Logarithms

e INTRODUCTION

Questions based on this chapter are not so frequent in
management entrance exams. In exams, most problems
that have used the concept of logs have been of an ap-
plied nature. However, the aspirants should know the basic
concepts of logarithms to ensure there are no surprises in
the paper.

While studying this chapter the student should pay
particular attention to the basic rules of logarithms as well as
develop an understanding of the range of the values of logs.

% THEORY

Let a be a positive real number, a # 1 and @* = m. Then x
is called the logarithm of m to the base a and is written as
log,m, and conversely, if log,m = x, then a* = m.

Note: Logarithm to a negative base is not defined.

Also, logarithm of a negative number is not defined.
Hence, in the above logarithmic equation, log,m = x, and we
can say that m >0 and a > 0.

Thusa*=m = x=log,m and logm=x=a" =m

In short, a* = m = x = log m.

x = log,m is called the logarithmic form and a* = m is
called the exponential form of the equation connecting
a, x and m.

Two Properties of Logarithms

1. log, 1=0foralla>0,a#1
That is, log 1 to any base is zero
Let log,1 = x. Then by definition, a* = 1

Buta’=1. d"=a"=x=0.
Hence log,1 =0 foralla>0,a# 1

2. logia=1foralla>0,a=1
That is, log of a number to the same base is 1
Let log,a = x. Then by definition, a* = a.
Buta'=a .. d'=da' =>x=1.
Hence log,a=1foralla>0,a# 1.

Laws of Logarithms

First Law:  log, (mn)=log,m + logn
That is, log of product = sum of logs
Second Law: log, (m/n) =log,m —log,n

That is, log of quotient

= difference of logs

Note: The first theorem converts a problem of multipli-
cation into a problem of addition and the second theorem
converts a problem of division into a problem of subtrac-
tion, which are far easier to perform than multiplication
or division. That is why logarithms are so useful in all
numerical calculations.

Third Law: ~ log,m" = n log,m

Generalisation

1. log (mnp) =log m + log n + log p
2. log (aya5a; ... ap)=loga, +loga, + ... +log a;

Note: Common logarithms: We shall assume that the base
a = 10 whenever it is not indicated. Therefore, we shall
denote log,,m by log m only. The logarithm calculated to
base 10 are called common logarithms.




The Characteristic and Mantissa of a
Logarithm

The logarithm of a number consists of two parts: the
integral part and the decimal part. The integral part is
known as the characteristic and the decimal part is called
the mantissa.

For example,

Inlog 3257 =3.5128, the integral part is 3 and the decimal
part is .5128; therefore, characteristic = 3 and mantissa
=.5128.

It should be remembered that the mantissa is always
written as positive.

Rule: To make the mantissa positive (in case the value of
the logarithm of a number is negative), subtract 1 from the
integral part and add 1 to the decimal part.
Thus, —3.4328 =—(3+.4328)=-3-0.4328
=(-3-1)+(1-0.4328)
=—4+ .5672.

so the mantissa is = .5672.

Note: The characteristic may be positive or negative.
When the characteristic is negative, it is represented by
putting a bar on the number.

Thus instead of —4, we write 4.

Hence we may write —4 + .5672 as 4.5672.

Base Change Rule

Till now all rules and theorems you have studied in
Logarithms have been related to operations on logs with
the same basis. However, there are a lot of situations in
Logarithm problems where you have to operate on logs
having different basis. The base change rule is used in such
situations.

This rule states that

(i) log, (b) = log, (b)/log, (a)

Space for Notes

It is one of the most important rules for solving
logarithms.

(i) logy, (a) = log,. (a)/log, (c)
A corollary of this rule is

(iii) log, (b) = 1/log,, (a)

. . log a*

(iv) log c to the base a” is equal to Oia .

Results on Logarithmic Inequalities

(a) If a > 1 and log, x; > log, x, then x; > x,
(b) If a <1 and log, x; > log, x, then x; < x,

Applied conclusions for logarithms

1. The characteristic of common logarithms of any
positive number less than 1 is negative.

2. The characteristic of common logarithm of any num-
ber greater than 1 is positive.

3. If the logarithm to any base @ gives the characteristic
n, then we can say that the number of integers pos-
sible is given by a" "' — 4"

Example: log,, x = 2.bcde..., then the number of
integral values that x can take is given by: 10* "' —
10% = 900. This can be physically verified as follows.
Log to the base 10 gives a characteristic of 2 for
all 3 digit numbers with the lowest being 100 and
the highest being 999. Hence, there are 900 integral
values possible for x.

4. If —n is the characteristic of log;,y, then the number
of zeros between the decimal and the first significant
number after the decimal is n — 1.

Thus if the log of a number has a characteristic of
—3 then the first two decimal places after the decimal
point will be zeros.

Thus, the value will be —3.00ab...




©) WORKED-OUT PROBLEMS

Problem 16.1 Find the value of x in 37 4 = 9% ~2

(a) 8/7 (b) 7/8
(c) 7/4 (d) 16/7

Solution Take the log of both sides, then we get,

|3x—4|log3=(2x—-2)log9
=(2x-2) log 3*

=(4x—4)log3
Dividing both sides by log 3, we get
[3x—4|=(4x-4)
Now, |3x—4| =3x—-4ifx>4/3
so if x>4/3
3x-4=4x-4
or 3x =4x
or 3=4

But this is not possible.

Let’s take the case of x <4/3
Then [3x—4|=4-3x
Therefore, 4 — 3x = 4x — 4 from

or Tx =38
or x=28/7

Problem 16.2 Solve for x.
loglox—logm\/; =2log,10
. 1
Solution Now, logm\/; = EX log,ox

Therefore, the equation becomes

1
log,ox — 5 log,yx =2 log,10

1
or 5 log,px =2 log, 10

Using base change rule (log,a = 1/log,b)
Therefore, equation (2) becomes

1
5 log,ox = 2/log,ox

= (loglox)2 =4
or log;px =2
Therefore, x =100

Space for Rough Work
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Problem 16.3 If 777! — 7%~ ! = 48, find x.

Solution Take 7° ' as the common term. The equation
then reduces to

(7P -1) =48
or 7 =1
or x—1=0orx=1

Problem 16.4 Calculate: log, (2/3) + log, (9/4)
=log, (2/3) + (log, (9/4) /log,4
=log, (2/3) + 1/2 log, (9/4)
=log, (2/3) + 1/2 (2 log,3/2)
=log,2/3 + log,3/2 =log,1 =0

Problem 16.5 Find the value of the expression

1/1og;2 + 2/logy4 — 3/10g,48
Passing to base 2
we get

log,3 + 2log,29 — 3log,327
4log,3 9log,3
23
= 3log,3 — 3log,3
=0
Problem 16.6 Solve the inequality.

(a) log, (x +3) <2
22>x+3
4>x+3
1>x
or x <1
But log of negative number is not possible.
Therefore, x+320
That is, x=>-3
Therefore, -3<x<1
(b) log, (**—5x+5)>0
=x’-5x+5>1
SxX—5x+4>0
>x-4HHx-1)>0
Therefore, the value of x will lie outside 1 and 4.
Thatis,x>4orx<1.

=log, 3 +

=
=




LEVEL OF DIFFICULTY (1)

1.

log 32700 = ?
(a) log3.27+4
(c) 2log327

(b) log3.27+2
(d) 100 x log 327

2. log . 0867 =?
(a) log 8.67+2 (b) log 8.67-2
log 867
(c) 1000 (d) —2log8.67
3. If log,,2 = .301 find log;,125.
(a) 2.097 (b) 2.301
(c) 2.10 (d) 2.087
4. log;, 8 =7
(a) 2/5 (b) 5/3
(c) 3/5 (d) 4/5
Find the value of x in equations 5—6.
5. logysx = 25
(@) 27 (b) 2%
() 272 () 2%
6. logyx = %
(@) 3 (b) 3
3 2
() 2 (d) 3
7. log,53375 x log,1024 = ?
(a) 16 (b) 18
(c) 12 (d) 15
8. log,4 + log,16 + log,64 + log,256 = 10. Then a =
?
(a) 4 (b) 2
(c) 8 (d 5
9. 10g625«/§ =7?
(a) 4 (b) 8
(c) 1/8 (d) 1/4
10. If log x + log (x + 3) = 1 then the value(s) of x
will be, the solution of the equation
(&) x+x+3=1 (b) x+x+3=10
(c) x(x+3)=10 (d xx+3)=1
11. If log,ga = b, find the value of 10% in terms of a.
(a) o (b) 3a
(c) ax1000 (d) ax100
12. 3log5+21log4—log2="7
(a) 4 (b) 3
(c) 200 (d) 1000
Solve equations 13-25 for the value of x.
13. log Bx-2) =1
(a) 3 (b) 2
(c) 4 (d) 6

e

14. log 2x -3)=2
(a) 103 (b) 51.5
(c) 25.75 (d) 26
15. log (12 — x) = -1
(a) 11.6 (b) 12.1
() 11 (d) 11.9
16. log (x> = 6x + 6) =0
(a) 5 (b) 1
(c) Both (a) and (b) (d) 3and2
17. log2* =3
(a) 9.87 (b) 3log2
(c) 3/log?2 (d) 9.31
18. 3=
(a) 1/log,3 (b) log;3
(c) 1/logy7 (d) log;7
19. 5°=10
(a) log5 (b) log 10/log 2
(c) log2 (d) 1l/log5s
20. Find x, if 0.01" = 2
(a) log2/2 (b) 2/log?2
(c) —2/log2 (d) —log2/2
21. Find x if log x = log 7.2 — log 2.4
(a) 1 (b) 2
(c) 3 (d) 4
22. Find x if log x = log 1.5 + log 12
(a) 12 (b) 8
(c) 18 (d) 15
23. Find x if logx =2 log 5 + 3 log 2
(a) 50 (b) 100
(c) 150 (d) 200
24. log (x — 13) + 3 log 2 =log Bx + 1)
(a) 20 (b) 21
(c) 22 (d) 24
25. log (2x — 2) — log (11.66 —x) = 1 + log 3
(a) 452/32 (b) 350/32
() 11 (d) 11.33
Space for Rough Work




LEVEL OF DIFFICULTY (1) _

. Express log

3[ 2 2
a 23

or
c b>~e

X in terms of log a, log
b and log c.

(a) loga+5logh—-2logc

(b) loga—Slogb—%logc

(c) loga—Slogb-l-%logc

W W Wi ND|w

1
(d) loga+510gb—510gc

If log 3 = 4771, find log (.81)* x log (%)3 +log 9.

(a) 2.689
(c) 2.2402

(b) —0.0552
(d) 2.702

. If log 2 = 301, log 3 = .477, find the number of

digits in (108)"°.

(a) 21 (b) 27
(c) 20 (d) 18
If log 2 = .301, find the number of digits in (125)%.
(a) 53 (b) 50
(c) 25 (d) 63

Which of the following options represents the value
of log V128 to the base .625?

2 +1og.2 log.128

(@) (b) oS820
ogg5—1 2logg0.625

() 2tlogs2 (d) Both (b) and (c)
2(logg5-1)

. Solve for x:

75 7 105 13

log =2 +2log ~ —log —> —log — =0.

8 35 85 TR % s

(a) 90 (b) 65

(© 13 () 45
4 X 63

2 log = —log = +log—> =0

%83 %70 T %60

() 7 (b) 14

© 9 ) 3

lo 2—10 7 + lo ﬂzx

C 083 %8s T8
(@ 0 (b) 1
(c) 2 d 3

Questions 9 to 11:
9.

10.

. (a)

Which one of the following is true
(a) log,4275 = log;4375 (b) log,;,275 < log;4375
(c) log,;275>1log;4375 (d) Cannot be determined
(a) log;;1650 > log,;1950

(b) log;;1650 <log;;1950

(c) log;;1650 =1log,31950

(d) None of these

10g; 4096 _ 10,4096

log, 4096 -
3

(b) logg4096

()
(d) Cannot be determined
2

b&# > logg4096

24

16 5 81
. log—+ 5log— +3log— =logx, x =7
ST 80 BT

(a) 2 (b) 3

(c) 0 (d) None of these

If log 2 = 0.301 and log 3 = 4771 then find the
number of digits in the following.

. 60"
(a) 25 (b) 22
(c)9 23 (d) 24
.72
(a) 17 (b) 20
(c)2 18 d) 15
. 277
(a) 38 (b) 37
(c) 36 (d) 35

Questions 16 to 18: Find the value of the logarithmic
expression in the questions below.

16.

log\/ﬁ +log8 — log V1000

log1.2
where, log;,2 = 0.30103, log;, 3 = 0.4771213
(a) 1.77 (b) 1.37
(c) 2.33 (d) 1.49
1 1 1
+ + -
log,, (xyz) log, (xyz) log.,(xyz)
(a) 1 (b) 2
(c) 3 (d) 4
. logd"/b" + logb"/c" + logc"/a"
() 1 (b) n
(¢) 0 (d) 2



19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

log,,x — log, V=2 log, 10 then x = ?

(a) 50 (b) 100

(c) 150 (d) 200

(2) =2. Thenx =7?

10

log 2 log 2

(@) ——2 (b)) o

log3+1log7-1 log3+1log7+1

log 3 log 2

(c)

log2+1log7-1 log3—1log7+1

log (x* + 5) = 3 log (x + 2) then x = ?
2+2 2-2
(a) > (b) 2
(c) Both (a) and (b) (d) None of these
(@* - 28’0 + b ' =(a—b)? (a+ b)*thenx = ?
(a) 1 (b) 0
(c) None of these (d 2

Iflog,(,242 = a, log,, 80 = b and log,, 45 = c, express
log,, 36 in terms of @, b and c.

(c=DGetb=4)  (c=DGetb=4)

(@) > 3

(c—=1)3c—-b-4)

(©) 3

(d) None of these

For the above problem, express log;, 66 in terms of
a, b and c.

(c—D@Bc+b-4) 3(a+c)+(2b+-)5)
8 ®) 6
3(a+c)+(2b-5) 3(c—1)Bc+b—4)
6 @ 6
log, (9 — 2%) = 10"¢ 9 Solve for x.

