Sequences and Series

Sequences and Series
ARITHMETIC PROGRESSION Section - 1
1.1 Definition
When the sequence of (or numbers) a,, a,, a,, a,,..... increases or decreases by a fixed quantity, then the
sequence is in arithmetic progression (A.P.). The fixed quantity is called as common difference. For an
A.P., we define its first term as a and the common difference as d; the general expression for an A.P. is
a,a+td,a+2d,a+3d,a+4d...........
If T, represents the general term of an A.P. (or the rterm), then
T,=a+(r-1)d where re{l, 2, 3......... ,n}
It is also denoted by a,. If the total number of terms be n, then n™ term is also known as the last term of A.P.
and is denoted by |, i.e.,
I=T =a+(-1)d
Inan A.P., the difference of any two consecutive terms is d and is given by:
d= Tr - Tr— 1
1.2 Sum of n terms of an A.P
Consider nterms of an A.P. with first termas a and the common difference as d. Let S, denotes the sum of
the first n terms, then
S,=a+t(a+d)+(a+2d)+(a+3d)+..... +(@a+(n-1)d)
S :E[2a+(n— 1)d]
no2
n :
or S = > (a+1) as Il=a+(n-1)d [whereabe thefirsttermand | be the last term]
1.3 Arithmetic mean (A)

When three quantities are in A.P, then the middle one is called as arithmetic mean of other two. If aand
b are two numbers and A be the arithmetic mean of aand b, thena, A, b are in A.P.

a+b

= A-a=Db-A = A=

1
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1.4

1.5

Inserting n arithmetic means between two numbers

ALALA,, ... , A, are called n arithmetic means between two numbers a and b, if the sequence a, A,
A AL A A, binanAP.

For this A.P., first term is a, number of terms is (n + 2), & the last termis=b=T_ ..
Let d be the common difference of this A.P., then

= T,,,=b=a+{(n+2)-1}d

= b=a+(n+1)d

b-—a b—a b-a
d= Aj=a+d=a+ - -
= N1 = 1 N+l Az-a+2d-a+2[n+lj and so on.
. . . b—-a
In general k™ arithmetic mean |sEAk:a+kd:a+k[n+1]

Important Points

() Ifa, b,careinA.P., then: ak, bk, ck are also in A.P. (k= 0)
alk, bk, c/k are also in A.P. (k+0)
axk bxk c+karealsoin AP.

(i) ThreetermsinanA.P. aretakenas: a-d,a, a+d

(i) Four termsinan A.P.aretakenas: a-3d,a-d,a+d,a+3d

(iv) The sumofanytwo terms (of anA.P.) equidistant from beginning and end is equal to the sumofthe first
and the last term. Hence, (a+md) +(/—-md)=a+/

lllustrating the Concept :

>

The third term of an A.P. is 18 and 7" term is 30. Find the 17" term.

Let the first term of A.P. is a and the common difference be d.

T,=a+(r-1)d
= T,=a+2d=18 ()
T,=a+6d=30 .. (i)

Solve (i)and (ii)toget: a=12andd =3
T,=a+16d=12+16 x3=60
= T,=60
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Find the sum of n terms of a series whose 7" term is 30 and 13" term is 54. Hence or otherwise

find the sum of r terms and 50 terms of the series. Assume the series is A.P.

Let the first term of A.P. is a and the common

difference be d.

T,=a+(r-1)d
T,=a+6d=30 ()
T,=a+12d=54 (i)

Onsolving (i) and (i) weget,a=6andd=4

Now using :

sn:g[2a+(n—l)d]

sn:g[2x6+(n—l)x4]:2n(n+2)
Now find the sumof r terms, S..
InS,=2n(n+2), wereplacen byrtogetS.
= S§,=2r(r+2)
To find the sum of 50 terms, we can use
S,=2n(n+ 2).
= S,=2x50(50+ 2)=5200

Illustration - 1

differenceis 1, is:

@ F(xry)a-x+y)
©  F(x-y)a-x+y)

SOLUTION : (A)
n
S,=—|a+/
o= olas]

[where a is the first termand | is the last term]

= Sp=olx+y] . ()

Now in the required answer, note that termn

is not there, so eliminate n.

The sum of n ’terms of an A.P. whose first term is x, the last term is y and the common

B) (x+y)A-x+y)

(D) (x=y)(1-x+Y)

Using: I=a+(n-1)d
y=x+(nh-1)x1
n=1-x+y

=
=

Substitute the value of nin (i), we get :

S, :%(x+ y)(1-x+y)

UPBTEENEAY  Ifx,y, zare in AP, then (x+2y —2) 2y +z—X) (z+ X —Y) is :

(A xyz

(B)  4xyz

©)

SOLUTION : (B)
Since x, yand zare in A.P.
= 2y=x+z
Substituting for 2y in the given expression,
toget:

2 Xyz (D) 8xyz

(x+x+z-2)(x+z+z2-Xx) (2y-Y)
=(2x) (22) (y) = 4xyz

:
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UERELTIEERY 1 a, b, ¢ are the x™, y and 2 terms of an A.P, then :

0] a(y-z)+b(@z-x)+c(x-y) is:

A 0 B) abc © atb+c (D) a(b+c)
(i)  x(b-c)+y(c-a)+z(a-h)is:
(A)  abc ® 0 ©) atb+c (D)  a(+c)
SOLUTION : (i) - (A) (ii) - (B)
Let A be the first termand D be the common —~ y-z= ﬂ , 7 - x= c-a
difference, D D
= T,=A+(x-1)D=a () X_y:a;b
T,=A+(y-1)D=b (1)) D
T,=A+(z-1)D=c .. (i) (i)  Now substituting the values of (y —z), (z—
x) and (X —y) in part (i) ofthe question to
Operating [ (i) — (ii)], [(ii)) — ()] and [(1) — (i)] get.:
we get : a(b—c)+b(a—c)+c(a—b):0
b-c=(y-2)D, c-a=(z-x)D, D D D
a-b=(x-y)D (i) Now substitute the values of (b - ), (c — a)

and (a—b) inpart (ii) of the question to get :
x(y-2)D+y@z-x)D+z(x-y)D
={xy—-xz+yz-yx+zx—-zy}D =0

MEREEE Y The sum of n terms of two series in A.P. are in the ratio 5n + 4 : 9n + 6. Find the ratio of their
13" terms.

