Ratio and Proportion

STUDY NOTES

If @ and b are two non-zero quantities of the same kind and in the same units, then the fraction £ is called the ratio between
a and b, written as a : b. b

A ratio is purely a number. It has no units attached to it.
In the ratio a : b, we call a, the first term or antecedent and b, the second term or consequent.
The value of a ratio remains unchanged, if both of its terms are multiplied or divided by the same non-zero number.

When a and b have no common factor, other than 1, we say that a : b is in its lowest terms. Generally a ratio is expressed
in its lowest terms.

Comparison of Ratios

() (@a:b)>(c:d) &

%>§@ad>bc. (ii)(a:b)=(c:d)<:>% fl@ad=bc.
a

(iii) (a:b)<(c:d)(:)b

<% o ad < be.
d

e An equality of two ratios is called a proportion.

e Four (non-zero) quantities a, b, ¢, d are said to be in proportion if a : b = ¢ : d, i.e., if 4 = €. We write it as
a:b::c:d b d
Ifa:b::c:d then :
(i) a, b, ¢, d are known as first, second, third and fourth terms respectively.
(ii) d is called the fourth proportional to a, b, c.
(iii) a and d are called extremes, while b and ¢ are means.

Ifa:b::c:d then the product of extremes is equal to the product of means

i.e.,a:b::c:d(:)gzgc)ad:bc.
b d
Ifa:b::b:c::c:d ... ,or—:—zf..
b ¢ d

Let a, b, ¢ be in continued proportion.

.., then the quantities a, b, ¢, d ... are said to be in continued proportion.

Then,%:éorbzzacorb: \/E
c

Here, b is called the mean proportion or geometric mean between a and c.

Here ¢ is called the third proportional to a and b.

If £ = £ = £, then each of the ratios is equal to atere Also, each of the ratios is equal to latmetne,
b d f b+d+f Ib+md+nf
If £ = £, then each ratio is equal to 4=C.
b d 1 b—d
Invertendo - ¢ = £ = b_d o Alternendo - ¢ =5 = % = b
b d a c¢ b d c d
Componendo .,g:£:a+b:c+d ® Dividendo :ngjﬂzc;d
b d b d b d b d
Componendo and Dividendo : 24_c, 4 tb_ctd e Convertendo : 4= = 4 - _¢_
b d a-b c—d b d a— c—



QUESTION BANK

A. Multiple Choice Questions [1 Mark]

Choose the correct option:

1. If X3, 4 and 9 are in continued proportion, then the value of x is :

2 4 3 16
(@) 3 (b) 3 (©) I (d) 9
2. Ifa:b=5":3,then (5a + 8b) : (6a — 7b) is equal to :
(a) 40 :9 (b) 9 : 49 (c) 49:9 (d)25:9
3. The fourth proportional to 7, 13 and 35 is :
(a) 65 (b) 62 (c) 52 (d) 50
4. The third proportional to 9 and 15 is :
(a) 10 (b) 15 (c) 18 (d) 25
5. If7m+2n = é, then m : n is :
Tm-2n 3
(a) 7:8 (b)2:7 (c) 8:7 (d1:8
6. The mean proportion between 28 and 63 is :
(a) 42 (b) 45 (c) 36 (d) 32
7. The fourth proportional to 3, 12, 15 is :
(a) 40 (b) 45 (c) 60 (d) 62
8. Ifx:y=2:3, then 3x+2y is :
12 2y g 12 19
el b) == e d) =
@ 15 ®) 5 © 3 @ 5
9. The mean proportion between x — y and x> — x%y is :
(@) x(x +y) (b) x*(x — ») (©) X*(x +y) (d) x(x = »)
10. Ifa:b=2:3andb:c=4:5 thena: cis:
(a) 12 :15 (b) 15:7 (c) 15:8 (d) 8:15
a_c atc . .
11. Ifz =7 then id is equal to :
(a) % (b) Z(; (c) both (a) and (b) (d) neither (a) nor (b)
12. The fourth proportional to 3, 6 and 4.5 is :
(a) 10 (b) 9 (c) 85 (d) 6
13. The third proportional to x — y and x* — ) is :
@ (x+») @ -9 (b) (x -y &> +)?)
© (=) (*+ 9 (d x+y) -y
14. If % : fl’ then each ratio is equal to :
@ atb:c+d ®)a+c:b+d (c)a+td:b+c dDa->b:c—-d