(@) 0 (b) 3
(c) Both(a)and(b) (d) Oand6

(a)

(c)

If logx = logy
b-c
tions.
(@) xyz=1 (b) xy' =1
(c) xPFeyetaz2b=1 (d) All the options are cor-
rect.

What will be the value of x if it is given that:
[1 11 1 1 ]2
log [=+—+—+—+—+...tcoterms | =2
5 12 21 32 45
(10g4x2) (xlog,,8) (log,243) is equal to:
(a) 2x (b) 5x
(c) 3x (d 1
For how many real values of x will the equation log;,
log, (* = 18x* + 108x) = log, log, 16 be satisfied?

= loi. Mark all the correct op-
a—>b

c—a
IIFT 2006

30. If n =123
1 1 1
+ +

log,n logyn log,n
1 1
+ +
loggn loggn
1 N 1 _ 9
logyn loggn

31. (10g2x)2 + 2 logyx — 8 = 0,Where x is a natural
number. If xP = 64, then what is the value of x + p.
Directions for 41 and 42: A =

. b .
2?:2 log; (i), B = ijz log;(/)& C
= ZE::;) log; logs k,wherea 2b. If D=A-B

— C. Then answer the following questions.
32. If a = 10 then for what value of b, D is minimum
33. For a = 6, D is maximum for b =
34. If ‘p’ and ‘g’ are integers and log, (—* + 6g — 8) +
log, (=2p” + 20p — 48) = 0 then p X ¢ = ?

Space for Rough Work




ANSWER KEY
Level of Difficulty (I)
1. (a) 2. (b) 3. (a) 4. (c)
5. (a) 6. (b) 7. (d) 8. (a)
9. (c) 10. (¢) 11. (a) 12. (b)
13. (¢) 14. (b) 15. (d) 16. (c)
17. (¢) 18. (a) 19. (d) 20. (d)
21. (¢) 22. (c) 23. (d) 24. (b)
25. (¢)
Level of Difficulty (Il)
1. (b) 2. (b) 3. (a) 4. (a)
5.(d) 6. (c) 7. (a) 8. (c)
9. (b) 10. (a) 11. (a) 12. (d)
13. (b) 14. (a) 15. (¢) 16. (d)
17. (b) 18. (¢) 19. (b) 20. (a)
21. (¢) 22. (b) 23. (d) 24. (c)
25. (a) 26. (d) 27.25/48 28. (b)
29. 1 30. 4 31.7 32.10
33.3 34. 15

Level of Difficulty (I)

1.
2.

10.

I1.

12.

13.

14.

15.
16.

Log 32700 = log 3.27 + log 10000 = log 3.27 + 4
Log 0.0867 = log (8.67/100) = log 8.67 — log 100
Log 8.67 — 2

. logy 125 = log,,(1000/8)= log 1000 — 3log2

=3 -3x0.301 =2.097
log;, 8= log 8/log 32 (By base change rule)
= 3 log2/5log2 = 3/5.
logys x =25 = x = 0.5 = ()P =275
y=3112_ \/g
log;s3375 x Log,1024
=3 log;s15x51log,4=3x5=15.

The given expression is:

Log, (4 x 16 x 64 x 256) = 10
ie. log, 4" =10
Thus, a = 4.
1/2 loggys 5 = [1/(2 x 4)] logs 5 = 1/8.
log x (x +3)=1= 10" = x* + 3x.
or x(x + 3) = 10.
logjpa=56= 100=a= By definition of logs.
Thus 10** = (10%)° = &°.
3log5+2log4—log2

=log 125 + log 16 — log 2

= log (125 x 16)/2 = log 1000 = 3.
10! =3x-2=x=4.
10°=2x -3 = x =515
/10 =12 —x =>x =119
X -6x+6=10°=x —6x+6=1
=>x - 6x+5=0
Solving gives us x = 5 and 1.

17.

18.

19.
20.
21.
22.
23.
24.

25.

xlog2=3
log 2 = 3/x.
Therefore, x = 3/log 2
3¥=7=log;7=x
Hence x = 1/log; 3
x =logs 10 = 1/log,, 5 = 1/log 5.
x =logy o 2 = —log 2/2.
log x =log (7.224) =log3 =>x =3
log x =log 18 = x =18
log x = log 25 + log 8 = log (25 x 8 ) = log 200.
log (x —13) + log 8 = log[3x + 1]
= log (8x—104) =log 3x+ 1)
= 8x—104 =3x+1

5x =105 =>x=21
log (2x — 2)/(11.66 — x) = log 30
= (2x—2)/(11.66 —x) =30

2x —2 =350 -30x

Hence, 32x = 352 = x = 11.

Level of Difficulty (Il)
1.
2.

2/3 log a — 5 log b — 1/2 log c.

2 Log (81/100) x 2/3 log (27/10) + log 9

=2 [log3* - log 100] x 2/3 [(log 3* — log10)] = 2 log
3

=2 [log3* — log 100] x 2/3 [(3log 3 — 1)] = 2 log 3
Substitute log 3 = 0.4771 = — 0.0552.

. Let the number be y.

y=108"
= log y = 10 log 108
Logy=10log (27 x 4)
Logy =10 [3log3 + 2 log 2]
Logy=10[1.43 +0.602]
Hence log y = 10[2.03] = 20.3
Thus, y has 21 digits.
log y =25 log 125
=25 [log 1000 — 3 log 2] =25 % (2.097)
=52+
Hence 53 digits.

. 0.5 log 45 128

=0.5 [logg128/10g40.625]
1/2 [ logg128/10g40.625]

Logg 128 Logg 128 2 +1logg2
2(logss—logg)  2[logss—11  2(logg5—1)

(75/35) x (49/25) x (x/105) x (25/13) = 1

=x=13

(16/9) x (10/x) % (63/160) = 1

=>x=7

. Solve in similar fashion.



9.

10.

11.

12.

Log;;275 <log,4375

Because the value of Log,;;275 is less than 2 while
log,4375 is greater then 2.

log,;1650 > 3

Log,31950 <3

Hence, log,;1650 > log,;1950

log, 4096
—=—— = logg 4096
3 g8

x = (16/15) x (25°/24°) x (81°/80%)
None of these is correct.

13-15.
Solve similarly as 3 and 4.

18.
19.

20.

21.

25.

26.

27.

log (d"b"c"/ad"b"c") = log 1 =0
(1/2) log x = 2log, 10
= logx =4log,10
= logx =4/log;px = (log x)P?=4
So log x = 2 and x = 100.
X = 10%(21/10)2

_ Log?2 B Log?2

Log21—-1logl0 [Log3+log7—1]

67+ 12x+3=0 or 2 +4x+1=0
Solving we get both the options (a) and (b) as cor-
rect. Hence, option (c) is the correct answer.
For x = 0, we have LHS
Log, 8 = 3.
RHS: 10"°¢° = 3,
We do not get LHS = RHS for either x = 3 or x = 6.
Thus, option (a) is correct.

logx logy logz —k

b—c Ca-b

c—a

= x = 10 k(b—C)’ y — 10k(€—d)’ z = lok(a—b)
L xyz = 10k(b—c+c—a+a—b) _ 100 =1
Therefore option (a) is correct.

¥ yb £ = lok[a(bfc) + b(c — a) + c(a — b)]

_ lok(ab —ac + be — ab + ca — be)
=1050=1

Therefore option (b) is correct.
xb+cyc+aza+b — 10k[(b+c)(b—c)+(c+a)(c—a)+(a+b)

(a = b)]
=100 =1
Therefore option (c) is also correct.

Since all the first three options are correct, we choose
option (d) as the correct answer.

1 1 1 1 1 2
log, | =+—+—+—=+-—+...+ o0 terms
5 12 21 32 45
11 1 1 1
=2log, (=+—+—+—=+——+...+ o0 terms
R PR TR Rr: )

28.

29.

30.

31.

1 1 1 1 1
Let —+—+—+—+—+...+coterms =P
5 12 21 32 45
_ 1[ 4 4 4 4 4 ]
P=_ + + + + +...00
411x5 2x6 3x7 4x8 5x9

4p = |:]_l+l_l+l_l+l_l+l_l:|
52 6 37 48 59

log,—=1orx=25/48
48

2logx xlog8 log243

log, x*.xlog,-8.log. 243 = . .
84 8279108« log4 log27 logx

_ logx 3xlog2 Slog3 — 5y
log2 3log3 " logx

log,(log,16) = log, log442 =log,2 =1
log; logs (x* — 18x* + 108x) = 1
logg(x® — 18x% + 108x) = 3
X = 18x% + 108x = 6°
X = 18x% + 108x — 216 = 0
(x-6)>=0
x = 6 is the only value for which the above equation
is true.

1 1 1 1

+
log,n logzn log,n
1 1 1
+ +

logg 1

logg n

loggn logyn

= log,2 + log,3 + log,4 + log,6 + log,8 + log,9 +
log,18

=log, (2x3x4x6x8x9x18)

= log, (2* x 39

= log, (2% x 3"%)*

=4 log, (2> x 3'9)

=4log,, ys (27 x3'7)=4

(log,x)* + 2log,x — 8 = 0

(logzx)2 + 4log,x — 2log,x —8 =0

log,x [logyx + 4] — 2 [log,x +4] =0

[log, x — 2] [log,x +4] =0

Since, x is a natural number hence [log,x + 4] cannot
be zero. Hence, log,x —2 =0

logyx = 2

x=2"=4

We are given that: X’ = 64. Since x is 4, this means



that: 33. If a = 6, then D will be maximum for 4 = 3 (Since

47 = 64 the value of "C, attains its’ maximum when the value
p=3 of 7 is half the value of n)
Hence, the value of (x + p) =4 +3 =7 34. Both p, g must be greater than 0 as logarithms are
a not defined to negative bases. Now looking at the
32. 4= Zlog3 i=logy1+log;2+log;4+...+log;a two parts of the expression we see that both:
i=1 > +6g-8>0 and -2p* + 20p — 48 > 0.
= logs(2.3.4....a) = logy(a!) This leads us to the following conclusions:
Similarly B = log;(b!),C = logs(a — b)! &> — 6q +8 < 0. Hence, (¢ — 2) (¢ — 4) < 0. The only
D = logza! — log;b! — logs(a — b)! integer value of ¢ that satisfies this is ¢ = 3.
—logy—4 Likewise, 2p*> — 20p + 48 <0 means 2 (p — 4) (p — 6) < 0
bl(a-b)! Only integer value of p which satisfies the above In

~ log;(°C,) equality is p = 5.

If ¢ = 10, then D will be minimum when b = 10,  ~PX4=3x5=15

since the smallest value of "C, occurs when n = r.

Space for Rough Work




TRAINING GROUND FOR BLOCKYV

e HOW TO THINK IN PROBLEMS ON
BLOCK V

1. Letx, x5, ..., X;99 be positive integers such that x, +
x,_; + 1 =k for all !, where k is a constant. If x;, = 1,
then the value of x, is
(a) k (b) k-2
(c) k+1 d 1

Solution: Using the information in the expression which
defines the function, we realise that if we use x,, as x,, the
expression gives us:

X0t X9+ 1=k — x9=k-2; Further, using the value of x,

to get the value of xg as follows:

Xotxgt1l=k—=>k-2+x+1=k—>x3=1;

Next:xg+x;+ 1=k —>x,=k—-2.

In this fashion, we can clearly see that x, would again be

1 and x5 be k&-2; x, =1 and x; = k—2; x, = 1 and x; = k2.
Option (b) is correct.

2. fay=1,a,=1anda,=a, 5a,,+3 forn>1,
which of the following options would be true?
(a) aysis odd and ays; is even
(b) ays 18 odd and ays; is odd
() aysgis even and ays; is even
(d) ays s even and a,s, is odd

Solution: In order to solve this question, you need to
think about how the initial values of a, would behave in
terms of being even and odd.

The value of @, = 1 X 1 + 3 =4 (This is necessarily even
since we have the construct as follows: Odd x Odd + Odd =
0Odd + Odd = Even.)

The value of a; =1 x 4 + 3 =7 (This is necessarily odd
since we have the construct as follows: Odd x Even + Odd =
Even + Odd = Odd.)

The value of a, =4 x 7+ 3 = 31 (This is necessarily odd
since we have the construct as follows: Odd x Even + Odd =
Even + Odd = Odd.)

The value of a5 = 7 x 31 + 3 = 220 (This is necessarily
even since we have the construct as follows: Odd x Odd +
0Odd = Odd + Odd = Even.)

The next two in the series values viz: a4 and a; would be
odd again since they would take the construct of Odd X Even
+ Odd = Even + Odd = Odd. Also, once, a4 and a, turn out
to be odd, it is clear that ag would be even and aq a,, would
be odd again. Thus, we can understand that the terms a,,
as, ag, a;;, a,4 are even while all other terms in the series
are odd. Thus, the even terms occur when we take a term
whose number answers the description of a3, . , If you look
at the options, all the four options in this question are asking
about the value of a5, and ays,. Since, neither of these terms
is in the series of a3, ., we can say that both of these are

necessarily odd and hence, Option (b) would be the correct
answer.
a+tb c+d
b+c d+a

(a) a=c

(b) eithera=cora+b+c+d=0

(¢) atb+ctd=0

(d) a=candb=d
Solution: Such problems should be solved using values
and also by doing a brief logical analysis of the algebraic
equation. In this case, it is clear that if a = ¢ = k (say), the
LHS of the expression would become equal to the RHS of
the expression (and both would be equal to 1). Once we
realise that the expression is satisfied for LHS = RHS, we
have to choose between Options a, b and d. However, a
closer look at Option (d) shows us that since it says a = ¢
and b = d it is telling us that both of these (i.e., a = ¢ as
well as b = d) get satisfied and we have already seen that
even if only a = c is true, the expression gets satisfied. Thus,
there is no need to have b = d as simultaneously true with
a = c as true. Based on this logic we can reject Option (d).
To check for Option (b) we need to see whether a + b + ¢
+ d = 0 would necessarily be satisfied if the expression is
true. In order to check this, we can take a set of values for
a, b, ¢ and d such that their sum is equal to 0 and check
whether the equation is satisfied. Taking, a, b, c and d as 1,
2, 3 and —6 respectively we get the LHS of the expression
as 3/(-1) = =3; the RHS of the expression would be (-3)/
(=5) = 3/5 which is not equal to the LHS. Thus, we can
understand that ¢ + b + ¢ + d = 0 would not necessarily
satisfy the equation. Hence, Option (a) is the correct answer.

