4. BINOMIAL THEOREM

MATHEMATICAL INDUCTION

The technique of Induction is used to prove mathematical theorems. A variety of statements can be proved using
this method. Mathematically, if we show that a statement is true for some integer value, say n = 0, and then we
prove that the statement is true for some integer k+1 if it is true for the integer k (k is greater than or equal to 0),
then we can conclude that it is true for all integers greater than or equal to 0.

The solution in mathematical induction consists of the following steps:

Step 1: Write the statement to be proved as P(n) where n is the variable.

Step 2: Show that P(n) is true for the starting value of n equal to O(say).

Step 3: Assuming that P(k) is true for some k greater than the starting value of n, prove that P(k+1) is also true.
Step 4: Once P(k+1) has been proved to be true, we say that the statement is true for all values of the variable.

The following illustrations will help to understand the technique better.

Illustration 1: Prove that 1+2+3+...+n=n(n+1)/2 for all n, n is natural. (JEE MAIN)

Sol: Clearly, the statement P(n) is true for n = 1. Assuming P(k) to be true, add (k+1) on both sides of the statement.
P(n):1+2+3+..+n=n(n+1)/2

Clearly, P(1) is true as 1=1.2/2.

Let P(k) be true. That is, let 1+2+3+...+k be equal to k(k+1)/2

Now, we have to show that P(k+1) is true, or that

1+2+43+.. . +(k+1)=(k+1)(k+2)/2.

LH.S = 1+42+3+..+(k+1)

= 1+2+3+..+k+(k+1) = k(k+1)/2 + (k+1) (As P(k) is true)

= (k+1) (k/2+1) = (k+1)(k+2)/2

= RH.S

Illustration 2: Prove that (n+1)! >2" for all n>1. (JEE MAIN)

Sol: For n = 2, the given statement is true. Now assume the statement to be true for n = m and multiply (m+2) on
both sides.
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Let (n+1)! >2" (i)
Putting n=2 in eq. (i), we get,
31> 22
31>4
Since this is true,
Therefore the equation holds true for n=2.
Assume that equation holds true for n=m,
(m+1)! > 2m . (i)
Now, we have to prove that this equation holds true for n=m+1, i.e. (m+2)! > 2™+,
From equation 2, (m+1)! > 2™,
Multiply above equation by m+2
(Mm+2)! > 2™ (Mm+2)
> 2m 4 2Mm
> 2m+l

Hence proved.

Illustration 3: Prove that n? + n is even for all natural numbers n. (JEE MAIN)
Sol: Consider P(n) = n? + n. It can written as a product of two consecutive natural numbers. Use this fact to prove
the question.

Consider that P(n) n?+ nis even, P(1) is true as 1?2+ 1= 2 is an even number.

Consider P(k) be true,

To prove : P(k + 1) is true.

P(k + 1) states that (k + 1)? + (k + 1) is even.

Now, (k + 1>+ (k+1)=k*+2k+1+k+1=k*+k+2k+2

As P(k) is true, hence k? + k is an even number and can be written as 2 A, where X is sum of natural number.
20 + 2k + 2 = 2(A + k+ 1) = amultiple of 2.

Thus, (k + 1)? + (k + 1) is an even number.

Hence, P(n) is true for all n, where n is a natural number.

Illustration 4: Prove that exactly one among n+10, n+12 and n+14 is divisible by 3, considering n is always an
natural number. (JEE MAIN)

Sol: We can observe here that

Forn=1,
n+10 = 11
n+12 =13
n+14 =15

Exactly one i.e 15 is divisible by 3.

Let us assume that that for n = m exactly one out of n+10, n+12, n+14 is divisible by 3
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Without the loss of generality consider for n=m, m+10 was divisible by 3

Therefore, m+10 = 3k

m+12 = 3k+2

m+14 = 3k+4

We need to prove that for n=m+1, exactly one among them is divisible by 3. Putting m+1 in place of n, we get
(m+1)+10 = m+11 = 3k + 1 (not divisible by 3)

(M+1)+12 = m+13 = 3k+3 = 3(k+1) (divisible by 3)

(m+1)+14 = m+15 = 3k+5 (not divisible by 3)

Therefore, for n=m+1 also exactly one among the three, n+10, n+12 and n+14 is divisible by 3.

Similarly we can prove that exactly one among three of these is divisible by 3 by considering cases when n+12 = 3k
and n+14 = 3k.

BINOMIAL THEOREM

1. INTRODUCTION TO BINOMIAL THEOREM

1.1 Introduction

Consider two numbers a and b, then

(a+b)2 =a’ +2ab+b?
(a+b)3 :(a+b)(a+b)2 =(a+b)(a2+2ab+b2) =a’ +3a’b + 3ab? + b3

(a+b)4 =(a+b)2(a+b)2 :(a2+2ab+b2)(a2+2ab+b2) =a* + 42’0 + 6a’b? + 4ab> + b*
As the power increases, the expansion becomes lengthy, difficult to remember and tedious to calculate. A binomial

expression that has been raised to a very large power (or degree), can be easily calculated with the help of Binomial
Theorem.

1.2 Binomial Expression

A binomial expression is an algebraic expression which contains two dissimilar terms.

etc.

For example: x+y,a? +b%,3-x, Vx? +1 +
3
X +1

1.3 Binomial Theorem
Let n be any natural number and x, a be any real number, then

n — — — _
(x+a) ="Cyx"a’ +"C x" et + "C, XA o+ "C XA o+ "C x4+ N X

. n 2 _ n!
ie (x+a) =20:”Crx“ "a” where "C, :r!(n——r)!

and the co-efficients "C, "C, "C,, .....c..cc........ and "C_are known as binomial coefficient.
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CONCEPTS
n
(@) The total number of terms in the expansion of (x + a)" = » "C x""a",is (n + 1).
(b) The sum of the indices of x and a in each term is n. =0
() "C,"C,"C, ...,"C, are called binomial coefficients and also represented by C, C,, C, and so on.
(i) nC)(=“Cy:>x=yor X+y=n (i) "C,="C.,
(i) "C +"C_, =""C (iv) "C,=n/(n-r)."'C,
Vaibhav Gupta (JEE 2009, AIR 22)
Illustration 5: Expand the following binomials
4
. .. 3x3
(i) (x = 2)3 Gy |1 - (JEE MAIN)

Sol: By using formula of binomial expansion.

(i) (x=2) =5 +°Cx* (<2) + 56,3 (-2)" + 5Cx (-2) + ¢ x(-2)" + 3¢, (-2)

= x> —10x* + 40x® — 80x? + 80x — 32

4 2 3 4
.. 3X3 4 4 3X3 4 3X3 4 3X3 4 3X3
(ll) 1—7 = CO + Cl —7 + CZ —7 + C3 —7 + C4 —T

Exﬁ —zx9 +§x12
2 16

=1-6X+

2. DEDUCTIONS FROM BINOMIAL THEOREM
2.1 Results of Binomial Theorem

D-1 On replacing a by —a, in the expansion of (x + a)", we get
(x—a)" ="Cyx"a® - "Cx" et + "Cx"2a” — .+ (-1) "Cx"al ...+ (1) "C X%

(_1)r nCan—rar

M-

ie. (x —a)n =

T
o

Therefore, the terms in (x — a)" are alternatively positive and negative, and the sign of the last term is positive or
negative depending on whether n is even or odd.

D-2 Putting x = 1 and a = x in the expansion of (x + a)", we get

n
(1+x)" ="Co+ "Crx+ "Cx et "C X+ "C X

= (1 + x)n = ano "CxX
r=

This is the expansion of (1 + x)" in ascending powers of x.
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D-3 Putting a = 1 in the expansion of (x + a)", we get

n
n n n n n-1 n n-2 n n—-r n n n n n—-r
(x+1)" = "Cox" + "Cx" + "X+ "X e+ "C X+ Cn:>(1+x) = "Cx
r=0

This is the expansion of (1 + x)" in descending powers of x.

D-4 Putting x = 1 and a = —x in the expansion of (x + a)", we get

CONCEPTS

If n is odd then {(x + a)n +(x —a)n} and :(x+ a)n - (x —a)n} both have the same number of terms equal
to (nzij where as if n is even, then {(x +a)n + (x —a)n} has [nglJ terms.

Nikhil Khandelwal (JEE 2009, AIR 94)

2.2 Properties of Binomial Coefficients

Using binomial expansion, we have

n
(1+x) ="Co+"Cx+ nsz2 o, +"C X+ + "C X

n — —. —
Also, (1+x) = "Cox" + "Cx"™ + "CX" 4+ "CXM L+ "Cyx+ "C

Let us represent the binomial coefficients "C,"C;,"C,,.....,"C_;,"C, by C;,C,,C,.......C, ;,C, respectively. Then
the above expansions become

(1+x)" =Co+Cx+ Cx 4 4 Cx" e (14 %) = Zn:Crxr
r=0

n
Also, (1 + x)n = CopxX" + CxX" T+ X" 4+ C XY 4+ C x4 C e (1+ x)n = ZOCrx”’r
r=

The binomial coefficients C, C, C,,........ C, , and C posses the following properties:

n-1/
Property-I In the expansion of (1 + x)", the coefficients of terms equidistant from the beginning and the end
are equal.

Property-I  The sum of the binomial coefficients in the expansion of (1 + x)"is 2".
n
ie.Co+ C+ Cy# o+ C =200r, 2. "C =2".
r=0
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Property-Ill The sum of the coefficient of the odd terms in the expansion of (1 + x)" is equal to the sum of the
coefficient of the even terms and each is equal to 2",

ie. Co+C,+C, +.nnnn =C +C+C +. =t
Property-Iv  "C =

Property-V  C,-C,+C, ~C;+C, —...+(-1)'C, =0

CONCEPTS

nc n+1C
ro_ r+1
(a) (n+1)cr = nCr i nCr—l (b) r nCr = nn—l Cr—l (C) r+1 - n+1

Saurabh Gupta (JEE 2010, AIR 443)

Ilustration 6: If (1+x)" =C,+C;x+ C2x2 F oo +C.x", then show that (JEE MAIN)

(i) Cp +4C, +4°C, + e +4"C =5"
(i) Cy +2C; +3C, + o +(n+1)C, =2"1(n+2)

Giye, -1+ S Sy ey Sl L
2 3 4 n+l n+1

Sol: By using properties of binomial coefficients and methods of summation, differentiation, and integration we
can easily prove given equations.

(i) @+X)" =Cy +Cx+Cx° + e + C X"

Method 1: By Summations

rth term in the series is given by (r+1).“Cr

=)

Therefore, LH.S = "Cj +2."C, +3."C, +....... +(n+1)."C, = Z(r+1).“Cr
r=0
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M:s

n n n
=3 ", +Y."C, =n>."1C; +>."C, = n2"+2" =2" (n+2) = RHS
r=0 r=0 r=0

1l
o

r

Method 2: By Differentiation

(L1+x)" =Cy +Cx+CX° + e+ C X"
Multiplying x on both sides, x(1+x)" = Cyx+C;x’ +C2x3 o+ C X
On differentiating, we have (1+x)" +xn(1+ x)n_l =Co+2Cx+3.0,%% + 4 (n+1)Cx"
Putting x = 1, we get C; +2.C; +3.C, +..... +(n+1)Cn =2"+n2"!
Co+2C; +3.C, +n+(n+1)C =21 (n+2)
¢, ¢ C 1
i) Cg ——+ =2 -3 4. 1) "=
-5 +377% AT
Method 1: By Summations
n
C
r" term in the series is given by (—1)r. L
r+1
c, ¢ C C n "C
Therefore, LHS. = Cj ——++—2-—2+.... +(—1)n =y (-1) . —
2 3 4 n+l /3 r+1
1 n M el . n+1 n n+1 1 |:n+1 n+1 n+1
=—— S(- - = =— C C,+"C, -
n+1§( 1) "™C,, using ~——-."C, Corf =1 2 > 3

Adding and subtracting the term ”*1CO, we have

= +1C 1 1 n ) X
+1 " 0 " 1 " C2 ........ +( ) 'n ( el n+ C
- — as +1 1 1 n .
n CO n+ Cl n ( 2 L T l—(_ ) .I'H~ Cn . . S

Method 2: By Integration

1+x)"=C,+Cx+Cx+

On integrating both sides within the limits -1 to O, we have

])‘(1 + x)ndx: T(Co+ Cx + CxX*+
il i}

n+1 0 0
(1+x) 2 3 n+1
=>|—| =|Cx+C —+C,—+... +C
n+1 2 3 "n+1
-1 -1
C, C C C, C C
S Y L (-1)" = = -2 (-1)' =" =
n+1 2 3 n+1 2 3 n+1
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(i) CoC, +C,C3 +CCy +u+ C, ,C, = 2"C,, Or 2'C

(i) 1.C5+3.C{+5.Co+.t(2n+1).C2.=2n.2"1C +C,

n

(JEE ADVANCED)

Sol: In the expansion of (1+x)>, (i) and (ii) can be proved by comparing the coefficients of x" and x"? respectively.
The third equation can be proved by two methods - the method of summation and the methods of differentiation.

(i) (1+x)n:CO+C1x+C2x2+ ........ +C x

Also, (x+1)" = Cox" + Cx" !+ Cx" 2 e+ C X

Multiplying equation (i) and (ii)

On comparing the coefficients of x" both sides, we have

=C =Co+C +C 4. +C? Hence, Proved.

(i) From (iii), on comparing the coefficients of x"~? or x"*2, we have

CoC, +C,C5+C,Cy +un+ C,,C = 2"C,_,0r 'C

n+2
(i) 1.C5+3.C; +5.C5 +.t(2n+1).C2 . =20 2" 1C +7"C

Method 1: By Summation

rth term in the series is given by (2r +1) nCr2

LHS. = 1.C5 +3.C{ +5.C +.... +(2n+1)C = i(2r+1)”Cr2
n 2 n n =
=>2r("¢ ) + X[ ) =22 n"e, e + N,
r=0 r=0 r=1
(1+x) ="Co+ "Cx+ "Ox" + o+ "C X"
(x+1)" = "™+ MO e+ "IC, X

IC = "G "¢+ "TCL"C e+ TIC L C

n-1 n _ 2n-1
ie. C.,"C =*'c,

n
r=1

Hence, required summation is 2n. 2”‘1Cn + 2"Cn

Method 2: By Differentiation

(1 +x? )n =Cy+ Clx2 + C2x4 + C3x6 Fo Cnxzn

()

v (i)

ooo. (i)

(D)

(D)



Differentiating both sides

Comparing coefficient of x*"

nAC L+ C = Ch +3CF +5C + ...+ (2n+1)C
5 Co+3C +5C; +....+(2n+1)C2 = 20" C +7" C,

Illustration 8: If (l + x)n =Cy+Cx+ sz2 + o+ C X",

|
Prove that C,C, +C,C, . +C,C,y 4t C, C =20

Sol: Clearly the differences of lower suffixes of binomial coefficients in each term isr.

By using properties of binomial coefficients we can easily prove given equations.

Given (1+x)" =Co+Cyx+ Cox e+ G X" e+ C X

Now (x+1)" = Cox" + Cx" !+ C X" 2 e+ C X" 4+ C X 4+ C
Multiplying (i) and (ii), we get

(x+1)2n :(C0 +Clx+C2x2 Fot C X +Cnx”)

Now coefficient of x™ on L.H.S. of (iii) = chn*f B m
n—r)! (n+r)!

and coefficient of x™" on RH.S. of (i) = C,C, +C,C ,; +C.C ,, +... +C _C

r+1

But (iii) is an identity, therefore, of x"" in R.H.S. = Coefficient of x"" in L.H.S.

|
— C,C 4 C,Cy +CoCoy bt €, C =20

r+1

Hence, Proved.

Hlustration 9: Prove that "C, - 2nCr -"C, - M2C 4= 22”‘r.”CH ifr>nandOifr<n.
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(D)

(1))

(JEE MAIN)

. ()
(D)

... (i)

(JEE MAIN)

n
Sol: By comparing coefficient of x"in L.H.S. and R.H.S. in the expansion of [(1+x)2 —1} we can prove it.

[(1 + x)2 - l}n ="C, (1 + x)zn -"C (1 + x)zn_2 +"C, (1 + x)zn_4 +..

Coefficient of x in RH.S. = "C,.°"C, = "C;.2"?C, + e
LH.S. = [ +x)2 -1 =[2x + %" = x" (2 + X)"

0

(D)
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.. Coefficient of x"in x™ (2 + x)"
= Coefficient of x™in (2 + x)"="C_ 2>"ifr > n
=0ifr<n (Since lower suffix cannot be negative)
But (i) is an identity, therefore coefficient of x" in RH.S. = coefficient of x" in L.H.S.

Hence "C,.”"C, - "C,*"%C, +.... ="C,_,2°"" ifr>n

=0 ifr<n.

Illustration 10: Show that C,."C, -C, " *C, +C,*"?C, - C;*"*C, +....+(-1)'C,"C, =1  (JEE ADVANCED)

Sol: Observe the pattern in the terms on the LHS. The first term CO.Z”Cn is the co-efficient of x" in the expansion
of Cy(1+ x)zn. Similarly, C,.°"'C, is the co-efficient of xin C, (1+x)2n and so on. On adding all the coefficients

of x” we can prove the given equation.

Note that C,.*"C, - C;.*"'C +C,.2"?C -G 2" C +...+(-1) "C,."C

= Coefficient of x" in (1 + x)n [(1 + x) - l]n

n

= Coefficient of x" in (1 + x)n (x)

= Coefficient of the constant termsin (1 + x)" =1

3. TERMS IN BINOMIAL EXPANSION

3.1 General Term in Binomial Expansion
We have, (x+a)" = "Cyx"a® + "C;x" " @l + "C,x" X 4o+ "X e+ "C X0

(r+1)*" term is given by "C x""a"
Thus, if T

.1 denotes the (r+1)" term, then T , = "C.x""a’

;
This is called the general term of the binomial expansion.

(@) The general term in the expansion of (x —a)", is given by T, = (-1)."C x""a’
(b) The general term in the expansion of (1 + x)" is given by T, ="C x'

= (-1 "Cx

1

(c) The general term in the expansion of (1 -x)", is given by T |

(d) In the binomial expansion of (x + a)", the r" term from the end is (n + 1) — r + 1) term i.e. (n —r + 2) term
from the beginning.

Illustration 11: The number of dissimilar terms in the expansion of (1 —3x + 3x2 - x3)% is (JEE MAIN)

Sol: As we know that number of dissimilar terms in the expansion of (1 — x)" is n+1. Rewrite the given expression
in the form of (1 — x)".
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(1-3x+3x=x)2 =[(1-x)3*° = (1-x*®
Therefore number of dissimilar terms in the expansion of (1 — 3x + 3x? — x%)?is 61.
4x 5

9
Illustration 12: Find (i) 28" term of (5x + 8y)* (i) 7* term of [ c 2—) (JEE MAIN)
X

Sol: Here in this problem, by using T, = "C x""a' we can easily obtain (r+1)" term of given expansion.

(i) 28™ term of (5x + 8y)*®

_ 30! 3 27
T =T, =2C,0x%% 8y)” = 3!.27!(5)() .(8y)
9

(i) 7t term of x>

5 2x

o ()% 5 91 (4xY(5) 10500
T, =T =G| = oo =Sl T 5] T
’ 5 2x 316!\ 5 2X x>

Illustration 13: Find the number of rational terms in the expansion of (9% + 81/6)100, (JEE ADVANCED)

Sol: In this problem, by using T, = "C x""a" we can easily obtain (r+1)" term of given expansion and after that by
using the conditions of rational number we can obtain number of rational terms.

The general term in the expansion of (94 + 81/6)1000 js

r+1 —

11000 . 1000-r r
T . —1000¢ | ga (81/6) _ 1000~ 3 2 92
r r

00—r

. . . . 10 .
T.., will be rational if the power of 3 and 2 are integers. It means and % must be integers.