N 12 5 R o 1 o 1
*) 231 E) 13 © 229 ©) 12
SOLUTION : (A)
Let a,, a, be the first terms of two A.P.’s and a+ (n- dy
d,, d, are their respective common differences. 2 _on+4 _
S Enid4 = a+(n_l)d on+6 ...()
Now —- = n+ 2 5 2
S, 9n+6 a +12d,
Now the ratio of 13" terms= "~ >~
n 2 +1c02
§[2a1+(n —1) dl:l 5n + 4 - (n—l)
= = Substitute 7 = 12

= n 9N +6
—|2ar+(n-1)d
2[ 2 ( ) 2] = n=25in(i)

a +12d;  5(25)+4 129

~ ay+12d, 9(25)+6 231

:
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ESHETO RN 1f the sum of n terms of a series is S, = n (5n — 3), then find the n™ term.
(A) 10n-8 (B) 10n+8 (C) 10n+4 (D) 10n-4

SOLUTION : (A)

Now in the given problem:
Let S =T, +T,+T,+T,+..+T +T

n S,=n(n-3)
S,={sumof(n—1)terms}+T_ and S _,=(n-1)[5(n-1)-3]
= T,=S-S,_, = T,=5,-S,.,=10n-38

[Learnit as standard result]

[llustration - 6 Ifa, b, carein A.P, thenb+c,c+a,a+barealsoin:

(A) AP (B) GP © HP (D) None of these
SOLUTION : (A)
Ifa, b, careinA.P, then = - (b+c),—(ct+ta),—(a+b)arealsoinA.P.
a-(a+b+c),b-(a+b+c),c-(a+b+c) = (b+c),(cta),(a+b)arealsoinA.P.
are also in A.P. (subtractinga + b + ¢ from
each term)

Note: Ifa,b,carein AP, then atk, btk, ctk arealsoinA.P.and-a, -b, —c are also in A.P.

*

WISV OIEREY  1f p times the p term of an A.P. be equal to g times the g term, then (p + q)th term
Is:
(A) p+q | 0 © p-q (D) 2p+3q
SOLUTION : (B)
Let a be the first termand d be the common = pla+(p-Dd]=qg[a+(q-1)d]
difference of A.P.
~ To=a+(p-1)d = pa+p(p-Dd =ga+q(q-1)d
and T,=a+(g-1)d = (p-ma+(p°-9°)d-(p-0q)d =0
Nowto find T, , we have
P = (p-g)[a+(p+q-1)d]=0
T(p+q):a+(p+q—1)d () _
Since : p (T.) =4 (T,) (Given) = a+(p+q-)d=0 (sincep=q)
= Ty.y=0  [from(i)]

;
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UCEEEUNEERY The sum of three consecutive terms of an A.P. is 15 and the sum of their squares is 83, find
the terms.

A 3,6,9 (B) 2,4,6 (C) 3,57 (D) 2,7,10
SOLUTION : (C)
Three consecutive terms of an A.P are taken Fromeqn (i), we get :a=5.
as. Substituting for a =5 in eqn (i), we get :
(@-d).a (@+d. =4 = d=t2
= (@-d+at(@+d=15 ... () Hence the terms are :
(a-d?+a’+(a+d)’=83 ...(ii) 3,5,7 or 7,5,3.
USRI How many terms of the series : 24 + 20 + 16. . . . . . totals 72 ?
A 9 | 3 € 6 O 8
SOLUTION : (A)
n
Sﬁ%[za*(”—l)d] = T2=[2x24+(n-1)x(-4)]
Now a=24,d=-4andS =72 On solving, we get,n=4o0r 9.

Note : Since the series is decreasing with d = —4, it contains some negative numbers, so the sum of first 4 terms is
same as the sum of 9 terms.

UIEET BRI 1f the sum of first p, g, r terms of an A.P. is a, b, ¢ respectively, then :

b
S (@) (r=p)+ (P - 0) s equalto
A 1 B) O <© 1 (D)  None of these

SOLUTION : (B)
A he fi h a
Let A be the first term and D be the common H.S. Z (q I’)

difference ofthe A.P.

> a=2[2a+(p-1)D] :Z%(q—r)[2A+(p—l)D]

We can write 1 2A( —r)+lZ(q—r)D(p—l)
2o lp g 2= 0

A (a-r)+ > X[p(a-1)]->X(a-r)

a
=> —(q-r
zp(q ) =0+0-0=0

;
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GEOMETRICAL PROGRESSION Section - 2

2.2

2.3

2.4

If the sequence of numbers a,, a,, a,, ...... decrease or increase by a constant factor, they are said to be in
geometrical progression (G.P.). The constant factor is called as common ratio. For a G.P., we define the
first term as a and the common ratio as r ; the general expression fora G.P.is a, ar, ar’, ar®, .........

In GP., the common ratio (r) is the ratio of any two consecutive terms. If T, represents the general term (or

T _
k" term) ofa G.P., then r = —K_ and Tk = ark=t

k-1

where k e {1,2,....... ,n}

Sum of n terms of a G.P.
Consider n terms of a G.P. with a as the first termand r as the common ratio. Let S, denote the sumofn

terms. Then S =a+ar+ar’+ar’+..... +ar"*
. a(l—r”) .

= —2 (r=

0= .=

Geometric Mean (G)

When three quantities are in G.P., the middle one is called as geometric mean between the other two. Ifa
and b are two numbers, G is the geometric mean between the two, then a, G, b follows a G.P.

2.8

:Ga

= G’=ab = G=+ab

Inserting n geometric means between two numbers :
G, G, G, ......, G, are called n geometric means between two numbers a and b,

Ifthe sequence a, G, G, G,, ........ ,G,, bisaG.P.
For this G.P. : first term = a, total number ofterms=n+2,
Lastterm=b= T, ,,=(n+2)"term, let r be the common ratio of this G.P.

1
0 1
j— Tn+2:b:arn+1 = —:rn+1 = r=(9jn+1
a a
1 2
Hence G, =ar =a(EJ”+1 and G, =ar? =a(9j”+1 ........
a a

k

. b
In general k™ geometric mean Gy = ark = a(— n+l
a

7
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2.5 Infinite Geometric series :
If for G.P., the common ratio r lies between — 1 and li.e., —1<r <1, itiscalled as decreasing
geometric series. The sum of the infinite terms of such a sequence (called as infinite geometric series)
isdenoted by S, andis givenas:
a
S = r [where a is the first termand r is the common ratio]
n
a (1— r ) a ar" a
Note: S,= = - . Ifnoothenr"»0for-1<r<l1 = Sy=—
1-r  1-r 1-r 1-r
2.6 Important Points

() Ifa,b,careinG.P.,then: ak, bk, ck are also in G.P. (k= 0)
alk. b/k, c/k are also on G.P. (k=0)

(i) Threetermsina G.P. aretakenas : ar, a, a/r

(i) FourtermsinaG.P.aretakenas: ar, ar,a/r,a/r’

b

c

= b’=ac,c?=hd, ad=bc

a
(iv) Ifa,b,c,darein G.P., then: B:

oo

Also b=ar,c=ar’,d=ar (where r is the common ratio)

[llustrating the Concept :

>

If 5" term of a G.P is 1/3 and the 9" term is 16/243, then find the 4™ term. Also find the sum of first

10 terms of the G.P.