4. If a, b, c and d satisfy the equations
a+7b+3c+5d=0

8a +4b + 6¢ + 2d = -32

2a + 6b + 4c + 8d = 32

Sa+3b+7c+d=-32

Then (a + d) (b + ¢) equals

(a) 04 (b) —64

(c) 0 (d) None of the above

Solution: Adding each of the four equations in the ex-
pression we get: 16(a + d) + 20(b + ¢) = -32.
Also, by adding the second and the third equations we
get: a + b+ ¢+ d=0, which means that (¢ + d) =—(b + ¢).
Then from: 16(a + d) +20(b + ¢) =32, we have: —16(b
+¢)+20(b+c)=-32—4(b+c)=-32.Hence, (b+c)=-8
and (a + d) = 8. Hence, the multiplication of (a + d) (b + ¢)
=-64
5. For any real number x, the function /(x) denotes the
integer part of x — i.e., the largest integer less than
or equal to x. At the same time the function D(x)

3. If , then




denotes the fractional part of x. For arbitrary real

numbers x, y and z, only one of the following state-

ments is correct. Which one is it?

(@) I(x+y)=1(x)+1(y)

(b) Ix+y+2)=ILx+y)+1z)=1x)+ 1y +z)=Ix
+z)+1(y)

() Ix+y+z)y=Ix+y)+I(z+ Dy +x))

(d) Dx+y+z)y=y+z—Iy+z)+ D)

Solution: There are three principle themes you need to
understand in order to answer such questions.

1. Thinking in language. The above question is garnished
with a plethora of mathematical symbols. Unless you
are able to convert each of the situations given in the
options into clear logical language, your mind cannot
make sense of what is written in the options. The best
mathematical brains work this way. Absolutely nobody
has the mathematical vision to solve such problems by
simply reading the notations in the problem and/or the
options.

2. While thinking in language terms in the case of a
question such as this, in order to understand and grasp
the mathematical situation confronting us, the best thing
to do is to put values into the situation. This is very
critical in such problems because as you can yourself
see — if you are thinking about say /(x + y + z) and you
keep the same notation to think through the problem,
you would need to carry /(x + y + z) throughout the
thinking inside the problem. On the other hand if you
replace the /(x + y + z) situation by replacing values
for x, y and z, the expression would change to a single
number. Thus, if you take /(4.3 +2.8+5.3)=1(12.4)=
12. Obviously thinking further in the next steps with 12,
as the handle, would be much easier than trying to think
with I(x + y + z).

3. Since the question here is asking us to identify the cor-
rect option which always gives us LHS = RHS, we can
proceed further in the problem using the options given
to us. While doing this, when you are testing an option,
the approach has to be to try to think of values for the
variables such that the option is rejected, i.e., we need
to think of values such that LHS # RHS. In this fashion,
the idea is to eliminate 3 options and identify the one
option that cannot be eliminated because it cannot be
disproved.

Keeping these principles in mind, if we try to look at the
options in this problem we have to look for the one correct
statement.

Let us check Option (a) to begin with:

The LHS can be interpreted as: I(x + y) means the integer
part of x + y. Suppose we use x as 4.3 and y as 4.2 we would
getl(x+y)=1(43+42)=18.5)=38

The RHS in this case would be /(4.3) + [(4.2) =4 +4 =8.
This gives us LHS = RHS.

However, if you use x = 4.3 and y = 4.8 you would see
that LHS =7 (4.3 +4.8) =1 (9.1) = 9, while the RHS would

be /(4.3) + 1(4.8) = 4 + 4 = 8. This would clearly gives us
LHS # RHS and hence this option is incorrect.

The point to note here is that whenever you are solving a
function based question through the rejection of the options
route, the vision about what kind of numbers would reject
the case becomes critical. My advise to you is that as you
start solving questions through this route, you would need
to improve your vision of what values to assume while
rejecting an option. This is one key skill that differentiates
the minds and the capacities of the top people from the
average aspirants. Hence, if you want to compete against the
best you should develop this numerical vision. To illustrate
what [ mean by numerical vision, think of a situation where
you are faced with the expression (a + b) > (a X b). Normally
this does not happen, except when you are multiplying with
numbers between 0 and 1.)

Moving on with our problem. Let us look at Option (b).

Ix+y+2)=Ix+y)+12)=Ix)+ Iy +z)=Ix+z)+
1))

In order to reject this option, the following values would
be used:

x=43,y=5.1,andz=06.7

LHS=1(43+5.1+6.7)=1(16.1)=16

When we try to see whether the first expression on the
RHS satisfies this we can clearly see it does not because:

I(x +y) + I(z) would give us /(4.3 +5.1) + 1(6.7) = 1(9.4)
+1(6.7) =9 + 6 = 15 in this case.

Thus, I(x +y +z) = I(x + y) + I(z) is disproved and this
option can be rejected at this point.

We thus move onto Option (c), which states:

Ix+ty+z)=Ix+y)+I(z+ D@y +x))

Let us try this in the case of the values we previously
took, i.e., x=43,y=5.1,andz=6.7

We get:

1(43+51+67)=143+51)+16.7+D(4.3+5.1))

—1(16.1)=1(9.4) +1(6.7+ D(9.4))

—1(16.1)=1(9.4)+1(6.7+0.4)

—>1(16.1)=1(94)+1(7.1)

—16=9+"7.

Suppose we try 4.3, 4.9 and 5.9 we get:

1(43+49+59)=143+49)+159+D4.3+49)

—1(15.1)=1(9.2) +1(5.9+D(9.2))

—1(15.1)=1(09.4)+1(59+0.2)

—>1(15.1)=1(9.4)+1(6.1)

—>15=9+6.

We can see that this option is proving to be difficult to
shake off as a possible answer. However, this logic is not
enough to select this as the correct answer. In order to make
sure that you never err when you solve a question this way,
you would need to either do one of two things at this point in
the problem solving approach.

Approach 1: Try to understand and explain to yourself the
mathematical reason as to why this option should be correct.

Approach 2: Try to eliminate the remaining option/s at
this point of time.



Amongst these, my recommendation would be to go for
Approach 2 because that is likely to be easier than Approach
1. Approach 1 is only to be used in case you have seen and
understood during your checking of the option as to why
the particular option is always guaranteed to be true. In
case, you have not seen the mathematical logic for the same
during your checking of the option, you typically should not
try to search for the logic while trying to solve the problem.
The quicker way to the correct answer would be to eliminate
the remaining option/s.

(Of course, once you are done with solving the question,
during your review of the question, you should ideally try to
explain to yourself as to why one particular option worked —
because that might become critical mathematical logic inside
your mind for the next time you face a similar mathematical
situation.)

In this case, let us try to do both. To freeze Option (c) as
the correct answer, you would need to look at Option (d) and
try to reject it.

Option (d) says:

Dix+ty+z)=y+z—Iy+z)+ D)

Say we take x =4.3, y= 5.1, and z = 6.7 we can see that:

D@43+51+67)=43+51-143+5.1)+D4.3)—>

D(16.1)=9.4—-1(9.4) + D(4.3) >

0.1=94-9+03—>

0.1 =0.7, which is clearly incorrect.

Hence, Option (c) is the correct answer.

If we were to look at the mathematical logic for Option
(¢) (for our future reference) we can think of why Option (¢)
would always be true as follows:

One of the problems in these greatest integer problems is
what can be described as the loss of value due to the greatest
integer function.

Thus 7 (4.3 +4.8)>1(4.3) + 1 (4.8) since the LHS is 9 and
the RHS is only 8. What happens here is that the LHS gains
by 1 unit because the .3 and the .8 in the two numbers add up
to 1.1 and help the sum of the two numbers to cross 9. On the
other hand if you were to look at the RHS in this situation,
you would realise that the decimal values of 4.3 and 4.8 are
individually both lost.

In this context, when you look at the LHS of the equation
given in Option (c), you see that the value of the LHS would
retain the integer values of x, y and z while the sum of the
decimal values of x, y and z would get aggregated and
combined into 1 number. This gives us three cases:

Case 1: When the addition of the decimal values of x, y
and z is less than 1;

Case 2: When the addition of the decimal values of x, y
and z is more than 1 but less than 2;

Case 3: When the addition of the decimal values of x, y
and z is more than 2 but less than 3.

Each of these three cases would be further having a two
way fork — viz:

Case A: When the addition of the decimal values of x and
y add up to less than 1;

Case B: When the addition of the decimal values of x and
y add up to more than 1 but less than 2.

I would encourage the reader to take this case from this
point and move it to a point where you can explore each of
these six situations and see that for all these situations, the
value of the LHS of the expression is equal to the value of
the RHS of the equation.

6. During the reign of the great government in the coun-
try of Riposta, the government forms committees of
ministers whenever it is faced with a problem. One
particular year, there are x ministers in the govern-
ment and they are organised into 4 committees such
that:

(i) Each minister belongs to exactly two committees.
(i) Each pair of committees has exactly one minister

in common.
Then
(a) x=4
(b) x=6
(c) x=8

(d) xcannot be determined from the given information

Solution: In order to think about this situation, you need
to think of the number of unique people you would need
in order to make up the committees as defined in the prob-
lem. However, before you start to do this, a problem you
need to solve is—how many members do you put in each
committee?

Given the options for x, when we look at the options, it is
clear that the number is unlikely to be larger than 4. Hence,
suppose we try to think of committees with 4 members, we
will get the following thought process:

First, we create the first two committees with exactly 1
member common between the two committees. We would
get the following table at this point of time:

Committee 1 | Committee 2 | Committee 3 | Committee 4
1 4
2 5
3 6
4 7

Here we have taken the individual members of the
committees as 1, 2, 3, 4, 5, 6 and 7. We have obeyed the
second rule for committee formation (i.e. each pair of
committees has exactly one member in common) by taking
only the member 4 as the common member.

From this point in the table, we need to try to fill in the
remaining committees obeying the twin rules given in the
problem.

So, each member should belong to exactly two committees
and each pair of committees should have only 1 member in
common.

When we try to do that in this table we reach the following
point.



Committee 1

Committee 2

Committee 3

Committee 4

1

2
3
4

4

5
6
7

7
1
8
9

This is easily achieved using the following structure.

Committee 1 | Committee 2 | Committee 3 | Committee 4
1 3 5 2
2 4 1 4
3 5 6 6

Here we have taken 7 common between the Committees
2 and 3, while 1 is common between Committees 1 and 3.
This point freezes the individuals 1, 4 and 7 as they have
been used twice (as required). However, this leaves us with
2,3,5,6,8and 9 to be used once more and only Committee
4 left to fill in into the table. This is obviously impossible to
do and hence, we are sure that each committee would not
have had 4 members.

Obviously, if 4 members are too many, we cannot move
to trying 5 members per committee. Thus, we should move
trying to form committees with 3 members each.

When we do so, the following thought process unfolds:

We first fill in the first two committees by keeping exactly
one person common between these committees. By taking
the person ‘3’ as a common member between Committees 1
and 2, we reach the following table:

Committee 1

Committee 2

Committee 3

Committee 4

1
2
3

3
4
5

We now need to fill in Committee 3 with exactly 1
member from Committee 1 and exactly 1 member from
Committee 2. Also, we cannot use the member number 3’
as he has already been used twice. Thus, by repeating ‘5’
from Committee 2 and ‘1’ from Committee 1 we can reach

the following table.

Committee 1

Committee 2

Committee 3

Committee 4

1
2
3

3
4
5

5
1

Since the remaining person in Committee 3 would have
to be unique from members of Committees 1 and 2, we
would need to introduce a new member (say 6) in order
to complete Committee 3. Thus, our table evolves to the
following situation.

Hence, we can clearly see that the value of x is 6, i.e., the

government had 6 ministers.

7. During the IPL Season 14, the Mumbai Indians cap-
tained by a certain Sachin Tendulkar who emerged
out of retirement, played 60 games in the season.
The team never lost three games consecutively and
never won five games consecutively in that season.
If N is the number of games the team won in that
season, then N satisfies
(a) 24<N <48
() 12N <48 (d) 20N <42

Solution: In order to solve this question, we need to
see the limit of the minimum and maximum number of
matches that the team could have won. Let us first think
about the maximum number of matches the team could have
won. Since the team ‘never won five games consecutively’
during that season, we would get the value for the maxi-
mum number of wins by trying to make the team win 4
games consecutively—as many times as we can. This can
be thought of as follows:

WWWWLWWWWLWWWWL... and so on.

From the above sequence, we can clearly see that with
4 wins consecutively, we are forming a block of 5 matches
in which the team has won 4 and lost 1. Since, there are a
total of 60 matches in all, there would be 12 such blocks of
5 matches each. The total number of wins in this case would
amount to 12 X 4 = 48 (this is the highest number possible).

This eliminates Option 4 as the possible answer.

If we think about the minimum number of wins, we
would need to maximise the number of losses. In order to do
so, we get the following thought process:

Since the team never lost three games consecutively, for
the maximum number of losses the pattern followed would
be—

LLWLLWLLWLLW... and so on

Thus, there are two losses and 1 win in every block of 3
matches. Since, there would be a total of 20 such blocks, it
would mean that there would be a total of 20 x 1 =20 wins.
This number would represent the minimum possible number

(b) 20 <N <48

Committee 1

Committee 2

Committee 3

Committee 4

1
2
3

3
4
5

5
1
6

of wins for the team.
Thus, N has to be between 20 and 48. Thus, Option (b)

is correct.

8. If the roots of the equation x

3

—ax* +bx —c=0 are

At this point, the members 2, 4 and 6 have not been
used a second time. Also, the committee 4 has to have its 3
members filled such that it has exactly 1 member common
with committees 1, 2 and 3 respectively.

three consecutive integers, then what is the smallest
possible value of 5?
(a) —1N3

() 0

(e) 113

(b) -1
(d 1



Solution: Since the question represents a cubic expres-
sion, and we want the smallest possible value of b—keep-
ing the constraint of their roots being three consecutive
values—a little bit of guesstimation would lead you to
think of —1, 0 and 1 as the three roots for minimising the
value of b.

Thus, the expression would be (x + 1)(x)(x — 1) = (x* +x)
(x—1)=x’-x. This gives us the value of b as —1.

