let a, b, ¢ € R, a>0 and function f: R — R be defined by
f(x)=ax® +2bx+c.

Assertion: b* <ac = f(x) > 0 for every value of x

Reason: f'is strictly decreasing in the interval (—oo, b/a)

and strictly increasing in the interval (—b/a, )

Assertion: If a,b,ceR and 2a+3b+6¢=0, then the

equation ax’ + bx +c = 0 has at least one root in [0, 1]
Reason: If a continuous function f defined on R assumes
both positive and negative values, then it, vanishes at least

once.

Assertion: Let f(x)=ax’+bx+c,a,b,ceR. If Ax)

assumes real values for real values of x and non-real
values of for non-real values of x, then a =0

Reason: If a, b, ¢ are complex numbers, a # 0 then

a+ifB,B#0 is a root of ax’+bx+c=0 if and only if

a—if isaroot of ax’ +bx+c=0

Assertion: If a+0and the equation ax’+bx+c =0 has

two roots o and f such that ¢ <-2 and £ >2, then

a+|b|+cand a have the opposite signs.



Reason: If >0 and p,0(y<0) are the roots

of ax*+bx+c=0, then graph of the parabola

y=ax’ +bx+c, for y <x<& lies below the x-axis.
83. Leta, b, ¢, p, q be the real numbers. Suppose ¢, [ are the

. 1
roots of the equation x* + 2px +¢ = Oand a,E are the roots

of the equation ax” + 2bx + ¢ = 0, where ° ¢ {~1,0,1}.
Assertion: (p° —¢)(b* —ac) >0 and

Reason: b ¢ pa or c ¢ qa.

Comprehension Based

Paragraph-I

Read the following passage and answer the questions. If a
continuous f defined on the real line R, assumes positive and
negative values in R, then the equation f(x) =0has a root in
R. For Illustration:, if it is known that a continuous function f
on R is positive at some point and its minimum values is

negative, then the equation f(x) =0 has a root in R. Consider

f(x) = ke® — x for all real x where & is real constant.

84. The line y =xmeets y = ke* for k <0 at:
a. no point b. one point

¢. two points d. more than two points

85. The positive value of k for which ke® —x = 0 has only one

root is:
a. l b. 1
e
c.e d. log,2

86. For k>0, the set of all values of k& for which

ke® —x = 0 has two distinct roots, is:

Paragraph-11
Consider the polynomial f(x)=1+2x+3x" +4x>.Let s be the

sum of all distinct real roots of f(x)and let 1 =|s|

87. The real numbers s lies in the interval:

(3] wne (3 2)efos

88. The area bounded by the curve y = f(x) and the lines

x=0,y=0and x=¢, lies in the interval:
a. 2,3 b. 2’2
4 64 16
a0
64

. L 1 .
a. increasing in —t,—Z and decreasing in | —

¢. (9,10)

89. The function f'(x) is:

)
)

ENg e

E

b. decreasing in (—t,—%) and increasing in (—

c. increasing in (—,¢)

d. decreasing in (—t,¢)

Match the Column
90. A Observe the following columns:

Column II
1. m is the AM of n and p

Column I

(A) A The number of
solution of the system
of equations x + 2y =
6and [x—3|= yism,
then.

(B) If x and y are integers
and (x-8)( x — 10)=2"
the number of solution

2. nis the GM of m and p

is n, then.
(C) The number of 3.pisthe HM of mandn
integral solution for
the equation x + 2y =
2xy is p then.
g e

. Y

a.A—1,5; B—24; C-3
b. A—2,5; B—5,1C—1

c. A—3,4;B—1,3;C—>2,4
d. A—2.3; B-3,4;,C—1,4

91. Observe the following columns:

Column I Column II
(A)Ifa+b+2c=0,c=then 1. atleast one root in
equation ax’ + bx + ¢ =0 (-2, 0)

has



92.

(B) Let a, b, ¢ € R such that 2a
— 3b 6¢ = 0, then equation
ax® + bx+ ¢ =0 has

(C) Let a, b, ¢ be zero real

that

numbers such

Iol (1+cos® x) (ax*+ bx + ¢)

dx— J.OZ (1+cos*x) (ax* +

bx +c) dx, then the
equation ax® + bx +c = 0
has

a.A—3,45;B—1,2,3; C—>34,5
b. A—1,2,3; B—1,3,5; C—>34,5
c. A—1,2,5;B—1,53; C—3,2,5
d. A—2,53; B—1,4,5; C—>2,1,5

Observe the following columns:
Column I
(A) If a, b, c, d are four non
zero numbers such that(d
ta-byY +Hd+b-c)i=
0 and of the
equation a(b — ¢)x* +b(c
—a)x + c(a —b) =0 are

real and equal, then

roots

(B) If a, b, ¢ are three non
zero real numbers such
that the roots of the
equation

(C) If the three equations x*
+px+12=0, X+ gx +
15=0and x¥’(p + ¢)x +
36 = Ohave a common
positive root and a, b, ¢
be their other roots, then

a. A—>1,234,5;B—>1,2; C-1
b. A—>2,1,4,3,5; B—1,3; C-1
c. A—>2,1,3,54;, B—>3,2; C>2
d. A—>5,2,3,4,1; B—>1,2; C>5

2. at least one root in
(717 0)

3. at least one root in

(717 1)

4. at least one root in
(0, 1)

5. at least one root in
(0, 2)

Column II

1. a+b+c+#0

2.,b,carein AP

3.a,b, carein GP

4. a, b, c are in HP
S5.a=b=c

Integer

93.

94.

9s.

96.

97.

98.

99.

100.

If o, f3 are the roots of the equation A(x* —x) + x + 5 = 0.