Let a bethe first termand r be the common o7( 3 1
ratio. = Ty= ar® :—(J_r—j =t+—
16\ 3 2
4 1 . al1-r"
Tg=ar :§ (D) We have, sn:—( )
1-r
16 10 _on\10
Tg=ard="" (i) 27|, (2 27|, (2
243 16 3 1 3
2 10 = : _
Divide (i) and (ii) to get r= += 1 2 1_(2J
3 3 3

27
Substitute for r inegn (i)togeta= I

~ g 310 _210 % 310 _ 210
16| 30 |'s0| 30
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> Find the sum of the series:

to infinity.
3j NCX R y | . s s ()
First term, a = 3 and the common ratio, SOO_E = 5w=1_1=\/§_1= >
_ 1 V3
NG

LCELELBIEREY How many terms of the series : /3, 3. 343.......... amounts to 39+13+/3 ?

A 8 B) 9 © 6 D) 10
SOLUTION : (C)
Here, the first term a is /3 and the common (39 +13\/§)(1—\/§) 0
ratio r is /3. = NG :1_(\/5)
a(l— r”)
Sn = 1-r = (\/§)n—1:26 = n=6
B
— 39+13/3=— "4
1-3

IESIEH RSP If a, b, ¢, d are in G.P.,then find the following :
(i)  (b-c)’+(c—a)*+(d-b)

A) (a-d)? (B) (a-h)? (©) (c-d)? (D) None of these
(i) (@=b%(c*-d?

(A)  (@-b%? (B)  (b*-c?)? ©) (0*-d?? (D) (a-dy

SOLUTION : (i) - (A) (i) - (B) :

(@) a,b,c,dareinG.P,, (b)  Now expanding the giventerms :
= b?=ac, ¢?=bd, bc=ad ... (i) (@—1b?) (- d?) = 8%C2 — b?c? — &% + b’
Now expanding the given terms, we get: =b*—b%?-b%c?+c*  [Using (i)]
(b? + ¢ — 2bc) + (¢ + a? — 2ac) = (b2 - c?)?

+ (d? + b2 = 2bd)
=2 (b*—ac) + 2 (c*-bd) + a® + d®> - 2bc
=2(0)+2(0) +a2+d?~2ad  [Using (i)]
=(a-d)

:
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*
If a, b, care in A.P. and x, y, z are in G.P., then find the value of x°~¢y¢-2z2-b,
A 0 B 1 € 4 (D) 2

SOLUTION : (B)
a,b,careinAP. = a-b=b-c = (xz)P~Cyea= b0 ye-a (L yg =2
X, Y, zare in GP. = yl=xz = y2b-0+ (c-a}
Now, the given expression becomes zyP-at=y0=1 (- 2b=a+c)

XP-czP-cye-a (- b-c=a-h)

UEREECEREY  The sum of infinite terms of a G.P is 15 and the sum of their squares is 45.
Find the series.

AN 122, ® si545 2 (© B2 o 52,2
(A) S (B) 15, (® 1o (D) R
SOLUTION : (D)
Let the first term of infinite series be a and the On dividing equation (ii) by equation (i)
common ratio be r. Now for the series with we get : ’
squares of each term, the first term will be a?
and the common ratio will be r2. a _3 (iii)
a 1+r o
We have, S, = 1_r (where ais the Fromeqn. (i) and eqn (iii), we get :
termand r iscommonratio (| r|<1)) 1+r 2
—=5 r=— and a=5
a 1-r 3
= 1—=15 ()
-r . 10 20
Hencetheseriesis: 5,—,—,.......
5 39
a 45 (ii)
and = N
1-r?
Illustration - 15 Find the value of X1/2. X1/4. X1/8 ....... upto |nf|n|ty
GRS B X © X o x*
SOLUTION : (C)
1
The given expression canbe writtenas: 5 5 F g+ e ®©
N L1, 1, o isaninfitegeometricserieswith 2= and r =%
ow, ST tg e is an infinite geometric series wi 5 an >
( 1/2 ) s
= WI12) 1y [Using ]

v O
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JVSIEV NG |f the continued product of three numbers in G.P. is 216 and the sum of the products taken
in pairs is 156, then find the numbers.

(A)  2,6,18 (B) 18,6,4 © 3,89 (D) None of these
SOLUTION : (A)

a = a?[lirs1]-1s6
Let Py a, ar be the three numbers. r

= 62(r’+r+1)=156r
a
= F-a-ar:216 =a=6

1
= 3r*+3r+3=13r = r=3,§
a a
Also ?(a) +a(ar)+ F(ar) =156 Hence the numbers are 2, 6, 18 or 18, 6, 2.
TS e b A |f a, b, ¢ are in G.P, then
a?+ ab + b2 .
bctcatab °
" b+c 5 a+c - a+b 5 a—c
B ab ®) © e ®
SOLUTION : (C) , ,
Asa, b, careinG.P., let us consider b=ar a (1+r+r ) 1
— a2 i i = =
and c¢=ar” wherer iscommon ratio = azr(r2+r+1) r
a’ +ab+b? 3 a +a’r+a’r?
bc+ca+ab azr3+azr2+a2r = arar =a+b
ar+ar? b+c
ESIEHEEY |If a* = bY = c*and x, y, z are in G.P,, then :
(A) log,a=log. b (B)  log,a=log, b (C)  log,a=log,c (D)  None of these
SOLUTION : (A) Asx,y,zareinGP,
Given a*=b¥ =c’. Operating log, we get: Xy logb  logc
xloga=ylogb=zlogc Ty oz ~ loga logh
x logh y logc loga logb
2 YUY =" — = log, a=log.b
= 'y loga and 7 logb = logb logc — 9y 9c

P i 2



Sequences and Series

USRI 1f S, is the sum of first nterms of a GP. : {a_} and S’ is the sum of another GP. : {1/a_}, then show

that : S, = kS where k is :

1 =] an
A 2a (B)  aa, © & ©)
SOLUTION : (B) 1 1
S =a ta,+at o ta For the second G'P{a_j , common ratio = T
n
Snl :i+i+ ,,,,,,,,,,,,,,,, +i 1 1 n
q a an 5 1 _I’T (r —1) 1
n  — = — =
Forthe first G.P. (a), a =a, "t ... (i) Y (1_1j a(r-1)r"t  an(r-1)
r
a (1"
Sp="t—" aq (r" -1
L-r O T [using ()]
[where r is the common ratio] " aa, r-1 ’
S' L S
= n—alan n = S,=S"\¥a,.