It can be seen that changing the values of the roots from
—1, 0 and 1 would result in increasing the coefficient of x—
which is not what we want. Hence, the correct answer should
be that the minimum value of » would be —1.

Note: that for trial purposes if you were to take the values
of the three roots as 0, 1, and 2, the expressions would
become x(x — 1)(x — 2) = (x> — x)(x — 2) which would lead to
the coefficient of x being 2. This would obviously increase
the value of the coefficient of x above —I.

You could also go for changing the three consecutive
integral roots in the other direction to -2, —1 and 0. In
such a case the expression would become: x(x + 2)(x +
1) = (x2 + 2x)(x + 1) — which would again give us the
coefficient of x as + 2.

The total solving time for this question would be 30
seconds if you were to hit on the right logic for taking the
roots as —1, 0 and 1. In case you had to check for the value
of b in different situations by altering the values of the roots
(as explained above) the time would still be under 2 minutes.

9. A shop stores x kg of rice. The first customer buys

half this amount plus half a kg of rice. The second
customer buys half the remaining amount plus half
a kg of rice. Then the third customer buys half the
remaining amount plus half a kg of rice. Thereafter,
no rice is left in the shop. Which of the following
best describes the value of x?

(a) 2<x<6 (b) 5<x<8
() 9<x<12 (d) 11=x<14
(e) 13<x<18
Solution: This question is based on odd numbers as only

with an odd value of x would you keep getting integers if
you halved the value of rice and took out another half a
kg from the shop store.

From the options, let us start from the second option.
(Note: In such questions, one should make it a rule to start
from one of the middle options only as the normal realisation
we would get from checking one option would have been
that more than one option gets removed if we have not
picked up the correct option—as we would normally know
whether the correct answer needs to be increased from the
value we just checked or should be decreased.)

Thus trying for x = 7 according to the second option, you
would get

7 — 3 = 1 — 0 (after three customers).

This means that 5 <x < 8 is a valid option for this question.
Also, since the question is definitive about the correct range,

there cannot be two ranges. Hence, we can conclude that
Option 2 is correct.

Note: The total solving time for this question should
not be more than 30 seconds. Even if you are not such an
experienced solver through options, and you had to check
2-3 options in order to reach the correct option, you would
still need a maximum of 90 seconds.

Directions for Questions 10 and 11: Let f(x) = ax’ + bx
+ ¢, where a, b and ¢ are certain constants and a # 0. it is
known that f(5) = — 3 f(2) and that 3 is a root of f(x) = 0.
10. What is the other root of f(x) = 0?
(a) -7 (b) -4
(c) 2 (d) 6
(e) Can not be determined
11. What is the value of a + b + ¢?
(a 9 (b) 14
(c) 13 (d) 37
(e) Can not be determined

Solution: Since, 3 is a root of the equation, we have
9a + 3b + ¢ = 0 (Theory point—A root of any equation

f(x) = 0 has the property that if it is used to replace ‘x’

in every part of the equation, then the equation f(x) = 0
should be satisfied.)

Also f(5) =-3f(2) gives us that 25a + 5b + ¢ = -3(4a + 2b
+c¢)—>37a+11b+4c=0

Combining both equations we can see that 37a + 115 + 4c¢
=409a+3b+c)—>a-b=0.ic,a=b

Now, we know that the sum of roots of a quadratic
equation is given by —b/a. Hence, the sum of roots has to be
equal to —1. Since one of the roots is 3, the other must be —4.

The answer to Question 10 would be Option (2).

For Question 11 we need the sum of @ + b + ¢. We know
that a + b = 0. Also, product of roots is —12. One of the
possible equations could be (x —3)(x +4)=0 — Pt+x-12
= 0, which gives us the value of @ + b + ¢ as —10. However,
—10 is not in the options. This should make us realise that
there is a possibility of another equation as: (2x — 6)(2x
+8) =0 — 4x> " 4x — 48 = 0 in which case the value of
a + b + ¢ changes. Hence, the correct answer is ‘cannot be
determined’.

12. Suppose, the seed of any positive integer # is defined
as follows:

Seed(n) =n, if n <10

= seed(s(n)), otherwise,
Where s(n) indicates the sum of digits of n. For example,
Seed(7) =7, seed (248) = seed(2 + 4 + 8) = seed (14) =
seed (1 +4) =seed (5) = 5 etc. How many positive integers
n, such that n < 500, will have seed (n) = 9?

(a) 39 (b) 72
(c) 81 (d) 108
(e) 55



Solution: The first number to have a seed of 9 would be
the number 9 itself.

The next number whose seed would be 9 would be 18,
then 27 and you should recognise that we are talking about
numbers which are multiples of 9. Hence, the number of such
numbers would be the number of numbers in the Arithmetic
Progression:

9, 18, 27, 36, 45, ...495 = [(495 — 9)/9] + 1 = 55 such
numbers.

1 1 1 1
13. Find the sum of \/1+1—2+2—2+\/1+2—2+3—2 + o

+ \/1+ ! >+ ! >
2007 2008

(a) 2008 — L (b) 2007 ———
2008 2007
(© 2007 L (d) 2008 ———
2008 2007

1
e) 2008 - ——
©) 2009

Solution: Such questions are again solved through logi-
cal processes. If you were to try this problem by going
through mathematical processes you would end up with a
messy solution which is not going to yield any answer in
any reasonable time frame.

Instead, look at the following process.

The first thing you should notice is that the value in the
answer has got something to do with the number 2008.
Suppose we were to look at only the first term of the
expression, by analogy the value of the sum should have
something to do with the number 2. Accordingly by looking
at the value obtained we can decide on which of the options
fits the given answer.

So, for the first term, we see that the value is equal to the
square root of 2.25 =1.5

By analogy that in this case the value of 2008 is 2, the
value of 2007 would be 1 and 2009 would be 3. Replacing
these values the options become:

(a) 2—% (b) 1—%

() 1—% (d) 2—%
1

(C) 2—5

It can be easily verified that only Option (a) gives a value
of 1.5. Hence, that is the only possible answer as all other
values are different. In case you need greater confirmation
and surety, you can solve this for the first two terms too.

14. A function f(x) satisfies /(1) = 3600, and (1) + f(2)
+..+ f(n) = nzf(n), for all positive integers n > 1.
What is the value of f(9)?

(a) 80 (b) 240
(c) 200 (d) 100
(e) 120

Solution: This question is based on chain functions where
the value of the function at a particular point depends on
the previous values.

S +f(2)=4112) — (1) =3 f(2) - f(2) = 1200

Similarly, for f(3) we have the following expression:

fH+f2)+f(3)=91(3)— [f(3)=4800/8 =600

Further f(1) + f(2) + f(3) = 15 f(4) — f(4) = 5400/15 =
360

Further f(1) + f(2) + f(3) + f(4) = 24 f(5) — 5760/24 =
f(5) =240

If you were to pause a while at this point and try to look
at the pattern of the numerical outcomes in the series we are
getting we get:

3600, 1200, 600, 360, 240, 1200/7

A little bit of perceptive analysis about the fractions used
as multipliers to convert f(1) to f(2) and f(2) to f(3) and so
on will tell us that the respective multipliers themselves are
following a pattern viz:

S x1/3 =f£(2);

S(2)x2/4=f(3);

f(3)x3/5=f(4) and f(4) x 4/6 = f(5)

Using this logic string we can move onto the next values
as follows:

f(6) =240 x 5/7 =1200/7,

f(7)=1200/7 x 6/8 = 900/7,

f(8)=900/7 x 7/9 =100 and

f(9) =100 x 8/10 = 80.

Thus, Option (a) is the correct answer.

Directions for Questions 15 and 16: Let S be the set
of all pairs (i, j) where 1 <i<; < n,and n > 4. Any two
distinct members of S are called “friends” if they have one
constituent of the pairs in common and “enemies” other-
wise. For example, if n = 4, then S = {(1, 2), (1, 3), (1, 4),
(2,3),(2,4),(3,4)}. Here, (1, 2) and (1, 3) are friends, (1, 2)
and (2, 3) are also friends, but (I, 4) and (2, 3) are enemies.

15. For general n, how many enemies will each member

of S have?
(@ n-3 (b) (*=3n-2)2
(c) 2n—17 (d) (n*=5n+6)2
(e) (n*=Tn+14)2
Solution: Solve by putting values: Suppose we have n=15;

The members would be {(1,2), (1,3), (1,4), (1.,5), (2,3),
(2.4), (2,5), 3.4, (3,5), (4.5)}
In this case any member can be found to have 3 enemies.
Thus the answer to the above question should give us a
value of 3 with n = 5.
Option (a): n—3 = 5-3 = 2. Hence, cannot be the answer.
Option (b): 8/2 = 4. Hence, cannot be the answer.



Option (¢): 10 — 7 = 3. To be considered.

Option (d): 6/2 = 3. To be considered.

Option (e): 4/2 =2. Hence, cannot be the answer.

We still need to choose one answer between Options (c¢)
and (d).

It can be seen that for n = 6, the values of Options (c) and
(d) will differ. Hence, we need to visualise how many enemies
each member would have for n = 6.

The members would be {(1,2), (1,3), (1,4), (1,5), (1,6),
(2,3),(2,4),(2,5), (2,6), (3,4), (3,5), (3,6), (4,5), (4,6), (5,6)}. It
can be clearly seen that the member (1,2) will have 6 enemies.
Option (c) gives us a value of 5 and hence can be eliminated
while Option (d) gives us a value of 6 leaving it as the only
possible answer.

16. For general n, consider any two members of S that
are friends. How many other members of S will be
common friends of both these members?

(@) (n"*—5n+8)2 () 2n—6
(c) n(n-3)2 (d) n-2
(e) (n’=7Tn+16)2

Solution: Again for this question consider the following
situation where n = 6.
The members would be {(1,2), (1,3), (1,4), (1,5), (1,6),
(2,3),(24), (2,5), (2,6), (3.4), (3,5), (3,6), (4.5), (4,6), (5,6) .
Suppose we consider the pair (1,2) and (1,3). Their
common friends would be (1,4), (1,5), (1,6) and (2,3) .
Thus there are 4 common friends for any pair of friendly
members. (You can verify this by taking any other pair of
friend members.)
Thus for n = 6, the answer should be 4.
Checking the options it is clear that only option 4 gives us
a value of 4.
Maximum Solving time: 60 — 90 seconds
17. In a tournament, there are n teams 7, T, ..., T,, with
n > 5. Each team consists of &k players, k > 3. The
following pairs of teams have one players in common:
Nn&n,1,&T1,....,T, & T,and T, & T).
No other pair of teams has any player in common. How
many players are participating in the tournament, considering
all the n teams together?

(a) n(k—2) (b) k(n—2)
(b) (n—Dk-1) (d) n(k—1)
(e) k(n—1)

Thought process:

If we take 6 teams and 4 players per team, we would get 4
players in 7 (each one of them unique), 3 more players in
T, (since 1 player of T, would be shared with 7)), 3 more
players in 75 (since 1 player of 7; would be shared with 7)),
3 more players in 7, (since 1 player of 7, would be shared
with 75), 3 more players in 75 (since 1 player of 75 would be
shared with 7) and 2 more players in 7} (since 1 player of

T, would be shared with 75 and one with 7). Hence, there
would be a total of 18 (4 + 3 + 3 + 3 + 3 + 2) players with
n = 6 and k = 4. Checking from the options we see that only
Option (d) gives us 18 as the solution.

Maximum solution time: 60 seconds.

18. Consider four digit numbers for which the first two
digits are equal and the last two digits are also equal.
How many such numbers are perfect squares?

(a) 4 () 0
() 1 d) 3
() 2

Thought process:

A lot of CAT takers got stuck on this question for over 5-7
minutes in the exam, since they tried to find out the squares
of all two digit numbers starting from 32. However, if you are
aware of the logic of finding squares of two digit numbers,
you would realise that only three two-digit numbers after 32
have the last two digits in their squares equal (38, 62 and
88). Hence, you do not need to check any other number apart
from these three. Checking these you would get the square
of 88 as 7744. And hence, there is only one such number.
Note: Of course, you would ignore the values of squares
with the last two digits as ‘00’.

19. A confused bank teller transposed the rupees and paise
when he cashed a cheque for Shailaja, giving her
rupees instead of paise and paise instead of rupees.
After buying a toffee for 50 paise, Shailaja noticed
that she was left with exactly three times as much as
the amount on the cheque. Which of the following is
a valid statement about the cheque amount?

(a) Over Rupees 22 but less than Rupees 23
(b) Over Rupees 18 but less than Rupees 19
(c) Over Rupees 4 but less than Rupees 5
(d) Over Rupees 13 but less than Rupees 14
(e) Over Rupees 7 but less than Rupees 8

Thought Process:

Deduction 1: Question Interpretation: The solution language
for this question requires you to think about what possible
amount could be such that when its rupees and paise value
are interchanged, the resultant value is 50 paise more than
thrice the original amount.

Dedcution 2: Option checking process:

Armed with this logic, suppose we were to check for Op-
tion (a) i.e., the value is above I 22 but below ¥ 23. This
essentially means that the amount must be approximately
between T 22.66 and T 22.69. (We get the paise amount to
be between 66 and 69 based on the fact that the relationship
between the Actual Amount, x and the transposed amount y
is: y — 50 paise = 3x.

Hence, values below 22.66 and values above 22.70 are not
possible.



— From this point onwards we just have to check whether
this relationship is satisfied by any of the values between
% 22.66 and ¥ 22.69.

— Also, realise the fact that in each of these cases the paise
value in the value of the transposed amount y would be
22. Thus, 3x should give us the paise value as 72 (since
we have to subtract 50 paise from the value of ‘)’ in
order to get the value of 3x).

— This also means that the unit digit of the paise value of
3x should be 2.

— It can be clearly seen that none of the numbers 66, 67,
68 or 69 when being multiplied by 3 give us a units
digit of 2. Hence, this is not a possible answer.

Checking for Option (b) in the same fashion:

You should realise that the outer limit for the range of
values when the amount is between 18 and 19 is: 18.54 to
18.57. Also, the number of paise in the value of the transposed
sum ‘y’ would be 18. Hence, the value of 3x should give us a
paise value as 68 paise. Again, using the units digit principle,
it is clear that the only value where the units digit would be
8 would be for a value of 18.56.