Therefore the possible set of values of ris {0, 2, 4... ... 1000}. Hence, number of rational terms is 501.

3.2 Middle Term in Binomial Expansion

(a) If nis even, then the number of terms in the expansion i.e. (n + 1) is odd, therefore, there will be only one

n+2 " n "
middle term which is (TJ term i.e. (§+1} term.

nn

th
So middle term = (g+lj term i.e. T(n ] ="C x?a?
—+1 =

2

(b) If nis odd, then the number of terms in the expansion i.e. (n+1) is even, therefore there will be two middle
terms which are

n+1)" n+3)" gl U
:[Tj and[Tj term i.e. T[ml] = nC[n_ljx 2a? and T[M] = ”C[MJX 232
2 2
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CONCEPTS

e When there are two middle terms in the expansion then their binomial coefficients are equal.
e Binomial coefficient of middle term is the greatest Binomial coefficient.

Neeraj Toshniwal (JEE 2009, AIR 21)

5 \14 319
Illustration 14: Find the middle term(s) in the expansion of (i) (1 —X?] (i) (Ba —%J (JEE MAIN)
n i n+1 " n+3 i

Sol: By using appropriate formula of finding middle term(s) i.e. [E+1j when n is even and [TJ and(Tj

when n is odd, we can obtain the middle terms of given expansion.

L th
() (1 —X?] Since, n is even, therefore middle term is (174+1j term.

2Y 429
X
Ts — 14(:7 A — __X14
2 16

9
.. 33
(i) [33 - Ej

Since, n is odd therefore, the middle terms are (

th th
9+1 and 9+l+1 ‘
2 2

3\ 3Y
] 9 9-4( a 189 ;5 9 9-5( a 21 49
- Ty =°C,4(3a) [_FJ -5 2 and Ty =°C,(3a) [_E] T

Q

3.3 Determining a Particular Term

n
In the expansion of (x“ iiﬁ] ,if x™occursin T, then ris given by

r+1/
X

no—m

na—r(o+B)=m =r= 7B

Thus in above expansion if constant term i.e. the term independent of x, occurs in T then r is determined by

no
na—r(o+p)=0 =>r=
( B) a+p
4, 3Y
Illustration 15: The term independent of x in the expansion of (gxz —2—] is (JEE MAIN)
X
Sol: By using the result proved above i.e. r = n—a, we can obtain the term independent of x. Here, o and B are

oa+f

n
obtained by comparing given expansion to (x“ iiﬁj .
X

4, 3Y) 1Y)
On comparing| —x*> —— | with| xX*+—| ,weget 0 =2,f=1,n=9
3 2x )(B



Mathematics | 4.13

9(2
ier= % =6 .. (6 + 1) =7"term is independent of x.
+

15
Illustration 16: The ratio of the coefficient of x> to the term independent of x in [xz +EJ is (JEE MAIN)
X

Sol: Here in this problem, by using standard formulas of finding general term and term independent of x we can
obtain the required ratio.
15-r (2
General term in the expansionis T, = °C, (xz) (—] ie, PC X072
X

For x**>,30-3r=15 = 3r =15 =r=5

5
15-5
LTo= T, = PG (xz) (éj ie, PCx.2°

= Coefficient of x* is °C, 2° (r = 5)

For the constantterm 30 -3r=0 = r = 10.

10
15-10 (2
g 15 2 o 15 10
. T]_]. = T10+1 = ClO (X ) (;j Le., C102

= Coefficient of constant term is *°C 2.

Hence, the required ratio is 1 : 32.

9
Illustration 17: The term independent of x in the expansion of [9/; - ] is equal to (JEE MAIN)

Sol: By using the formula T, = "C.x""a" we can solve it.

T, = 9cr(ﬂ§)9'r (_i]r - 5¢ (1) (63 oc, (1) X[%]

r

Illustration 18: If the second, third and fourth terms in the expansion of (b+a)" are 135, 30 and 10/3 respectively,
then n is equal to (JEE MAIN)

Sol: In this problem, by using the formula of finding general term we will get the equation of given terms and by
taking ratios of these terms we can get the value of n.

T,="C ab™ =135 ..(0)
T, ="C,a%b"? = 30 (i)
T,=C ab== 20 i)
3
On dividing (i) by (ii), we get
"C,ab™' 135 n b 9 .
S S = == .(iv)
“Czazb“’z 30 nn-1)a 2
2
b 9
n= Z(n—1) (V)
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Dividing (ii) and (iii), we get

2 E_?’OX?’:g N 3 9:
n(n—l)(n—Z)'a 10 (n—-2) a
3.2

Eliminating a and b from (v) and (vi)= n =5

(Vi)

Illustration 19: If a, b, c and d are the coefficients of any four consecutive terms in the expansion of (1+x)", n being

c 2b
a+b c+d b+c

positive integer, show that

Sol: Consider four consecutive terms and use "C__; + "C, = "'C .

The (r+ 1)"termisT  ="Cx

~. The coefficient of term T . ="C

1

. Now take four consecutive terms as (r — 1)th, rth, (r + 1)th and (r + 2)th

. Wegeta="C , b="C_;,c="C,d="C
a+b="C_,+"C_, ="'C ,
b+c="C_, +"C ="C
c+d= nCr + nCr+1 = nJrlCrJrl
a "¢, nl X(r—l)!(n—r+2)!_ r_1
Ta+b "+1Cr_l_(r—2)!(n—r+2)! (n+1)!
b ", nl ><r!(n—r+1)! _
btc ™c  (r-1)(n-r+2)!  (n+1)!  n+l
c "C, (r+1)t(n=r)! re1
c+d "lC . _n!(n—r)! (n+1)! T n+l

a C r-1 r+1 2r r
+ = + = =2
a+b c+d n+l n+l n+1 n+1

3.4 Finding a Term from the End of Expansion

In the expansion of (x + a)", (r + 1) term from end = (n —r + 1) term from beginning i.e.

()= Trn

Illustration 20: The 4™ term from the end in the expansion of (2x — 1/x?)% is
Sol: By using T (E) = T (B) we will get the fourth term from the end in the given expansion.

7
Required term = T,y , >, =Ty = 10C7 (2x)3 [—%] =-960 x
X

=b+c

(JEE MAIN)

(JEE MAIN)



3.5 Greatest Term in the Expansion

Let T, and T be (r+1)th and rth terms respectively in the expansion of (x+a)".

_n n-r+1_r-1.
T="C_xa

CTa _ ncrxn—rar _ n! X(r—l)!(n—l’+1)! a :n—r+1 a
T nC Xt (n—r)ir! n! "X roox
T, n-r+1 a n+l)
Now, T.,>=<T :?>:<1 = . ; >=<1 3{( : J 1}
n+1 X n+1 X n+1
=>——-1>=<> =>—>=< |1+— >=<r
r a r a X
1+—
a
Thus, T >=<T according as >=<r
1+%
a
Now, two cases arise
n+1 . . n+1 .
Case-I: When is an integer Let =m, Then, from (i), we have
1+% 1+%
a a
T.,>T,forr=123,..(m-1)

T,=T,forr=m

and, T ,<T, forr=m+1,..n

r+1
SL>TL>T T, >T, 0T >T [From (ii)]
T . ,=T. [From (iii)]
and, T .5 <T 1T <Tooi Ty <T, [From (iv)]
ST <h<an<T <T =T 1>T 5..>T
This shows that m™ and (m + 1)*" terms are greatest terms.
n+1 .
Case-II: When =m. Then, from (i), we have
1+2
T, >Tforr=12,..m
and T, <Tforr=m+1m+2..n
LTG>T T > T [From (v)]
and, T o <T T o<T 5T, <T [From (vi)]

<T

:>T1<T2<T3< ..... <Tm<T >T il

m+1 m+2 m+3°

Mathematics | 4.15

Then, T, ="Cx""a" and

r+1 —

(i)

(D)
(iv)

(V)
o (Vi)
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= (m + 1) term is the greatest term.

Following algorithm may be used to find the greatest term in a binomial expansion.

3.6 Algorithm to Find Greatest Term

Step I: From the given expansion, get T and T

-
Step II: Find [I_—+1

r

T
Step III: Put [l_—*l >1

;
Step IV: Simplify the inequality obtained in step III, and write it in the form of either r < m orr > m.
Step V: If m is an integer, then m™ and (m+1)" terms are the greatest terms and they are equal.

If m is not an integer, then ([m]+1)" term is the greatest term, where [m] means the integral part of m.

3.7 Greatest Coefficient

Case-I When n is even, we have

n
C I r+1)(n-r—1)!
r . m X( i ):”1 (i)
nc (n—r)!r! n! n—r
r+1
Now, for OSrﬁg—l :>ISr+1§%and %+l<n—r£n
r+1 L "C, n n
:m<l [Using ()] = c <l="C <"C,

r+1

Putting r=0,1,2,...... ,[g—lj, we get"C, < "C;,"C; < "C,,"C, < "C5...<"C,, < "C

n_ n
2 2
n n n n n .
= "C <G <G << CE,1< CD (i)
2
H n _n
Since 'C__, ="C,
..n _n n _n n _n n n
G ="C "G ="C 1, "G = S CD, < CE
2

Substituting these values in (i), we get i
(il
"C,<"C,_,<"C

n-1 n-2

N[>

From (i) and (iii), we refer that the maximum value of "C is "C.

Case-II When n is odd

n

C
We have, L =ﬂ
nc n—r
r+1

Now,0£r<% :>0<r+1<n7_land%£n—r£n
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1 "C o
j%<1:> . —<1 [Using ()] = "C, <"C,,
r+1
Putting r = 0,1, 2, ....., "=3
2
We get "C, < "C;,"C, <"C,, "C, < "Gy, < "C 5 <"C; ="C
2 2 2
="C,<"C, <", <" <...<"C 53<"C ,="C )
T T T (i)
Since "C__ = "C. Therefore,
. "C,="C,"C,="C,_,,"C, ="C, ... '\, ="C. s .. (i)
2 2
From (ii) and (iii), it follows that the maximum value of "C is "C_, ="C_,
2 2
. . . . 1
Illustration 21: Find the numerically greatest term in the expansion of (3 — 4x)'>, when x = 7 (JEE MAIN)

Sol: Follow the algorithm mentioned above.

Let r" and (r + 1) be two consecutive terms in the expansion of (3 — 4x)%°
T.,>T
r

r+1
15¢ 357 (1) > ¢, 315-(-1) (|_4X|>r‘1

_(15)! |—4x| > ﬂ = 5.1(16—r) >3r = 16-r>3r
(15—r)ir! (16—r)!(r—1)! 5
= 4r<16 =r<4

Hence, we have T, <T, <T, <T,.
Similarly, if we simplify T, =T, we get r=4.

Therefore the numerically greatest term is T,and T .

4. APPLICATION OF BINOMIAL THEOREM
4.1 Divisibility Test

Illustration 22: Show that 72" + 7 is divisible by 8, where n is a positive integer. (JEE MAIN)

Sol: Write 7> + 7 in the form of 8\ + ¢, where c is a constant. If c = 0 then we can conclude that 72" + 7 is divisible
by 8.

7 4 7 = (8 _ 1)2n +7 — 2nC082n _ 2nC1.82n—1 + 2nC2.82n—2 - + 2nC +7

=8""C, -8"1C, +....—-87"C, , +8 =8\ where Ais a positive integer

Hence, 72" + 7 is divisible by 8.
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Illustration 23: Prove that 13% - 19% is divisible by 162. (JEE ADVANCED)

Sol: Reduce 13% —19°7 into the form of 1621 + C using binomial expansion and If C = 0 then 13%° -19*7 is
divisible by 162.

Let the given number be called S. Hence, S = 13%° -19%7 = (1 + 3x4)® — (1 + 9x2)’

Hence they can be written as (3%.2) k, and (3*.2) k, respectively, where k, and k, are integers.
Therefore, S =1+ *°Cy.(3x4)-1-%C,.(9x2)+(162)(k, —k,)
= (1188-1026) +{162 x (k; ~k, )} = (162 x some integer)

Hence the given number S is exactly divisible by 162.

4.2 Finding Remainder

Illustration 24: What is the remainder when 52 is divisible by 13. (JEE MAIN)

Sol: In this problem, we can obtain required remainder by reducing 5% into the form of 13 A +a, where A and a
are integers.

52015 = § 52014 = § (D5)1007

—5(26-1)"" = 5[1007cO (26) = 1007C, (26} .+ 07 C 0 (26) =17 C (26)0}

=13(k)+52+8 =13 x (some integer) + 8.

4.3 Finding Digits of a Number

Illustration 25: Find the last two digits of the number (13). (JEE MAIN)

Sol: Write (13)¥in the form of (x—l)n, such that x is a multiple of 10. Then using expansion formula we will get
last two digits.

(13)° = (169)° =(170-1) =°Cy(170) - 5C,.(170)" +......+ °C, (170" - 5C;(170)"



= 5C,(170) - °C,.(170)" +..+ °C, (170) +5x170 -1 = A multiple of 100 + 849

Therefore, the last two digits are 49

Illustration 26: Find the last three digits of 132%¢.

Sol: Similar to above problem..

We have 13% = 169 = 170 - 1
Now, 13° = (137} = (170 -1

128 127 126

=128, (170) 7 - 18C.(170) 7 + ?8C,.(170) A+ 128C (170)2 -1%8C,, (170)+1
=1000 m + (128) (170) (10794) + 1 (where m is a positive integer)
= 1000 m + 234877440 + 1 = 1000m+234877441

Thus, the last three digits of 13%¢ are 441.

4.4 Relation between Two Numbers

Illustration 27: Which number is smaller (1.01)000% or 10,000
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(JEE MAIN)

(JEE MAIN)

Sol: By reducing (1.01)100000 jnto the form of (1 + 0.01)n and solve it by using expansion formula we can obtain the

value of (1.01)000000
(1.01)1000000 - (1 + 0.01)1000000

—14 1OOOOOOC1 (0.01)+ 1000000(:2 (0'01)2 4 1000000(:3 (0.01)3 +
=1+1000000 x(0.01) + some positive terms

=1 + 10000 + some positive terms

Hence 10,000 < (1.01)000000,

5. MULTINOMIAL THEOREM

Using binomial theorem, we have

(x + a)n :Zn:"C x"a", neN

r=0
n
n! _ n!
:Z—Xn ar = Z ?xsar, wheres=n-r
r=O(n—r)!r! riaon sl

. . n
Let us now consider the expansion of (x1 +Xy + x3)

n n k
nk xnk : k-pyp
<X1+X2+X) Z:: (X2+X) Z:: n k)|k| 1 (pz_:‘)(k_p)lplxz XSJ

k n!
n-k k-p,p _
§ (-l (—pyip! L 25 2

p+g+r=n r ql

n!

M

n
Z X, X3 x5 where, k-p=q,n-k=r.
=5 p!
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And so on, if we want to generalize for n terms, we get
n!

41y bt =n 11 Iyl !

My 2 k
Xi X woneeen X

. . n . n! r:

Therefore, general term in the expansion of (x1 Xy F et xk) is ﬁx?x?xg’ ....... ka
rintnl.rn!

P RIE RN

The number of terms is equal to the number of non-negative integral solution of the equationr, +r, +
because each solution of this equation gives a term in the above expansion. The number of such solutions is " ***C, .

Number of terms for the following expansions

@) (x+y+z)n = >

r+s+t=n

I—Itlxryszt The above expansion has n+3‘1C3_1 = n+2C2 terms.
risit!

n! _ .
(b) (x+y+z+u)n = Y pIquISIxpyqzruS.There are "*71C, | = "C; term in the above.
p+q+r+s=n P:H:Te>e

CONCEPTS

P . . n!
The greatest coefficient in the expansion of (xl + Xy F o +x“m) is -, where g and r are

p\m=r 1)1
the quotient and remainder respectively when n is divided by m. (q) [(q - )

Aman Gour (JEE 2012, AIR 230)

6. BINOMIAL THEOREM FOR ANY INDEX

Let n be a rational number and x be a real number such that |x| < 1, then

nin—-1) R nn-1)(n-2)..(n—-r+1) v

(1+x)n=1+nx+ o

+... + terms upto

_ . _n(n-1)(n-2)
The general term in the expansion of (1 + x)"is |
rl

x"and is represented by T ..

CONCEPTS

The above result is also true for complex x, n.
B Rajiv Reddy (JEE 2012, AIR 11)

Illustration 28: If x is very large and n is a negative integer or a proper fraction, then an approximate value of

n
[lﬂj is equal to (JEE MAIN)
X

. . 1 . - .
Sol: Since x is very large therefore = will be very small. Neglect the terms containing three and higher powers of
X

1. : : : T+x)
— in the expansion to obtain the approximate value of {—j .
X X
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1" n n(n-1)(1Y
1+=1 =1 +;+T X +..... Since x is very large, we can ignore terms after the 2" term.

1/2 5/3
. (1-3x)""+(1-x)" , ,
Illustration 29: If is approximately equal to a + bx for small values of x, then (a, b) is equals
to. V4 -x (JEE MAIN)

(1-3)" +(1-x)"

Va—x

Using the binomial expansion for any rational index, we have
1 1 1)1 5\ 5 521, 2
(1- 3X)1/2 L1 X)s/s {1 + 5(—3x) + 2(—2)2(—3x) - } + [1 + §(—x) + ggi(—x) Fo }

RIS

Sol: Calculate the value of and equate it to a + bx.

19 53
1-"oX X
12 144 35
=1-—X+.....
x 1, 24
— =X =
8 8
. . 35 35
Neglecting the higher powers of x, = a+bx=1-=—=x = a=1lb=-=—
24 24
Illustration 30: Find the coefficient of a3b?c*d in the expansion of (a—b —c + d)¥° (JEE ADVANCED)

Sol: Expand (a — b — ¢ + d)¥ using multinomial theorem and by using coefficient property we can obtain the
required result.

Using multinomial theorem, we have

pobocrd® x OO o ay

r +rp+r3+14 =10 r1 !rz !ra !r4 !
We want to get coefficient of a’b’c*, this implies thatr, = 3,r,=2,r,=4,r, =1

.. Coefficient of a’b%c*d is ﬂ(—l)2 (—1)4 =12600
312141

11
Illustration 31: In the expansion of (1 +X +E) find the term independent of x. (JEE ADVANCED)
X

1
Sol: By expanding (1 + X+ EJ using multinomial theorem and obtaining the coefficient of x° we will get the term
independent of x. X

ol = T e

r+ry+r3=11 IF1 !rz !r3 !

The exponent 11 is to be divided in such a way that we get x°. Therefore, possible set of values of (r, r,, r,) are
(11,0,0), (9,1, 1),(7,2,2)(5,3,3), (3,4, 4), (1, 5, 5) Hence the required term is
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(11)!(50)+ (11)! o, (11)! o, (11)! - (11)! o, (11)! s

(11)! 9I111! 712121 513131 314141 11515!

+(11)!. 21 51+(11)!. 41 52+(11)1- 6! 53+(11)!. 81 54+(11)!.(10)!55
912111117 7141721217 " 5161731317~ 3181741417 " 1110!" 515!

=1+ MG, x 2C x5+ G, x 1C, x5 + 1 Cy x 0Cy x5 + MGy x 8C, x 5% + 1€ x 19Cy % 5°

5
=1+ 1C,,.7C, x5
r=1

PROBLEM-SOLVING TACTICS

Summation of series involving binomial coefficients

For(1+x)" = "Cy + "Cyx+ "C,x? +.....+ "C,x", the binomial coefficients are"Cy,"Cy, "C,,..,"C,. A number of
series may be formed with these coefficients figuring in the terms of a series.

