Application
of Integrals

Curvilinear designs are the symbol of modern architecture, the notion of
freeform and innovation but curves bring an emotional connection as curves
are found all through nature. Definite integrals help in finding the areas under
a curve or between two curves so that these structures are both theoretically
and practically stable for years and years.

Topic Notes

@ Application of Definite Integrals



APPLICATION OF DEFINITE INTEGRALS _

| TOPIC 1]
AREA OF BOUNDED REGIONS

In the previous chapter, we have studied about
indefinite integrals and discussed few methods of
finding them including integrals of some special
functions. We also studied what is called definite
integral of a function and we now know a definite
integral has a unique value. A definite integral Is

dencted by j: f(x)dx, where a is called lower limit

of the integral and b is called upper limit of the
integral.

If the definite integral has an anti-derivative F in the
interval (g, b], then its value is the difference between
the values of F at the end points of the interval, ie,

j: £(x) dx =F(b)~F{a).

Here, in this chapter, we shall study a specific
application of integrals to find the area under simple
curves specially, lines, circles, parabolas and ellipses
(standard forms only).

Theorem 1: Let f be a continuous function defined an
|a, b]. Then, the area bounded by the curve y = flx), the
x-axis and the straight lines x = g and x = b s given by

J': F(x)dx or j: ydx

Proof: Let PS be a curve y = f{x) between the lines
x=a (PQ) and x = b (RS). Then the required area is the
area of the closed region PQRS.
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Let E(x, y) and C(x + Ax, y + Ay) be two points on
the curve y = f{x). We draw two lines EA and CB
perpendicular to x-axis (see the figure).

Then, AB = Ax,BC =y + Ay and EA = y.

Let, area{QBCPQ) = A + AA and area(QAEPQ) = A.

Then, AA = area(ABCEA)

And area(ABFEA) = yAx; area (ABCDA) = (y + Ay)Ax

Now, area (ABFEA) = area (ABCEA) = area (ABCDA)
yhx = AA = (y + Ay)Ax

AA
= — s(y+ 4
G (y + dy)
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dx
b _ (b dA
= oy = [ G
b
= J, yax = [A];

= (area A when x = b) - (area A when x = a)
= area (PQRSP) -0

= [ ydx = area (PQRSP)
a

A Caution

= |f the curve y = f{x) lies below the x-axis, then the area
bounded by y = f{x), x = a and x = b will be negative. In this

" b
situation, the area is represented by |L ydx[ i
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Theorem 2: Let fbe a continuous function defined on
la, b]. Then, the area bounded by the curve x = fi), the
y-axis and the straight linesy = cand y = dis given by

[‘fwdy or ['xey.

y=d

x = fly)

Steps to follow while obtaining Area of a Bounded
Region

(1)
(2)

3)

@)

(5)

(€

Draw a rough sketch of the curve.

If the curve is symmetrical about one of the axes,
then find the area of one part and make it double.
If the curve is symmetrical about both the axes,
then find the area of one part and multiply it by 4.

If the required area is bounded between abscissa
x =g and x = b, lies below x-axis, then use the

formula:
b
v

If y changes sign in [a, b), then obtain the area of
each part separately and then add after taking
their modull.

If the required areais bounded between ordinates
Y =cand y = d, and y-axis then use the formula:

el

If x changes sign in [c, d], then obtain the area of
each part separately and then add after taking
their moduli,

Illustration: To find the area enclosed by the circle

2eyl=a

2,

The rough sketch of the circle x2 + y? = a? is drawn
below.
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The curve is symmetrical about both the axes.

So,

Required area = 4 x area (quad. OABO)
=4 x J':y dx
(Taking vertical strip)

=4 x J.:‘\.Jﬂ'z —dex

{As the region OABO lies in the first quadrant,
Y is taken positive.}
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4x (%u : "275 ]or na? sq. units

Alternate Solution:

The curve is symmetrical about both the axes.
So,

Required area
= 4 x area (quad. OABO)

= 4x J': xdy (Taking horizontal strip)
=4 xj:\faz - y2 dy
¢
M
B(0. @)
dy
X
X € > X
0 Ala. 0)
L
YI

{As the region OABQO lies in the first quadrant,
x Is taken positive]
1 u2 1y i
= 4x|=yJa? - y? + —sin” —]
[zy ST ek

2
=4 x(% . g],or ra? sq. units

Example 1.1: Find the area of the circle x? + y* = 8
by using definite integration.

Ans. Given equation of circle is:

X2 4+ r_.,t2 =8
Here centre and radius of a circle are (0, 0) and
242 units.



