Important Questions for CBSE Class 12
Maths
Chapter 10 - Vector Algebra

Very Short Answer Questions 1 Mark
1. What are the horizontal and vertical components of a vector a of
magnitude 5 making an angle of 150° with the direction of x-axis?

Ans. The vector a has a magnitude |a|=5 units and makes an angle 6 =150" in

the direction of x-axis. Its horizontal and vertical components can be calculated
as follows:

Horizontal component x =|a|-cos®
= X =5-(c0s150")
= X=5-(-c0s30°)

:>x=5-(—§)
x=-23
2

Vertical component y =|a|-sin @
= y=5-(sin150°)
= y=5-(sin30)

=y=5-()

:>y=§

2. What is ae R such that |ax|=1 , where x=1-2]+ 2k ?

Ans. We know that X =i —2]j+ 2k , so we can calculate | x| as:

| X |= /12 + (=2)? + 2°
|X[=V1+4+4
|xI=+9



|X|=3 units
Now we have |ax|=1 and | x |=3.
—)a(3) =1

1
:>|a|:§

—Sa=1>
3

3. When is [ X+ Y |=|X|+]y]| ?
Ans. The magnitude of sum of two vectors can be equal to sum of their individual
magnitude if and only if the two vectors are parallel.

4. What is the area of a parallelogram whose sides are given by 21 —] and
i+5k ?

Ans. Let a parallelogram with adjacent sides a=2i—j and b=i+5k have an
area of ax b . We calculate the value of axb as follows:

A A

i j k
axb=[2 -1 0
1 0 5

— axb=i(=5)—j(10) + k(1)

—axb=-5i-10j+k

—|axb |=/(-5)% + (—10)? +12

—|axbl=~/25+100+1

—=|axb|=+/126 units

5. What is the angle between a and b if a-b=3 and |5x5|= 33 ?
Ans. We know that a-b=|a||b|cos® and a-b=3 is given.

So, |a||b|cos6=3 .



Further, axb=|a||b|sin® and axb=33 .
So, |a||b|sin6 =33

sin® 3

— = ...... (2)
V3 |a| b

From (1) and (2) we get:

SiLe—cose
\/§
sin®
——=4/3
cos0 \/_
:>tan9:\@
—=0=0=
3

6. Write a unit vector which makes an angle of % with x-axis and = with
z-axis and an acute angle with y-axis.

Ans. It is given that o :% Is the angle that the vector makes with x-axis, y :g
with z-axis and an acute angle B with y-axis.

We know that cos® o+ cos’+cos’y =1

7T T
So, cos® i cos’ B + cos® 3" 1

1Y 1
=|——=| +cos’B+ (=)’ =1
SR
:>1+0032B+1:1
2 4

1
= cos’B==
b 4



:cosB:i%

=B=

wl|a

We can find the unit vector making the above angles with the axes as follows:
a=cosa.-i+CcosP-j+cosy-k

7. If A is the point (4,5) and vector AB has components 2 and 6 along x-
axis and y-axis respectively then write point B. o

Ans. Since point A is (4,5) , we can write OA =4i+5j . Further, it is given that
AB=2i+6] .

Let OB=Xi+Yj .

Now,AABAz OBA—O@ .

= (2i +6)) = (Xi +Yj) — (4i +5j)

= (Xi +Y]) = (2i +6]) + (4i +5))

= xi+y]=6?+11]

Hence, point B is (6,11) .

8. What is the point of trisection of PQ nearer to P if positions of P and Q
are 3i+ 3] — 4k and 9i + 8] — 10k respectively?
Ans. It is given that OP =3i +3j—4k and OQ =9i +8]-10k .

Now, PQ=0Q-OFP .

— PQ = (9i +8j—10Kk) — (3i + 3] — 4k)

— PQ=6i+5]—6k

Let the point of trisection nearer to P be A.

So, 3PA=PQ



3
— 2 br =
:>PA=2|+§J—2k

Hence, the point of trisection of PQ nearer to P is (2,2,—2) :

9. Write the vector in the direction of 2i + 3]+ 23k , whose magnitude is

10 units.
Ans. Let the vector a be 2i + 3]+ 2+/3k .

The unit vector in its direction will hence be-

21 +3j+ 24/3k
J22 +3 +(243)?
s 2i +3j+2+/3k

NA+9+12
2i + 3]+ 24/3k
J25
21 +3j+ 2/3k
5

Q>

a»
Il

a»
Il

A vector x in the direction of a and with a magnitude 10 units will be-
2i +3j+ 23k
x1
5
— X = 2(2i + 3] + 24/3K)

X = 0

:>>?:4i+6]+4\/§ﬁ

10. What are the direction cosines of a vector equiangular with co-ordinate

axes?
Ans. Let all the direction cosines of the vector be equal to o .