HARMONICAL PROGRESSION

Section - 3

Asequence a,, a,, a,, a,,
1 1 1 1

a]_’ az’ 33’ ay

forms an arithmetic progression

oot 1 1 1. 1 1.
e, a sy a ay a0
. . . 1 11 .
Three quantities a, b, c are said to be in H.P., when 2 Db ¢ are in A.P.
11 1t a-b_b-c L
= b a ¢ b = Tab be =~ ¢ b-c
3.2 Harmonic mean(H)
When three quantities are in H.P., the middle one is called as the harmonic mean between the other two.
Ifaand b are two numbers, H is harmonic mean between the two, thena, H, b must be in H.P.
LI U S 1111
= [ p mustheinAP. = H a2 b H
2

is said to be in harmonic progression (H.P.) if
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=

2 1 1 2ab
___+_ =
H a b = it

a+b

3.3

Inserting n harmonic means between two numbers
H,, H,, H,,

, H, are called n harmonic means between two numbersaand b, if the sequence :
a,H,H, Hg ... ,H.,,bisanH.P.

L S R 1 1
2 O H, Ry T

1 1
1.1 b . a_ a-b
= T, =—=—+4+|(n+2)-1|d = d:b_+§
"2 b a I )-4 n 1 ab(n+l
1 1 1 a-b 1 1 1 a-b
—=—4+d=—+——- —=—+20d==—+2—-
=~ H; a a ab(n+1) and " a ab(n+1) o
If H, be the k™ harmonic mean, then :
I R S Sl . Hy-= ab (n +1)
H, a a ab(n+l)

b(n+1)+k(a-b)

3.4 Relation among A, G, H

If A, G, H are arithmetic, geometric and harmonic means respectively between two positive numbers
aand b, then
a+b 2ab a+b)\l 2ab 2
A= ., G=+ab and H= AH = —ab=G
2 a+b ( 2 j(a + bj
= G?= AH i.e.Gisthe geometric mean between A and H.

Hence, G lies between A and H.

A_G:a;b_Ja_:M

2
_ A_G:(M

2

NG ) now R.H.S. is positive ifa and b are positive
= A>G

As G lies between A and H, this means

= A-G>0

A>G>H

AETTYY -
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Illustration - 20 . 8 8
The 10th term of the series : 8, 50 e
(A) 817 (B) 8/15 © 8/19 (D) 8/21
SOLUTION : (C)
The given seriesisan H.P. T, (HP) = 1
= n\A.F.)=
L3 5 AP wihfistierm a2 n (A8
= 8’8’8'5an .P. with first term 3 ) 1 B
1 - -1 _
and common difference d == 1 + n-1 2n -1
4 8 4
Now nth term of the H.P. 8 8
= T ===
=1/(nth term of the A.P) 07 %%10-1 19

UCBELCIEEY The mth term of an H.P. is n and nth term is m .The ratio of (m + n)" and (mn)™ terms of
H.P.is:

mn m+n

(B)

m+n mn ©

A) 1 (D) 2

SOLUTION : (A)

Assume a and d be the first term and common

. . . Substituting for d ineqgn (i), we get :
difference of corresponding A.P. respectively.

1
. a=—
Using T, (H.P.) = _ 1 mn
T, (AP.) ] 1
T o—n- 1 M a+(m+n-1)d
m a+(m-1)d B 1 __mn
1 1 m+n
1 . —+(M+n-1) —
= a+(m—l)d:H () mn ( )mn
1 imilarly, Ton = o = 1
T.-m=— ~— Similarly, Tmn
f a+(n-1)d mn
1 ,
— a+(n—1)d=a (1)) Thnin __MN
Hence, T, m+n

Subtracting (ii) from (i), we get :

T s
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I TEEL eI %4 |1f the sum of three numbers in H.P. is 26 and the sum of their reciprocals is 3/8. then the
number are :

(A) 6,810 (B) 6,9 12 C) 68, 12 (D) 810,12
SOLUTION : (C)
Three numbersin H.P. are taken as : Also (a—d)+a+(a+d)=3/8... (i)
1 l 1 From (i) and (ii)
a-d a a+d 1 1
—~ aitatadt® 0 e

= Thenumbersare 12, 8,6 or 6, 8, 12.

UESTENTNERZEY  1nan H.P, the pth term is gr and A™ term is rp. Show that the rth term is pa.

(A) P (B) pa (©) = (D) A
q Pq p
SOLUTION: (B)
Let A, D be the first term and the common Subtracting, we get,
difference of the A.P. formed by the recipro- p—q 1
cals of given H.P. W=(P—Q)D = D:W
p™ term of A.P. is iand g™ termof A.P. 1 1 1
qr Hence, — A+ P o A=
1 ar par par
is —
P . Now the r'" term of AP.=T, = A+ (r-1)D
= o Ar(P-1D L1 r-1_ 1
= " par par  pg

1
—=A+(q-1)D
and - (a-1)
We will solve these two equation to get
AandD.

Hence r'" term of the given H.P. is pg.

AT
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NIESHEGIREY  |f g, b, ¢ are respectively p, g, and r' terms of H.P., then :

bc(g-r)+ca(r—p)+ab(p—q)isequalto:

(A) abc B) O () par (D) None of these
SOLUTION : (B)
Let A and D be the first term and common dif- Subtracting (i) from (ii) we get:
ference of the A.P. formed by the reciprocals
of the given H.P. c-b
g —b = (q — r) D
1 C
= 5=A+(p—1)D 0 )
—-C
1 = bc(q—r):—( 5 )
B=A+(q—1)D .. (ii)
. Now, > be(q-r)
==A+(r-1)D ... (iii)
c b-c 1
=25 p 2
1
=——[b-c+c—-a+a-b]=0
D
*
Illustration - 25 1 1 1 1
If — 4+ =4 + _—— =, then which of the following is (are) true?

a ¢ a-b c-b

A a+c=2b ® 1,12 © L_-1_2 @) a-c=2
a ¢ b a ¢ b
SOLUTION : (B)
1 1 1 1
o+ +——=
a ¢ a-b c-b
L1yl 1 a+c—b+c+a—b_0
T4 i} -0 = a(c—b) c(a-b)
= (a c—b}(c a—bj ( ) ( )
= (a+c-h) 1 .1 1o = a(c-b)=—(a=b) or a+c—b=0
a(c-b) c(a-b)
2 1 1
= 2ac=ab+bc or a+c=b = E=E+E or a+c=2b

= a,b,careinH.P.ora+c=h.
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llustration - 26 ATk WAE WA V" ,a, areinH.P, thena, a,+a,a, + ............. +a, ,a,=ka, a, where

k g n-1-"n
is:
(A n-1 B) n © 1 (D) 1
SOLUTION : (A)
Let D be the common difference of the A.P, Adding all such expressions we get :
corresponding to the given H.P. = a3, taag;taa,t
1 1 . _ a, —ap
;=a—1+(n—l)D R € T 813, —
No i, R are inA.P. = ARt aA T T, 13, D
9 8 &3
L1 . a =  aa,tadto.... +a,_,a,
> ———=D = ga= 1 %2 _&a L
ady =] D —T”[(n —l) D:I [USIﬂg (I)]
a, —a
and ayag =—2 S 3 andsoon. = aa,+aa,t ... +a _,a =(n-1)aa
_ 818y Hence, k=n-1
RO

WISTEINEYE 1 A and G are arithmetic mean (AM) and geometric mean (GM) between two numbers a
and b, then roots of the equation : x>~ 2Ax + G®>=0 are :

(A) a 2b (B) 2a, b © a,b (D) 2a, 2b
SOLUTION : (C)
Since A is the A.M. between a and b and G is G.M. between a and b.

