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6. COMPLEX NUMBER

1. INTRODUCTION

The number system can be briefly summarized as Nc WclcQcRcC, where N, W, |, Q R and C are the
standard notations for the various subsets of the numbers belong to it.

N - Natural numbers = {1, 2,3 ... n}
W - Whole numbers = {0, 1,2, 3 .... n}
[ -Integers ={...2,-1,0, 1,2 ...}

Q - Rational numbers = {—, ——— }

IR — Irrational numbers = {\/Ex/gn}

C — Complex numbers

A complex number is generally represented by the letter “z". Every complex number z, can be written as, z=x+iy
where x,y eR andi=+-1.

x is called the real part of complex number, and

y is the imaginary part of complex number.

"
|

Note that the sign + does not indicate addition as normally understood, nor does the symbol “i” denote a number.
These are parts of the scheme used to express numbers of a new class and they signify the pair of real numbers
(x,y) to form a single complex number. Y

Imaginary axis[ P(x.y)

X' >
O] Real axis
Vi
Figure 6.1: Representation of a complex number on a plane
Swiss-born mathematician Jean Robert Argand, after a systematic study on complex numbers, represented every
complex number as a set of ordered pair (x,y) on a plane called complex plane.

All complex numbers lying on the real axis were called purely real and those lying on imaginary axis as purely
imaginary.

Hence, the complex number 0+0i is purely real as well as purely imaginary but it is not imaginary.



6.2 | Complex Number
Note
Purely real ify =0
Z = x+iy is Purely imaginary if x = 0
| ber if x#0
Complex number i y£0
Figure 6.2: Classification of a complex number
(@) The symbol i combines itself with real number as per the rule of algebra together with

(b)

i2=-1;P=-;i"=1; ¥ =-1; ¥ =4 and so on.
In general, i*" =1, i*"™ =i, "2 =1, i*3 =i nel and i*" +i*" %2 493 — 0
Hence, 1+it +i% +....... +2014 42015 _ o

The imaginary part of every real number can be treated as zero. Hence, there is one-one mapping between
the set of complex numbers and the set of points on the complex plane.

CONCEPTS

Complex number as an ordered pair: A complex number may also be defined as an ordered pair of real
numbers and may be denoted by the symbol(a, b) . For a complex number to be uniquely specified, we
need two real numbers in a particular order.

Vaibhav Gupta (JEE 2009, AIR 54)

2. ALGEBRA OF COMPLEX NUMBERS

(a)
(b)
(c)
(d)

(e)

()

(9)

(h)

Addition: (a+ib)+(c+id) = (@a+c)+i(b+d)

Subtraction: (a+ib)—(c+id)= (a—c)+i(b—-d)

Multiplication: (a+ib) (c+id) = (ac—bd)+i(ad+bc)

Reciprocal: If at least one of a, b is non-zero, then the reciprocal of a+ib is given by

1 a—ib a_ b
a+ib _ (a+ib)(a=ib) _ a2 1p? % 4+b?

Quotient: If at least one of ¢, d is non-zero, then quotient of a+ib and c+idis given by

a+ib _ (a+ib) (c—id) _ (ac+bd) +i (bc—ad) _ ac+bd+ibc—ad
c+id  (c+id) (c—id) 2+ d? c+d® P+d?

Inequality in complex numbers is not discussed/defined. If a + ib > ¢ + id is meaningful only if b = d = 0.
However, equalities in complex numbers are meaningful. Two complex numbers z, and z, are said to be equal
if Re (z;) =Re(z,) and Im (z,) =Im(z,). (Geometrically, the position of complex number z, on complex plane)

In real number system if p? + g = 0 implies, p =0 = q.Butif z, and z, are complex numbers then zf +z§ =0
does notimplyz, =z, =0.Foreg. z, =i and z, =1.

However if the product of two complex numbers is zero then at least one of them must be zero, same as in

case of real numbers.

. X if x>0 . .
In case x is real, then | x|=1{" but in case of complex number z, | z| means the distance of the

point z from the origin. =X if x<0



CONCEPTS

|z|2|Re(z)|2Re(z) and |Z|Z|Im(z)|21m(z).

B

is always a uni-modular complex number if z= 0.

NI
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The additive inverse of a complex number z=a-+ib is —z (ie. —a—ib).

T 1
For every non-zero complex number z, the multiplicative inverse of z is =.
z

Vaibhav Krishnan (JEE 2009, AIR 22)

lllustration 1: Find the square root of 5 + 12i. (JEE MAIN)
Sol: z=5+12i

Let the square root of the given complex number be a + ib. Use algebra to simplify and get the value of a and b.
Let its square root = a+ib = 5+12i =a’ —b? + 2abi

—=a’-pb? =5 )
=2ab=12 ()}
= @ +b?)? = (@’ -b?)? +4a’h? = (a®+b?)? =25+144=169 = a’+b’ =13 .. (ifi)
() + (i) >2a° =18 > a’° =9 = a=+3

fa=3=b=2 fa=-3=b=-2

. Square root = 3+2i,-3-2i .. Combined form +(3 +2i)

lllustration 2: If z =(x,y) € C. Find z satisfying 22 x(1+10)=(-7+17i). (JEE MAIN)
Sol: Algebra of Complex Numbers.

(x+iy)? A +i)= -7 +17i

= (X —y? +2xyi) A +i) = -7 +17i; X2 —y? +i(x? —y?) + 2xyi—2xy = =7 +17i

= (P —y?-2xy) +i (P —y? +2xy) =T +17i =>x=3,y=2 =>x=-3,y=-2

=z=-3+i(-2)=-3-2i

Hlustration 3: If x* +2(1+2i)x - (11 +2i) = 0. Solve the equation. (JEE ADVANCED)

Sol: Use the quadratic formula to find the value of x.

X_—2(1+2i)i\/4—16+16i+44+8i
- 2

= 2x = (=2)(1 + 2i) £ /32 + 24i

=>x=(-1)1+2)++8+6i = -1-2i+(3+i); X=2—i -4-3i
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llustration 4: If f(x) = x* — 4x> + 4x? + 8x + 44 . Find f(3+2i). (JEE ADVANCED)

Sol: Let x = 3+2i, and square it to form a quadratic equation. Then try to represent f(x) in terms of this quadratic.
x=3+2i

=(x-3)2=-4 =x* -6x+13=0

Xt —4x3 +4x% +8x+ 44 = x° (X* —6x+13)+2x° —9x% + 8x + 44

= f(x) = x> (x> —6x+13)+ 20> —6x° +13x) +3(x* —6x+13)+5 =f(x)=5

3. IMPORTANT TERMS ASSOCIATED WITH COMPLEX NUMBER

Three important terms associated with complex number are conjugate, modulus and argument.

(a) Conjugate: If z = x + iy then its complex conjugate is obtained by changing the sign of its imaginary part and
denoted by Zi.e. Z = x — iy (see Fig 6.3).

The conjugate satisfies following basic properties
(i) z+Z=2Re(2 Y
(ii) z-Z =2ilm (2
(i) zz=x%+ y2

(iv) If z lies in 1t quadrant then Zlies in 4" quadrant and -Z in
the 2" quadrant. X'« i > X

(v) Ifx+iy="f(a+ib)thenx-iy="f(a—ib)

Foreg.If 2 + 3i)®  =x+iythen (2-3i)P=x-1iy Conjugate of z, z = x+iy
| Image of z in x-axis

v

and, sin(a+iB) = x + iy = sin(a—ip) = x—iy

(vi) z+z =0 = 2 is purely imaginary Figure 6.3: Conjugate of a complex number

(vii) z-z=0 = Z is purely real

A

(b) Modulus: If P denotes a complex number z = x + iy then, OP = | z | =+/x* +y? .
Geometrically, it is the distance of a complex number from the origin.

Hence, note that |z|>0,|i|=1ie. ‘\/—l‘ =1. - P(x, y)

Imaginary axis

All complex number satisfying |z| = r lie on the circle having centre at origin and

radius equal to 'r". 5 0 >
Real axis

(c) Argument: If OP makes an angle 6 (see Fig 6.4) with real axis in anticlockwise Figure 6.4: Modulus of a
sense, then 0 is called the argument of z. General values of argument of z are complex number
given by 2nn+ 0, n e I. Hence any two successive arguments differ by 2x.

Note: A complex number is completely defined by specifying both modulus and argument. However for the
complex number 0 + Oi the argument is not defined and this is the only complex number which is completely
defined by its modulus only.

(i) Amplitude (Principal value of argument): The unique value of 0 such that -t <0< is called
principal value of argument. Unless otherwise stated, amp z refers to the principal value of argument.

(ii) Least positive argument: The value of 6 such that 0 <0 <2n is called the least positive argument.

y

X

If ¢=tant
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CONCEPTS
e Ifx>0,y >0 (e zisin first quadrant), then argz = § = tan*|]. . ¢" y
» -
e Ifx<0,y>0(ie zisin2™ quadrant, thenargz= 06 = n—tan* Y
X
Ifx <0,y <0 (ie. zis in 39 quadrant), thenargz = § = —m+tan’ v >X
o Ifx y (e . zisi qu ) gz (i x —n+¢o—¢
o Ifx>0,y<0(ie zisin 4" quadrant), thenargz= 6 = —tan* il
X Figure 6.5
e Ify =0 (i.e. z is on the X-axis), then arg (x + i0) = {O' !f x>0
T, if x<0
Ly ify>0
e Ifx =0 (i.e. zis on the Y-axis), then arg (0 + iy) = g
?n, ify<0

Shrikant Nagori (JEE 2009, AIR 30)

lllustration 5: For what real values of x and y, are —3+ix?y and x° +y+4i complex conjugate to each other?

(JEE MAIN)

Sol: As —3+ix%y and x% +y +4i are complex conjugate of each other. Therefore —3+ix%y = x> +y +4i.

“3+ixly =X +y—4i
Equating real and imaginary parts of the above question, we get

—3=xl+y=>y=-3-%°

and X’y =-4
Putting the value of y = —3—x? from (i) in (ii), we get
344/ 3+ -
X (-3-x%) =-4 =x*43%*-4=0 =x*= 3% 29+16= 32_525,78=1,—4

L=l x=+1
Putting value of x = + 1in (i), weget y=-3-(1)% =-3-1=-4
Hence,x = £+ Tandy = - 4.

1+i 1-i

lllustration 6: Find the modulus of ——-——.
1-1 1+i

Sol: As | z| = /x? +y? , using algebra of complex number we will get the result.

Here, we have ﬂ—b = (1+,i)(1+i_) - (1_?)(14_)
1-i 1+i @A-D@+i @+H@-i

1+ +2i 1+i%-2i 1-1+2i 1-1-2i 2 (-2) . . ..
- _ = - =———=ji+i=2i, .. =
1+1 1+1 2 2 2 2

. ()
... (i)

(JEE MAIN)
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lllustration 7: Find the locus of zif |z—-3 | = 3| z + 3. (JEE MAIN)

Sol: Simply substituting z = x + iy and by using formula | z | = x? +y? we will get the result.
Letz=x+ iy

|x+iy=3[=3]x+iy+3]| [ (x=3) +iy|=3](x+3)+iy|

Jx=3)2+y? = 3y(x+3)2+y?; (x=3)2+y? =9(x+3)% +9y?.

lllustration 8: If o and B are different complex numbers with |B| = 1, then find 1B —_a (JEE ADVANCED)
-
Sol: By using modulus and conjugate property, we can find out the value of 1[3 __aB .
-
We have, [B] =1 =|B|° =1 =pp =1
Now, B—_(x = ﬁ_f =‘ B_—a_ = |Bﬂ =i=1. {as|x+iy|=|x+iy|}
1-op| [pB-aB| [BB-)| [B]|p-a|  IBI
Illustration 9: Find the number of non-zero integral solution of the equation |1—i|*=2%. (JEE ADVANCED)
Sol: As | z | = \/x? +y? , therefore by using this formula we can solve it.
We have, [1-i|*=2*
X X
:>[\/12+12} =2 :>(x/§)X=2X =22 =2 :>§=0 =x=0.
. The number of non zero integral solution is zero.
; 2,12
lllustration 10: If a+!b = p +iq. Prove that 2 b _ P’ +q°. (JEE MAIN)
c+id 4 d?
. - . a+ib .
Sol: Simply by obtaining modulus of both side of — =p+iq
C+i
We have, a+!b =p+iq
c+id

a+ib: a’ +b? :>| " |_\/ﬁ a+ib ~|p+iq| :>a2+b2_2+2

+id e p+iq pT+q +id p+iq 2.4 p-+q.
llustration 11: If (x +iy)'/®> = a + ib. Prove that§+% =4(a’ -b?). (JEE ADVANCED)

a

Sol: By using algebra of complex number. We have, (x+iy)’* = a + ib

x+iy = (@a+ib)® = a®+i’b? +3a%ib+3a(ib)? = a’ —b’i+ 3a’bi— 3ab?

X+ iy = (@ —3ab?)+ Ba’b-b3)i;: x= a’-3ab® =a (@° -3b?); y = 3a’b-b’

i+X=4(a2 -b?).
a b



Mathematics | 6.7

4. REPRESENTATION OF COMPLEX NUMBER

4.1 Graphical Representation

Every complex number x + iy can be represented in a plane as a point P (x, y). X-coordinate of point P represents
the real part of the complex number and y-coordinate represents the imaginary part of the complex number.
Complex number x + Oi (real number) is represented by a point (x, 0) lying on the x-axis. Therefore, x-axis is called
the real axis. Similarly, a complex number 0 + iy (imaginary number) is represented by a point on y-axis. Therefore,
y-axis is called the imaginary axis.

The plane on which a complex number is represented is called complex 1 . . \(
number plane or simply complex plane or Argand plane (see Fig 6.6). The maginary axis
figure represented by the complex numbers as points in a plane is known o
as Argand Diagram. A
N
. £
4.2 Algebraic Form Re(z) < 0 Re(z) > 0
X'« - > X
Ifz=x+iy;then |z|= {x*+y®; Z=x-ly, and G:tan"1(¥j CS Real axis , Im(z) = 0
\%
Generally this form is useful in solving equations and in problems =
involving locus. E
v
4.3 Polar Form Y

Figure 6.7 shows the components of a complex number along the x and Figure 6.6: Graphical representation

y-axes respectively. Then

zZ=X+1iy = r(cos®+isin®) = rcis® where|z|=r;ampz= 6.

Aliter:  z = x+iy Y
A
=z= \/x2 + y2 X +i y
\/Xz 2 \/Xz +y? z(x, y) = x+iy
:>z=|z|(cose+isin9)=rcise ) r sind
Note: (@) (cisa) (cisP) =cis(a +B) 5 ?cose > X
(b) (cisa) (cis(-B)) =cis(a.—B)
1 Figure 6.7: Polar form

= (cisa) ! = cis(~a)

(@]

(cisa)

CONCEPTS

The unique value of 6 such that - <8 <7 for which x=rcos®&y =rsin is

.. r (cos O + isin 0)
known as the principal value of the argument.

The general value of argument is(2nn +0), where n is an integer and 6 is the \‘ 1 // /
principal value of arg (z). While reducing a complex number to polar form, we rjcfi]s|®
always take the principal value.

Figure 6.8
The complex number z = r (cos6 +isin®) can also be written as rcis6 .

Nitish Jhawar (JEE 2009, AIR 7)
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4.4 Exponential Form

Euler's formula, named after the famous mathematician Leonhard Euler, states that for any real number x,

e* =cosx+isinx.

Hence, for any complex number z =r (cos6 +isin6), z = re is the exponential representation.
ix —ix ix —ix

e* +e . e”—e . -

———  andsinx = ———— are known as Eulers identities.

Note: (@) cos x =
2i

X —X

(b) cos ix = € e

= cos hx is always positive real V xeR and is > 1.

—X

o . et —
and, sinix =i

=i sin hx is always purely imaginary.

4.5 Vector Representation

The knowledge of vectors can also be used to represent a complex number Y

_ A
z = x + iy. The vector OP, joining the origin O of the complex plane to the P (x,y), z = x+iy
point P (x, y), is the vector representation of the complex number z=x+iy,
(see Fig 6.9). The length of the vector OP, that is, | oP | is the modulus of z. oP
The angle between the positive real axis and the vector OP, more exactly, the
angle through which the positive real axis must be rotated to cause it to X 0 > X
have the same direction as OP (considered positive if the rotation is Y
counter-clockwise and negative otherwise) is the argument of the complex Figure 6.9 Vector representation
number z.
lllustration 12: Find locus represented by Re( 1, J<% (JEE MAIN)

X+iy
Sol: Multiplying numerator and denominator by x —iy.
We have, Re 1, <E Re Xy <l
x+iy ) 2 x2+y?) 2
X 1 2 2
=<3 =X +y°-2x>0
x°+y? 2
Locus is the exterior of the circle with centre (1, 0) and radius = 1.
. 6n . . 6m .

lllustration 13: If z =1 + cos— +isin—. Find r and amp z (JEE MAIN)

Sol: By using trigonometric formula we can reduce given equation in the form of z = r(cose+i sine).

23t ... 3m 3n 3n 3n .. 3¢
Z =2c0s* —+2isin—cos— = 2C0S— | COS— +isin—
5 5 5 5 5 5

2n
5

2n 2n . . 21 2n 2n . . 21 27n
= —2c0s— | —cos—+isin— | = 2cos— | cos=——isin— | Hence, | z| = 2cos—;ampz = ——
5 5 5 5 5 5 5
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lllustration 14: Show that the locus of the point P(w)denoting the complex number z +l on the complex plane is
a standard ellipse where | z | = a, where a =0, 1. z (JEE ADVANCED)

Sol: Here consider w = x + iy and z = a +if and then solve this by using algebra of complex number.

1 .
letw = z+= wherez = a+ip, a’+p>=a (as|z| = a)
z

. . 1 . o—if o . B . 1) 1
X+1y = a+|B+a+iB = a+|B+a2+Bz = (a+a—2j+|(ﬁ—a—2j ..x:a[1+a—2], yzﬁ[l—a—zj

5. IMPORTANT PROPERTIES OF CONJUGATE, MODULUS AND ARGUMENT

For z,z,and z, € C,

(a) Properties of Conjugate:
(i) zZ+Z =2Re(2)
(i) z-z=2ilm(2)
(iii) (2)=z

(iv) z;+z, :El +22

() z,-2,=7-2

(vi)
(vii) [i—l] = ;—1; z,#0

(b) Properties of Modulus:
i 1z|20;|z|=Re(z);|z|=2Im(2);|z|=|Z|=]|-z]|

(i) zz =|z|%;if|z] =1,thenz = é
z

(iii) |2122|:|21|'|22|
A |21|

(v) [-H|=1——. 2,20
| |z, |

v 12"|=]z]"
. 2 2 2 2
wi) 12,42, 12 +12 -2, 17=2[12, 1 +12, 17|

wii) [z, [ =1z, || <z + 2, 1<)z, | +] 2, | [Triangle Inequality]
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(c)

lllustration 15: If z, =3+5i and z, = 2-3i, then verify that (Z—lJ =

| Complex Number

Properties of Amplitude:

(i) amp(z,-z,)=ampz, +ampz, +2km k el

(ii) amp (Z—lJ =amp z, —amp z, +2km, k €]
%

(iii) amp (z") =n amp(z) + 2kn, where the value of k should be such that RHS lies in (-, 7]

Based on the above information, we have the following

o [Re(@)|+|Im@z)|<+2|z]

. ||zl|—|zz||s|zl—zz|s|zl|+|zz|. Thus |z, |+|z, | is the greatest possible value of |z, +2,

and ||Z1 -1z, || is the least possible value of | z; +2, |.

o |f and

1
zZ+=
z

a+va’+4
2

= a, the greatest and least values of |z| are respectively

[2 2 [2 2
o |z, +\zi 25 |+ |z, —\zi -5 | =z, + 2, | +|z; -2, |

e Ifz;=2,<|z|=|z,| and argz, =argz,

o |z,+z,|=|z,|+|z,| = arg(z;) =arg(z,)ie z, and z, are parallel.

e |z,+z,|=|z,|+]|z,| < arg(z,) —arg(z,) = 2nm, where n is some integer.

o lz-7, |=||21 -1z, ||<:> arg (z;) —arg(z,) = 2nm, where n is some integer.
o |z,+z,|=|z,-2,|=arg(z;)-arg(z,) = (2n+1)§, where n is some integer.

e If|z;151,]2,|<1, then |zl+zz|2£(|zl|—|22|)2+(arg(zl)—arg(22))2,and

|z, +z, |22(|z1 |+]z, |)2 —(arg (zl)—arg(zz))z'

N|| NI
N =

Zy

Sol: Simply by using properties of conjugate.

Z

Z, -
LHS.

R.H.S.

:6_

345 _ (3+5) (2+3) _ 6+9i+10i+157 _ 6+19i+15(-1) _ 6+19i-15 _ —9+19i _
2-3i  (2-3) (2+3) 4_9p 4+9 13 13

19.} 9 19.
+—1i|= i

Il
VY
NlN

N -
N
I
/—I—\

=
wlm
'_l
w

345 _ 3-5i _ 3-5) (2-3)
L 2-3i 243 (2+3) (2-3)

N|| NI
[

9i-10i+151  6-19i+15(-1) _6-19i-15 9 19, (z) 7
4 972 4+9 13 13 13 '

2

(JEE MAIN)
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lllustration 16: If z be a non-zero complex number, then show that (z 1) = (z)*. (JEE MAIN)

Sol: By considering z = a + ib and using properties of conjugate we can prove given equation.

letz=a+ib Since, z=0, we have x* +y? >0

- (i)

a4 1 1 1 a-ib a ib (Tl) a ib
Z = E= =X = - = (z7)= +

z a+ib a+ib a-ib 2 ip? &% +b? a’+b? a?+b?
11 1 1 a+ib _ a . b

and ) = = = = = +i o (i
@ z a+ib a-ib a—ibxa+ib az+b2 az+b2 )

From (i) and (ii), we get zhH=@71.

o2 2 2
lllustration 17: If ﬂ = p + ig, then show that p? + ¢° _@ T (JEE MAIN)
2a-i 4a° +1
Sol: Multiply given equation to its conjugate.
52
We have, p +iq = (a+|). ()
PER
. . . - (a+i)?
Taking conjugate of both sides, we get p+iq = a1
a—i
. (a+i)? z,) 7 I ) L Y
=S p-ig=—=%tF vl—= == = p-iq= — ... (i)|using (z°)=z2-2=2Z-Z=(2)
(2a-i) zZ, zZ, (2a+1)
"2 "2
Multiplying (i) and (ii), we get (p + iq) (p —iq) = (a+|). (@ I),
2a—i 2a+i
. @ —i°)? @ +1)?
:>p2—|2q2:? 3p2+q2:2—.
4a° —i 4a° +1
lllustration 18: Let z,,7,,7;,....... z, are the complex numbers such that |z, =]z, |=....... =|z |=1.1fz =
n n l
>z, || >.=| then prove that
k=1 k=1 Zk
(i) z is a real number (i) 0<z< n (JEE ADVANCED)
1 0 21
Sol: Here |z, |=|z, |=.......=|z, | =1 therefore zZ =1 =z = = Hence by substituting this to z = sz ZZ— '
we can solve above problem. k=l k=1 "%
Now, z = (z; +Z, +Z3 +....... +Zn)[l+i+ ....... +LJ
SR Za
= (2, +Zy+Z3 4. +2)(Z,+Z, + . +7,) = (2, +Zy+Z3 4o +zn)(zl+z2+ ....... +zn)
=z 4z, 425+t 2 |? which is real
s(|zl|+|22|+|23|+ ....... +|Zn|)2:n2 0<z<n?,



6.12 | Complex Number

lllustration 19: Let x,, x, are the roots of the quadratic equation x* + ax + b = 0 where a, b are complex numbers and
y, Y, are the roots of the quadratic equation y*+|a|y+|b|=0.If | |=]%, | =1, then provethat |y, |=|y,|=1.

(JEE ADVANCED)
Sol: Solve by using modulus properties of complex number.
Let x> +ax+b=0 where X, and x, are complex numbers
X, +X, =-a ()
and x; X, = b (1))
From (i) [x; | |x, | =|b|=|b|=1 Also|-a| =[x, +X,
|a|§|xl|+|x2| or la] <2
. 5 Y1
Now consider y“+|a|y+|b|=0, <y where y; andy, are complex numbers
2
2 .
N T L ja” +4-|a|’
1,27 5 = 5 o Iy, 1= 5 =1

Hence, |y, [=]y, |=1.

6. TRIANGLE ON COMPLEX PLANE

In a AABC, the vertices A, B and C are represented by the complex numbers z,, z, and z, respectively, then

1 tZ, 74

(a) Centroid: The centroid ‘G’ is given by z . Refer to Fig 6.10.

A(z)

By ] o] @)

Figure 6.10: Centroid

az, +bz, +Czy

(b) Incentre: The incentre 'I' is given by . Refer to Fig 6.11.

a+b+c
A(z)

B(z) C(z,)

Figure 6.11: Incentre
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z, tanA +z, tanB +z; tanC .