Therefore, I=m=n=cosa .
We know that 1> + m? +n®=1.



= Cc0S® o+ €c0s% oL+ €os” o =1

=3cos’ a.=1
) 1
= Cos o ==
3
— CoSsa = +T
Thus, direction cosines of the vector which is equiangular to all three coordinate
axesarei\/_ : _\/_ and_\/_

11. What is the angle which the vector 31— 6] + 2k makes with the x-axis?

Ans. We have the vector v=3i—6]+ 2k .
To determine the angle it makes with the x-axis, we calculate the direction cosine

with the required axis. So, we need to find | = % , Where | is the direction cosine
Y

with x-axis and a is the component corresponding to it.

Now, I_i
V|
3
==
J3+(-6)7 +22
3
= R —
\V9+36+4
3
=|l=—
49
3
===
7

Further, I =cosa , where o is the angle the vector makes with the x-axis.

Thus, cosa = §
7
=a= cosl(g)

The vector v =3i— 6] +2k makes an angle of cosl(g) with the x-axis.



12. Write a unit vector perpendicular to both the vectors 3?—2]+ k and
2i+]-2k .

Ans. Given vectors a=3i—2j+k and b=-2i+ -2k .

Firstly, we find the cross product of the two vectors:

A A A

i ] k
axb=|3 -2 1
2 1 =2

= axb=i(3)-j(-4) +k(-1)
—axb=3i+4j—k
Now, the required unit vector which is perpendicular to both the given vectors
can be calculated as ?X?,
laxDb

axb 3i+4j—k

~ [axb| N
N axb _ 3I+4j—k

laxb| +9+16+1

axb 3+ 4j-k

= =
laxb| /26
5><b 3I+4j—k
|a><b| J26
Hence, the required vector is Sitdi-k :
J26

13. What is the projection of the vector i—] on the vector i+ ] ?
Ans. Leta=i—jand b=i+] .
b
|b]
a-b_ (@) + (D@ +(0)0)
|| V212
_ a-b_1-1

bl V2

Projection of vector a on b =

=




The projection of vector a on b is 0 .

14.1f |aj=2 , |b|=2+/3 and aLb , what is the value of |a+b| ?
Ans. Taking the square of [a+b] :

la+bf’=la+b|-|a+Db]

—l|a+b[P=a-a+a-b+b-a+b-b

Since a and b are perpendicular, their dot product is equal to zero.

Further, we know that the dot product of a vector with itself is equal to the square
of its magnitude.

—l|a+b[=al’ +|b[?
—|a+b[?=2% + (24/3)?
—la+b[P=4+12
—|a+b[’=16

Hence, |[a+b|=4 .

15. For what value of A is a=Ai + ]+ 4k perpendicular to b=2i +6j + 3k ?
Ans. For a to be perpendicular to b , there dot product should be zero.

So, a-b=aa,+bb,+cc,

=a-b=x1(2)+ 1)(6) + (4)(3)

=a-b=21+6+12

—a-b=2)+18
Now, a-b=0
Hence, 2. +18=0
:k:—g

2
=>i=-9

16. What is |a| , if (a+b)-(a—b)=3 and 2|b|=|a| ?

Ans. Itis given that (a+b)-(a—b)=3

—a-a—a-b+b-a+b-b=3

We know that the dot product of a vector with itself is equal to the square of its
magnitude.



—l|af +|b[’=3
— 2
:>|§|2+(%j =3 (Since 2|b|Hal)

17. What is the angle between a and b , if |5— b E a+ Bl ?

Ans. We have |[a—b|=a+b|

Squaring both sides,

—la—-b[=|a+b[

=laf +|b[ —2a-b=af +|b[* +2a-b

— —2a-b=2a-b

—4a-b=0

—a-b=0

Since the dot product of the two vectors is equal to zero, the given vectors are
perpendicular. Hence, the angle between them is 90° .

18. In a parallelogram ABCD, AB=2i—-j+4k and AC=1+j+4k . What
Is the length of the side BC?

Ans. We have AB=2i—-j+4k and AC=i+j+4k .

We calculate | AB |= /22 + (—1)% + 42

—|AB|=~/21
Similarly, | AC |= V1% +1% + 42
—|AC|=+/18

In a parallelogram, AC would represent a diagonal and AB and BC would be
adjacent sides.



So, |BC|<| AC—AB|

Squaring both sides:

=|BC[’<| AC- AB[

—|BC*<|AC? +|AB|* —2AC - AB

=| BC =18+ 21-2[(2)(1) + (-1)(1) + (4)(4)]
—|BC[’=39-2(17)

—| BC[?=39 34

—|BC[’=5

=|BCl=5

19. What is the area of a parallelogram whose diagonals are given by vectors
2i +]—2k and —i + 2k ?

Ans. The two diagonals of a parallelogram are given by a=2i+ ] —2k and
b=—i+2k .