Some standard series of the binomial coefficients are as follows:

(a) By putting x = 1, we get "Co+"C+"C++"C =2" (i)
(b) By putting x =-1, we get "C, - "C, +"C, +(—1)n "C, =0 ...(ii)
() On adding (i) and (ii), we get "Co+"C+"Cy = 2"t ...(ii)
(d) On subtracting (i) from (i), we get "C, +"Cy + "Cc +..... = ot .(iv)

() "Cy+2"C,+2"C, 4wt "C, +2"C =221

. 2
Proof: From the expansion of (1+x) ", we get X"Cy + 2"C, + 2"C, 4.+ C,p, + 2C, =27

= 2(2“CO + 2r‘Cl + 2“C2 F o + 2r1Cn_1)+ 2r‘Cn =22 [~ 2r1CO = 2”CZn, 2“C1 = 2”C2nf1 and so on. ]

(f) 2n+1C0 + 2n+lC1 + 2n+lC2 I + 2n+lCn _ 22n
Proof: (as above)

(9) Sum of the first half of "Cj + "C, +..+ "C_ = Sum of the last half of "C, +"C; +..+"C = 2"
(h) Bino-geometric series: "C; + "C;x+ "C,x° + ...+ "C x" = (1+ x)n

(i) Bino-arithmetic series: a"C, +(a+d)"C1 +(a+2d)”C2 + e +(a+nd) "C

n

Consider an AP-a, (a+d), (a+2d), ..., (a+nd)
Sequence of Binomial Co-efficient - "C,,"C;,"C,,......, "C

A bino-arithmetic series is nothing but the sum of the products of corresponding terms of the sequences. It
can be added in two ways.

(i) By elimination of r in the multiplier of binomial coefficient from the (r+1)" term of the series
(By usingr."C, = n”‘lcr_l)

(i) By differentiating the expansion of x° (1 +x9 )n .
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"C "C "C "C
j) Bino-h i jes: —>+—1 2 4o n
@) ino-harmonic series ard 2124 2nd
Consider an HP - l 1 , 1 1
aa+da+2d a+nd
Sequence of Binomial Co-efficient - "C;,"C;,"C,,......, "C,

It is obtained by the sum of the products of corresponding terms of the sequences. Such series are calculated
in two ways :

(i) By elimination of r in the multiplier of binomial coefficient from the (r + 1)" term of the series

. 1 1
By using——"C, =——""'C
(y gr+1 " n+l ”1]
(ii) By integrating suitable expansion.

For explanation see illustration 2
(k) Bino-binomial series: "C,."C_+"C,."C ,; +"C,."C , +.....+ "C,."C
m n m n m n m n
or, "Cy. C, +7C,.C +TCC L, +a + TCLTC

As the name suggests such series are obtained by multiplying two binomial expansion, one involving the first
factors as coefficient and the other involving the second factors as coefficient. They can be calculated by equating
coefficients of a suitable power on both sides.

For explanation see illustration 4

FORMULAE SHEET

Binomial theorem for any positive integral index:
n 1 2.2 .
_n n n n— n n—. n n—r,r n n _ n n—-r,r
(x+a) ="Cox"+"Cx"a+ "Cx" e o+ "X 4+ "C A" =D "C X" e
r=0

(@) Generalterm - T, = "Cx""a"is the (r + 1) term from beginning.

(b) (m + 1) term from the end = (n —m + 1) from beginning = T

(c¢) Middle term

n-m+1

th
(i) If nis even then middle term = (g+lj term

th th
(ii) Ifnis odd then middle term = [”ZiJ and (?J

Binomial coefficient of middle term is the greatest binomial coefficient.

To determine a particular term in the given expansion:

th
Let the given expansion be (x“ iij Jifx"oceursin T | (r + 1)"*™then ris given by n a—r(a+ﬁ) =m and for
xo,noc—r((x+[3):0 X
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Properties of Binomial coefficients:

For the sake of convenience the coefficients "Cy,"C;,"C,...."C. ...... "C, are usually denoted by C,,C;,....C, ... C
respectively.

Co+Co+Cy +umn=C +C5 + G+ =21
n Nn1 n n_ln—2
C=—-"C,=——-"°C_,andsoon..
r rr-—
znc 2n!
e (n—r)!(n+r)'
nC +nC :n+1C

C, +2C, +3C5 + et "C, =027

C, -2C, +3C; =0

Cp+2C, +3C, +...... +(n+l) :(n+2)2”‘1

2n)!
C+C+Co+ +c2:( )=2”c

0, if nis odd
()2 ”Cn/z, if nis even
22“

Note: 2r1+1C0 + 2n+lC1 F oo + 2r1+1Cn = 2”JrlCn+1 $2Mc L4+

n+l ~

n+1
C_2 +i—ulc _C_1+C_2—— t— =
3 n+l n+1 0 2 3 47"

(a) Greatest term:

n+1)a

@i If —( )
X+a

and a are +ve real numbers.

e Z (integer) then the expansion has two greatest terms. These are k" and (k + 1)*" where x

X+a X+a

. (n+1)a . o (n+1)a
(ii) If ———— ¢ Z then the expansion has only one greatest term. This is (K + 1)*" term k =
denotes greatest integer less than or equal to x}

(b) Multinomial theorem:

n!

. n
Generalized (x1 Xy s +xk) =
rp 1yt =n 11 o L !
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JEE Main/Boards

10
3
Example 1: Find the coefficient of 1 in {c—+ y]
2 2
y y
Sol: By using formula of finding general term we can

easily get coefficient of iz
y
In the binomial expansion, (r + 1) term is

3

n-r
T.,= ”Cr(y)r (C—ZJ :n=10

y
10 1 10-r
r —r
=Ta= 10Cr(y) (Ca) [y_zj
_ 10Cr (30-3r3r-20 ()

S 3r-20=-2;r=6

- 7% term will contain y2 and from (i) the coefficient of
y2is =210 c?

Example 2: Use Binomial theorem to find the value of
(10.1)°.

Sol: After reducing (10.1)> into the form of (10 + 0.1)
we can use binomial expansion to get required result.

(10.1)° = (10 + 0.1°
—(10)° +°¢, (10)* (0.1)+ °C, (10) (0.1)°

+5¢,(10)° (0.1) +5¢,10(0.1)" +(0.1)°

= (10)’ +5(10%) +10(10)’ (0.01) +10(10)°
(0.001)+5(10)(0.0001)+(0.00001)

= 100000 +5000 +100 + 1 +0.005 +0.00001

= 105101.00501

Example 3: Find the middle term(s) in the expansion of

7
2x2—1
|-

Sol: Since n = 7 is a odd number. Therefore, find the

Mth and 13 th term.
2 2

The total number of terms in the expansion are 8.
+1 7+3

Therefore 7—““ and ——tj.e. 4t and 5™ terms are the
2 2 3
. 7 2 7-3 1
two middle terms. 4" term = 'C, (2x ) -=
X
7! 8-3 5
=———16x""" =-560x
3141

4
7-4(_

and 5" term = 7C4 (2x2) {—IJ =280x°
X

Hence the two middle terms are —-560x> and 280x2.

Example 4: The coefficient of (r — 1), r" and (r + 1)*
termin the expansion of (x + 1)" are in the ratio 1:3:5.
Find nandr.

Sol: In this problem, by using the formula of general
term we will get the equation of given terms and by
taking ratios of these terms we can get the value of n
andr.

Coefficient of (r— 1)" term is "C,_,

Coefficient of r'" term is "C,_,
Coefficient of (r + 1) term is "C,

Coefficient are inratioof 1:3:5

"C "C
n_r—2=% and n_r—lzg
Cr—l Cr
r-1 1 r 3
or == and ==
n-r+2 3 n-r+1 5

ieen-4r+5=0and3n-8r+3=0

Solving both we getn =7 &r =3

Example 5: Find the remainder when 27% + 75 is
divided by 10

Sol: We can obtain the remainder by reducing 27%° +
7°tinto the form of 10 A +a, where A is any integer and
a is an integer less than 10.

We have 270 = 330 = 91> = (10 - 1)¥
751=7.7"°=7(49)» =7 (50-1)»

27% = 10m, (1)
7°'=7(50-1)* = 10m, -7 ..(if)
Adding (i) and (ii)

27 + 7° = (10m, - 1) +(10m,~7) = 10m_ + 10m, -8
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=10m, + 10m,-10 + 2
Thus, the remainder is 2 when 27%° + 7 is divided by 10.

Example 6: If A be the sum of odd numbered terms and
B the sum of even numbered terms in the expansion of
(x + a)" prove that A2—B? = (x? — a?d)"

Sol: Do it yourself.

(x+ a)n ="Cx" +"C;x"a

x+"Cx"%a’ +...+"C a"=A+B

When A= "C,x" + "C,x"%a” + "C,x"*a* +...

B ="Cx"Ta+"C;x"a’ + "Cox" @ + ...
“(x-a)'=A-B, A”-B* =(A-B)(A+B)

=(x_a)“(x+a)”=(x2_a2)

Example 7: If C_denotes the binomial coefficient "C_,
prove that :

n

Sol: Multiply the expansion of (x+1)" and (1+x)" and
compare the coefficients of x” on both sides.

We know that (1 + x)n = nC0 +"Cx

n 2 n n-1 , n n
+ 10X+ o+ TC X+ TC X

(x + 1)n ="Cox" + ”Clx”‘1

Multiplying these equations side by side, we get

(1 + x)n (x + 1)n = (CO +Cx+Cx° ++C X"+ Cnx”)
x(Cox” +CXM X2 4+ C X+ ”Cn)

Coefficient of x” on R.H.S. is equal to

Cé +C+C 4.+ C +C

|
Coefficient of x in LH.S. is 2°C, = 2"

n'n!

This proves the required identity.

n
Example 8: If (1 X x2) =2y +aX+a,X e + 2y X
show that

. _an
() ay +a, +a, +...+a, =3

(i) @ —a; +a, —ag +..ta,, =1

_ n,l
(i) ay +a; +ag +..... =3

Sol: By putting x = 1, -1, and o,»’

Respectively in the expansion of (1 + x + x?)" we will get
the result.

Given (1 + x + x?)"

_ 2 2n .
=3y +a X +a,X" +..tay X )

(i) Putting x = 1, we get
=g, +a +a, o tay, .. (A)
(i) Putting x = =1 in (i), we get
l=a,-a +a,-a;...+a,,

(i) Putting x=o,0?

_ 2
0=a,+a,0+a,0" +a,

successively in (i), we get

2 _ 2
+a,0+ 30" +.... + 3, 0 ... (B)0=a, +a,0" +a,0+a,
+a,0° + 3.0 +a; +..ta, oM ©

4O FAO+ag + ... n®

Adding (A), (B) and (C) we have

(2n-1)!

((n-1))

Sol: Expanding (1+x)nand (x+1)n and multiplying

then prove that C7 +2C5 +3C3 +....+nC2 =

these two expansion and comparing the coefficient of
x"* we will prove above equation.

Given (1 + x)n =Cy +Cx+

n

2 3
Cx" +Cx7 +.. + C x

Differentiating both sides w. r. t. to x, we get

= n(1+x)" =, +2C,x

+3C2x2 ot nCnx”’1

00
and (x +1)" = Cox" + X" + C,x"2

+Cx"2 + CxX" 4+ C (D)



Multiplying (i) and (ii), we get

n(1+x)" = (C 420+ 307 + . 4nC X
X(Co + CXM T4 XM 4O 4t C (D)
Now, coefficient of x"?* on RH.S.

= C? +2C3 +3C5 +...+nC? and coefficient of X" on

LH.S. = n2"'C
B (Zn—l)!_ (2n-1)! (2n-1)!

- ”(n_l)!n! B (n=1)!(n-1)! B {((n—l)!)z}

But (iii) is an identity, therefore the coefficient of x" 1 in
R.H.S. = coefficient of x™* in RH.S.

(2n-1)!
((n-2)y

Example 10: Find the numerically greatest term in the
expansion of (3 — 5x)*> when x = 1/5.

= C +2C5 +3C3 +..+nC2 =

Sol: Follow the algorithm for the greatest term.

Using standard notations w.rt. (x + a)"

n+1 _ 16 -4
1+X‘ 3
a 1+(_1)

T, and T, are numerically equal to each other and are
greater than any other term.

. 2\ — 2 3 2
Example 11:If (1 + x + X°) = a, + a,x + a,x* + a,¢... + @, X"
Then show that
_ _an-1
ay +a; +ag ... =a +ta, +a; +..=3"".

Sol: By Putting x = 1 o, ®’ respectively in the given
equation and adding these values we can prove it.

N .
3"=a,+a +a,+a;+a, +... ..()
O=a, +a,0+a,0° +a,0° +a,0" + (ii)
o +ap ) 3 4O o
Because 1+ o+ w? =0
_ 2 4 6 8
O=a,+a,0" +a,0" +a;0° +a,0 +.. ... (iii)

Adding these
3" = 3(a0)+a1(1+w+m2)+a2

(1+w2+w4)+a3(1+m3+m6)
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+..=3(ag +a; +ag +...)

@y +ay g+ =30

From (i) + (ii) x ®? (iii) x ,+we get,
3"+ 0x0’+0x0
=a0(1+032+03)+a1(1+c03+c03)
+a2(1+o)4 +o>5)+a3(1+(05 +c07)

6
+a4(1+o)

ro) .
~3" = 3(a1 +a, +ay o )
Because coefficient of each is

1+o+0° =0,using ®®*=1

Again, from (i) + (ii) o + (iii) x ©* we get
=3" :a0(1+w+m2)+a1(1+m2 +m4)

3 3 _
+a2(1+m +(o)+ ...... —3(a2+a5+a8+ ........ )

Example 12: Sum the series

Sol: Expanding (1+x)n integrating it from 0 to 1 or by
using summation method we will get result.
n+l n+l 1

Sum = Zcr_—lz Z_

=1 T r:1n+1

n+1l
r

n+1 n+1
+ Cr+1 - CO )

Alternative method
(1+x)n =C,+C; +C2x2 +o +C X

Integrating both sides w.rt. x from 0 to 1

j.(l+x)n dx = j‘(CO +CO X+ +Cnx”)dx
0 0

n+1
27-1_ .G G C
n+1
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Example 13: Find the last three digits of 27%.

Sol: By reducing 27*¢into the form (730 —l)nand using
simple binomial expansion we will get required digits.

We have 272 = 729.
Now 27% = (729)1 = (730 -1)13

- B3¢, (730) - 1¢, (730)” + B¢, (730)"
= €0 (730) - B, (730
-1C,(730)+1

13)(12 2
=1000m + w(m) -(13)(730) +1
Where m is a positive integer
= 1000 m + 15288 - 9490 + 1
= 1000 m + 5799
Thus, the last three digits of 172°¢ are 799.

JEE Advanced/Boards

Example 1: Find the coefficient of x* in the expansion of
() (L +x+x2+x31
(i) (2 —x + 3x%)°

Sol: By expanding given equation using expansion
formula we can get the coefficient x* .

D1+x+x+x3=01+x)+xA+x)=1+x 1A +x)
(1+x+x2+x3)11 :(1+x)11(1+x2)11

= (1+ e+ MG + G + PO + )

To find term in x* from the product of two brackets on
the right-hand-side, consider the following products
terms as

1x 11C2x4 + 11C2x2 X 11C1x2 + 11C4x4
_ [11C2 n 11C2 y 11C1 n 11C4}x4
[55+605+330]x* =990x*

.. The coefficient of x* is 990.

(ii) (2—x+3x2 )6 = [2 —x(l—.%x)}6

= [2°-°C; x2° xx(1-3x)+ °C,2°
¢ (1-3x)" = 5C,2% 0 (1-3x)
+6¢,22x* (1-3x)" —2x 8¢,
¢ (1-3x)" + 6C, »x® (1-3x)]
The term in x* will come only from the three terms, viz.
(@) °C, x2" < (1-3x)” =15x16x* (1-6x+9x*)
-. The term in x* is (15) (16) (9x%)
(b) 6,23 xx3 (1-3x)’
= 20x8xx3 [1—9x+27x2 —27x3}
- The term in x4 is —20><(—9)x(8)x4
(©°C,22x* (1-3x)" =15x4x* (1 - 4x3x +.....)
- The term in x*is 15x 4 x x*

.. The total term in x* is

[15x16x9+20x8x9+15x4]xx4
= [2160 +1440 + 60]x4 =3660x*
. The coefficient of x* is 3660.

n
Example 2: Show that > r(n-r)C} =n”.*"C_
r=0

Sol: By expanding and differentiating (1+x)n and

(x+1)nand then multiplying these expansion we can

prove given equations by comparing coefficient of x™?
on both side.

We have
(1+x)n =Cy+Cx+Cx+...... +C.x" ()
Differentiating both side w.r.t x, we get

n(L1+x)"" = +2C,x+3C¢ 4t "C X" . (i)
(i) can also the be written as

(l + x)n = (x + l)n =Cox"

+C1x”’1 + sz”’z +o #C x+C (D)
Differentiating both sides w.r.t. x, we get

n(l + x)m1 = nCOX”‘l + (n - 1)

Cx"? +(n—2)C2x”’3 ttC iV
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Multiplying (ii) and (iv), we have

2 (1+x)" (x+1)" =n? (14x)"

=[C; +2C, +3Cox% + .+ "C X"

x NCx" ™t +(n-1)Cx" 2 +(n-2)

Cx"2 4+ C x+C ] (V)
The coefficient of x"2 on the LHS of (v) is

n?2C  —p22C

The coefficient of x"2 on the RHS of (v) is

L(n-1)C¢ +2.(n-2)C +...+(n-1)1C2,
n

Hence, Zn:r(n - r)Cr2 =n’ (2”_2(:”)
r=0

Example 3: Prove that

¢ C
(I) C0+71+_2+ ...... +—=

C C
(i) 2C,+ 2271 +2322 4 .

+2n+l‘ Cn _ 3n+1 -1

n+l

lC1+l 2L

(i) Co =3

™ ¢ ¢ G

V) c0+—£+——+ ...... =

Sol: Expand (1+x)n and integrate it within the limit 0
to 1, 0to 2 -1to 0 and -1 to 1 respectively to prove
these equations

(1+ x)n =Cy +Cyx+ Cx* +Cy% e+ C X" 0

(i) Integrating both sides of equation (i) within limits 0
to 1, we get

1
j(1+x)”dx -
0

1
j(CO +Cpx + Cx+ Cx° + Gy +...C x") dx
0

(1 X)I’H—l C C 2
=Cx+C, —+
n+1 0 !
0
1
3 n+1
X
C,—+. +C
2 nn+l:|
n+1 C C
2 1 0ttt
n+1 2 3 n+1

(i) Integrating both sides of equation (i) within limits
0to 2.

2 1+xn:2 C,+Cx+Cx° +Cox +....C x"|dx
o T4 2 3
0 0

(1+X)n+l ’ 2 3 n+1 2
or| ———| = C0x+C1X—+C2X—+....+C X
n+1 2

0

or

n+l C C C
3 1 =Cp2+2%+ 2423 24 4 2M
n+1 2 3 n+1

(iii) Integrating both sides of equation (i) within limits
-1to 0,

0 0

C C
1 o-0- ~Cp+ 2 -2y (-]
n+1 2 n+1

¢, C C
L:CO——1+—2+ ....... +(—1)n n
n+1 3 n+1
"C
(iv) General term of LHS = — %
(k+1)(k+2)
1 -1 2
— " Ck+1 = nCr — " Cr—l — " Ck+2
(n+1) (k+2) n r (n+1)(n+2)

.. The sum of terms on L.H.S.

n+2
Ck+2 1 3

:Zo(nu)(mz) :(n+1)(n+2)'k§0”* Crz
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_ m[zmz _m2c n+2C1J
L 2 (nag)] o203
_(n+l)(n+2)[2 ! ( 2)} (n+1)(n+2)

(v) Integrating both sides of equation (i) within limits
-1to 1, we get

]L' (1 + x)n dx =

a

j‘(CO +C1x+C2x2 +C3x3 + vt C x”)dx
]

n+1 2 3
n+1 C
2 =2|Cy+—2+—L .
n+1 3
n C
2 =Cot+—2+—+...
n+1 3 5

Example 4: Prove, by binomial expansion, that

(i) zn:kz "C =n(n+1)2"?
k=1

(ii) f[(c:k_1 +ck) =
k=1

Sol: Expanding (1+x)n and differentiating it twice we
will prove given equation (i) and by multiplying and
dividing by C,C,C,.....C_, in LHS. of equation (ii) we
can prove it.