ZtanA

A(z,)

(c) Orthocentre: The orhtocentre 'H' is given by

-
B(z) P D q @
Figure 6.12: Orthocentre
) pPz3+qz,

Proof: From section formula, we have z = —
In AABD and AACD, p = c cos B and g = b cos C. Refer to Fig 6.12.

bcosCz, +ccosB z
Therefore, z, = 2 3

a
Now, AE = c cos A; n=AH = AEcosec C = c cos A cosec C
=n=2RcosA [Using Sine Rule]
and m = ccos B cot C or,m = 2R cos B cos C [Using Sine Rule]
mz, +nZ

Hence, z, = —~—-LC.

m+n

bcosC z, +ccosB
2RcosBcosCz, + 2R cosA[ %2 23]
a

2R (cosA + cosBcosC)

acosBcosCz1 +bcosAcosCz2 +ccosAcosBz3

a(—cos(B +C)+cosBcosC)

z, (sinAcosBcosC) + z,(sinBcosCcos A) + z; (sinCcos A cosB)
sinA (sinBsinC)

z, tanA +z, tanB +z; tanC z, tanA +z, tanB +z; tanC
= or

ZtanA HtanA

[IfA+B+C= n,thentan A + tan B + tan C = tan A tan B tan C]

H

(d) Circumcentre:

Let R be the circumradius and the complex number z, represent the circumcentre of the triangle as shown in Fig 6.11.
lzy-zy =z, -2z | =123 -2, |

Consider, |z, -z, |2 =z, -z, E

(21 =24) (2, = 2y) = (2, = 25) (z, = Z)
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7,(z; —2y) —Z,(z, - 25) = 2, [(21 -24) (7, _Zo)]

Z,(zy —2) —Z,(2, ~25) = Z,, (7, — Z,) (i)
Similarly 1t and 3 gives

Z, (2, —20) = Z3(23 — 24) = Z (2, — Z3) ... (i)
On dividing (i) by (ii), z, gets eliminated and we obtain z; .

Alternatively: From Fig 6.13, we have Az)

A, = ar PBC
BD m _ Ar. AABD _ Ar. APBD A,= ar PCA

DC n  ArAADC  Ar APDC A= ar PAB

. m_Ar.AABD-Ar. APBD A,
"'n Ar.AADC-Ar.APDC A,

2

R—sinZC sin2C

D=2 == Cz) D Blz)
n R? sin2B < n > ¢ >
TSinZB m
5in2B (z,) +sin2C(z,) Figure 6.13: Circumcentre
Hence, Z, = - -
sin2B +sin2C
Now PA I _ AABP _ AAPC _ AABP+AAPC [ A3+A;,  sin2C+sin2B
"PD k APBD ACPD  APBD+ACPD ~k A sin2A
Hence, z, - kz, +1z, _ % sin2A +z,sin2B +z, sin2C
k+1 .
> sin2A
CONCEPTS

. . : |
e The area of the triangle whose vertices are z, izand z + iz is 5 |z]%.

N

e The area of the triangle with vertices z, ®zand z + oz is v [z

e If z,,2,, 2, be the vertices of an equilateral triangle and z,, be the circumcentre, then z2 + 23 + 23 =3z] .

o If z,2,,25,....... z, be the vertices of a regular polygon of n sides and z, be its centroid, then
2,2 2 _ .2
Zp+25+.......+Z, =nzg.

e Ifz,z,, z, be the vertices of a triangle, then the triangle is equilateral if (z, - z,)* + (z, -z,)* + (z, - z,)°= 0

1 =z
> 2 2 1 1 1
or z: +z5+25 =2,Z, +Z,Z, +Z,Z, Or + + =0.
i, X I &y 142 T4243 T 434
2y =2, Z;-Z3 Z3—Z,

. . . . 2 2 2 _
e Ifz,z,,z, are the vertices of an isosceles triangle, right angled at z, then z] + 2z +z; =2z, (z; +z;).

e Ifz,z,z, are the vertices of a right-angled isosceles triangle, then (z; -2,)? =2(z,-2,) (23— 2,).

e Ifz,z,,z, be the affixes of the vertices A, B, C respectively of a triangle ABC, then its orthocentere

. a(secA)z, + b (secB) z, +c(secC)z,
asecA +bsecB + csecC '

Shivam Agarwal (JEE 2009, AIR 27)
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lllustration 20: If z,, z,, z, are the vertices of an isosceles triangle right angled &
at z, then prove thatzZ +2z5 +z3 =2z, (z, +23) (JEE MAIN)
in
Sol: Here (z, —z,) =(z; —z,)e? . Hence by squaring both side we will get the result. ,
1 ZZ

2 _ 2 2
= (z; —2,) =1°(z3 — 2,) .
5 5 5 5 ) ) ) Figure 6.14
= 75 +25-22,2, = -2z — 25 +22,Z, = 7] +225 +25 =22, (2, +Z5).

lllustration 21: A, B, C are the points representing the complex numbers z,, z,, z, respectively and the circumcentre of
the triangle ABC lies at the origin. If the altitudes of the triangle through the opposite vertices meets the circumcircle at

D, E, F respectively. Find the complex numbers corresponding to the points D, E, Fin terms of z,, z,, z,. (JEE MAIN)

Sol: Here the ZBOD = - 2B, hence OD = 0B &™)

From Fig 6.13, we have OD = OB &/(*2®);

a=2z,e"® =7 e'® ()
also, z, =z, €% .. (ii) D(o)
Figure 6.15
. - ~Z3%3
. (XZl——2223 =0 =—
a1
- -Z,7 -7,Z
Similarly, p=—1 and y=—22.
Z Z3
llustration 22: If z_ (r = 1, 2, ....6) are the vertices of a regular hexagon then Ez)) D(z,)
6 \\\ //’/
prove that sz = 62(2), where z,, is the circumcentre of the regular hexagon. /,><\\
r=1 r’ S
JEE MAIN e SN
( ) Fzaé “, M)
Sol: As we know If z,, z,, z,.......z,, be the vertices of a regular polygon of n sides \‘\\ //"/
/‘\
and z, be its centroid, thenz2 + 23 +....... +22 =nz}. PN
. Alz,) B(z
Here by the Fig 6.14, @)
Figure 6.16
3z =2z} +25 +2;
6
2_2,.2, 2 2 2
and, 3z =275 +25 +7¢ = 625 = 7, .
r=1

. . . . . 2 2 2 _
lllustration 23: If z,, z,, z, are the vertices of an equilateral triangle then prove that z] +z5 +z5 = 2,7, + z,Z; + z,7,

and if z, is its circumcentre then 3z =z + 25 +2; . (JEE ADVANCED)

Sol: By using triangle on complex plane we can prove

Z,+Z,+Z
2, .2, .2 _ : _A1 T4 T4 22,2, .2
7] +25+25 =2,7, + 2,25 + 23z, and by using z, = ——=——= we can prove 3zg = z; +Z5 +Z3.
To Prove, 22 +72 +2%2 = 2,2, + 2,2, + 2,2 N
1 L) T Ly T L3 T84y Tyl T L3 Az)
As seen in the Fig 6.17,
( ) '3“ C(zy)
zZ, -2 zZ.—2,)e
| 2 _ 3 2 2
. = — = (2, -2,) (2, —23) = (2, - Z3)
z, -7, in B(z,)
3
(Zl_Zg)e (0] X

2 _ 2 2 _ . 2 _ Figure 6.17
= 7] —2,73 — 2,7, + 2,2, + 25+ 25 - 22,2, =0 .Y 77 =) 7,7, 9
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Now if z is the circumcentre of the A, then we need to prove 32(2) =2 +22+ Zg .
Z,+2, +14

Since in an equilateral triangle, the circumcentre coincides with the centroid, we have z, = 3

= (z; +2, +z3)2 = (320 )2
2 C0u2 . 2 o.2
= > 77 +2) 2,7, =925 3> 7] =9z

lllustration 24: Prove that the triangle whose vertices are the points z,, z,, z, on the Argand plane is an equilateral

triangle if and only if ! + ! + LI 0. (JEE ADVANCED)
z,-z; 23-2; Z,-1Z,

Sol: Consider ABC is the equilateral triangle with vertices z;, z, and z, respectively.

Az)

Therefore |z, -z, |=|z; -2, |=|z, -2, |.
Let ABC be a triangle such that the vertices A, Band Care z,, z, and z, respectively. 60°
Further, let o =2, -2z;, p=23-2; and Y=2; —Z,. Then aa+B+y=0 0
As shown in Fig 6.16, let AABC be an equilateral triangle. Then, BC = CA = AB
=lz,-23|=123-2 |=|2,-2,| =]al|=|B]=]7] 60° 60°

) ) , B (z,) C(z)

= = = 7\1

=lal”=[B]" =]y [=Asay) Figure 6.18
= ad =B =7y =2
N ... (ii)

o p Y
Now, a.+B+y =0 [from (i)]
Sa+B+7=0 =22 0 [Using i

a Y
= l+ l+ 1 =0= 1 + 1 + 1 =0 which is the required condition.
a B v Z,-2; Z3-Z; Z;-Z,

Conversely, let ABC be a triangle such that
1 1 1 1 11

= + + =0 ie=>—+=-+==0
Z,-23; Z3-%Z; Z;-Z, a B vy
Thus, we have to prove that the triangle is equilateral. We have, l+ %+ 1 0
a Y
jl:_(hrlj 212_(Mj Ny = |o[P=|By]
a B v a By o Py
=laP=IBllv]  =laP=]allBllv]

Similarly, = |BP=[a[|B|lv] and [yFP=lallBllY]
lof=[Bl=]v]
=|z,-2z3|=|z3-2;|=|z,-z,] =BC=CA=AB

Hence, the given triangle is an equilateral triangle.
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1 1 1

lllustration 25: Prove that the roots of the equation e 0 (where z,, z,, z, are pair wise distinct
! T2 T3

complex numbers) correspond to points on a complex plane, which lie inside a triangle with vertices z,, z,, z, excluding

its boundaries. (JEE ADVANCED)
) ) ) ) ) Z-7; z-7, Z-74

Sol: By using modulus and conjugate properties we can reduce given expression as >+ >+ >
|Z_21| |Z_22| IZ_Zgl

= 0. Therefore by putting | z-z, = tl where i = 1, 2 and 3, we will get the result.
i
t(Z-7))+t,(Z-2,)+t(z-7Z3) =0 where |z-z; |2=ti etcand t;, t,, t; eR”
1
t(z-z)+t,(z-2z,)+t5(z-25) =0

_ t,z; +1,z, +13z4

(t1 +1, +t3) z=1z, +t,z, +t;z4 =4

L+t +t
B(z C(z)
hzthz,  h+, tz, | L+t .tz @ :
=>Z= + = Figure 6.19
L+t i+t +ty Attty i+t 4t L+t

t, +1,)z'+ 1,z S
z= (4 +16)24 1525 = zlies inside the Az,z,z,

L+t +t
Ift, =t, =1, = zis the centroid of the triangle.
Also, itimplies |z-z, |=|z-2z,|=|z-2z;| = zisthe circumcentre.

lllustration 26: Let z; and z, be roots of the equation 72 +pz+q = 0, where the coefficients p and q may be
complex numbers. Let A and B represent z; and z, in the complex plane. If ZAOB =o #0 and OA = OB, where O

is the origin, prove thatp? = 4qcos? %. (JEE ADVANCED)

Sol: Here OB = OAe® . Therefore by using formula of sum and product of roots of quadratic equation we can prove
this problem.

Y
Since z; and z, are roots of the equation 72 +pz+q =0
z,+z,=—p and z; z, =q (M (z)

. — . -~ o o_—eAZ)
Since OA = OB. So OB is obtained by rotating OA in anticlockwise direction through x4 >
ang| ol

gle a.
_— . z . z '
OB = OAe" = z,=z,€" = 2-¢%= 2 =cosa+isina Y
21 4 Figure 6.20

io
z .. Z,+Z o o .. o o -
= 241=1+cosa+isina = —2—1 =2cos—| cos—+isin— |=2cos—e?2
2, 2, 2727 2

i 2
o
Z,+2 a L (z,+z o
=2 "1 _Dcos—e? = | 21| =4cos’=e"
z, 2 z; 2

2
Z,+z oz 2 a
= [#J =4cos’ =2 = (22+Z1) =4z,z7, c0525

= (-p)? =4qcos % = p? :4qc052%.
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lllustration 27: On the Argand plane z,, z, and z, are respectively the vertices of an isosceles triangle ABC with
AC = BC and equal angles are 6. If z, is the incentre of the triangle then prove that (z, - z,) (z, - z,) = (1 + sec 6)

(JEE ADVANCED)

(z,-z,)

Sol: Here by using angle rotation formula we can solve this problem. From Fig 6.21, we have

z,-Z Z, -2, . .
2 71 _ T4 71 qi0/2 ... (i) (clockwise)
lz,-z, | [z4-2,]
Z, -7 zZ, -2, . . .
and 2371 _ 471 L0072 ... (i) (anticlockwise)
lz3-2, | [z,-2|

Multiplying (i) and (ii)

(z,-7))(z3-2,) _[(z,-2)[(z;-z)| _ ABJAC| _ 2(AD)(AC) _ 2(AD)* AC

(24 -2,)° 12, -2, |’ (AD? (AD)? (AD? AD

= 2coszgsec6 = (1+ cos0)sech .

C(z,)

I(z)

) 0/2

Az)

D

Figure 6.21

7. REPRESENTATION OF DIFFERENT LOCI ON COMPLEX PLANE

(@) |z-(1+2i)|=3denotes a circle with centre (1, 2) and radius 3 (see Fig 6.22).
Y

X' X

AN
v
Figure 6.22: Circle on a complex plane

B(z,)

(b) |z-1]|=|z-i]|denotes the equation of the perpendicular bisector of join of (1, 0) and (0, 1) on the Argand

plane (see Fig 6.24).

Figure 6.23: Perpendicular bisector complex plane

() |z—-4i|+]|z+4i| =10 denotes an ellipse with foci at (0, 4) and (0, — 4); major axis 10; minor axis 6 with

e= g (see Fig 6.24).

Figure 6.24: Ellipse on a complex plane
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2 2

x* .y
2 .36 _ 64 4 {_+_:}
100 ~ 100 5

= 9 25
(d) |z-1|+]|z+ 1]|=1denotes no locus. (Triangle inequality).
(e) |z-1] < 1denotes area inside a circle with centre (1, 0) and radius 1.

(f) 2<|z-1]<5 denotes the region between the concentric circles of radii 5 and 2. Centred at (1, 0) including
the inner boundary (see Fig 6.25).

Figure 6.25: Circle disc on a complex plane

(g) O<argz< % (z # 0) where z is defined by positive real axis and the part of the line x = y in the first quadrant.

It includes the boundary but not the origin. Refer to Fig 6.26.

Figure 6.26

(h) Re (z°) >0 denotes the area between the lines x = y and x = —y which includes the x-axis.

Hint: (X —y?)+2xyi=0 = x*-y? >0 = (x-y) (x+y)> 0.

Illustration 28: Solve for z, if z°+ |z|=0. (JEE MAIN)
Sol: Consider z = x +iy and solve this using algebra of complex number.

letz= x+iy = (x+iy)? +x>+y? =0 :>(x2—y2+\/x2+y2j+(2ixy):0

= Eitherx=0o0ry=0; x=0= —y’+|y|=0 =>y=01-1.z=0,i-i
and,y = 0= x*+|x|=0 = x=0 z=0

Therefore,z=0,z=i,z=-1.

lllustration 29: If the complex number z is to satisfy |z| = 3, |z—{a(1+i)—i}| <3 and|z+2a-(@+1)i|>3
simultaneously for at least one z then find all a eR. (JEE ADVANCED)

Sol: Consider z = x + iy and solve these inequalities to get the result.
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All z at a time lie on a circle | z | = 3 but inside and outside the circles |z—f{a (1 +i)—i}|=3and|z+2a-(a + 1)
i | = 3, respectively.

Let z = x + iy then equation of circles are e +y2 =9 .. (i)
(x—a)P +(y—a+1?=9 .. (ii)
and (x + 2a) +(y —a-1%=9 ... (i)

Circles (i) and (ii) should cut or touch then distance between their centres < sum of their radii.

= \(@a-02+@-1-07 <3+3 = a?+(@-17? <36 * -
3 1471 \/ 14471
—2a’-2a-35<0 = a’-a->2<0 2 2
2 Figure 6.27
1Y 71 1-471 14471 .
=>|la-=—| <— <ac< ... (iv)
2) " a4 2 2

Again circles (i) and (iii) should not cut or touch then distance between their centres > sum of the radii

= \/(—2a—0)2+(a+1—0)2 >3+3 = V5a’+2a+1>6 = 5a’+2a+1>36

= 5a’+2a-35>0 :>a2+é—7>0
5 T 7
-1-4411 \/ -1+4911
Then (a— _1_:\/ﬁj [a— _l+:m] >0 5 5
Figure 6.28

“1-4J11) [-1+4V11
ae| —oo, c U 5 ,00 | ... (V)

The common values of a satisfying (iv) and v are

ae[l—ﬁ —1—4\/ﬁ]u[—1+4«/ﬁ 1+«/ﬁ}

2 5 5 2

8. DEMOIVRE'S THEOREM

Statement: (cos nO+isin n0) is the value or one of the values of (cos0+isin0)", V ne Q. Value if n is an integer.
One of the values if n is rational which is not integer, the theorem is very useful in determining the roots of any
complex quantity.

Note: We use the theory of equations to find the continued product of the roots of a complex number.

CONCEPTS

The theorem is not directly applicable to (sin+icos®)", rather

n
(sinB+icos)" = |cos| E—0 |+isin| Z—0 = cosn| L0 |+isinn| E—0
2 2 2 2
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8.1 Application

Cube root of unity

(a) The cube roots of unity are 1,

1+iW3 -1-iW3
2 2
[Note that 1—iv3 =—=2and 1 +i V3 = —20?]

(b) If o is one of the imaginary cube roots of unity then 1+®+®? =0.
In general 1 + o +®* = 0; where r = 1, and not a multiple of 3.

(c) In polar form the cube roots of unity are: cos 0+isin 0; cosz?nﬂsinz?n; cos%ﬂsin%

(d) The three cube roots of unity when plotted on the argand plane constitute the vertices of an equilateral
triangle.

[Note that the 3 cube roots of i lies on the vertices of an isosceles triangle]

(e) The following factorization should be remembered.
For a, b, c eR and w being the cube root of unity,

(i) & -b’=(a-b)(a-ob)@a-w’b)

(i) X +x+1l=(x-0)Xx-0?)

(iii) a®>+b’ =(a+b)(a+wb)(@+wb)

(iv) a3 +b3+c3-3abc = (@+b+0) (@a+wb+w’c) @+ w’b +wc)

n* roots of unity: If 1, oy, a,, 05, ... .o, , arethe n, n' roots of unity then

2n

nj 2n .. 2«
= COS— +isin—
n n

(i) They are in G.P. with common ratio e{
(i) 1P+l +ab+....... +ab ; =0 if pis not an integral multiple of n

1P + (o P +(0,)P +.......+ (o, P =n if pis an integral multiple of n.
(i) (1—ay)(—ay)... d—c, ;) =n.

Steps to determine nth roots of a complex number

(i) Represent the complex number whose roots are to be determined in polar form.
(ii) Add 2mm to the argument.

(iii) Apply De Moivre's TheoremT

(iv) Putm=0,1,23, ...... (n—1) to get all the n" roots.

1
Explanation: Let z = 1" = (cos 0 +isin 0)

S|

.. 1 2mn . . 2mn
= (cos 2mm +isin 2m7c)n = | cos=— +isin=——
n n

Putm=0,1,2,3, ... (n—1), we get

2r .. 2w 4 . . 4n 2n-L)x .. 2(n—-1)n
1, coS—+I1sin— , CcoOS—+I1SsIh— , ....... , COS +1SIN
n n n n n n
o

(n, n™ roots in GP.)
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1-(aP)" 1-(a™)P
Now,S=1°+oP +a®® +o +......+a"P = ()" _ 1-(a)
1-aP 1-aP
np L:O, ifp is not an integral multiple of n
_ 1—(a) _ | non zero
1-aP 0o . . . . .
0" indeterminant, if p is an integral multiple of n
Again, if x is one of the n™ root of unity then x" —1 = (x—1) (X=a)(X=0,)....... (x—a,4)
2 1 X'-1
T+x+ X" +...... +X = 1 =(X—a)(X=0,) e (x—a,4)

Similarly put x = — 1, is to get other result.

CONCEPTS

Square roots of z = a + ib are {\/|z|+a +i\/|2|2_a} forb > 0.

2
If 1 oy, 05 05 ... .o, , arethe n, n™ roots of unity then
AL+oy)@+ay)....... (l+a,;)=0 ifnisevenand 1if nis odd.
loa,-a, 03 ....... - a, ;= 1or-1according as n is odd or even.
0, if n=3k
(@—ay) (@=0a,)....... (-0, ;) = |1, ifn=3k+1.

l+ow, ifn=3k+2
Ravi Vooda (JEE 2009, AIR 71)

lllustration 30: If x=a+b, y=an+ bw® and z = aw’ +bw, then prove that X + y3 +72°=3@ +b’) (JEE MAIN)

Sol: Here x+y+2z =0. Take cube on both side.
X+y+z=0 :>x3+y3+23=3xyz.'. LHS = 3xyz

=3(a+b)@aw +bw’)(@w’ +bw) =3(a+b)(@w+bw?)(@w’ +bw.w’) = 3w’ (a+b)(@+bw)(@+bw?) =3 @ +b?)

lllustration 31: The value of expression 1(2 - w)(2 - (oz) +2B-0)(3- (oz) +..+("n=-1)(n-)(n- coz) .
(JEE ADVANCED)

Sol: The given expression represent as x> =1 = (x=1) (x— o) (X— o). Therefore by putting x = 2, 3,4 ... n, we will
get the result.

¥ -1 =xx-1) (X-—0) (X-o)
Putx=2 22-1=1-Q2-0)2-0)? Putx=3 3 -1=2-B3-0)(B-0?):

Putx=n n>=1= (n-1) (- o) (h-o?)

2
CLHS = (22 43R 4. +nd)=(n-1) @43 +B 4. +n)-n =[”(”2+1)j ~n
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9. SUMMATION OF SERIES USING COMPLEX NUMBER

. (nB
o)
(@) cosO+cos20+cos30+...... +cosnf = cos(nJr je

0

(@)
(b) sinO+sin20+sin30+...... +sinnd = sin(mr ]9
sin 0
)

2n
Note: If 6 = o then the sum of the above series vanishes.

9.1 Complex Number and Binomial Coefficients

Try the following questions using the binomial expansion of (1+x)" and substituting the value of x according to
the binomial coefficients in the respective question.

Find the value of the following

() Co+Cy+Cg+ . (i) G +Co+Cg +.....
(i) G +Co +Cg + e (iv) GG+C, +Cpp +
(V) Co+C+Co +Cg + .

Hint (v): In the expansion of (1+x)", put x = 1,®,and®? and add the three equations.

Illustration 32: If 1,0, °, ....... , 0" are n" roots of unity, then the value of (5- ) (5-©?)....... (5-0"?) is equal
to (JEE MAIN)
1
Sol: Here consider x = (1), therefore X" =1 =0 (has n roots i.e. 1, o, ©, . Lot ).
n
= X" —1=(X=1)(X=®) (X = @) oo (x— ") =X T x—0) (X = @2) oo (X — 0™ D)
. . . 2 n-1 5" -1
= Putting x = 5 in both sides, we get LB-0)5-0)....... G-0) = -

10. APPLICATION IN GEOMETRY

10.1 Distance Formula

Distance between A(z;) and B(z,) is given by AB = |z, —z, |. Refer Fig 6.29.

Y
A
Az)
\B(ZZ)
X < 0 > X
v
z

Figure 6.29
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10.2 Section Formula

The point P(z) which divides the join of A(z,) and B(z,) in the ratio m: n is

mz, +nz,

given by z = . Refer Fig 6.30.

10.3 Midpoint Formula

Mid-point M(z) of the segment AB is given by z = %(z1 +2,).

— 1 o 1

Az, M(2) B(z,)

Figure 6.31 Mid point formula

10.4 Condition For Four Non-Collinear Points

Condition(s) for four non-collinear A(z,), B(z,), C(z;) and D(z,) to represent vertices of a

(a) Parallelogram: The diagonals AC and BD must bisect each other
1 1
= E(zl+23):5(22+z4)
= 2, +25;=2,+2,

(b) Rhombus:
(i) The diagonals AC and BD bisect each other
= z,+z,=2,+2,,and
(ii) A pair of two adjacent sides are equal, for instance AD = AB

=S |z, -z, 1=z, -2, |

(c) Square:
(i) The diagonals AC and BD bisect each other
& Z,+2,=2,+2,
(ii) A pair of adjacent sides are equal; for instance, AD = AB
& |z, -z, =12z, -2, |
(iii) The two diagonals are equal, that is AC = BD

= |z; -z, =]z, -2, |
(d) Rectangle:
(i) The diagonals AC and BD bisect each other
= Zl + Z3 = 22 + Z4
(ii) The diagonals AC and BD are equal

= |z; -2z, =z, -2, |

B(z,)

n
P

Az)
Figure 6.30
Az, D(z,)
B(z,) Cz)
Figure 6.32
Alz) D(z,)
B(z) Cz)
Figure 6.33
A(z) D(z,)
B(z,) C(z,)
Figure 6.34
Az) D(z,)
B(z,) C(z,)

Figure 6.35
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10.5 Triangle

In a triangle ABC, let the vertices A, B and C be represented by the complex numbers z,, z,, and z, respectively. Then

(a) Centroid: The centroid (G), is the point of intersection of medians of AABC. It is given by the formula

1
Z= E(zl +Z,+125)
A(z,)

\
\
\
\
\

B(z,) C(z)
Figure 6.36 (a)

(b) Incentre: The incentre (I) of AABC is the point of intersection of internal angular bisectors of angles of
AABC. It is given by the formula
az, +bz, +cz,

z= — £ 2,
atb+c Az)

B(z)) Cz)

Figure 6.36 (b)

Circumcentre: The circumcentre (S) of AABC is the point of intersection of perpendicular bisectors of sides
of AABC. It is given by the formula

(c)
1 A(z)

2
|z, 1 7
2
|z, | z, 1
2
, - |zl|2(zz—23)+|22|2(23—zl)+|z3|2(zl—22) ~ lz3 17 z3 1
Z,(z, —23) +Z,(z5 — 7)) + Z3(z; — Z,) z; z; 1
z, z, 1
23 Zg 1 B(z.) " | " C(z,)

z, (sin2A) + z,(sin2B) + z,(sin2C) Figure 6.36 (c)

sin2A +sin2B +sin2C

Also, z =

H 2 G . S
(Orthocentre) (Centroid)  (Circumcentre)

e

Figure 6.37

(d) Euler’s Line: The orthocenter H, the centroid G and the circumcentre S of a triangle which is not equilateral
lies on a straight line. In case of an equilateral triangle these points coincide.