We find their cross product as follows:

i J k
axb=|2 1 -2
10 2

—axb=i(2)-j(2)+k(Q)
—axb=2i-2j+k

Next, we find its magnitude:

—laxb =22 +(-2)% +1°

= axb |= \/m

—laxbl=+/9

—|axbl=3

The area of the parallelogram A can be calculated as:

A:1-|5><6|
2



=A :g square units
The area of the parallelogram with diagonals a =2i + j—2k and b=—i+ 2k is

3 :
> square units.

20. Find | x| if for a unit vector & , (x—4)- (x+4)=12 .

Ans. It is given that (x —4) - (x +4) =12

=X-X—-X-8+4-x—4-4=12

We know that the dot product of a vector with itself is equal to the square of its
magnitude.

=|x}-|a)=12

—| x |* 1> =12 (Since, magnitude of a unit vector is equal to one unit)
—|x =13

—| X |=+/13 units

21. If a and b are two unit vectors and a+b is also a unit vector, then what
is the angle between a and b ?

Ans. We know that a+b , a and b are unit vectors.

Taking the square of a+b :

la+b[’=a-a+2a-b+b-b

—la+b[’=|al’ +2a-b+|b [

— 1% =12 + 2a-b+1? (Since magnitude of unit vectors is equal to one unit)
—2a-b=-1

=a-b=-

TIN| -

—|a||b|cosé

:>|§||B|cos(9:—%

Further, a-

— (1)(1)cosd = —%

:>c056?:—E
2

_2n

3

=0



22. If ?]R are the usual three mutually perpendicular unit vectors then
what is the value of i-(jxK)+]-(ixK)+k-(jx1) ?

Ans. We have i-(jxKk)+j-(ixk)+k-(jxi) .

It is known that jxk=i , kxi=jand ixj=Kk .

Therefore, i-(jxk)+j-(ixk)+k-(jxi) can be rewritten as:
=i-i+]j-(-))+k-(-k)

—ii-jj-k-k
—1-1-1(Since i-i=j-j=k-k=1)
=-1

23. What is the angle between x and y if x-y=|xxy| ?

Ans. The dot product and cross product of the given vectors x and y are equal.
This implies:

X-y = xxy|

=|x||y|cosé = x]||y|sing

= cosfd=sinf

This is only possible if 8 :% :

Hence, the angle between vectors x and y is % .

24. Write a unit vector in XY-plane, making an angle of 30" with the positive
direction of x—axis.

Ans. Let r be a unit vector in the XY-plane, making an angle of 30" with the
positive direction of the x-axis. It will be represented as:
r =cosdi +sinbj
Substituting 6 =30" :
— 1 =c0s(30°)i +5in(30°)
SroY3, L
2 2

J3

The required vector is 7i+%] .



25.1f a , b and ¢ are unit vectors with a+b+c=0 . then what is the value
ofa-b+b-c+c-a?
Ans. Since a , b and ¢ are unit vectors, it means that |a|=|b|=/c|=1 .

Further it is given that a+b+c=0 .
Squaring both sides:

—(@a+b+c)?=0

—lal’ +|b]? +|c*+2(a-b+b-c+c-a)=0
—1+1+1+2(@-b+b-c+c-a)=0
—2(a-b+b-c+c-a)=-3

:a.5+5.a+e.a:_g

26. If a and b are unit vectors such that (5+ 25) Is perpendicular to
(55—46) , then what is the angle between a and b ?

Ans. Itis given that a and b are unit vectors, and the vectors a + 2b and 5a — 4b
are perpendicular, that is, their dot product will be zero.

(a+2b)-(5a—4b)=0
—5|a’ +6a-b—8|b[’=0
— 5(1)? +6a-b—8(1)> =0 (Since a and b are unit vectors)
=6a-b=3

S
=a-b==

2

Now, a-b=[a||b|cos6

:%:mmww
:E:cose
2

=0=

wla

Short Answer Questions 4 Marks
27. If ABCDEF is a regular hexagon then using triangle law of addition

prove that AB+ AC+ AD+ AE+ AF=3AD=6A0 , O being the centre of
hexagon.




Ans. ABCDEEF is a regular polygon:
A B

_— s — —

Hence, AB,BC,CD,ED,EF, AF are all equal.

Further, using the triangle law of addition:

AC+CD=AD .....(1)

And, AE+ED=AD ...... (2)
Now, taking (1)+(2) :

AC+CD+AE +ED=AD+AD
Adding AD both sides:

= AC+CD+AE+ED+ AD =3AD

— AC + AF + AE + AB + AD = 3AD (Since CD=AF and AE=AB )

Also, O is the midpoint of AD , therefore, AD =2A0 .

Hence, AC + AF+ AE + AB + AD =3AD = 6A0 is proved.