Hence, we check for the check amount to be 18.56.
Transposition of the rupee and paise value would give us
56.18. When you subtract 50 paise from this you would get
55.68 which also happens to be thrice 18.56. Hence, the
correct answer is Option (b).

Notice here that if you can work out this logic in your
reactions, the time required to check each option would be
not more than 30 seconds. Hence, the net problem solving
time to get the second option as correct would not be more
than 1 minute. Add the reading time and this problem should
still not require more than 2 minutes.

20. How many pairs of positive integers m, n satisfy 1/m

+ 4/n = 1/12 where n is an odd integer less than 60?

(@) 7 (b) 5
(c) 3 @) 6
(e) 4

Thought Process:

Deduction 1: Since two positive fractions on the LHS
equals 1/12 on the right hand side, the value of both these
fractions must be less than 1/12. Hence, n can take only the
values 49, 51, 53, 55, 57 and 59.

Deduction 2: We now need to check which of the possible
values of n would give us an integral value of m.

The equation can be transformed to: 1/12 — 4/n = 1/m

— (n—48)/12n = 1/m. On reading this equation you should
realise that for m to be an integer the LHS must be able to
give you a ratio in the form of 1/x. It can be easily seen that
this occurs for n =49, n = 51 and n = 57. Hence, there are
only 3 pairs.
21. The price of Darjeeling tea (in rupees per kilogram)
is 100 + 0.1 n, on the n™ day of 2007 (n =1, 2, ...,
100), and then remains constant. On the other hand,
the price of Ooty tea (in rupees per kilogram) is 89
+ 0.15n, on the n'™ day of 2007 (n =1, 2, ..., 365).
On which date in 2007 will the prices of these two
varieties of tea be equal?

(a) May 21 (b) April 11
(c) May 20 (d) April 10
(e) June 30

The gap between the two prices initially is of %11 or
1100 paise. The rate at which the gap closes down is 5
paise per day for the first hundred days. (The gap covered
would be 500 paise which would leave a residual gap of
600 paise.) Then the price of Darjeeling tea stops rising
and that of Ooty tea rises at 15 paise per day. Hence, the
gap of 600 paise would get closed out in another 40 days.
Hence, the prices of the two varieties would become equal
on the 140™ day of the year. 31 + 28 + 31 + 30 + 20 =
140, means May 20™ is the answer.

22. Leta, b, m, n be positive real numbers, which satisfy

the two conditions that

(i) If a> b then m > n; and

(i) Ifa>mthenb<n

Then one of the statements given below is a valid
conclusion. Which one is it?

(a) Ifa<bthenm<n (b) Ifa<mthenb>n

(c) Ifa>b+mthenm<b

(d) Ifa>b+mthenm>b

The best way to think about this kind of a question is
to try to work out a possibility matrix of the different pos-
sibilities that exist with respect to which of the values is
at what position relative to each other. While making this
kind of a figure for yourself, use the convention of keeping
the higher number on top and the lower number below.

If we look at Condition (i) as stated in the problem, it
states that: if a > b then m > n

This gives us multiple possibilities for the placing of the
four variables in relative order of magnitude. These relative
positions of the variables can be visualised as follows for the
case that a > b:

Possibility 1
Largest number a
2" Jargest number b
3" Jargest number m
Smallest number n

Possibility 2 Possibility 3
a a
m m
b n
n b

Looking at the options, Option (a) can be rejected because, when we use the condition If X then necessarily Y, it does not

mean that If Not X, then not Y.



For instance, if I make a statement like — “If the Jan
Lokpal Bill is passed, corruption will be eradicated from the
country; this does not mean that if the Jan Lokpal Bill is
not passed then corruption would not be eradicated from the
country.”

Note: For this kind of reverse truth to exist the existing
starting conditionality has to be of the form, only if X,
then Y. In such a case the conclusion, if not X, then not
Y is valid.

For instance, if I make a statement like — “Only if the
Jan Lokpal Bill is passed, will corruption be eradicated from
the country; this necessarily means the reverse — i.e. if the
Jan Lokpal Bill is not passed then corruption would not be
eradicated from the country.”

This exact logic helps us eliminate the first option — which
says that if @ < b then m should be less than n (this would
obviously not happen just because if a > b, then m is greater
than n — we would need the only if condition in order for this
to work in the reverse fashion.)

Option (b) has the same structure based on the Condition
(ii) in the problem — it tries to reverse a “If X, then Y
conditionality” into a “If not X, then not ¥ conclusion —
which would only have been valid in the case of ‘Only if X’
as explained above.

This leaves us with Options (¢) and (d) to check. If you
go through these options, you realise that they are basically
opposite to each other.

The following thought process would help you identify
which of these is the correct answer.

When we say that a > b + m where a, b and m are all
positive it obviously means that a must be greater than both »
and m. Thus, in this situation we have a > b as well as a > m.
In this case both the Conditions (i) and (ii) would activate
themselves. It is at this point that the possibility matrix for
the case of @ > b would become usable.

The possibility matrix that exists currently for a > b is
built using the following thought chain:

First think of the various positions in which ‘a’and ‘b’ can
be put, with ‘a’ greater than ‘b’ given that we have to fix up
4 numbers in decreasing order. The following possibilities
emerge when we do this.

Possibility 1 | Possibility 2 | Possibility 3 | Possibility 4 | Possibility 5 | Possibility 6
Largest number a a a
2" Jargest number b a a
3" Jargest number b a
Smallest number b b b

When we add the fact that when a > b, then m is also greater than n to this picture, the complete possibility matrix emerges

as below:
Possibility 1 | Possibility 2 | Possibility 3 | Possibility 4 | Possibility 5 | Possibility 6
Largest number a a a m m m
2" Jargest number b m m a a n
3rd largest number m b n n b a
Smallest number n n b b n b

Now, for Options (c) and (d) we know that the condition to be checked for is @ > b + m which means that ¢ > b and a >
m simultaneously. We have drawn above the possibility matrix for @ > b. We also know from Condition (ii) in the problem
above, that when a > m, then b should be less than n. Looking at the possibility matrix we need to search for cases where
simultaneously each of the following is occurring- (i) a > b; (ii) @ > m and b < n. We can see that the possibilities 1, 2 and 5 will
get rejected because in each of these cases b is not less than n. Similarly, Possibilities 4 and 6 both do not have a > m and hence
can be rejected. Only Possibility 3 remains and in that case, we can see than m > b.

Hence, Option (d) is correct.

23. A quadratic function f(x) attains a maximum of 3 at
x = 1. The value of the function at x = 0 is 1.
What is the value of f(x) at x = 10?

(a) —119 (b) —159
(c) 110 (d) —180
(e) —105

Let the equation be ax> + bx + ¢ = 0. If it gains the
maximum at x = 1 it means that ‘@’ is negative.

Also 2ax + b =0 — x = —b/2a. So —b/2a should be 1. So
the expression has to be chosen from:

—X?+2x+c¢

22X +4x+c



—3X% + 6x + ¢ ...and so on (since we have to keep the
ratio of —b/2a constant at 1).

Also, it is given that the value of the function atx=01is 1.
This means that ¢ = 1. Putting this value of c in the possible
expressions we can see that at x = 1, the value of the function
is equal to 3 in the case:

22X +4x+1

So the expression is— 2X> + 4x + 1

At x = 10, the value would be —200 + 40 + 1 =-159.

Directions for Questions 24 and 25: Leta, =p and b,
= g, where p and ¢ are positive quantities. Define

ay :pbn—lﬂ
and a, =pa,,,

b, = gb, ,, for even n > 1,
b, = qa,_;, for odd n > 1.

24. Which of the following best describes a, + b, for
even n?

@ a)"* @ +a)  (b) )" P+ g)
© ¢""prg @ ¢+t
© qpg)" '+ "?"

Again to solve this question, we need to use values.

Leta, =p =5 and b, = ¢ = 7 (any random values.)

In such a case,

a,=5x7=35and b, =7 x7=49. So the sum of a, +
b, = 84.

Checking the values we get:

Optiona: 7x 1 x (12) =84

Option b: 1 X (12)

Option c: 7 % (12)

Option d: 7 x (12)

Option e: 7 X (12)

Obviously apart from Option 2 all other options have to
be considered. So it is obvious that the question setter wants
us to go at least till the value of n as 4 to move ahead.

ay=5x%x35=175,by=7x35=245

a,=5x%x245=1225,b,=7x245=1715

Sum of a, + b, = 2940.

Option a: 7 X 35 x 12 = 2940,

Option c: 7 X 7 X 12 eliminated

Option d: 7 X 7 x 12 X 12 eliminated

Option e: 7 X 35 x 12 x 12 eliminated

Hence, only Option (a) gives us a value of 2940 for n = 4.
Thus it has to be correct.

25. If p = 1/3 and g = 2/3, then what is the smallest odd

n such that a, , b, <0.01 ?
(a) 7 (b) 13
(c) 11 (d 9

(e) 15
According to the question a; = p = 1/3 and b, = ¢ = 2/3.
a,=1/3%x2/3=2/9,b,=2/3x2/3=4/9
ay=1/3x2/9=2/27,b3=2/3 x2/9=4/27
a,=1/3x4/27=4/81, by =2/3 x 4/27 = 8/81
In this way, you can continue to get to the value of n at

which the required sum goes below 0.01. (It would happen
at n = 9). However, if you are already comfortably placed
in the paper, you can skip this process as it would be time
consuming and also there is a high possibility of silly errors
being induced under pressure.
26. The number of ordered pairs of integers (x, y) satis-
fying the equation x> + 6x + 2)* = 4 + )% is
(a) 12 (b) 8
(c) 10 (d) 14

These kinds of questions and thinking are very common
in examinations and hence you need to understand how to
solve such questions.

In order to think of such questions, you need to first
‘read’ the equation given. What do I mean by ‘reading’ the
equation? Let me illustrate:

The first thing we do is to simplify the equation by putting
all the variables on the LHS. This would give us the equation
x> + 6x + y*. When we have an equation like x> + 6x + ) =
4, we should realise that the value on the RHS is fixed at 4.
Also, if we take a look at the LHS of the equation we realise
that the terms x* and »” would always be positive integers or
0 (given that x and y are integers). 6x on the other hand could
be positive, zero or negative depending on the value of x (if
x is positive 6x is also positive, if x is negative 6x would be
negative and if x is 0, 6x would also be zero.)

Thus, we can think of the following structures to build a
value of 4 on the LHS for the equation to get satisfied:

Value of x° Value of 6x Value of y°
Case 1 0 +
Case 2 + + +
Case 3 + - +
Case 4 + - 0

Once you have these basic structures in place, you can
think of the cases one by one. Thinking in this structured
fashion makes sure that you do not miss out on any possible
solutions — and that, as you should realise, is critical for
any situation where you have to count the number of
solutions. You simply cannot get these questions correct
without identifying each possible situation. Trying to do
such questions without first structuring your thought process
this way would lead to disastrous results in such questions!!
Hence, this thinking is very critical for your development of
quantitative thinking.

Let us look at Case 1: In Case 1, since the value of the
first two components on the LHS are 0, it must mean that we
are talking about the case of x = 0. Obviously, in this case
the entire value of 4 for the LHS has to be created by using
the term y°.

Thus to make y* =4, we can take y =+ 2 or y = —2. This
gives us two possible solutions (0, 2) and (0, —2)

Case 2: The minimum positive value for 6x would be
when x = 1. This value for 6x turns out to be 6— which has
already made the LHS larger than 4. To this if we were to



add two more positive integers for the values of x> and y2 it
would simply take the LHS further up from +6. Hence, in
Case 2 there are no solutions.

Case 3: In this case the value of x has to be negative and
y can be either positive or negative. Possible negative values
of x as -1, -2, -3, —4, —5 etc. give us values for 6x as —6,
—-12,-18,-24,-30, etc.

We then need to fill in values of x* and y and see whether
it is possible to add an exact value to any of these and get + 4
as the final value of the LHS.

This thinking would go the following way:

If 6x = — 6: xmust be —1 and hence x* = 1. Thus, x>+ 6x=
-5, which means for x> + 6x + y* = 4 we would need —5 + y*
=45y’=95y=+3andy=-3

Thus we have identified two more solutions as (-1, 3)
and (-1, -3)

If 6x = —12: x must be —2 and hence x* = 4. Thus, x> + 6x
= —8, which means for x> + 6x + »* = 4 we would need -8 +
y* =4 —?=12 - yis not an integer in this case and hence
we get no new solutions for this case.

If 6x = —18: x must be —3 and hence x* = 9. Thus, X2+ 6x
= -9, which means for x* + 6x + y* = 4 we would need -9 +
y*=4 —* =13 — y is not an integer in this case and hence
we get no new solutions for this case.

If 6x = —24: x must be —4 and hence x> = 16. Thus, x* + 6x
= -8, which means for x* + 6x + y* = 4 we would need -8 +
y* =4 — y?=12 — yis not an integer in this case and hence
we get no new solutions for this case.

If 6x =—30: x must be —5 and hence x* = 25. Thus, x> + 6x
= —5, which means for x> + 6x + »* = 4 we would need -5 +
V¥=4-5y’=95y=+3andy=-3

Thus we have identified two more solutions as (-5,3) and
(=5,-3)

If 6x = —36: x must be —6 and hence x* = 36. Thus, x> + 6x
= 0, which means for x* + 6x +* = 4 we would need 0 + y?
=4 5y?=4>y=+2andy=-2

Thus we have identified two more solutions as (-6, 2)
and (-6, -2)

If 6x = —42: x must be —7 and hence x> = 49. Thus, x2+
6x = 7, which means that x* + 6x itself is crossing the value
of 4 for the LHS. There is no scope to add any value of y* as
a positive integer to get the LHS of the equation equal to 4.
Thus, we can stop at this point.

Notice that we did not need to check for the Case 4
because if there were a solution for Case 4, we would have
been able to identify it while checking for Case 3 itself.

Thus, the equation has 8 solutions.