If 4, and A, are two values of A for which the roots o,f3 are

B A A

related by C . %, then the value of —+— must be
a

equal to:

If g yare suchthat o+ B+y=4, & + £ +/ =6, o +
S +7° =8, then the value of [ + £ +7*] must be equal

to: (where[-]denotes the greatest integer function)

Sum of all roots of the equation

\/x+2\/x+2\/x+...+2\/x+2\/3_x = x must be equal to:

n radical signs

In copying a quadratic equation of the form x>+ px + ¢ = 0
then coefficient of x was wrongly written as —10 in place
of —11 and the roots were found to be 4 and 6. If o, § are
the roots of the correct equation, then the value of & + *

must be equal to:

If & and f3 are the roots of the equation x*+ px + ¢ = 0 and

. a
also ¥ + p" x""* 14" =0 and if E,ﬁ are the roots
a

of x" +1+(x+1)" =0, then the value of » must be equal to:

The smallest value of &, for which both the roots of the
equation x” —8kx+16(k* —k +1) = 0 are real, distinct and

have values at least 4, is:

Let (x, y, z) be points with integer coordinates satisfying
the system of homogeneous equations 3x —y —z = 0, —3x
+2z=0,-3x+2y +z=0 Then the number of such points
for which x>+ y*+ 22 < 100 is:

Let @ be the complex number coszT”H' sinzT”. Then

the number of district complex number z satisfying

z+l @*

o z+o 1 |=0 isequalto:

@* 1 Z+®
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SOLUTION

Multiple Choice Questions

1.

2.
=

=
Put

(¢) Given equation (x—a)(x—b)+(x—b)(x—c)+

(x—c)(x—a)=0can be re-written as 3x° —2(a+b+c)x

+(ab+bc+ca)=0

D=4[(a+b+c)* —3(ab+bc+ca)]

=4[a* +b* +c* —ab—bc—ac]

=2[(a-b)* +(b-c)* +(c—a)’]=0

Hence both roots are always real.

(¢) Equation x? + kx — 24 =0 has one root as 3,
37 +3k-24 =0

k=5
x =3 and k=5 in option

Only (c) gives the correct answer i.e.

=
=

3.

=

=

3 -15+9=0
0=0
(b) Since roots are equal then [-2(1+3k)]?

=4.1.7(3+2k)

1+9k* + 6k =21+14k
9k*—8k—20=0

Solving, we get £k =2,-10/9

4. @ a+f=-a,aff=>b
= a-fB=Va’-4dband y+5=-b, p=a
= y-6=Vb"-4a

According to question, ¢ — =y -0

= Ja’—4b=b"-4a

= a+b+4=0

5. (¢) As given, if o, Sbe the roots of the quadratic equation, then
1 (a+p)-2ap

F - 052,82

b _bla’=2c/a _b*-2ac

2

1
=> a+f=—+
o

a ’la’ c

2a b b ab®+bc?
> = 4—-=——
¢c & oa ac

= 2a’c=ab’ +bc’
2_a:b Es,a,é are in A.P.

b aabc

b

a

are in H.P.

>

S ESEEPN

a
= -,
c

6.  (b) Since roots of the equation x* —5x+16=0 are &, 3.

= a+pf=50aB=16 and a2+ﬁ2+%:—p

= (a+,b’)2—2aﬁ+a—2ﬁ:—p

= 25—2(16)+%=—p

= p=-land (o’ +ﬂ2)(%j=q

= la+py-2051L =g

= (25-32)8=¢

= q=-56

7. (d) Let aand o be the roots thena +a* =—p, a.a’ =g¢
Now (a+a’) =a’ +a® +3a’ (a+a?)

= —p'=q+q’-3pq = p'+q’ +q(1-3p)=0

8. (d)Roots of x> +x+1=0 are

1e1-4 1443 ,
5 , = > =,

Take a=w,8 =0’

al‘) — w19 — W,ﬂ7 — (W2)7 — W14 — W2

Required equation is x> +x+1=0



9.

10.

=

11.

=

1 2-45
245 -1
Other root=—2—~/5
Again, sum of roots = — 4 and product of roots =— 1.

=245

(b) Given root =

The required equation is x* +4x—1=0

(b) If & is the coincident root, then x* + @ o + b = 0 and
2
ad+ba+a=0=> 20( = « 1
a-b" b-a b-a
a’=—(a+b), a=1

—(a+b)=1 = (a+b)=-1

(a) Let the roots are aand 2«

Now, a+2a=zl_i, 0!~20‘=2;
a”—5a+3 a —5a+3
a —-5a+3 a —-5a+3
|1 (=32 | 2
9(a*=5a+3)Y | a’-5a+3
2
gll:9 = 9a* -45a+27=1+94* —6a
a —5a+3
39a=26= a=2/3

=

12.

13.

=

=

14.

15.

or

16.

(¢) Since a =1> 0 therefore its minimum value is

_4ac-b> _4()(17)-64 4
4a 4 4

(a) Equation a(x’ +1)—(a*+1)x=0

1

ax’> —(@* +Dx+a=0

(ax-D(x—a)=0=> x:a,l.
a

(c) We have ix> —4x—4i=0

x2+4ix-4=0= x> +2ix+2ix-4=0
(x+2)(x+2)=0= x=-2i, —2i.

(d) 8sec?@—6secH+1=0= secHz%

1
secﬁ=z ,but sec@>1or secd <-1.

Hence the given equation has no solution.

(b) Let the required number is x

So, x=vx+12 > x-12=vx = x> —25x+144=0

=

x?-16x-9x+144 =0 = x=16
Since x =9 does not hold the condition.

By inspection, since 16 exceeds its positive square root
i.e.,4 by 12.

17.

18.

U

19.

20.

21.

22.

So,
23.

24.