28. Points L, M, N divide the sides BC, CA, AB of a AABC in the ratios

1:4,3:2,3:7 respectively. Prove that AL+BM +CN is a vector parallel to

CK where K divides AB in ratio 1:3 .



Ans. Let a , b and ¢ be the position vectors of points A, B and C respectively.
We find the position vectors of points L, M, N and K:

ﬁ_:w (Since L divides BC in the ratio 1:4 )
+
:a_’_ 6+46
5
OM = (3)2# (Since M divides CA in the ratio 3:2 )
+
3m— 35%—26
5
ON :(3)2# (Since N divides AB in the ratio 3:7 )
+
:>O4N>_ 364—75.
10
OK =% (Since K divides AB in the ratio 1:3 )
+
e b+3a

Taking AL+BM +CN :

— (OL —OA) + (BM - OB) + (CN - OC)
— (OL-a) + (OM —b) + (ON —¢)

c+4b 3a+2c 3b+7a
c —a)+( ~b) +(

= ( —c)

_ 2¢+8b—10a + 6a + 4c —10b +3b + 7a—10c
10

3a+b—4c
=S
10

Now, CK=0K -0C

b+3d -
—C
4

= CK =




b+3d—4c
4
We notice that &':gx(ﬁ+m+ﬁ\i) .

= CK =

Hence, we prove that AL +BM +CN is parallel to CK .

29. The scalar product of vector i+ ] +k with a unit vector along the sum

of the vectors 2i + 4] —5k and i+ 2] +3K is equal to 1 . Find the value of
A

Ans. The sum of vectors 2i + 4] —5k and Ai+ 2] +3K is:

(2i +4]—5K) + (1i + 2+ 3K)
= 1(2+0)+j(4+2)+k(-5+3)
— (2+1)i+6]- 2k
The unit vector along the sum of 2i +4]j—5k and Ai+ 2]+ 3k vectors is:

(2+1)i +6j—2k

1(2+2)i +6]—2K|

(2+1)i +6]—2k
A +4h+4+36+4

N (2+1)i +6]—2k

JAZ +4) + 44

The scalar product of (

2+1)i+6j—2k
VAZ+ 40+ 44
2+k)|+6j_2k)-(i+]+ﬁ)
VA2 + 40+ 44
(2+1)+6-2
=
A+ 4\ +44

=S A+6=+A +4L+44

Squaring both sides:
= (M +6)° =A% +4A + 44

and f+]+|2 isl.

Thus, ((

=S A2 +120+36 =A% +4A\ + 44



=S A +120+36 =A% +4A + 44
=8L =8
=>i=1

30. a , b and ¢ are three mutually perpendicular vectors of equal
magnitude. Show that a+b+c makes equal angles with a , b and ¢ with

each angle as cos‘l(ij .

NE

Ans. Let |algblHcl=r and since they are mutually perpendicular,

a-b=b-c=a-c=0.

Consider [a+b+c] :

—la+b+cl’=al +|bf+|c+2(a-b+b-c+a-c)
—la+b+cl=22+2*+A2+2(0+0+0)
—|a+b+c[=3)2

:>|5+6+6|=J§x

Suppose a,b,c make angles 6,,6,,0, with a+b+c respectively.

Then, coselzaﬁ'(ﬁHerE)
lalla+b+c]|
a-a+a-b+a-c
= C0S0, = =
|a] /3
Eli
= C0S0, = ——+—
BEIRYER
= C0S0 —L
1 \/gk
:>cos@1=i

NE



- 1
Similarly, cos6, =cos0, =— .
V3

Therefore, 6, =6, =6, .

31. If &=3?—] and B=27+]+3I2 then expressﬁ in the form of B=BT+E£
, Where E is parallel to o and Bj IS perpendicular to o .

Ans. It is given that 6.=3i—j and B=2i+ j+3k .

Since a is parallel to B, , that implies p, =Aa. .

=B, =1(3i-])

Further, B=8, +8B,

= 2i + j+3k =[L3i - )]+,

:>[3?z(2—3k)f+(1+7»)]+3|2

Now, [3%2 Is perpendicular to a. , hence their dot product will be equal to zero.
:&-E:O

= @Bi-]j)-[(2=3L)i + (@+1)j+3k]=0

=3(2-3\)+(-1-1)=0

=6-9A-1-A=0

=5-101L=0

:kzl
2

We calculate the value of B, and P, :
B, =2(3i-])

~ l ° ~
=B :§(3| )

— 32 1x

=—]——
=P=71-7]

Also, B, = (2—31)i +(1+A)j+3k
N =[2—3(%)]i+(1+%)]+312

1 3~ .~
=B, ==1+—]+3k
B, S1+7)

= 3’.‘ 1’: 1’.‘ 3". ~
Hence, we cansay B=|—-i—=]|+| =1+—]+3k | .
y B (2 2‘j (2 2! j



32.1f a , b , ¢ are three vectors such that a+b+c=0 then prove that
axb=bxc=cxa .