27. The number of ordered pairs of integral solutions
(m, n) which satisfy the equation m X n — 6(m + n)
=0 with m < n is:

(@ 5 (b) 10
(c) 12 (d) 9

In order to solve a question of this nature, you again first
need to ‘read’ the equation:

The equation m X n — 6(m + n) = 0 can be restructured as:
mXxn=6(m+n)

When we read an equation of this form, we should be able
to read this as:

The LHS is the product of two numbers, while the RHS
is always going to be a multiple of 6. Further, we also know
that the value of m x n would normally always be higher than
the value of m + n. Thus, we are trying to look for situations
where the product of two integers is six times their sum.

While looking for such solutions, we need to look for
situations where either:

The RHS is non negative — hence = 0, 6, 12, 18, 24, 30,
36...

The RHS is negative — hence =—6, —12, —18...

We would now need to use individual values of m + n in
order to check for whether m X n = 6(m + n)

Form +n=0; 6(m + n)=0. If we use m and n both as 0,
we would get 0 = 0 in the two sides of the equation. So this
is obviously one solution to this equation.

For the RHS = —6, we can visualise the product of m X n
as —6, if we use m as —3 and n as 2 or vice versa. Thus, we
will get two solutions as (2, —3) and (-3, 2)

For the RHS =12, m + n = -2, which means that m and
n would take values like (—4,2); (-5,3); (—6,4). If you look
inside the factor pairs of —12, there is no factor pair which
has an addition of —2.

For RHS =-18, m + n =-3. Looking into the factor pairs
of 18 (viz: 1 X 18,2 x 9, 3 X 6) we can easily see —6 and
3 as a pair of factors of —18 which would add up to -3 as
required. Thus, we get two ordered solutions for (m,n) viz:
(=6,3); (3,-6)

For RHS = 24, m + n = —4. If we look for factors of
—24, which would give us a difference of —4, we can easily
see that within the factor pairs of 24 (viz: 1 X 24,2 x 12,3
X 8 and 4 X 6) there is no opportunity to create a sum of m
+n=-4.

For RHS = -30, m + n=-5 — factors of 30 are 2 X 15,
5 X 6; there is no opportunity to create a m + n =-5 and m
X n = -30 simultaneously. Hence, there are no solutions in
this case.

For RHS = -36, m + n = —6 — factors of 36 are 2 X
18, 3 x 12, 4 x 9 and we can stop looking further; there
is no opportunity to create m + n =—6 and m X n = -36
simultaneously. Hence, there are no solutions in this case.

For RHS =42, m + n = -7 — factors of 42 are 2 x 21,
3 x 14, 6 x 7 and we can stop looking further; there
is no opportunity to create m + n = —42 and m x n = -7
simultaneously. Hence, there are no solutions in this case.

For RHS =48, m + n=-8 — factors of 48 are 2 x 24, 3
x 16,4 x 12... 4 x 12 gives us the opportunity to create m +
n=-8 and m X n =—48 simultaneously. Hence, there are two
solutions in this case viz: (4, —12) and (- 12, 4)



Note: While this process seems to be extremely long
and excruciating, it is important to note that there are a
lot of refinements you can make in order to do this fast.
The ‘searching inside the factors” shown above is itself a
hugely effective short cut in this case. Further, when you
are looking for pairs of factors for any number, you need
not look at the first few pairs because their difference would
be very large. This point is illustrated below:

For RHS = -54, m + n = -9 — factors of 54 are 3 x 18,
6 x 9 and we can stop looking further; (Notice here that we
did not need to start with 1 X 54 and 2 X 27 because they
are what can be called as ‘too far apart’ from each other).
There is no opportunity to create m + n=—-6 and m X n=-36
simultaneously. Hence, there are no solutions in this case.

For RHS =-60, m + n=-10 — relevant factor search for
60 are 4 x 15, 5 x 12 and we can stop looking further; there
is no opportunity to create m + n = —10 and m X n = —60
simultaneously. Hence, there are no solutions in this case.

For RHS = -66, m + n = —11 — relevant factor search
for 66 is 6 x 11 and we can stop looking further; there is
no opportunity to create m + n = —11 and m X n = —66
simultaneously. Hence, there are no solutions in this case.

Note: While solving through this route each value check
should take not more than 5 seconds at the maximum. The
question that starts coming into one’s mind is, how far does
one need to go in order to check for values?? Luckily, the
answer is not too far.

As you move to the next values beyond —66, —72 (needs
m + n = —12, while the factors of 72 do not present this
opportunity), —78 (needs m + n = —13, which does not
happen again).

To move further you need to start working out the logic
when 6(m + n) is positive. In such a case, the value of m
and n would both need to be positive for m X n also to be
positive. If m + n = 1, we cannot get two positive values of
m and n such that their productis 6. If m+n =2, mxn=12
would not happen.

A little bit of logical thought would give you that the first
point at which this situation would get satisfied. That would
be when 6(m + n) = 144 which means that m + n = 24 and
for m X n to be equal to 144, the value of each of m and n
would be 12 each.

(A brief note about why it is not possible to get a value
before this:

If we try 6(m + n) = 132 (for instance), we would realise
that m + n = 22. The highest product m X n with a limit of m +
n =22 would occur when each of m and n is equal and hence
individually equal to 11 each. However, the value of 11 for
m and n gives us a product of 121 only, which is lower than
the required product of 132. This would happen in all cases
where 6(m + n) is smaller than 144.)

Checking subsequent values of 6(m + n) we would get the
following additional solutions to this situation:

6(m + n) | (m + n) | Relevant Factor pairs for | Solutions
the value of 6(m + n)
150 25 10,15 10,15; 15,10
156 26 None None
162 27 9,18 9,18; 18,9
168,174 28,29 None None
180,186 30,31 None None
192 32 8,24 8,24; 24,8
198,204 33,34 None None
210,216 35,36

Break-down of the above thought process:

Note that while checking the factor pairs for a number
like 216, if you were to list the entire set of factors along
with the sum of the individual factors within the pairs, you
would get a list as follows:

Factor Pairs for 216:

Pair Sum of Factors in the Pair
1 x 216 217
2 x 108 110
3x72 75
4 x 54 58
6 x 36 42
8 x 27 35
9 x 24 33
12 x 18 30

However, a little bit of introspection in the correct
direction would show you that this entire exercise was not
required in order to do what we were doing in this question —
i.e., trying to solve for m + n =36 and m X n = 216.

The first five pairs where the larger number itself was
greater than or equal to 36 were irrelevant as far as searching
for the correct pair of factors is concerned for this question.
When we saw the sixth pair of 8 x 27, we should have
realised that since the sum of 8 + 27 = 35, which is < 36,
the subsequent pairs would also have a sum smaller than 36.
Hence, you can stop looking for more factors for 216.

Thus, effectively to check whether a solution exists for
6(m + n) = 216, in this question, all we needed to identify
was the 8 X 27 = 216 pair and we can reject this value for
6 (m + n) giving us an integral solution in this case.

This entire exercise can be completed in one ‘5 second
thought’ as follows:

If6(m+n)=216 — m+n=36then one factor pairis 6 x 36
itself whose sum obviously is more than 36. So, looking for
the next factor pair where the smaller number is > 6, we see
that 8 X 27 gives us a factor pair sum of 8 + 27 =35 <36 and
hence we reject this possibility.



Also, you should realise that we do not need to look
further than 216 — as for values after 216, when we go to the
next factor pair after 6 X (m + n), we would realise that the
sum of the factor pair would be lower than the required value
for the immediately next factor pair.

Hence, the following solutions exist for this question: 0,0;
2,-3; -3,2; 3-6; —6,3; 4-12; —12,4; 12,12; 15,10; 10,15;
9,18; 18.9; 8,24; 24,8

A total of 14 solutions

Author’s note: Doubtless this question is very long, but
if you are able to understand the thought process to adopt
in such situations, you would do yourself a big favor in the
commonly asked questions of finding number of integral
solutions.

28. How many positive integral solutions exist for the
expression a’— b* = 666?
In order to solve this question, we need to think of
the expression (a — b) (a + b) = 666 Obviously, the
question is based on factor pairs of 666. If we look
at the list of factor pairs of 666 we get:

1 666
2 333
3 222
6 111
9 74
18 37

Since, 37 is a prime number, we will get no more factor
pairs.

Now, if we look at trying to fit in the expression (a — b)
(a + b) for any of these values, we see the following
occurring:

Example: (¢ —b) =9 and (a + b) = 74. If we try to solve
for a and b we get: 2a = 83 (by adding the equations) and
‘a’ would not be an integer. Consequently, » would also not
be an integer and we can reject this possibility as giving
us a solution of a*~ b* = 666.

Armed with this logic if we were to go back to each of
the factor pairs in the table above, we realise that the sum of
the two factors within a factor pair is always odd and hence
none of these factor pairs would give us a solution for the
equation.

Thus, the correct answer would be 0.

29. How many positive integral solutions exist for the
expression a® — b* = 672?
In order to solve this question, we need to think of
the expression (a — b) (a + b) = 672 Obviously, the
question is based on factor pairs of 672. If we look
at the list of factor pairs of 672 we get:

Sum of factors
1 672 Odd
2 336 Even

Sum of factors
3 224 Odd
4 168 Even
6 112 Even
8 84 Even
12 56 Even
16 42 Even
21 32 Odd
24 28 Even

Based on our understanding of the logic in the previous
question, we should realise that this works for all situations
where the sum of factors is even. Hence, there are 7 positive
integral solutions to the equation a* — b* = 672.

30. The function a, is defined as a,— a,_; = 2n for all n
>22.a =2
Find the value of a; + a, + a5 + ... ay,
In order to solve such questions, the key is to be
able to identify the pattern of the series. A little bit
of thought would give you the following structure:

al :2
az—a1:4%a2:6
a3—a,=6—a;=12
a,—ay=8—a,=20
as—a, =10 — a5=30

If we look for the pattern in these numbers we should be

able to see the following:
2+6+12+20+30...
=2(1+3+6+10+15+...)

Looking at it this way shows us that the numbers in the
brackets are consecutive triangular numbers.

Hence, for the sum till a;, we can do the following:

20+3+6+10+15+21 +28+36+45+55+66+
78) = 728.

31. The brothers Binnu and Kinnu have been challenged
by their father to solve a mathematical puzzle before
they are allowed to go out to play. Their father has
asked them “Imagine two integers a and b such that 1
< b <a<10. Can you correctly find out the value of

the expression Zab ?” Can you help them identify

the correct value of the foregoing expression?
(a) 1155 (b) 1050
(c) 1705 (d) None of these

This question is again based on a pattern recognition
principle. The best way to approach the search of the pat-
tern is to start by working out a few values of the given
expression. The following pattern would start emerging:



Value of a | Possible values | Value of the sum of the possible products Explanation
of b ‘axb’
1 1 With ‘@’ as 1, the only value for b is 1 itself.

2 1,2 2x1+2x2=2x3 With ‘a’ as 2, b can take the values of 1 and 2 — and
2 X 1+ 2 x 2 can be written as 2 X 3

3 1,2,3 3x1+3%x2+3x3=3x%x6 With ‘a’ as 3, b can take the values of 1, 2 and 3 — and
3x1+3x2+3x3 can be written as 3 X 6

4 1,2,3,4 4x1+4x2+4x3+4x4=4x%x10

At this point you should realise that the values are following a certain pattern — the series of values for ‘a’ are multiplied by a series
of consecutive triangular numbers (1, 3, 6, 10 and so on.) Thus, we can expect the subsequent numbers to be got by multiplying 5
X 15,6 x 21,7 x 28, 8 x 36, 9 x 45 and 10 x 55.

Hence, the answer can be got by:
IX1+2X3+3Xx6+4x10+5%x15+6%x21+7x28+8x36+9x45+10x%x55=
1+6+18+40+75+ 126+ 196 + 288 + 405 + 550 = 1705
32. For the above question, what would be the answer in case the inequality is expressed as: 1 < b < a < 10?
In this case the solution would change as follows:

Value Possible values of b Value of the sum of the pos- Explanation
of a sible products ‘a X b’
1 No possible values for ‘b’, since b | 0 With ‘a’ as 1, b has no possible values
has to be greater than or equal to 1 that it can take.
but less than ‘a’ at the same time

2 1 2x1 With ‘a’ as 2, b can only take the value
of 1.

3 1,2 3x1+3x2=3x%x3 With ‘a’ as 3, b can take the values of 1
and 2 — and 3 x 1 + 3 x 2 can be written
as 3 x3

4 1,2, 3 4x1+4x2+4x3= | With ‘a’ as 4, b can take the values of 1,2

4x6 and 3 —and 4 x 1 +4 x2 + 4 x 3 can be
written as 4 x 6

At this point you should realise that the values are following a certain pattern (just like in the previous question) — the series of
values for ‘a’ are multiplied by a series of consecutive triangular numbers (1, 3, 6, 10 and so on). The only difference in this case
is that the multiplication is what can be described as ‘one removed’, i.c., it starts from the value of ‘@’ as 2. Thus, we can expect
the subsequent numbers to be got by multiplying 5 x 10, 6 x 15, 7 x 21, 8 X 28 and 9 x 36 and 10 X 45. Notice here that the
values of ‘@’ can go all the way till 10 in this case as the inequality on the rightmost side of the expression is a < 10.

Hence, the answer can be got by:
IX0+2x1+3%x3+4Xx6+5x10+6X15+7Tx21+8x28+9x36+10x45=
0+2+9+24+50+90+ 147 + 224 + 324 + 450 = 1320.

33. Consider the equation of the form CAbr+c=0. In the context of the given equation in this problem, since
The number of such equations that have real roots the value of the coefficient of x° is 1, it means that we need
and have coefficients » and ¢ in the set {1, 2, 3, 4, to have b” — 4c to be positive or 0.
5, 6,7), is The only thing to be done from this point is to look for
(a) 20 (b) 25 possible values of @ and » which fit this requirement. In order
(c) 27 (d) 29 to do this, assume a value for ‘b’ from the set {1, 2, 3,4, 5, 6,

7} and try to see which values of b and ¢ satisfy b — 4¢ > 0.
When b = 1, ¢ can take none of the values between 1 and
6, since “b>— 4¢” would end up being negative
When b= 2, c can be 1;
When b= 3, ccanbe 1 or 2;
When b =4, ccanbe 1 or2 or 3 or 4;

We know that in order to have the roots of an equation
to be real, we should have the values of the discriminant
of the quadratic equation (defined as the value b* — 4ac
for a standard quadratic equation ax’ + bx + ¢ = 0) to be
non-negative.



