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TOPIC-1
Rate of Change of Bodies

Revision Notes

1. Interpretation of % as a rate measure :
x
TOPIC - 1 Page 179
If two variables x and y are varying with respect to another  Rate of Change of Bodies

variable say ¢, i.e., if x = f(t) and y = g(t), then by the Chain Rule, we have

d TOPIC - 2 Page 185
ay Tangents and Normals
dy gy dx
dy dx’ a4t TOPIC - 3 Page 201
m Approximate Values, Differentials & Errors
TOPIC - 4 Page 204

Thus, the rate of change of y with respect to x can be calculated by T e ifa EUnctions
using the rate of change of y and that of x both with respect to t. g
TOPIC - 5 Page 212

Also, if y is a function of x and they are related as y = f(x) then, f"(or) N N finima

. d .
ie., [d_y] represents the rate of change of y with respect to x at the
X at x=o.

instant when x = o.
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7

Q.1

Ans.

Q.2

Q.1.

Objective Type Questions

(1 mark each)

The sides of an equilateral triangle are increasing
at the rate of 2 cm/sec. The rate at which the area
increases, when side is 10 cm is :

(a) 10 cm%/s (b) 3 cm?/s

(¢) 10V3 ecm?/s (d) 1—; cm?/s

[NCERT Exemp. Ex. 6.3, Q. 35, Page 138]
Correct option : (c)

Explanation : Let the side of an equilateral triangle

be x cm.
V3,

.. Area of equilateral triangle, A= e x ...(i)
Also, d—x =2 cm/s
dt

On differentiating equation (i)
with respect to ¢, we get

dA 3 . dx

il A Pt

it 4 7 dt

=ﬁ.z.10.z
4

[ x=10 and d—x = 2:|
dt
=10v3 cm?/s

A ladder, 5-meter long, standing on a horizontal
floor, leans against a vertical wall. If the top of the
ladder slides downwards at the rate of 10 cm/sec,
then the rate at which the angle between the floor
and the ladder is decreasing when lower end of

ladder is 2 metre from the wall is :

1 1
— radian/! — radian/
(a) 10 radian/sec (b) 20 radian/sec

(c) 20 radian/sec (d) 10 radian/sec
[NCERT Exemp. Ex. 6.3, Q. 36, Page 138]

Ans. Correct option : (b)

?3; Very Short Answer Type Questions

Explanation : Let the angle between floor and the
ladder be 6.

Let AB = xcm and BC = y cm

A
A
&
&
N X
oy
0
v
C £ y > B
sin0=—— and cos®=—/—
500
= x=500sin6 and y =500 cos®
Also, d—x =10 cm/s
dt

= 500.c056.2—? =10 cm/s

N d_ 10 _ 1
dt 500cos® 50cos6
For y=2m=200 cm,
a@__ 1 _10
it g9 Yy
500
:1—0:irad/s
200 20

(1 mark each)

The contentment obtained after eating x-units
of a new dish at a trial function is given by the
function f(x) = ¥* + 6x*> + 5x + 3. If the marginal
contentment is defined as the rate of change of f(x)
with respect to the number of units consumed at
an instant, then find the marginal contentment
when three units of dish are consumed.

[S.Q.P. 2012]

Sol.

fx)=x>*+6x*+5x+3

TO 524120+ 5 ¥e
dx
Atx =3,
Marginal contentment
=3Xx@3)PF+12Xx3+5
=27+36+5
= 68 units. Y
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(2 marks each)

?1 Short Answer Type Questions

Q. 1. The volume of a cube is increasing at the rate of 9 cm®/sec. How fast is the surface area increasing when the
length of an edge is 10 cm. [O.D. Set I 2017] [NCERT]

Sol. Let V be the volume of cube, then ii_‘t/ =9 cm%s.

Surface area (S) of cube = 6x% where x is the side.

av dx dx 1 dv
then V =xdor 22 =322 or —=—5.— 1
dt 3 dt  dt 3x* dt
ds dx 1 4v
_ Lo P P A ,
S =6xtor o= lax g =12x e <
= 4,%,9 = 3.6 cm%/s [CBSE Marking Scheme 2017] %
OR
V= %3 V‘Vul-uwg tﬁz,cube.c:f Side %
dv = 3'&‘141 S.‘_-f:)&a_u axe o Ilf{-& ks of {.'d.:-g_. B
JE dE ¥ )
| 3A = A&(>*) dx . .
de

e L
P
P

@ = =2 o o
. dS =%dx - Igefa) = 34 . e e
dE d xE x
o€ = 2€ ewn? free = 8«6 evn®)ree .
df' jm.‘-‘ 10emm 1o

[Topper's Answer 2017]

Q. 2. The length x, of a rectangle is decreasing at the
rate of 5 cm/minute and the width y, is increasing
at the rate of 4 cm/minute. When x = 8 cm and
y = 6 cm, find the rate of change of the area of the

rectangle. R&U[NCERT]
[O.D. 2017, O.D. Comptt., 2009]
Sol. Given, @ = —5cm/m,
dt
Y _ 4 cm/m
dt
A=xXy
A dy  de :
dt dt dt

=8(4) + 6 (-5) =2

. Area is increasing at the rate of 2 cm¥minute.

1

[CBSE Marking Scheme 2017]

Q. 3. The volume of a sphere is increasing at the rate
of 8 cm®/sec. Find the rate at which its surface area
is increasing when the radius of the sphere is 12 cm.