(d) Given that x*”* —7x"* +10=0. Given equation can be
written as (x'*)* =7(x"*)+10=0

Let a=x"?, then it reduces to the equation
a’-T7a+10=0=(a-5)a-2)=0 =>a=5,2

Putting these values, we have ¢’ =x =>x=125and 8.

(a) xl‘)g’(kxﬂ:g

log (9)=log (1-x)’(-a" =N =log, N =x)
9=(1-x)* =1+x*-2x-9=0

¥ =2x-8=0= (x+2)(x—4)=0 = x=-2,4.

(d) Given equation ™ —e™ "™ —4=0
Let ™™ =y, then given equation can be written as

V—4y-1=0= y=2+/5

sinx

But the value of y=e

y=2+45 (:2<+/5)
loggy:10g5(2+\/§):sinx:10ge(2+x/g)>1

Which is impossible, since sinx cannot be greater than 1.

is always positive, so

Hence we cannot find any real value of x which satisfies
the given equation.

(d x+l=2:x+l—2=0 Cox=0)
X X

¥ =2x+1=0=>(x-1)"=0= x=1,1.

(©) V3x2—7x-30+~/2x* —~Tx—-5=x+5
N3xP=7x=30=(x+5)-~2x" =Tx-5

on squaring, v2x*>—7x-5=5

2x°—7x-30=0=x=6.

(d) Since quadratic equation ax’+bx+c=0 has three
distinct roots so it must be an identity.

a=b=c=0.

(©) x=v2+x = ¥’ —x-2=0

(x-2)(x+D)=0 = x=2,-1

But y2++/2+..... #—1,s0 it is equal to 2.
2

(a) eX=x+1:1+£'+x—'+ ...... =x+1

2 x3

— =t =0;x*=0,x"=0, ...... x"=0

2! 3!

Hence, x =0 only one real root.
Check the equation with options then only option (a)
satisfies the equation.



25.

26.

27.

28.

29.

30.

(a) log, log,(\x+8—-+/x) =0
4° =log,(Nx+8-~/x) = 2' =Jx+8 -/x

4=x+8+x-24x? +8x = 24/x? +8x =2x+4

X +8x=x*+4+4x = 4x=4 = x=1.

(b) Equations px” +2gx+7 =0 and

gx’ — 2(\/;))5 +g =0 have real roots, then from first
4 —dpr>0= ¢ —pr=0=q> > pr (@)
and from second 4(pr)—4g> >0 (for real root )
pr>q’ (1))

From (i) and (ii), we get result ¢> = pr.

(b) The roots of the equations are given by

= —b+b* —4ac
2a
Now if a >0,¢>0,b* —4ac < b*

The roots are negative.

Let b*—4ac>0,b>0

Let b> —4ac <0, then the roots are given by

_bh+i _}H?
e btii/(4ac—-b") ’ (i:\/—_l)
2a
Which are imaginary and have negative real part (" b > 0)

In each case, the roots have negative real part.

(b) Let first root = & and second root -1
a

Thena.lzﬁ =k=5.
a 5
3a+4 PN

(b) It is given thataf =2 =
a+1

3a+4 =2a+2=>a=-2
2a+3

Also a+ f=-
a+1

Putting this value of a, we get sum of roots
_2a+3 _ A4+3
-2+1

-1.

a+1
(a) Here a+ﬂ:—£and aﬁ’:i
a a

If roots are « +%, yij +l, then sum of roots are
(04

(gL 1) atp_ b
bl s

and product = (a + L] ( B+ lj
g a

31.

32.

33.

34.

=

1 ¢ a 2ac+ct+d® a+c)?
=af+1+1l+—=2+—+—= AL
Q a c ac ac

Hence required equation is given by

b a+c)
x? +—(a+c)x +u:
ac ac

0

acx® +(a+c)bx +(@+c)* =0.

Trick: Let a=1, b=-3,c=2,then a =1, g =2
a+i:2 and ﬂ+L=3
g2 a

Therefore, required equation must be
(x-3)2x-3)=01Le 2x>-9x+9=0
Here (a) gives this equation on putting a =1,b = -3,c=2.

a’ +b?

(b) Sum of roots a + f = —(a + b)and aff =

(@+ pB)? =@+b)*and (@ - p)* =a’ + % - 2ap
= 2ab —(a® +b?*) = ~(a - b)*

Now the required equation whose roots are
(@+p)and (@ - p)°

2 —{a+py +@- PPy x+@+pa-py =0
¥ —{(a+b)Y’ —(a-b)}x—(a+b)(a-b) =0
x* —4abx—(a* =b*)’ =0

(d) Under condition, —%=3:> /1:%
3
(a) a+,8=5 and aff =2
2 2 2 9 7
a +p =(a+p) —20{,6’:2—4:—Z

Hence required equation x* —(a’ + B> )x+a’f* =0
x’ +lx +4=0

4
4%’ +7x+16=0

(b) Let pa,qa be the roots of the given equation

ax’ +bx+c=0.
b c
Then pa+ga =—-—and paga =—
a a

_b

a(p+q)

Substituting this value of « in second relation, we get
2

From first relation, o =—

C
- % —_—
prq 1T

b’pg—ac(p+q)’ =0

Students should remember this question as a fact.



35. (b) a,fBbe the roots of x>’ —2x+3=0, then a+£=2 =Baf(a+p)]

and gff=3 Now required equation whose roots are _ a+é+lc (1)2_2.1 +ld (1)3_3.1
2 2 2 6
LLisxz_(L+L]x+;=0
a’’ B’ o p) ap _a,b c d
1 2 3 4

N x2_(_§jx+%:0:9x2+2x+1=0.
41. (a) Given, =" X"

36. (a) Asgiven,a+f=p, aff=q,a'+p' =p,a'f' =q' mx +1  nx -1
2 —
Now, (@-a'V +(B-a') +(a-B)Y +(B-B) = x(m—-n)+2mnx+(m+n)=0
=2’ + B+ 2a*+p*)-2a' @+ B) -2+ f) Roots are oc,l respectively, then oc.L _m*n
a [04 m—n

=2{a+ B —20p+(@' + ) - 20 @+ Pa' + B))
:2{[72 —2q+p'2 —2q'—pp'}.
37. (c) Asgiven, a+f=a+b, af=ab—-cor ab=aff+c.