Ans. We know that a+b+c=0 .

Cross multiplying both sides by a :

5><(5+6+6):5x6

—axa+axb+axc=0

—0+axb—cxa=0 (Since axa=0 and axc=-cxa )
—axb=cxa ... (1)

Similarly, if we cross multiplying both sides of a+b+c=0 by b :
bx(@+b+c)=bx0

—bxa+bxb+bxc=0

— —axb+bxc=0 (Since bxb=0 and bxa=-axb)
—axb=bxc ..... (2)

From (1) and (2) , we conclude that axb=bxc=cxa .

33.If |§|=3 , |5|=5 , |E|=7 and a+b+c=0, find the angle between a and

b .
Ans. We know that a+b+c=0 .
—a+b=-c

Squaring both sides:

= (a+h)? =(-c)?

—lafP+|b} +2a-b=—c|

— 32 4+52+2a-b=(-7)% (Since |a|=3, |b|=5, |c|=7 )
—9+25+2a-bh=49

—2a-b=15

— 2(|a||b|cos6) =15

= 2(3-5-c0s0) =15

:>cose:1
2

The angle between a and b is % .



34. Let a=i—] , b=3j-k and c=7i—k , find a vector d which is
perpendicular to a and b and c-d=1.

Ans. It is given that d is perpendicular to both a and b .
That implies d =A(axb) .

~ ~ A

i ] k
d=A|1 -1 0
0 3 -1

= d=A[i1) - J(-1) + k(3)]
—d=2(>i+j+3k)

Also, c-d=1.

— (71 —Kk)-[A(i + j+3K)] =1
= 7L +0-31=1

=41 =1

= A=

o, Ik

Hence, (i +j+3k)

Nl

-

35. If a=i+j+k , ¢ k are the given vectors then find a vector b

- -

c.,a-b=3.

¢II

A

Ans. Assume b=Xi + yj+
Since a-b=3:
(f+]+l2)-(xi+y]+zf<):3

]_
satisfying the equation axb
zk .

Now, we have axb=c :
:>(i+]+l2)><(xi+y]+zl2):]—I2

i k
=1 1 1|=j-k
X Z

<

=1(z-y) - j(z-x) +k(y -x) =] -k
On comparing, we find that z—y=0 , thatis, y=z .
Further, —z+x =1, thatis, x=1+2z .



From (1) , we have:

X+y+z=3

=1+z+z2+2z=3(Since y=z and x=1+2)
=3z=2

u
< N
Il Il

X
[l
WloTw|IN wWlN

Hence, B:w .

36. Find a unit vector perpendicular to plane ABC, when position vectors of
A, B, Care 3i— ] +2k ,i- ] —3k and 4i- 3] +k respectively.

Ans. We know that given any two vectors, their cross product will result in a
vector that is perpendicular to the plane that the two vectors lie in.

Accordingly, we need to find a unit vector in the direction of ABxAC .

First, we find AB=0OB-0A :

AB = (i — j—3K) — (3 - j+ 2k)

— AB =—2i -5k

Next, AC=0C-OA :
AC = (4i —-3j+ k) - (3i = ]+ 2k)
—AC=i-2j-k

A A A

ik
Further, ABxAC=|-2 0 -5
1 -2 -

ABx AC =-10i — 7] — 4k

| AB x AC |= /(~10)? + (=7)% + (-4)?

| ABx AC |=~/100+ 49 + 16



| AB x AC |= /165

Hence, required unit vector is ABxAC _—10i—-7j-4k

|IABxAC| /165

37. For any two vectors, show that |§+5|§|5|+|6| .
Ans. We take the square of a+b :
(a+b) =a-a+b-a+a-b+b-b
—(a+b) Haf +2a-b+|bf

- —\2 - - - —
:>(a+b) =laf +2a-bcos@+|b[ ... (1)
We know that cos@<1 .
Multiplying 2a-b both sides:
2a-bcosd<2a-b
Adding |a|? +|b* both sides:
la? +|b|* +2a-bcos@ <|al’ +|b]? +2a-b
—la+bP<(|al+[b]) (From (1))

- - - —~ \2
Hence proved, |a+b|zs(|a|+|b|) .