[0.D. 2017]
av

Sol. = 8 cm?s, where V is the volume of sphere

ie, V= é1tr3
3



182 ]

Oswaal CBSE Chapterwise & Topicwise Question Bank, MATHEMATICS, Class-XI

dv D) dr
or — = 4mr—
dt dt
dr 1 dv 1
ot dt  Amr? dt
S = 4nr?
or as 87[:1'ﬂ
dt dt
= 8mr- L > -8 1/2
4mr
_ 2x8
or = 47°
12
= % cm?/sec b

[CBSE Marking Scheme 2017]

Q. 4. The volume of a sphere is increasing at the rate
of 3 cubic centimeter per second. Find the rate
of increase of its surface area, when the radius is
2 cm. [Delhi 2017]

Sol. V= é11:1/3

3
or av =4nrzﬂorﬂ= 3 1
dt dt — dt 4m?
S = 4mr?
or as 8m‘-ﬂ Y
dt dt
3
@ = 8nr - 2
dt 4nr
ds
or dt),_, = 3cm?/s A
r=
[CBSE Marking Scheme 2017]

Q. 5. For the curve y = 5x — 21, if x increases at the rate
of 2 units/sec, then find the rate of change of the
slope of the curve when x = 3. [Delhi 2017]

Sol. Given curveisy = 5x-2x
or W _5_ep

dx
d
or m=5-6x> [slope(m) = dl] 1
X
M 10x % s
dt dt
¢
dt|, 5 = 72 1
Rate of Change of the slope is decreasing by 72
units/s. [CBSE Marking Scheme 2017]
Q. 6. The radius r of a right circular cone is decreasing

at the rate of 3 cm/minute and the height 4 is
increasing at the rate of 2 cm/minute. When r =
9 cm and & = 6 cm, find the rate of change of its
[Delhi Comptt., 2017]

volume.

Sol.

Sol.

Sol.

Sol.

dr _

— =-3cm/min,
dt
@ = 2 cm/min bz
dt
V= 11tr2h
3
v _ E[Mwﬂ] 1
dt 3 dt dt
av
E = 54 T cm®/min 1
atr=9,h =6

or Volume is decreasing at the rate 54n cm®/min.
[CBSE Marking Scheme 2017]

. A particle moves along the curve 6y = x* + 2. Find

the points on the curve at which y-coordinate is
changing 2 times as fast as x-coordinate.

R&U[O.D. Comptt., 2017]

6y=x3+20r6dl=3x2di 1
dt dt
Given:d—yzzd—x or12=3x%orx = +2 bZ)
dt dt
.. The points are (2, 5/3), (-2, -1) )

[CBSE Marking Scheme 2017]

. The radius r of a right circular cylinder is

increasing at the rate of 5 cm/min and its height
h, is decreasing at the rate of 4 cm/min. When
r =8 cm and & = 6 cm, find the rate of change of
the volume of cylinder. [O.D. Comptt., 2017]

ﬂ = 5 cm/min, % = —4 cm/min
dt dt
V = nr?h 1
ﬂ/ = n(r2%+2hrﬂ) 1
dt dt dt
%V = 7 [64 X (—4) + 2 X 6 X 8 X 5]
t
av
ar = 224 T cm®/min %)
r=8h=6

- Volume is increasing at the rate of 224n cm?/
min. [CBSE Marking Scheme 2017]

. A balloon, which always remains spherical, has

a variable diameter §(3x+1) . Find the rate of

change of its volume with respect to x.
R&U[O.D. Comptt., 2017]

Radius = %(Bx +1)

4 (Bx+1)°
= ——
37 27

\%
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diV _ 1275)(3(3x+1)2
dx 81

= %(3x+1)2 square units 1

[CBSE Marking Scheme 2017]

Q.10. The radius r of a right circular cylinder is

Sol.

Q.11

Sol.

Sol.

decreasing at the rate of 3 cm/min. and its height
h is increasing at the rate of 2 cm/min. When r
=7 cm and & = 2 cm, find the rate of change of the
volume of cylinder.

[Usern = 2—72 ] [Foreign 2017]
av 5 dh dr
= — — 2r—h
V = nr’h or it Tc(r 0 F rdt ) 1

= 2—72 [49 X (+2) + 14(2) (-3)] = 44 cm¥min 1

- Volume is increasing at the rate of 44 cm%min.
[CBSE Marking Scheme 2017]
The radius r of a right circular cylinder is
increasing uniformly at the rate of 0.3 cm/s and its
height & is decreasing at the rate of 0.4 cm/s. When
r = 3.5 cm and & = 7 cm, find the rate of change of
the curved surface area of the cylinder.
22

[Usen = o ] [Foreign 2017]

CSA of cylinder, A = 2nrh

or A _ Zn[r%+h£] 1
dt dt dt

Long Answer Type Questions-I

=2 X 272 [35 X (-0.4) +7(0.3)] =44cm%s 1

. CSA is increasing at the rate of 4.4 cm?/s.
[CBSE Marking Scheme 2017]

Q. 12. The radius r of the base of a right circular cone is

Sol.

Q. 13.

Sol.

decreasing at the rate of 2 cm/min. and height & is
increasing at the rate of 3 cm/min. When r = 3.5 cm
and /1 = 6 cm, find the rate of change of the volume
of the cone.