When b =5, ¢ can take any value between 1 and 6;
When b = 6, ¢ can take any value between 1 and 7;
When b =7, ¢ can take any value between 1 and 7
Thus, there are a total of 27 such equations with real roots.
34. The number of polynomials of the form x* + ax* +
bx + ¢ which are divisible by x* + 1 and where a,
b and ¢ belong to {1, 2, ...., 8), is
(a) 1 (b) 8
(©) 9 (d) 10

For a polynomial P(x) to be divisible by another polyno-
mial D(x), there needs to be a third polynomial Q(x) which
would represent the quotient of the expression P(x)/D(x).
In other words, this also means that the product of the
polynomials D(x) X Q(x) should equal the polynomial P(x).

In simpler words, we are looking for polynomials that
would multiply (x> + 1) and give us a polynomial in the
form of x* + ax? + bx + ¢. The key point in this situation is
that the expression that would multiply (x> + 1) to give an
expression of the form x* + .... Would necessarily be of the
form (x + constant). It is only in such a case that we would
get an expanded polynomial starting with x°. Further, the
value of the constant has to be such that the product of 1 x
constant would give a value for ‘c’ that would belong to the
set {1, 2, 3,4, 5, 6,7, or 8). Clearly, there are only 8 such
values possible for the constant — viz 1, 2, 3,...8 and hence
the required polynomials that would be divisible by x> + 1
would be got by the expansion of the following expressions:
@HDEH DD 2 P+ D) (3 (P D)
(x+8) . Thus, there would be a total of eight such expressions
which would be divisible by x*> + 1. Hence, Option (b) is the
correct answer.

35. A point P with coordinates (x, y) is such that the

product of the coordinates xy = 144. How many pos-
sible points exist on the X-Y plane such that both x
and y are integers?

(a) 15 (b) 16

(c) 30 (d) 32

The number of values for (x, y) such that both are inte-
gers and their product is equal to 144 is dependent on the
number of factors of 144. Every factor pair would gives us
4 possible solutions for the ordered pair (x, y). For instance,
if we were to consider 1 X 144 as one ordered pair, the pos-
sible values for (x, y) would be (1,144); (144,1); (—1,-144);
(—144,~1). This would be true for all factor pairs except
the factor pair 12 x 12. In this case, the possible pairs of
(x, ) would be (12,12) and (-12,-12).

If we find out the factor pairs of 144 we will get the
following list:

Factor Pair Number of solutions for (x, y)

1 x 144 4 solutions — as explained above
2x72 4 solutions
3 x 48 4 solutions

Factor Pair Number of solutions for (x, y)
4 %x 36 4 solutions
6 x 24 4 solutions
8 x 18 4 solutions
9x 16 4 solutions
12 x 12 2 solutions

Thus, there are a total of 30 solutions in this case.

36. Let x|, x5, ...... , X4 be forty nonzero numbers such
that x; +x; =k forall i, 1 <i<oo Ifx, =a,xy,
= b, then x5, + x59 equals
(a) 3(a+b)-2k
(b) k+a
(¢) k+b
(d) None of the foregoing expressions

Since, x4, = a, x;5 would equal (k — a) [we get this by
equating x;, + x;s =k = a + x5 =k = x5 = (k — a)].
By using the same logic on the equation x5 + x5 = k, we
would get x|, = a. Consequently x;, =k —a, x|3 = a, x;9 =
k —a, x,, = a. Thus, we see that every odd term is equal to
‘k — a’ and every even term is equal to ‘a’. Further, we can
develop a similar logic for x; in the context of ‘b’. Since,
Xy; = b, x4 = k — b, xo,9 = b and so on. This series also
follows a similar logic with x; being equal to b when ‘i’ is
odd and being equal to k£ — b when ‘7’ is even.

Thus, for every value of x;, we have two ways of looking
at its value—viz either in terms of @ or in terms of 4. Thus,
for any x,,.,, we have for instance x,, =a =k —b.

Solvinga=k—-bwegeta+tb=k.

Further, when we look at trying to solve for the specific
value of what the question has asked us, i.e., the value of x5,
+ x5 we realise that we can either solve it in terms of ‘a’ or
in terms of ‘b’. If we try to solve it in terms of ‘a’ we would
see the following happening:

Xygtxy=a+tk—a=k

Similarly, in terms of ‘b’ x5, + x39 = k—b + b = k. Since we
know that k= a + b (deduced above), we can conclude x;, +
X39 = a + b. However, if we look at the options, none of the
options is directly saying that.

Options (b) and (c) can be rejected because their values
are not equal to a + b. A closer inspection of Option (a),
gives us an expression: 3(a + b)—2k. This expression can be
expressed as 3(a + b) — 2(a + b) = (a + D) and hence this is
the correct answer.

37. The great mathematician Ramanujam, once was
asked a puzzle in order to test his mathematical
prowess. He was given two sets of numbers as
follows:

Set X is the set of all numbers of the form: 4" — 3n
—1,wheren=1,2,3, .....

Set Y is the set of all numbers of the form 9n, where
n=0,1,2,3, ..........



Based on these two definitions of the set, can you

help Ramanujam identify the correct statement from

amongst the following options:

(a) Each number in Yis also in X

(b) Each number in Xis also in ¥

(c) Every number in Xis in Y and every number in ¥
is in X.

(d) There are numbers in X that are not in ¥ and vice
versa.

In order to solve such questions conveniently, you would
need to first create a language representation for yourself
with respect to the two sets.

Set X can be mentally thought of as:

A positive integral power of 4 — a multiple of 3 (with the
multiplier being equal to the power of 4 used) — a constant
value “1°.

Thus, the set of values in X can be calculated as (0, 9, 54,
243 and so on)

Similarly, Set Y can be thought of as multiples of 9,
starting from 9 x 0 = 0.

The numbers that would belong to the set ¥ would be: (0,
9, 18, 27, 36 and pretty much all multiples of 9)

It can be clearly seen that while all values in X are also
in Y, the reverse is not true. Hence, the statement in Option
(b) is correct.

38. The number of real roots of the equation

logy (%) (log, ()% + (log, ) =1, for values

of x > 1, is
(a) 0 (b) 1
(c) 2 (d) 27

The only way to handle such questions is to try to get a
‘feel’ of the equation by inserting a few values for x and trying
to see the behaviour of the various terms in the equation.

Towards this end, let us start by trying to insert values for
x in the given equation.

Because the problem tells us that x > 1, the first value of x
which comes to mind is x = 2. At x = 2, the value of the LHS
would become equal to 1. This can be thought of as follows:

LHS = log,, (1)(logy(2))* + (logy(2))*=0+1=1.

As we try to take higher values of x as 3, 4, 5 and so on
we realise first that for values like 3, 5 we will get terms like

Log, (2/3)(log, (3)) 2 + (log, (3))* which is clearly not
going to be an integral value, because terms like log,3,
logs2 and logs3 would have irrational decimal values by
themselves. In fact, we can see that for numbers of x that are
not powers of 2, we would never get an integral value to the
LHS of the expression.

Thus, we need to see the behaviour of the expression only
for values of x like 4, 8 and so on before we can conclude
about the number of real roots of the equation.

At x = 4, the expression becomes:

Logg (2/4)(log,(4))” + (log,(4))°

By thinking about this expression it is again clear
that there are going to be decimals in the first part of the

expression—although they are going to be rational numbers
and not irrational—and hence we cannot summarily rule
out the possibility of an integral value of this expression—
without doing a couple of more calculations. However,
there is another thought which can help us confirm that the
equation will not get satisfied in this case because the LHS is
much bigger than the RHS.

This thought goes as follows:

The LHS has two parts: The first part is Logg (2/4)
(10g2(4))2 while the second part is (10g2(4))4 ; The value of
the second part is 16 while the value of the first part (though
it is negative) is much smaller than the required —15 which
will make the LHS = 1.

Hence, we can reject this value.

39. The number of points at which the curve y = x® +
x* — 2 cuts the x-axis is
(a) 1 (b) 2
(c) 4 (d) 6

By replacing x* = m, the equation given in the question,
can be written in the form:

y= m?+m-2—

y=m+2)(m—-1)—>m=-2andm=1.

This gives x> =-2 and x* = 1. This gives us two clear
values of x (these would be the roots of the equation) and
hence x, the curve would cut the “x’ axis at two points exactly.

40. Number of real roots of the equation 8x° — 6x + 1 =0
lying between —1 and 1, is
(a) 0 (b) 1
(c) 2 (d) 3

In order to trace the number of real roots for any equa-
tion (cubic or larger) the only feasible way to look at it is
to try to visualise how many times the graph of the parallel
function (in this case: 8x° — 6x + 1) cuts the X-axis.

The following thought process would help you do this:

Since the question is asking us to find out the number of
real roots of 8x°—6x + 1 = 0 between the range —1 and +1,
we will need to investigate only the behaviour of the curve
for the function y =8x’—6x+ 1 between the values —1 and + 1

The first thing we do is to look at the values of the function
at—1,0and +1.

At x = —1; the value of the functionis -8+ 6 +1=-1.

At x = 0; the value of the function is 1.

At x = 1: the value of the function is 3.

If plotted on a graph, we can visualise the three points as
given here.

4 x 3




From this visualisation it is clear that the value of the
functionis—1 atx=-land+1 atx=0and +3 atx=1. It is
clear that somewhere between —1 and + 1, the function would
cut the x-axis at least once as it transits from a negative value
to a positive value. Hence, the equation would necessarily
have at least one root between —1 to 0. What we need to
investigate in order to solve this question is specifically—
does the function cut the x-axis more than once during this
range of values on the x-axis? Also, we should realise that in
case the graph will cut the X—axis more than once, it would
cut it thrice—since if it goes from negative to positive once,
and comes back from positive to negative, it would need to
become positive again to go above the x-axis.

This can be visualised as the following possible shapes:

L
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If the graph cuts the x-axis
once (and it has one real
root in this range)

If the graph cuts the x-axis
thrice (and it has three real
roots in this range)

Of course the graph can technically also cut the x-Axis
twice between the values of x = 0 and x = 1. In such a
case, the graph would look something like below:

/N
W/

Which of these graphs would be followed would depend
on our analysis of the behaviour of the values of 8x* — 6x +
1 between the values of x between —1 and 0 first and then
between 0 and 1.

Between —1 and 0:

The value of 8x* would remain negative, while —6x would
be positive and + 1 would always remain constant. If we look
that the values of 8x* as we increase the value of x from —1
to —0.9 to —0.8 to —0.7 to ... —0.1, the negative impact of
8x° reduces as its magnitude reduces. (Please understand the
difference between magnitude and value when we are talking
about a negative number. For instance when we talk about
increasing a negative number its magnitude is decreased).

At the same time the positive magnitude of —6x also
reduces but the rapidity with which the value of —6x would
decrease will be smaller than the rapidity with which the
value of 8x° would decrease. Hence, the positive parts of the
expression would become ‘more powerful’ than the negative
part of the expression — and hence the graph would not cut
the x-axis more than once between —1 and 0.

The last part of our investigation, then would focus on the
behaviour of the graph between the values of x =0 and x= 1.
When x moves into the positive direction (i.e., when we take
x> 0) we realise that of the three terms 8x° and + 1 would be
positive, while the value of — 6x would be negative.

It can be easily visualised that at x = 1/4, the value of the
expression on the LHS of the equation becomes: 8/64 —6/4
+ 1, which is clearly negative. Thus, after x = 0, when we
move to the positive values of x, the value of the expression
8x® — 6x + 1 becomes negative once more. Thus the correct
graph would look as below:

/1
v/

/

Thus, the equation has three real roots between —1 and +1.




©) BLOCK REVIEW TESTS

REVIEW TEST 1 I 8. It is given that, ("> + a" B> + ... + b" ) pg = 0,
. (@ - b")(a+b)
Directions for Questions 1 to 3: These are based on where p and g #0 and 7 is odd then -———="=—
. (@ +b")(a-b)
the functions defined below =7
O(a, b) = Quotient when a is divided by b . o
R?(a, b) = Remainder when « is divided by b @ ®) -
R (a, b) = d*/Ib* (c) 3/2 (d) 0
SO (a, b) = \J(a-Db-1) 9. If f= ! + ! , which of the following is

1. SO (5,10)—2>0 log,m  log,sm

(@) (8/3)R (5, 10) (b) R*(5,10)+Q (5, 10) true?
(©) R*(5,10)2 A Lir2,3)+5007,26)) (@) />4 (b) 2<s=<4
2 (©) 1<f<2 d 0<f<1
2. 8O (a, b) is same as 10. If px + gy > rx + sy, and y, x, p, ¢, r, s > 0 and if
(@) bO(a,b)+R* @) (b) R (a,b)-1 x < y, then which of the following must be true?
© [Rita=1). (-1} (@) JR(@)-1AR(.1) @ 2-4 (b) p—g>r—s
3. Which of the following relations cannot be false? 9 r
(@) R(a, b)=Ra,b)- O(a, b) () ptg>rts (d ptg<r+s
(b) a*- Qz(a, b)="b’- R*(a, b) Directions for Questions 11 to 13: f (x) and g(x) are
() a=R (a,b)+y-0Q(a,b) defined by the graphs shown below:
(d) SO(a, b)=R(a, b)-R*(a, b)
y f(x) y

Directions for Questions 4 to 7: Answer the questions I /
based on the following information: -6 X -3

W(a, b) = least of a and b ’
M(a, b) = greatest of @ and b
N(a) = absolute value of a -3 \
4. Find the value of l + M [y + N {~W (x, )}, N {y -9
+ W (M (x, ), N (¥))}] given that x =2 and y = — 3.
(a) 0 (b) 1 Each of the following questions has a graph of function
(c) 2 d) 3 h (x) with the answer choices expressing % (x) in terms of
5. Given that a > b, then the relation M {N (x), W (x, a relationship of f (x) or/and g (x). Choose the alternative
»}=WIx, N {M (x, y)}] does not hold if that could represents the relationship appropriately.
(@ x>0,y<0,[x|>]y]
®) x>0,y<0,]y|>]|x| I1. y
(¢) x>0,y>0
(d) x<0,y<0
6. Which of the following must be correct for x, y <0
(@) N(W(x,y)) W (N (x),N(©) x
(b) N(M(x,y))> W (N x),N ()
(¢) N(M (x,y))=WN (x), Ny))
(d) N(M (x,y)) <M (N (x), N () -9
7. For what value of x is W (x* + 2x, x + 2) < 0?
@ 2<x<2 © 2290 @ /M +6g (B LYW+ 15w
(©) x<-2 (d) Both (2) and (3) (¢) 1.5f(x)+1.5g(x) (d) None of these

g(x)

h(x)



12.