G divides the join of H and S in the ratio 2 : 1 (see Fig 6.37).

1
Thus, z. = §(ZH +2z)



6.26 | Complex Number

10.6 Area of a Triangle Az)
Area of AABC with vertices A(z,), B(z,) and C(z,) is given by
p|noal! 1. _
A:|E z, z, 1{| = EIm(lez +2Z,Z3 +2;7;)
z; z; 1
B(z,) Cz)
Figure 6.38

10.7 Conditions for Triangle to be Equilateral

The triangle ABC with vertices A(z,), B(z,) and C(z;) is equilateral
1 1 1

iff + + =0
Z=Z3 Z3-7Z; 7,717,
2. 2,2 _ s _ s _ = 2 _ d 2= Az)
ST+ 25+ 25 = 2,25 4232, + 27, S 247y = 2,7y = 2,7; < 7] =2,Z; and z5 =2;7,
1 60°
z, z
2 3 Z,-7;, Z3-7
<1 z; z,|=0 < =
z,-2, Z,-Z2
3724 4177
1z, z
60° 60°
1 1 1 1
=N + + = 0 where z== (z; +z, +12;). B(z) @)
z-2z, Z-Z, Z—-1Z 3 .
1 2 3 Figure 6.39

10.8 Equation of a Straight line

(@) Non-parametric form: An equation of a straight line joining the two points A(z,) and B(z,) is

1
z-7, C(z)
Arg 1/ =0
=17
%2 1 B(z)
or z-17; _ z-7;
Z,-2, Z,-Z A(z)

Figure 6.40

N
1l
(]
»—-N N
NNI ,_.Nl NI

or z(z; -z,) -z(z; —2,) +2,Z, - 2,Z; =0

(b) Parametric form: An equation of the line segment between the points A(z,) and B(z,) is
z=tz, +(1-1)z,, t(O,l) where t is a real parameter.

() General equation of a straight line: The general equation of a straight line is az+az+b =0 where, a is
non-zero complex number and b is a real number.

10.9 Complex Slope of a Line

Z,—Z

4 -4

2

If A(z;)andB(z,) are two points in the complex plane, then complex slope of AB is defined to be p =

Two lines with complex slopes p, and u, are

(i) Parallel, if py =p, (i) Perpendicular, if p, +u, =0

The complex slope of the line az+az+b =0 is given by[_?aj .
a
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10.10 Length of Perpendicular from a Point to a Line A
Length of perpendicular of point A(w) from the lineaz+az+b=0. P
Where ae C—{0},andb eR is given by p = M

|al Figure 6.41
10.11 Equation of Circle .
(@) An equation of the circle with centre z, and radiusris |z—z, |=ror

zZ=2,+ re®,0<0<2n (parametric form) or 72z -z,7 -7,z + 2,z - r? =0

(b) General equation of a circleis zz+az+az+b=0 0 Figure 6.42

(c)

(d)

(e)

U]

Where a is a complex number and b is a real number such thataa—b > 0. Centre of (i) is — a and its radius is

aa-b

Diameter form of a circle: An equation of the circle one of whose diameter is the segment joining A(z,) and
B(z,)is (z-2,)(Z-Z,)+(z-Z)(z~-2,)=0

P@/ N B(z)

An equation of the circle passing through two points A(z,) and B(z,) ‘
z z 1 Az)
is (z-2))(Z-Z,)+(Z-Z))(z-2,)+ik|z, Z; 1|=0 wherekis areal parameter.
z, z, 1 Figure 6.43

Equation of a circle passing through three non-collinear points.

Let three non-collinear points be A(z, ), B(z,) and C(z;) and P(z) be any point on the circle through A, B and C.
Then either ZACB = ZAPB [when angles are in the same segment]

or, ZACB+ ZAPB=n [when angles are in the opposite segment] (see Fig 6.44).

= arg(—z3_22J—arg(Z_Zz] =0or, arg[z3_ZZJ+arg(Z_zlJ:n
z,-17, z-7 z,-7 z-17,
z,-2 -

:argl:[3 ZJ[—Z Zlﬂzo
z,-7, | z-2,
z,-2,\(z-2

or, arg {—3 2}{—1J =n
z,-2, )\ z-z,

(z-2,)(z5-2,)
(z-2,)(z3 —7;)

In any case, we get is purely real. Figure 6.44

(Z_Zl) (Zg _Zz) _ (E_El) (23 _22)
(z-2,)(z3-2) (Z-Z,)(Z-Z)

Condition for four points to be concyclic.
(z, —2,)(z3-2,)
(z4 =2,)(z3-29)

Four points z,, z,, z; andz, will lie on the same circle if and only if is purely real.

(2, -2)(23-25) _(2,-2)(Z-7)

(2, -2,)(23-2))  (Z,-%,)(Z, - 7))
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CONCEPTS
z, zz 1
Three points z,, z, and z; are collinear if |z, z, 1| =0.
z; z; 1

If three points A(z,), B(z,) and C(z,) are collinear then slope of AB = slope of BC = slope of AC
z,-2, z, 4

5L-45 7

—2z3 _z
43 44

1 3

=

Akshat Kharaya (JEE 2009, AIR 235)

lllustration 33: If the imaginary part of ?Z+1 is — 4, then the locus of the point representing z in the complex
. iz+1

plane is

(a) A straight line  (b) A parabola (c) A circle (d) An ellipse (JEE MAIN)

Sol: Put z = x + iy and then equate its imaginary part to — 4.

Let 2 = x + iy, then ?z+1 _ 2(x+iy)+1 _ (2x+1)+2iy _ [(2x+1)+2iy] [X—-y)—ix]

iz+1 i(x+iy)+1 (L-y)+ix 1L-y)? +x?
astm[Z4L) 4 weger RA-y-x@+l)
iz+1 x2+(1—y)2

= %2 +2y? +x -2y = 4x° + 4(y? -2y +1) = 2x* +2y? —x—6y+4 =0. It represents a circle.

llustration 34: The roots of z° = (z—1)° are represented in the argand plane by the points that are
(a) Collinear (b) Concyclic

(c) Vertices of a parallelogram (d) None of these (JEE MAIN)

Sol: Apply modulus on both the side of given expression.
Let z be a complex number satisfyingz° = (z - 1)°.
=12’ |=|(z-1)| = |z’ =|z-1f = |z|=1z-1|

Thus, z lies on the perpendicular bisector of the segment joining the origin and (1 + i0) i.e. z lies on Re(z) = %

Z; Z - .
lllustration 35: Let z, and z, be two non-zero complex numbers such that —L 422 =1, then the origin and points
represented by z; and z, Z 4

(a) Lie on straight line (b) Form a right triangle
(c) Form an equilateral triangle (d) None of these (JEE ADVANCED)

z
Sol: Here consider z = == and z, and z, are represented by A and B respectively and O be the origin.
z
2

z 1
letz= L, thenz+ = =1 = 7z2-7z+1=0
z, z

143 7, 1£4f3i
z= =27

2 z, 2
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If z, and z, are represented by A and B respectively and O be the origin, then

OA _ Izl _ 13 - 2,3 217 S oa-o8

OB z, | 2 4 4

PP e B P P - SV P SR Y
OB EN z, 272 2772 4 4

= AB=0B Thus, OA = OB = AB .. AOAB is an equilateral triangle.

lllustration 36: If z,, z,, z; are the vertices of an isosceles triangle, right angled at the vertex z,, then the value
of (z, —22)2 +(z, —23)2 is

(@) -1 (b) 0 @ (z, - 23)2 (d) None of these (JEE ADVANCED)

Sol: Here use distance and argument formula of complex number to solve this problem.

As ABC is an isosceles right angled triangle with right angle at B, Cz,)
o Z3 _ZZ T
BA=BCand ZABC=90°= |z, -z, |=|z;-2,| and arg| =—= | = =
z, -2, 2
Z - p—
B4 17| cos| = |+isin| = || =i
z,-2, |z;-2z,| 2 2 B(z,) Az,)
= (z4 —22)2 =—(z, - 22)2 = (z4 —22)2 +(z, —23)2 =0 Figure 6.45

11. CONCEPTS OF ROTATION OF COMPLEX NUMBER

Let z be a non-zero complex number. We can write z in the polar form as follows:
z=r (cosO+isin0) =re® wherer = | z|and arg (z) = 6 (see Fig 6.46).
Consider a complex number ze'®

o

ze = (re)e™ = rel(®+®)

Thus, ze'* represents the complex number whose modulus is r and argument is 0+ a.

) . ) ) ) o Figure 6.46
Geometrically, ze'* can be obtained by rotating the line segment joining
O and P(z) through an angle a in the anticlockwise direction.
Corollary: If A(z;) andB(z,) are two complex number such that
ZAOB =0, then z :Mz " (see Fig 6.47). Y
2 1z, | € s
. . B(z,)
Let z, =r,e"* and z, =r,e® where |z, |=1,|z,|=T,. .
; A(z)
iB 1
Then e I LA riei(p"“‘) g~
z, rle'o‘ n 4—0 a X
z, |z, | M
Thus, =2 =2¢"° (= B—a=0) =z, = —221eie Figure 6.47

Z, N |z, |
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CONCEPTS

Multiplication of a complex number,z with i.
Let z =r (cosO+isin®) and i = [cosgﬂsingj, then iz = r{cos[gﬂajﬂsin(gﬂ%ﬂ.

Hence, iz can be obtained by rotating the vector z by right angle in the positive sense. And so on, to
multiply a vector by — 1 is to turn it through two right angles.

Thus, multiplying a vector by (cos8 +isin®) is to turn it through the angle 8 in the positive sense.

Anvit Tawar (JEE 2009, AIR 9)

lllustration 37: Suppose A(z,), B(z,) and C(z;) are the vertices of an equilateral triangle inscribed in the circle

|z[=21f z, = 1++/3i, then z, and z; are respectively.

@) -2,1-3i (b) —1++3i, -2
© -2, —1++3i (d) =2, 2++3i (JEE ADVANCED)

Sol: As we know x + iy = re'®. Hence by using this formula we can obtain z, and z;.
in
z, =1++3i = 2€3

2mi 2mi
Since, ZAOC :2?7: and ZBOC :2?75, z,=z,e3 and z; =z,e3

Sni
= z; =2e™ =2(cosn+isinm)=-2 and z; =2e 3

f{an-2) {2

2 cos™ _isin® | = 2| L3 = 1-43i.
orgoiong] <230

Figure 6.48

2 2

PROBLEM-SOLVING TACTICS

(a) On acomplex plane, a complex number represents a point.

(b) In case of division and modulus of a complex number, the conjugates are very useful.
(c) For questions related to locus and for equations, use the algebraic form of the complex number.

(d) Polar form of a complex number is particularly useful in multiplication and division of complex numbers. It
directly gives the modulus and the argument of the complex number.

(e) Translate unfamiliar statements by changing z into x+iy.

(f) Multiplying by cos6 corresponds to rotation by angle 6 about O in the positive sense.



(9)

(h)

(a)
(b)

(c)

(d)

(e)

()

(9)
(h)
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a+ib
T t th | b -
o put the complex num erC+IOI

by the conjugate of the denominator.

in the form A + iB we should multiply the numerator and the denominator

Care should be taken while calculating the argument of a complex number. If z = a + ib, then arg(z) is not

always equal to tan™! (EJ . To find the argument of a complex number, first determine the quadrant in which
a

it lies, and then proceed to find the angle it makes with the positive x-axis.

For example, if z = — 1 — i, the formula tan™ [Ej gives the argument as % while the actual argument is %
a

FORMULAE SHEET

Complex numberz =x+iy, where x,y eR andi=~-1.

If z = x + iy then its conjugate Z = x—iy.

Modulus of z, i.e. | z | = /x* +y?

tan! Y x>0, y>0
X
ni-tant L x<0, y>0
X
Argument of z, i.e.0 =
—n+tant X x<0, y<O0
X
—tan! Y x>0, y<O0
X
AY 1|y
where, ¢ =tan |—|
0=m-¢ 0=¢ ¢ X

0=-n+¢ [O 0=-¢

0, ifx>0

If y=0, then argument of z, i.e.® = .
n, ifx<O0

I .
—, ify>0
If x=0, then argument of z, i.e.0 = 2
3n .
- ify<0

In polar form x =rcos6 and y =rsin, therefore z =r(cos6 +i sind)

In exponential form complex number z =re, where € = cos@ +isin® .



6.32 | Complex Number

ix —ix ix —ix
. e +e . -e
(i) cosx=——— andsinx = -
2 2i

(j) Important properties of conjugate
(i) z+Z =2Re(z)and z-Z =21Im(2)
(i) z=7Z < zispurely real
(iii) z+Z =0 < zispurely imaginary

(iv) 77 = [Re(2)]2 +[Im(2)]

V) z,+z,=27+%,

i) z,-z,=7 -7,

(vii) 2,2, =77,

(viii) (Z_lJ “Aitz %0

Z, Z

(k) Important properties of modulus

If zis a complex number, then

() [z]=0<2=0

(i) [z]=1Z|=|-z|=]|-Z]|
(i) —|z|<Re(2)<|z]|
(iv) —|z|<Im(z)<|z]|

(v) zz=|z|?
If z;,z, are two complex numbers, then
(i) |2122|=|21||22|

=

4

2| i z,#0

|z, |

(i)

2
(iii) |z, +z, |2:|z1 E +]z, E +7,2,+2,7, = |z, E +|z, |? +2Re (z,7,)

. 2 2 2 = = —
(iv) |Zl_22| :|Z1| +|22| _2122_2122=|21|2+|ZZ|2—2Re(2122)

() Important properties of argument
() arg(z)=-arg(z)
(i) arg(z,z,) =arg(z,) +arg(z,)

In fact arg(z,z,) = arg(z,) +arg(z,) + 2kn

0, if —-m<arg(z;)+arg(z,)<n
where k= <1, if -2n <arg(z;)+arg(z,) <-n
-1, if T <arg(z,)+arg(z,) <2n

(i) arg(z,z,) =arg(z;)—arg(z,)

(iv) arg(i—lj =arg(z;)—arg(z,)
2
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Y
W) lz;+zy1=lz-27,| < arg(z;) -arg(z;) =
Wi) |z, +z, =]z, |+|z,| < arg(zy)=arg(z,)
If z, =1 (cosO, +isin0;) and z, =r, (cosO, +isin6,), then
(vii) |z, +2, |?=|z, |* +|2z, |* +2]2, || 2, | cos(8, —0,) = 7 +12 +2rr, cos(6; —0,)

(viii) |z, -z, |°=|z, |> +12, |* -2|z, || z, | cos(8; —0,) = r’ +rZ —2rr, cos(, —6,)

(m) Triangle on complex plane

7, +2,+124
3
az, +bz, +cz,

(i) Centroid (G), z, =

(ii) Incentre (1), z, = 5
a+b+c

z, tanA+z, tanB +z; tanC

ZtanA

z, (sin2A) +z,(sin2B) + z,(sin2C)
Sin2A +sin2B +sin2C

(iii) Orthocentre (H), z,,

(iv) Circumcentre (S), z,

(n) (cose+i sin e)” =cosnd+isin nb

(o) \/_:Jx+iy:ir \/|Z|¥+|\/|Z|T_X fory >0

(p) Distance between A(z;) and B(z,) is given by |z, -z, |

(q) Section formula: The point P (z) which divides the join of the segment AB in the ratiom : n
mz, +nz,

is given by z =
m+n

(r) Midpoint formula: z = %(z1 +2,).

(s) Equation of a straight line
(i) Non-parametric form: z (z; -Z,) -Z(z, - 2,)+2,Z, -2,Z, =0
(ii)) Parametric form: z=tz, +(1-t)z,

(iii) General equation of straight line: az+az+b =0

z, -2
(t) Complex slope of a line, p = ——2_. Two lines with complex slopes u, and u, are

A
(i) Parallel, if u, =p,
(ii) Perpendicular, if pu, +u, =0

(u) Equation of acircle: |[z-z, |=r
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JEE Main/Boards

Example 1: f z, and z, are 1, -2 + 4i respectively.
Findlm(ziij.
7
Sol: ziz2 _ (1—i)(—2.+4i)= —2+2i+-4i+4
Z, 1+i 1+i
_ 2+§|X1_—! _ 2+6i—2i+6 =440
1+ 1-i 2

- Im [_] S
Z

Example 2: Find the square root of z = - 7 — 24i.

Sol: Consider z,=x+iy be a square root then
z,° =-7-24i.

—7-24i = x* —y? +2ixy
Equating real and imaginary parts we get
X —y? =7 0
and 2xy = - 24 .. (i)
02 +y2) 2= (2 —y2)? + 4Py
= (-7 +(-24)% = 625

X2 + y2 =25 ... (i)
Solving (i) and (iii), we get,
. y) = 3, —4)i(- 3, 4) by (i)

z, =+(3-4i).
Example 3: If n is a positive integer and obe an
imaginary cube root of unity, prove that
14 o 4o {3, when nis a mulitpleof 3

0, when nis not a mulitpleof 3

Sol: Casel: n=3m;m e |

Sl +o =1+ 0™ + @™
=1+1+1[e0*=1 =3
Casell:n=3m+Tor3m+2, me |

(@) Letn=3m + 1

CLHS=1+0"™ + ™2 21 4+ o+ w’=0

(b) Letn =3m + 2

3m+2 (06m+4

1+0°™? 4+ =1+’ +0* =1+’ +® =0.

z-3 .
3 ‘ = 2 represents a circle.

Example 4: Show that
zZ+

Sol: Consider z = x + iy and then by taking modulus we
will get the result.

Letz=x+ iy

z-3
z+3

X=3+iy
X+3+iy

‘zz

‘zz

s lx=3+iy|2=2% | x+3+iy |2
or (x—3)2+y2 =4((x+3)2+y2)
= 3x% +3y? +30x+27=0

which represents a circle.

Example 5: If| z, =]z, |=.......=|z, |1
1 1
prove that|z; +z, +....... +Z = —+—+...... +—
a4 Zn
SoI:|zj|=1 =27z, =1vVj=1.... .n
(- 7Z=|7|)
LHS.
|z, +z, + +z |= —+l+ +—|=
1 FZyF N Z Ty, T -
1 1 1 1
4 +—
L 7 743 Zq
= i+l+i+ .+—| =RHS.
21 7 73 n

Example 6: If |z, +Z, |=|z, -z, |, prove that
argz, —argz, = odd multiple of g

Sol: As we know |z|=z.£ . Apply this formula and



consider z = r(cose+i sine)_
2 2
|z, +z,|°=|z; -z, |
= (z,+2,)(z, +Z,)=(z; - z,) (z, - Z,) or
2,7, +2,Z, + 2,2, +2,Z, = 2,Z; + 2,2, —Z,Z; —Z;Z,
or 2(z,z; +z,z,)=0; Re(z,z,) =0
Let z; =r, (cosO, +isin6;) and z, =r, (cos6, +isind,);
then z,7, =nr, (cos(6, —0,)+isin(6, —6,) )

- cos (0, -0,)=0(asRe(z,7,)=0)

0, — 6, = odd multiple of g

Example 7: If | z— 1| < 3, prove that |iz+3-5i]< 8.

Sol: Here we have to reduce iz + 3 — 5i as the sum
of two complex numbers containing z — 1. because we
have to use

|z-1]<3.
liz+3-5i|=]iz-i+3-4i|
=|3-4di+i(z-1)]| <|3-4i|+]|i(z-1)]|

(by triangle inequality) <5+ 1-3=8

Example 8: If (1 + x)" =a, + ax + ax* +........... +a X",
then show that
n
5 n
(@a,—a, +a,+..= 22 cosT7T
s nm
(b)a,—a, +a, +..= 22 sinT
Sol: Simply put x = i in the given expansion and then

by using formula

z =r(cos0+isind) and (cos0+isin 6)’
=cosnB+isin nB, we can solve this problem.
Put x =i in the given expansion

- . H .
(T+D)"=a,+aji+a,i’+..+ali"

{\/5 {cos%ﬂsin%ﬂn

=(@,-a,+a,-.)+i(a,-a,+a,-..)

22| cos 1T L isin T
4 4
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Equating real and imaginary parts.
S
22 cosT =a,—a,+ta,t ..

Example 9: Solve the equation z"' = Z:neN

Sol: Apply modulus on both side.
' =7; 2" =1z = [
s ]zl=0or|zl =1 If|z] =0thenz =0,
Let |z] = 1; then, z"=zZ =1

2mn . . 2mx
. Z=cos——+isin——:m=0,1, ..., n—1
n n

—-iz

Example 10: If z = x + iy and o = -
z-i

with |o| =1, show that, z lies on the real axis.

Sol: Substitute value of win |o| =1.

1-iz
o=

=1=|1-iz| = |z—1|

o, [T—ix+y|=x+ily-1)]
or,(1+yP+x2=x2+(y—-172o0r4y=0

Hence z lies on the real axis.

Example 11: If a complex number z lies in the interior

or on the boundary of a circle of radius as 3 and centre
at (0, — 4) then greatest and least value of |z + 1] are-

A) 3+17,17-3  (®) 6, 1
©) V17,1 D) 3, 1

Sol: Greatest and least value of |z + 1| means maximum
and minimum distance of circle from the point (- 1, 0).
In circle greatest and least distance of it from any point
is along the normal.

(-1,0) | (0,0

A
v
>

0.-4)
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.. Greatest distance = 3+4/1%2 +42 = 34417

Least distance = v12 +42 =3 = 17 -3

Example 12: Find the equation of the circle for which

z-6-2i
22574 /4.
e (Z—Z—ZJ r/

z-6-2i

Sol: arg| ——
z—2-2i
circle of which Line joining (6, 2)) and (2, 2) is a chord

]:n/4 represent a major arc of

that subtends an angle % at circumference.

z
>
\‘\
A“
AR2 M B(6,2)

Clearly AB is parallel to real (x) axis, M is mid-point,
M=(4,2),0M=AM=2

- O = (4, 4) and OA? = OM?2 + AM? = 242 Equation of
required circle is

|z—4—4i|=2{2

Example 13: If |z| > 3, prove that the least value of

1. 8
z+-|is —-
z 3
Sol: Here z+l 2|z|—i.
z |z|
Now |z| > 3
. iél or - iz—l ()
lz| 3 lz| 3

1 1 8 ..
_ - >3_=-_°2 ... (ii
|z| 7] 373 (ii)
. . 1|_8
Hence from (i) and (ii), we get |z+— 2§
z

.. Least value is %

Example 14: If z, z,, z, are non-zero complex numbers
such that z, + z, + z, = 0 and zil +zg1 +z;1 =0 then
prove that the given points are the vertices of an

equilateral triangle. Also show that |z,| = |z,| = |z,].

Sol: Use algebra to solve this problem.

Given z, + z, + z, = 0, and from 2" relation 7,7, + 7,2,
+22,=0

5 Z2,2,=-2(2,+2)=-2,(-2) =27

S22 =222,=27 =27

Az P =1zl = 1z

Above shows that distance of origin from A, B, C is
same.

Origin is circumcentre, butz, + z, + z, =0

implies that centroid is also at the origin so that the
triangle must be equilateral.

JEE Advanced/Boards

Example 1: For constant ¢ > 1, find all complex numbers
z satisfying the equationz + c|z+ 1| +i=0

Sol: Solve this by putting z = x + iy.
Letz = x + iy.

The equationz + c |z + 1| + i = 0 becomes

X+iy+cC «/(x+1)2+y2 +i=0
orx + ¢ J(x+1)? +y? +i(y +1) =0

Equating real and imaginary parts, we get

y+1=0=y=—1 (i)

and x + cy/(x+1)2 +y2 =0:x < 0 (D)

Solving (i) and (i), we get
X+ CX+1)2+1=0 orx® =[x + 1) + 1]

or (-1 x2+2c+22=0

Ifc=1,thenx =—-1.Letc > 1; then,

22 +\Ac -8(P-1) 2 +cy2- P

2(c? -1) -1

X

As x is real and ¢ > 1, we have: 1 <c£«/§

(Thus, for ¢ > \/E there is no solution). Since both
values of x satisfy (ii), both values are admissible.



Example 2: Find the sixth roots of z = 64i.

Sol: Here i = cosg+ising and sixth root of z

ez =z".
mw .. T
Z =64| cos—+isin— nz,=27"
2 2
T
2rm+— 2rm+—
= 2| cos 2 +isin

Wherer=0,1,2,3,4,5

The roots z, z,, z,, Z,, Z,, Z, are given by

OI ’Il 2[ 3! 4!
z,=2 cosl+isini
12 12
57 .. 5m
z, =2| cos—+isin—
12 12

Example 3: Locate the region in the Argand plane for

the complex number z satisfying

(@) |z-4| < |z-2| (b) % <argz<

Sol: Consider z = x + iy and solve by using properties

of modulus and argument.
(@) Letz =x+1y

|x + iy —4] < |x + iy - 2]

(X—4P +y? < (x=2+y?or—4x+12<0

y

7 N

A X<

T

4

21 . . 21m O . .
=2| cos——+isin— | = -2| cos—+isin
12 12

v X

<

x
1

w

\\\\\\\\\\\\

.. 57 .. 5=
=2| cos——+isin——| =-2 cosﬁ+|sm—

12

9n

12

137 . . 13= T .. T
3 = 2| COS—+isin——— | = -2| cos—+isin—
( 12 j ( 12 12}

)
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Re(z) > 3 (see the Figure above)

(b) Letz = x + iy, then,x >0andy >0

argz=tantY tanZt <¥ < tan ™
X 6 X 4
Y
A
y=X
arg(z)=6
> X
(0]

igxsl; xs\/§y and y <x
3 X

Hence the given inequality represents the region

bounded by the rays y = x and y :ix except the

NE

origin.