[Use 1 = 272 ] [Foreign 2017]
V= 1Ttrzh
3
or av. _ 11'1',|:r2%+h.2rﬂ] 1
dt 3 dt dt
= %x % [(3.5)* X 3 -2(3.5)(6)(2)]
= —49.5 cm®min 1
.. Volume of decreasing at the rate of 49.5 cm?/
min. [CBSE Marking Scheme 2017]
The total revenue received from the sale of x units

of a product is given by R(x) = 3x*> + 36x + 5 in
rupees. Find the marginal revenue when x = 5,
where by marginal revenue we mean the rate of
change of total revenue with respect to the number
of items sold at an instant.

[Comptt. set I, II, IIT 2018]

R'(x) = 6x + 36 1
R'(5) = 66 1
[CBSE Marking Scheme 2018]

(4 marks each)

. The side of an equilateral triangle is increasing

at the rate of 2 cm/s. At what rate is its area
increasing when the side of the triangle is

20 cm ? [Delhi, 2015]
Let x be the side of an equilateral triangle
dx 2 cm/s 1
dt
Area (A) = %xz 1
dA 3 dx
or - = ——x— 1
dt 2 dt
A 3
= = X 20)x(2
o = 0@

[+ Side of triangle = 20 cm]

Sol.

= 20+/3 cm%s 1
Hence its area increasing at the rate of 20+/3 em?s.

[CBSE Marking Scheme 2015]

. A ladder 5 m long is leaning against a wall. The

bottom of the ladder is pulled along the ground,

away from the wall, at the rate of 2 cm/s. How

fast is its height on the wall decreasing, when

the foot of the ladder is 4 m away from the wall ?

[Delhi Set I, 11, III, 2012]

Let AB be the ladder and OB be the wall.

At any instant, let OA = x m and OB = y m.

Also AB=5m, (given)
P +y=5=25 (1)1
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5m
ym

O¢e——m8 S A
xm

Differentiating (i) w.r.t. ‘t, we get

Zxd—);+2y% =
or x%+y% =0 -..(ii)
When x = 4, then from (i), we get
¥ =25-x2
=25-16=9
y=3 1

Also, given % = 2 cm/sec = 0-02 m/sec

Using these values in (ii), we get

4x002+3% — ¢ 1
dt
or % _ _0’7?())8 m/sec = _g am/sec ¥

Thus, the height of the ladder on the wall is

. 8
decreasing at the rate of 3 cm/sec. )

[CBSE Marking Scheme 2012]

. Sand is pouring from the pipe at the rate of
12 ¢cm®s. The falling sand forms a cone on a
ground in such a way that the height of cone is
always one-sixth of radius of the base. How fast
is the height of sand cone increasing when the
heightis 4 cm ? [Delhi 2011] [NCERT]
Let V be the volume of cone, /1 be the height and r be
the radius of base of the cone.

av

dt

Sol.

= 12cm%/s ()%

Given,

Also, height of cone = 1/6 (radius of base of cone)
h= ér orr = 6h ..(ii) Y2

We know that, volume of cone is given by
v=1n2 (i)
3
On putting r = 6k from Eq. (ii) in Eq. (iii), we get

V= %ﬂ:(6h)2,h orV= g.36h3 or V = 121 1

On differentiating both sides w.r.t. t, we get

WV amxan? it
dt dt

or v _ 36nh2@ 1
dt dt

av
On putting il 12cm®/s and h = 4cm, we get

12 = 36m X 16 X %
dt

dh 12

or = =

dt 36mx16

dh 1

— = —cam/s

dt 481

Hence, the height of sand cone is increasing at the
rate of 1/48m cm/s. 1

Commonly Made Error

e Many candidates consider surface area as function
instead of volume. Also few candidates do not apply
proper sign through it.

Answering Tips

e Understand the difference between rate of increase
and rate of decrease.

Q.4. The total cost associated with provision
of free mid-day meals to x students of
a school in primary classes is given by
C(x) = 0-005x® — 0-02x* + 30x + 50. If the marginal

cost is given by rate of change ? of total cost,
X

write the marginal cost of food for 300 students.
[Delhi Set I, II, III Comptt. 2013]

Sol. We have C(x) =0-005x>—0-02x* + 30x + 50 1
C'(x) =0-015x% - 0-04x + 30 + 0 1
C'(300) =0-015(300)* - 0-04(300) + 30

=1,368 1
So the marginal cost of food for 300
students is ¥ 1,368. 1
[CBSE Marking Scheme 2013]

Q. 5. The total expenditure (in %) required for providing

the cheap edition of a book for poor and
deserving students is given by R(x) = 3x* + 36x,

the number of set of books. If

the marginal expenditure is defined as d—R,

dx

where x is

write the marginal expenditure required for 1200

such sets. [O.D. Set I, II, III Comptt. 2013]
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Sol. Here, R(x) = 3x? 4+ 36x, where x is the number of

sets of book
dR

— =6x+ 36 1+1
dx

dR
(7) = 6(1,200) + 36 =% 7,236 1+1
dx )i

Q. 6. The amount of pollution content added in air in
a city due to x-diesel vehicles is given by p(x) =
0-005x® + 0-02x> + 30x. Find the marginal increase
in pollution content when 3 diesel vehicles are
added. [Delhi Set I, II, III, 2013]

Sol. Here, pollution content is given by p(x) = 0-005x° +
0-02¢% + 30x, where x is the number of diesel vehicles

% = 0:015x% + 0-04x +30 1%
X

(Z_z ) = 0:015(3) + 0-04(3) + 30 1%
=3

= 30-255 1

[CBSE Marking Scheme 2013]

Q. 7. The money to be spent for the welfare of the
employees of a firm is proportional to the rate of
change of its total revenue (marginal revenue). If
the total revenue (in rupees) received from the