H
x24yl=8
X' 22 .y
b 4
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. Area of circle
= 4 x Area of quadrant of a circle
242
=4 L y dx
22 b g
=4 . 8- x*dx

242
X 2 8., .1 X
= 4| =y8 - x° +—=sin
2 ‘ 22 ]o

=4[0+4xsin"11]

= 16x g = Br 5q. units

Example 1.2: Using integration, find the area of
the triangular region whose sides have equations:

y=2x+1, y=3x+landx=4 [NCERT]
Ans. Equations of sides of AABC are:
y=2x+1 ()
y=3x+1 (i)
x=4 I ({1)

Solving (i) and (i) , intersecting point is A(O, 1).
Solving (ii) and (jii) , intersecting point is B(4, 13).
Solving (i) and (jii) , intersecting point is C(4, 9).
Required area = Area of the shaded region ABC
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= Area of ODBAQO - Area of ODCAC

J:(B;r +1)dx - J‘;{zx +1)dx
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= (24 + 4 -0)- (16 + 4), = 8 sq. units

Example 1.3: Using integration, find the area of
the triangular region whose vertices are A(- 1, 0),
B(1, 3) and C(3,2) [NCERT]

Ans. Let A(- 1, 0), B(1, 3) and C(3, 2) be the vertices

of AABC. Then,
Equation of AB:
3-0
y-0= 1_(_1) (X+1),
3
=Z(x+1
= y 2(x )
Equation of BC:
2-3
y=-3= 3—_f(1—1).
= -_—1x+Z
y=2%%3
Equation of CA:
2-0
y-0= 3+1(x+1).
1 1
= —X4+—
= ¥=3**32

Required area
= Area of the shaded region ABC
= Area of ADBA + Area of DECBD

- Area of AECA
Y
N
B(1,3)
3
2 lcgs, 2)
A(-1,0)| D(1,0) E(3,0)
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(10} - % -(8) = 4 5q. units

( OBIECTIVE Type Questions )

[ 1 mark ]

Multiple Choice Questions

1. @Area of the region bounded by the curve
y? = 4x, y-axis and the line y = 3, is:

(a) 2 sq. units (b) % sq. units

(c) g sq. units (d) g sg. units

2. @The area of the region bounded by the
curve y = sin x between the ordinates x = 0,

X= %and the x-axis is:

(@) 2 sq. units (b) 4 sq. units
(c) 3 sqg. units (d) 1 sqg. unit
[NCERT Exemplar]

3. Area bounded by the curves y = x*, the x-axis
and the ordinatesx==2aond x= 1, is:

(@) -9 sq. units (b) ;::5 sq. units

() ITS sq. units (d) % §0. Units

Ans. (d) % Q. units

Explanation: The given curve y = x° represents
the graph shown below.

x=1

Required area
= Area of the region CDOC
+ Area of the region OABO

= |f1 —x3dx | + j:xa dx

0 1

x4

4

x4

4

-2 4]

= | 0—4|+[%—{.'l}i.e*1‘4—Ir 5. units

4. @The area of the region bounded by the
curve x = 2y + 3 and the lines, y = 1 and

y==1is
(a) 4 sqg. units (b) % sq. units
(c) 6 sq. units (d) 8 sq. units
[NCERT Exemplar]

5. @Area bounded by the curves y = x|x|, the
x-axis and the ordinatesx==-1and x = 1, is:

(@0 (b) % sq. units
(c) ; sq. units (d) % sq. units

6. Area of the region bounded by the curve
Yy =cosxbetweenx=0andx=nls:

(a) 2 sq. units (b) 4 sq. units
(c) 3 sq. units (d) 1 sq. unit
[NCERT Exemplar]

Ans. (@) 2 sq. units
Explanation: The graph of cosine function is

positive from 0 to l;— and negative from 12:-

to m.



. Area of shaded region = 2 j: ydx

=2j154x-1dx

_a3i2 P
=2[(x3f15)3 ]
1

i 4
Area =_£|cosx|dx at(x - 1]3!2]?
n/2 L]
= _[ cosx dx + j (~cosx)dx
il w/2

He-172-0]

= [sinx]}"? +[-sinx];,, _4

=[5in£ - sino] +(—sinn + sinf]
2 2

=(1-0+(0+1)
=1+1=2sq units

K('#]B'ﬂ
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32 :
x8= 5 §Q. units