Example 4: If z? + 2,2~ 27,7, cos © = 0, show that the
points z,, z, and the origin, in the argand plane, are the
vertices of an isosceles triangle.

Sol: By using formula of roots of quadratic equation we
can solve it.

2 2 _ _
z2+2,°-222,c0s0=0

z; ’ z;
= |—| =2 —|cos0+1=0
Z Z
[zlj 2cosei\/4cosze—4
:> —_— =

z 2

2

B(2)

=cos0O *isin0

= =|cos® xising|-1

=
2

= =1=1z| =z, or OA = OB

4
2

Hence points A(z), B(z) and the origin are the vertices of
an isosceles triangle.
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Example 5: Let three vertices A, B, C (taken in clock
wise order) of an isosceles right angled triangle with
right angle at C, be affixes of complex numbers z,, z
z, respectively. Show that (z, - z,)* = 2(z, - z,) (z, - 2,).

zZ,-2 ~

2 3 _ e in/2
Z, -2,
algebra method.

Sol: Here . Therefore solve it using

Given CB = CA and angle £C :g
zZ,-Z -

2 T3 _gin2 or (z,-2) =¥z, - z,)?
2~ 73

(z,-2) =—(z,-z)

Az,)

H
C(z,) B(z,)

or

2 2 _ 2 2 _ -
z2+2°2-22,2,+2°+2°-222,=0

Add and subtract 2z.z

Zy we get

2 2 _ 2 _ — =
z2+ 2z, 22122 + 223 22223 22123 + 22122 =0, or

(z,-2,)* + 2[z,(z,~2,) - z,(z,—z,)] =0 or
(z,-2z) +2(z,~2)(z,-2,) =0, or

(z,-z) =2z,-2)(z,- 7).

Example 6: If A, B, C be the angles of triangle then

e2|A e—lC —iB
prove that e e?® e | is purely real.
ele ef|A e2|C

Sol: Here A+B+C = x, therefore e = cos n+isinm =—1.
And by using properties of matrices we can solve this
problem.

eP=-1 ()]
eiB+0) = @ili-A) = @pi @A = _ A
eiB+0)

=-et ... (i)

Take e*, €® and € common from R, R, and R,

respectively. A = gl4+8+0

oA o i(A+C)  o-i(A+B)

o iB+C) oiB o iB+A)
e B0 ooi(C+A)  iC

e|A _e|B _e|C
— _1 _eIA eIB _ C , by (2)
_e|A _e|B e|C

Take e*, e® and e common from C,, C, and C, and
again put e*+8+0 = gir = _1,

1 -1 -1
A=EDED|T 1 A
-1 -1 1

Now make two zeros and expand

A = -4 which is purely real.

la—bf?
|b]). Interpret the result geometrically and

c+V —d?|+|c—? -d?| =

—d|; all numbers involved being complex

Example 7: Prove that |a + b]?> +
= 2(|la* +

deduce that |c+d| +|c

Sol: By using algebra of complex number and modulus
property we can prove given expresson. And then by
using Appolonius theorem we can interpret the result
geometrically.

= [a + bf? + [a - b’

= |a]+ |b]? + 2Re(ab) +[a]?+ |b]? - 2Re(ab) = 2(ja? +
|b]?) (proved)
Now |a + b|?> + |a—b|? = 2(Ja|* + |b]?)

This is nothing but Appolonius theorem. In AOAB, M
is midpoint of AB on applying Appolonius theorem we
get

(b) B(a+b)
M(a)
[¢)
A(a - b)
OA? + OB? = 2(AM? + OM?)

Now take a—1/ and b = ,}

Then using result

la + bf* + |a - bf* = 2(|a|* + |b[*)

2
c—d

2

2
c+d

RHS =2 =|c+d|+]|c—d|




]2

LHs. =| |[<xd, je=d
2 2

On simplifying we get

c+Vc? —d?

R

c—Vc? -d?

LHS. = +

Example 8: Show that the triangles whose vertices are
z,z,z,and a, b, care

1S 43
z; al
similarif |z, b 1] =0.
z, ¢ 1

3

Sol: Consider triangle ABC and DEF are similar, therefore

AB_BC and ZABC = ZDEF.

DE EF

Suppose z,, z,, Z, are given by A, B, C respectively and a,
b, c are given by D, E, F respectively. Since the triangle

ABC and DEF are similar AB = % and
DE EF
ZABC = ZDEF = a(say)
zZ. —Z _
We have /B = arg| +—2% |=arg (a bj
z,-2, c-b
h™%h =ﬂ (cosa + isina) ()
z,-z, BC
and ﬂ = % (cos o + isin o) ... (i)
c-b EF
/”\ A
B(X,) C(z,) E(b) F(©)
Since ﬁ:% we have ﬁ:%
DE EF BC EF
Thus, from (i) and (ii) we get
2,-7, _ a-b - z,-Z,a-b 0
z,-z, c-b z;-2,c-b
z,-z, a-b 0
=| z, b 1/=0
z;-z, ¢-b 0

Applying R, > R, + R,and R, - R, + R,
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Zy

a
weget|z, b 1/=0
C

=R

Z3

Example 9: If b, + b, + b, + b, = 0 where b, etc. are
non-zero real numbers, sum of no two being zero,
and b,z, + bz, + b,z, + b,z, = 0 where no three of the
points z,, ,, z,, z, are collinear then prove that the four
point concyclicif b.b, [z, - z,]* = b,b, |z, - z,|*.

Sol: Here the four points A, B, C, D will be concyclic if
PA.PB = PC.CD. therefore obtain PA, PB, PC and CD and
simplify.

Hereb, + b, =-(b, + b))
Alsob,z, + bz, =~ (b,z, + b,z,)

b b
Dividing these, 1217 95% _
b, +b,

bz, +b,z,
b, +b,

The left side gives the point that divides the line
segment joining A(z,), B(z,) in the ratio b,: b, and the
right side gives the point that divides the line segment
joining the points C(z,), D(z,) in the ratio b,: b,. So the

line segments intersect at P which is
b,z, +b,z b,z, +b,z

Represented by —+1——2"2 a5 well as =3 —4~4

b, +b, ;+b,

Now, AB = |z, - z,|

. PA= b, (z. —z,) & PB= b, (z, -2,)
7 b,+b, r 7?2 b, +b, 1 72

110 110

Also, CD = |z, -z

"

b, b,
. PC= (z3-2z,) & PD= b (z3-2,)

b, +b, b, +b,

The four points A, B, C, D will be concyclic if PA.PB =

PC.CD
b.b
ie 172 5 |zl -z,

|2 b3b4
(b; +b,)

|2
(b +b,)

4

ie.bb,|z,-zP=bb,|z,-z

(“ b, + b, =~ (b, + b))
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Example 10: Show that all the roots of the equation
7" cos g, + "' €Os g, + Z"2 COS g, ... +zcosq , +

. . . 1
cos q, = 2 lie outside the circle |z |= > where q,, g, etc.
are real.

Sol: By using triangle inequality.

-1 -2
Here |z" cos q, + z*' cos q, + 2" Cos g, + ... +z
cosq,,+cosq|=2 e (i)

By triangle inequality.

2=|z"cos6 +2""cosq, +2""cosq, + ... +Z
cosq,,+cosq, |<|z"cosq|+ [z cosq,|+

|z cos q,| + ..++|zcosq .| +|cosq|

=z ||cosq,| + [z |cos q,| + ........ +z||cosq | +
|cos q | <[z]" + [z]™" + ... + [z] + 1

(| cosq,|<7Tand |z = |z|™)

-]z 1 1
= < L2<
1-{z|  1-|z] 1-|z|
So 1 -|z] is positive and 1-|z| < %
.'.|z|>1—l=l
2 2

. All z satisfying (i) lie outside the circle | z |:%

2n_1

1
Example 11: If z+==2co0s0, prove that
= [tan nq. z

z"+1

Sol: By using formula of roots of quadratic equation,
we can solve this problem.
1
Here z + == 2 cos 0;
z
z2=2c0os0.z+1=0

2cosei\l4cos2 0-4
Z=

2

=cos0O +isin®

Taking positive sign, z = cos 6 + i sin 6

lz (cosO +isinB)'=cosO—isin0O
z

2n Zn_i L. .
z7-1_ 2" (cosO+isinO)" —(cosO—isinO)"
-5 _
Z"+1 1 (cosf+ising) +(cosO—isinG)"
n

z

_ cosnB+isinO —(cosnB—isinnb)
cosnO+isinnd +(cosnO—isinnO

3 2i sinn®
2cosn6

= itann@. Taking negative sign,

"1 _ —2isinn6

similarly we get = =—itann®
72" 11  2cosn0
2" -1 = | £ itan nqg| = |tan nq|
7" +1 - '
For |t i = 1.

Example 12: Find the complex number z which satisfies
the condition |z -2 + 2i| = 1 and has the least absolute
value.

Sol: Here z—2 + 2i = cos 0 + i sin 0, therefore by obtaing
modulus of z we can solve above problem.

|z—2 +2i| =1
—>z-2+2i=cosO+isind
Where 0 is some real number.
=z=(2+cos0)+ (sind-2)i

= |z] = [(2 + cos 0)? + (sin 6 — 2)7]"?

= [8 + cos? 0 + sin? 0 + 4(cos 0 —sin 0)]?

= {9+4\5 cos[eﬁﬂm

|z| will be least if cos (6 + n/4) is least, that is, if cos

® +m/4d)=-1o0r0 = %c Thus, least value of |z] is

(9—4\5)1/2 forz = {2—%}{%—2)

Example 13: For every real number c > 0, find all the
complex numbers z which satisfy the equation. 2|z| - 4
cz+1+ic=0.

Sol: Substitute z = x + iy and equate real and imaginary
part to zero.

2\/x2+y2—4c(x+iy)+1+ic=0

.'.—4cy+c:O:y:% - (1)

24/x2+%—4cx+1=0 or

4(x2 +%] = (4 cx—1)2

4x*> (4c>-=1)-8cx + % =0



Mathematics | 6.41

_ 8ct\64c? ~12(4C° ~1)
= 8(4c? —1)
4cJ_r\/4c2 +3
44 1)

xisrealas c>0,z = (x, y) as given by (i) and (i), c> 0.

- (i)

or X =

Example 14: Consider a square ABCD such thatz,, z,, z,,
and z, represent its vertices A, B, C and D respectively.
Express 'z, and 'z, in terms of z, & z,.

Sol: Consider the rotation of AB about A through an
angle =
9 i

LT
z,-7, =|z3 —zl|e|Z

Therefore
z |z -z |

274 2

z, -2 |z—z|iE T .. T
£l W - B § PR Y cos +isino
2,77y |74

=2z,=2 +(z,-2)(1+1)
Similarly z, = z, + i(z, - z,)

Alzy) D(z,)

/4

B(z,) C(zy)

Exercise 1

Q.1 Find all non-zero complex numbers z satisfying
Z=iz".

1+2i+3i% .

Q.2 Express in the form A + iB.
1-2i+3i

Q.3 Find x and y if (x + iy) (2 —3i) =(4 + i)

Q.4 Find xand y if(1+|)x,_2I + (2_3I)¥+| =i

3+i 3-i
Q5Iifx=a+b,y=aa+bpandz=ap +ba, where o and
[ are complex cube roots of unity, show that xyz = a® + b3.

1+7i

Q.6 in the polar form.
(-

Q.7 Find the square root of — 8 - 6i.

Q.8 Find the value of smallest positive integer n, for

AN
which (ﬂJ -1.
1-i
Q.9 Show that the complex number z = x + iy which
z-5i

satisfies the equation

‘ =1 lies on the x-axis.

Q10Ifz=1+itano, wheren < a < 3_n . find the value
of |z| cos a. 2

Q.11 If 1, o, ®? be the cube roots of unity, find the roots
of the equation (x— 1)3 + 8 = 0.

Q.12 If |z| < 4, prove that |iz + 3-4i| < 9.

Q.13 2 + i 3 is a vertex of square inscribed in circle |z —
1| =2. Find other vertices.

Q.14 Find the centre and radius of the circle formed
by the points represented by z = x +iy satisfying the

|z—a]

relation = k(k # 1) where oo & B are constant

z-p
complex number’s given by o = o, +ia, & =p; +if,

Q.15 Prove that there exists no complex number z such

a
that | z |<% and > az" =1wherela] < 2.
r=1

Q.16 Let a complex number o, a # 11, be a root of
the equation zp + g —zp —zq + 1 = 0, where p, q are
distinct primes. Show that either 1 + o + o? + ...... +
oPT=0 orlT+oa+o0®+.... + a%" = 0, but not both
together.
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Q.17 Show that the area of the triangle on the Argand
diagram formed by the complex numbers: z, iz and

zZ+izis: £|Z|2.
2
Q.18 If iz? + 22—z + i = 0 then show that |z| =1.

Q.19 Find the value of the expression
12-0)2-0?) +2B-0) B-w?) + ...

+(n-1) (h- o) (h-w?) where o is an imaginary cube
root of unity.

Q.20 If x = % (5—\/§i), then find the value of
x*—x3—12x% + 23x + 12.

Q.21 Letthe complexnumbersz,, z,and z,be the vertices
of an equilateral triangle. Let z, be the circumcentre of

the triangle. Then prove that: z,> + z,° + z,° = 3z°.

Q22 If z, z, z, are the vertices of an isosceles triangle,

right angled at z,, prove thatz,* + 22> + 2, = 2z, (z, + Z,).

Q.23 Show that the equation

A2 B H
+

x—a x-b x-c x—=h

=X+/,

Where A, B, C, ..., a, b, ¢, .... and 7 are real, cannot have
imaginary roots.

Q.24 Find the common roots of the equation

22+2722+2z+1=0andz"® + 7%+ 1 =0.

Q.25 If n is an odd integer greater than 3 but not a
multiple of 3, prove that [(x + y)" —x" — y"] is divisible by
Xy (X +y) (2 + xy + y?).

Q.26 If o and B are any two complex numbers,

OL+\/OL2—BZ a—\/az—Bz

= |o. + Bl + |o = P

show that +

Q.27 Letz, = 10 + 6iand z, = 4 + 6i. If z is any complex
274 s X then
z-z,

number such that the argument of

prove that |z -7 - 9i| =342.

Q.28 If |z| < 1, |w| < 1, show that

|z=w]? < (|z| - |w|)? + (arg z — arg w)>.

Q.29 Let A and B be two complex numbers such
that %-f-% = 1, prove that the origin and the points

represented by A and B form the vertices of an
equilateral triangle.

Q.30 Let z,, z,, z, be three complex numbers and a, b, c
be real number not all zero, such thata + b + ¢ = 0 and
az, + bz, + cz, = 0.

Show that z,, z,, z, are collinear.

Q.31 If z-4 + 3i| <2, find the least and the greatest
values of |z| and hence find the limits between which
|z| lies.

Q%

Q32If|z| < 1and 1 <1, then show that |z,| < 1.

122

|z —|z|+1

2+| z|

Q.33 Find the locus of points z if Iog\/g <2

Q.34 For complex numbers z and o, prove that |z — |
olPz=z-oifandonlyifz=wor zo=1.

Exercise 2

Single Correct Choice Type

Q.1 |z + 4| £ 3, Ze C: then the greatest and least value
of |z + 1] are:

(A) 7. 1) (B) (6, 1) Q6,0 (D) None

Q.2 The maximum & minimum values of |z +1| when |z
+ 3| <3are

(A) (5, 0) (B) (6, 0) Q.1 (D)5, 1)

Q.3 The points z, = 3 + J3iand z,= 233 +6i are given
on a complex plane. The complex number lying on the
bisector of the angle formed by the vectors z, and z, is:

) Z:(3+2\E)+\@+2i
2 2

(Byz=5+5i

Qz=-1-I

(D) None of these
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Q4 if z, z, z, z, are the vertices of a square in that
order, then which of the following do(es) not hold
good?

—-Z, . . .
L2 is purely imaginary
377

() 2

Zl - 23 . . .
(B) is purely imaginary
z

Zy =14
1 _22 . . .
© is purely imaginary
Z3 =24

(D) None of these

Q5 let z, z, and z, be the complex numbers
representing the vertices of a triangle ABC respectively
and a, b, c are lengths of BC, CA, AB. If P is a point
representing the complex number z, satisfying:
a(z, - z) + b(z, - z)) + c(z, - z,) = 0, then wurt. the
triangle ABC, the point P is its:

(A) Centroid (B) Orthocentre

(C©) Circumcentre (D) Incentre

Q.6 Three complex numbers o, B & y are represented
in the Argand diagram by the three points A, B, C
respectively. The complex number represented by D
where A, B, C, D form a parallelogram with BD on a
diagonal is:

(A)a-p+y
Qo+p-y

(B)—a+p+y
D)a-p-y

Q.7 If the complex number z satisfies the condition |z| >

3, then the least value of |z +l is
Z
(A) g (B) % © % (D) None of these

Q.8 Point z, & z, are adjacent vertices of a regular
octagon. The vertex z, adjacent to z,(z, # z,) can be
represented by:

(A z, +i2(1ii)(zl +2,)

NG

(B) z, +i2(1iri)(z1 -Z,)

N

© z, +i2(1ii)(z2 -7;)

NG

(D) None of these

Q.9 If q,, g, q, are the roots of the equation, x* + 64 = 0,

9 9 9
then the value of the determinant |g, q; q| is:
QB 9 9%
(A)1 (B) 4
(© 10 (D) none of these

Q10 z = (3 + 7i) (p + iq) where p, g € | — {0} purely
imaginary then minimum value of |z|? is

© 3364

(A) O 3

(B) 58 (D) 3364

Q.11 On the complex plane triangles OAP & OQR are
similar and ¢ (OA) = 1. If the points P and Q denotes the
complex numbers z, & z,then the complex number 'z’
denoted by the point R is given by:

Z, +Z
1742
(A) z,z,

(8) L
Z

Z;
Q —= (D)
5 z

1 Z)

Q.12 If A and B be two complex numbers satisfying

§+% =1. Then the two points represented by A and B

and the origin form the vertices of

(A) An equilateral triangle

(B) An isosceles triangle which is not equilateral
(C) An isosceles triangle which is not right angled

(D) A right angled triangle

Q.13 The solutions of the equationinz |z*-(z + Z) +
i(z—z)+2=0are:

(A2 +i,1—i
€ 1+2,-1-1

B)1+i 1—i
D)1 +i1+i

Q141fz =-3 +5i:z,=-5-3iand z is a complex
number lying on the line segment joining z, & z, then
arg z can be:

(A) - 3

T
s 977

T 5n
Q 5 (D) 3

Q.15 The points of intersection of the two curves
|z-3| =2and |z] = 2 in an argand plane are:

A) %(mﬁ) ®) %(Sii\ﬁ)

3.7
(@) Eil\/;

7 .3
D) —+i,/=
()2 >
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Q.16 Let z to be complex number having the argument

0,0<0< g and satisfying the equality |z - 3i| = 3.
Then cot 6 — 6 is equal to:
z

(A)1 (B) -1 Qi (D) —i

Q.17 The locus represented by the equation, |z — 1| +
|z+ 1] =2is:
(A) An ellipse with foci (1, 0): (= 1, 0)

(B) One of the family of circles passing through the
points of intersection of the circles |z + 1| = 1

(C) The radical axis of the circles [z—1| =Tand |z + 1| = 1

(D) The portion of the real axis between the points
(1,0)and (- 1, 0)

Q.18 Let P denotes a complex number z on the
Argand’s plane, and Q denotes a complex number

2|z cos[%%)j where 6 = amp z if ‘O’ is the origin,

then the AOPQ is:

(A) Isosceles but not right angled
(B) Right angled but not isosceles
(C) Right isoscles

(D) Equilateral

Q.19 Let z, z,, z, be three distinct complex numbers
satisfying [z, = 1| = |z, 1| = |z, - 1.

If z +z, + z, = 3 then z,, z,, z, must represent the
vertices of:

(A) An equilateral triangle

(B) An isoseles triangles which is not equilateral

(C) A right triangle

(D) Nothing definite can be said

Q20Ifp=a+bw+cw’;q=Db+ co+ an®;and
r=c+ao + bo®>where a, b, c# 0 and  is the complex
cube root of unity, then:

A p+g+r=a+b+c
Byp*+qg*+rr=a2+b?+¢
@ p*+g®+ 12 =2(pq + qr + rp)
(D) None of these

Previous Years’ Questions

Q.1 The smallest positive integer n for which

[ﬂj “1,is (1980)
1-i

(A)8 (B) 16

© 12 (D) None of these

Q.2 The complex numbers z = x + iy which satisfy the

—5i

equation z =1 lieon (1981)

Z+5i
(A) The x-axis
(B) The straight liney =5

(C) A circle passing through the origin
(D) None of these

Q3lfz=x+iyandw = (1-iz)/ (z-i), then |w| =1
implies that, in the complex plane (1983)

(A) z lies on the imaginary axis
(B) z lies on the real axis
(Q) z lies on the unit circle

(D) None of these

Q.4 The points z,, z,, z,, z, in the complex plane are the
vertices of a parallelogram taken in order, if and only if

(1983)
Az, +z,=2,+1z (B)z, +z,=12,+2,
Qz,+z,=2,+2, (D) None of these

Q.5 If z, and z, are two non-zero complex numbers
such that |z, + z| = |z,| + |z, then arg (z,) —arg (z,) is
equal to (1987)

T T
(A)-m (B) - 3 Q0 (D) 3

Q.6 The complex numbers sin x + i cos 2x and cos x — i
sin 2x are conjugate to each other, for (1988)
(A)x =nn B)x=0

Q) x= [n+%)n

Q.7 If ® (= 1) is a cube root of unity and (1 +®)’ = A +
Bw, then A and B are respectively (1995)

(A) O, 1 (B) 1,1 1,0 (D)-1,1

(D) No value of x



Q.8 Let z and ® be two non-zero complex numbers

such that |z| = |®| and arg (z) + arg(®) = =, then z equals
(1995)

(A) o B)-w (N0} (D) —®

Q9 If ® is an imaginary cube root of unity, then

(1 + o -0 is equal to (1998)

(A)128w (B)-128®  (C) 128 w? (D) - 128 »?

13
Q.10 The value of sum Z(i” +i’”*1) where i=\/z

equals n " (1998)
(A)i B)i-1 (O (D)0
6i -3 1
Q11if |4 3i -1 =x+iy, then (1998)
20 3 i
A)x=3,y=1 B)yx=1y=1
Ax=0y=3 D)x=0,y=0

Q.121f z,, z, and z, are complex numbers such that

1 1 1

1 % 43

|z, Hz, Hlz3 | = =1,

then |z, + z, + z | is (2000)

(A) Equal to 1 (B) Less than 1

(C) Greater than 3 (D) Equal to 3

3

Q.13 Let 0 = —%+i7, then value of the determinant

1 1
1 -1-0® o?lis (2002)
1 »° [0

(A) 3o B)Y3w(w-1 (C)3w? D)3 o (1T-w)

Q.14 If ® (#1) be a cube root of unity and (1 + )" =
(1 + ©*", then the least positive value of nis  (2004)

(A) 2 (B) 3 @5 (D) 6

Q.15 A man walks a distance of 3 units from the origin
towards the North-West (N 45° E) direction. From there,
he walks a distance of 4 units towards the North-West
(N 45° W) direction to reach a point P. Then, the position
of P in the Argand plane is (2007)

(A) 3e™4 1 4 (B) (3-4i)e™*
(©) (4+3i)e™* (D) (3+ 4i)e™*
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2
Q.161f z#1 and Z—l isreal, then the point represented

by the complex number z lies (2012)

(A) Either on the real axis or on a circle passing through
the origin.

(B) On a circle with centre at the origin.

(C) Either on the real axis or on a circle not passing
through the origin.

(D) On the imaginary axis.

Q.17 If z is a complex number of unit modulus and

argument 0, then arg GLE) equals (2013)
+Z

(A) g—e (B) 6 ©€) -6 (D) -6

Q.18 If z is a complex number such that |z|> 2, then

the minimum value of (2014)

1
zZ+>
2

(A) Is equal to g
(B) Lies in the interval (1, 2)

(C) Is strictly greater than g

(D) Is strictly greater than % but less than g

Q.19 A complex number z is said to be unimodular if
|z| = 1. Suppose z, and z, are complex numbers such

z, — 27, . . . .
that =2——2 is unimodular and z, is not unimodular.

—Z12;

Then the point z; lies on a:

(2015)
(A) Straight line parallel to y-axis

(B) Circle of radius 2

(C) Circle of radius 2

(D) Straight line parallel to x-axis

2+3isin0
1-2isin®

(B) sin™t (g}

T
(D) 3

Q.20 A value of 0 for which is purely

imaginary, is: (2016)

T
(A) 6
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Exercise 1

Q.1 Prove that with regard to the quadratic equation
2+ (p+ip)z+q+iq =0wherep, p’, q,q are all real.

(i) If the equation has one real root then g2 — pp’ g’ +
gp?=0
(i) If the equation has two equal roots then p? - g% =

4qg and pp’ = 2q".

state whether these equal roots are real or complex.

Q.2 Let z = 18 + 26i where z, = x + iy, (x, y,€ R) is the
cube roots of z having least positive argument. Find the
value of x,y, (X, +Y,)-

Q.3 Show that the locus formed by z in the equation
7> + iz =1 never crosses the coordinate axes in the
Argand’s plane.

Further show that| z |= __—Im@
2Re(z)Im(z) +1

Q.4 Consider the diagonal matrix A = dia (d,, d,, d,, ....

d ) of order where .
121

D =a”,1<i<nanda=en; i=+-1, is the n' root
of unity.

Let L: represent the value of Tr. (A.)".

M: denotes the value of det (A, ) + det (A,).

Find the value of (L + M).

[Note: T(A) denotes trace of square matrix A]

Q5 letz,z, e Csuchthatz? +z? e R Ifz, (z2- 327

=10 and z,(3z,2 - z,2)=30. Find the value of (z? + z,%).