= m-n=m+n = n=0.

42. (d) Roots of given equation x> —px +¢ =0 is « and b

. . .e., b= {1
Then the required equation is x* — x(a + f)+af +c =0 e at P (.?
and ab =g ... (i)
< x* —x(a+b)+ab =0, whose roots are a, b.
. . ) Th 1 1 a+db p
38. (b) Given equation can be written as en —+—-= ==
a b ab q
x +x(p+q-21+pg—pr—qr=0 ...()
2 282 3 3
whose roots are o and -« , then the product of roots B. @) (@ +p) =(@+p)a +5)
.. 2
—a’ =pq—pr—qr=pg-r(p+q) - (i) [b2—2acj _(_bj(_b2+3abcj
2 -\ s
andsum 0 =p+g—2r :r:p;q ... (i) a a a

.. =  44%? =ach? = ac(b® —4ac)=0
From (ii) and (iii), we get

As a#0=>cA=0
+ 1
-a’ :pq—%(pw):—g{(p +q)* ~2pq|

44. (a) Givenroots are 3p—2g and 3¢g—2p.

__(PP+qY) 5

B ) ) Sum of roots = 3p—2¢9)+(3qg—-2p) = (p+q):§

39. (¢) a,p are the roots of the equation x? —3x +1 =0
~a+pB=3and gf =1

1 1 a+ -4 3-4

Product of roots = 3p—2q)(3¢—2p)

= 9pq —6q° —6p> +4pq = 13pg —2(3p* +3¢°)

S = + = = =1 _
a-2 pf-2 aof-2a+p)+4 1-23+4 = 13(?2j—2(5p+2+5q+2)
and P = ! = ! =-1 P 5
@-2(f-2) af—2a+p)+4 . (Tj_z{s(ij“‘}
. 1 1
Hence the equation whose roots are — and 72 are % _2{2_5+4}: 100
3 3 3

X’ =Sx+P=0=x"—x-1=0.
Hence, equation is 3x> —5x—100 =0.
40. (b) a, p are the roots of the equation 6x? —6x +1=0
= a+f=laf=1/6 45. (a) Given equation is x* —2ax+a’*+a—-3=0
If roots are real, then D >0
40> —4d’ +a-3)20
-a+320
a-3<0
a<3
As roots are less than 3, hence f(3)>0

%[a+bo¢+co¢2 +aloz3]+%[a+b,b’+c,b’2 +d ]

= a+%b(a+ﬂ)+%c(a2 +ﬂ2)+%d(a3 +5)

uuu

:a+%b+%c[(a+ﬂ)2 —2a,b’]+%d[(a+ﬂ)3



=
=

=

9-6a+a’+a-3>0
a*-5a+6>0
(a-=2)a-3)>0

a<2,a>3.

Hence a < 2 satisfy all the conditions.

46.

47.

48.

49.

50.

51.

So,

(b) Given equation can be written as

6k+2)x* +rx+3k-1=0 ()
and 2(6k +2)x* + px +2(3k-1)=0 ... (i1)
Condition for common roots is

12k+4 _p _6k-2

== =20r 2r-p=0
6k +2 r 3k-1

(c) Let roots of x> —cx+d =0 be a,f then roots of
x> —ax+b=0be a,a
a+ﬂ:c,aﬁ:d,a+a:a,a2:b

Hence 2(b +d) = 2(a* +af) = 2a(a + B) = ac

(a) Let the roots be «, B; 8,7 and y,a respectively.
a+fB=-p,f+y=—qy+a=-r
Adding all, we get Za =—(p+q+r)/2 etc.

(a) Let « is the common root, so a* + pa+q=0 ...(i)
and o +ga+p=0 ... (i)
from (i) — (i),

(P-9a+(qg-p)=0=a=1

Put the value of ¢ in (i), p+¢g+1=0.

(b) Expressions are x* —11x + a and x> —14x + 2a will have
a common factor, then

x? X 1
—22a+14a a-2a -14+11
2
al :i:i:)czzg—aandx:ﬁ
—8a -a -3 3 3
2 2
ay _8a @ 8a_ 004,
3 3 9 3

Trick: We can check by putting the values of a from the
options.

(d) x> —3x+2be factor of x* — px* +¢ =0

Hence (x* -3x+2)=0= (x—2)(x—1)=0

x = 2,1, putting these values in given equation
4p—qg-16=0 (Y}
and p—g-1=0 ... (1)
Solving (i) and (ii), we get (p, g¢) = (5, 4)

52.

or

53.

54.

or

or

or

5S.

(b) If the given expression be y, then
y=2x"y+By—-Dx+(6y—2)=0

If y#0then A>0forreal xie. B> —44C>0

~ 39y +10y+1>0 or (13y+1)(By-1)<0
-1/13<y<1/3

If y =0 then x=-2 which is real and this value of y is
included in the above range.

(a) x,y,z € Rand distinct.

Now, u=x"+4y" +92> —6yz —3zx - 2xy
1 2 2 2
:5(2x +8y" +18z" —12yz —6zx —4xy)

= %{xz —4xy +4y?) +(x% —62x +927) +(4y? —12yz +922)}

:%{(x—Zy)z +(x=32) +(2y-32)’}
Since it is sum of squares. So u« is always non- negative.