(i) Now (1 + x)n = Cy +Cyx+ Cx +C3%° + e + C X"
Differentiating twice w.rt. x, we get
n(n-1)(1+x)"" =2.C, +3.2.C,x

+4.3C, %% + ot n(n - l)Cnx”‘2

Substituting x = 1, we get
n(n-1)2"2 = Y k(k-1)(C,)

k=1
Z(kz)(”ck) = n(n—1)2”‘2 +n2"t

k=1

k"G =n"C, |

=2n2 [nz -n+ 2n}

Zn:kz "C, = n(n+1)2”’2
1

Multiply and divide LH.S. by C,C,C,.....C ; ; then,

n-1 '

n

1
= — =RHS.
1.23.... n n!

Example 5: If (1+ x)n =Cy +Cx+C,x°

Then find the value of ) Z(Ci +Cj)2

0<i <j<n

Sol: By using summation and coefficients properties
we can prove given equations.

> 3(c+q)

0<i <j<n
=(C,+C 2+C+C 2+ ...... +
(0 1) (o 2)
(CO+Cn)2+(C1+C2)2+ ..... ot

(¢, +C, )2 +(C, +G )2 ot o+ (G + G, )2



=n(C+C} + G+ )+ 2Y, 3G oC

0<i <an

The square of the sum of n terms is given by
=(CO+C1+C2+C3+ ...... +Cn)2
(G +G +C+tCQ)42Y 3G-C

0<i <j£n
223 2.C-C

0<i <j<n

— (2n )2 _ 2nC

Y Z(Ci +CJ)2 - [n'zncn}r[zzn a zncn]r

0<i <j<n

=(n-1)°"C, +2*"

Example 6: Show that

(-1)"C, 3"n!
147....(3n+1)

Sol: By expanding (1—x3)n using binomial expansion

and integrating it within a limit 0 to 1 we will prove
given equation.

(1 -3 )n =C, - Clx3 + sz6
~Cyx® + Cxt? o (-1) "

Integrating both sides between limits 0 and 1, we get

i(l—xa)ndx=co —%+%—§—8+ ..... +<_31]):§:” (D)
1 o
[so I =|(1- d
Also I, l( x) X
= [x(l—x3)n}l —f[n(l—xa)nil (—3x2).xdx
0 0
b 3 3\"t
=3n£x (1—x ) dx
t(s 3\"t
=3 -1+1}{1- d
nz[(x + )( x) X
3n

=3nl,; -3nl; (1+3n)I =3nl ;= [ = P
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Replacing n by 1, 2, 3, 4, ...... n=1 successively in the
above reduction formula, we get

_ 30 3(n-1) 3(n-2) 3
" 3n+l 3n-2 ' 3n-5 74°

(i)

1 0 1
But I, :j(l—x3) dx=.[dx=1

0 0
Hence, from (ii),

n = (30+1)(3n _32n)r2!3n—5) ...... 7.4

Using (i)

(-1, 37!
3n+1 14.7...3n+1)

Example 7: Prove that

1 n n(n—l)
i ) (o2 2

(m+n+1)(m+n+2)...(m+2n)

B (m+n)!

Sol: As (1 + x)m+n .(1 + x)n = (1 + x)m+2n and expanding
this by using expansion formula and equating the
coefficient of x" we can prove given equation.

= (ITH-nCO + m+nC1X + m+nC2X2 o+ m+ncm+nxm+n)
2 n m+2n
x(CO +Cx+C,X° + .+ C X ) =(1+x)
Equating the coefficients of x” on both sides, we find

mnC o+ ™0C, ,.Cp +™C, ,.C,

m+n _ m+2n
ot MC,C= ™C

(m+n)! . (m-+n)!

min! R (n—1)!(m+1)1Cl
. (m+n)! . +(m+n)! :(m+2n)!
(n—2)!(m+2)!c2 ' (ern)!Cn (m+n)int

Dividing both sides by (m + n)!/n! we find

L +n(n—1) ..... 21

1 n +n(n—1)
¢ (m+n)!

m! OJr(m+1)! ! (m+2)! 2

n
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(m+2n)! (m+n+1)(m+n+2)...(m+2n)

- (m+n)!(m+n)!

(m+n)!

Example 8: Find the sum of the following series

1+2

> + ...Upto n term

S:Cf+ 1+2+3C§

Cg +
Sol: In this problem, first obtain the r'" term and then
by using binomial expansion and coefficient property
we can get required sum.

The r" term of the given series

_ 42+ +rCr2=r(r+1)Cr2 =l(r+1)cr2
r 2r 2

) 1 , 1 > 1
S =§(1+1)Cl +§(2+1)c2 +5
3 1 2

(3+1)C2 +... +E(n+1)Cn
We know that

Co +Cx+Cox° 4.+ C X" = (1 + x)n
= Cox+CxX2 +C3 + .+ C XM = x(l + x)n
Differentiating both sides w.r.t. x we get

Co +2C x+ 3C2x2 + 4C3x3

Fo (n + 1)Cnxn = (1 + x)n

+nx<1+x)m1 ()

Also

2 3
1 1 1
Co+C | =[+C | = +CG| =
n n
+....+Cn(i] =[1+lj
X X

Now, Cj +2C] +3C5 +4C; +...+(n+1)C;

(i)

= Coefficient of constant term in

:CO +2C x+ 3sz2 + 4C3x3 ot (n + l)C x”] x

n
2 n
1 1 1
ORIt +cm

= Coefficient of constant term in

(1+x)n +nx(1+x)n_l}(l+1/x)n

= Coefficient of x" in

(x| mx(Lex)" ()

= Coefficient of x" in

(1 + x)2n + nx(l + x)zn_l} =2C +n"'C

- (nZ !r:])!! (1 " gj =76, (1 i gj

= ZCf +3C§ +4C§ + oo +(n+1)C§

- Z”Cn[“gj—l [+ Cy=1]

Ss=Lac (1,0
2l T2

Example 9: If n be a positive integer, then prove that

n
the integral part I of (5 + 2\/5) is an odd integer. If f be

n
the fractional part of (5 +2x/g) prove that = % - f

Sol: By using expansion formula we can expand the
given binomial and separating its integral and fractional
part we can prove given equations.

Let P=(5+2V6) =T+

Or 1+f=5"+C5""(2V6)

+C572 (246 ) .t €, (246 G
0<5-2J6 <1=0<(5-2V6) <1

Let (5-2/6)" = f, where 0 < f < 1

f=5"-c,5" (2V6)

+C,5M (2%)2 -G53 (246 )3 . (i)

Adding (i) and (i) I[+f+f'=

2 4
2{5n +7C,5"(2V6) + "C,5 (246 }
OrI+ f+ f = even integer

Now 0<f<1l andO < f < 1.
S0<f+f'<2



. f+f'=1 and .. lisan odd integer
n

Now 1+f:(5+2J€)

(5-2V6) =f'=1-f = (1+f)(1-f) =1

: _ 1 RO S
..(I+f)_1_f -1 T f

Example 10: If (1 + X+ x2) =a, +a;X
2 3 2
+a,X" +ayX .+ 3, X
Then show that

_ _9n-1
ay +a; +ag +..... =a +ta, +ta, +..=3"".

Sol: By using properties of binomial coefficients and
cube root unity 1, », »°we can prove given problem.

The r" term of the given series

Putting x =1,®,0%, where o is a non real cube root of
unity.

n_ .
3" =a,+a; +a,+a;+a, +.. (D)
O=a, +a,0+a,0° +a,0° +a,0" + (i)
0oty ) 3 PO DS Sy

Because 1+ o+’ =0

_ 2 4 6 8
0=a,+a,0" +a,0" +a;0° +a,0 +..... (i)
Adding these

3" :3(a0)+a1(1+w+m2)+a2
(1+w2+w4)+a3(1+m3+m6)

o = 3(a0 +a; +ag + )

From (i) + (i) x o2 + (iii) x o,
weget, 3"+0xw’+0xom

=a0(1+c02+co)+a1(1+c02+0)3)

+a2(1+w4+co5)+a3(1+0)5+0)7)

6
+a4(1+m

o)
3= 3(a1 +a, +ay F o )
Because coefficient of each is

1+w+o’ =0,using 0’ =1

. _an-1
sapta, tay . =3
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Again, from (i) + (ii) © + (iii) x ®? we get
=3" =a0(1+w+m2)+a1(1+w2 +m4)

3 3 _
+a2(1+o) +(o)+ ...... —3(a2+a5+a8+ ........ )

Example 11: Find the

(i) Last digit

(i) Last two digits and

(iii) Last three digits of 172,

Sol: By reducing 17%¢into the form (x—l)nand using
simple binomial expansion we will get required digits.

Since
256 2)1%8 128 128
177 = (172 7 = (289) " = (290-1)

£ 177% = 128¢_(190)"*° — 128, (290)"

126

#1285, (290)° —.. - B¢, (290)

#1285, (290)" —128C,,, (290) + 1

[128¢, (290)*° - 128C, (290)"

+128¢,(290)° -

...... 128 (290)°]
+128¢ (290)" - 128C,,, (290)+1

~1000m + 12C, (290)° - 8¢, (290) +1 (mel,)

127)

~1000m Jr%(wo)2 —128x290+1

= 1000 m + (128) (127) (290) (145) — 128 x 290 + 1
= 1000 m + (128) (290) (127 x 145-1) + 1

=1000 m + (128) (290) (18414) + 1

= 1000 (m + 683527) + 681

Hence last three digits of 172°® must be 681. As result
last two digits of 172°¢ or 81 and last digit of 17%%¢ is 1.

Example 12: If 323232is divided by 7, then find the
remainder

Sol: Here in this problem, we can obtain required

32
remainder by reducing 3232 into the form of 7 A +a,
where Ais any integer and a is an integer less than 7.
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We have 32 = 2°

- (32)" = (2 )32 =21%0; (32)7 = (3-1)"

_ 160C0 3160 _ 160C1 3159 T+ 160C1593 + 160(:160 +1
- 3(3159 _160C 318, _160¢C ) +1

=3m+1, mel’

Now, 32327 = 3p3mst _ g%am) _ ytsmss

23227 L 22 g (g™

S5m+1

=4.(7+1)

_ 4'(5m+1C0 (7)5m+1 4 5m+1c1 (7)5m

L sml C, (7)5m—1

5m+1 5m+1
C5m 7+ C5m+1 )

5m+l 5m , 5m+l,~ —5m-1
=4[7{""Cy =7+ T
Smtl,~ 55m-2 Sm+l
+MEC, P 4 L+ + 1]
=4[7n+1], nel, =28n+4

This show that where 323232 is divided by 7, then
remainder is 4.

Exercise 1

Q.1 Expand (x2 +2a)5 by binomial theorem.

Q.2 Expand (a+ b)6 —(a—b)6 . Hence find the value of
(-

Q3 Show that (101)” > (100) +(99)"

Q.4 If x > 1 and the third term in the expansion of

5
(1+ x'ogloxj is 1000, find the value of x.
X

Q.5 Find the sum of rational terms in the expansion of
10
(Vo).
Y
Q.6 Find the middle term in the expansion of [ZXZ ——]
X
Q.7 Find the middle term in the expansion of

(1—2x+x2)n.

Q.8 Show that the greatest coefficient in the expansion
2n n
1.35..(2n-1).2
of (x+lj is ( ) .

X n!

1 n
Q.9 Given that the 4" term in the expansion of [px + ;]

is %, find n and p.

Q. 101f in the expansion of (1 + x)™ (1 —x)" the coefficient
of x and x? are 3 and —6 respectively then find m.

Q.11 If the coefficients of a1,a,a* in the
binomial expansion of (1 +a)" are in AP, prove that
n’ —n(4r+1)+4r2 -2=0.

Q.12 If n be a positive integer, then prove that
62" —35n—1 is divisible by 1225.

Q.13 Using binomial theorem, show that 3**! +16n-3
is divisible by 256 if n is a positive integer.

Q14 If a, a, a, and a, be any four consecutive

coefficients in the expansion of (1 + x)", prove that
a a 2a
1, % 2
a, +a, aj+a, a,+a,

Q.15 If 3 consecutive coefficients in the expansion of
(1 + x)"are in the ratio 6: 33 :110, find nand r.

Q.16 If 3, b, c be the three consecutive coefficients in
the expansion of a power of (1 + x), prove that the index

. 2ac+ b(a + c)
of the power is ————~

b% —ac



11
Q.17 Expand {x—%} Yy =0

Q.18 Expand (1 — x + x3)*

Q.19 Which number is larger, (1.2)%% or 800?

Q.20 If in the expansion of (1 + x)", the coefficients of
14t 15% and 16™ terms are in A.P, find n.

Q.21 If three consecutive coefficient in the expansion
of (1 + x)" be 165, 330 and 462, find n and the position
of the coefficient.

Q.22 Find the greatest term in the expansion of;

(7 — 5x)1, where x = %

8
Q.23 Find the coefficient of x1in (1 + 3x2 + x% [1 +lj
X
Q.24 Find the value of k so that the term

10
independent of x in [\/; +£2] of 405.
X

Q.25 If A be the sum of odd terms and B the sum of
even terms in the expansion of (x + a)", prove that

Z(A2 +BZ) = (x+a)2n +(x—a)2n

Q.26 Find the coefficient of x* in the expansion of

(l+2x+x2 )27

9
Q.27 Find the term independent of x in [%xz —%j .
X

Q.281If (1 +ax)" =1+ 8x + 24x?> + ... Find a and n.

Exercise 2
Single Correct Choice Type

- - 13 12\
Q.1 Given that the term of the expansion (x - X )
which does not contain x is 5 m wherem e N, then m =

(A) 1100 (B) 1010 (C) 1001 (D) None
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Q.2 If the coefficients of x” & x® in the expansion of

n
{2 +ﬂ are equal, then the value of n is:

(A) 15 (B) 45 (©) 55 (D) 56

Q.3 The coefficient of x* in the expansion of (x —1)

1 1 1. 't
X—E x—2—2 . X_ZT9 is equal to

(A) -2 [1 —%) (B) + ve coefficient of x
2

(C) — ve coefficientof x (D) -2 (1 —Lj
549

Q.4 The last digit of (3° + 2) is

(A1 (B) 2 Q4 (D)5

Where P = 3*and neN

n
Q.5 The sum of the binomial coefficient of [2x+l}
X

is equal to 256. The constant term in the expansion is :

(A) 1120 (B) 2110 (C) 1210 (D) None

10
Q.6 The coefficient of x* in F—i} is
2 X2

405 504 450 405
A — (B — Q) — D) —
()256 ()259 ()263 ()512

Q.7 If (11)7 + (21)¥ when divided by 16 leaves the
remainder

(A)O (B)1 G2 (D) 14

Q.8 Last three digits of the number N = 7% — 31 gre
(A) 100  (B) 300 (C) 500 (D) 000

Q.9 The last two digits of the number 3% are:
(A) 81 (B) 43 () 29 (D) 01

25
2\7 _ 2 50
Q.101f(1+x+x ) =a, +a;X+a,X" +..+ag.X

then a, +a, +a, +...+ag, Is:
(A) Even

(B) Odd and of the form 3n

(C) Odd and of the form (3n -1)
(D) Odd and of the form (3n+1)
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Q.11 The sum of the series
(12 +1).1!+(22 +1).2! +(32 +l).3!+....+(n2 +1).n! is

(A) (n +1). (n + 2)!
QA n+1).(n+ 1)

(B) n.(n + 1)!
(D) None of these

Q.12 Let P_ stand for "P_. Then the expression 1.P, +
2P, +3P, + ... +nP =
(A) (n+ 1)! -1

Q) (n + 1)!

B)h+D+1
(D) None of these

Q.13 The expression

1 {1+\/4x+1}7_{1—\/4x+1:|7
2

Jax+1 2

is a polynomial in x of degree

(A) 7 (B) 5 Q4 (D)3

n

n
Q.14 Ifthe second term of the expansion [al/13 + L]
1

) C, .
is 14a°? then the value of — 3 s

2

(A) 4 (B) 3 (G 12 (D) 6

Q.15 If (1+x)(1+x+x2)

(1+x+x2+x3) ..... (l+x+x2+x3+....+x”)

— 2 3 m
—aO +alx+a2x +33X +....+amX

m
Then )" a, has the value equal to
r=0

(A) n!
© (n-1)!

(B) (n + 1)!
(D) None of these

Q.16 In the expansion of (1 + x)* if the coefficient of
the (2r + 1) and the (r + 2)™ terms are equal, the value
ofris:

(A) 12 (B) 13 € 14 (D) 15

Q.17 The positive value of a so that the coefficient of x°

10

. . . a .

is equal to that of x'* in the expansion of [xz +—3) is
X

1

1
—  ®) = D)2 3
23 3

(A) 01

10
.18 In the expansion of x° + i the term which
p
does not contain x is : 43

A °c, ®) c, (0 ®c, (D)None of these

Q.19 If the 6™ term in the expansion of the binomial

8
1 2 .
|:X_g/3 +x“logy, X} is 5600, then x equals to

(A)5 (B) 8 (G 10 (D) 100

Q.20 (1+x)(1+x+x2) (1+X+X2 +X3) .....

(1+x+x2 +....+x1°°) when written in the ascending

power of x then the highest exponent of x is .

(A)4950 (B)5050 (C)5150 (D) None of these

n
Q.21 Let (5+2\/g) =p+fwhere neN and peN and
0 < f < 1then the value of f2—f + pf—pis

(A) A natural number (B) A negative integer

(C) A prime number (D) Are irrational number

Q.22 Number of rational terms in the expansion of
100
(\/5 + ‘\‘/5) is-

(A) 25 (B) 26 (C) 27 (D) 28

Q.23 The greatest value of the term independent of x in
cosejlo.
is
X

the expansion of [xsine+

10
A °c, (/)2 © 2.9, ©) —=
25

Q.24 If (1 +x—3x2 )2145

_ 2
=a, +a;x+a,x" +... then

a, —a, +a, —a; +... end with

(A 1 (B) 3 €7 (D)9

Q.25 Coefficient of x® in the binomial expansion

9
4x> 3\ .
——— s
3 2X

(A) 2438 (B) 2688 (C) 2868 (D) None



Q.26 The expression

{x 1) } [ 1) }

is a polynomial of degree

(A) 5 (B) 6 7 (D) 8

Q.27 Given (1 — 2x +5x? —10x3)(1 + x)n =1l+ax+ax
+ o and that af = 2a, then the value of nis
(B) 2

@5 (D)3

Q.28 The sum of the series

aCy +(a+b)C; +(a+2b)C, +...+(a+nb)C,

is where C denotes combinatorial coefficient in the
expansion of (1 + x)", neN

(A) (a + 2nb)2n (B) (2a + nb)2"

(©) (@ + nb)2! (D) (2a + nb)2™?!