Q.6 If the equation (z + 1)’ + 7 = 0 hasroots z,, Z,, ......
z,, find the value of

7 7
(@) Y.Re(z,) and > Im(Z,)
r=1 r=1

Q.7 If z is one of the imaginary 7 roots of unity, then
find the equation whose roots are (z + z* + z%) and
(28 + 2 + 2.

Q.8 If the expression z° — 32 can be factorised into linear
and quadratic factors over real coefficients as (z° — 32)
=(z-2) (z2-pz + 4) (z2 - zq + 4) then find the value
of (p? + 2p).

Q.9 Let z, & z, be any two arbitrary complex numbers

then prove that:
z z
|21|+|22|25(|21|+|22|) 1

i S 2

+
1z, | 12, |

Q.10 Let z (i = 1, 2, 3, 4) represent the vertices of a
square all of which lie on the sides of the triangle with
vertices (0, 0), (2, 1) and (3, 0). If z, and z, are purely
real, then area of triangle formed by z, z, and origin
is m (where m and n are in their lowest form). Find the
value of (m + n).

Q.11 (i) Let C's denotes the combinatorial coefficients
in the expansion of (1 + x), n € N. If the integers

a, =C+C+C+Co+ ..

b,=C,+C,+C +C + ...

andc =C, +C +C, +C +...

then prove that

(@a’*+b?+c?-3abc =2

(b) (@, —b )+ (b -c) +(c —a)=2

(i) Prove the identity:

(G -G +C,-C o+ )?
+(C-CG+C-C+...)p=2n

Q12 Llet z, z, z, z, be the vertices A, B, C, D

respectively of a square on the Argand diagram taken
in anticlockwise direction then prove that:

MN2z,=(1+)z, +(1-)z,&(ii)2z,=(1-D) z, + (1 + 1) Z,

Q.13 A function f is defined on the complex number by
f(z) = (a + bi)z, where ‘a’ and ‘b’ are positive numbers.
This function has the property that the image of each
point in the complex plane is equidistant from that
point and the origin. Given that |a + bi| = 8 and that

u . .
b2 == where u and v are co-primes. Find the value
v

of (u + v).



Q.14 Prove that

(a) cos x+ "C, cos 2x + "C, cos 3x + ... + "C_cos (n + 1)
X n+2

X = 2". cos" —.cos X
2 2

(b) sinx + "C, sin 2x + "C, sin 3x + ........ +"C_sin(n + 1)

X . n+2
X = 2". cos" —.sin X.
2 2

Q.15 Let f(x) = ax® + bx? + cx + d be a cubic polynomial
with real coefficients satisfying f(i)= 0 and f(1 + i) = 5.
Find the value of a®> + b? + ¢ + d2

Q.16 Let o, 0, o, ... ® be the complex numbers. A
line L on the complex plane is called a mean line for the
points ®,, ®,, @, ... ®_if L contains the points (complex

numbers) z,, z,, z,,

n
..z, such that > (z, —®,)=0.
k=1

Now for the complex number o, = 32 + 170i, o, =
=7+ 64i,0,=-9+200i, v, =1+ 27iand o, = — 14 + 43|,
there is a unique mean line with y-intercept 3. Find the

slope of the line.

Q.17 A particle start to travel from a point P on the
curve C;: |z = 3 - 4i| = 5, where |z] is maximum. From

P the particle moves through an angle tan’li in

anticlockwise direction on |z — 3 - 4i| = 5 and reaches
at point Q From Q it comes down parallel to imaginary
axis by 2 units and reaches at point R. Find the complex
number corresponding to point R in the Argand plane.

p
32 10
Q.18 Evaluate: ) (3p —2){Z{sin21q_l”_ic052q_ﬂ]]

= = 11

Q.19 Let a, b, ¢ be distinct complex numbers

a b ¢
l1-b 1-c 1-a
Find the value of k.

such that = k.

Q.20 Let a, B be fixed complex numbers and z is a
variable complex number such that

|z-af +|z-p[=k

Find out the limits for 'k’ such that the locus of z is a
circle. Find also the centre and radius of the circle.
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Q.21 C is the complex number. f: C — R is defined
by f(z)= |22 — z + 2|. Find the maximum value of f(z)
if |z| = 1.

Q.22 Let a, b, c are distinct integers and o, ®? are the

imaginary cube roots of unity. If minimum value of |a +
1

bw + co?| + |a + bw? + col is n* where n e N, then find
the value of n.

Q.23 If the area of the polygon whose vertices are the
solutions (in the complex plane) of the equation

X +xX+x+x+x+x+x+1=0

avb +c

can be expressed in the simplest form as , find

the value of (a + b + c + d).

Q24 If a and b are positive integer such that
N = (a + ib)®> - 1071 is a positive integer.

Find N.

Q.25 If the biquadratic x* + a¢ + bx* + x+d=0(a, b, ¢, d
e R) has 4 non real roots, two with sum 3 + 4i and the
other two with product 13 + i. Find the value of 'b".

Q.26 Resolve z° + 1 into linear and quadratic

factors with real coefficients. Deduce that:

. T T
4sin—cos—=1.

Q271fx=1+i3:y=1-i3 &z=2,

prove that xP + y? = zP for every prime p > 3.

Q.28 Dividing f(z) by z — i, we get the remainder i and
dividing it by z + i we get the remainder 1 + i. Find the
remainder upon the division of f(z) by z + 1.

Q.29 (a) Let z = a + b be a complex number, where x
and y are real numbers. Let A and B be the sets defined

by
A={z| |z <2}and
B={z|(1-i)z+ (1+i) z=4}.

Find the area of the region AnB.
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(b) For all real numbers x, let the mapping f(x) =L

—i'
where i=+/-1. If there exist real number a, b, c and d

for which f(a), f(b), f(c) and f(d) form a square on the
complex plane. Find the area of the square.

Q.30
Column | Column I
(A) Let ® be a non-real cube root of unity then (p) 4

the number of distinct elements in the set

{(l+w+0)2 +ot o)™ |m,neN}

(B) Let 1, ®, ®* be the cube root of unity. The ()5
least possible degree of a polynomial with
real coefficients having roots

20,(2+3m),(2+30?),(2-0-w?), is

(C) a=6+4i and B=(2 +4i) are two complex (6
numbers on the complex plane. A complex
number z. A complex number z satisfying

z-oa) =« .
amp ( j:gmoves on the major

z-p

segment of a circle whose radius is

(s)7

Exercise 2

Single Correct Choice Type

Q.1 The set of points on the complex plane such that z
+z + 1isreal and positive. (wherez =x+ iy, x, y € R)is:

(A) Complete real axis only
(B) Complete real axis or all points on the line2x + 1=0

(C) Complete real axis or a line segment joining points

(_l E]&[_l,_gJ excluding both.

2' 2 2

(D) Complete real axis or set of points lying inside the
rectangle formed by the lines.

2x+1=0;2x-1=0;2y-~3 =0&2y + /3 =0

Q.2 The complex numbers whose real and imaginary
partsareintegers and satisfy the relation zz> +z°Z = 350
form a rectangle on the Argand plane, the length of
whose diagonal is-

(A)5 (B) 10 (€ 15 (D) 25

Q.3 Llet z, and z, be non-zero complex numbers
satisfying the equation, z,* - 2z,z, + 2z,> = 0.

The geometrical nature of the triangle whose vertices
are the origin and the points representing z, & z,.

(A) An isosceles right angled triangle
(B) A right angled triangle which is not isosceles
(C) An equilateral triangle

(D) An isosceles triangle which is not right angled

Q.4 The set of points on the Argand diagram which
satisfy both | z|<4 & Argz :g is:

(A) A circle and line (B) A radius of a circle

(C) A sector of a circle (D) An infinite part line

Q5 If z, & z, are two complex numbers & if
Z,+2 ,
arg—2 =T put |z, + z,| # |z, - z,| then the figure
z, -2z, 2

1742

formed by the points represented by 0,z,,z, & z, + z, is:

(A) A parallelogram but not a square rectangle or a
rhombus

(B) A rectangle but not a square
(C) A rhombus but not a square

(D) A square

Q6 If z, z, z, are the vertices of the AABC on the
complex plane & are also the roots of the equation z* -
3az? + 3Bz + x = 0, then the condition for the AABC to
be equilateral triangle is:

(A)a? = (B) a = p?
(©a?=2p (D) o = 3p?

Q.7 Let A, B, C represent the complex numbers z,, z,, z,
respectively on the complex plane. If the circumcentre of
the triangle. ABC lies at the origin then the orthocenter

is represented by the complex number:
(A)z, +z,-z, (B)z, +z,—z,

Qz,+z,-2 D)z, +z,+z



Q.8 Which of the following represents a point in an
argand’s plane, equidistant from the roots of equation
(z+ 1)*=16z*?

1 1 2
(A) (0,00 (B) (—g,oj © (5,0] (D) [OEJ

Q.9 The equation of the radical axis of the two circles
presented by the equations.

|z—2| =3 and |z - 2 - 3i| = 4 on the complex plane is:
(A)3y +1=0
©2y-1=0

(B)3y-1=0
(D) None of these

Q.10 Number of real solution of the equation, z* + iz— 1
=0is

(A) Zero (B) One (©) Two (D) Three

Q.11 A point 'z’ moves on the curve |z—4 - 3i| = 2 in
an argand plane. The maximum and minimum values
of |z| are:

(A) 2, 1 (B) 6,5 4,3 D)7,3

Q12 Lletz=1-sinao + i cos a where a e(o,gj, then

the modulus and the principle value of the argument of
z are respectively:

(A) w/2(1—sinoc),[%+%j (B) w/2(1—s,inm),(%—%J
©) «/2(1+sina),[%+%} (D) «/2(1+sina),(%—%]

Q.13 z, and z, are complex numbers. Then

Z,+Z Z,+Z
¥+ z.7 g_zz

) 12 ) 172
A) 2‘\/Z+\/Z‘ ®) 2‘\/2—\/2‘
O Nal [ =l) o (el

Q.14 If o, B be the roots of the equation u>*—2u + 2 =0

(x+a)" —(x+B)"

Equ.

and if cot © = x + 1, then is equal to:
a-P
sinnd cosno sinn® cosno
(A) — (B) © (D) —
sin" 0 cos" 0 cos" 0 sin" 0
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Q151fA (r=1,2, 3, ..., n) are the vertices of a regular
polygon inscribed in a circle of radius R, then

(AA) + (AAR + (AAR+ ..+ (AA) =

nR?

(A) - (B) 2nR?

(C) 4R? cot % (D) 2n - 1) R?

Q.16 If the equation z* + a,Z° + a,2> + a,z + a, = 0,

where a,, a, a, a, are real coefficients different from

zero has a pure imaginary root then the expression
a aa

—3_ 4+ 174 has the value equal to

a3, A3

(A)O (B) 1 -2 (D) 2

Q.17 All roots of the equation (1 + 2)° + 26 =0
(A) Lie on a unit circle with centre at the origin
(B) Lie on a unit circle with centre at (- 1, 0)

(C) Lie on the vertices of a regular polygon with centre
at the origin

(D) Are collinear

Q.18 Number of roots of the equation z'°-z>-992 = 0
with real part negative is:

(A3 (B)4 Q5 (D)6

Q.19 z, and z, are two distinct points in argand plane.

bz,
az

. az . :
If a |z,| = b|z,|, then the point —L4 is a point on

Z; 1

the (a, b € R)

(A) Line segment [- 2, 2] of the real axis

(B) Line segment [- 2, 2] of the imaginary axis
(C) Unit circle |z] = 1

(D) The line with arg z = tan™' 2

Q.20 If » is an imaginary cube root of unity, then the
value of (p + q)® + (po + qw?)® + (pw? + qw)? is

(A p’+ g’

(B) 3(p* + o)

Q3P +9)-pq(p+q)
D)3+ 9’ +pq(p+q)
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X
Q.21 The solution set of the equation (1 + |\/§) -2X=0

(A) Form an A.P.
(C) Form an H.P.

(B) Form a G.P.
(D) Is a empty set

Multiple Correct Choice Type

Q.22 In the quadratic equation x*> + (p +iq) x + 3i =
p and q are real. If the sum of the squares of the roots
is 8 then

Ap=3q9g=-1
Qp=-3,9g=-1

B p=3q9g=1
D)p=-3,9g=1

Q.23 Let z, and z, be complex numbers such that z, # z,

and |z,| - [z,|. If z, has positive real part and z, has negative

z,+2
imaginary part, then —2——2

1 2

may be

(A) Zero (B) Real & positive

(C) Real and negative (D) Purely imaginary

Q.24 Given a, b, x, y € R then which of the following
statement(s) hold good?

A @+ib)x+iyy"=a-ib=x+y> =1
B (1-ix)(1+ix)'"=a-ib=a>+b’>=1
C@+ib)y@=ib)y"'=x—-iy=|x +iy| =1

(D) (y-ix) (@a+ib)" =y +ix=|a—ib| =1

Q.25 If z=x =iy = r (cos 0 + i sin 0) then the values of
\/; is equal to:

(A) ii(\/r+x+i\/r— ) fory>0

—_—
=
+
x
L
=
|
x
~——
—h
o
=
<
[\
o

Q.26 For two complex numbers z, and z,

(az1 + bZl)(cz2 +d22) = (cz1 +d21)(a22 + biz)

If (@, b, ¢, d € R):
a b
A 2-C gy 2_2
(A) 5= d (B) I
© |z,| = |z,] (D)argz, = arg z,

Q.27 Let z,, z, be two complex numbers represented by

point on the circle |z,| = 1 and |z,| = 2 respectively, then:

(A)Max 2z, + z| =4 (B)Min|z,-z| =1

@ |z, +i <3 (D) None of these
z

1

Q.28 If a, B any two complex numbers such that

a-B

1-af

=1, then

(A) |a] =1
Qa=e®,0eR

(B) Bl =1
D)p=e°,0eR

Q.29 On the argand plane, leta =-2 + 3z, =-2-3z
and |z| = 1. Then the correct statement is:

(A) oo moves on the circle, centre at (- 2, 0) and radius 3
(B) o and B describe the same locus
(C) o and B move on different circles

(D) o — B moves on a circle concentric with |z| = 1

Q.30 The value of i + i™, for i = ﬁ and nel

is:

2" @+ @+ @-ip*
A B
( ) (1 _ i)Zn + 2n ( ) 2n + 2n
(l + i)Zn 2n 2n 2n
C ——
©O (L-i" : T @

Q.31 A complex number z satisfying the equation,
1

log,, (13| 2° - 4i|) +l0g;qy ——————— =
“ 013422 + 4P

(A) Can be purely real
(B) Can be purely imaginary
(C) Must be imaginary

(D) Must be real or purely imaginary



Q.32 Let S be the set of real values of x satisfying the
inequality

[ x+1+2i|-2
2—\/5_1
AF3-1
QI[-22

1-log >0, then S contains:

(B) (=1, 1]
(D)1, 2]

Q33 Ifx=cosa;y=cosP;z=cosy; Wherea,p,ye
R, then

(A) D x=IIx = cos (.- p) = 1

®) =Y :81'IcosOL—_[3
z 2

© Hu is real
z

(D) > (Re)x = cos(z(x), Zlm(x) = Sin(Zoc)

Q.34 If x_= cos Klrj for1<r<n;r,n e N then:

2

(A) Lim Re(HxJ:—l (B) Lim R({HXrJ:O
n—o 1

n—ow
r=1

n—ow
r=1

(@) LimIm[erjzl (D) rl;imIm(erJ:O
—> o 1

Q351f1,z,z, 2z, ... z,_, be the n" roots of unity and

® be a non real complex cube root of unity then the

n-1
product [ [(©—2,) can be equal to:
r=1

(A) 0 (B) 1 (€) -1 D) 2

Q.36 Identify the correct statements(s).

(A) No non zero complex number z satisfies the
equation, z = -4z

(B) Z =z implies that z is purely real
(C) Z=-z implies that z is purely imaginary

(D) If z,, z, are the roots of the quadratic equation
az’ + bz + ¢ = O such that Im (z,z,) # 0 then a, b, c must
be real numbers

Q.37 If the complex numbers z,, z,, z, & z./, z,’ and z
are representing the vertices of two triangles such that
z, = (1-z)z, +zz,and z," = (1 -2) z, + z,z,' where
z, is also a complex number then:
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z; Zi 1
A |z, z, 1/=0
zZg z/3 1

(B) The two triangles are congruent
(C) The two triangles are similar

(D) The two triangles have the same area.

Q.38 If 'Z' be any complex number in a plane (|z| # 0)
then the complex number z for which the multiplication
inverse is equal to the additive inverse is:

(A)O +i (B)O—i QO 1-i D)1 +i
1-ix

1+ix
the following holds good?

Q.39 Givenz =a+bi= :a, b, x € R, then which of

(A)_g <argz<0 (B-m<argz<0

Q) |z] = 1 (Dyargz=m; |zl =1

Previous Years' Questions

Q.1 If zis any complex number satisfying |z — 3 - 2i| < 2,

then the minimum value of |2z - 6 + 5il is ...... (2011)
2

Q2let ®=e 3 anda,b,c x, Y, zbe non-zero complex

number such thata + b + c=x,a + bo + cw? =y,

a + bw? + co = z. Then, the value of

2 2 2
IXE+ly P +lzl o (2011)
lal? +|b [ +|cf

Paragraph (for Q.3, 4, 5)

Read the following passage and answer the following
questions.

Let A, B, C be three sets of complex number as defined
below

A={z|l z=1]}
B={z|z-2-i =3}

C=1{zRe((1-i)2) + 2) (2008)

Q.3 The number of elements in the set AnNBNC is

(A)O (B) 1 2 (D)
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Q.4 Let z be any pointin ANBNC.The |z + 1-i]? + |
z-5-if? lies between

(A) 25 and 29
(©) 35 and 39

(B) 30 and 34
(D) 40 and 44

Q.5 Let z be any pointin AnNBNC and let w any point
satisfying |w — 2 —i|< 3. Then |z| — |w| + 3 lies between

(A)-6and 3 (B)-3 and 6
(©O)-6and6 (D)-3and 9
. 5 . 5
Q6If z :[@%J {g_éj , then (1982)
(A)Re(2) =0
B)Im(@z) =0

(QRe(z>0,Im@) >0
(D)Re(z) >0,Im(z) <0

Q.7 The inequality |z — 4| < |z - 2| represents the region
given by (1982)

(A)Re (2) >0
(QORe(z>0

(B)yRe (2) <0
(D) None of these

Q8 If a, b, c and u, v, w are the complex numbers
representing the vertices of two triangles such that
c=(1-r)a+rbandw = (1-r) u + rv, where r is a complex

number, then the two triangles (1985)
(A) Have the same area (B) Are similar
(C) Are congruent (D) None of these
o(  2mk . 2mk).
Q.9 The value of Z SIN———I1COS—— |is (1987)
) 7 7
(A) -1 (B)0 (ORI (D)i

Q.10 Let z and w be two complex numbers such that
|z| <1, |w|<Tand |z +iw| = |z— iwW]| = 2, then z equals

(1995)
(A)Tori (D) ior-1

B)ior—i S Tor-1

Q.11 For positive integers n,, n, the value of expression

(L4 + @+ P+ (@L+P)2 +(1+7)"2 Here i = -1

is a real number, if and only if (1996)
(A)n,=n, +1 B)n,=n,-1
Q@n, =n, O)n,>0,n,>0

Q.12 1f i=+-1, then
334 365
4+5 —1+£ +3 —l+£
2 2 2 2
(1999)

D) -3

is equal to

A I-iv3 ®-1+i3 (©iW3

Q.13 If arg (2) < 0, then arg (- z) — arg (z) equal (2000)
(A) 7 (B)-n (o—g (mg

Q.141fz, =a +iband z, = c + id are complex numbers
such that |z,| = |z,| =1 and Re (z,Z,) =0, then the pair
of complex numbers w, = a + icand w, = b + id satisfied
by (1985)
(A) w,| =1 (B) [w,| =1

(C)Re (w;W,)=0 (D) None of these

Q.15 Let z, and z, be two distinct complex numbers
and letz = (1-1t) z, + tz, for some real number t with 0
<t < 1. If arg (w) denotes the principal argument of a
non-zero complex number w, then (2010)

(A) |Z_Z1| + |Z_Zzl = |Z1 _Zzl

(B)arg(z—-z) =arg(z-z)

zZ-Z Z-Z
© R )
277y -7

(D)arg (z—z,) = arg (z,-z,)

Q.16 Match the statements in column | with those in
column 1. (2010)

[Note: Here z takes values in the complex plane and Im
z and Re z denote, respectively, the imaginary part and
the real part of z]

Column | Column I

(A) The set of points z
satisfying |z-i|z|| = |z + i|zZ]|

(p) An ellipse with

.4
eccentricity —
Is contained in or equal to 5

(B) The set of points z
satisfying |z+4|+|z-4|=10is
contained in or equal to

(q) The set of points z
satisfyingIm=z=0

(Q) If |w|=2, then the set (r) The set of points z

satisfying |Im z|<1
of points Z=w—-—is
w

contained in or equal to




(D) If [w|] = 1, then the set (s) The set of points z

1 satisfying |Re z| <2
of points Z=w+— is

w
contained in or equal to

The set of points z
satisfying | z|< 3

Q.17 Let wbe the complex number cos Z?RH sin 23—TE
Then the number of distinct complex number z

satisfying (2010)

z+1 o) o’

© Z+o 1

o’ 1

=0 is equal to

Z+®

Q.18 Let z; and z, be two distinct complex numbers
and let z :(1—t)z1 +tz, for some real number t with
0 <t < 1.If Arg (w) denotes the principal argument of a

nonzero complex number w, then (2010)

(A) |Z_Zl |+|Z_Zz = 2,7 |

(B) Arg(z—zl)zArg(z—zz)
© -z, Z-7 _
z

274 T4

(D) Arg (z—zl) = Arg (22 —zl)

Q.19 if zis any complex number satisfying |z -3- 2i|§ 2

, then the minimum value of |2z -6 —5i| is (2011)

Q.20 let =™, and a, b, ¢, x, y, z be non-zero
complex numbers such that

a+b+c=x

a+bo+co’=y
2 _

atbo*+co=z

X +ly P +]zf

is
laf +|bf +]cf

Then the value of (2011)

Q.21 Let ® # 1 be a cube root of unity and S be the set
of all non-singular matrices of the form

1 a b
2

o 1 c| whereeachifa, bandciseither ®or o .

o o 1
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Then the number of distinct matrices in the set S is
(2011)
(A)2 (D)8

(B)6 Q4

Q.22 Let z be a complex number such that the imaginary
part of z is nonzero and a=2z°+z+1 is real. Then a
cannot take the value (2012)

1 1 3
(A) -1 (B) 3 © > (D) 2

Q.23 Let complex numbers o and L lies on circle
(04
(X_XO)2 +(y_)/o)2 =r?and (X—xo)2 +(y_yo)2 = 4r2,

respectively. If z, =x,+iy, satisfies the equation

2|z, P=r*+2, then |a|= (2013)
1 1 1 1

A) —= B) = O —= D) =
2 2 J7 3

Q.24let ® =

\/§+I and P = {m” n=1,23,... }.Further
2
1 -1
H, :{zeC:ReZ>E} and H, :{zeC:Rez<2} ,
where C is the set of all complex numbers. If
z, ePnH;,z, ePnH, and O represents the origin,

(2013)

5n
D) =—
()6

then £z, Oz, =

i T 2n
A) — B) — Q) —
(A) 5 (B) 6 © 3
Q.25 Let ® be a complex cube root of unity with o = 1

and P :[pd be a n xn matrix with P; =" . Then

P2 % 0,whenn = (2013)
(A) 57 (B) 55 (C) 58 (D) 56
Paragraph (for Q.26 and Q.27) (2013)

let S=5,nS, NnS;, where

Slz{zeC:|z|<4},52= zeC:Im ﬂ >0
1-3i

and S, ={zeC:ReZ>O}

Q.26 Area of S =

10n 20mn l6n 327
A) — B) — C) —= D) >
(A) 3 (B) 3 (@ 3 (D)
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Q.27 Min|1-3i-2|=
zeS

2J§ 2+f 3\/_

3+\/§
2

(A) —— (B) @ —— ©
Q.28 Match the following: (2014)
Column | Column I
(i) The number of polynomials f(x) with (p) 8
non-negative integer coefficients of
degree < 2, satisfying f (0) = 0 and
1
If(x)dx =1 is
0
(i) The number of points in the () 2
interval [—Jﬁ,\/ﬁ} at which
f(x) =sin (x2)+ cos(xz) attains its
maximum value, is
532 4
(iii) _[ dx equals
) (1 +e* )
1/2 ORY
[ j cos 2x.log [j dx]
(iv) 12 equals
12 1+x
[ I cos 2x.log [j dx
0
Codes:
0] (i) (iif) (iv)
(A) r q S p
(B) q r S p
(@) r q p S
(D) q r p s

Q.29 For any integer k, let a, =cos [g} +isin [g)

where i =+/-1. The value of the expression.
12
2oy — oy |
k=1
3
2l oy — oy, |
k=1

—1+\/§i
2

is (2015)

Q.30 Let z = ,where i:«/z, andr,se {1,2,3}.

r

(—Z)r ZZs
LetP = and | be the identity matrix of order
2s
z z

2. Then the total number of ordered pairs (r, s) for which
P2 =—Tis (2016)

Q.31 Leta, b e Rand a? + b= 0.