(d) Let y :w or y(x—c)= x> —(a+b)x+ab
(x=0)

x* —(a+b+y)x+ab+cy=0

A=(a+b+y) —4(ab+cy)

=y’ +2y(a+b-2c)+(a-b)

Since x is real and y assumes all real values, we must have

A > 0 for all real values of y. The sign of a quadratic in y

is same as of first term provided its discriminant

B*-44C<0

This will be so if 4(a+b-2c)* —4(a—b)’ <0
4(a+b—-2c+a-b)a+b—-2c—a+b)<0
16(a—c)(b—c)<0 or 16(c—a)(c—b)=—ve

clies betweenaand bi.e., a<c<b (@
Where a < b, butif b < athen the above condition will be
.. (i)

Hence from (i) and (ii) we observe that (d) is correct

b<c<aora>c>b

answer.

(a) Given equation is x> —2ax+a’ +a-3=0
If roots are real, then D >0

40> - 4@’ +a-3)20 = —a+320
a-3<0 = a<3

As roots are less than 3, hence f(3)>0
9-6a+a’+a-3>0 =a’-5a+6>0
(a—2)(@a—-3)>0=either a<2 or a>3

Hence a < 2 satisfy all.



56. (a)Let f'(x) denotes the

f(x)=3ax? +2bx +c ,

quadratic

by f(x)=ax® +bx* +cx

Now f(x) being a polynomial in R, f(x) is continuous and

differentiable on R. To apply Rolle's theorem.

We observe that f(0)=0 and f(l)=a+b+c=0, by

hypothesis. So there must exist at least one value of x, say

x =a €(0,1) such that /(@)=0 < 3aa’ +2ba+c=0

That is, /'(x) = 3ax? +2bx + ¢ = 0 has at least one root in

[0, 11.
57. (d)Let f(x)=ax"+a, x""
J0)=0; f(a)=0

= f'(x)=0, has atleast one root between (0, «)

+otax;

i.e, equation na,x"" +(n—1g, x" > +..+a, =0

has a positive root smaller than « .

58. (b) f(x): x5—6x2—4x+5:0
+ - +

2 changes of sign = maximum two positive roots.

f(x)— ¥ —6x" —4x+5=0
-+ o+

1 changes of sign = maximum one negative roots.

= total maximum possible number of real roots =2 + 1 = 3.

2x 1

59. (¢) Given —; - >0
2x° +5x+2 x+1
2x% +2x—2x> —5x-2 —3x-2
= >0
Cx+D(x+2)(x+1) Cx+D(x+2)(x+1)
- —3(x+2/3) (x+2/3)
(x+D(x+2)2x+1) (x+D(x+2)2x+1)

Equating each factor equal to 0,

N\ SN
AT

We get x=-2,-1,-2/3,-1/2

xel-2,-1[ul-2/3,-1/2
= -2/3<x<-1/2 or 2<x<-1
60. (¢c)x?>-3x+2>0 or (x —1)(x-2)>0
x € (—0,1) U (2,0) . .()
Again x> =3x-4<0 or (x—4)(x+1)<0
x e[-1,4] (1))
BN T

] 4

expression

whose antiderivative be denoted

From eq. (i) and (ii), x e[-1,1) U (24]

= -—1<x<lor2<x<4

61. (a)Wehave| x-2|>+| x-2|-6=0

Let |x-2| =X; X*+X-6=0
—1x4
= le_—l+24:2’_3

2
= X=2and X=-3

| x-2| =2 and | x —-2| = -3, which is not possible.

= x-2=2
or x-2=-2

x =4
or x=0

62. (b)Case(i): If x+2>0
ie. x=>-2,

We get x> —x-2+x >0

N S

R S——

= x*-2>0
= @-V2)x+42)>0
= xe(=-V2)uW2,)
But x > -2
x e[-2,-V2)UW2 ) ()
Case (ii): x+2<0 ie x<-2,
thenx® +x+2+x>0
= x’+2x+2>0
= (x+1)*+1>0. Which is true for all x
x € (-, —2) ... (i)
From (i) and (ii),
we get, x e (700,7\/5)u(\/5,oo)
63. (c) Expression is always +ve,
SO x4+ x| +9#0.

Hence roots of given equation does not exist.

64. (b) We have log,(x —1)=log,(x —3)

(x-D)=(x-3)
= x-1=x+9—6x
= X-Tx+10=0
= (x-5x-2)=0

x=5o0rx=2
But x—3 <0, whenx=2.

Only solution is x = 5.
Hence number of solution is one.



NCERT Exemplar Problems

More than One Answer

65. (b, d) Plan: Concepts of curve tracing are used in this
question.
Number of roots are taken out from the curve traced.

Let y =x° —5x

(@) As x >0,y >wand as x - —o,y —> —©

(b) Also, at x =0,y =0, thus the curve passes through the
origin.

(©) & =5x*—5=5(x"-1)
dx

=5 -D(x* +1) =5(x-D)(x+D(x* +1)

Now, % >0 in (-wo,—1)U(l,), thus f(x) is increasing in
X

these interval. Also, ? <0 in (-1, 1), thus decreasing in
by

-1, 1).

(d) Also, at x=—1,dy/dx its sign from +ve to —ve.

x =—11is point of local minima.
-1.4)

Local maximum value, y = (=1)° —=5(-1) = 4
Local minimum value, y = (1)’ —5(1) = -4
Now, let y=—a
As, evident from the graph, if —a € (—4,4)
ie.,ae(-4,+4)
Then, f(x)has three real roots and if —a >4
Or —a<—4,then f(x)has one real root. i.e., for a <-4 or

a >4, f(x)has one real root.