Previous Years’ Questions

Q.1 Given positive integers r > 1, n > 2 and the
coefficient of (3r)t and (r + 2)*" terms in the binomial
expansion of (1 + x)?" are equal. Then (1980)

(Ayn=2r B)n=2r+1
(©)n=3r (D) None of these

Q.21f C stands for "C, then the sum of the series
[3)[3)

2n—!2 .[cg -2C; +3C -+ (-1 (n+1)C§}
Where n is an even positive integer, is equal to (1986)

@ (1) (h+2)  ® (-1)'(n+1)

© (-1)"*(n+1) (D) None of these

Q.3 The expression

{x 1) } [ 1) }

is a polynomial of degree (1992)

(A) 5 (B) 6 7 (D) 8
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Q4 For 2<r<n "C +2"C _,+"C,

Is equal to (2000)
1 1

(A) " Cr—l (B) 2n+ Cr+1

(C) 2n+2Cr (D) n+2Cr

Q.5 Let T denotes the number of triangles which can
be formed using the vertices of a regular polygon of n
sides. If T ., =T =21, then n equals (2001)

(A)5 (B) 7 Q6 (D) 4

Q6If "IC = (k2 —3) "C .., then k belongs to (2004)

r+l 7/

(A) (~0,-2] ® [-2-3)u(+3.2]

© |33 ©) (V3,0

Q7 *¢,*c,, - *°¢,*C;; + ... °C,,°C,, is equal to
(2005)

WG, B¢, QTG D) PG

Q.8Forr=0,1,....letA,B andC denote, respectively, the
coefficient of x"in the expansions of (1 + x)°, (1 + x)?°and

10
(1 +x7%. Then YA (BB
r=1

—CyA,) is equal to (2010)

r

2
(A) BlO - ClO (B) A10 (Blo - ClOAlo)

©0 (D) Cyo By,

Q.9 If the coefficients of x> and x* in the expansion
of (l+ax+bx2)(1—2x)18 in powers of x are both zero,

then (a, b) is equal to: (2014)

251
(A) [16'Tj

272
0 [1072)

251
(B) [14'TJ

272
(D) (16,7]

Q.10 The sum of coefficients of integral powers of x in
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50

the binomial expansion of (1—2&) is (2015)
1,50 1/ 50

(A) 5(3 +1) (B) 5(3 )

(@) (350 1) (D) %(25%1)

Q.11 If the number of terms in the expansion of

n
(1—£+izj Xx#0, is 28, then the sum of the
X X

coefficients of all the terms in this expansion, is: (2016)

(A) 64 (B) 2187 (C) 243 (D) 729

Exercise 1

Q.1 Let f(x):l—x+x2 X3 xtE Xl
=a0+a1(1+x)+a2(1+x)2+....+a17 (1+x)17,

Find the value of a,.

Q.2 (a) Find the term independent of x in the expansion of

B8] ofprnee]

(b) Find the value of x for which the fourth term in the
expansion,

5§I095 VaX 144 1
+ —_—
5I095 3\/2)(_1 +7

8

is 336.

Q.3 Find the coefficients:

11
(i) X7 in [ax2 +i]
bx

11
(i) x7in (ax —Lj
bx?

(iii) Find the relation between a and b, so that these
coefficients are equal.

Q.4 (a) If the coefficients of the rth, (r + 1) & (r + 2)*
terms in the expansion of (1 + x)* are in AP, find r.

(b) If the coefficients of 2m, 3@ & 4" terms in the
expansion of (1 + x)>" are in AP, show that 2n>-9n + 7 = 0.

Q.5 Let a and b be the coefficient of x3in (1 + x + 2x? +
3x3)*and (1 + x + 2x2 + 3x3+ 4x%)* respectively. Find the
value of (a — b).

Q.6 Prove that the ratio of the coefficient of x° in

10
(1 — x3)1° & the term independent of x in (x—zj
X
is1:32.

Q.7 Find the coefficient of
(@) xy3z* in the expansion of (ax — by + cz)°.

b-c+d)wo
q+1

2 n
q+1 . q+1 ,
2 2 2

q#1, prove that "' C, + ™'C, S, + ™'C, S,

(b) a?b3c*d in the expansion of (a —

Q.8 Given S =1+——

n+1C S _2nS

R n+l>n

Q.9 Find numerically the greatest term in the expansion of

(i) (2 + 3x)° when x = %

(i) (3 = 5x)*> when x =

Ul =

Q.10 Given that
2\" 2 2n

(1+x+x ) =ap +a X +a,X" +..+a, X7,

Find the values of :

() ag+a; +a, +...

+a,,;

(i) @y —a; +a, —ag....+a,;

222 2 2
(i) ag —ay +a5; —a3 +...+aj,



Q.11 For which positive values of x is the fourth term in
the expansion of (5 + 3x)¥ is the greatest.

n
Q.12 Find the index n of the binomial (§+§] if the
9t term of the expansion has numerically the greatest

coefficient (n e N).

Q.13 Find the number of divisors of the number

2000 2000 2000 2000
N = 2000C, 42,200C, ;32000C 1 42000.2%°C,

Q.14 Find number of different dissimilar terms in the
sum

(1 + x)2012 + (1 + X2 )2011 + (1 +x° )2010

Q.15 Find the term independent of x in the expansion
5 9
of (1+x+2x3) x_1 .
2 3

Q.16 Let f(n) = ZZ(k} Find the total number of
—\ r

r=0k
divisors of f (11).

r

11 (;
Q.17 Find the sum ZZ[}

j=0i=j \J
[Note : {nJ ="C ]
r

2 n+4

Q.18 Let (1+x2) .(1+x)n = Zak.xk. Ifa, a,and a, are
k=0

in AP, find n.

n
Q.19 Prove that " "C, sinkx.cos(n—k)x =2""sinnx.
K=0

Q.20 Find the sum of the roots (real or complex) of the

2001
equation x?%! + (E— xj =0.

2n
Q.21 If for neN, Y (-1 *"C,)° = A, then what will
k=0

2n
be the value of Y (-1)* (k - 2n) (*"C,)*?
k=0

Mathematics | 4.39

Paragraph for questions. 22 and 23

A path of length n is a sequence of points
(%Y1 )i (X3 ¥3 )i (Xor Y, ) With integer coordinates
such that for all i between 1 and n — 1 both inclusive,
either x,.; =x;+1 and y, ; =y, (in which case we say
the i" step is rightward) or x,; =x.andy,; =y, +1 (in
which case we say that the it" step is upward).

This path is said to start at (x,, y;) and end at (xn,yn).
Let P (a, b), for a and b non negative integers, denotes
the number of paths that start at (0, 0) and end at (a, b)

10
Q.22 The value of Y P(i,10-i), is
-0

(A) 1024 (B) 512 (C) 256 (D) 128

Q.23 Number of ordered pairs (i, j) where i = j for which
P (i, 100 - i) = P(j, 100 —j), is

(A) 50 (B) 99 (C) 100 (D) 101

2n+1
Q.24 If (6\/6 + 14) = N & F be the fractional part of
N, prove that NF = 202" (ne N).

5
Q.25 LetP = (2 + «/5) and f = P—[P], where [P] denotes

2
the greatest integer function. Find the value of [%}

Q26 If C, C, C, ..., C are the combinatorial
coefficients in the expansion of (1 + x)", neN then
prove the following:

@) C, +2C, +3C; +...+nC, =n2""

(b) Co+2C; +3C, +...+ (N+1)C, =(n+2)2"*
(0) Co+3C; +5C, +.t (2n+1)C, =(n+1)2"
(d) (Co+Cy)(C,+G,)(C, +Cy)dC g +Cy)

GG GGy (n+ )

n!

n+1)(2n)!
(€) 1.C5 +3.C5 +5.C5 +...+ (2n+1)C2 = %
Q.27 Let I denotes the integral part and F the proper
fractional part of (3+\/§)n where neN and if p

denotes the rational part and o the irrational part of
the same, show that
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p=%(1+l) and c=%(l+2F—1)

Q.28 Prove that

(@) C—1+&+£+.”.+ NG, _ n(n+1)
G G G Coa 2
C C C n+l
(b) CO+—1+—2+....+—”:2 1
2 3 n+1 n+1
2°C, 2°C, 2'G
(€) 2.C, + + +
2 3 4
. +2n+1.cn _3n+1_1
T on+l n+1
¢, C n C 1
d) Cp——t+—2— .+ (-1) o =——
@ G 2 3 ( )n+1 n+1

Q.29 Prove the following identities using the theory
of permutation where C, C, C, .. , C are the
combinatorial coefficients in the expansion of (1+x)n,
neN, the prove the following :

@ CoC +C G +C G+ +

2n!
1 = (1),
2n!

(b) CoC, +CCy +CC ++ CC =

© "zz(ncr.ncm):( (Zn)!

n—-2)!(n+2)!
(d) *°¢,, +5.1%°C,; +10.7°C , +10.

100 100 100 _ 105
Ci3 +5.77C, +77Cs = 7Cy,

Q.301Ifa, a, a,,..... be the coefficients in the expansion

of (1 + x + x9)" in ascending powers of x, then prove
that :

() aya; —aa, +a,a; —...=0

(i) aga, —aja; +a,a, —....+ a,, ,a,, =a,,, Ora ,
(iii) E, =E, =E; =3, |,

Where E, =a, +a; +a, +...E, =a, +a, +a,

+..&E; =a, +a; +ag +...

100100

Q.31 Let rzzog‘;(cf +C2+CC)=m(™C, )+ 2°

Where m, n and p are even natural numbers and C,
represents the coefficient of x in the expansion of
(1 + x)'%°. Find the value of (m + n + p).

Q.32 The expressions 1 + x, L + x +x% 1 + x + x2 + x5, ...
1+ x+ X+ ... + X" are multiplied together and the terms
of the product thus obtained are arranged in increasing
powers of x in the form of a, + a,x + a,x* + ....., then

(a) How many terms are there in the product.

(b) Show that the coefficients of the terms in the product,
equidistant from the beginning and end are equal.

(c) Show that the sum of the odd coefficients = the sum

) (n+l)!
of the even coefficients = ——~

Q33LletS, =) > CC.S,=
0<i<j<100

Y, 2. CCandS;= > > CC

0<j<i<100 0<i=j <100

Where C represents coefficient of x" in the binomial
expansion of (1 + x)1°

IfS +S,+S,=a"where a, b € N then find the least
value of (a + b).

Exercise 2

Single Correct Choice Type

Q.1 In the binomial (2% + 3713), if the ratio of the
seventh term from the beginning of the expansion to
the seventh term from its end is 1/6, then n =

(A) 6 (B) 9 (€12 (D)15

Q.2 The remainder, when (152 + 23%)is divided by 19, is
(A) 4 (B) 15 @0 (D) 18

Q3 The value of 4 {"C, +4."C, +42"C, +...+ 4" | s

(A)O B)5"+1 (C)5" (D)5"-1

Q.4 If n be a positive integer such that n> 3 ,then the
value of the sum to n terms of the series

. (n—l)(n—Z)

2!

1n —M(n - 1)

1!



(n_z)_(n—l)(n—Z)(n—3)(n_3)+

3!
(A0
G-1

(B) 1
(D) None of these

Q.5 If the 6" term in the expansion of the binomial

8
1 2 .
Ls/g +x“logy, X} is 5600, then x equals to-

(A) 5 (B) 8 (G 10 (D) 100

Q.6 Coefficient of o' in the expansion of,

(oc+p)m_1 +(oc+p) (a+q)+

m-1

Where o #—q and p#( is:

“ "C,(p' ') . "C, (Pt -q™)
pP-q P-9

©) "G, (pt +qt) D) "G (pm_t +qm_t)
P-q P-q

Q.7 If (1 +x— 3% )2145

then a; —a; +a_—a; +... end with
2

(A)1 (B) 3 Q7 (D)9

_ 2
=ay +a;Xx+a, X" +..

Q.8 Coefficient of x5 in the binomial expansion

9

4x> 3 .

— | s
3 2x

(A) 2438
(C) 2868

(B) 2688
(D) None of these

Q.9 The term independent of X’ in the expansion of

18
(9x——j , x > 0, is o times the corresponding

3vx

binomial coefficient. Then ‘o ' is:

1 1
(A)3 (B) 3 Q- 3 D)1
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Q.10 The expression

{H(ﬁ )~ } {( )~ }

Is a polynomial of degree

(A) 5 (B) 6 Q7 (D)8

Q.11 Value of the expression CS + Cf + Cg + o+ Cﬁ is
(A) 2201 (B) 2n (*"C)

(G C, (D) None of these

Q.12 The sum of the series
aC, +(a+b)C1 +(a+2b) Cy+ o +(a+nb)Cn is

where C denotes combinatorial coefficient in the
expansion of (1 + x)", neN

(A) (@ + 2nb)2" (B) (2a + nb)2"
(©) (@ + nb)2! (D) (2a + nb)2"!

Previous Years’ Questions

Q.1 Prove that CZ -2.C3 +C2 —....-2nC3, =(-1)'nC,
(1979)
Q.2 Given,

S, =1+q+0° +...+q"

2 n
SMTl[quj (qu] as1

n+1 n+1 n+l
Prove that ""C, + " C,S, + "°C,S,

o+ ™C S =28

n+1=n n

(1984)
Q.3 Find the sum of the series
n r r r
Z(—l)r "C. i+3—+7—+1i...upto m terms
-0 2!’ 22[’ 23I’ 24r
(1985)
2n r 2n r
Q4 If Zar(X—Z) =Zbr(X—3) and a =1 for all
r=0 r=0

k 2 n, then show thatb_= *""'C_, (1992)
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Q.5 Let n be a positive integer and
2\" 2
(1+x+x ) =ay+aX+..+a,x".

Show that a(2) - af +.t agn =a, (1994)

Q.6 Prove that
2k nCOan _2k,]_ nclnflck71 + 2k72
"C,"?C, =t (F1F "CRC, ="C,

(2003)

Q7 Forr =0, 1, .., 10, let A ,B, and C denote,

respectively, the coefficient of x" in the expansions of

(1+x)7,(1+x)™ and (1+x)™. Then %(Bws ~CA)
r=1

r 10" *r
is equal to (2010)
(A)B,,-C, (B) A10(Bf0 —ClOAlo)
o (D) C,,-B,,

Q.8 The coefficients of three consecutive terms of

(1+x)n+5 are in the ratio 5: 10 : 14. Then n =__ (2013)

Q.9 Coefficient of x*!in the expansion of
(1+x2)4 (1+x3)7 (1+x4)12 is

(A) 1051

(2014)

(B) 1106 (C) 1113 (D) 1120

Q.10 The coefficient of x%in the expansion of

(1+ x)(l +x2)(1+ x3)....(1+ xlOO) is

-1 +\/§i

2

(2015)

Q.lllet z= , Where i= E and r,56{1,2,3}.

r

I U
Let P = ( Z) 2" | and1be the identity matrix of
7 z

order 2. Then the total number of ordered pairs (r, s) for
which P? =T is (2016)
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7
.27 — .28 n=4,a=2
Q 13 Q

Exercise 2

Single Correct Choice Type

Q1cC Q2cC Q3A
Q7A Q8D Q9D

Q13D Q14 A Q158
Q19C Q208 Q218
Q25B Q26 C Q27A

Previous Years' Questions

Q1A Q2A Q3C
Q7C Q8D Q9D

JEE Advanced/Boards
Exercise 1
Q13816
3 11C a6 .. 11C a5 b=1
Q.3 (i) 505 (ii) 615 (iii) ab =
Q50
13

QI(T, = 7'3 (i) 455 x 312

Q.2 4ab[3a4 +10a%b? +3b* ] , 1402

Q.6 280x2 Q7 %(—1)” X"

Ql5n=12r=1 Q.20 34, 23

Q24k=+3 Q.26 %C,,
Q4D Q5 A Q6 A
Q.10 A Q118 Ql12A
Q16 C Q1l7A Q18C
Q228 Q23D Q248
Q28D
Q4D Q58 Q6B
Q10 A Q11D

L5
Q.2 (a) (i) I (i) T,=7,(b)x=0o0r1
Q4(@)r=50r9

Q.7 (a) - 1260 a’b*c*; (b) — 12600

Q.10 (i) 3~ (ii) 1, (iii) a_
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Q11 §<x<§

g 1 Ql2n=12
17
.15 — .16 24
Q.15 0 Q.16
Q.20 500 Q22 A
2

Q.31 502 Q32 (a) FN*+2
Exercise 2
Single Correct Choice Type
Q1B Q2cC Q3D
Q78 Q8B Q9D

Previous Years’' Questions

mn
Q32— qoc

2mn (2” —1)

,(b) a; =a

Q.13 8016 Q.14 4023
Q.17 4095 Q.18n=2o0r30r4
Q.23 C Q.25 722
|
n(n+1)’ © (n+D! Q.33 66
2 2
Q4 A Q5C Q6B
Q.10C Q11C Q12D

JEE Main/Boards
Exercise 1

Sol 1: (x* + 2a)°

= 5C, (6)° + 5C, (x)5(2a)!+5C, ()2
(2a)’+°C,(x?)*3(2a)*+°C,(x?)>*

(2a)*+°C(x?)*>(2a)
=x19+5x8(2a)+10x5(2a)?+10x*(2a)*+5x?(2a)* +(2a)®

= x0+10x%a+40x°a’+80x‘a® +80x%a*+32a°

Sol 2: (a+b)® - (a—b)®

°C,a°+°C a°b+°Ca‘b’+°C,a’b?
+ °C,a’b*+°C.ab>+°C b°
-(°C,a%-*C a’b+°C a*b*-*C a’b?

+ °C,a?b*~5C_a’bs+°C b)

= 2[6a°b+20a’b3+6ab’]=4ab[3a* +10a%b? + 3b*]
For finding the value, put a= J2b=1
<212+ 20+ 3)

= 14042

Sol 3: (101)*° > (100)*° +(99)*°
(100+1)%> (100)*°+(100-1)*°
= (100+1)*°-(100-1)*>100%°

Both binomial will cancel every odd terms of each
others rest of the even terms are.

= 2[*°C,(100)* + *°C,(100)*"]+ *°C,(100)*+

= 100(100)*+2[**C,(100)* +....... +°0C,,(100)]



= (100)*° +2[°°C,(100)* +...+ *°C,,(100)] > 100°°
Which is always true

So (101)%-(99)% > (100)°

= (101)% > 100% - (99)%°

Sol4:x>1

1 xlog, x > 7 2.3 1 4 2
4 00| and T4=7C, x| 2| =280y
X X

5-2
5 1 logyg x 2
T =T =% (x°=10") 1000

2
- 10[%](%"’910*) ~1000 = x°910% _100x3
X

Assume x =10"
107°91009° _100(107)? = 102"
_, 1020e91010V) _ 102y2 _ 1023
= 2y?=2+3y = 2y?-3y-2=0
= (y-2)(2y+1)=0

=y=2or yz—%

= x=102 orx =107*? = x=100 orx _ L
J10

But x>1 so x=100

Sol 5: (/2 +3/°)10
For rational number
(\/5)y —y=2nneN
(3"°)* > z=5nneN
Rational terms

10, (V2)10 +20C, , (+/2)° (31 )10 =25+ 32=32+9=41

7
Sol 6: [2x2 —Ej
X

Middle terms are T, =T,,; and T, =T,

4
_7 7-4 1 7><6><5 2.3 1
C,(2x —| =—(2x°) —

Toa ='C42 { xj 123 ) x4

6
=35x8xx—4=280x2
X

Sol 7: (1-2x+x?)" = (1-2x+x?)"
=(-1+x)*" = (x-1)>"
Middle term= T..= 2”cn(x)2nfn (-1)"

|
- 2 ey
n'n!

2n
Sol 8: (x + lj
X

Greatest coefficient = 2'C_

2nl 2n!
n!(2n-n)!  n!n!