Suppose S:{ze(C:z: IteR,tiO}, where

a+ibt

i=v-1.1fz=x+ iy and z €S, then (x, y) lies on
(2016)

(A) The circle with radius i and centre (i OJ for
a>0,b=x0 2a 2a

(B) The circle with radius L and centre (—i OJ for
a<0,b=0 2a 2a

(C) The x-axisfora=0,b =0
(D) The y-axis fora=0,b =0
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Questions

JEE Main/Boards JEE Advanced/Boards

Exercise 1 Exercise 1

Q6 Q9 Q15 Q7 Q11 Q13

Q18 Q22 Q.24 Q16 Q18 Q25

Q.28 Q31 Q.34 Q29 Q30

Exercise 2 Exercise 2

Q2 Q38 Q10 Q2 Q6 Q9

Q.13 Q.16 Q.18 Q15 Q19 Q22
Q.25 Q.27 Q31

Previous Years' Questions 0.33 0.36 o.39

Q2 Q4 Q7

Q.10 Q.13 Q.15 Previous Years’ Questions
Q2 Q4 Q38
Q11 Q14 Q15

JEE Main/Boards

Exercise 1
NER 5 14

.1 :O,.,i___ .2—. .3 =, = —
Qlz=04=7>"-7 Q2-1 Q3x=33Y-13
Q4x=3y-1 Q.6 ﬁ[cos(%)ﬂsin(%ﬂ Q.7 £ (1-3i)
Q8n=4 Q10-1 Q11-1,1-2m, 1-2?
Q13 z; =(1—\/§)+i; z, =—i\/§ ;Zg =(1+\/§)—i

2 —
Q.14 Centre {G_Kzﬁ}, radius w Q.19 w[n2 +3n+4]
-K 1-K
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Q.20 5 Q.24 o, »?
Q31 3<|z|<7 Q.33 Interior of circle x2 + y? = 25
Exercise 2

Single Correct Choice Type

Q1C Q2D Q3B Q4C Q5D Q6 A Q78
Q8C Q9D Q10D Q11 A Q12 A Q13D Q14D
Q158 Q16 C Q17D Q18 C Q19 A Q.20C

Previous Years’ Questions

Q1D Q2A Q3B Q4B Q5C Q6D Q7B
Q8D Q9D Q108 Q11D Q12 A Q138 Q148
Q15D Q16 A Q17 B Q.18 8B Q198 Q.20 C

JEE Advanced/Boards

Exercise 1

Q212 Q47 Q510 Q.6 (a)—%, (b)zero QI +x+2=0 Q84

Q.10 41 Q.13 259 Q.15 26 Q.16 163 Q.17 (3 + 7i) Q.18 48 (1 - i)
Q19 - o or —? Q.20 k >|o [’

Q.21 If (z) is maximum when z = ®, when o is the cube root unity v and If (z) = \/E

Q.22 144 Q.238 Q.24 198 Q.25 51

Q.26 (z + 1) (22 - 2z cos 36° + 1) (2 — 2z cos 108° + 1) Q.28 %%n

Q29 (a)n—-2; (b)% Q30A—>s;B—>qg,C—p

Exercise 2

Single Correct Choice Type

Q1C Q2B Q3A Q4B Q5C Q6 A Q7D
Q8cC Q9B Q10 A Q11D Q12 A Q13D Q14 A

Q15B Q16 B Q17D Q18 A Q19 A Q.20B Q21 A



Multiple Correct Choice Type
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Q.22 8B, C Q23 A, D Q24 A,B,CD Q25A,D Q.26 A, D Q.27 A, B, C Q.28 A,B,C,D
Q.29 A, B, D Q.308B,D Q31A,BD Q32A,B Q33D Q34 A, D Q35A,B,D
Q36 A, B, C Q37A,C Q38A,B Q39AB,CD

Previous Years’ Questions

Q15 Q23 Q3B Q4C Q5D Q6B Q7D

Q8B Q9D Q10C Q11D Q12C Q13 A Q14 A, B,C
Q15A,CD Q16A—>qgrB-op,CopstD—>qgrst Q173 Q18A,CD Q195

Q.203 Q21 A Q22D Q23C Q24 CD Q258B,C, D Q.26 B

Q.27 C Q.28 C Q294 Q.30 1 Q31ACD

JEE Main/Boards
Exercise 1

Sol1: Z =i(zd) = Lletx=a+ib
= a—ib =i(a>- b?+ 2abi)
= a=-2aband -b = a®>-b?

a(l+2b)=0anda?=b?-b

1
=0orb=-=
a=0or 5
ifa=0=b=0,1
Complex numbers are z = 0, i, ig—%

143420 242 1-i

143%-2i —2-2i 1+i

- (FE)

Sol 2

147 -2i

1-1°

Sol 3: (x + iy)(2-3i) =4 +1i
=>@2x +3y) +iRy-3x) =4 +i
=2x+3y=4and2y-3x =1

5 14
=x=_—andy=—
13 13

(1+i)x—2i+(2—3i)y+i i
3+i 3-i

_ [x+ix=2)1B3 =11+ [3+il[2y +i(1 - 3y)]
- 10
_Bx+x-2+iBx=-6-x)]+[6y +3y -1 +i(2y +3-9y)]
- 10
4x -2 +i(2x=6)+ 9y - 1) +i(-7y + 3)

10
Ax+9y -3+i(2x -7y - 3) i

10

2x—7y-3=10and 4x +9y-3=0

=x=3andy =-1

Sol 4:
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Sol5:x=a+b
y =oa + bp
z=aP + ba

o and B are complex cube roots of unity
Sof=10=8p=a
(@asa=wp=0%a’>=p)
Xyz = (a + b)(aa + bp) (ap + ba)
= (aa* + aab + pab + b?p) (ap + ba)
= 0a®p + aa’bP + abP? + ab2p?

+ a?a’b + a?ab? + ab?ap + baf
= af@ + b® + a’b + ab?) + o?(@’b + b?a)

+ B2 (a’b + b?a)

from eq. (i)
= a3 + b? +a’b+ab?+ (a?b + b2a) (02 + b?)
=a®+ b+ a%b + ab? + (a’b + b%a) (-1)
=a’+ b’ + a’b + ab? - a’b — ab?
= a® + b® hence proved.

1471 @+ _@+7)@+0)°
- 25

Sol 6:
° Q- @+i7

_ @+7)(3+4i) _ —25+25i

25 25
z=-1+i
z(0) = |z|e
|z| = V1+1 = 2
tan0 = i =-1

-1
=0 =tan'(-1) = 3_7:

4

e 3 ol (]

Sol 7: -8 —6i =a+ib
-8 - 6i = a>—b? + i(2ab)
=a?-b?>=-8
2ab=-6

=ab=-3

Solving (i) and (i), we get
a=-18&b=+3
a=18&b=-3

So square root

= (-1 + 3i)and (1 - 3i)

AN
Sol 8: EEJ -1
1-i

L +i)>" _
[(@+ia-ir
. n H 2 " “n
1+i) 1o [(1“) ] (2
2 2 2

=i"=1=>n=42_8,12

Minimum value of nis 4

Z=X+1ly

=Ix + iy = 5)| = |x + i(y+5)]
=X+ (y=52=x+(y +5)°
=y=0

i.e. complex part of z is zero.

z is pure real i.e. it lies on x axis.

Sol 10: z = 1 + itana

| = \/1+tan20c :\/seczoc :|secoc|

n 3%
Foroa e | —,—

seca < 0 = |seca| = —seca
|z| = —seca

|z|cosa = —1

Sol 11: (x—1)*=-8
x—1=(-8)"
X=1=(8)(=1)"2=1-x = (8"3(1)"
(x+1) =220 20°

x=-1,1-20,1-20°
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Sol 12: |z| < 4

|3 + i(z—4)| < 9(To prove)

We know that |z, + z,| < [z,| + ||
liz+ (3-4)|<|z| +|3-i4]

|z| < 4

>liz+ (3-4i) <4 +5

=iz + (3 — 4i)| < 9 Hence proved

Sol 13: 2 + i3 is vertex of square inscribed in
z-1]=2

(04¥3)

1
Q 10) 2

Here one vertex is A(2,\/§) and equation of circle is
(x-1)° +y* =4

v

Radius of the circle is 2. Hence side of the square will

be 2\/5.

Points that lie on the circle and are at a distance 2\/5

from A are B(l—\/g,l) and D(1+\/§,—l).

The point C will be the other end of diameter of A.
Hence C(O,—\/g).

Hence the four vertices are

2+i3, 1-3+i, —/3i and 1++3 i

Sol 14:

>z - af* = k¥z - B

a=o, +io, B=b, +if,

= X—o,) + (y— o) = K[x=B)* + (y-B,)]
=X+ a2+ Yy + o’ - 2xo, - 2ya,

= ko + koy? + k2B2 + k2B,2 — 2xB,k* — 2yP,k?
= x*(k*=1) + y*(k>-1)+x(2a., — 2B,k?)
+y(20,-2B,k?) +k?B 2 +k?B,>—0,>~0,>=0

20, - 2B,k } o {2% ~ 2B k? }

= x>+ y? + X
! [kz—l k? -1

K282 + k262 — o2 — 02
+ A Ez ) -0
ke -1

Eqgn. of circle

with centre as
k-1 k-1

2
or {oc—k B}
1-k?

Blkz ! szz % }

(0y +By ~KP+ (0, +B,)° _ |a+B-K

and radius = 5
1-k? 1-k
1 noo ,
Sol 15: |z| < 3 and Y az =1 0]
r=1
=laz' +az?+ a7z ... az'|=
|z, +z, + z,+ ...z | <|z| + |z| + ....|z| .. (i)

From (i) and (ii), we can say that there is no 'z’ satisfying
both conditions.

Sol16:z°*9 -2z -z9+1=0

z°(z9-1).(z-1) =0

Zz-D(@z-1=0

z?="1orzd=1

If o is roots, then a°, o, a?,.............. o' also roots of
z?="1orz4="1

Sumofroots =1+ o + 0% +.eeveeveveenn +am=0

Sol17:z,iz,z + iz

X y) (Y, %) X=y,y +X%)

X y 1
1 1
A=y x =2 eyl
Xx—-y x+y 1
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=1DI= 5 6 +y) = 3[4

2

Sol18:i22+i+22-z=0

izzZ+)+iz2+i)=0

iz+1)@Z2+i)=0

Eitherz=iorz? =i

fz=1= |z =i =1

If 2 =i=|zP=1=]z]-1

Hence, |z| = 1

Sol19: 12 -w) 2-0d) + 2B -®) B —®d) + ...... (n=1)
(n-o) (n-o?)

T=nn+1-0)Nn+1-0%
=(n’+n-nw)(n+1-w?
=n®+n’-n’w’+n’+n-no’-n‘o- no + ne
=N +nR-0*-o)+n(l-o-w?>+1)
=n’+3n? + 3n

S, =ZXT =ZX(n®+3n°+ 3n)

=3n® + 3Xn? + 3%n

_ nin+1) g . 3n(n+1)(2n+1) N 3n(n+1)
2 6 2

_ nn+1)| n(n+1)
2

+(2n+1)+3}

= W[n2+n+6+4n+2]

_ n(n+1)

[n2 +5n+ 8]

N> +1-2n+5n-5+8]

n-1 "

= w[nz +3n+4]
4

S0120:x = 2(5-3) = 2(6-1-i¥3) = 3+w
X —x3—12x2 + 23x + 12

=x3(x — 3) + 2x3(x — 3) — 6X(X — 3)
+ 5(x—3) + 27

= (x=3)[x® + 2x2 = 6x + 5] + 27
= (x=3)[(x=3)(x* + 5x + 9) + 32] + 27
= (x—3)[x* + 5x + 9] + 32(x - 3) + 27

= (x—3)°[x2 = 3x + 8x—24 + 33]+32(x — 3)+27
=(x—3)3(x+8)+33(x—3)2+32(x—-3) + 27

= (X + 8) + 33(®w?) + 320 + 27
=0+ 1+ 320 + 33w + 27
=+ 0>+ 320 + 320% + 38

=-1-32+38=5

. _ — _ —in/3
Sol21:z,-z = (z,-z)e
— - _ —in/3
z,-2,=(z,-2)€
7h
2312

23—21

Z, -7,

2 2 2
= Z1+Z,+Z3 = .z, + Z,Z, + Z,7,

2
Z;tZ,+1Z3 _22
3 - “0

2,2, .2 2,2, .2
zl+zz+z3+2(zl+zz+z3)=

2
9 0

2,22 _ 5 2
= 7 +Z5+25 =3 25

Sol 22: 7, 7, z, of an isosceles AL at z,

17273
Zl
Z, z,
Considering z, at origin
2,2,
O 2377,
— = — in/2
(z,-z,)=(z,—2,)e
Z,-Z,=(2,—2)i

1 2
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(Z1 - Z2)2 = _(Zs - Z1)2

2(x+\/oc2—[52

oc—\/ocz —p?
2 2 2 —
=z2+2z2+227=227,+227,

=2z +22°+ 22 =22z, + 7)) = (oc+\/a2 +B2j(a+\/a2 —sz+ (a+«/a2 —sz

Sol 23: A + B* . He =x+/{ Letx =p +iq (ot—\/oc2—|32j+2|a2_az+ﬁzl
Xx—a X-b x—H
2
_— A2 _ Az[(p—a)—iq] -9 ‘a2‘+ ocz—ﬁz +2|B|2
(P+0)+ig=>" —=> 2 N
(P-a)+iq (P-2a?+q 2
- 2+ 2 42 -
Atp-a) AZq o
p-ar+q’ Tp-a’+q = 2o’ +2Jg +2|o+ Bl
Equating the imaginary terms we get _ aa+BB+GB+&B+a&+BB ~
q+Z—( A;q_z =0 of ~ B+ 2|0+ Bljo— Bl
p-a) +q
: = o " +fa—pf +2fa+ Bl -
=q 1+ZA— -0 ,
( (p—a)2+q2j = [Jo+p|+|o—p]]
=q=0or ZA—ZZ_l T=|0c+[3|+|a—[3| Hence proved
(p—a)’ +q

. Sol 27:z, =10 + 6i;z, = 4 + 6i
Here A, p, a and q are all real hence g = 0 is the only

solution. z-2, x—10+(y—6)i[(x—4)—i(y—G)J
(x—4)—i(y —6)

= x cannot have imaginary roots. z-z, x=4+(y-6)

Sol 24: 7 + 222 + 27+ 1 =0 _ (x=10)(x =4 +(y —6)° +i[(y ~6)(x—4) +(x~10)(6 -y)]
2 (x—4) +(y ~6)°

=z=-1, 0, ®

zZ—-Z
21985 4 7100 £ 1 = 122
arg
z-z, 4

= (y-6)x-4)+(x-10)(6 -y)

2
=>Z=0, 0

Common roots are o, o’
=(x=10) (x—4) + (y — 6)

Sol 25: Let flxy) = (x+y)" = x"-y" = (y=6)(x — 4 — x + 10)=x2 — 14x + 40 + (y-6)

Xy(x+y) (>+xy+y?) = (x-0)(y-0)(x+y)(x-wy)(x-w?y)

f(x=0)=0 and f(y=0)=0

fly=—%)=(x—x%)"-(x)"~(-x)"=0

=6(y-6)=x>—14x +40 + y> + 36 — 12y
=>x+y’-18y—-14x+ 112 =0
fix=wy)=(wy+y)n-wryry» :  =ynw2n +wn +1]=0 = =7+ (y-97=18
Similarly f(x=w?y)=0 = z-7-9i = 3V2
-~ f(x) is divisible by xy(x+y)(x?+xy+y?)

Sol 28: [z-w[ =(z-w)(Z-W)

Y Y
T = _ _ _ 2 2 _ _
S0l 26: T = ja.+yo” —p°| + o o P =|z| +|W| —zw—zw+2|z||w|—2|z||w|
2 2 2 _ _
S P e SN e = (o -7~z 2o

Let z = r,cos0,; w = r,cos0,
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= (|z| - |w|)2 -2 cos(el -0, ) +2rr,

= (|z| - |w|)2 + 2r1r1[2 sin’ (@D
2
- (|z| - |w|)2 + 4r1r1(sin o ; % j

We know, sin <6 andr,r, <1

< (4| 2 5%
<) +0-0,)

(= )" + (araf] - arglw)’

IA

SoI29:A+E=1

B A
A2 + B2 = AB
A B
B = A
H:|A—B|
B[ A
‘2‘ IRI
A
?|=|A—B|
a 7
W:|B‘A|
|A—B|=|B—A|:A—2=B—

Bl |A

=|A°l = B
=|Al = |B] = |A-B]

i.e. all sides are equal it forms an equilateral D

Sol30:a+b+c=0=>b=-a-c
az, + bz, +cz,=0
az, +cz,-(@a+0z,=0
_az; +Cz
27 a+c
=a(z,-z,) +clz;-2z) =0

=(z,-2) = _?C (z,-z)

z,-2,=k(z,-2)

= z,,z, and z, are collinear (by vector)

Sol31:|z-4 + 3i|<2

The shaded area show z

Min and max value = Distance of centre from origin +
radius

=5+2=3,7

=3<|z|<7

Z1-%

1-77,

Sol 32: <1

2 _ R
|z1 —22| < |l—zlzz|
(z,-z) (z;-Z,) < 1-72,)1-27)
= [z,]* + |z, -z, z) - 77,

<-2,7, -2,7; +z,[lzF + 1

=zP-1<(zP-1) |z

zP<1=1z] <1
2 2

2 ~[z|+1
Sol 33: Iogﬁ |z| 3 <2
o1
|z| +2

=[P —J2l + 1 <3jz] + 6
= |22 -4|z|]-5<0

=z + 1 (z-5) <0



=|zZ+120
So(lz]-5) <0

Interior of circle x2 + y? = 25

Sol 34: |z°® - |w?z=z- ®
= ZZO—OOZ=Z=®
=>zo(Z-0) =z- o

= z(zo-1)=o(zo-1) .. (i)

= z(zo-1)=0(zZw-1)
= Either zo=Zo=1 orz=0

X

(O]

= 72Z=00 = |z| = |o|

N | el

|z’ (0 —2) = (z- ©)

(0-2(zP+1N =020 =2

Exercise 2

Single Correct Choice Type

Sol 1: (C) |Z+4| < 3Least and greatest value of |z + 1]

i.e. distance of z from (-1, 0)

Least is O; maximum is 2r = 6

Sol 2: (D) |z + 3| < 3 Least & greatest value of |z + 1|
ie its minimum and maximum distance from (-1,0) is 1
and 5.

Sol3: (B) z, =3 +i 3

z,= 23 +6i
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Z

Z3

> 7,

5 _ 5 i0 i0
23 —Zze ' Zl —de
2 s 24
zZ3; =72;Z, :z
. A
;o oLt

V2

. . 1+
Unit vector along bisector is —, complex number

lying along this vector is 5(1+i)

Sol 4: (C) z,, z,, z,, z, vertices of square
z, -z, =i2lm(z,)

z,-z, = —2Re(z))

A
z,(-x+iy) Z(c+Y)
z,(-x-ly) i z,(x-y)
z, -7, . . .
L_"2 jsimaginary
zZ,—Z

3
z,-z, =[x + iy = (x—iy)]

= 2Re(z) - i2lm(z)

2

z,—z, = 2x + 2iy = 2Re(2) + i2Im(z)

Zy—Z3  2X+2ly  x+iy x2 —y? + 2ixy

z,-2, 2x-2y x-iy X2 +y?
(x =y as it is aqueous)
22|xy2 (Purely Imaginary)
X“+y
az, +bz, +cz,
Sol5: (D) ————=12,
a+b+c
A(z)
c b
B(z,) a C(z)

z, is incentre.
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Sol 6: (A) 5 —y = o — B[parallel vector]

d=a+y-f
DE)R fA©)

Cly) B(B)
Sol 7: (B) || >3
z+E 2|z|—i =3- 1. 8
z |z| 3 3
Sol 8: (C)
iiﬂ iiﬁ Z4
z,=ze * z; =2, %
_ (L)
z,-2,=(z,-2) W
_ (L+i)
z,=27,+(z,-2) T

Sol 9: (D) X = (4)* (1)

X = -4, 4o, -4o?

4 9 -4 4o -4
q, O3 0| = |4 40’ -4

C|3 ql q2 —4(,02 —4 —4(,0
1 o o 0 0 O

=64 |® o 1| = -64 | ® o’
o 1 o o 1 o

1l=0

Sol 10: (D) z = (3 + 7i) (p + iq) is purely imaginary.

=3p-79=0
- 79
=>p= 3

2
2 = 3+ 7iF |p + iqf = 58(«/p2 +q2j

for minimum |z, g =3, p=7

|z = 58(49+9) = 3364

Sol 11: (A) R P(z,)

z, z _ 4% Atz
—_——_ =7 = ——

z;  z, Zy

|z,| = 1 =|z|=|z;z, |

=z=27
Sol 12: (A) A+E:1
B A
A
Lety =—
Y B
y+—=1
2
=y -y+1=0
_1+i\/§
2
A_1+i\/§
B 2
D‘A‘=l
B

A _[Al o
B |B 5
:>ei9:1+i\/§
2
=0=60°

and |A| - |B| — ZOAB = ZOBA = 60°

= AOB is equilateral triangle

Sol13: (D) |zP-(z+ Z) +iz—-Z)+2=0

zz-(@z+Z)+i(z-2Z)+2=0
Letz=a+ib

a2+ b2-2a+i@i2b)+2=0
a?-2a+1+b>-2b+1=0
@-12+b-12=0
—a=b=1

=z=1+i

Sol 14: (D) z, = -3 + 5i
z,=-5-3i
Eqnofliney = 4x + 17

arg z = tan™ (4X+17] = tan™ (4+Ej
X X




Xxel[-3-5]=argze {tan‘l_?S, tant _?3}

Only option left is [%ﬂ]

Sol 15: (B) |Z—3|=2:(x—3)2+y2 _4
|z]=2:x%+y? =4

Points of intersection lie on the radical axis S;-S,=0

N,

Radical axis is x = %

2 +y2 =4
9 9
=>4y =4 o>y’ =4- =
4 y 4

o
Y

Complex no. is §+_

, 7
3y=22y=

Sol 16: (C) |z-3i|=3=>x?>+(y-3)2=9

:>tan6=x
X

cotd 9:5_ 6§x—|y)' :5_6(x—|y)

z y  (x+iy)x=iy) Yy x?4y?
X2 + y? = 6y

X 6(x — |y)

y 6y
Sol17: (D) |z—-1| + |z + 1| =

(-1,0) ‘ (1,0)

The portion of real axis between (-1,0) & (1,0) as the
distance between both the point is 2

2 . (m
Sol 18: (C) Q = 2|7 c|s[z+e)
= |z| 2 {cos(%ﬂéjﬂsin[%ﬂaﬂ
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= |z|[(cos6 — sinB) + i(sin® + cos0)]

= |z|[(cosO+isin®)+ —— | Z]i (-sin® + icos0)]
i

= |z| [cosO + isin@] + m [-cosO — isin0]
i

=P +iP
Sarg| =P |2

P 2
This is right angle triangle with |P| = |Q-P| and right
angle at P
Sol 19: (A) |z, 1| = |z,- 1| = [z, - 1]

z,+z,+2,=3

Centroid isatz = 1

LN

W

Distance of vertical z;,z, and z; from centroid is same,
which mean centroid coincides with circumcenter.

Therefore, Ais equilateral.

Sol 20: (C) p = a + bo + cw?
g=b+co+an?

r=c+ao + bo?
p+rg+r=a(l+o+o0’)+b(l+o+o)
+c(1+o+0d
=@@+b+(l+o+w)=0
pP2+q2+r2=(p + q + r)? - 2pq — 2qr - 2rp
=-2(pg + qr + rp)

pg + qr + rp = ab + aco + a’w? + b’w? + b’n + bcw? +
abw® + cbw? + ?®® + cam + .......

ab+2aco+ab+c?+(a%+2bc)w?+b%m

= 2ab + @ + 2aco + (b? + 2bc)w? + a’mw + 2bc + a? +
2bam + (b? + 2ac)w? + c?m + 2ac + b? + 2bcow + (c® +
a’ + 2ab)w?

= (2ab + 2bc + 2ac) (1 + ® + ®?)

+(C+b2+ad)(1+ o+ o)

p?+q®+12=0=2(pq +qr+rp)



6.66 | Complex Number

Previous Years’ Questions

1+i 1+i)
= | ——X— :l
1-i 1+i

AN
= [EJ =1 =i"=1
2

The smallest positive integer n for which i" = 1is 4

“n=4

AN
Sol 1: (D) Since, (?j -1

z-b5i

Z +5i

Sol 2:(A) Given,

-1
= |z - 5i| = |z + 5i|
(iflz-z|=1z-z)

Then it is a perpendicular bisector of z,
y

0.,5)

AX

(0.-5)

v
.. Perpendicular bisector of (0, 5) and (0, — 5) is x-axis.
Sol 3: (B) Since, |w| =1

1-iz
zZ—i

=l=|z-i=1|1-iz

=|z-il=|z+]|

(1 =izl = -il|z+il =]z +1])

.. Itis a perpendicular bisector of (0, 1) and (0, -1)
i.e., x-axis

Thus, z lies on real axis.

Sol 4: (B) Since, z,, z, z,, z, are the vertices of parallelogram.
D(z,) Cz,)

A(zl')x ~/B(z)

.. Mid-point of AC = mid-point of BD

Z.+2, Z,+zZ
12 3 = 22 4 =2z, +2,=2,+2,

Sol 5: (C) Given, |z, + z,| = |z,| + [z}]

On squaring both sides, we get

|z,]> + |z, + 2|z,| |z,|cos (arg z, — z,)
=z, + [z, + 2lz,| |z)]

= 2|z,| |z,| cos (arg z,—arg z,) = 2 |z,| z,|
= cos(argz,—argz,) =1

=arg(z)-arg(z,) =0

Sol 6: (D) Since, sin x + i cos 2x
= COS X — i sin 2x
= sin X —i cOs 2X = COS X — i sin 2X
= sinXx =cos xand cos 2 x =sin2x < X
= tan x = 1 and tan 2x = 1
T b _ . .
= x = — and x = = which is not possible at same time.

Hence, no such value exists.