66. (a,d) Let f(x)=ax’ +bx+c>0VxeR

= b —4ac<0
And a>0 . .()

Now, g(x) = f(x)— f'(x)+ f"(x)
=ax’ +(b—-2a)x+Q2a—-b+c)
Discriminant = (b-2a)* —a(2a—b+c¢)
=(b* —4ac)—4a* <0 (from Eq. (i)]
= g(x)>0,vxeR = g(x)20,VxeR.

67.
Let

68.

69.

(a, b, ¢, d) Given equation is3x’ + x> =7x+ A1 =0
f(xX)=3x+x>-Tx+ A

f(x)=9x"+2x-7

=9(x+1)(x-7/9)

For max or min f'(x)=0
x=—1x=7/9 %6[0,1]

Hence Eq. (i) has two distinct real roots in [0, 1] for all
values of 4

(a, b, ¢, d) Given equation is (x> +1)* = x(3x” + 4x +3)

xt=3x —2x* =3x+1=0

xz(x2—3x—2—i+i2):o
X x

x#0

X+ ! (x+l)—2=0

x*-3 X

2
(x+lj —3(x+l)—4=0
X X
(x+l—4j(x+l+lj:0
X X

(> —4x+D(x* +x+1)=0

2 l ’ 3 —
{(X—Z) —3}[()&'-{-5) +Z]—0

xzzi\/s—’—lil\/g

2

(b, ¢) Given equation is

Ax’—|G|x-H=0 0)
1G] H
Let «, fBare the roots then « + S =Tand 7 =

Since, A>\G\>Hor1>‘—j‘>£

Hence, A is positive

a+ fand af has positive and negative fraction respectively.
Also, |G = AH (7))
Discriminant of Equation (i) = (= | G|)* —=4-4-(—H)
=|G|* +44H =5|G|>0 [From Equation (ii)]

Hence roots of Eq. (i) are and distinct.
a+pf>0andaf <0

One root is positive and other is negative and at least one
root is a fraction. So, the equation has a negative fraction
root.



. 1
70. (a, b, c)Ifrootsis a,—
a

1 ¢
a-—=—=c=a
a a

Since, (|a|—|b]|)*=0o0r |a|>|b|

But a=c, .. |c]2|b].

71. (b,¢) |x+1||x—1|=a*—2a-3

= |xX*-lza’-2a-3
a*-2a-320 = (a+1)(a-3)20
ae(—w,-1)U[3,0)

72. (a, b, ¢) Roots are real
B> —44C>0 = a*>4b°, (a)is correct.
If f(x)=x>+a’x+b> ("
f(c)>0, then ¢’ +a’c+b*>0

(b) is correct. Also (x- coordinate of vertex) > ¢

¢ lie outside the roots)

aZ
= ——>cC
2

(c) is correct.
73. (b,d) |a-pl=3and o’ +p°=29.|a—pB[=9
= o +p-2a8=9
af=10 (o’ + B° =29)
Then (a+ B) =a’ + B> +2af =29+20=49
a+f=+7
Required equation is x* +7x+10=0
74. (a,b)Let A=a+2b-3c, B=b+2c-3a,
C=c+2a-3b
A+B+C=0

C
Hence, roots are 1 and Z

Assertion and Reason

75. (b) If each of the three equation has real roots, then
b*—4ac>0,c> —4ab>0 and a*—4ab>0

272 2

= a*b*c* > 64a’h*c*. A contradiction.

76. (d) If «is a repeated root of f(x)=0,then f(a)=0and
f'(@)=0.

4
= %:0:(1:0. But o =0 does not satisfy f(x)=0.

77. (b) Letx,,x,,x;,x, be four positive roots of x* —4x’ +ax’
—bx+1=0,then x, +x,+x,+x, =4 and xx,x,x, =1.

= i(}c1 +2, + X+ x,) = (x4, x,0,x,)"
That is A.M. = G.M. This is possible if and only if
X, =x, =x, =x, =1. Thus the given equation becomes
(x-1)’=0=>a=6,b=4.
Reason follows immediately from the Rolle’s theorem.

78. (c) By multiplying a,b,c by an appropriate natural number,

we may assume that a, b, ¢ are integers. We may further
assume that a, b, ¢ have no factor in common.

Now, a+b2"* +c2** =0

= a=-20b+2"c) =2’ +2¢’ —3abc)

= 2|a’*=2|a= a=2qforsome aq € L

Thus, 4a; =—(b’ +2¢’ —6a,bc)

= b’ =-224a +c’ -3abc)

= 2|0’ =2|b=b=2bforsome b el.
Therefore 4b] =—(2a; +¢* —6a,b,c)

= ' =-2(a +2b’ -3abc)

= 2| =2
1
This is a contradiction. Reason is false as 23 is irrational

but is a root of x* —2=0.

79. (b) We have f'(x)=2ax+2b= 2a(x+2)
a

Not that f ’(x)=0 for x=-b/a and f'(x)<0 for
x<-b/a.and f'(x)>O0for x>-b/a

This shows that f'is strictly decreasing on (—co0,—b/a)and
strictly increasing on (—b/a,®).

Also note that f'has a local minimum at x =-b/a.

_bz—ac

We have min f(x)= f [_—bj =
a

a
If b* —ac>0and 4 >0,then f(x)>min f(x)>0

Thus, Assertion is true and Reason is true. However,
Reason alone is not the complete explanation for Reason.