TOPIC-2

Tangents and Normals

Revision Notes

1. Slope or gradient of a line :

sale of x units of a product is given by R(x) = 3x* +
36x + 5, find the marginal revenue, when x = 5.
[O.D. Set I, II, 111 2013] [All India 2012]

Sol. Total revenue is given by R(x) = 3x*> + 36x + 5 1

Marginal revenue = Z—R = 6x + 36 1Y%
x
dR
(—) =6 X5+ 36 =66 1/
d‘x x=5

[CBSE Marking Scheme 2013]

Q. 8. If C = 0-003x® + 0-02x* + 6x + 250 gives the amount
of carbon pollution in air in an area on the entry
of x number of vehicles, then find the marginal
carbon pollution in the air, when 3 vehicles have
entered in the area.

[Foreign Set I, II, III, 2013]

Sol. Given C = 0-003x + 0-02x% + 6x + 250 1
‘;—C = 0-009x* + 0-04x + 6 1%
27

dC
(d—) = 0-009(3)> + 0-04(3) + 6
X x=3

= 0081+ 012 + 6
= 6201 12
[CBSE Marking Scheme 2013]

If a line makes an angle 6 with the positive direction of X-axis in anti-clockwise direction, then tan 0 is called the
slope or gradient of the line. [Note that 6 is taken as positive or negative accordingly as it is measured in anti-clockwise
(i.e., from positive direction of X-axis to the positive direction of Y-axis) or clockwise direction respectively.]

2. Pictorial representation of tangent & normal :

3. Facts about the slope of a line :

(a) If aline is parallel to x-axis (or perpendicular to y-axis), then its slope is 0 (zero).

(b) If aline is parallel to y-axis (or perpendicular to x-axis), then its slope is %

i.e., not defined.

(c) It two lines are perpendicular, then product of their slopes equals — 1 i.e., m; X m, = — 1. Whereas, for two
parallel lines, their slopes are equal i.e., m; = m,. (Here in both the cases, m; and m, represent the slopes of

respective lines).
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4. Equation of Tangent at (x;, y;) :
d
(v —yy) = mp(x — x;), where m is the slope of tangent such that m; = [ﬁ]
at (x1,y1)

5. Equation of Normal at (x;, y,) :

-1
(y —y,) = my(x — x;), where m,; is the slope of normal such that m, = W
X sy 1)

Note that m X my = — 1 which is obvious because tangent and normal are perpendicular to each other. In other
words, the tangent and normal lines are inclined at right angle to each other.

6. Acute angle between the two curves whose slopes m, and m, are known :

m, —m m, —m
tan® = |——211 or® = tan”!|—2—L

+m,.m, 1+m,.m,

It is absolutely sufficient to find one angle (generally the acute angle) between the two curves. Other angle
between the curve is given by m - 6.

Note that if the curves cut orthogonally (i.e., they cut each other at right angles), then it means m; x m, = -1,
where m; and m, represent the slopes of the tangents of curves at the intersection point.

7. Finding the slope of alineax + by + c =0:

STEP 1 : Express the given line in the standard slope-intercept formy = mx + cie.,y = (—g)x - %

STEP 2 : By comparing to the standard form y = mx + ¢, we can conclude —g is the slope of given lineax + by + c = 0.

?j‘ Objective Type Questions (1 mark each)

Q. 1. The curve y = x'* has at (0, 0) Explanation : We have, the equation of the curve is
2.2 _ ;
(a) avertical tangent (parallel to y-axis) -y =8 (D)
. . Also, the given equation of the line is x + 3y = 8.
(b) ahorizontal tangent (parallel to x-axis) —3y=8-x
(c) an oblique tangent 8
(d) no tangent = Y= 3 + 3

[NCERT Exemp. | 1
Thus, slope of the line is —= which should be equal
Ans. Correct option : (a) 3

Explanation : Given that, y = x° to slope of the equation of normal to the curve.

On differentiating equation (i) with respect to x, we
On differentiating with respect to x, we get get
dy 1 1 1 dy
“~=—x° =—x 6x—2y—~=0
dx 5 5 dx
(dy] =1><(0)4”5=oo :d—y=6—x=3—x=510pe of the curve
dx Joe 5 dx 2y vy

Now, slope of normal to the curve
So, the curve y = x'° has a vertical tangent at (0, 0),

which is parallel to y-axis. - _(dl—y): B 31x - _%
Q. 2. The equation of normal to the curve 3x* - y> = 8 dx m

which is parallel to the line x + 3y = 8 is _(?/): 1

(@ 3x-y=28 (b) 3x+y+8=0 3x 3

_3y=-3
(©) x+3y+8=0 (d) x+3y=0 = y==
= y=x

[NCERT Exemp. ] On substituting the value of the given equation of

Ans. Correct option : (c) the curve, we get
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Ans.

Ans.