Sol7:(B) (1 + ®)" = (1 + ®) (1 + ©)°
=(1+ o) (-o?)®
=1+

=2A+Bo=1+0=>A=1B=1

Sol 8: (D) Since, |z| =|w| and arg (z) =n — arg(®)

Let o = re® then ® = re™

n-6 in —i0

.'.z:re( )=re e
=—re®=-o

.. z lies on the perpendicular bisector of the line joining

—io and — i® is the mirror image of — iw in the x-axis,
the locus of z is the x-axis

Letz=x+iyandy =0

Now,|z| <1 = x>+ 02< 1

=-1<x<1 ()
.. z may take values given in (i).

Sol 9: (D)

L+w-0%) =’ -o?) (-l+o+0’=0)

=(=20°) =(=2) o' = -1280°



Sol 10: (B)

13 13 13
Y+ = XA+ =1+ X"
n=1 n=1 n=1

SR P 4+ ) = (A 4) Pg—ﬂ
—1

=1+0)i=-1+i

Alternate solution:

Since, sum of any four consecutive powers of iota is
zero.

n=1

=i+i?=i-1
Sol 11: (D)

6i -3i 1
Given, 4 3i -1|=x+iy

20 3 i

6i 11
= =3i|4 -1-1=x+iy

2000 i
= X+iy=0 (- C, and C; are identical)
= x=0,y=0
Sol 12: (A)
Given, |z, 9z, Flz; =1
Now, |z, =1
= |z, P=1
= 2122 =1,23£3 =1
Again now, i+i+i =1

1 2y 73
= |z1+z2+2z3 =1
= |z, +z,+25|=1
= |z, +z,+25 |1
Sol 13: (B)
1 1
letA=[l -1-0° o
1 o’
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ApplyingR, - R; :R; - R, —R;

1 1 1
=0 2-0® o’-1
0 -1 o-1

=(-2-0’)(®-1) - (0 —1)?
=20+2-® +0° — (0 -20° +1)

=30’ - 3w =300 -1) (ot = o)

Sol 14: (B)

Given, (1+0%)" =1 +o™)"
=  (-o)"=(-0°)" (o’=landl+o+o’=0)
= o' =1

= n =3 is the least positive value of n.

Sol 15: (D) Let OA=3, so that the complex number
associated with A is 3e™“ . If z is the complex number
associated with P, then

z-3"" 4 4
0 _ 3eiﬂ:/4 3 3
= 3z-9e™* =12ie'™*

= z=(3+4)e™*

A

y
1

2
Sol 16: (A) Given: Z_l is real
Z —

Let z = a + ib, then

2 (a+ib) 22 p? +2aibx[(a—1)—ib

_ 3 ]
z-1 a+ib-1 [(a—l)+ib} [(a—l)—ib}

—b(a’ —b?)+2ab(a-1
N (a )er a (a ):O
(a—l) +b?

= —a’b+b’+2a’b-2ab=0
= a’b+b*>-2ab=0
:>b(a2+b2—2a):0
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=b=0ora’+b*-2a=0

= Either real axis or circle passing through origin.

Sol 17: (B) Let 0 = arg [“f]
1+2

= 0 =arg 1tz lzF1=>27=1}
1+-
z
= 0 =arg (z)
Sol 18: (B) Given: The expression z+% and |Z| >2
Using triangle in equality
|21+22|2||zl|—|z2 ||
1 1
= z+= 2| z|-|5
2 2
1 1
=>|z+Z|2z-3
2 2
= z+l zi liesin (1, 2)
2] 2

Sol 19: (B) Z1~2% _;
2-2,7,

:>|Z1—222|:|2‘2122|
:>(zl—222)(21—222):(2—2122)(2—2122)
222,72 -27 7, +4lz|
2|zl| -22,7,-27,2, + |22|
4-27 7,-22.7, +|z.[ |2,
=4-27,2, - 2122+|21| |zz|
2 2 20 2
:>|zl| +4|22| :4+|22| |Z1|

= laf +(1-Jzof ) -4(1-[zo[ ) -0

3(1—|22|2j(|zl|2 —4):0
= |zl|2 =4 {|22| # 1}
:|zl|=2

2+3isin 0

Sol 20: (C) 1-2isno

(2+3i sin e)(1+2i sin e)
1+4sin’ 0

_ 2+4isin 0+3isin®—6sin’0

1+4sin’ 0
— .2
Given —2 6sin” 0 =0
1+4sin’ 0
:>sin2(9:l
3
=sin0=+

&l

=

= 0 =sin? [_],_ Gin-l {%)

JEE Advanced/Boards

w

Exercise 1

Sol1: 22+ (p +ip)z+ (g +iq) =0
One real root
(Z2+pz+q) +i(pz+q)=0

If z is real

Pz=-q=>z=—

Z2+pz+q=0
|2 1
q—z—ﬂ+q:0
p' p

q?-pp'q+qp? =0

If eq". has 2 equal roots

(p +ip)? =4(q +iq)
p’-p** =4q and p* = 4q°

The roots are w i.e. roots (equal) are imaginary.
Sol 2: z = 18 + 26i

z, = x, + iy, is cube root of z

z, = (r{cosb + ising})'? = r'? 3

=3 cosg+ isin9
3 3

r = (1000)"2
r3 = (1032)13 = 10172

cosO = i sind = 26

11000 1000
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cosO = 0.57, sinf = 0.82 2m70) ‘
0 0 A)y=e 7 +e2™ | e
cosO = 3cos — —4cos® | —
3 3 =c0s0+isin0 + cos2m + isin2x...cos6m + isin6p
— _ 3
0.57 = 3t -4t S+ 4+ Ttimes +§ (0 + 0o )] = 7
)
cos |~ | =0.2,0.74,0.95 2n iﬁ[zn<2“+1>_2nj
—(K-1)
[3 detA, = [Te2n =e 2
cosg =0.95 o)
3 | 4n”—-2n
_ n[ 2 ] ~ %i(ZnZ—n) .
sin 2 = 03162 - € - e - €
3 detA, . =@
=10 (0.95 +10.3162) = 3 + i detA, +detA, = ein-1 4 g
X, =3,y,=1 =cos(2n-1)x + isin(2n-1)1t + cos2nm + isin2np
XYoo +Y,) = 3.4 =12 M=0=L+M=7
.« 73 17 =
Sol3:2* +iz=1 Sol 5:z,(z2- 32,2 = 10
z(z2 +10) = 1 z,(3z,2 -z, = 30

Z can never be Purely real as (z2 + i) will be imaginary z,=a+ibZ,=c+id
which multiplied with z will not be a real number,
hence its locus will never cut x-coo axis Z can never be
imaginary (pure) as (2> + i) will be of form (a + ib) which = z3-3z.z2 + 322z, -2° = 40
multiplied by z, cannot form 1 (real) therefore its locus
can never cut y axis.

ab+cd=0 asz?+z?is real

2 _ 2 —
=z2(z, +3z,) - z,%(z, + 3z,) =40
i 3 = 3 17 3 _ 27 _ 2
=(z,+iz,)’ =z’ +1iz°>-3z7z,- 32,2,

=10 -30i

z(z2+i) =1

x+iy) -y +i2xy + )] =1
= (z, +iz,)> = 10 + 30i

= ((z, +iz,)?)? = 1000 = z,* + z,> = 10

X3=Xy2+i(2x2y +x+x2y-y3) — 2xy? —y = 1
X3=Xy2=2xy* =y +i(3x%y +x-y3) = 1
X¥=3xy’ -y =18&3x%y +x-y*=0

Sol 6: (z+ 1)’ +z’ =0 hasroots z, ........ z,
X =3y?) =1 +y&yy>—3x) = x Re(z,) + Re(z,) ........ Re(z,) = ?
2,2
|z|2:_1 1ty x = |z = JLyExiayn z+ 1) = (2
2 x oy 2 Xy . ,

2 . 2 Taye1] oy :>((a+1)+|b) =(-a-ib)

l2l° = _E[W |z } = | 2xy | 2xy One of the solution is
“Im(z) :>a+1=—a:a=_—1andb:0
=zl = e -1 2
2Re(z)Im(z)+1 —~z=_—
2
-7 0

Sol 4: A =dia(d, d,, ....d) 272 2y 2= o 41(0)

— Aqi-1. — @i2n/n -
d=a%a=e Re(z, +.coueuvees +Z7)=—7

2
=d = eizTn(n—l) Im(z, +z,..+2)=0
L = Tr(A )y
Sol 7:z = (1)"7

M = det Aoy + det(A,)

a+B=@Z+22+2+22+22+2%=(1)=-1
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af =zZz+22+2) (@ +2°+ 2
=24+ 2+ 727+ + 27+ 2+ 20+ P+ 77+
=24+ +3+22+z+22+2
=3+z+72+28+22+22+22=3-1=2

EQn > x*+x+2=0

Sol 8:2°-32 =27°-2°
=(@z-2)(Z?-pz+4)(Z2-qz+4)

=22 +7z%-q-p-2) + Z2(+pq + 8 + 2p + 2q) + Z°(-4p

—4q + (pq + 8) -2)
+2z(16 +8p +8g)-32=0
=>p+q+2=0
2p+2q+8+pq=0
=>pg+4=0=>pq=-4
prq=-2=p- =2
P
=>p>+2p-4=0

= p2 + 2p =4
:(:592 |Zl| + |22| > %(|21| + |22|) |§_1|+|§_§|
e ol 2+ 2
2 2| 22|
Z_l+z_2 < Z_l Z_2 =2
|Zl| |Zz| |Zl| |ZZ|
1 1 : :
5*2(|21I+|Zz|)25(|Zl|+|22|)ﬁ+@‘
1 4,z
|21|+|Zz| 2§(|21|+|Z2|)m+é
Sol 10:
A
(2,1
z, Zs
00) * z, z, (3,0 "

=(@0),z,=(b0),2z,=(b ),z =0

Z‘I
b -a = c(square)

a=2¢cb=3¢cb+c=3
3 3 9

4c=3=>c=—,a=—b==
4 2 4
0 01
119 3
AO,z,z)==|=— = 1
0.z,2) 214 4
3 34
2 4
1 33 9 m
= —X—X— = — = —
2 4 4 32 n

=m+n=32+9 =41

Sol 11: (1 + x)"

. =C+C+C+ .

a’ + b?+ - 3abc

27+ (1 + @)" + (1 + 02" = 3(C, + C,+C, ...
27+ ()" + (~)" = 3(C, + C,+C, ..)

2"0? + 0(-0?)" + (-o)" = 30*(C, + C,+C, ..)

_ 2"+ (-0)" + ()"

an
3
b = 2o toe?) + (o)
" 30°
¢ = 02"+ (") + o-e)
n 2

374
z, —izg B 7 zy(L+i)+2z5(1 1)
— =1 2
1-i 2
zZ, -2, _ . .
L 4e2 o =z -27,=-iz,-12,)



CZ )+ zy (L +)

‘ 2

Sol 13: f(z) = (a + ib)(z) = c + id
z=(X+1y)

Image = c—id

(c=x)2+ (y+d)?=c*+d?

x* +y? —2cx+2dy =0

a’+Db>=64
c =ax - by
d = bx-ay

= X2 + y*—2x(ax — by) + 2y(bx —ay) =0
= x3(1 —2a) + y*(1 - 2a) -2bxy + 2bxy =0

=>x+y)(1-2a)=0
:azl:b2=64—l=§
2 4 4

=u+v=259

Sol 14:

cosx + "C,cos2x + "C,coS3X + .....

= cosx + "C,cos’x + "C,cos?3x +
= cosx[1 + "C,cosx + "C,cos’x +

= cosx[1 + cosx]"
n
X X
= cosX| 2cos=COSX—
2 2
X n
=2"Cos" =cos —cos

= 2"cos" X cos n+2 X
2 2

_u
\

..... +"C cos(n + 1)x
.......... + "C cos" " 'x

.......... + "C_cos"x]

= 2" cos" X| cos (n+ 2)x +isin| 2
2 2

By comparing, we get the desired

Sol 15: f(x):ax3+bx2+cx+d
=—-ai-b+ci+d=0+i0 =-a
—a=cand b=d

Andf(1+1i)=5

al

results. Hence, proved

f(i)=0

+c=0andd-b=0

()

a(1+i)3+b(1+i)2+c(1+i)+d=5
:>a(l+i3+3i2+3i)+b(1+i2+2i)+c(1+i)+d=5
:>a(1—i—3+3i)+b(1—1+2i)+c(1+i)+d:5
:>a(—2+2i)+b(2i)+c(1+i)+d:5
=-2a+c+d=5and 2a+2b+c=0

From (i), we have
d-a=5and3a+2d=0
—a=c=-2and b=d=3

nal+b? +c2 +d =(—2)2 +3? +(—2)2 +32
=4+9+4+9

=26

Sol 16: 2. (2 — W) =0

k=1
=Z,+Z,+2,+7,+2Z
=32+170i—7+64i—9+200i+1+27i—14 + 43i
=3+504i
If y-intercept is 3, then eq. of line
y=mx+3

yi = mxi + 3 fori=1,2.......5

NOW, Z, + oo z, = 3 + 504i

X + % + +X) Ay, Ty, F o y,) = 3 + 504i +
{MX, + X, e +X;) + 15} = 3 + 504i

X, X, +X, =3

M, + X, + e +X,) + 15 =504

= 3m+15=>504

= m=163

Sol 17:

3
|z -3- 4i| =5tan™’ Z (37°) in clockwise direction

It reaches Q (3, 9) above centre

Then it moves 2 unit downwards i.e. R (3, 7)
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32 O( . 2qn . 2qn i
Sol 18: 2 —_—— —_—
o > (3p+ ){Z(sm ] icosTT ﬂ

p=1 g=1

= Z(mu)l-i[iezﬁﬂ -1 ]

= i(3p+2)ip = :2_2‘1(3p)ip _23212)‘3 :o]

= 3i(1-3+-—31)-32-4+--—32) = 48(1 i)

Sol 19: lfb:ltjczlia:
a=k-kb
b =k-kc
c=k-ka
a=k-k%+ k’k - ka)
a=k-k*+k®-k3a)
2,13
buta=b=c

e kP=-1=k=-w -w?

Sol 20: [z—al? + |z-B]P =k

Locus of z is a circle

(X =0 )P+(x = B)P+({y —o,)*+(y — B,)* = k
= 2x* + 2y = 2x(a, + B,) = 2y,(a, + B,)

to’ta+Bi+Br-k=0

:>X2+y2—2X [al-ZFBlJ_zy(O’Z;BZJ

. [af+a§+ﬁf+ﬁ§—kj=0

2

r>0ie.g’+f-c>0

2 2 4

= —ocf +a§—ﬁf —Bg +204B; +20,B, +k >0
= k>af +a5+B7 +Pp5 — 20,8, — 20,8,
= k> (o, =B, + (o, —B,)* = k> |o— B

oy +By 0‘2+B2j

Centre:( >

[0‘1 +Blj2 J{az +[32J2_2[(xf +oc§ +Bf+B§—kJ>O

Radius = \/Zk + 204, + 20,8, —0f — o5 —B7 ~
4

Sol21:f(z) = |Z2-z+ 2 |z| = 1
f@)y=22-z+2P=(2-z+2)(z*-7z +2)
= 1-224222-7° +27-27+273 27 +4
=6-(22-7%) 2@+ Z)+ 22+ 2°)
= 6-2(a>-b2)—4(a)+2(z+ Z)(z2+ Z°~ 2Z)
= 6-2(a*-b?)-4(a)+4a(2a*-2b>-1)

= 6-8a—-2(2a>-1) + 8a(2a*-1)

f(z) = 16a®>—4a’> - 16a + 8

f'(z) = 482> - 8a— 16 = 8(ba*—a - 2)

= 8(ba*—4a + 3a-2)

=8(2a(3a-2) + 13a-1))
=8(Ra+1)(Ba-2)

a= __1a—3
23
Fora=g
3

f(z)=16x£—4xi—16xz+8

27 9 3
128 - 48 — 288 + 202
= <0

27

Fora=_7l;f(z)=—2—1+8+8=13

Maximum value of f(z) = \/E

Sol 22: |a + bo + cw?| + |a + be? + co| >
|a + bo + co? + a + bo? + co|
=|2a-b-c/=]la-b+a-|

Minimum value will occur when
a-b=ka-c=-k

e k=1

a-b=71anda-c=-1

with a & b being least possible value integer values

=>a=2b=1c=3

|a + bo + co?| + |a + bw? + co|
=22+ o+ 307 = 2|1 + 207

= 2l - 0| = 2/(-3)| = 23

=12 =n=n =144



6

Total area = unshaded area + shaded area

0 0 1
Unshaded area = 6x1| 0 1 1
11
5%
_6,1_ 6
2 2 22
1 1 1 1
Shaded area =2x=x—x—==
2L 2
6 1 6+V2 _6J2+2
Total area = +== =
22 2 22 4
_ 32 +1 _a b+c
2 d

a+b+c+d=3+2+1+2=8

Sol 24: N = (a + ib)? - 107i

- ib® + 3a%ib - 3ab? - 107i
N = (-b? + 3a’b - 107)i + a®> — 3ab?
= 3a%b - b® = 107 = b(3a% - b?) = 107
= b =1and 3a*-b? =107 = a2 = 36
= N =a3-3ab?>=216-18 = 198

Sol 25: x* + ax® + bx? + cx + d has 4 non-real roots.

oa+PB=3+4i

v$=13+ily=a@,8=P)

= af=13+i ap =13 i
oc+[3=3+4i’
Sap+by+géd+da+ay+bd=>b
—ap+Ba +ap +oa +pp +aP =b
=13-i+13+i+(a+p)a+p) =
=26+ (3+4i)3-4i)=Db
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=b=26+25=51

Sol 26: 2> + 1
=Z+MNz22+(1-29
=@z+1)(Z-z+1)Z2+(1-2)
=(1+2[z2-z+ 122+ 1-2]
=(1+2[2*-22+722-z+ 1]
=(1+2[z2+az+ 1][z22+ bz + 1]
=b+a=-1

ba+2=1

ab = -1

:>a—l =-1=a’+a-1=0
a

) 1445 —1++5
2

=a-= = —-2cos108°
2
1

;\E = -2¢0s36°

.. Factors are (1 + 2) (22— 2zcos36° + 1) (22— 2cos108° + 1)

Andb = —

Since ab = -1

= 4c0s36°co0s108° = -1 = 4cos§cos%: 1

Sol 27:x = 1 +i+/3
y:1—i\/§

z=2

X =20y = -20°2 =2

XP + yPp > 3 prime (P is odd)

= —2P@P — 2P @ = —2P(@P + @) = 2P = 7P

Sol 28:f(z) = az-i) +i=f(i) =i . ()
f(z) =b@z+1) +(1+ 1) = f(=) = 1+i .. (i)
f2)=cz+ 1) +kz+k, ... (i)

Substituting values from (i) and (ii) in (iii)

=i=ki+kandi+1=-ki+k,

=k =i+ landk1 l
2 2

1

. Remainder = E+|+—
2 2
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Sol 29: (a) Qa=6+4ip=2+4i
Z—a T
W[mm% amp[z_B]=g
1 x=6)+(y-4ix-2)-ily-4)| =
K) @™ x—2)+iy - 4) (x-2)—ily-4) | 6

Re(z) = (x—6) (x—2) + (y — 4)?

Im@) = x=2)(y-4) + (x-6) (y-4)

A={z |z <2}
B=(z(1-)z+(1+i) % > 4) o X2y -+ x-o)d-y) 1

(-6)x-2+(y-47 VB
—4x-2y+8+4x+6y-24 1

— (1= +ib)+(1 +i)a—ib) > 4 = ==
x2+y? —8x—8y+12+16 3

letz=a+ib

=a+b+a+b>24=a+b=>2

m? 1, (n 1), 3X2+y2—8x—8y+28=4\/§y—16\/§
area= —-—Jr'=| -0 =(n-2)
= x2+y2—8x+y(—8—4\/§)+28+16\/§ =0
(0 f0) = —— = i(ﬂj
X=i x=ilx+i = \16+(4+243)7 —28-16\3

X i 1
TR e = V16 +16+12-28+16V3 1643
x — coordinate = = V16 =4(p)

k?+1
y — coordinate =

k2 +1

.. Locus of the function will be Exercise 2

X +y?-y=0 Single Correct Choice Type

This is circle with diameter 1 )
Sol 1: (C) 22 + z + 1 is real and +ve

Hence the area of the square = 1 .
2 X¥-y2+x+1+i2xy +y)

Sol30:(a) (1 +® + ........ o"™ m,neN x>-y?+x+1>0and2xy +y =0

n e 3k=1 :>y(2x+1):03y=00rx:_7
nes3k+ 1= (o) Ify=0x*+x+1>0= zrepresents real axis
ne3k+2=0

Ifx = -1 i—y2 >0, Line segment joining

Mm=1=(0’) m=2= (o), m=3=(-1) 3/74 f
Mm=4= () mM=5=(-w),m=6=(1) {—%_2—3:] to {—%?‘1

No. of distinct elements are 7(S)

(b) Real coefficient, 3 3
Sol 2: (B) zz° +z°z =350
Root = 2w, 2+3wm, 2+3®?, 2—-0—n?

lz? 2 + Z?) = 350
Roots are 2m, 2 + 3w, 2 + 30 3

Other root will be 2® z Izl z

Total no. of roots are 5 (q)

-Z z




Length of diagonal 2|z
|Z|? (%% - y? + 2ixy + x2 = y? — 2ixy)=350

50

C+y)(x-y?) = 37 =175

As x and y are integers
X=zx4y=413
=zl =5

Length of diagonal is 10

Sol 3: (A) z} -2z,z, +225 =0

22
(zl—zz) +25=0

2 2 .
:>(zl—zz) =-Z5 :|Z1_Zz|:|zz| and (zl—zz):lz2

sxe[-22] &ye [—2@,2@}

Set of points lie on radius of circle

Sol 5: (C) z, 2,42,

2,77,
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and 1
2 |z, + z,| # |z, - Z|
z z
S [ Mo SO Y o . . L
7 7 z, Diagonals are perpendicular but not equal ie figure
2 2 represented is rhombus but not a square.
z .
=L =1+i 12y
22 |Zl'zz| . . .
Sol 6: (A) Condition for equilateral
z
1
= |—| = 2 .52 2 2 _
7 [ Z, AZ] +254+25 =207, +Z2,Z5 + 237
2
O 1Z,] Z2-30z2+3PBz+x=0
Now,
7,2,
21_0 _ i eizzloz2
z,-0 |z, =2z, +7,+2z,=3a
om0z, _ 1t nya =>zz7,+22,+27 =3B
V2
=7Z,2,Z,= X
— 450 _ 2,2, .2
= £z,0z, =45° = Zoz,z, (Z,+2z,+2)2=2]+2Z;+25+ 2(3B)
Also, Ba)? = 9P
Zy— 7y _ |Zz —Zl|ei40z2z1 o=
z, |z, |
= e“%%% =i = Loz,z, = 90° Sol 7: (D) z,
Sol 4: (B) ; —2 4 .
2v3 O
G C
_2 ZZ Z3
4
243 Z,+2,+24 .
——= = —Centroid, z_=0
3 C
T
|21 < 4 and Arg (Z):_ Z,+72,+2, 2Z.+z
3 1L 2 B3 _"C 0 7 =7z+27+z2
- o~ “1 2 3
3 3

X2 +y>< 16 and y:\/gx
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Sol 8: (C)

/
N

(z+ 1)*=16z*

=z + 1 =2z 2iz, -2z, -2iz

:>z—1i—1 t !
S '2i-1'" 3'-1-2i 3" 5 ' s

. . . z,+2
Point equidistant is z = —2—2

Where z, = (1,0), z, = (%OJ

1-

Wl

2

lz-2-3i|=4
=S, =(x=-202+y*=9
=S,=(x=-202+(y-3%=16

Both circles are intersecting. So, radical axis will be

$;-5,=0=9-6y=7=3y-1=0

Sol 10: (A) 2> +iz-1=0

Let z=k (real)

=>k+ik-1=0
k¥+ik-1=0andk=0

Ifk=0,then0-1=0

Not possible

Therefore z # k (real)

Hence, no real solution

Sol 11: (D) |z-4-3i|=2

z lies on a circle shown in the figure |z|=|z-0| is nothing
but distance from origin

MY

Minimum = OP = OC-CP
= V4% +32 -2=5-2=3
Maximum = OC + CQ =5+9=7

Sol 12: (A) z = 1 —sina + icosa

7| = J1+sin? a—2sina + cos? o

= \2-2sina = 2(L-sina)

arg z = tan™ _cosa tant ;
1-sina seco —tana

2
. a a
. sin— +cos—
1+sina » [ 2 ZJ
—— =tan

tan™ >
coso Lo .o
Ccos” ——sin“ —
2 2
. o o
Sin— + cos— 1+tan—
= tan* = tan™ 2
o . ol
cos— —sin— 1-tan—
2 2 2

Zq +22

+.z.Z
> 142
‘zl+22+2 7,7, +‘zl+22—2.lzl.lzz‘

- 2

[

Sol 13: (D)

_ 2(z,) +2(2,) _ ‘\/Z‘ZJF‘\/Z‘Z

2
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Sol14: (A) u>-2u+2=0 a, . aa, i ﬁ a, i b4a2 +a,8, bzag _
=(u-1)2=-1 aa, aa, @ ab’ alb? ba’
=Su-1=+i
] ) Sol 17: (D) (1+2)®+z%=0
u=1+i1-i= (o)
6
cotd = x + 1 3(1+z) =-7°
(x+ a)n —(x+p)"  (coto+ i)n —(cote—i)n Now,
= - 6
a—P 2i :(1+zj _ 1
z
(cos0+isin®)" —(cos0 -isin6)’ @, 3)
- 1 1/6
2isin" @ =1+—= (-1)
_ e e  sinng 1 ”
2isin"0  sin"0 = Z—cos T 4
z 6
Sol 15: (B) A,......A_vertices of regular polygon in a
circle of radius R :}l:— 25in2KTc+ncos 2K7t+7'c_£
z 12 12 2
n 2Kn+mn
=z=- Z_
. 2KTE+TC{ [2 12 j}
2si
12
z——l 1+icot2Kn+TE
(AA) + (AA) ... (AA Y =75

.
AA, = 2Rsm; = 7 lies onIinex:—l
2
AA, = 2R:;in2—7T = All roots are collinear.
n
3r
AA, = 2R Sol 18: (A)
.o T .227[ .237[? .z(n—l)TC A
sin® = +sin® =— +sin“ —...sin" ——— \
4R{ , . . . | \// |
| /N[ ]
= —2R? {1—n+cosz—n+cosﬂ+...cos(2n—l)£} \\I
n n n
sinnk 2nm 79— 75 =992
=2R2|l-n+—————-cos— | = 2nR?
sinnl ® n z5(z>-1) = 32(31)
n 5 —
2=t

S>tP-t=92=1-32t+t-992=0

Sol16: (B) z' +aZ + a2’ +a;z+a,=0 =1t=32-31=27 =32 -31

z=1ib

b*-ib’a, — b, + iba, + a,= 0

= 7° = 32 has 2 roots with —ve real Part

and z° = -31 has 3 roots with —ve real part
b*-b’, + a,= 0= b'a, +a,a, = b%a,’

= ba,-b%a, = 0= a, = b%,
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Sol 19: (A) a|z,| = bz,

2|
E:|_2T_azl bZZ I ﬂ_
b s et bz =z
Z; Z, az; 2
1z z
T=Z+_:=Z —2
zZ |z |

|zl =1=T=2z+ Z = 2Re(2)
Re(z) € (-1, 1)

=Tel2 2]

Sol 20: (B) (p+Q)? + (po+qo?)? + (pe?+qo)?
= p*+°+3p°q+3pg’+p’+q’+3pgie’
+3p2q0)4+ p3+q3+3p2qw5+3pq2m4

DTN (1+2|\/§J _1

= 3(p*+q’)

Sol 21: (A) (1+iJ§)x

= (o) =1
=x=6,12,18, ........