80. (b) Consider £ R—R defined by f(x) = %ax2 +%be +ex
Then is f continuous and differentiable on R and

f(l)%a +%b+c =%(2a +3b+6¢)=0and £(0) = 0. By the

Rolle’s theorem there exists & € (0,1) such that f'(«) =0



But f'(x)=ax’+bx+c

a+pf
2

Again, now pa:—( )a:—%(a+ﬁ)

Thus, ax’ +bx+c =0 has at least one root in (0, 1)
Reason is true but its not the correct explanation of a 1
and b=——| a+—

Assertion. 5
81. (¢)If a=0, werewrite f(x) as follows: Since, pa#b
2 5 1
f(x)=a x2+éx+£ —u x+i +4ac 2b - a+z¢a+,8
a a 2a 4a

, , = p*#1,B#{-1,0,1}, b which is correct. Similarly, if
f —i+i =a (l_)2+4ac—b =a l—l—M c#qa
2a 4a’ 4a’ 1

L . . . . a
Which is real? This contradicts our assumption thatisnon = a— #aaf

real for non-real x. Therefore, @ = 0. Reason is false since

—i is a root of x’+x+1+i=0 but i is not a root of = a[ﬂ—ijio
X +x+1+i=0. B

1
82. (@) a,f are roots of ax’ +bx+c=0<a,f are roots of = «#0 and ﬂ—ﬁio

x +2x+£:0. As coefficient of x” >0, graph of the = f#{-10,1}
“ a4 Reason is true. Both Assertion and Reason are true. But

parabola y = x° +2x +<fora <x< P lies below the x-axis. Reason does not explain Assertion.
a a
2 b c 2 b c .
As —1,,e(a, ), (-)*+—(-)+—<0 and I'—+—<0 Comprehension Based
a a a a
b b 84. (a) y
= 1-2+%<0and 1+2+5<0
a a a a
= l(a+|b\+c)<0 x *
a
Thus, a+|b|+c and a have the opposite signs. \
b

83. (b) Given, X’ +2px+¢g =0
a+pf=-2p ()

Let y = x intersect the curve y = ke® at exactly one point

when £ <0.
aff=q () 55 L
. (a) Let =ke® —
and ax’ +2bx+c=0 . J(x)=ke' —x
o to_2b (i) f(x)=ke'-1=0= x=-Ink
=T RN 711 " .
a £(x) = ke
" =1>0
and ZZE . (lv) [f (X)]X:_Ink
a Hence, f(-Ink)=1+Ink
Now, (p* —g)(b* —ac) For one root of given equation
2 1
2 a+— l+lnk=0= k:Z
= [Mj —af p _a p
-2 2 p 86. (a) For two distinct roots,
1+Ink <0 (k>0)
ey 2 Ink<-1 k<ll/e
:M(a _l] at>0 )
16 B Hence, k e [0,—)
Assertion is true. e



87. (¢) Given, f(x)=4x’+3x"+2x+1 (B)
f(x) =2(6x" +3x+1)
D=9-24<0
Hence, f(x)=0 has only one real root.

1 3 4
-—|=1-1+=-=>0
o)

3 6 27 108 64-96+108-108 .
) e e a0
©
T 3 1
f(x) changes its sign in [—Z,—E), hence or
f(x)=0 has aroot in [—E L
4’ 2

88. (a)

1 3
2 4
1/2 ' 3/4

j F(x)dx < j F(x)dx < j £ (x)dx

Now, [ f(x)dx = [(1+2x+3x* +4x")dx o1
=x+x"+x +x*
1/2 3

15
= J;f(x)dx:E>Z

3/4

530 a
l f@ydv==2<3 (B)

89. (b)
lw///
-1,4)

Y
S/
4 2

N |- 1
Blw 4

Figure is self explanatory

Match the Column
90. (a) (A) Case (i): If x>3, the x+2y=6,x—3=y We

C
getx=4,y=1 ©

+ =
Case (ii):If x < 3, then x3 }y=3,x:0 =
—4=y

Hence, the only solution are (0, 3) and (4, 1) i.e, m=2 =

Since, 2’is positive for all values of y, then (x—8)(x—10)
should be positive, Therefore, x >10or x <8
Since, 2”is a power of 2, x—10and x—8should be both
powers of 2.
x=12 and x=6 are only values of x that fit for this
condition.
Hence, (12, 3) and (6, 3) are the only solutions.
n=2
xX+2y=2xy = x=2y(x-1)
X 1
2y = 1 =1+ -1
x—1=1-lorx=2,0
Then 2y=2,0 = y=10

Hence, the only solutions are (2, 1) and (0, 0) ie, p=2
P—)m:n;p+i22=2,Q—>n=«/np=\/Z=2,

2 2
R_)p:2mn =§=2,S—>n=2 +2 _
m+n 4

4
Tr— \/n\/p\/n\/pi ..o = \/2\/21 12\/Z — 248
_r

2
=212 =D =y

2.

(@) (A)Let f(x)=ax> +bx+c

Then f()=a+b+c=—c (-a+b+2c=0)and f(0)=c
fO) fD)=-c*<0 (-c=0)

Equation f(x)=0has arootin (0, 1)

f(x)=0has aroot in (0, 2) (7) as well as in (-1, 1).

Let f'(x)=ax’+bx+c

3 2 3 2
f(x):ﬂ+bi+cx+d =(2ax +3bx +6cx)+d

3 2 6
f(0)=d
and f‘(—l)z(_2a+2b_6c)+d :_(Za—36b+6c)+d

=0+d (- 2a-3b+6¢c=0) =d

Hence, f(0)=f(-1)

Hence, f'(x)=0has at least one root in (-1, 0).
f(x)=0has aroot in (-2, 0) (P) as well as in (-1 1).
Let f(x)=[(1+cos® x)(ax® +bx +c)dx

Given f()-f(0)=/f(2)-f(0) = f(D)=/f(2)
f'(x)=0has at least one root in (0, 1)

(1+cos® x)(ax” + b +¢) = 0 has at least one root in (0, 1)



Integer
93. (254) The given equation can be written as
A —(A-Dx+5=0

A-1

5 . a
+fB=—,aff=— but given —+
a+f="ap=3 bugiven

= ax’ +bx+c=0has at least one root in (0, 1)

ax® +bx+c=0has a root in (0,2) (7) as well as in (-1, 1)