15. The mean proportion between a2h and % is :
(@) a (b) a? (c) ab d Jab
16. If 2x = 3y and 4y = 5z, then 8x is equal to :
z

@) 5 (b) 15 © 10 @) 8

17. Two numbers are in the ratio 1 : 4. If the mean proportion between them is 28 and third proportional to them is 224,
then the smaller number is :

(a) 12 (b) 14 () 16 () 21



18. If three quantities @, b, ¢ are in continued proportion, then the mean proportion between :

(a) aand cis b (b) band cis a (¢) candais b (d) all the above are true

19. x, y, z are in continued proportion, then  is equal to :
z

2 2
@ % (b) 5 () %7 (d) y"—z

4a +9b _ 4a - 9b

20. If4c+9d 4679d,thena:b:
(@) c:d (b) d:c () c:d+ec dDd:c—-d
Answers
L.b 20 3@ 4 @ 5. (c) 6. (a) 7. (¢) 8. (a) 9. (d) 10. (d)
1. (¢) 12. (b) 13. (a) 14. (b) 15. (a) 16. (b)  17. (b) 18. (a) 19. (a) 20. (a)
B. Short Answer Type Questions [3 Marks]
1. If 3a + 2b) : (5a + 3b) = 18 : 29, find a : b.
3a +2b 18 B
Sol. v 35-25 = 87a + 58b = 90a + 54b

Sol.

Sol.

Sol.

Sol.

Sol.

= 3a=4b =

wis

a
b
ie,a:b=4:3

. What least number must be added to each of the numbers 2, 5, 18 and 33, so that the resulting numbers are proportional?

Let x be added such that 2 + x, 5 + x, 18 + x, 33 + x. are proportional.

.. Product of means = product of extremes
=>06+x)(18+x)=@2+x) (33 +x)

= 90 + 5x + 18x + x2 = 66 + 33x + 2x + x?
= 12x=24

=x=2.

. If b is the mean proportion between « and ¢, show that b (a¢ + ¢) is the mean proportion between (a + b2) and (b + c?).

" b? = gc [Given]
. Mean proportion between (a2 + b2) and (b2 + c?) = \/(012 +0)D* +¢*) = \/(a2 +ac)(ac+c?)

= Jala+c)cla+c) = (a+c)x/;:(a+c)x/b_2 =b (a +c) Proved.

. Ifa:b=c:d then prove that (a + b) : (¢ + d) = Jg® +b> :\J* +d* -

a_c_
Letz—d k

= a = bk and ¢ = dk
a+b bk+b b

LHS. == vd a°
RILS, = R
T Jevadr ik iar & d]

Hence, L.H.S. = R.H.S. Proved.

X =2 -_Z , then prove that ax + by + cz = 0.
b-c c¢c—a a-b»b

X o _ Yy __z _
Let = = =k
eb—c c—a a-b>b

“x=kb-c¢),y=k(c—-—a)and z=Fk (a - b)
LHS. =ax+by+cz =ak((b—-c)+ bk(c—a)+ck(a->)
= abk — ack + bck — abk + ack — bck = 0 = R.H.S. Proved.
If a, b, ¢, d are in continued proportion, prove that (b + ¢)(b + d) = (¢ + a) (¢ + d).
“a, b, ¢, d are in continued proportion.



Sol.

= bk, b = ck and ¢ = dk
v b= ck=dk k= di?
and a = bk = di*.k = di®
LHS.=((+c¢) (b+d) = (di*+dk) (di*+d) =kd® (k+ 1) &+ 1)
RHS. =(c+a)(c +d
= (dk + dk3) (dk + d)
=dk (1 +k)dk+1)=kd* (k+1) K+ 1)
Hence, L.H.S. = R.H.S. Proved.

a_c 3a —5b 3c—5d
If Z*;,,then, showthat3a T 5b 3¢ + 5d
. a_c
Given, b4
3a _ 3c S 3 .
or " 54 [Multiplying by 5 on both sides]

Using componendo and dividendo, we get
3a +5b 3c +5d
3a—5b 3c-5d

3a —5b  3c-5d
- =

3a +5b 3c + 5d

- Proved.

C. Long Answer Type Questions

Sol.

Sol.

Sol.

1. If b is the mean proportion between a and ¢, prove that

@+ b+ 2

“* b is the mean proportion between a and ¢, then b = ac.

a’+b?+c?