_2n(2n-1)(2n-2)(2n-3)(2n—4)....3.2.1
(=1 =2)(N=3)e... 3.2.1)

_ 2"[n(n-1)(n—2)(n—3)---1]1.3.5.7.......(2n-1)

n!(n(n-1).....3.2.1)

_2".35....(2n-1)
- n!

n
Sol 9: = (px +EJ
X

Given = 4% term = £l

T

2= Ton ="G(p0"

VY

1y
X
O

-3,n-3+3(-1
:>nC3pn Xn +3( )

NIU’I

Sol 10: (1+x)™ (1-x)"

= (MCXP+MC X +MC X+ +MC_x™)
("Cy+"Co(X)+"Co(-X)?+ ... . "C,(-X)")
terms of x= "C, "C, (-1) + "C, "C,
= (-n)+m=m-n=3 (given)
terms of

x2= mC,"C,(~1)2+ ™C, °C,+™C,"C,(~1)
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4.46 | Binomial Theorem

- xn=D gy mm=1), )
12 12
2_ 2_
-0 n+m m -mn=-6 (D)
2 2

In equation (i) m—n=3 = n = (m-3)
Put the values of n in eq. (ii)

(m—3)2—(m—3)+m2—m
2

m?2+32-32)(mM-m+3+m?-m-2m?+6m =12

-m(m-3)=-6

2m?—-6m+ 9+ 3-2m-2m?+6m=-1212-2m=-12

=2m=24 > m=12andn =9

Sol 11: Coefficient of a~, a, a*! in the binomial
expansion of (1+a)"are in A. P. so

Termsof 8 =T ="C_,(a)™"

Termsof ' =T , ="C a'

r+1 —

r+1 _ _n r+1
Termsof a™ =T ,="C,a

Coefficients of T, T

i1 1o @rein AL P.so

r"Cr—l + nCr+1 =2 nCr

n! n! B n!
(r—1)!(n—r+1)!+(r+1)!(n—r—1)! ri(n—r)!
1
=
r-D!n=r+1)(n-r)(n—-r-1)!
1 2

+(r+1)r(r—1)!(n—r—1)! - rr=D!(n=r)(n—r-1)!

1 1 2
= + =
n=r(n-r+1) rr+1) r(n-r)

rc+1)+(n-r)(n-r+1) 2
rr+1)(-r(n-r+1) r(n—r)

=>r+r+n-nr+n-nr+rr-r=2r+L)(n-r+1)
=2r+n’=-2nr+n=2mM-2r’ + 2r+ 2n-2r + 2
=>n?+4rP-4m-n-2=0
=>n’-n@r+1)+4rr-2=0

Sol 12: n is a positive integer

— 62-35n-1 = (6°)" —35n—1=(36)"-35n—1

= (35+1)"-35n-1

= "C,35"+"C; 35" +.....+"C,, ,35°

+%£+”%§6—}Sﬁ—/1/

And 1225 = 352

so each term is a multiple of 35? and is divisible by
1225

Sol 13: 341 +16n-3is divisible by 256
256 = 28 = 4*

= 3%+1416n-3

= 3.3% +16n-3

= 3[4-1]*+16n-3

= 3[*Cy4™" +"C A" (1) H e+
4nC

4n-4n+2 4 4n-4n+l | 4
anp (@AM A, 4yt 4nC, ] +16n -3

= all terms which is multiple of 4* is divisible by 256.
So rest of the terms

=3[-*"C,, (4’ -""C, (4! +1]+16n-3

4n(4n-1)
—X
1.2

= 128n% 3-128n=128(3n*-1)

3 42 _Anx4+1]+16n-3

= 128n(3n-1) and (3n-1) is always even
s0128n(3n—1) =128 x 2** (assume), x € N
= 256x2* , which is divisible by 256

Sol 14: a, a, a, and a, are any four consecutive
coefficients in the expansion of (1+x)"

—n
1 4 a,= Cr+1

—n —n
a3_ Cr+2’ a4_ Cr+3

L. H.S.

a
= S

a; +a,

a3

a; +ad,

~ nCr . nC
"C +"C
r r+1

r+2
n n
Cr+2 + Cr+3

"C "C

r r+2
n+1 n+l
Cr+1 Cr+3

_ nl(r+1){(n-n)!
T (n+1)!(NN(n=1)!

n!(r+3)!(n—r-2)!
(n+1)!(r+ 2)!(n—r—2)!
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_(r+1) N (r+3)  2r+4  2(r+2) From (i) and (ii)
(n+1) (n+1)  n+1 n+1 an—b _bn-b-b-2c
nir+2)!(n-r-1)t _ _ "C, a+b b+c
(n+Dr+1)Y(n—r-1)! "iC ., = abn-b? + acn - bc = abn - 2ab — 2ac + b*n - 2b? - 2bc
_ 5 "C,., _ 2 — n(ac—b?) = —ab-2ac—bc
n n
Cat'Cp %273 o ab+2ac+be _ 2ac+b(a+c)
b? —ac b? —ac
Sol 15: 3 consecutive coefficients in the expansion of
(1+x)" arein the ratio 6:33:110
e
= Tr+1: Tr+2 : Tr+3 Sol 17: (X——j Y # 0
y
= nCr : ncr+1 : nCr+2 2
_n n! , n! = MCxt + ettt [_%}anzxnz (—%]
rin—r! " r+1lln-r—-1! r+2In—r-2!
1 1 1 1YV 1\
= : : 1, 11-3 1
(n=r)(n=r=1) r+Ln-r-1) r+1)(r+2) +77C5x (‘;j tooot Cu(_y]

=6:33:110
Sol 18: (1-x+x?)*= ((1-x)+x?)*

(r+1)(n-r-1) _ i_i :>r+1_ 2
(n-r)(n-r-1) 33 11 n-r 11 = 4C,(1x)"+*C (1x)*x* + *C,(1-x)*(x*)?

— 11r+11=2n-2r = 2n-13r-11=0 N0 +C4 (1) () +1C, ()"
= (1-X)*+4x2(1-x)3+6(1+x>—2X)x*+4x8(1—x) +x®

d (r+1)(r+2) 33 3 N r+2 3

(r+1)(n-r-1) 110 10 n-r-1 10 = (1C~C x+C X=C )3 +4C )
—10r+20=3n-3r-3 = 3n-13r-23=0 ... (ii) +4x% (3Cy —3Cx+3Cx° =3C,%°)
Subtracting equation (i) from (i), we get n = 12 +(6+6x° —12x)x* + 4x8 —4x” +x®
Putting n = 12 in equation (i) = 1 Ax 465 — 43 £ x* +4x% _ 1253

B3r=2n-11=2(12)-11=24-11=13=r=1 +12x% = 4%° + 6x* +6x% —12%° + 4x® —4x” + X8
Sotermsare T ;,T.,,T,;

=1-4x+10x%? —16x> +19x* —16x° +10x°® — 4x” +x8

Sol 16: a, b, c are three consecutive coefficients in the
expansion of power (say n) of (1+ x)" Sol 19: (1.2)*%% = (1+0. 2)*%°

Soa="C,b="C_, c="C = 4000C, (0, 2)0+4000C (0. 2)1+40%°C (0. 2)? +.....

r+2

a_ (r+1) = 1+4000(0. 2)+......... =1+800+..... =801+.......

=an—-ar=br+b

b (n- .
(n-n) So (1.2)%% is greater than 800
=r= an-b 0]
a+b Sol 20: For (1+x)"
9 - M T,T.,and T arein AP
c (h-r-1)

=T,+T,=2T = "C;3+"Cs =2"C,
= bn-br-b=cr+2c
bn-b-2c
>r=—-"
b+c

= "C,+"C=2"C,,



4.48 | Binomial Theorem

n! n! 5 n!
—+ =
13/(n-13)! 15!(n-15)! 141(n-14)!

1 L1 2
(n-13)(n-14) 15x14 14(n-14)

15x14 +(n-13)(n—-14) 2
15x14(n—13)(n-14)  14(n-14)

210 + n?> + 182-n(13 + 14) = 2 x 15(n - 13)
n? + 392 - 27n = 30n - 390
n-57n+782=0

L _57£y57° -4(1)(782) _57:+4121 _ 5711
2

2(1) 2
n = 34, 23

Sol 21: Given
"C,=165;"C ,=330;"C_,=462

', 165 _1

nCr+l 330 2

n!(r+1)!(n—r—1)!_£
r'(n—r)!n! 2

r+1) 1

(n-r) 2

= 2r+2=n-r

= 3r=n-2
"Crp _462 _7
nc 330 5

r+1

r+inln-r-1)! n-r-1 _Z
nlr+2)(n—r—-2)! -

r+2 5

=5n-5r-5=7r+14
= 12r=5n-19
From eq (i) and (ii)
4(n2) = 5n19
So3r=11-2=9 =r=9/3=3

= n=11

Position of coefficientsare T, ;, T, ., T5 5

2
Sol 22: (7-5x), X = 3

n+1 _ 11+1 _ 1221:%:3.87
1+ 1+ 7331 g2t '
a 5x2 10

(i)

(D)

So greatest is 4*".

3
) 2
T H R 2, 0542
3
(12069 g0 3,2 Mygage
123 F 9

8
Sol 23: (1+3x° +x4)(1+lj
X

For Coefficient of x*

= (1) *¢ (lj i3, Laxiec L
X 3 5
X X

8x7x6
123

8 3x8x7x6
= —————x
X 1x2x3

x4 Xt

[8+168+56]=&
X

X |

Coefficient of x* =232

K 10
Sol 24: (& - —zj

X

Y 101
T, =20, (o (—zj =1C.(x) 2 k'x*
X

T..1 is independent of x

10-r

10
So —2r:0:10—5r:03r=?=2

So Coefficient is = *°C,k?

_ 109 2 405 k29 k=43
1x2

Sol 25: (x +a)"
A = Sum of odd terms

B = Sum of even terms

(ii) 2(A%+B?)=(x+a)*"+(x—a)>"

A ="Cx"+"C x"?a’+.... "C x%a"

B ="Cx'a+"Cx%a’+....+"C_ +xa"*
2(A?+B?) = (A+B)? +(A-B)? = (x+a)>+(x—a)>"
LLH.S.=R H.S.



Sol 26: (1+2x+x?)¥ = ((1+x)?)¥ = (1+x)*
T+1=54Crxr

r

Coefficient of x* =r=40

Coefficient = *C, =*C,, , = *'C,

X

9—r r
9~ (3.2 1
Ta="6 (EX _3_)(

For independence of x
209-r)-r=18-2r-r=18-3r=0

9
Sol 27: Ex2 —l
2 3

Coefficient r=6

9-6 6
9~ (3 1
T =Te1 =G [EJ [_gj

9~ 31 9x8x7 (1) 7x3 7
- C3 X = X = = —
223% 123 2333 23% 18
Sol 28: (1+ax)" =1+8x+24x%+......
"C,+ "Clax + "C,(ax)’ + ... =1+ 8x + 24x° +

So"Cla=8and"Ca’ =24

nin—1) 22

na=8 and =24

a’n’-na’=48 = (8)°-8a =48 = 64— 8a = 48

=>a=2=>n=4

Exercise 2
Single Correct Choice Type

Sol 1: (C) (x'3—x )15
T = 15C (X1/3)15—r(_x—1/2)r

15-r r

Power of x = -5 =0 for x°

2(15-r) =3r=0
30-2r-3r=0=5r=30=r=30/5=
Coefficient T, ='°C, x1 = 5005

5m = 5005 = m =1001

6
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n
Sol 2: (C) In the expansion (2 +§J the coefficients of
X’ & x® are equal 3

7 8
n n— 1 n n— 1
@ (gj ="C,"® [gj

6 :l:n—7=48:>n=48+7=55
(n-7) 8

Sol 3: (A) (X—l)[X—%][X—zizj ...... [x—z%j

Max power of x = 50

Coefficient of x*

Sol 4: (D) (3°+2)

34n
P=3% neN =3 +2
30=1,31=3, 32=9, 33=27,34=81
Last digit = 1,3,9,7

Last digit of 3* repeat after every power of 4 so 3% last
digit =1

31=3
314225
So last digit of 3" 12 is5

1 n
Sol 5: (A) (2x+—j

X
Sum of binomial coefficient= 2=256
2"=28= n=8

Constant term =

4
8¢, (20" 1] _8x7x6x3, a4 - 1120
X 1234
10
Sol 6: (A) [ X2
2 ¥

")

10
Tr+l = Cr(

N | X



4.50 | Binomial Theorem

Power of x=10-r-2(r)=4 (given) 35 41= 2(ay+ay+a, +...+ag)

=10-3r=4=3r=10-4=6=r=6/3=2

Coefficient T, =*°C [;Jloz (-3Y = %[(4_1)25 +1]
- 90y 5x298x9 405 - U B4 v B, a-1)41]
= 2 m always even. (- divisible by 2)
Sol 7: (A) 117+217
= (16-5)7+(16+5)” Sol 11: (B) (12+1)11+(22+1)2!+(32+1)3!+......+(n?+1)n!
- 2[ 27C01627 . +27C2616:| T=M+1n=nn+1)!-(n-1)n!
= 2. 16k = 32k 5. = nin+1)
Always divisible by 16 Sol 12: (A)P__, "P_
Sol 8: (D) N=7%-3100 1P, + 2P, + 3P, + ... +n.P
N = (5 +2)1%0 _ (5 2)2 =1Ln+2nn-1)+3n(n-1)(n-2)

+4n(n-1)(n-2)(n—-3) + ... + n. n!

N=2|19c 5924 .. +1%0c 52%
[ ! 9 J Add (+1 and -1)

N = [*°C,57.100 +10° °C,5* = 1+"C, +2"C,21+3"C,3! +4"C, 4!+ ..n"C nl-1
n
o +190C10.2% ] = —1+1+>i"C,(i)!
i=0
N =1000.[10.5" +....+2%] n
= -1+1)iP
Integer i=0
Last three digits = 000 When 1+1P, +2P, +3P, +..+nP, =(n+1)!
= -1+1(n+1)-1
Sol 9: (D) 3%° = (3220
= I—
(9)200 (10— 1)200 (n+1)!-1
_ 2°°C0102°° _200¢ 10199 4 2ooc199 10t 4+ 200(:200 Sol 13: (D)
— 7 7
=m+1  (meN) 1 |[1evaca1] [1-vaxea
Last 2 digits are 01 Vax+1 2 2
1.2
Sol 10: (A) (L+x+x3)*® =a, + aX + ... + a, x*° [7c JAx+1 +7C.(WAx +1)°
0 1 50 27m ( 1)

x=1

e
3% =a, +a, +a, + .+, N0)
= -1 = 2‘6[7C1+7C3(4x+1)+7c
1-1+1)»=1 (4x+1)2 +7C7(4x+1)3J
=a,—a,+a,—a, + ... +a%° ... (i) = Max power of x=3

Sum of both eq".



Sol 14: (A)
n
n n
[al/la L2 j :(a1/13 +a1+1/2) _ (a1/13 +a3/2)
-1
a

el 5/2
=>nal® 2=14a* =>n=14

MG, 14-3+41 _12_,

14(:2 3 3

Sol 15: (B) (1+X)(1L+x+x3)(1+x+x2+x3)

e (LXH L +XD)

- 2
= @y +aX+a,X" +..+3, X

m

Dar=aj+a, +a,+...+a
r=0

At x=1

= 23456...n+1) = (n+1)!

Sol 16: (C) (1+x)®

Given T.

2+l T

r+2

43 _ 43 _ 43
C2r - Cr+1 - C43—(r+l)

= 2r=43-r-1=42-r = 3r=42=> r=%=14

10
Sol 17: (A) (xz +i)
X3

Coefficient of x° is equal to that of x5

r
| 4
Tr+1 — lOCr (X2 )10 r (_3]
X

Power of x = 2(10-r)—3r = 20-5r
20-5r=5=r=3
20-5r=15=r=1

T

3+1 =T

1+1

10C383 — 10C1a

10x9%x8 22
1.23

=10

10
Sol 18: (C) (x2 +i3)
X

Power of x for term

r
_rf a

Tr+1 — 10Cr (X2 )10 r (_3)

X

Power of x = 2(10-r)-3r= 20-5r=0
=5r=20=r=20/5=4

Ty :1°C4 binomial coefficient
8
S0l 19: (€) | X 12log,. x
: NI Y10

1 8-5 5
8 2
T =T, =°C, [XE‘TJ (1o, x) =5600

8x7x6
= " x
1.23

3
(x®2) x(logq ¥ = 5600
x ¥1%log,, x)> =100 = x*(log,, x)° =100
Assume x =10

So 10% (log,, 10> =10% = 1072 y*=1

=y=1=x=10

Sol 20: (B) (1+x)(1+x+x2)(1+x+x2+Xx3)
e (L+X+.... . x200)

Highest power of x =1+2+3+..... +100

_ 100(100+1)
2

=50x101=5050

Sol 21: (B) 5+2V6)" =p+f
p=[G6+2V6)] - f
2 —f+pf-p= ff-1)+p(f-1) = (F-1)(f+p)

1 n
Assume F:(S—Z\/g)” :[ ]
5+2\/g

0<f<1l,0<F<l1

F+f+p :(5+2\/g)” +(5—2\/g)“ = integer = 2I
F+f=2I-p = Integer

O<F+f<2 = F+f=1=F=1-f

F)f+p) = 5-2V6)(5+26)" =-1
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4.52 | Binomial Theorem

Sol 22: (B) (v2 +/3)1%0 = (21/2 4 31/4)100
L.C.M.of 2and 4 =4
Total terms = n+1=100+1 =101

100-4n 4n
T rational = 1°°C4n(21/2) (31/4)

= 0<100-4n<100
= 0<n<25neN
n={0,1,2,3....25}

Total number for n=26

10
. coso
Sol 23: (D) (xsm@HTj

;
T, ='0C (xsin6)1o [@J

X
Power of x =10—-r+r(-1) = 10-2r = 0 (given)
=r=5

T, ='°C.(sin6)* (cosB)* =*°C, (sinBcos0)’

r+1 =

sin20 °
= 1°c5( 5 j . Max value when sin20=1

10
5

2

.. Max. value =

Sol 24: (B) (1+x-3x%)**=a +a x+ax’+
Atx=-1
=a,—a; +a, —ay +.....

L H S = 32145 _ 332144 _ 3[9]1072

Even power of 9 ends with 1. Hence 3°'*° ends with 3.

4x° 3 ’
Sol 25: (B) [i——J
3 2X

9—r r
4% 3
Tr+1 = 9Cr [T] (_Zj

Power of x=2(9-r)+(-1)r=18-3r=6
= 3r=18-6=12 = r=4

9-4 4 5
Coefficient 9C4 4 3| J3x8x7x6f4
3 2 1234 (3

210 % 34

— = 21x2’ =2688
3P x2

= 9x2x7x

Sol 26: (C) [x+(=1)"2°+[x(x3-1)?]°

= 2°Cex® +°C, 2 (% =1) +°C (¢ ~1)°]
Max power of x = 7

Sol 27: (A) (1-2x+5x-10x3)(1+x)"

= l+ax-lax’+...... and a?=2a,

Coefficient of x=a,="C ~2=n-2

2n

Co-efficient of x¥?=a,=5+"C,-2"C,= 5 + nn-1)
2 2
-5, D -n-4n N —-5n
2 2
2 p—
a?=2a, = (n-2)° zz{w:l

= n’+4-4n=10+n*>-5n = n=6

Sol 28: (D) aC +(a+b)C +(a+2b)C +.... +(a+nb)C_
a(C+C+C,+.... +C)

+b(C,+2C,+.....+nC)

= a2"+b[n2"™1] = 21 [2a+nb]

Previous Years’ Questions

Sol 1: (A) In the expansion

(l + x)2r1 g, = 2r‘C3r_1 (x)gr_l

r+1

tr+2 = 2ncr+1 (X)

Since, binomial coefficient of t, and t _, are equal.
2 2

= nC3r—1 = nCr+1

=3r-1=r+1lor 2n=0CBr-1)+(r+1)

=2r=2o0r2n=4r

=r=1lorn=2r

Butr>1,

j“ -. Wetaken = 2r
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Sol 2: (A) We have €2 —2C2 +3C2 - 4C2

+o t (—1)n (n + l)Ci
= -G+ -+t (-1)'CY

n

~{C -2C% +3C5 —...+(-1)"nC2}

() S ()
CBE

{C3—2C7 +3C —...+(-1) (n+1)C2}

2[2}(;)!(_1)“/2 n! (n+2)

n! M2

Sol 3: (C) We know that (a+ b)5 +(a—b)5

() (n+2)

=°Cya’ +°C,a’b + °C,a’b?