It forms an AP

Multiple Correct Choice Type

Sol 22: (B, C) x*+(p+ig)x + 3i=0

a?+b*=38

(o +B) =—(p + iq)

ap = 3i

= (o + B)?> =8+ 6i = p>—qg? + 2ipq
p°-q*=8

2pq =6

=p=3,qg=+lorp=-3,q=-1

Sol 23: (A, D) |z,| = |z,| = @ + b? = ¢? + d?
z,=a+iba>0
z,=c+id, d<0

z,+2z, (a+c)+i(b+d)
177, (@-0)+ilb-d)

z

(@ + ¢) & (b + d) can be zero, so value can be zero

(@ —c) & (b —d) can be simultaneously zero = purely
imaginary.

Sol 24: (A,B,C, D) (@) a b, xyiseR

a+b _ o ip
X +iy
x4+ iy = a2—?2+2abi
a? +b?
szaz—bzlyz 2ab
a’ +b? a% +b?

= x> +y?2=1Ais correct

(b) 2% _a-ib
1+ix
— 2_ 1
:>1 X ZIX:a—ib
1+x°
2
as 1-x b= 2X
1+x° 1+x°

=a? + b? = 1 B is correct

© ailb:x—iy
(a+ib)? .
- a’ +b? Y
Sx+iy= a’ —b? +2iab
a’ +b?
=>X+iy = a” —b® —2iab = x+iy| =1
a’ +b?
@ Z;ig:yHX
2 2 o
oY X Ty 2X 22|xy =a+ib
y°+X
2 2
:a—ib:%:la—iblﬂ
X +y

Sol 25: (A, D) z = x + iy = r(cosf + isin®)

Jz = \/x+iy = \/r(c059+isine)

= Jre'%? =\ﬁ{cosg+|sm—} fory >0

\[{\/1+c056 |\/1_C2056}

_\/r+x+| X | Nr+X +ir=x
\ﬁ

V2

Sis

(A]

Similarly

\/r+x—i\/r—xJ fory <0

S




Sol 26: (A, D)

(az1 +bz, )(c22 + diz) = (cz1 +dz )(a22 + biz)

adz, zZ, + bcz, z, = bez, z, + adz, z,

= ad = bc
a_c (A'is correct)
b d
1E 12
= arg z, = tan a'3197,= tan- c

—argz =argz,
or z,Z, = 7,2 222
15 =44, = =2

a+ib c+id
:> - —_—

— = — = -ad+bc=0
a—ib c-id

Sol 27: (A, B, C)

I
./

|z]=1and |z,| =2

Max |2z, + z,|

|2z, + z| < 2|z,| + |z,| = 4 (Ais correct)
Min |z, -z| > |z,| - |z}

|z, - z,| = 1(B is correct)

z < |22| +i <2 (Cis correct)

|Zl|

2
1

a-p
1-op

=1

Sol 28: (A, B, C, D)

ja—p[" =[]

= (a-P) (@ - B)=(1-ap) (1-ap)

o2 + [BE~ B ~pa=1-aB ~pa + |al |BP
o (= [BI?) = (1 = [BP)=(latl? = 1) (1 - |B[?) =0
=la| =1 A'is correct

=Bl =1 B is correct

o = e =B [Cand D are correct]

Sol 29: (A,B,D) o =3z-2
p=-3z-2

|z| = 1

o + 2| = 3 — A'is correct
IB + 2| =3 - Bis correct

o —fB =6ZDis correct

= o — B and z, both move on same circle

Sol 30: (B, D) (i" + i is

22n +22n _ 22[’1 3 2n+l

= =S 1+ =
2n (1 _ i)2n (1 _ i)2n 22n
nn
@) _ o _jp
2n—1

n2n n2n “n N
®) @+ +@-i _(2) +n(—2|) I

2" 2
= in + i—n
_(oOnn n
(20) N 2
2" (2"
A LN,

+ =i i
@) (=2)"

©

=-i"+i"=0

Sol 31: (A, B, D)

log, , (13+‘22—4i‘)+log196 v =0

(13 + ‘22 + 4i‘)2
13+‘22 —41‘ i,

log
134

7 +4i‘

= 13 + |22 -4i| = 13 + |22 + 4|

= |22 - 4i| = |22 + 4i|

= |x2—y? + 2ixy — 4i| = [x2 - y? + 2ixy + 4i|

= -y + (2xy —4) = (X —y?)? + (2xy +4)?
= —16xy = 16xy = eitherx =0o0ry =0

If y = 0 can be purely real

x = 0 can be purely imaginary

Must be real or purely imaginary.
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>0

|x+1+2i|—2
Sol 32: (A, B) 1-log,

J2-1
|x+1+2i|—2 .
V21

—x+1+2]-2<2(+2-1)

= log,

:>|x+1+2i|£2\/§ =>x+1)2+4<8
> X+1)P2P<4=-2<x+1<2

=-3<x<T=xe[-3 1]

Sol 33: (D) x = cos o

y = cos f

Z = COSYy

¥X = COSa, + COSP + cosy

= COSa.+COSP+cosy+i(sina+sin+siny)

TIx=cosa. cosP cosy = e el g" = gi@+h+»

Sol 34: (A, D) x, = cos[lrj
2

= cosnt + isint = =1 + Qi
Real part is -1

Imaginary part is 0

n-1
Sol 35: (A, B, D) H((D_Zr)
r=1
(@-2) (@=-2) (@=2).. (0-2 )= o -1
o-1

If nis a multiple of 3, value can be zero as z, can be
or w?

Ifn=3k+ 1valueis 1

Ifn=3k +2valueis 1+ o

Sol 36: (A,B,C) Z=-4z
X —iy= —4x — 4iy

5x +i(3y) =0
x=y =0 (Alis true)

Z =z implies z is purely real (B is correct)

Z =-z implies z is purely imaginary (C is correct)

Sol 37: (A, €)

Z,

Z,—Z z. -7 A !
z == "1 "L 7 7z 1=0
0 7. —7 ' ' 2 2
2 1 ZZ_Z]_ 1
Z3 Z3

angle is same

The two triangles are similar

Sol 38: (A, B) Z multiplicative inverse is same as
additive inverse

= a=-a-ab’=a(1+a*+b?)=0
=a=0and
b=a’b+b=b(1-a*-b?)=0

b#x0soa?+b?=1=Db=+1

z=0=i
) (1—ix) (1—ix)
Sol39:(A,B,C,D)Z=a+bi= - :
(1+|x) (l—lx)
a4+ bi= 1-x% —2ix
1+x°
=z =1

1( 2x )
Arg z = tan —x2—1

Arg (2) = (—n,n}
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Previous Years’ Questions

Sol 1: Given, [z—-3 -2i| <2

To find minimum of |2z - 6 + 5i|

Or 22—3+£i
2

1

By using triangle inequality

ie, |z 1-12; <]z, +7
z—3+54
2
= z—3—2i+2i+5i =(z—3—2i)+gi
2 2
2|z—3—2i|—g‘
2
>[2-2]52
20 2
= z—3+%i 2% or|2z—6 + 5i|>5

27
Sol2: w=e3

IxP+yP+|zP
Claf +|b? | +|cP

Note: Here, » = ™3

Sol 3: (B)
A={Z:Im(z)21}
B={ZZ|Z—2—i|=3}

C ={z:Re[(l—i)z +\/§J}
Taking |z—2—i| =3

Let z=z+iy
x+iy-2-i=3

= |(x-2)+i(y-1) =(3)
= (x—2)2+(y—1)2 =9
And

()

, then only integer solution exists.

(1)

= x+y=12 (D)
And

Im(z) =21

= Im(x+iy)21

= y>1 ...(iii)

x-y) +(y-1)°=1

21

N[ =

\

From (i), (ii) and (iii) ANBNC has only one point P
shown in the figure.

Sol 4: (C) |z+1—i|2 +|z—5—i|2
= ‘Z—(—l+i)‘2 +‘z—(5+i)‘2

The point A (-1, 1) and dB (5, 1) are end points of one
of the diameter

In right angle A APB

B(5.1)

A(-11)
AP? +BP? = (AB)’
= |z+1—i|2 +|z—5—i|2
- (6)" =36
Sol 5: (D) |w-2-i<3
From triangle in equality
|z—w|>||z|—|w||
:>—|z—w|<|z|—|w|<|z—w| (i)

Given |w—2 —i| < 3, which means that w lies inside the
given circle. Since z is presented by point P and W has
to be the other end of diameter

| z—w | = length of diameter
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From (i), we get a u 1l
6< |z|-|w|<6 Consider b v 1
c w1

= -6+3<|z|-|w|+3<6+3

Applying R. - R~ {(1 ) R + IR
=-3<|z|-|w|+3<9 pplying R, > R, —{(T-r R, + IR}

a u 1
5 5 = b v 1
Sol 6: (B) Given, z = £+l + ﬁ_l c-1-na-rb w-A-rju-rv 1-1-r)-r
2 2 2 2
a ul
['.'m: _1J;h/§ and o’ :_1_2|\/§} =lb v 1/=0 (from eq. (i)
0 0O

' 2 Hence, two triangles are similar.

Now, \/§2+i =—i £_1+i\/§}:—im

2 2 k=1

. . 6

And \/g—l _ i(—l—lx/gJ ie? Sol 9: (D) Z[sing—icos#j

L Z= (Cio) + (0% = - i0” + io ii (cos@ﬂsin@j :—i{ieizgn}
_ k=

=i(o-0) = i(i\/§)=—\/§ - l

= Re(z)<0andIim(z)=0 {ieiﬂ;n :O} =—i{z6:ei2kn 1} :—i[O —1] =i
k=0 k=0

. 7
Alternate solution:

We known z+7 = 2Re(2) Sol 10: (C) Given, |z+iw|z—-iw]|2=2

5 5 . .
V3 V3 —(-iw) |5 z - (W) |= 2
If z :(;JFLJ +{_3_%] , then z is purely real, - 2= z= (W)

2 2 = | z—(-iw) |5 z—(—iw)|.

ie.lIm(@) =0

Sol 7: (D) Given, |z—-4| < |z- 2]

Since, |z - z,| > |z - z,| represents the region on right
side of perpendicular bisector of z, and z,

lz=2] > |z-4

= Re(z) > 3and Im (z) e R ) .
.z may take values given in (c).

y
— Alternate solution
v - y
< + + » X A
(6] (20 GO A0
L (-2)
. -0
y r ¢
< ) >
(@] -0
Sol 8: (B) Since a, b, c and u, v, w are the vertices of two r
triangles. @)

Also,c=(1-ra+rbandw=(1-r)u+rv (i)



|z+iw|<]z|+]iw]| = z|+|w[c1l+1=2
| z+iw <2

= | z+iw |=2 holds when

Argz-argiw =0

Similarly, when |z—iw |=2

Then Z is purely imaginary
w

Now, given relation
|z+iw o z—iw|= 2
Put w = i, we get

|z+P zz+i% =2

= |z-1|=2
= z=-1 ¢z
Putw = - i, we get
|z-i |5 z-i?|=2
= |z+1|=2
= z=1 (zg1)

. z="1or-1Iis the one correct option given.

Sol 11: (D)

A+ +@ =D+ @ +)2 +@-0)™

+[™2Cy - "2C i+ "G, - 2GR + .

=2["MC,+ "MC,i% + "C,i" +...]

+2["2Cy + 2,2 + G, .
=2["C,-"C,+"C, =...]

+2["2C, - "¢, +™2C, -]
This is a real number irrespective of the values of n, and n,
Alternate solution
(@)™ + @ -)" +{Q+)"2 + (@ -0)2}
= areal number forall n, andn, eR.

[+z+2=2Re(z)= (L+i)™ +(L—i)"

is real number for all n eR]
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Sol 12: (C) If in a complex number a + ib, the ratio a: b
is 1: \/5, then always convert the complex number in

the form of .

1 43,

O=—=+—i
2 2

334 365
4+5(—%+£] +3[—£+£J

Since,

2 2 2

= 4+50° +30°%

=445 (@) 0+3- () - 0
=4 450+ 307 Cro’=1)
=1+3+20+30+30°

=1+20+31l+0+0’)=1+2w+3x0

— 1+ (=1++/3) = 3.

Sol 13: (A) Since, arg (z) < 0
= arg(z)=-6
= z=rcos(-0)+isin(-0) = r(cosO —isin0)
and —z = -r[cos0 —isin0]
= r[cos(n—0) +isin(m— 0)]
arg(-z)=n-0
Thus, arg (-z) —arg (2)
=n—-0-(-0)=mxn
Alternate solution:

Reason: arg (-z) —arg z = arg(_—ZJ =arg(-1l)==n
z

And also arg z—arg (-z) = arg[_izj =arg(-1)=n=n

Sol 14: (A, B,C) Since, z, =a+ib and z, =c+id
= |z [’=a% +b? =land|z, P=c?+d’ =1 .()
& Z; =l Z, |=1)

Also,Re (z,22) =0 = ac+bd=0
a d .
—=——=A -
- (say)...(ii)

From Eqs.(i) and (ii), b?A? +b? = c? +2%c?
= b?’=c’anda’=d’

Also, given w, =a+icand w, =b+id

[ w, |=\/a2+c2 —Na? +b? =1

| w, |:\/b2 +d? :\/a2 +b? =1

Now,
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and Re(lez) =ab +cd = (bL)b + c(=Ac) aq =4 and2a =10
4
=A% -c?)=0 =e=c
Bop

(1-tz, +tz,

Sol 15: (A, C, D) Given, z= 1
(1-t)+t Q) z=w—-——
w
A P B 1
I } i > Z=W-— — X W
Z, 7 Z2 WwWw
t:(1-1) W W
. . . |w|2
Clearly, z divides z; and z, in the ratio of t: a
w
(14,0 <t <1 Wy
= AP+BP=AB Letw =p + | g, then
e, |z-2, [+]z-2,Hz -7, ,=3P .5
= Option (a) is true. 4 4
Now, letz = x + iy
And arg (z-z,)=arg (z, - z)=arg(z, —z;) 2 ax
=2 p=_""
= (b) is false and (d) is true. =X 4 - 3
Also, arg (z-z;) = arg(z, - z;) :y:%q :q:%
= arg| 22 |=0 2_p2, 2
z,-7; |w|=P*+q" =
z-2z, .
. is purely real.
74
LEta_z-m o |zmm zmn_g
=4, n-z71 2,771 -1
2 2
Sol 16: (A) | z—i|z||< z+i| z|| _16x 16y”
S S 9 25
=|z=i|z|*s z+i] z|]
. — . . — . X2 y2 _1 t ”'
:>(z—l|z|)(z+||z|)=(z+||z|)(z—||z|) :>m+25/4— + 118 an ellipse
2
= z7+iz|z|-i|z|Z+|z] e2:1_b_
2
=z7Z-iz|z|+i|z|z+|z] a
9 16
= 2iz|z|=2i|z|zZ ST IRT
= 2i|z|(z-2)=0 e
5
=[z[=0 or z-7=0 From figure, we can conclude that
=1Im(z)=0
‘Re(z)‘SZ
Also ‘Im(z)‘ <1
(B)lz+4|+|z-4/=0 Cop, st

Its an equation of ellipse having



(D) z:w+l —wi Y —we
w

Letw=a+ib
z=a+ib+a-ib=2a

Now, |z| = 2 |a] and Im (z) = 0, Im(z)gl
2Re(z)§2 and [z|<3

D—>qr,sand t

Sol 17: (B)

z+1 o) o’

© Z+e 1 |=0
o’ 1 Z+ O

C—->C+C+G

z (O} 0)2

Z 7+ 1 (=0
z 1 Z+

2 . . 27
®=C0S — 4+ isin —
3 3

1 0 ®°
1 z+0®> 1 |=0

1 1 Z+ o

Expanding the determinant, we get

Z[(Z+0)2)(2+0))—1—0)(Z+0)—1)+c02(1—2—0)2)}:0

22[22+Zo)+2002+o)2—1—zco—o)2+00+032—0)22—o)4}:0

:z[zz]:o
=z=0

Sol 18: (A, C, D) Given z =(1-t)z, +tz,

This equation represents line segment between z, and

Z,

From fig.
|z-z, [+|z-2, |z, -z, |
t 1-t

z; z z,

Arg (z—zl):Arg (22 _21)

Sol 19: |2z —6- 5i|

=2

z—3+5i‘
2

3

Here
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is nothing but the distance between

any point on the circle |z -3- 2i|£ 2 and point [3, _75)

(3.2)
-5
(3,3)
. 5
.. Minimum value =§
2z-6+5] —2x2=5
min 2
Sol 20: Given:a + b + c = x
a+bo+co’ =y
atbw’ +co=2
|x|2+|y|2+|z|2 . XX+yy+zZ

laf +[bP +|cP [af +|bP

+|cf

=(a+b+c)(5+5+E)+(a+bco+cm2)+(5+5c_o+fa)2)

+(a+b(o2 +cm)(5+562 +E(T))

lalf +|bl +|cf

+(a—bc‘o+co))(5+5€)2 +Ec‘o)

lal +|b [ +|cf
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3(|af +1bP +]cP)

lal? +]b [ +|cP

1 a b
Sol21: (A) Given | ® 1 ¢
o 1

1
Determinant (D) = o

g P o

b
C
1

N

o
|D|:1(1—cm)—a(m—cm2)+b(m2 —mz)
= |D|:1—(a+c)m+acm2
|ID|#0,onlywhena= o andc= o
(a,b,c) = (co, o, 0)) or (m, o, co)

. Two non-singular matrices are possible.

Sol 22: (D) a=z2+z+1=0

=72-7z+1-a=0

Discriminant < 0 {Since imaginary part of z us not zero}
1-4(1-a)<0

=1-4+4a<0

=4a<3

3
—>a<—
4

Sol 23: (C) (x—xo)2 +(y—y0)2 =r
=|z-z5=r

o lies on it, then

la—zy|=r

= (a—zo) (&—ZO):rZ

:|a|2—200c—20&+|zo|2:r2 (i)
Similarly,

2 2
(x=%o) +(y—yo) =2r

=|z-z,|=2r

l lies on it, then

1 1 _ 2
=>|—-z ——Z, |=4r
el

1 z, z
:[—_ —TO——O+|ZO |2J=4r2
a o

o o
2
— —_ o
{ococ=|a|2:>a=u}
(03
1 zZ.o  Z
lal” [of Iocl
=1-z, a-z 0+|a |z, [=4r" |z ...(ii)

Subtracting (ii) from (i), we get

2 2 2 2 2 2
I-lal +laPlzy P -1z, P=r(4]af -1)

1-|af +r27+2(|m|2 -1)=r? (4]af 1)
= (lap —1){"2;2 }=r2(4|a|2 1)
:>(|oc|2 —1) {%}zrz(ﬂoﬂz -1)

=|af -1=8|a | -2

:>7|oc|2=

1
>lal=—=

J7
Sol 24: (C, D) P = {w" ‘n=1,23,.. }

NER

w=—+=-=|w|=1
2 2

= All the complex number belong to set P lie on circle
of unit radius, centre at origin.

y
|
B, A,
30°
B,| 30° A, X
B, As
~|
x:% x:%
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All the complex number belong to PnH, lie right of the
. 1 . . o .

line x = > on circle. Possible positions are shown in the
figure as A A, A;.

Similarly, all the complex number belong to PnH, lie left

. -1 . . .
oftheline x = > on circle. Possible positions are shown

in the figure as B,,B,,B, <z, 0z, = angle between A,

and B, =2—Tc or angle between A, and B, =5_Tc
3

Ay

y+v¥3x=0
x2+y2=16

\ 50° %

i+]j
Sol 25: (B, C, D) P =|p; | p; =0t
Uldnxn U

0\)2 (03 (04 . 0)n+1

o ot o ... o™
P= )

0)2n+1 n+2 O)n+3 Rt

o+l +0d .. @ ro 4+

=P? =

6 8

Lets take element P, =0 + 0® + ©® +...n terms

o (oozn - 1)

o-1

If nis multiple of 3, then this element will vanish. Which
is the case for every element.

. n can not be multiple of 3, for P22 0

.. Possible values of n are 55, 58, 56

Sol 26: (B) S, = {z e C:|z| < 4|

z lies inside of a circle given by |z| = 4

3 Im z-1++3i .
SZ—{zeC.I [—1_\/; } 0}

(z—1+\/§i)(1 +\/§i)

4

Im >0

letz=x+iy

:Im_(x+iy)(1+«/§i)—4(l—\/§i)(l+\/§i) y
. _(x+x/§y)+i£x/§x+y)—4 0

= @ >0 = x/gx +y>0

S, {z eC: Re(z) > O}

= zlies in either first or fourth quadrant.

Now, points of intersection of circle x? +y2 =16 and
\/§x+y =0 is x* +3x* =16

=4%° =16 =>x=+2

>y=1%2 J3
Area = X (4)2 (2T
2 6
:lx16 5_n:_20n .sq unit?
2 6 3

Sol 27: (C) |1-3i-z|

=|z—1+3i|=‘z—(l—3i)‘

Min (‘z—(l—?:i)‘) = distance of point (1, -3) from line
\/g x+y=0

_| V3+1 | 2
3-\3
2
21X 2k
: Z, = COS +isin k=1,2,..9

Sol 28: (C) z, 10 10

j2mk
(p) z, =€ 1°
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iz—(kﬂ‘)

_al0 _
=2z.z;=e =1

2 N oL 2 .
:cosl—g(k+J)+|S|nl—g<k+J):l

If k +j = 10 m (multiple of 10), then above equation is

True.
@ z;z=27,
j 2k (k-1)
Z, e 10 i 2n
=z="-= =e 10
Z .27[
1 i
e 10

Clearly, this equation has many solutions

= Qis False

(r) Consider, z'° = 1

710 -1= (z—l) (z—zl)(z—22)(2—23)....(2—29)
Where z, represents the roots of equation 79 =10

=1+z+2°+..+2°

S Z () 22,z 2)

=1+z+2°+Z22 +.+2°

L2 (2-0) (2-2,)(2-2)

(s) We know that sum of roots of z'° ~1=0 is zero

9 9
=1+ ZCOSZk—n:O = ZCOSZk—ﬂ:Z—l
) 10 ko1 10

9
:>1—Zc052k—n:2
) 10

kn
kn . .k [
Sol 29: Given a, =cos 7n+| sm7n =e’

b i ; (k+l)n i kn
Zl Qi1 — % | k=1
k=1 _
3 (4k-2)
3 | i(ak-1)E i
Z| Ol gy | Z el( h e 7
k=1 =

2| 2| im 12| "
dle 7le7 -1 dle7-1
k=1 k=1
Ml 7 |le7-1 dle7-1
k=1 k=1

. T
2.2sin— 12x2sin ©
= 14 4
= = :4
ZZsin£ 3x2sin ™
14 4

ZZs Zr

Solsozp{(‘z)r £1

02 (—z)2r + (245) (—z)r 75 +77%

r
(—Z) ZZS+ZFZZS er+Z4s

r
ZZr + Z4s ZZs I:(_Z) + Zr:|

1
Given that P? -1 = {0 ﬂ =77 +7% =1

And z** [(—z)r + zr} =0

Now, we have z = ﬂ =®

=o' +0* =-1 and o® [(—m)r +oar} =0

Only (r,s)=(1,1) satisfies both the equation.

Only one pair exists.

SO|31Z(A,C,D)SZ{ZECZZI;,tER,t;tO}
a+ibt

1 a—-ibt

= . X .
a+ibt a-ibt

iZ_th_X-Fiy (L t)

a’ +b? t? €
=>X= a and y—L

a’ +b’t? a’ +b? t?
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a4

= —= =t=
bt bx
Substituting 't" in X=——-—
a? +b? t?
‘- a
- 2.2
a’ +b? ay.
b%x?
2
ax
D X=—=5——55 = ax>+a’y’—ax=0
a2x2+a2y2 y

X
:>x2+y2——=0
a

2]y
2a y 2a
Centre = [l, OJ
2a

Radius =2i,when a>0,bz0

lfb=0a=0
y=0 = x—axis
Ifa=0,b =0

x=0 = y-—axis