92. (@) (A) a(b—c)+b(c—a)+c(a—b)=0

R =
(VRN

x=lis aroot of a(b—c)x* +b(c—a)x+c(a—b)=0

Roots are equal then other root is also 1.

or 5@+ %) =4ap
Product of roots = <=0 _ 1-1V% 10] 20
a(b—c) or  S{(a+pB)’-2af=4af or 5 (—J —-—r==
2ac A A A
b= = a,b,c anin HP.
a+c or A*—164+1=0
Also, (d +a—b)* +(d +b—c)’* =0 which is possible only when It is a quadratic equation in A, let roots be 4 and A,,
d+a-b=0,d+b—-c=0 then A4, + 1, =16, 44, =1
S b-a=c-b=d £+£_ﬂq2+/7-22 _(ﬂ1+ﬂ,2)2—2ﬂq/12
ie, 2b=a+c 4 A4 - A4, - Aty
= a,b,care in AP 2
. L) S PR Y
a,b,care in AP and HP then a = b = ¢ then a, b, c are also
in GZ 94. (7) We have
amome (a+B+y)=a’+ [+ 7 +2ap+ B+ ya)
a+b+c#0(P)

= 16=6+2(af+ fy+ya)
af+ Py +yoe=5
Also, &’ + B° + 7’ =3afy

B) b-c)+(c—a)+(a-b)=0
x=lisaroot of (b—c)x>+(c—a)x+(a—bh)=0

Roots are equal

Other root is also 1. =(a+p+yNa’+ B +y —af— Py —ya)
Then product of roots = azb =1 = 8-3afy=4(6-5)
b-c or 3afy=4orafy=4/3
b=2"C — 4,bcarein AP 2 g2 22 4 2 2
Ty > : Now,(@" + "+ ) =2a" +2E87y
and a+b+c#0(P) =Xa' +2{(Epr*)-2apy Ta}
(C) Let  be a common positive root, then 4
s . (6 =Za*+2:25-2-—-4
a’ +pa+12=0 .. 3
+qa+15=0 (i
o ) 2a4=36—50+ﬁ:ﬁ—14:2
and &’ +(p+q)a+36=0 .. .(iii) 3 3 3
Applying Eqs. (i) + (id) — (i) , we get PPy y4]:[2_32]:7
a’+27-36=0
or &’ =9 = a=3 (. aispositive) 95. (3) Rewrite the given equation

Let other root of Eq. (i) is a (given
@@ (given) \/x+2\/x+2\/x+...+2\/x+2\/x+2x =x ()

then a x3 =12
= g=4 On replacing the last latter x on the LHS of equation (i) by

Let other root of Eq. (ii) is b (given) then b x 3 = 15 the value of x expressed by equation (i) we obtain

b=5
- x:\/x+2\/x+2\/x+...+2\/x+2x

and let other root of Eq. (iif) is ¢ (given) then ¢ x 3 =36

(2n radical signs)

= c¢=12
a+b+c=21%0

Further, let us replace the last latter x by the same
expression; again and again yields



96.

i.e.,

97.

x:\/x+2\/x+2\/x+...+2\/x+2x

(3n radical signs)

x:\/x+2\/x+2\/x+...+2 (r+2x)

(4n radical signs)

We can write x:\/x+2\/x+2\/x+...
=ﬁ1/im\/x+2\/x+2\/x+...+2\/x+2x (N radical signs)

If follows that,
x=\/x+2\/x+2\/x+... z\/x+2(\/x+2\/x+...

Hence, x* = x+2x

Therefore, x =0, 3

=+x+2x

= x*=3x=0

~. Sum of roots =0+3=3

(4177) Correct equation is x* —11x+¢ =0 ()
. (i)

Incorrect equation is x* —10x+¢ =0

Given roots of equation (if) are 4 and 6
Product of roots of the incorrect equation is 4x6

q=4x6=24

From equation (i), correct equation is x* —11x+24 =0
x=3,81ie, a=3 =8

at+ =3 +8" =81+4096 = 4177

(1950) «, S are the roots of x* + px+q =0
Then a+f=-p, affi=¢q . .(@)

3900 1950 1950
+p X

a1950 +ﬂ1950 — _p1950 and a1950ﬂ1950 — q1950

Also a, f are roots of x +¢"" =0

. (i)

Now, a/fisarootof x"+1+(x+1)" =0

Then(%j +1+(%+1j =0=a"+f"+(a+p)" =0

=

a"+p" +(=p)'=0 (= a+pf=-p)

OI' a}l +ﬁ)l — _(_p)n
From equation (i7) and (iii), we get n=1950

98. (k=2) Given, x’ —8kx+16(k’ —k+1)=0
Now, D =64{k> — (k> —k +1)} = 64(k—01) > 0

—i>4:%>4:>k>1
2a 2

f@® =0 16-32k+16(k> —k+1)>0
= K-3k+2>0= (k-2)(k-1)>0
= k<1 or k>2 Hence, k=2.
99. (7) Given, 3x—y—-z=0
—3x+2y+z=0
and —3x+z=0
On adding Equation (i) and (i), we get y =0
So, 3x=z
Now, x> +y*> +2z° <100 = x> +(3x)* +0<100
= 10x’ <100 = x* <10 x=-3,-2,-1,0,1,2,3

So, Number of such 7 points are possible.

1 o o
100. ) Let A=| 0 & 1
o 1 o
000
Now, 4>=0 0 0|and Tr(4)=0,|4]=0
000
A =0
z+1  w o’
= |o z+0® 1 |=A4+z2|=0
o’ 1 Z+w
= =0
= z =0, the number of z satisfying the given equation is 1.

... (iii)

()
(i)
. i)