- A=—aJ2rb and G=+ab

Equation:  x*— 2Ax +G* =0
= Xx—(a+b)x+ab=0

= (x-a)(x-b)=0

Hence, roots are aand b.
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NESHENONERZEY |f a, b, ¢ are in an A.P,, x is the GM of a, b and y is GM of b, ¢, then the AM of x? and y?
iS:
(A) a? (B) b2 © (D) None of these
SOLUTION : (B)
a,b,careinA.P.

= 2b=a+c (1)
xisG.M. ofa, b
=  x=+ab ... (ii)
yisG.M. of b, c
= y=+bc .. (iii)

Squaring (ii) and (iil) and adding, we get :
= xt+y’=ab+bc=Db(a+0c)
From(i) a+c=2b

= X+y’ =202 = b= 5

Hence b? is arithmetic mean (AM) of x* and y2.
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SUMMATION OF SERIES Section - 4

4.1 Sum of first n natural numbers

n

Zr:1+2+3+ ............ +n
r=1

Z”:r_ n(n +1)

r=1 2

4.2 Sum of squares of first n natural numbers

n

Zr2:12+23+33+ ............. +n?
r=1

Z”: 2 _ n(n+1)(2n+1)

r=1 6

4.3 Sum of cubes of first n natural numbers:

1 r=1

NgE
=
w
Il
|_‘00
+
N
w
+
w
w
+
+
>
w
NgE
]
w
Il
1
>
—
>
s
[EEN
~—
L 1
N

_‘
Il

4.4 Arithmetico-Geometric Series :
A series in which each term is the product of corresponding terms in an arithmetic and geometric series.
The general expression for such a series :
a,(@a+d)r,(@a+2d)r’ (@a+3d)rs ...........
Note: a:firsttermofA.P. d:commondifference of A.P. r:commonratio of G.P.

k™ term of such a series : T, =[a + (k- 1) d] r*~*
Sum of n terms of arithmetico - geometric series :
Let S =sum of series.

S=a+(@a+d)r+(@+2d)r’+.... +[a+(n-1)d]r! ()
Multiply each term by r (on both the sides) and write as follows.
rS=0+ar+(@a+d)rr+@+2d)r*+..+[a+(n-1)d]r .. (i)

AT
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Operating (1) - (ii) we get :

= S@A-r=a+dr+drr+drP+.... +dr"t—[a+(n-1)d]r"

= Sl-nN=a+d(r+rr+r¥+.... +r"H—_[a+(h-1)d]r
dr(l—r”_l)
= S(l-r)=a+ - ~[a+(n-1)d]r"
dr(1-r" _gTen
oA, r( r )_[a+(n 1)d r
-r  @-r)f 1-r

Sum of an infinite Arithmetico - Geometric series

If |r|<1 ie, -1<r<1 then, S, = a_ | dr

I-r (1-ry

UPEEEUNEZY The sum of the series : 1.2+ 2.3+ 3.4 + ............ upto n terms is :

(A)

n(n+2)(n+3) ®) n(n+1)(n+2) © n(n+1)(n+2) (D n(n+2)(n+3)

6 3 6 ) 3

SOLUTION : (B)

20

Insuch questions, find out n" termand tryto ~ — S,=(1*+1)+(2°+2) + (3 +3)

use the formulae for > r, Zrz, Zr3. Frorieen, +(n%+n)
In the given problem, the n'" term is = S, =(1P+22+3F+ ... +n?)
2 +(1+2+43+ +n)
n(in+1l)=n“+n
T,=1°+1,T,=22+2 no,
T,=3%+3andsoon...... = ShEXrter
r=1 r=1
Let S, denotes the sum of nterms.
s _n(n+1)(2n+1)+n(n+1)
S,=T +T,+T,+ ... +T, n= 6 >
n(n+1 n(n+1)(n+2
s, -2, n(re0+2



IS IElo Bel0F The sum of the series : 12 + 32 + 52 +

Sequences and Series

2

2

........... ntermsis :

A) %(4”2—1) ®) %(4n—1) ©) %(4n+1) (D) g(4n2+1)

SOLUTION : (A)

First try to determine the n™ term of the given
expression.

Note that each term of the series is equal to the
square of the corresponding term of series,

So the n™ term of the given series should be
the square of the n"term of the series

The n™ term of the series 1, 3,5, 7 ......... is
(2n-1).

=  T.=(2n-1)*=4n*-4n+1
Now T,=4(1%)-4(1)+1
T,=4(2)-4(2)+1

T =4(M)-4(n)+1
On adding, we get :

S, =T+ T+ T+ e, +T,
S,=4(1P+22+3+ . +n?)

—4(1+2+3+ e, +n)

+(1+1+1+..... n times)

n n
Sn:4Zn2 — 4> r+n
r=1 r=1

4n(n+1)(2n+1) 4n(n+1)
> 6 2

S, = 2(4 2 —1)

+Nn

UEBEUEREEY The sum of the series : 12 + (12+22) + (12+22+3) + ... ton termsis :

(A)

n(n+1)(n+2) ) n(n+1)(n+2)?

12 12

SOLUTION : (C)

First determine the rth term.

=

To=(12422+324 ... tr) = T=

n(n+1)2(n+2) 5 n2(n+1)(n+2)
12 () 12

- r2:n(n+l)(2n+l) N Tr:£r3+lr2+1r
6 3 2 6
r=1
1n’(n+1)° 1n(n+(n+1) 1n(n+l)
3 4 2 6 6 2

n 1d 3 1 n ) 1 n
Now Sp=> T ==>r’+=>r"+=>r_
r=1 3r 1 2r—1 6r—1

Simplifyto get : Sp =

n(n+1)>%(n +2)
12
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[P iEiilelai ey’  The Sum the nth term of the series : 3.7 +5.10+ 7.13 + ............. tontermsis:

2
n(, » n n(,2 nN(,.2
A) E(4n +17n+21) (B) T(4n+17n+19) (@) §(4n +17n+19) (D) Z(4n +17n+21)

SOLUTION : (A)