9. @The area of the region bounded by the

A Caution

w Remember that area can never be negative. curve y = ¥16-x" and x-axis Is:
(a) 8n sq. units (b) 20x sq. units
7. @Areq of the region bounded by the curve :
yz = 4x, Y~-axis and the line y = 3 Is: (c) 16 sq. units (d) 256n sq. units
g g [NCERT Exemplar]
(a) = sq.units (b} = sq.units
3 2 10. The area of region bounded by the lines
(© % $q. units (d) None of these Y =x,x=0,x=3 and x-axis is:
(a) E sq. units (b) 2 sq. units
8. If we draw a rough sketch of the curve 5 4
Y =vx =1 in the interval [1, 5], then the 9 4
area under the curve and heltwee]n the lines O 2 $q. units (d) 5 §q. units
x=landx=5Is:
32 16 Ans, (c) 9 sq units
(a) 3 s units () = 89, units 2 ¢

Explanation: The area of shaded region is

(c) 32 8q. units (d) Esq. units
9 9 3 3
ju ydx = jﬂ X dx

Ans. (a) % §q. units

Y
M Yy=x
Explanation: Given equation of curve is
y=x-1
ar yﬂ =X- 1 X :: 3 %
It is an equation of parabola opening 0 (3.0)
side wards towards positive x-axis with vertex
at (1, 0).
x=5
A v =3
X= 1 IJ = [h- 1! = Y‘
5 ]
V - [xﬂl ]
X+ > 2

o
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11. While going through certain pictures of
glass windows on the internet, Shefall and
her friend came across rather uncommon
round glass windows as shown below.
They discussed the application of definite
integrals in finding the area of the glass
bounded by the circle and the line passing
through its centre,

Area lying in the first quadrant and bounded
by the circle x* + y? = 4 and the lines x =0

andx=2,is
(a) r sq. units (b) % £q. units
() g sq. units {d) -:- s(. units

Ans. (g) & sg. units
Explanation:

> X
A(2.0)

Y
Required area = 1:44 =gt

2

2
X 3 . 34X
=| =v4—x"+—sin =
[2 2 2]0

= 2 X — = m 5q. units

A

( CASE BASED Questions (CBQs) )

[4 & 5 marks |

Read the following passages and answer the
questions that follow:
12. l ook at the shaded region on the graph, and
answer the following questions:
Y

¥y
(A) The shaded region is bounded by the
lines:
(a) y=x-2,x =2 and x-axis
(b) x=y -2,y =2 and x-axis
() y=|x=2|andy=2
(d)x=|ly=-2|andx=2

(B) @Which of the following is not a carner
point of the bounded region?

(2) (0,2) ® 2,0
(€ 4,2) d 2,9
© 'L'he area A of the shaded region is given
y:

(@) A =j:z dx-j:(z-x) dx-j:(x-z) dx

®) A =j:2 dx-j:(x-zjdx-j:(z-x) dx

© A=j:zdx+j:(x-z)dx—j:(z—x)dx
(@ A=] 2de+ [F(x-2) dx+ [} (2-x) dx

(D) @The area of the shaded region is:
(e) 2 sq. units (b) 4 sg. units
{c) 6 sq. units (d) 8 sq. units

(E) @Which is the point of intersection of
thelinesy=2-xandy = 2?
(e) (0,2) (b} (2,0)
(© 4,2 (d) (2, 9)

Ans. (A) (cy=|x-2|andy =2

Explanation: Equations of the three lines

AC, CB and AB of the shaded region are
y=2-xy=2andy=x-2.

© (@ A=j;2dx-_[:(z-x)dx-j:(x-zjdx

Explanation: Area of the shaded region is
given by

4 2 4
Jo Yec @ —J Yeadx — [, Ypg dx
e 4 2 4
ie, J'ﬂ 2dx _J-o (2—x)dx - _l'1 (x —2)dx
13. A farmer has a field in the shape of a circle,

in which he wishes to grow four varieties of
vegetables as shown below:



A

B(0,2./2)
x2+y?=8

ez /- \ ARJZ.0)
) K‘ y %

D(0,-2/2)

¥
(A) Evaluate /g _ w24y .

(B) Using integration, find the area of the
field.

Ans. (A) [V8 - x%dx = \[(2J2)? - xdx

- £ 22 )

22

X 2 =, - <
= —8 — x* + 4sin
2 232

(B) Area of the field = 4 x I:ﬁydx

= 4j;‘5 8 — x2 dx

242
" 4[5\!8 -x2+4 sin'ii]
2 22 Jy
[Using part (4)]

= 4[[%@ +4sin‘1%]
-[%m+4sin‘1%)]

= 4[{0 + 4sin" 1) - (0 + 4 sin"1 0)]
= 4[4 R o]
2

= 8n 5. units.