4.

a*+b* +c? _ azbzcz(az-t—bz-t—cz)_b2><b4(a2+b2+cz)

1 1 1 pE+dc+a°h bt +a’c’ +a’'h’
aZ b2 02 azbzcz

b xb (@ +b*+c) .,
b2(62 e +a2) =b"= R.H.S. Proved.

2a% + 7b% — 5ab a

. If a, b, ¢ are in continued proportion, prove that =——————— =

2b% + 7c2 - She ¢
" a, b, ¢ are in continued proportion.

.a_b 2

. = b ac

=2a2+ 7b% — 5ab =2a2+ Tac — 5ab _ a2a + 7c - 5b)
2b% + 7¢2 — 5bc 2ac + 1 — She ¢(2a + Tc — 5b)

L.H.S.

=% _ RHS. Proved.

[

. If a b, ¢, d are in continued proportion, prove that

\/E+\/E—\/a:\/(a+b—c)(b+c—d) .

Since, a, b, ¢, d are in continued proportion.

i.e., a = bk, b = ck, ¢ = dk.

b*? +b* +a*b?

[4 Marks]



Sol.

Sol.

Sol.

Sol.

or. a = did. b = di, ¢ = dk.
LHS. = Jab+\be—ed = Ja ai® + Jai> dk - Jdkd
= J&*K + Nk — ik = d*Nk +dik - dk = adk (] + k-1)

RHS. = J(a+b-c)b+c—d) = J(dk’ +dk* —dk)(dk® +dk —d)

= J@k( +k-1)d(> +k-1) =d (+k-1). Jk.

Hence, L.H.S. = R.H.S. Proved.

If a : b =c:d, then show that (a®>+ 2+ ac) : (i*+ 2 — ac) = (B> + d* + bd) : (b> + d* — bd)

< = =
Let £ b k, then, a = bk and ¢ = dk.
a* + A +ac _ b+ &Pk + bkdk _ kB> + d* + bd) _b* + d* + bd
a* +c*—ac P+ dBPk* - bkdk  K0* + d>—bd) b+ d* - bd

=+ d + bd) : (B> + &> — bd) = R.H.S. Proved.

LHS. (®*+ ¢+ ac) : (a®>+ 2 - ac) =

2 2 2 b
If ax = by = cz, then prove that : x_+y_+z_=@+%+a_
vz ozx Xy b
Let = by = cz =k, then, x = — =I—€andz=l—€
ax = by = c , xX=y=y C
2 2 2
LHS =X +L + =
yz zx Xy
K’ K’ K’
= + +
s Ak p Rk ok
b c ca ab
:bc+cc21 b = R.H.S. Proved.
b
a+3b+~a-3b
. If x = —————= prove that 3bx? — 2ax + 3b = 0
Na+3b—-~a-3b P
_ ~Na+3b++a-3b
Na+3b—~a-3b
Using componendo and dividendo, we have
x+1_ ~a+3b
x—1 va-3b

Squaring on both sides, we have

x2+2x+1:a+3b
X2 -2x+1 a-23b

Again using componendo and dividendo, we have

¥2
2: ! f% = 3bx2 + 3b = 2ax
= 3bx2 — 2ax + 3b = 0. Proved.
L Ifp = 4 prove thatp 22 ‘;Jr;))j 2.

_4xy L _2y and L= 2
x+y 2x x+y 2y x+y



Sol.

Sol.

. If

P Y

2x x+y
+ + . .
=2 x_xt3y [Using componendo and dividendo]
p—2x y-—x
And 2 = -2
2y x+y
+ + . ..
= pray _3xty [using componendo and dividendo]
pP-2y x-
So,p + 2% 2 Zy _x-3ytxty 20—y _ 2 Proved.
xX—-2x p-2 x—y X—y

Nx+15+4x-6 7 find th | ¢
—————=—, find the value of x.
Jx+15-+Jx-6 3

Nx+15+x-6 7

Jx+15-vx—6 3
Using componendo and dividendo, we have
Jrrls 74310
x-6 7-3 4
Squaring on both sides, we get

x + 15 100

6 = 16 = 16x + 240 = 100x — 600

= 84x = 840 = x = 10.

. Using the properties of proportion, solve for x:

\/a+\/3x+7 _
\/a—\/3x+7

V6x +\3x+7 -1
J6x —\3x+7

Using componendo and dividendo, we have,

Jox 1141 12
\3x+7 11-1 10

Squaring on both sides, we get

6x 144
_ 144 _ . _ .
3x+7 100 600x = 432x + 1008 = 168x = 1008 = x =6

11.