As Usual, flnd the I’th term. Note that 3, 5, 7, PR |e, Taklng Summation of both SldeS,
the first number of each termis inA.P. and 7, 10, 13,
. - - n n
. 1.e. second number of each termisalso in A.P. S, = ZT Z +1lZ . +4Zl
= T,=@r+1)@r+4) r=1 r=1
[product of r terms of two A.P.(s)] s 6n ( 1) (2n + 1)
:> =
= T,=6r+1lr+4 " 6
11n(n+1)
+———>+4n
n
= Si= (4n? +17n + 21
TS e RReRl  Sum the series: 1+ 3X+5X2+ 7X 3+ ..
() to n terms
1 2(") @n-nen 1 21" @n-ge
(A) 1— * 2 1— (B) 1— * a 1-—
X (1-x) X X (1-x) e
2X(1—Xn) _ n 2x(1—xn_1) _ n
1 (2n-1)x 1 (2n-1)x
(C) 1— * 2 * 1-— (D) 1— * * 1
X (1-x) X X (1-x) e
(i) toinfinity if([x]<1)
1+X 1-x 1+X 1-x
A) m (B) m ©) 1- X)2 (D) 1- X)2
SOLUTION : (i) - (B) (ii) - (C)
Note that the given series is an Arithmetico- S,=1+3x+5x+ .........
Geometric series. +(2n=-3)x" 2+ (2n-1)x""t ... (i)
1,35 ... areinA.P. XS, =X+3+5+ ...
= T,=2r-1 +2n=3)x""t+@2n-1)x" ... (ii)
1% %2 e, are in G.P. = (1-X)S, =1+2X+2¢+ ..o
= T=x"" +2x"" 1 —(2n-1) x"
(a) This means that r™ term of A-G series n-1
:(2r—1) Xr—l 2X(1—X )
= (1-x)S, =1+ ————(2n-1)x"

1-x

2 “CETE
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1 2x(1— Xn_l) (2n-1)x"

1 1+x
1- =1+2 =
— (1-x)S,=1+ X(l—xj T«

" 1-x (1_X2) 1-x
() S, =1+3X+5C+ e, to oo g __L1tX
o0
XS, =X+ 3 +5C +. to oo = (1—x)2
= (1-X)S,=1+2X+2¢+ .o, t0 oo

= (1-%)S, =1+2x(L+x+x*+....10x)

[llustration - 34 4 7 10
_The sum of the series: 1+ =+ — + 3+ to 0 termsiis::

5 52 5
35 - o L oy =2
4 T © 16 ®) 16

SOLUTION : (D)

The given series is arithmetico - geometric series.
4 7 3n -2
+ +

(A)

et S:1+_+5_2 ........ 5n—1 (l)
1,1 4 3n-5 3n-2 ) _ _ .
5 _§+5_2 """" 5 -1 5N () [-- Multiply both side r=g]
Subtracting (i) from (ii)
4 3 3 3n-2
—S, =1+ |=+—=+ ....... _
= 5 n (5 52 5n_1j [ 5n J
1
5 5 3|' g 1| (3-2 5
= Sp=—+-—-x= - 2
4 4 5 1_} 5N 4
5
g —2,3 5" t-1) 1 3n-2
= nT217% 4 -2 gon-1
5 15 3 3n -2
= T e T lesn =2 0502
4 16 165 20.5

35 12n+7
= "~ 16 W
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4 7

S =1l+—+—+ ........ o0
Now 5 52 ;

1Sw=£+i+ .............. 0

5 5 g2

4 3 3

=S =1+—-+ =+ i o0
= 5 52

4 3/5 5 3) 35
= 5 1-1/5 =~ 4( 4} 16

Illustration - 35 - 13 +13 493 . 13428438 N -
The sum of the series : 1 113 11345 o tontermsis :

() 5(2n*+on+13) (B) Zz(2n*+on+13) (C) (20 +6n+13) (D) —(n®+6n+13)
SOLUTION : (B)

B BB r3
143454, to rterms

r=1 r=1 r=1

%1[ (n+ 23( n+1)+n(n+1)+n}

:%[2n2+3n+1+6n+6+6}

- S, :%[an +9n +13}

T i
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| [Tl sy Find the sum of the products of every pair of the first n natural numbers .

n n+12 3n-2 n(n+1)(3n-2)(n-1
(rd)” (5n-2) g 0NE-2)0-y

(A)

n(n+1)(3n+2)(n-1) D) n(n+1)2 (3n+2)

©) o ”

SOLUTION : (C)

The required sumis given as follows.

n(n+1)
S=12+13+14+..... +23424+. . .. =—o e (n+1)-2(2n +1)]
+3.4+3.5+....+ ..... +(n_1)n n(n+1)
=— " 3n? —n-2
. w2
. n)” - Mn
Usmg:s=(z ) 2 ,Weget: n(n+1)(3n+2)(n-1)
2 = Sn= 24
o1 n?(n+1)° n(n+1)(2n+1)
2 4 6
|IFS e ieyd Sum the seriestonterms : 4 + 44 + 444 + 4444 + ......... is:
A) i[m(lo” —1)—9n} (B) i[m(lo” +1)—9n}
81 81
©) i[m(lo” —1)+9n} (D) i[m(lo” +1)+9n}
81 81
SOLUTION : (A)
Let S, =4+ 44 + 444 + 4444 = S,=4/9 { (10 +10° + 10° + .......... n terms)
F o, to n terms. —(1+1+1+..... n terms)}
= S,=4(1+11+111+1111 4[10(20" -1)
F o n terms) nT9l 10-1
= S =4/9 {(10 — 1) + (100 — 1)
+(1000-1) + .. nterms} S, = % [10 (10n _ 1) _ 9@

AT



Sequences and Series

[T ieilegiaelsy If a, b, c are distinct such that ab + bc + ca #0 and in A.P., then

(A)

a’(b+c),b?>(c+a),c*(a+b)arein:

A.P. (B) GP (© HPR (D)  None of these

SOLUTION : (A)

*

Asa, b, careinA.P., then a(ab+bc+ca), b(ab+bc+ca), c(ab+bc+ca) areinA.P.
= a?(b+c)+abc, b*(a+c)+abc, c*(a+b)+abc areinA.P.

= a?(b+c)+abc—abc, b?(a+c)+abc—abc, ¢?(a+b)+abc—abc areinAP.
Hence, a*(b+c), b?(a+c), c®(a+b)areinA.P.

Alternate Approach :

Asa, b,careinA.P., weget: a-b=b-c ()
Consider a% (b + ¢) — b? (c + a) = (a*h — b%a) + (a’c - b’c) = (a—b) (ab + ac + bc) . . . (ii)
Also b? (c +a) —c® (a+ b) = (b’c —c?b) + (b*a—-c?a)=(b—c) (bc+ba+ca) ... (iii)

Form (i), (ii), (ili) we get :
a?(b+c)-b*(c+a)=b?(c+a)-c’*(a+bh)
= a*(b+c),b’*(c+a),c?(a+b) areinAP.