-  A\2 -  A\2 N 4

38. Evaluate (axi) +(a><j) +(axk) :
Ans. Let a=Xi+Vyj+zK .
So, axi=-Yyk+Z]
axj=xk-zi
axk=—xj+yi

~  A\2 ~  A\2 . AN\2
Now, (axi) +(a><j) +(a><k)
=SV + 22+ X+ P+ X2+ y?
= 2(X*+y?+2%)
= 2|af

Hence, (5xi)2+(ax])2+(§xf<)2=2|5|2 |



39. If 4 and b are unit vectors inclined at an angle 0 then prove that:

N . 0 1. A
(1) sm§=5a—b‘

Ans. Taking |a—b[’=4-4+b-b—2a-b :

—la—b=laf?+|b[?-2|4]||b|cosO

:>|é—6|2:1+1—2(1)(1)cose (Since they are unit vectors, their magnitude is
equal to one)

—|a—b[P=2(1-cos0)

A RI2
:%:1—%56

A RKI2
:>|a—2b| _2sin??

A RI2
:>|a4b| =sin®=
_1a-bl_g,8 (1)

2 2

Hence proved.

a-b

A

A

. 0
(i) tanE=

Ans. Taking |a+b[’=a-a+b-b+2a-b :
—|a+b[?=|al? +|b[? +2|a|/b|cosO
:>|é+6|2:1+1+ 2(1)(1)cosO (Since they are unit vectors, their magnitude is

equal to one)
=| 4+ b [’=2(1+ cos0)




0 sing
We know that tan—=

COS
2

From (1) and (2) :

|a-b]
tanS—_2_
2 |a+b|
2

0 |a-b
tan—=—=
2 |a+b

Hence proved.

40. For any two vectors, show that |axb |= \/azb2 —(a-b)? .
Ans. Taking |ax b :

jaxbP=(|al|b|sin6)

—laxb[’=lal|b[*sin?#

—laxb[P=af’|b[? (L-cos’6)

—laxb[’=|al|b[? —|a|*|b[* cos* 0

=laxb[’<al|b[ ~(a-b)’

—laxbl=+|alPIbl —@-b)’
Hence proved.

41.a=i+)+k,b=1-]J+2k and c=xi+(x=2)j—K . If ¢ lies in the plane
ofa and b , thenfingl tf)e valug ot X . A o

Ans. Wehave a=i+j+k ,b=i—j+2k and c=Xi+(Xx-2)j—k .

Since vectors a,b,c are co-planar, that is, lying on the same plane, hence their
scalar product will be equal to zero.

—[a-b-c]=0



1 1 1
=1 -1 2(=0

X xX-2 -1
=11-2x+4)-1(-1-2x) +1(x—2+x) =0
=5-2X+1+2x-2+2x=0
=4+2x=0

=>X=-2

42. Prove that the angle between any two diagonals of a cube is cos‘l(%) :

Ans. Let us first graphically represent a cube to prove the required:

z

E(0,0,a) D(0,2.2)

F(a,0,a) G(a,a,a)

0(0,0,0) €(0,3,0)

A(a,0,0) B(a,a,0)

X

Let a be the edge of the cube with its centre O at the origin. The diagonals of
this cube are AD, OG, BE and CF.
Let us consider the diagonals AD and OG.

OG =ai +aj+ak

AD=0D-0A

— AD=(0-a)i+(a—0)j+(a—0)k

— AD =-ai +aj+ak

Now, let the angle between them be 6 :




AD-0G
Se e
|AD||OG|
a(-a)+a(a)+a(a)
Ja?+a’ +a?y/(-a)? +a’ +a’
2

= C0sS0 =

—a*+a’+a
J3a?/3a?
2

a
:>cos€)=—2
3a

= C0s0 =

:>cose:1
3

— 0 =c0s" (Ej
3

Similarly, the angle between BE and CF will also be cos‘l(%j :

Hence proved.

43. Let 4,b,¢ are unit vectors such that &-b=4-&=0 and the angle between
b and ¢& is % , then prove that a=+2(bx¢) .

Ans. Since 4-b=4-¢ =0, it means that 4 is perpendicular to both b and ¢ .
This further implies that & is perpendicular to the plane in which b and ¢ lie.
Also, bx¢=b||€|sinbA , where 6 is the angle between b and € ,and A is a

unit vector perpendicular to the plane in which b and ¢ lie.

:Bxé:(l)(l)singé

(Since b and & are unit vectors, the angle between them is given to be % , and

a satisfies the conditions for A )
" A - n ~
= bxC€=sin ga

. bxe=13
>

—a=+2(bx¢)

Hence proved.



44. Prove that the normal vector to the plane containing three points with
position vectors a , b and c lies in the direction of vector bxc+cxa+axDb
Ans. In a plane containing the vectors a , b and c , let n be its normal vector.
Therefore, n=A(ABxAC) .

—n=A[(b-a)x(c—a)]

—=n=2A[(b-a)xc—(b—a)xa] (By distributive property)
—n=Abxc—axc—bxa+axa)

—n=A(bxc+cxa+axb+0) (Since axa=0,axc=-cxa, bxa=—-axh)
—n=Abxc+cxa+axh)

Hence, we can say that n lies in the direction of bxc+cxa+axbh .