3x*-x*=8
=  2x*=8
= =4
= x=12
For x=2

32 -y* =8
= y =4
= y=%2
and for x=-2,
3(-2)°-y*=8
= Yy =4
= y=12

So, the points at which normal is parallel to the
given line are (+2, *=2).
Hence, the equation of normal at (%2, £2) is

= w&h%%ﬁm

=3y~ (#2)]=-{x~-(*2)]
. x+3yx8=0

. If the curve ay + x* = 7 and x* = y, cut orthogonally

at (1, 1), then the value of a is :
(@ 1 (b) O
(c) -6 (d) 6
[NCERT Exemp. ]

Correct option : (d)
Explanation : Given that,ay + ¥* =7 and ¥* =y
On differentiating with respect to x in both
equations, we get

0 y2x—0and3x =Y

dx dx
= dy__2x and d—y=3x2
dx a dx

:(dyJ :_—2:7!11 and (dy] :3'1:3:m2
ax j,, @ ax J )

Since, the curve cuts orthogonally at (1, 1).

s ommy=-1

= (_2 }3 =-1
a

a=6

. The equation of tangent to the curve
y(1 + x?) = 2 —x, where it crosses x-axis is :

(@ x+5y=2 (b) x-5y =2

(0 5x-y=2 (d) 5x+y =2

[NCERT Exemp. ]

Correct option : (a)

Explanation : Given that the equation of curve is
yl+xH)=2-x weee(i)

Q.5.

Ans.

On differentiating with respect to x, we get

oy 0+20+ 1+ W —0-1
dx

= 2xy+(1+x2)d—y=—1

dx

dy —1-2xy .
= e 1ia ...(ii)

Since, the given curve passes
through x-axis, i.e., y =0
0(1+x*)=2-x [By using Eq. (i)]
= x=2
So, the curve passes through the point (2, 0).

dy _-1-2x0_ 1
dx ), o 1427 5
=Slope of the curve

.. Slope of tangent to the curve= —%

. Equation of tangent of the curve
passsing through (2, 0) is

1
-0=—=(x-2
y 5( )
= +£—+%
y 5 5
=5y+x=2

The points at which the tangents to the curve y =

x% —12x + 18 are parallel to x-axis are :

(a) (2/ _2‘)/ (_2/ _34) (b) (2/ 34)/ (_2‘/ 0)

(C) (0/ 34)/ (_2‘/ 0) (d) (2/ 2)/ (_2/ 34)
[NCERT Exemp. ]

Correct option : (d)

Explanation : The equation of the curve is given by

y+x°=12x+ 18
On differentiating with respect to x, we get

dy _ 3x%-12
dx
So, the slope of line parallel to the x-axis,
dy_,
dx
= 3x*-12=0
= xi= 2_ 4
3
x=32
For x=2,
y=2"-12x2+18=2
and for x=-2,

y=(-2)"—12x(-2)+18=34
So, the points are (2, 2) and (-2, 34).

. The tangent to the curve y = e* at the point (0, 1)

meets x-axis at :
(@ (1)

(9 (2,0

1
(b) [‘2' 0)

(d) (0,2)
[NCERT Exemp. ]
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Ans. Correct option : (b)

Explanation : The equation of the curve is given by
2x

y=e

Since, it passes through the point (0, 1).
dy_ e .2=2.e"
dx

= (dy) =2£2=2
ax Jo

=Slope of tangent to the curve.

=Dblope of tangent to the curve.
~. Equation of tangent is
y—-1=2(x-0)
= y=2x+1
Since, tangent to the curve iy = ¢** at the point (0, 1)
meets x-axis, i.e., y = 0.

0=2x+1
1
= x=—-=
2

~. Equation of tangent is So, the required point s [_1 0}
y—1=2(x—0) 2
y=2x+1
; Very Short Answer Type Questions (1 mark each)
Q. 1. Write the equation of tangent drawn to the curve ; )
y = sin x at the point (0, 0). Sol. Given, y=3x"-6
[Delhi Comptt., 2017] On differentiating both sides w.r.t. x, we get
dy _

Sol. % = Cos X % dhe (22 7

. Now, slope of tangent
Y 0
Slope of tangent at (0, 0) = [ :L =cos0°= _ (% - -

ax ko o) &) “s@=1 "

Equation of tangentisy = x )
[CBSE Marking Scheme 2017]

Q. 2. Find the slope of tangent to the curve y = 3x*> -6 at
the point on it whose x-coordinate is 2.

[All India 2009C]

?1 Short Answer Type Questions

Hence, required slope is 12.
[CBSE Marking Scheme 2009]

Q. 3. Find the slope of tangent of the curve y = 3x* - 4x
at point whose x-coordinate is 2.

[Delhi 2009 C]

Sol. Try Yourself [Similar to Q. 2 Very Short type Questions]

(2 marks each)

Q. 1. Find the slope of tangent and normal to the curve

P+2y+yP=0at(-1,2). R&U
Sol. Given, *¥*+2y+1y*=0
2x+2d—y+2yd—y =0
dx dx
dy
—=(2+2y) =-2x
dx
dy _ -2x _  «x 1

dx  2(1+y) 1+y

?i Long Answer Type Questions-I

Slope of tangent at (- 1, 2)

vy N
ay] 1 v
L dx 1,2) 1+2 3

Slope of normal at (-1, 2)

-1

— = —§=—3. )
o] i
| dx (1,2)

(4 marks each)

Q. 1. Find the equations of the normal to the curve
3x + 5 which are perpendicular to the

[SQP 2018-19]

y = 4x3 -

line9x -y +5=0.

Sol. The given curve is
y=4-3x+5

Let the required normal be at (x;, y;)

Slope of the tangent = % =12x2-3
x
= slope of th =
= Selpeaiteneml S 7
dx xl'yl)
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-1 L
T 12x7 -3
m, = Slope of the line = 9
Since normal is perpendicular to the line.
Therefore, m;.m, =-1
-1

———X9 = _

1247 -3 1
= 1207-3 =9
= X ==x1
Hence, the points are (1, 6) and (-1, 4) 1
Equations of normals are: 1

y-6 =—% (x-1)ie,x+9y =55
1 .

and y-4= ™5 (x+1)ie,x+ 9y =235

[CBSE Marking Scheme 2018-19]

Commonly Made Error

e Sometimes students get confused in condition of
slopes of parallel and perpendicular lines.