CREERONRRERY If X/ = Y = Z/c andifa, b, carein GP, thenx,y, zarein:

(A)

AP. (B) GP (© HP (D) None of these

SOLUTION : (A)

26

<[
N [

Let % _p

a =C

k

loga logh logc
= Ty T =

X z
= loga=kx, logb=ky, logc=kz [ b*=ac]
= 2logh=loga+logc [+ b®=ac]

We have 2 ky = kx + kz

= 2y=X+z = X, Y, zare inA.P.
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Dol o) At what values of parameter a are there values of x such that the numbers :
(51 + 579 ,(a/2),(25* + 25) forman A.P. ?
(A)  a>18 B) a=12 (© a=15 (D) a<3

SOLUTION : (B)

For the given numbers to be inA.P.,
2(%}:5“ X 4 5L=X | p5% | 25X
Let 5 =k
1

S 2
a=5+—+k+—=
= K k2

1 2 1
a=5k+—(+ k" +—=
- ( kj( kzj

As the sum of a positive number and its reciprocal is always greater than or equal to 2,
1 2 1
k+—>2 ke +—22
" and 2

Hencea>5(2) +2 = a>12

WIS EEESY The series of natural numbers is divided into groups : (1) ; (2,3,4) : (5, 6, 7, 8, 9) and so
on. The sum of the numbers in the n™ group is :

A rP+(m+17° B) (n-1)° © n (O n+@n-1)°

SOLUTION : (C)
Note that the last term of each group is the square of a natural number.

Hence first termin the n" groupis=(n—=1)>+1=n?-2n+2
There is 1 termin I¥ group, 3 terms in 1™, 5 terms in 111", 7 terms in IV™,..............
No. of terms in the n™ group = n"termof (1, 3,5, 7..... ) =2n-1

Common difference in the "™ group = 1

Sum= 2n2—1 [2 (n2 - 2n + 2) + (2n - 2) 1}

_ 2”2_ 1 [an —on+ 2}

=(2n —1)(n2 -n +1)

=2n°-3n*+3n-1=n*+(n-1)*

AT
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TSl 224 If a, b, ¢ are in G.P., and the equations ax? + 2bx +c=0 and dx*+ 2ex+f=0 have a
common root then d/a, e/b, f/carein:

(A) AP (B) GP © HP (D) None of these

SOLUTION : (A)
a,b,careinG.P. =  b*=ac
Hence the first equation has equal roots because its discriminant = 4b? — 4ac = 0.

b

-2b
Therootsare X = — = — —,
2a a

As the two equations have a common roots, — b/a is also a root of the second equation .

2
— d(—gj +2e(—EJ+f:0
a a

— db?-2abe+a’=0

Dividing by ab?

g_g_kaz_f—o
T a b ap?
d 2 a°f
- ——— 4 =0
a b a(ac)
— 9_§+i:0
a b c
d e f )
= —,—,— areinA.P.
ab c

WISTEIEESY 1 the first and the last term of an AP, a G.P. and a H.P. are equal and their n'" terms are
a, b and c respectively, then, find the correct choice(s) : [Given : Total number of terms = 2n - 1]

(A) a=b=c (B) a>b>c (C) a+c=hb (D) ac—b?>=0
SOLUTION : (B D)

Let the firstterm=A

The last term = [(2n - 1)" term] =L

No.ofterms=2n-1 i.e.  odd number

(2n-1)+1

Middle term = = nth term

= T, isthe middle term for all the three progressions. Inan A.P. the middle term is the arithmetic mean
of first and the last terms.

» T
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_A+L
= 2
Ina G.P. the middle term is the geometric mean of first and last terms.
= b=+vAL
Inan H.P. the middle term is the harmonic mean of first and last terms.
2 AL

= Tl

Hence a, b, c are AM, GM & HM between the numbers A and L.
As (GM)? = (AM) (HM)

We have b?=ac

Hence, (B)and (D) are the correct choices.

*

HISEEUOERETY Find the sum of nterms of series : (x +Y) + (0 + xy + y?) + 0C + X3y + xy? + y¥) + ..........

) 1 _x2(1—x“)]_ 1 {yz(l—y”)] (B) 1 _X(l—X”)]_ 1 {y(l—y”)]
Xx+y| 1-x Xx+y| 1-y x—y| 1-x x—y| 1l-y

i n n 2 n 2 n
© 1 | x@-x )]_ 1 {y(l—y )] (D) 1 | x“(1-x )]_ 1 {y @Q-vy )]
X+y| 1-Xx X+y| 1-y 1-x X—y

SOLUTION : (D)
Let S, = (X+y)+(C+xy+y?) + (CH+Xy+xy>+y?) + ...
3.3 4 .4
g - XY (XY XY oL
" X—y  X-y  X-y

1
X2+ x3+x* . terms)——(y2+y3+y4+ ....... n terms)
X—y

=l

) )

Note : The following results can be very useful.

n n
X — _ — — = = .

() v z =x" 1)’0 + X" 2y1+Xn 3y2 T +xy" 2 +X0yn ! (nis any natural number)
X" +y" 1,0 2.1 3,2 4.3 0,n-1

M~y = X"y X"y Xy XY XY™ (niis odd natural number )
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+
IS IE el 5T Find the sum of first n terms of the series: 3+ 7+ 13+ 21+ 31+ .........

A) %(n2+3n+5) (B) %(n2+3n+5) (©) %(n2+3n+5) (D) %(n2+3n+5)

SOLUTION : (C)

The given series is neither an A.P. nora G.P., = T,=3+{4+6+8+10+......... (n—1) terms}
but the differences of the successive terms are 1

inAP. o Th=3+1[2(4)+(n-2)2]

Series : 3 7 13 21 31... 2

: T =n’+n+1
Differences: 4 6 8 10................ = n = oF

In such cases, we find the n™ term as follows:

Let S be the sum of the first n terms. k=1 k=1 k=1 k=1
S=3+47+13+21+31+ o +T, L gY@+l n(n+d)
S=3+7 +13+21+31+......... +T,_+T, 6 2
n
On subtracting, we get : =3 (n2 +3n + 5)
0=3+{4+6+8+10+.......... T,
*
TS ienilolg Gy Find the series : 1 +4+10+22+46+ ...ccoovvevennee. to nterms.
A 3.2"+2n-3 B) 3.2"+2n+3  (€) 3.2"-2n+3 (D) 3.2"-2n-3
SOLUTION : (D)
The differences of successive terms are in T.=1+{3+6+12+24+..........
GP.: +(n-1) terms}
Series : 14 10 22 46........ 3(2n—1_1)
Differences: 3 6 12 24....cccooo....e. = T,=1+ =32""1_2
Let S=sumoffirst nterms. N
3
= S=1+4+10+22+46+ = S=> T =232-%2
— 2
+Tn k=1
= S=1+4+10+22+46+ oo 3:3(2+4+8+ ____________ +2”)—2n
+T, _,+T, 3
On subtracting, we get : 32 (2” —1)
_° ~2n=32"-2"_3
0=1+{3+6+12+24+............. -7, 2 2-1