45.1f a , b and c are position vectors of the vertices A, B and C of a triangle
ABC, then show that the area of AABC is % axb+bxc+cxal .

Ans. Let us consider a parallelogram ABCD:

Area of ABCD will be ABxAC , that is, the product of two adjacent vectors.
Hence, area of ~ABC will be %(A_B'xﬁf) .

:i((s_a)x(a_a))
(b—a)xc—(b— a)xa)

- - —

—bx é+§xé)

U

NIHFQIHFQIH

=
(bxc
(B 6+c><a+a><b+0) (Since axa=0, axc=-Cxa, bxa=-axb)
= >{bx

+c><a+a><b)



Hence proved.

46. If axb=cxd and axc=bxd , then prove that a—d is parallel to b—-c
provided a#d and b#c .

Ans. For vectors a—d and b—c to be parallel, their cross product must be equal
to zero.

:3(5—a)x(5—6)20

— (@a—-d)xb-(a—d)xc
—axb-dxb—axc+dxc
—axb+bxd-axc—cxd (Since -dxb=Dbxd and
— 0 (Since axb=cxd and axc=bxd )

Hence proved.

ol

xC=-Cxd )

47. Dot product of a vector with vectors i+j-3k , i+3j—2k and
21+ ]J+4k is 0, 5 and 8 respectively. Find the vector.

— ~

Ans. Let the required vector be h = xi + yj+zk . We have given a=i+ j—3k ,
b=i+3j—2k ,c=2i+j+4k anda-h=0,b-h=5,c-h=8.
Since a-h=0:
(i+j-3K)-(xi+Yyj+2zk) =0
=X+y-32=0 ...... 1)
Since b-h=5:
(i +3j—2K) - (xi + yj+ zk) =5
=>X+3y—-22=5 ... (2)
Since c-h=8:
(2?+]+4R)-(x?+y]+zl2):8
=2X+y+4z=8 ..... (3)
Subtract equation (1) from (2) :
(x+3y—2z)—(x+y—-3z)=5
=2y+2=5
5-2

=Y=

Subtract equation (1) from (3) :
(2x+y+4z)—(x+y—3z)=8
—=>X+72=8



—=>X=8-72
Substituting in (1) :
X+y—-32=0

:>8—7z+5;22—3z=0

:>8—102+5%Z=0
16-20z+5-z
- =

2

:>21—22122O

=21-21z=0
=z=1

0

Now, x=8-7(1)
=x=1

Also, y= >l

=>y=2
Hence, we have h=i+2]j+K .

48. If a=5i—j+7k , b=i—-j—Ak , find A such that a+b and a—b are
orthogonal.

Ans. If a+b and a—b are orthogonal, it implies that their dot product is zero.
We find a+b :

a+b=5i-]+7K)+(i-]j-2rk)

—a+b=6i-2j+(7-1)k

Similarly, we find a_p o

a—b=(05Bi-j+7k)—(i—j—2Ak)

:>5—5z4f+(7+k)|2

Now, (a+b)-(@a—b)=0 :

— [61 — 2]+ (7 = L)K]-[4i + (7 +1)k] =0

=24+0+49-2*=0

=\ =73

= r=A73



49. Let a and b be vectors such that |al=|b|=|a—b|=1, then find |[a+Db] .
Ans. Let us take |a—b|=1 and square both sides:
—la—b[=1

—lalP+|b*-2a-b=1

—1+1-2(|a||b|cos®) =1 (Since |al=|b]=1)

=2-2c0s0=1
= 2c0s0=1

:>cose:l
2
Now, let us take |[a +b]|:
= \|af +|bf +2a-b
= \1+1+2(|al|b|cos0) (Since |al<|bl=1)

1
= . [2+2(=
)

=J2+1

=3

50. If |al=2 , |b|=5 and axb=2i + j— 2k , find the value of a-b .
Ans. Let us find |[axb| , given that ax b =2i+ j— 2K :
—|axb =22 +12 +(-2)°

—|axbl=~/9

—|axbl=3

Now, |axb|=a| b|sin®

—3=(2)(5)sin0O

:>sine=i
10

Now, a-b=|a||b|cos8 :

- = .13
= a-b=(2)(5)cos(sin E)

- - .13
=a-b=(2)(5)cos(sin E)



2
:>5-B=10005(cos‘ﬂ/1—(%} ) (Since sin™ x =cos™"vV1-x* )

—_ = —

51. a,b,c are three vectors such that bxc=a and axb =c . Prove that a,b,c
are mutually perpendicular to each other and |5|= 1, |E|=| 5| :

Ans. We know that bxc=a and axb=c .
Since bxc=a ,wecansaythat b_La and cLa .
Similarly, since axb=c , we conclude that a Lc and b L c .

From above statements, we can observe that a_Lb , b.Lc , alc , thatis, all
three vectors are mutually perpendicular.