Answering Tip

e Whentwolinesareperpendicular, theslopes,m,-m,=-1,
and when two are parallel the slopes, m, = m,

Q. 2. Show that the equation of normal at any point £ on
the curve x = 3 cos t — cos’t and y = 3 sin# —sin’t is

4(y cos’t - x sin’t) = 3 sin 4¢
R&U[Delhi Set 1, II, I1I 2016][NCERT Exemplar]

Sol. x = 3 cos t — cos’t
9X _ _3int + 3.costtsin t
dt
= —3sin t (1 — cos’t) = — 3 sin’t
Again, y = 3sin t-sin’t
d
or diz{ =3 cos t — 3 sin’.cos t YV
=3cost(l-sin’) =3cos’t Y
dy _ dy /dx _ cos’t
dx dt/ dt  sin’t
23
... Slope of normal = _dx = smgt 1
dy cos’t
. Equation of normal is
sin®t

y—(3sin t—sin’) = {x—(Bcost—cos’t)} 1

cos’ t
or y cos’t — 3 sin t cos’t + sin® cos’t

= x sin® — 3 cos t sin® + sin’ cos’t
or y cos’t — x sin’ = 3 sin t cost — 3 cos t sin’t
or y cos’t — x sin3 = 3 sin t cost (cos?t — sin’t)
or y cos’t — x sin® = 3 sin t cos t cos 2t

Q.3.

Sol.

Sol.

Multiply both sides by 4, we get
4@y cos’t — x sin’t) = 3 X 4 sin t cos t cos 2t
=3 X 2sin 2t cos 2t 1
= 3 sin 4t Hence proved
The equation of tangent at (2, 3) on the curve
y?* = ax® + bisy = 4x - 5. Find the values of 2 and b.
[Delhi Set I, II, TII 2016]
Y=a+b
Differentiate with respect to x,

dy 2
2y— = 3ax
y dx
2
or ﬂ _ 3ax
dx 2y
dy 3ax’ 2 3
or L = ———— [y =ax’+ ]
dx  #24ax®+b
dy| _ 3a@P .
or dxl,,  *2.a2) +b
_ 12a
- £28a+b
__6a
© +J/8Ba+b
Since (2, 3) lies on the curve
yz =ax®*+b
or 9=81+0b ()1
Also from equation of tangent
y=4x-5
slope of the tangent = 4
&y b becomes
dx (2,3) +J/8a+b
6a
4= — {from (i)}
" (i)
4= 5 1
+3
4=2 ora= ba
or a=2 or a=-2
For a=2, 9=82)+0b
or b=-7
and for a=-2, 9=8(-2)+b
or b=25
a=2andb=-7
or a=-2andb =25 1

. Find the equations of the tangent and normal to

2

2
the curve ©- —¥_ =1 at the point (V2a,b).

a b

[O.D. Set I, I, III, 2014]

S}
[N}

le =
|
<[
Il
p—
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or 2x_2ydy _ Sol. x;=2=y;=3(-y, >0) 1
a b dx Differentiating the given equation, we get, %
d b*x d -16
or Y= — 1 A ol
dx ay dx 9y
2b d
Slope of tangent at (24, b) = L Y Slope of tangent at (2, 3) = 4 __3% 14
a x|z 3 27
a
Slope of normal at (2a, ) = N7 72 Slope of Normal at (2, 3) = % 14
Equation of tangent s 7 Equation of tangent: 32x + 27y = 145 1
y-b= —Zb( x—+2a) Equation of Normal: 27x — 32y = —42 1
f [CBSE Marking Scheme, 2018]
ie., 2bx - ay =ab 1 Detailed Solution :
and equation of normal is Given, 16x% + 9y = 145 (1)
a It passes through (x;, y,)
b = ——(x—~/2a) Y
y J2b 1632 + 9y2 = 145
ie., ax+\2by = 2(a* +b?) 1 putx; =2
2 _
[CBSE Marking Scheme 2014] 164 + 9y, = 145
= Yy =8l=y, =3  (vy,>0)
Q. 5. For the curve y = 4x® — 24, find all those points at Diff. equation (1) with respect to .
which the tangent passes through the origin. P dy  32x
[Delhi Set I, II, IIT Comptt. 2014][NCERT] 32x + 18y ﬁ =0= 5" I8y
Sol. =4 -2x°
0 i ymSm Slope of the tangent at (2, 3)
Y — 1242~ 1024
or e 12x* - 10x _ [Zl] _ 32x2 -
» = =22
(2,3)
[As, (- o) = m(x - ) _ S
Tangent at (x,, y,) is given by : The equation of tangent at (2, 3) is
32
y—y; = (1227 - 10x,") (x - x,) y-3= " (x=2)
As it passes through the origin, — 300 + 64
— = — =+
0—y, = (12,2~ 10x,% (0 - x,) - y *
= 32x +27y-145 =0
or y; = 12x° - 10x° ()1 1 o7

We know that (x,, y;) lies on the curve
or yy = 4x =200 (i) ¥4
From eq. (i) and eqn. (ii),