(VERY SHORT ANSWER Type Questions (VSA) )

[ 1 mark ]
14. @Find the area of the shaded region in the - Area of shaded region
following figure. _ 2 4
Y = |y yax
A "
y2 = Bx = Jﬁ X dx
— 5]
% 0 % L2k
= % = 2 sq. units
L x=12
Y 16. Find the area of shaded region in the figure,

15. Find the area of the curve y = |x| bounded by
the lines x = 0, x = 2 and x-axis.
Ans. Given curveis  y = |x|

_{ x, x=20

x, x<0
i f
iy
Y==X /yzx
0 (2,0) X
x=2
v

shown below.
M

y=sinx

M
o

T
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W

W

Ans, Area of shaded region
n
= .[a yex
LT
= .[a (sin x) dx

= [-cosx]y



= -[cos &t - cos 0]
=-[-1-1] =2 sq. units

17. @Find the area bounded by thelinex+y=3
and the axes.

18. @Find the area of the region lying in the
first quadrant and bounded by y = 6x?, x = 0,
y=2andy=4.

2
Find the area of the ellipse Y
16 4

19. If the area above the x-axis, bounded by the Y

curve y =2 andx=0and x =2 s

]
log, 2 Ans, Equation of ellipse Is:
then find the value of k. x2 . y? -
Ans. Given curve is y = 2 16 4
Y
y =25 ¥
(-4,0) A -y
: e A(4,0)
X € \ =
B'Y0,-2
x=2 v ¢ )
¥ G

Here,a=4,b=2

«Area of boundad reglon .. The vertices of an ellipse are A(4, 0) and

= [7 ydx A(-4,0)
g Since, this curve is symmetrical obout both
2 ke sides.

= JQ 2% dx .. Area of ellipse

= 4 x Area of ellipse In first quadrant

2
=[ 2" ] 4>-:j;ydx
klog?2 |

4 X
kg0 =dx | 2J1-de

klog2
’ 4 V16 - x?
a___1 (2% _1) " BIO T ™
log 2 klog2
2 Fog -2 Vo i
= k=1 .
2
20. The Ellipse (sometimes referred to as =2 Xya? —x2 4 ﬁsin'li]
Fresident's Park South) is a 52-acre park - 4lo

south of the White House fence and north of
Constitution Avenue and the National Mall

=2 %x0+85in'1{%]—{]+ﬂsin'10]
in Washington, DC. The entire park, which

features monuments, Is open to the public and =2/0+8xZ- {J] = Brmsq. units
Is a part of President's Park. The Ellipse is the L 2
location for many annual events. Hence, area of the ellipse is 8x sq. units.
( SHORT ANSWER Type-| Questions (SA-I) )
[ 2 marks ]
21. @Find the area between the parabola 22. @Find the area bounded byy=tanx,y=0

2,
y* = 6x and its latus rectum. anld EI“ the first quodront.



= -[cos xt - cos 0]
==[-1-1]=2sq. units

17. @Find the area bounded by the line x + y = 3
and the axes.

18. @Find the area of the region lying in the
first quadrant and bounded by y = 6x%, x = 0,
yu=2andy=4.

19. If the area above the x-axis, bounded by the

curuey:!hnndx=00ndx=2[si '

og, 2
then find the value of k.
Ans. Glven curveis y = g
Y s ok
Xe— >X
Xx=2
Y
. Area of bounded region
= Jz ydx
0
= [Pk
= Jo 2% dx
o T
= | klog2 |,
1 240
= —— (2" =2
klag2[ ]
3 1 2%
= 240 -1
- log, 2 klog2[ ]
= k=1

20. The Ellipse (sometimes referred to as
President's Park South) is a 52-acre park
south of the White House fence and north of
Constitution Avenue and the National Mall
in Washington, DC. The entire park, which
features menuments, is open to the public and
Is a part of President's Park. The Ellipse is the
location for many annual events.

X: yz
Find the area of the ellipse — + = =1
16 4
Ans, Equation of ellipse Is:
- LR
LI
LY AR
16" 4
Y
A
B(0,2)

/?f
Ny

BY(0.-2)
v
'Yl
Here,a=4,b=2
.. The vertices of an ellipse are A(4, 0) and
A'(-4,0)
Since, this curve is symmetrical obout both
sides.
. Area of ellipse
= 4 x Area of ellipse in first quadrant

4>-:j:ydx

2
4xj: 2,!1-:—de
- 8‘[4 \’16—.'!2
(1]

4

- 2]‘: V16— 2 dx

dx

4)2 %

= 2| 2y42 - x2 +isin'1i]

| 2 o

=2 ix0+asin‘1[i]-n+asin'1o]
2 4

= 2 0+Bx;—{]]=8usq.units

Hence, area of the ellipse is 8 sq. units.