Now, we have axb=c .
—|axbl=c]
—la||b|sin6=c|
—la||b] sing =|c| (Since vectors are mutually perpendicular, they are at a right
angle with each other)
—|a||b|c| (Since singzl) ...... (1)
Similarly, we have bxc=a .
—|bxc|Ha]
=|b| c|sin6=a]
=|b]| E|sing:| a| (Since vectors are mutually perpendicular, they are at a right
angle with each other)
—|b||¢|=la| (Since singzl) ...... 2)
Divide (2) by (1) :
_lallbl_[¢|
[blic| lal
lal_Lcl
lc| a]



=laf’=|c[’

=lal-c] ..... (3)
Substituting (3) in (2) :
|bllal-al

=|b|=1

Hence proved.

~

52.1fa=2i-3),b=i+]j-k and c=3i-k , f
an

Ans. It is given that a=2i-3j,b=i+

al a2 a3
We know that [abc]=| b, b, b,
C1 C2 CS
2 -3 0
—[abc]=|1 1 -1
3 0 -1
—[abc]=2(-1) +3(-1+3) +0
—[abc]=-2+6
= [abc] = 4

~

find [abc]

j—k and c=3i—k .

53. Find volume of parallelepiped whose coterminous edges are given by
vectors 5—2?+3]+4I2 5=?+2] k and E—3?—]+2I2

Ans. To find the volume of paralleleplped whose coterminous edges are given by
vectors a = 2i +3j+4k b_|+21—k and c=3i —j+2k we simply take the

scalar triple product of them:
al a2 a3
[abc]=|b, b, b,
Cl C2 C3
2 3 4
—[abc]=[1 2 -1
3 -1 2



= [abc]=2(3) - 3(5) + 4(-7)|

= [abc]=[6-15- 28|

= [abc] =|-37|

Hence, the volume of parallelepiped is 37 cubic units.

—

54. Find the value of A such that a=i—j+k , b=2i+j—-k and
c=Ai—]+AKk are coplanar.

Ans. When three vectors are coplanar, their scalar triple product is zero.
Wehave a=i-j+k ,b=2i+j—kand c=ri—j+2k .

al a‘2 a3
[abc]=|b, b, b,
c, C, G,
1 -1 1
=2 1 -1=0
Lo-1 A
=|A-D+ @1 +1)+(-2-4)|=0
=[(3x-3)|=0
=>Ar=1

55. Show that the four points (-1, 4, -3) , (3,2, -5) , (-3, 8, -5) ,
(-3, 2, 1) are coplanar.

Ans. Given the four points A (-1, 4, -3) ,B (3,2, -5),C(-3,8, -5),D
(-3, 2,1):

Now, AB=b-a

— AB=4i-2j-2k

AC=c-a

— AC=-2i+4j-2k

AD=d-a

— AD =-2i-2j+4k

For the points A, B, C and D to be coplanar, we need to show that vectors
AB,AC,AD are coplanar, that is, their triple product should be equal to zero.



al a2 a3
[ABACAD]=|b, b, b,

c, C, C,
4 -2 -2
—[ABACAD]=|-2 4 -2
2 -2 4

= [ABACAD] = [4(12) + 2(-12) — 2(12)|
= [ABACAD] =48 — 24 - 24|
—[ABACAD] =0

Hence proved.

-

56. For any three vectors ,B,E prove that [5+5-6+E-E+5]=2[5-5-E] .
Ans. Let us consider [a+b-b+c-c+a] :

—(a+b)-[(b+c)x(c+a)]

:>(5+B)-(Bx6+6><6+6><5+6x5)

— (a+b)-(bxc+bxa+cxa) (Since cxc=0)
—a-(bxc)+b-(bxc)+a-(bxa)+b-(bxa)+a-(cxa)+b-(cxa)
—a-(bxc)+b-(cxa) (Since b-(bxc)=a-(bxa)=b-(bxa)=a-(cxa)=0)
—a-(bxc)+a-(bxc) (Since b-(cxa)=a-(bxc) )

— 2[abc]

Hence proved.

- = —

57. For any three vectors a,b,c prove that a—b,b-c,c—a are coplanar.

Ans. For a—b,b—c,c—a to be coplanar, their scalar product should be equal to
zero.
—[a—-b-b—c-c-a]

= (a—-b)-[(b-c)x(c—a)]
—(a—b)-(bxc—cxc—bxa+cxa)
—(a—bh)-(bxc—bxa+cxa) (Since cxc=0)

—a-(bxc)—b-(bxc)—a-(bxa)+b-(bxa)+a-(cxa)—b-(cxa)



—a-(bxc)—b-(cxa) (Since b-(bxc)=a-(bxa)=b-(bxa)=a-(cxa)=0)
— [abc] —[abc] (Since b-(cxa)=a-(bxc) )

=0

Hence proved.