+°Cya’b’ +°C,ab* +°Cb° +°Cpa’ - °Cla’b
+5(22a3b2 - 5Cgazb3 + 5C4ab4 - 5C5b5

= Z[a5 +10a’b? + 5ab4]

{x + (x3 - 1)1/2 T + {x - (x3 - 1)1/2 T

= 2|:X5 +10x° (x3 - 1) + SX(X3 - 1)2}

Therefore, the given expression is a polynomial of
degree 7.

Sol 4: (D)"C, +2"C, , +"C,_,
=("C 4" )+ ("G L+ C )

We know that

n n _n+l
C +"C,=""C

. n+l n+l _n+2
ST C L, =T

s ()2,
O )
L

According to given condition, T = "G,

and T ., -T =21

= "™, -"Cy =21

(n+1)(n)(n-1)-¢n(n-1)(n-2) - 21

= n(n6_1)[(n+1)—(n—2)] =21

:n(nT_l):Zl :>n(n—1):42

=

|

=n=7

Sol 6: (B) Given, "'C, =(k*-3)"C,,

=" = (K -3)—=""C,
r+1
=k?-3= r+l
n

(Since,n>r = ﬂﬁ 1 andn,r >0)
n

=0<k?-3<1

=3<k’<4

=ke[-2-3)u(+3.2]
Sol 7: (C) Let [30()}[?8}‘(310}[?2]
Ll ){a))

. 30 30 30 30
~A=%c ¢, -¥c ¢,

30~ 30 30~ 30
+7C,. 0, e+ TG TG,
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= Coefficient of X% in (1 + x)3.(1 — x)*°
= Coefficient of x?° in (1 — x?)*
30 ) ;
= Coefficient of x2° in Z(—l) e (xz)
r=0
.. For coefficient of x* clearly 2r =20 = r = 10

Put (r = 10) = *°C,,

Sol 8: (D) A = Coefficient of x" in (1 + x)!° = 1°C

r

B, = Coefficient of x"in (1 + x)*" = 2°C,

C, = Coefficient of x"in (1 + x)*® = 3C

10 10 10
leAr (BlOBr - ClOAr) = leArBlOBr - leArClOAr
r= r= r=

r

10 10
_ 10~ 20 20 10~ 30 10
_Z Cr C10 Cr_z Cr ClO C
r=1 r=1

10 10
_ 10 20 20 10 30 10
_Z C10—r' ClO Cr—Z C10—r Clo C
r=1 r=1

r

10 10
_ 20 Z 10 20 30 z 10 10
- C10 ClO—r' Cr N ClO ClO—r C
r=1 r=1

- 20C10 (30C10 ‘1)‘ 3Oclo (zoclo _1)

r

_ 30 20 _ B
=G~ "Gy =Cp By

Sol 9: (D) (1+ax+bx*)

[1—18 C,2x+2 ¢, (2x) - ¢, (2x)" 42 C, (2x)4}
Coefficient of x® is

8¢, (2%)+a("C, x4)-b(BC, x2) =0
Coefficient of x* is

8¢, (2*)+a(-18c, x 2%+ ¢,p2% =0

or solving both these equation

a=16and b = 272/3.

Sol 10: (A)
(1—2\&)50 =0, - ¢, (2&)1 0, (2&)2
so¢, (2&)3 ¢, (2&)4

()

(i)

So, sum of coefficient Integral powers of x

50 50 2,50 4 50 50
S="Cp+7 G227 C2" 4+ Gy 2
Now,

50
(1 + x) =140 Clx +0 sz2 0 C3x3 +20 C4x4

Putx=2-2

30=1+0¢2+°C,2° +°C.2°

S0 o4 50 20
+7C, 20+ 77 Gy 2

()

50 50 2 50 3
1-1-°¢,2+%0¢,22 2,2

50 4 50 50
+C, 2" =+ (2

(i)

(i) + (ii)
3041=2[14% €27 490 Cp.2% 4. 470 €y 2|

3041

=1+0C, 2% +°C,.2% +... 470 C,, 2%

(n+1)(n+2)
Sol 11: (D) Number of terms :f: 28
=>n=6
n

a, a a
.'.a0+—1+—§+....+%:(1—z+ij

X X x" X X
Putx=1,n=6,

_ 26 _
a, +a; +a, +..+a, =3"=729

JEE Advanced/Boards

Exercise 1

Sol 1: f(x)=1-x+x>—x3+.....x16—x!7

= a,+ta (1+x)+a,(1+x)? +....... +a (1+x)"
Differentiating both sides

-1+ 2x..-17x"*=a + 2a,(1 +x) + .. + 17a,(1 + x)*®
Again differentiating
2-6x+..=2a,+6a,(1+x)+..

Putting x = -1



=2+6+12+20+ ...... +17 x 16 = 2a,
2a,=1.2+2.3+3.4... +16.17
T for1.2+2.3+43.4is T =n(n+1)

16 16 16
2a, = ZTn = an + Zn
i1 i1 i1

_ (2(16) +1)16(16 +1) N 16(16+1)
6

= 1632

= a, =816

10
| B
Sol 2: (a) (i) (\EJF 2x2]
. :loc ﬂ 10-r £ r
r+1 r \/g 2X2

10-r 10— r

_1o¢ [ 1 j r %—2 V3

= r —_— X —_—
N 2

For term independent of x-

10— S 0= 10-r-4r=0= r=2

10-2 2
1 \3
SO T3 = T2+1 :]'OCZ [EJ [TJ

Power of x = % —% =0 for independence

=58-nN-3r=0=40-5r-3r=0=>r=5

8-5
(X1/3):| (VY — 8x7x6 X(

N

8
Ta=Te= Cs{
8
(b) 5§I095 V4X 144 1
+ —
logs 147

5

= (a,+a,)® assume

T,=T,= 8C3 (5"1)873 (a, )y
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a :Slogs(\/4x+44)2/5 = (4% + 44)2)5 = (4% 4 44)15

1 1
a2= =

- (2X—1 +7)—1/3
5|095(2X—l+7)1/3 (2X—l +7)1/3

T4 =8C3(4X +44)5/5(2X—1 +7)—3/3

_8XTX6 4k amy2t 17y =336
123
4% 144 336

Txl,7 87

= 4444 =6x21 4 6x7 =32 +42
(292-3(2y+44-42=0

Assume 2" =y

y2-3y+2=0= (y-2)(y-1)=0
=>y=lory=2= x=0orx=1

11
Sol 3: (axz +i)
bx

1 r
Tr+1 — 11Cr (aX2 )11*I‘ [&J

Power of x =2(11—-r)+r(-1) =7 (given)

= 22-2r-r=7 => r=5

5
Coefficient T;,, =''C,(a)'*™ (lj = Hca’™

b
11
.. 1
(i) (ax bxzj

1 r
11 11—
Tr+l = Cr (ax) r[_b7j

Power of x = 11 —r - 2r = -7 (given)

=r=6

6
Coefficient T, =T, , =C.a'® [__J = MCab®

(iii) Given that both coefficient are equal

= UCa%® =!C@’h® = ab=1

Sol 4: (a) (1+x)*

Coefficients T=T ., ,= *C_,
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Tr+l = 14Cr; T(

_14
r+1)+1 " Cr+1

Its given that they are in A. P.so. T+T =2T |

14 14 =7 14
Cr—1+ Cr+1_2 Cr

| | I
14! 14! 5 14!

r-D!'A4 -r+1)! i (r+D)!'A4 -r-1)! - ri(14 —r)!

1 1 2
= + =
(15-nN@4-r) (r+Lr r@4-r)

rc+1)+@15-r)(14-r) 2
rr+1)(14 -r)(15-r) B r(l4 —r)

= r’+r+210-14r-15r+r?=2(r+1)(15-r)
= 2r>-28r+210=30r-2r>+30-2r

= 4r>-56r+180=0= r>-14r+45=0
= (r-9)(r-5)=0=r=9 orr=5

(b) (1+x)*"

Coefficients T,=T, ,="C,=2n

2n2n-1
T,=T,,=""C,= % = n(2nl)
o~ _2n(2n-1)(2n-2) n(2n-1)2n-2)
T, =""Cy= =

123 3
They all are in A. P
So, T, +T, =2T,

- n(2n—-1)(2n-2) _
3
= 3+(n-1)(2n-1)=3(2n-1)=6n-3

2 2n(2n-1)

= 3+2n*-2n-n+1=6n-3

= 2n>-9n+7=0

Sol 5: a = Coefficient of x3 in (1+x+2x%+3x3)*
b = Coefficient of x> in (1+x+2x2+3x3+4x4)?
4x* has no effect on the coefficient of x°.
Hencea="b

a-b=0

Sol 6: (1-x?)%°
T _ 10Cr (_X2 )l’

r+1 —

Given that 2r=10 = r=5

So coefficient is= (1) 1°C = *°C,

10
And in (x —3]
X

2 r
Tr+1 — 10Cr (X)lo—r [__]

X

Power of x = 10-r—-r=0
= 10-2r=0 = r=5
Coefficient = °C (-2)° = -1°C,2°

10
C

Ratio of both coefficients = " s 1 _1

2> 2 32

Sol 7: (a) (ax—by + cz)’

I
General term =

(@x) (-by)?2(cz)3
' !r3 |

r+r+r=9
For coefficient of x*y’z* so = r =2, r,=3, r,=4

9! v bt
213141

So Coefficient =

= -1260 a°-b*.c*

(b) (a—b—c+d)°

L(a)ﬁ (_b)rz (_C)f3 (d)’4
ninint,!

General Term=
r+r,+r,+r,=10

It given that r,=2, r,=3, r,=4,r,=1

|
Coefficient _ 10t (-1)*(-1)*
213141711

_ _10><9><8><7><6><5 — 12600

213!

Sol8:s=1+q+q*+ ... +q" =

2 n
S :1+q—+1+ @+1) +... + a+l q=1
" 2 2 2

= n+1C1+n+lC2 sl+n+1C352

Constant term

MIC MG+ IC = 201



Mathematics | 4.57

1 1 2 n
In S, constant term = 1+§+(—J + o [—j

1-1 2 2"
2

x+1
So (2" -1)= (2“),(u]

n+1
1- (;] 1 n+l 2n+1 1
— — 2 (1 _ _j — ( B )

2n
I’Pr].cl + n+lczsl + n+1c3Sn — 2n Sn
We can prove this with other terms also.

Sol 9: (i) (2+3x)°,x :%. Now we have

n+l  9+1 10
al 2x2 4
al 1 14
1+X +3><3 +9
- 10 10 _poug
1+044 144

Greatest terms is

6
9x8x7 3
1T =GB 25230 [Ej

3273038 738
123 2

(if) (3-5%)° When x :%

n+1 15+1 16 _E_4
1+§ 1+ 3x5 1+3 4
X 5x1

So T, and T, , are same greatest term. T,="°C,(3)"**

1

(=5%)*
4
_ 15><14><13><12311 -5 . 455, 32
1.234 5
Sol 10: (i) (1+x+x?)"=a,++a X+...... +a, X"
(i) at x=1
a,ta ta,tat.... +a, =(1+1+1)"=3"

(i) at x=—1 = [1-1+(-1)7"=1
—=l=a-a,+a,~a,+...... +a
(|||) (1+X+X2)n(X2—X+ 1)2n

— 2n__ 2n-1 —
=(axM—a X" )@,—ax+.... )

Compare x — —x in
(C+x+1l) - (*—x+1)a,j—ax +ax’—ax’ + .. +a, x*

[(T+x+x3)(x>—x+1)]"

_2.,2n 2.,2n 2n 2n 2n
_aox —a1X —a3 X +a4-x — e +a2nx
S Forx=1

2 2 2 2 _ an
ag—a; —ag +...+ay =3

Sol 11: (5+3x)°
T4=10C3(5)10_3(3X)3

10 £733,3
=10C,573%¢ ~ (35'3°X" s the greatest term

n+1 10+1

So, =
1+2 142
X X

For greatest term to be T,

10+1
1+i

3x
33x <4

3x+5

= 3< <4

3<

3(3x+5)<33x<4(3x+5)
9x+15<33x<12x+20

Solving each inequality separately we get
9% + 15 < 33x

= 24x > 15

:>x>£

x>
8

Also, 12x + 20 > 334

n
Sol 12: In the expansion of (§+§j , we have

n-8 8
X 2
w3 (3
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Coefficient = "C4(5)2 28578 = "C,5"2°

Which is greatest coefficient

8 < n+1 <9 assume x=1 for find
X
1+—
a
n+1 ..
8 <9 greatest coefficient
1x5
1+
5x2
8 < n+l <9 = 8<—n+1<9
1 3
1+= =

2 2

8x> <nt+1<9x>
2 2

12<n+1<277

17<n<£—1:§=12.5
2 2

11 <n<12.5

There is only one natural no. in region i.e., 12

Sol 13: N=20°C_+2. 200C +3.
2000C, +......+2000%%°C,,
N=n. 2" here n = 2000

= N= 2000 x2"*

= N=2x(2x5)® x2"* = 23 x 532"

= N=2x(2x5)3x2n1=23x532"

N = 2n+353

Number of divisors = (n + 3 + 1)(3 + 1)
= (2000 + 4)(4) = 2004 x 4 = 8016

Sol 14: (1+x)2912+(1+x?)201+ (1 +x3)2010

Number of different dissimilar terms

= 2012+2011+2010 (no. of terms which is common in

(1+x) and (1+x2) 21

of terms which is similar (1 + x)2012 and 1+ x>

(no. of terms which is similarin (1 +x?)?°! + (1 + x°)

=2012+2011+2010—{20211}—{ 3

2012+1}_{1oos

Where (+1) for constant term. And [x] is a singularity

function. [1.35] =1
= 6034 - 1005 - 671 -335 = 4023

9
2
So|1&(1+x+2x%[§i-—iLJ
23X

For independent terms

9
2
Coefficient of x° in [%—ij =A

2
Coefficient of xtin i—i =A;
2 3x
e 1)
Coefficient of x3 in X 2= A,
2 3x

P 9-r r
T., =9c 3x _1
' "2 3x

Power of x = 2(9-r) —r = 18 —=2r—r = 18 -3r

X = 18-3r=0 = r:§:6

9-5 6
9 3 1
To=Ts, =Ag =G [Ej [_5]

-
° 18
For x1 =18-3r=-1

3r=18+1=19
r=19/3 not natural no.
So A, =0

For x3

21
18-3r=—3= 3r=18+3=21=> r= 5 =7

9-7 7
So A, :9c7 3 I
2 3 27

- . NE S
So coefficient of X in (1 +x +2x7) S T3
X

7 1 21-2(2) 17
= — 4 2x| —— | =—————F=—
18 27 54 54



Sol 16: f(n)zznjzn:kcr
r-0k-r
11 11

For f(11)=)">"*C,

= (°Cy +1Cy +7C4 + o +11Cy)

=220 % 42t 420

211+1 _1
= —— =4095 = 4095 = 513271 13!

No. of divisors = (1+1). (2+1). (1+1)(1+1)
=2x3x4 =24

11 11
Sol 17: ZZ'CJ

0]
=0CO +(1C0 + C1)+(2CO ol C2)
+(3C0 Fo C3)+ ..... +
=204t 4 421

_ol2_q

n+4

Sol 18: (1 +x%).(L+x)" Zak

a, a,and a, are in AP

(1+x4+2x%)("C+"C x+"Cx?+"C 3 +....."C X")
= a tax+tax’+a ...

Compare terms of x" in both side

x!= L H.S = "C,=n

R.H.S =

= n=a,

x*=2"C +"C,=a,

n(n—1)
+ 3 =a,

(HCO +H1C, ot Cu)

3 n n _
= 2'C, +'C; =4

2n+

nn-1)(n-2)
123

It's given that a, a,, a, are in AP

2a,=a, + a,

4+nn-1)=n+2+

n(n—1) (n—2)

_6n+12n +n(n-1) (n-2)

6

24 + 6n(n-1) = 18n + n(n-1) (n-2)

Solving this we get, n =2 or 3 or4

n
Sol 19: z "C, sin kx. cos (n-k) x = 2" sin nx

n
L.H.S = Z "C, sinkxcos(n—k)x

We know that 2 sin A cos B = sin(A+B) +sin (A-B)

k=0

A+ B=kx+ (n=-k)x =kx + nx—kx = nx

A-B=kx—-(n-k)k=kx-nx+ kx = 2kx — nx

n
So, z% "C, [sinnx + sin(2kx — nx)]

["Cqy Sin(—=nX) +...... +

k=0

n
Z "C smnx+z "C, sin(2kx —nx)
k=02

I\.)i—‘

N |-

= —sinnx z C +—=

1
2

"C, sin(nx)]

sinnx.2" +0 = (sinnx)2" ™ = 2" sinnx

2001
Sol 20: x*%* + E—xj -0

1 2001
_ L2001 2001 2001
= X + G [—j +ot Cio99

=

2

2
J (=x)19% ¢ 2001C2000 [%J (_X)zooo]

1
= x +200C, (_J (—x)2001

2
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.. (iii)



4.60 | Binomial Theorem

2001 2001 (—x)19%?
= X + o + Cio99
4
2000
4 2001 (=x) 42001
2000

= Now maximum pointer of x = 2000

Coefficient of x?%011

Sum of all solution is =

Coefficient of x2°%°

2001 1
_ 1999 * 4 2001><2000><1 1 _500
2001 1 1.2x2001x1 2
2000 %5
Sol 21: Let

2n
S= > (D k-2n)("C,)
k=0

2n
= S= Y ()" F@en-kEAC, )
k=0

Writing the terms in S in the reverse order, we get
2n

S — Z (_1)k k (Zan)z
k=0

Adding (i) and (ii) we get

2n
2S=2n ) (-1*("C,)* = -2nA
k=0

= S=-nA

10
Sol 22: (A) (D P(i,10-1)
i=0

y

P(0,10)+P(1,9)+......+P(10,0)

= 1+(9+1)(1)+102X9+

= 10CO —1°C1 +10C2 +10C3 + oo 10C10

= 210=1024

(1)

(i)

Sol 23: (C) P(i,100-i) = P(j,100)

100C 100C and i#j

1OOC 100C1007j

[=100-j
i+j = 100
i,jeN,0

(0,100)(1,99)....... (99,1)(100,1)

Total no. of ordered pairs

(i) = 100

Sol 24: (646 +14)2™! —1+F

(assume)
(66 —14) (646°) - (14
66414
__ 20
66 +14

—[(6v6 +142"1 = 0<F<1

e=(6\/g—14)2”+1 =0<e<l

I+F-e=(6v/6 +14)2"
_ (6\/5 _14)2n+1
- 2( ncl(6\/g)2n+114

+1C, (6362712147 4

= 2K (K is const. integer)
O0<F-ex<l1

F — e=2K-I= Integer

F-e=0=e=F =F=e=

(20)2n+1

S o A
(6v/6 +14)"
(I+F)F = (6v/6 +14)

202n+1
(6\/g+14)2n+1

(1+F)F =202

(6\/6 _14)2n+l



Sol 25: P = (2++/3)°

f=P—[P]
2-WByY 1
2-43= =
2+\/§ 2+\/§
0<2-3<1
s0<f<l
5
1 1
(2+J§>5:[—J ==
2-3) F

Pl+f+f=Q2+3)° +(2-+3)
- 2[5C025+5C225_2 (\/g)z
o +5C, 257 (V3)Y]
2{25+¥x23><3+5x2x32}

f+f = Integer
0<f+f<?2
sfef=1
f=1-f=(2-3)
f=1-(23)

2 f2-1+1 (f-DUf+]) 1

= +
1-f 1-f 1-f) a1-f

1

= —(f+D+=

(f+ )+]c
f=1-f=f-2=—(f+1)

= f—2+l
f

= 2+43)° -2+ (2-3)
= 2[32+15%24+5%x2x3?]-2
=724-2=722

Sol 26: (1+x)"="C +C +
Cx?+C3+.... +C x"

(a) Differentiating at both sides
N(L+x)"" = C +2C,% +. 2 Cy X"
x=1

Put n-2""=C, +2C, +..... +nC

()

. (i)

(b) Sum of eq. (i) and (ii)

n2" 4 (1 +x)" = (o +2C2 +.t+C
+Cy + Cx+Cox2 + e + C X"
At x=1

2" n+2)=C, +2C,

+3C, + o +(N+1)C,

(©) Eq. (1) + 2 x eq. (2)

At x=1

2" +n2" =Cy+C (1x2+1)
+C,2%x2+1) + ... +C,(2n+1)
2" n+2)=C, +2C,

+7C5 + . +(2n+1)C,

(d) (Cy +CC +C)).n(C ; +C) =
3
C,GG,.Co (n+1)"
n!
Multiply and divide L. H. S. by
CCCC,..... C..
1 Cn
=CG GG g | T = 1+
0 Cn 1
n
On using r 0 r+1=L.H.S
r
r-1

1+n)(1+n 1+n
et ton( 15 222). (220

GG GG N+ 1)"
n!