8x - 8x,° =0
or  x’(1-x?)=0
If xl3 =0, thenx; =0
If1-x%=0,thenx, =lorx, =-1 1

Substituting these values of x; in eq. (i), we get

¥y =0 (when x, = 0)
y=12-10=2 (when x; =1)
y = [12(-1)-10 (- 1] 1
(whenx = -1)

=-2

So, required points : (0, 0), (1,2) and (-1, -2). Vs

. Find the equations of the tangent and the normal,

to the curve 16x> + 9y* = 145 at the point (x,, y,),
where x; = 2 and y; > 0.
[Delhi/OD 2018]

Sl f N lat(2,3) = —7—5—=—
ope of Normal at (2, 3) [dl] 3
dx |5 5
Now, equation of Normal is given by
27
3= L(x-2
y-3=30(0-2)

= 32y-96 = 27x-54
= 27x - 32y + 42 =0

Q. 7. Find the equations of the tangent and normal to

Sol.

T

the curve x = a sin®0, y = b cos®0 at 6 = 1

[Delhi Set I, II, ITI Comptt. 2013] [NCERT]

ax _ 3a sin0 cos 9,
de
@ = —3bcos?0 sin O
de

or @ = ijCot 0
dx a

At = T,
4
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C|ay b m™ b
Slope : | =~ = ——cot—=—— 1 1 a
dx J,_z a 4 a Slope of normal = — 3 = 1—7
whene—E x—L —L K
4’ 242 Y 22 Equation of normal at 6 = g is:

[as x = a sin®0 and y = b cos®6]

vz = 23%)

. T .
Equation of tangent at 6 = 1 1s:

b b(x a ) 22y -b = g(zﬁx—a)
Il PR
242 a” 242
V2 or 2V2(by—ax) = b*—4? 1
or x/i(bx+ay) =ab 1

Q. 8. Find the equation of the normal at the point (am?, am®) for the curve ay* = x°.
[O.D. 2016, Foreign Set I, II, I1I, 2012] [NCERT]

Sol. = Eq. of normal at (x;, y;) is
. s 2
Diff. w.r.t. ‘X, , Y-y, = _3_m(x_x1) 1
20y2Y = 322 Y
dx Eq. of normal at (am?, am®)
dy ) 3(am>)? 3 2 2 q
- = 1 Yy—am = ———(x—am 2
(dx an?, an®y  2a(am®) 4 3m( )
3a%m?* 3 or  3my-3am* = —2x + 2am*
= ==-m ¥
2a°m® 2 or 2x + 3my = 3am* + 2am> Y
2 or 2x + 3my = am*3m* + 2) Y
lope of 1= -2 7
Slope of norma 3m * [CBSE Marking Scheme, 2016]
OR
Sol. - _
N 50 o s (A . o .
—  oags (an?Y L
afz gdat
H-.z. L4y i — o o - -
3 o
—_— Ay Vi . & L L
oo yetagr T
— Cmaidoi Ie - T o
-fiIlaj_Cﬁ‘LkLﬂa_ (x T@_. {%ﬂz‘n ;’ L L L
&JJ é'g 2 “_,.-"'
-4 = dum ' _— —_
dz B / &
& —
> lagl
_ {ant \) =~ Ram
— : . -
3y = / o '
—t 208 7
Ea Jege &3 _im:tg_mt _a.g ;\amﬁ?} o
. - -
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_Erlﬁpq ,E%_ﬂﬂfm.ﬂ_,_ﬂj' ['“mﬁ:m{a,. "%:T s = :.__%
_ : e 3 —

PR L0 pccseom sy pasany. BIE T
%R.u;n— sk —

- Foquatan ug_nafr;al fo_Ye _camar ok .aqu_n‘f,.a_
_ — y—ﬂ_a.m_: “1 (tyncﬁj -

‘“m?{ Sam’= _2:+/aé£r b

= amg‘tﬂ-x" :flﬂl.mjﬂ-&(lm—?,‘)fé ﬁ;’b T%recﬂ W

[Topper’s Answer 2016]
Q. 9. Show that the equation of tangent to the parabola Since (-2, 19) does not lie on the tangenty = x — 11
y* = dax at (v, y,) is yy; = 2a(x + x,). 1
[O.D. Set 1, II, I1I, Comptt. 2012] <. Required point is (2, - 9). Va
Sol. y? = dax [CBSE Marking Scheme 2012]
Differentiating w.r.t. x Commonly Made Error
dy =4q e Few candidates make mistakes while finding the
y pint of contact at which the equation of tangent to
p 5 the curve where tangent is parallel to the x-axes.
y _ -
or =2 =
dx y Answering Tips
This gives the slope of the line tangent to the e Learn all concepts of application of derivatives and
parabola at (x,, ;). practice number of problems based on derivatives.
2a i i = - -
Slope at (x, y)), m = — 1 Q.11. Flnfl the points on the curve y x3 3% -9x + 7 at
Y which the tangent to the curve is parallel to the
. Required line is y — y, = m(x - x,) x-axis. [Delhi Set I, II, III Comptt. 2016]
2a [NCERT]
= x-x) 1 _ —
i Sol. Since tangents to y = x° — 3x“ - 9x + 7 are parallel
or Yy, -y, = 2ax - 2ax, lop
But (x,, ;) lieson y* = 4ax y _
o v, =dax, 1 dx
Substituting this value of ylz, we get or 32— 6x-9=0 2
vy, —4ax, = 2ax - 2ax, = $P-2x-3=0
or yy; = Za(x + xl) 1 = (x—3)(x aF 1) =0
This is the required equation. or x = 3, x = — 1 and points on curve are (3, — 20)
& (-1,12) 2
. . — 3
Q. 10. Find the point on the curve y = x° — 11x + 5 at [CBSE Marking Scheme 2016]

which the equation of tangent is y = x - 11.
[NCERT] [S.Q.P. Dec. 2016-17]
[Delhi Set I, I1, 111, 2012, Delhi Comptt., 2012]

Q.12. Find the equations of the normal to the curve
x* = 4y which passes through the point (1, 2).