( SHORT ANSWER Type-I Questions (SA-1) )

[ 2 marks ]

21. @Find the area between the parabola
y? = 6x and its latus rectum.

22. @Find the area bounded byy=tanx,y=0
and x = %In the first quadrant.



23. Find the area bounded by the lines x = 0,
y=0andx+y+2=0.

Ans. Given equation of lines are x = 0, 4y = 0 and
x+y+2=0

Ay
N

B(-2,0

\\\\Amrm
“\x+y+2=0

¥

Line x + y + 2 = 0 intersect the coordinate axes
at points A(0,-2) and B(-2, 0).

.. Area of shaded region

L 1y1ex

[’ (—Q—x}dx‘

2-2
X
| e R
_[ % 2]0

. [+4-%-(0-0)]|

|4 - 2] = 2 sq. units

24. @Find the area between the minor axis and

latus rectum of positive side of x-axis of an
2 .2

X Y
Wi —+==1
ellipse 9+4

( SHORT ANSWER Type-Il Questions (SA-Il) )

[ 3 marks |

25. @Find the area of region bounded by y = - 1,
y=2,x=y*andx=0.

26. Using integration, find the area of the region
bounded by the line 2y = 5x + 7, x-axis and
thelinesx=2and x=8. [NCERT Exemplar]

Ans, Given curve Is,

2y=5x+7
- _ Sx+7
C2
y
A AX=2 x=8

((5x32+7 x8)-(10+14))

= M=

(160 + 56 - 24)

Ll . |

192
2

= 96 sq. units

27. Find the area bounded by the curve |x| + |u|

=1,
Ans. Given curve is
e+ Jyl =1
= x+y=1 when x=0,y=0

x-y=1 when x20,y<0
-x+y=1 when x<0y=z0
and -x-y=1 when x<0,y<0
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Since, the figure is symmetrical.

.. Required Area = 4 x Area of shaded region
OABO

4 (1-x)ax

I
£
—5:
x
|
N %
| I |
(=] [

i

{1

2 5q. units

il

28. Find the area bounded by the curve
Y = 2 cos x and the x-axis from x = 0 to
x=12r,

[NCERT Exemplar]

Ans. The graph of a cosine function is positive from

x . B S
to 2.negmtlw rs to 5 and again

. 3n
positive from — to2r

2 |,
x 0 3n/2 2n

v
Fi

. Required area = _f[?_cus x| dx

o
*)2 102

iz
- Iﬂcosxdx + _[ (-2cos x)dx 4 I 2cos x dx
0 %2

Anf2

= 2[sinx];“ +2 [-simf]::,"zﬂ 42 [sim:']i:’,2

=21-0) + 2[-(-1) + 1] + 2 [0 - (-1)]
=24+44+72
= 8 sq. units

A Caution

= Draw the appropriate curve for cos x.

(LONG ANSWER Type Questions (LA))

[ 4 & 5 marks ]

29. @Compute the area bounded by the lines
X+2y=2,y-x=1and 2x +y = 7.
[NCERT Exemplar]

30. @Find the area of the region bounded by the
triangle whose vertices are (-1, 1), (0, 5) and

(3, 2) using integration.  [NCERT Exemplar]
31. Shown below is a parabola
Y
g'l =X
X+5 ) 3 *X
Y

Find the area of the shaded region. [Use 2 as

1.4 and \E as 1.7]

Ans. Area of shaded region = j'; J:_rdx + |_|'02~J;dx|

= 3x3ﬁ+§x'zﬁ

3
-
3

x3:1.?+§:2:1.4

=34+ 1867
= 5.267 sq. units

32. Using integration, find the area bounded by
the curvesiy=|x+ 1|+ 1,x=-3,x=3 and
y=0. [CBSE 2014)



Ans. Given curves, Required Area = Area of shaded region

y=|x+1l+1,x=-3,x=3andy=0 Area of shaded region ABCDA + Area of
Y shaded region ADEFA

[y —xax+ [P (x+ 20

£ -1 3
\\‘+ - _|:x_2j| +{ﬁ+ Ex]
bl e 2 _1
= 3 D
=T __[l_§]+[2+6__+2]
_ T l2 2012
xr{. /E\




(LONG ANSWER Type Questions (LA) )
[ 4 & 5 marks ]

1. Using integration, find the area of the region bounded by the triangle whose vertices are (-1, 2),
(1, 5) and (3, 4).

Ans.
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| | Tlea
| S e s g i)
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ci z% —7 _
s il & /*( j i ______J:.t,(_b."(ll -
|

| = = i t 3 A 5 [
ll .z-_
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