(€) 1C5 +3C2 +5.C5 + .+

2n +1)C2 _ (n+1)(2n)!
n n'n!

We know that (part (C))
Co+3C +5C +.....+
(2n+1)C +(n+1)2"

C, +3¢; +5C2x2 + oo

3 5 2
CoC+C e+
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+(2n+1)C x"
= (n+1)(1+x)"= (n+1)T1 +x)"

Multiply with

= and compare x" and coefficient
Cy +3C2 +5C5 +. +(2n+1)C2

= Coefficient of x" in (n+1) (1+x)""
= (n+1)C_=

L.H.S.=R.H.S.

Sol 27: 1=[(3V5)"]
I+F = (3++/5)"
P = rational part

o = irrational part

9-(57? _ 4

3-+5 = =
3+\/§ 3+\/§

0<3-5<1

F=@-+5)

[+F+F=3+5)"+(3-+5)

Rational part
0<F+F<2

F+F is 1 only integer betweenOand 2

I+1=2F= P:%(Hl)

I+F—F = (3++/5)" = (3-~5)"
I+F+F-F-F=2("C,3"!
W5 +"C,3" 3 (V5 + ...
1+2F—(F+F) =20

[+2F-1=2c

1
==(1+2F-1
c 2( )

Sol 28:
C, 2C, 3C nC
(@) L+ =2+ 4. .. +—0 _hin+1)
C0 Cl CZ Cn—l 2
n
C _
We know that r D70 L
nCr—l r
n
= " =(h-r+1)

r-1
LHS =0n-1+1)+(n-2+1)
+N=3+1)+.... (n—n+1)
N’ +n—1+2+3+..n)

—nZ4n_nn*D)

n2+n_n(n+1)

2 2

2°Cc, 2°C,

b) 2C
(b) 2C, + +3

2n+1 Cn 3n+l 1
—+ =
n+1 n+1

(c) In equation (i) from above que.
X=2

22 Cl . . 2n+l Cn _ 3n+1 _1
n+1 n+1

(d)Ineq. (i) x=-1

n+l C C
M:co(_l)Jr_l__Z
n+1 2 3
c, C
Fov+ (1) 0 e LS
n+1 2 3
+(-1)"—- -1
n+l n+1

C 1 =CoCy +CCy e+ C,

2n _ 2n!
"l (n-1)!(n+1)!

“ 2n—(n-1) = n+1
L.H.S.=R H.S.
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(b) In some equ. (ii) compare coefficient of x™ Soa, =a,
2 i -
"C =CoC +C .C, (i) A =a,
2n _ 2n! a1 =8
n-r — (A — )l
(n+n)ln-r)! So, a,a,+a,a,+a,a *..... +
L H.S. =R H.S. =a,a, ,+a, a,
n-2
2n! Fover .+aa,+aa
C nc nC — 172 374
()g( ¢ Cre2) (n=2)I(n+2)!
a.a.—a.a,+aa,... =0

In equ. (III) ifr=2 (”) (1—X+X2)n

= "C ,=C,C, +C,Cy +. + C, ,C, - aaxrai-a o
= n-2 :ﬁ (i) A+ x+x°)"A-x+x*)" = (ap —ax+..)
LH.S. =R H.S. (3" +ax ™ )
(d) 1ooClo +5. 1ooc11 +10. 100(:12 A+ x% +x*)" = a0a2x2'"2 —alagxz"’2 4.
+10,200C , +5.100C,, 4190 _ Compare x*"? coefficient
g g, i, - 1051 a,,, =a,; =38,3, —3;a3 +...
01151 (v in@+x+33)" x -
L h _ 1001 51001 10x100! So Coefficient of X" =a,; =a,.)
90!10!  11189!  12!88! () (Lt x50 = 3+ At oy X
10x1001 5x100! 100! Putx =1

+ + +
13187! 14180! 15!85! n
3"=a, +a, +a,+...+a, .1

15x14x13x12x11 X=0
100! Ty +
90!15! 0=a, +a3,0+a,0” +a; +..a,0"..2
5x90x15x14x13x12  10x90x89x15x14x13 X =0’
15190 15190!

0=a, +23,0° +a,0+..+a, 0" .3
N 10x15%x14x90x 89 x 88 N 5.90 x 89.8887
70115! 15190!

A+B+C=

3" =3(ay +a;+ag +....)
.\ 90.89.88.87.86}

90!115! Ay +ay+ag + .. 3t . (i)
100x101x102x103x104x105 _ 105! X(L+x+%x°)" = a0x+a1x2+ ...... +a2nx2n+l A
- 90115! 90151 x=0=0=a,0+3,0° +a, +...+a, 0" ..B
:105C15 :105C90 Xx=0’= 0= a0m2 +a,0+ay + ...+ a2nm4”+2 ..C
AB.C=3"=3(a, +a; +ag +....)
Sol 30: (i) (1+x+x)" = a,+a,x + ax’+.....+a, X" a,+a +a = -1 (i)

(1+x+x)" = (x?+x+1)"
Sum as above
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L+ x+x2)" = a0x2

X(L+x+X)" = a X2 +a1x3 ot aznx2n+1
X=wW=

_ 2 3 2n+1
0=a,0" +a,0 +...+a, 0" ... B,

x=w2=0:a0m4+a1+ ..... +a,, .. G,

A+B,+C, (a, +a, +a, +...)
- 2=3n—1
3

From (i), (ii) and (iii)

-1
E=E,=E, =3

100100

Sol 31: > > (CZ+CZ+C,C)=m(*"C,)+2P

r=0s=0
M, n and p are even natural number
(1+X)100
_ - ro 100
C, = coefficients of x" in (1+x)
100

= > [C?x101+C] +C] +...+ Coyy
r=0

+C(Co + G+ +C )]
= 101(Zc3]+101(2”cn)+ZCr(zn)

= 101°"C, +1017"C_+2"(2")

= 202 2nC + 2100+100

_202°"C, +2°% =m(*"C)+2°
n=100, m=202, P=200

Hence, n+m+p = 200+100+202=502

Sol 32: (1+X)(14+X+X?).....(L+X+X2+.... . +X")

Max. power of x

=1+2+3+....... n= M
2
2
(a) Total terms = 1+n(2n+1) =D +2n+2

(b) 1+x=x+1
1+x+x2 = x2+x+7, So now product is

= (x+1) (t+x+1) = ...

nin+1)
e e e —
0 2
(c) Odd coefficient = a, +a,+a,+......

At x=1

2.3.4.......(n+1) = (n+1)!

x=-1=a;a+a-a,=0
= ay+a,+a, +...=a +a3 +a +....
Assume P = Q

(n+1)!

P+Q=2P=2Q= (n+i)!l=P=Q= >

Sol33: 5, =3 < > CC;
0<i  j<100

S;=2.<2. GG,

0<j <100

S =Z= Z Cicj

0<i  j<100
1+x)'%° = n=100
S1 + 52 + S3 =a°

S;+S,+S5;=

Y Y CC+Y< YOG +Y Y ¢

0<i  j<100 0<j i<100 0<i j<100

5,=5, v Y > CC <Y Y ccC

0<i j<100 0<i j<100
_ 2 2

S; =5, +C,Cy +CC +C5 +. +Cloo
_ 2n

S;=5,+7C,

S, +S,+S; =25, +2"C,



a+b=16+50=66

Exercise 2
Sol 1: (B) Given binomial is (2%/3+371/3)"
o T, =T,,,= "C (2¥3)m8(313)s

T,' fromend = "C_(37/3)"¢(2"3)°

- T_7=l _ nC6 2n/32—23—2 _ (23)n/3 _ (6)(n/3)_4
T7 ! 6 nCG 3*”/33222 (6)2+2
634 = l:> LA | =n=9
6 3

Sol 2: (C) We have 152+23% = (19-4)%+(19+4)?
= 2 o197 +2C,19% 4.+ 2,19 |
= 2. 19K always divisible by 19

So the remainder is zero

Sol 3: (D) 4{"C, +4"C, +4%."C; + ... + 4"}
= {4"C,+4°"C, +4° "Cy +....+4""C }

= (1+x)" =Cy +Cx+Cox° +. + X" "C
At x=4

5" :1+4C1+42C2+...

4 2 3
So C+4°"C,+4°"Cy+...+4""C =5"-1

Sol 4: (A) n>3

n—w(n—lh

(n-1)(n-2)
1! 2!

(n-2)

_(h=-1)2-n)(n-3)

30 (nN=3)+......
Atn=3
_ 1.3—§3—1)(3_1)+(3—1;(13—2)(3_2)_0

= 3—2><2+—22X'1:3+1—4:O

Or

=n-"1C,(n-1)+"*C,(N-2) +.....
43 n—lCn_3 (=13 42 n—lcn_z (—1)"2

= n-"1C, +2"1C, +3™C, + o

+(_l)n—1 n—lcn_l

=n—("'C, +"'C)+0=n-(n-1+1)=0
(83, 2 8
Sol 5: (€) t in [x* +x’log}, | =5600
3
8Cs(x‘8/3) (leogfo) =5600
5
= xz(logfo) =100

=x=10

Sol 6: (B) (a.+p)™* + (o +p)"2(a+0)
Ho+p)* (A +G) + o+ ()™

Coefficient of t

- m-1
_ m-1 atg), +(a+q]
= (a+p) _1+(a+pj+ a+p

1- a+qj
= (arp)m P
1-|**+9
)
1 (oc+q)}
= (a+p)™* 2P Ja+p)
a+p—-—a—q
e
S L C L VA N CA el G
P—q P—q
mct [pm—t _ qm—t]

Coefficient of o' =

P-q

52145 5
Sol 7: (B) (l+x—3x ) =a, +a;x+a, X" +..

Putx=-1
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2145

:>(1—1—3) =a,—a, +a, —a; +..

3 2145
—a; —ad; ta, —a, +....(— )

Last digit of (—3)2145 is 3.

Power of x=2(9—-r)+(-1)r
= 18-2r—r = 18-3r =6(given)
= 3r=18-6=12=r=12/3=4

9-4 4 5 4
Coefficient 9C4 4 -3 :—9X8X7X6 4113
3 2 1234 (3)1(2

210 % 34

= 21x2’ =2688
3«24

= 9x2x7x

3Jx

18
Sol 9: (D) [9X—LJ x>0

r
S 1
Tr+1 = 18Cr (9X)18 (_j

Jox

Power of x=18—r—% - 18- _0 (given)

2
r r 3r
18-r-" 18-

a:glsr(ij =(9) r2:(9) 2 .90 1

J9
Sol 10: (C) [x+\/ﬂ}5 . [x—\/ﬂ]s

- 2[5C0x5 +C, x3(x3 —1)+5 C4x(x3 —1)2}

= Highest power is 7.

Sol 11: (C) We have

CG+C+C+.+C=>("C)("C)
r=0

= Z (ncr) (ncn—r) [ nCr = ncn—r]
r=0

= Number of ways of choosing n persons out of n men
and n women

= Number of ways of choosing n person out of 2n
persons

- 2nc
n

Sol 12: (D) aC, +(a+b)C, +...+(a+nb)Cn
=[Co+Cy+..+C, ]

+b[0x Cy +1xCy +2xC, +...+nC, |
=a2"+bn2"!

= (2a + nb)Z”’1

Previous Years' Questions

Sol 1: We know, (1 + x)" = C,+Cx + Cx* + ... +C, x>
On differentiating both sides w.r.t. x, we get

2n(1+x)" 7 =€ +2.C,x

+3.C5%% +.... +2nC, X" ()
And
2n

1 1 1
(1—;] =Cy-C.=+G, =

1 1 ,
_C3'_3+""+C2n'? (||)

X

On multiplying Egs. (i) and (ii), we get

1 2n
2n(1+x)" [1 - —j

X

= [Cl +2.C,x + 3.C3x2 ot 2n.C2nx2“‘1J

ool -ralz]

The coefficient of (lj on the LHS
X

= Coefficient of %in 2n [X%J (1+ x)zn*1 (x—l)2n

= Coefficient of x*"in Zn(l -x° )Zn—l (l —x)
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= (-1 e, Sol3: Y(-1) "C
r=0
o (2n-1)!
- (_1) (zn)(n_1)|n| 1 3 7 15"
2_+27+§ 24r +...upto mterms

(2n)!
—(—l) n-—=-—-n ... (i) n 1Y
(nh)? 1Y rc | =
Saf e L]

~(-1"n-C,

0 3) < 7)
r r
1 > (1) "c, (Z] +y (1) "C, [5) +o
Again, the coefficient of [—j on the RHS r= r=0
X
Upto m terms
= -(¢-263+3C +...+-2nC3, | (V)
n
. Mn F (1 o\
From Egs. (iii) and (iv), we get {usmgg(—l) Cx =(1 X) }
n
;-2C5+3C —...-2nC5 =(-1) nC, hy 3\ 2\
=|1-=| +|1-——| +|1-—=]| +...
2 4 8

N+l n+1 n+1
Sol 2:"'C + "™ Cys; + M Cys, Upto m terms

1 n+l 1 1 n 1 n 1 n
n+ n+
Tt Cn+1sn = ; Crsr—l = (EJ + (Zj + [gj + ...

1_qn+1
1-q

Where s =1+g+ QP+t =

..'imlc ( ~q J

Upto m terms

1-q

m
n]-_i
EN N
1

2 1] pm (2” —1)

n+1 n+1 ik
_ 1 n+1 _ n+1 r
- {Z Cr Z er
1- a\ra r=1
1 Sol 4: Let y = (x — a)™, where m is a positive integer,
=_|:(1+1)n+1_(1+q)n+1:| rSm’
1_q dy m-1
Now, ——m(x—a)
1 1 ( )n+l dx
=——2"" —(1+q } 0 2
l—q[ = 9Y m(mo1)(x—a)™
, dXZ ( )( )
1 +1 +1Y 4
Also, s =1/ 3= | (A2}, a+- d’y m-4
0.5, =1 2+ 352 ] (% =Y _m-m-2)m-3)(x-)
1_(q+1]”+1 .........................................
_ 2 _ 2™ —(q+)™ (i On differentiating r times, we get
1_[q+l} 2'(1-q) J
2 y y_ m(m—1)....(m—r+1)(x—a)m_r
X
From egs. (i) and (ii), we get -
1 1 1 1 :L!b(_a)mir :r!(mcr)(x_a)m r
"C + ", + "G, et TIC s, = 2", (m-r)!

r

dy:0
dx’

And forr > m,



4.68 | Binomial Theorem

Now,

2n r 2n r
Zar(x—Z) :Zbr(x—.%) (given)
r=0 r=0

On differentiating both sides n times w.r.t. x, we get

2n

Ear (n!)r C,(x —2)“n
= iznnbr (), (x=3)"

On putting x = 3, we get

_ 2n+1C
- n

_ 2n+1c
n+1

n
Sol 5: (1+x+x2) =y +aX + e Ay X" N0

Replacing x by —-1/x, we get

1 1Y)
(l‘;ﬂ(—zj
.. (i)

2 2 2 2 2 _ - -
Now, ag-—aj +a;—a;+..+ay = coefficient of the

term independent of x in

2 2n
[a0+a1x+a2x to. a3, X :|

a, a a
x aO——1+—§—....+%
X x x"

= Coefficient of the term independent of x in

n
(1+x+x2)n(l—%+xiz]

(.1 1Y
Now, RHS :(1+x+x2) [1—_+_2j
X X

~ (1+x+x2)n(x2 —x+l)n

X2n

{(xz v1f - }

n
B L +2x° + x4 = x2)"

X2n X2n

(1+x2 +x4)n

X2n

2 2 2 2 2
Thus, ag —aj +a5 —a; +...+a5,

= Coefficient of the term independent of x in

%(1+x2 +x4)n
X

= Coefficient of x?" in (1 +x%+x* )n
n

= Coefficient of t"in (1 +t+ tz) =a,

Sol 6: To show that

k n n k-1 n n-1 k-2 n
2N, e, —2¢ e, e, +24RNg,

(—l)k nck n—kC0 _ an

Taking LHS

(n—r)!

- r;(—1)r 'Zk_r'r!(nnir)!'(k—r)!(n—k)l
_ zk:(-1)r .2k—f.( n s

= n—k)!k!'rl(k—r)!
- i(—l)’ 2T ke,
r=0
=2"C, {i(—l)r.i.kcr}
r=0 2

k
=2"C, (1-%} ="C, =RHS

10
Sol 7: Lety = D A.(B;oBr—CjA)
r=1

10
Z:ArBr = coefficient of x®in ((1 +x)*° (x +1)¥) -1

r=1

10 2

=C,-1=C,-1and Z(Ar) = coefficient of x*®in ((1

X0 (x+ 1))~ 1=B i

=Yy= BlO(Clo -

1)- ClO(Blo -1 = ClO -8B

n-2
e

10°
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Sol 8:letT , T, T . are three consecutive terms of
1+ x>

— n+5 r-2 — n+5 r-1
T,="C (x>, T="°C x", T

— n+5 r
r+l CrX

Where, ">C_,:"*C_ :"C =5:10:14.

5 5
So n+ Cr72 _ n+ Cr71
5 10

n+5C n+5
r-1 _ r _ —
— = =—T=5n-12r=-30
10 14

From equation (i) and (i) n = 6

—=n-3r=-3 ()

.. (i)

Sol 9: 2x, + 3x, + 4x, = 11
Possibilities are (0, 1, 2); (1, 3, 0); (2, 1, 1); (4, 1, 0).
~. Required coefficients

= (4C0 X 7C1 X 12C2) + (4C1 X 7C3 X lzco) + (4C2 X 7C1 X lzcl)
+ (“C, x’C, x 1)

=(1x7%x66)+(@dx35x1)+(6Gx7x12)+1Ax7)
=462 + 140 + 504 + 7 = 1113.

Sol 10: x° can be formed in 8 ways

”e X9, X1+8’ X2+7’ X3+6’ X4+5’ X1+2 + 6’ X1+3 +5’ X2+3+4
and coefficient in each case is 1.

= Coefficientof X =1+ 1+ 1+ ... +1=8
8 times

—1+i\/§
=

2
P _ [(_(D)r 0\)25 ]
0)25 o

P2 B (_w)l’ (DZS (_(D)r (1)25
(DZS o (DZS o

_ { (_w)Zr +(mzs)z

Sol1l: Z=

2s 4 2r

0> (o) + o' O+
~ 0)45 +m2r st(mr +(_w)r
- 4 2

0> (0 + (o)) o+

(DZS (_w)r + (DerS :l

=— | (Given)

0> (0 +(-o)) =0

o +(-0) =0

0)45 +w2r =_1 and

N =
N HR|wn
w R|=
W R|wn

Total no. pairs = 1