13.

[

(@) 9-f(¥) g (x)

(b) [f(x) +g(x) +41° + [fx) - 21 + [g ()]
(© [f(x)-gx) +4*-2

) f(x)gk) -9

1.1

(1.-1)
2,-2

(@) 2/(x)+g)

© 3 A+ %

(b) flx) +2g(x) -9
(d) None of these

4. Ifp°=¢’=r¢and £ = £, (l+l) h=2
q r \a ¢
(a) 1 (b) 12
(c) 3/4 d 2
15. What could be the equation of the following curve?
b
a
Byt By

Space for Rough Work

Directions for Questions 16 to 18:

(@) (&*+ b2 =m*(d®+ b

(b) (d®+ b*— mb)* = m*(a* + b°)
(¢) a*+b*—mb=m*a*+b)
(d) None of these

It is given that

S ) =p"g)=(p);hx)=1/p), k) =(1p)

16.

17.

18.

19.

20.

Think of a situation where a function is odd or even,
if the function is odd it is given a weightage of 1;
otherwise, it is given a weightage of 0. What is the
result if the weightages of four functions are added?
(a) 2 (b) O

(c) 1 (d) -1

If ‘p’ and ‘x’ are both whole numbers other than 0
and 1, which of the functions must have the highest
value?

(a) g (x)only (b) £ () only

(¢) g(x)and/ (x) both (d) A(x) and k(x)both
Which of the following is true if p’ is a positive
number and x is a real number?

(@ {f(x)—h(x)}/{g(x)—k(x)} is always positive
(b) f(x). g (x) is always negative

(¢) f(x). h(x)is always greater than one

(d) g (x). h (x) could exist outside the real domain

If x, and y 2 1 and belong to set of integers then
which of the following is true about the function
()" ?

(a) The function is odd if ‘x’ is even and ‘y’is odd.
(b) The function is odd if ‘x’ is odd and ‘y’ is even.
(c) The function is odd if ‘x” and ‘y’ both are odd.
(d) The function is even if ‘x” and ‘y’ both are odd.
If f (a,b ) = remainder left upon division of b by a,
then the maximum value for 1 (f (a, b), f(a + 1, b
+ 1)) X f(fla, b), 0) is ..... (b and a are co-primes)
(a) a—1 ®) a

(©) 0 d 1




REVIEW TEST 2 W

log5+log(y”*+1) _ 5
log(y -2)

1. The number of solutions of

is:

(a) 3 (b) 2

() 1 (d) None of these
Information for Questions 2 and 3: Given below are
two graphs labeled F'(x) and G(x). Compare the graphs and
give the answer in accordance to the options given below:

(@) F(=x)=G(x)+x/3

b) F(-x)=—Gx)—x/2

() F(=x)=—G(x) +x/2

(d) None of these

2. G(x) F(x)

3. G(x) F(x)

4. If a is a natural number which of the following
statements is always true?
(@) (a+1)(@+1)isodd
(b) 94>+ 6a + 6 is even
(¢) @’—2aiseven
(d) a*(@®+a)+1isodd
5. In the figure below, equation of the line PQ is

Q x=80 x=120

T

x+ 2y =160

(a) x+y=120 (b) 2x +y =120

(c) x+2y=120 (d) 2x +y=180

Sf(a)— f(b)
a-b

constant for all the numbers ‘a’ and ‘b’, where a #

b?

6. For which of the following functions is

(@) f()=4y+7 (b) )=y +y*
(c) fiy)=cosy (d) fy)=log,y

a+b+c

7. Given that f(a, b, c) = —3 then

la| +]b]+|c|
,b,e) 2 ————
() fla, b, c) 3

(b) fla, b, c) 2max (a, b, c)
|a+b+c|

© [fla, b, o) 2 ———

lal +]b]+|¢|

(d) [Aa,b,0)l <

8. We are given two variables x and y. The values of
the variables are x = and y = . Find the
a+b c+x
value of the expression 7y
X
21(a +b)* 3(a+b
(@) 2t b Sth)
ca+chb+1 7 ab + ac
7
) ——m — (d) None of these
3(ca+chb+1)
9. Ifp= 12=|x=3] the maximum value that ‘p’ can attain
12+|x—-3]
(a) 1 (b) 2
(c) 21 (d) 12
10. Y
X 45° X
Y
Refer to the graph. What does the shaded portion
represent?
(a) x+y<0 (b) x=y
() x+12y+1 (d x+y>0
I1. If a, b, ¢ are positive numbers and it is known that

@+ b* + ¢ =8 then:

(@) @+b+3< 16\E

(b) @+ +c>64

(c) @+b+c2>16 \/g

d) d+p+cP<64



12.

Find the value of the expression given in terms of
variables ‘x” and ‘y’.
(x*+ (a—-c)x —ac) (x* = ax — bx + ab) (x + ¢)

(x2 - az) (x2 —bxt—Px bcz)

(x—=b)(x—c¢) (x+a)(x+c¢)
® -a O
(c) ra)x=b) (d) None of these
(x=c¢)

Directions for Questions 13 and 14: These questions
are based on the relation given below:

7)) =f"""(y— 1) where a> 1 (integer values only) and
() =2/yif *y’ is positive or £ () = 1/(y * + 1) otherwise.

13.

14.

15.

What is /¢ (a — 1)?

(a) 0 (b) 1

(c) 2 (d) Indeterminate.
What is the value of /¢ (a + 1)?

(a) 1 (b) a

(c) 2a (d) 2

Raman derived an equation to denote distance of a
Haley’s comet (x) in the form of a quadratic equation.
Distance is given by solution of quadratic x>+ Bx + ¢
= 0. To determine constants of the above equation for
Haley’s Comet, two separate series of experiments
were conducted by Raman. Based on the data of
first series, value of x obtained is (1, 8) and based
on the second series of data, value of x obtained is
(2, 10). Later on it is discovered that first series of
data gave incorrect value of constant C while second
series of data gave incorrect value of constant B.
What is the set of actual distance of Haley’s Comet
found by Raman?
(@ (11,3)

() 4.5)

(b) (6,3)
(d) G.11)

Space for Rough Work

16.

17.

18.

19.

20.

‘a’, ‘b’ and ‘¢’ are three real numbers. Which of the
following statements is/are always true?
(A) (a—1)(b-1)(c—1)<abc.
B) (a*+b*+c*)2=2ca+cb—ab
(C) a*b\c is a real number
(a) Only 4 is true (b) Only B and C are true
(c) Only B is true (d) None is true
If we have fg(y)] = g[ f(y)], then which of the fol-
lowing is true?
(a) [ffeleleglgT = [flelefTfTe(y)IIII]
(b) [TTTelTe(1 = ffTglelglf(y)111]]
(c) [elflelelelf(y)III] = [f [elelf [{Tf(y)]II1]]
(d) [elflelelTef(I1 = [flelelelele[f(y)11111]
at—1 4
2

a3 . 1
" and g(a) = —(a+1) , what is f(g(Z))?

fa)=

a +

0) o

0.652
@® 2250

734
© ~Te2s

Dev was solving a question from his mathematics

(d) None of these

book when he encountered the expression

—c
loib = bﬁ then a“ b” ¢¢ is
c—a a—
(a) -1
(c) 0.5

(b) 1
(d) 2
log5 + log(a® +1)

The number of integral solutions of
log (a —2)

=is:

(a) 3
(© 1

(b) 2
(d) None of these




REVIEW TEST 3 W

Directions for the Questions 1 to 3: Refer to the data

given below and answer the questions._

1 ¢

Given% =—,—=—andz=

1
2°d 3
tions below on limits of z.

1. If y > 0 and p = 0 then the limits of ‘z’ are:

c
—— , answer the ques-

10.

Given odd positive integers p, ¢ and » which of the
following is not necessarily true?

(@) p*q*r*is odd (b) 3(p>+¢°)r* is even
(¢) Sp+qg+rtisodd (d) 2 (p*+¢")/2is even

11. f(a) = (a* + 1) (@® — 1) where @ = 1, 2, 3... which

of the following statement is not correct about fla)?
(a) fla) is always divisible by 5
(b) fla) is always divisible by 3

(a) z<0orz2>1 (b) %SZS

N | =

(c) zZ%orzS (d) 0<z<1

W | —

. c<0and 1/3 <z<1/2 only if:

(a) a>1.5¢c (b) ¢>-1

(c) a<0 (d) a>-1.5¢

. If a =-31, which of the following value of ‘d’ gives
the highest value of ‘z’?

(@) d=72 (b) d=721

(¢) d=-31 (d) d=0

. Find the integral solution of: 5y — 1 < (y + 1)* <
(Ty = 3)

(a) 2 (b) 2<y<4

(¢) 1<y<4 (d 3

CIff(a) = 2

L v 0andify :f(l) then

a+1 a

(a) As ‘a’ decreases, ‘y’ decreases

(b) As ‘@’ increases, ‘y’ decreases

(c) As ‘x’increases, ‘y’ increases

(d) As ‘x’ increases, ‘y’ remains unchanged

. If fand g are real functions defined by fla) = a + 2
and g(a) = 2a*> + 5, then fog is equal to

(a) 2d°+7 (b) 24*+5

(€) 2(a+2)*+5 (d) 2a+5

. If “p’ and ‘¢’ are the roots of the equation x* — 10x
+ 16 = 0, the value of (1 — p) (1 — ¢q) is

(a) =7 (b) 7

(c) 16 (d) -16

. Given that ‘a’ and ‘b’ are positive real numbers such
that ¢ + b = 1, then what is the minimum value of

1 1
\/12+—2+\/12+—2?
a b

(a) 8 (b) 16

(c) 24 (d) 4

. Let p, g and r be distinct positive integers satisfying
p<qg<vrandp+ g+ r =k What is the smallest
value of & that does not determine p, g, » uniquely?

(@) 9 (b) 6
(c) 7 (d) 8

(c) fla) is always divisible by 30

(d) None of these
Directions for Questions 12 and 13: The following
questions are based on the graph of parabola plotted on x — y

axes. Answer the questions according to given conditions
if applicable and deductions from the graph.

12. Y

The above graph represent the equations

(@ y>=kx, k>0 (b) > =hkx, k<0
(¢) ¥=ky-1,k<0 () ¥*=ky-1,k>0
13. Y
0 X

The above graph represents the equation
(@) ¥*=ky, k<0 () Y =kx+1,k>0
(¢) V=ke+1,k<0 (d) None of these

14. Mala while teaching her class on functions gives her
students a question.
According to the question the functions are f(x) =
—x, g(x) = x. She also provides her students with
following functions also.

SO, y)=x—yandg(x,y)=x+y
Since she wants to test the grasp of her students on

functions she asks them a simple question “which of
the following is not true?”” and provides her students
with the following options. None of her students
were able to answer the question in single attempt.
Can you answer her question?

(@) [T/, yN]I=g(x,»)

() glglf (x, T =Ax, y)

() flx) +g ) +/(x,y) + g(x,y) = glx) - f(x)
(d) None of these

Directions for Questions 15 and 16: We are given that
fx)=f(y)and fix, y)=x +y, ifx, y >0



15.

16.

17.

18.

S, y) =xp,ifx,y=0

fix,y) =x—-y,ifx,y<0

fix,y) =0, otherwise
Find the value of the following function: f[f(2, 0),
S=3, D1+ fT-6,-3), f(2, 3)]
(a 0 (b) 2
(c) -8 (d) None of these
Find the value of the following function:
{(,2), f2, 3]} x {fTf(1.6, 2.9), A -1, = 3)]}
(a) 12 (b) 36
(c) 48 (d) 52
Given that fla) =a (a + 1) (a + 2) where a = 1, 2,
3, .... Then find § = f(1) + f2) + f(3) + ...... +
A10)?

(a) 4200 (b) 4290

(c) 4400 (d) None of these
We have three inequalities as:

1) 2°>a (i) 2°>2a+1

(iii) 2“>d’

Space for Rough Work

19.

20.

For what natural numbers » are all the three inequali-
ties satisfied?

(a) a=3 (b) a=z4

() a=5 (d) a=6

For the curve x* — 3xy + 2 = 0, the set A of points on
the curve at which the tangent to the curve is hori-
zontal and the set B of points on the curve at which
the tangent to the curve is vertical are respectively:
(a) (1,1)and (0, 0) (b) (0,0)and (1, 1)

(¢) (1, 1)and null set (d) None of these

_iao L S S
If fla) = a " and g(a) \/m

real domain for all values of ‘@’ such that f(a) and
g(a) are both real and defined is represented by the

then the

inequality:
(@ a*—a-1>0
(c) d*~4a—-1>0

() a*—4a*-1>0
(d) None of these




ANSWER KEY
Review Test 1
1. (d) 2. (¢) 3. (c) 4. (¢c)
5.(d) 6. (¢) 7. (d) 8. (a)
9. (¢) 10. (¢) 11. (¢) 12. (a)
13. (d) 14. (d) 15. (b) 16. (b)
17. (b) 18. (d) 19. (b) 20. (¢)
Review Test 2
1. (d) 2. (d) 3.(d) 4. (d)
5. (a) 6. (a) 7. (d) 8. (a)

9. (a) 10.
13. (b) 14.
17. (¢) 18.

Review Test 3

1. (b) 2.

5. (b) 6.

9. (d) 10.
13. (d) 14.
17. (b) 18.

(2)
(2)
(d)

(©)
(a)
(d)
(b)
(©)

11. (¢)
15. (c)
19. (b)

3.(d)
7. (d)
11. (d)
15. (a)
19. (¢)

12. (d)
16. (c)
20. (d)

4. (b)

8. (a)
12. (b)
16. (d)
20. (b)
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