0 T
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-
[Tzl ¥4 Find the sum of the series :
I SN S
14 a7 710 U O h terms.
A ! B n C n D 1
A) 3n-1 (8) 3n+1 © 3n-1 () 3n+1
SOLUTION : (B)
1 1 1
S="—+—"—+—"+ ... +
Let> =1 27 " 710 (3n-2)(3n +1)
3 3 3 3
3 S =— 4+ — 4+ ——+ .. +
= 14 47 710 (3n-2)(3n+1)
_ _ _ 3n+1)—(3n-2
gy 4-l 74 10-7 L (3n+1)—( )
14 47 710 (3n-2)(3n +1)
1 1 1 1 1 1 1 1 J
S = |-+ ==+ ===+ .. + -
- (1 4j (4 7J (7 10) ((3n—2) 3 +1
N S—}— 1 N __n
1 3n+1 3n+1

Note : The above method works in the case when the nth term of a series can be expressed as the difference of
the two quantities of thetype: T =f(n)—-f(n-1) or T, =f(n)-f(n+1)

1 (1 1
Inthe above example, T, = Bn=2) (@ 1) = E(Sn — " J

Itistheform f(n)—f(n+1).

AT
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*

|| [P Erdlolg i fef  Find the sum of first n terms of the series :

L) +22) +3 B +4 (4) 1+ oo

A  n-1 B) @++1 (C) (+DI-1 (D) ni+1
SOLUTION : (C)

Then"term, T.=n(n)!

T, can be written as

T,=(n+1-1)(n)!
= T,=(h+1)!-(n)! ()
Thisisin the form f(n)- f(n-1)
S=Zn:Tn=T1+T2+T3+T4+ ............ +T,
n=1
Using (i),
S=(2!-1N)+@'-2N+ (41 -3+ ... +{(n+1)!-nl}

= S=—11+(n+1)!

- S=(n+1)-1.

W i
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THINGS TO REMEMBER

0

If T, represents the general termof an A.P. (or rth term), then
T,=a+(n-1)d where r e {1,2,3.......... ,n}

It is also denoted by a.. Ifthe total number ofterms be n, then n™ term is also known as the last term of A.P.
and is denoted by |, i.e., I=T =a+(-1)d

Inan A.P., the difference of any two consecutive terms is d and is given by :
d= Tr - Tr— 1

Consider n terms of an A.P. with first term as a and the common difference as d . Let S, denotes the sum

ofthefirstnterms, then S = g [2a+(n-1)d]

(a+1) as l=a+(n-1I)d

NS

or S, =

Arithmetic mean (A) :

When three quantities are in A.P, then the middle one is called as arithmetic mean of other two. If a and
b are two numbers and A be the arithmetic mean of aand b, thena, A, bare in A.P.

a+b
2

= A-a=b-A = A=

Important Points
() Ifa, b,careinA.P., then: ak, bk, ckarealsoin A.P. (k=0)
alk, b/k, c/karealsoinA.P. (k+0)

atk bxk, cxkarealsoinA.P.

(i) ThreetermsinanA.P. are takenas: a-d, a, a+d
(i) Four termsinanA.P. aretakenas: a-3d,a-d,a+d,a+3d
(iv) The sum of any two terms (of an A.P.) equidistant from beginning and end is equal to the sum

of the first and the last term.
@+md)+(/-md)y=a+/¢
In G.P., the common ratio (r) is the ratio of any two consecutive terms. If T, represents the general term

.
(ork"term)ofaG.P,then r=—X and T =ar

k-1

k-1 where k e{1,2,.......... n}

Things to Remember 33
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6. Sum of n terms of a G.P.

Consider nterms of a G.P. with a as the first term and r as the common ratio. Let S, denote the sum of n
terms.

Then S =a+ar+ar’+ar’+..... +ar
all1- "
, _al-r)
1-r
7. Infinite Geometric series :

If for G.P., the commonratio r lies between—1and 1i.e.,—1<r<1, itis called as decreasing geometric
series. The sum of the infinite terms of such a series is denoted by S_ and is given as

a
S = r [where a is the first term and r is the common ratio]
a (1— rn) n
Note: S, = N
1-r 1-r 1-r
a
If n >othenr >0for-1<r<+1 = SOO=E
8. Important Points
() Ifa,b,careinG.P.,then: ak, bk, ckarealsoinG.P. (k=0)
alk, b/k, c/karealso onG.P. (k=0)
(i) Three termsina G.P. are takenas: ar, a, a/r
(iii) Four termsina G.P. are takenas : ar®, ar, a/r, a/r’
_ ) a b c 5 9
(iv) Ifa,b,c,dareinG.P.,then: B=E=E = b*=ac,c°=hd, ad =bc
Also, b=ar, c=ar’, d=ar®  wherer isthe common ratio
9. Aseriesa,, a,, a,, Ay, ... is said to be a harmonical progression (H.P.) if

1 1 1 1

a17 az’ 33’ ay forms an arithmetical progression

dy =] as dy ay ag
Three quantities a, b, ¢ are said to be in H.P., when
111 1 1 1 1 a-b _b-c a_a-b
C

E’ B,EarelnA.P. = E—5=E—B = ab = be =
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10.

11.

12.

13.

14.

15.

Note:

Sequences and Series

Harmonic mean(H)

When three quantities are in H.P., the middle one is called as the harmonic mean between the other two.
Ifaand b are two numbers, H is the harmonic mean between the two, then a, H, b must be in H.P.

l i %mustbeinA.P. = i—£=1—i

) EH

a H a b H
2 1 1 2ab
H a b a+b

Relation among A, G, H

IfA, G, H are arithmetic, geometric and harmonic means respectively between two positive numbers a and

a+b 2ab . . .
> G =+ab, H=a+b = G?= AH ie. Gisthe geometric mean

b,then A=
between A and H.
Also G lies between A and H, such that A>G>H

Sum of first n natural numbers :

] n
Zr:l+2+3+ ............ +Nn = Zl’:w
r=1 =

Sum of squares of first n natural numbers

>
N
>
>
—~
>
+
[HEN
~—
—~
N
>
+
[EEN
~—

2 _42_ 53, 23 2
Dre=14+2° 43+ +n° o Dre=
r=1 r=1

3_43,93 3 3 3
D=+ 22+ 4, +n° o, > =

>
>
1
>
—~
>
+
[HEN
~—
||
N

Arithmetico-Geometric Series :

A series in which each term is the product of corresponding terms in an arithmetic and geometric series.
The general expression for suchaseries: a, (a+d)r, (@+2d) r?, (@a+3d) r’, ............
a:firsttermofA.P. d:commondifference of A.P. r:commonratio of G.P.

k™ term of such a series : T, =[a + (k- 1) d] r*~*

Sum of n terms of arithmetico - geometric series :
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L a9 [as(n-ga]en
-r @-n? 1-r

Sum of an infinite Arithmetico - Geometric series

When |r|<1 e, —1<r<1l =
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