[Delhi Set I, II, III Comptt. 2016] [NCERT]
Sol. Slope of the tangenty = x-11is 1,

y=2-1lx+5 y ol Sy
d]/ — 2,2 or d_y = f
or o 3x*-11 Va P
If the point is (x, y;), then - Sl £t tat — % 1
32 1121 .. Slope of tangent at (x;, ;) 2
or X =*2 1 2
When 7 = 2’ ¥, = 8_22+5=-9 Slope of Normal = _X_ 1

Whenx; =-2,y;,=-8+22+5=19 1
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Since normal passes through (1, 2)
2
f_g
h-2_ 4 1

.. Slope of normal line = =
n-1 x-1

_2_ %8
o X Ax-1)
X —8x, =—8x, +8
or X =2

x=2andy, =1
.. Point of contact is (2, 1)
Equation of normal is

y—1=—§(x—2) orx+y=3 1

[CBSE Marking Scheme 2016]

Find the equation(s) of the tangent(s) to the curve
y = (¥*—1) (x — 2) points where the curve intersects
the x-axis. [SQP 2017-18]
When y = 0, we have (x—1) (x> + x + 1) (x—2) = 0,
ie,x=1or2. bZ)

Zl =xX-1+(x-2)32=4-6x*-1 %
x

(&)
4y _ .
dx a,0) 3 Ve

(dy)
LA .
ax),0) =7 %

The required equations of the tangents are
y-0=-3(x-1)or,y=-3x+3andy-0="7(x-2)or,
y="7x-14. 2
[CBSE Marking Scheme 2017]
Find the equation of tangent to the curve
y = cos (x + y),-2n <x <0, thatis parallel to the line
x+2y =0. [NCERT] [NCERT Exemplar]

[Delhi Comptt., 2017, Foreign 2016]
Differentiating y = cos (x + y) wrt x we get

Q.13.

Sol.

Q.14.

Sol.
dy —sin (x +y)
o = 1+sin(x+y) L

Slope of given line is _71 b

As tangent is parallel to line x + 2y = 0

—sin (x +v) 1
1+sin (x+y) - o

or sin(x +y) =1

or x+ty=nn+ 1", neZ (1)1
2

Putting (1) in y = cos (x + y)

wegety =0

or x=nn+ (-1)'"" ,neZ

2

Q.15.

Sol.

= % e[-2m, 0] Y

.. Required equation of tangent is
T
=22

or 2y+x+371t =0 1

[CBSE Marking Scheme 2017]

Find the equation of tangents to the curve
y = x* + 2x — 4 which are perpendicular to the line

x+14y-3=0. [All India 2016]
Given, equation of curve is
y=x>+2x-4
On differentiating both sides w.r.t. x, we get
A 3% + 2
dx
.. The slope of required tangent is
my = d—y =322 +2 1
dx
Now, slope of line x + 14y -3 =0
or Yy =- i + i
14 14
. 1
1S ml = ____
14 A

Since, the required tangent is perpendicular to the
line x + 14y -3 = 0.
: mym, =-1

1
or (3x2 +2)X(_ﬁ) =_1

or 33 +2 =14
or 3x2 =120rx* =4
or x =x2 1

When x = 2, then
y=22+2x2-4
=8+4-4=8
When x = -2, then
y=(2P>+2x(-2)-4
=-8-4-4
=-16
Points of contact are (2, 8) and (- 2, - 16). )
Now, equation of tangent at point (2, 8) is

y-8 = (”iy) (x-2)
dx ,8)

y-8 =(3x%x22+2)(x-2)

or
or y-8 =14 (x-2)
or y-8 =14 (x-2)

y =14x-20 )
and equation of tangent at point (- 2, — 16) is

y+16 = %y (x+2)
dx(-2,-16)

or y+16 =[3(-2%*+2] (x +2)
or y+16 =14 (x +2)

14x-y-12 =0 1
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Q. 16. Find the points on the curve x> + 4> —2x -3 = 0 at Answering Tip
which tangent is parallel to x-axis. . . . .
o Learn with the geometrical interpretation of
[Delhi 2011] [NCERT] differentiation with ample examples.
Sol. Given, equation of curve is Q. 18. Find the equation of tangent to curves
P +yP-2x0-3 =0 ..(0)
On differentiating both side of Eq. (i) w.r.t. x, we get x =sin3t,y = cos 2t att = g .
2x +2y d_y-z =0
dx [All India 2011C, 2008]
d Sol. We know that, the equation of tangent at the points
or 2y Y =2 2 : .
dx (e y) isy -y = m (x=-x,) ()
dy
d 2-2x dy 1-x _ |12
or @Y _ 22 oy s where, m (dx)(x ) Ya
dx Zy dx y 1 1Y
Now, given x = sin 3t ...(ii)
We know that, when a tangent to the curve is dx _ 3cos 3t [differentiate w.r.t. {]
dt
parallel to x-axis, then d_y =0. 1
dx and y = cos 2t ...(iif)
d dy __ 2 sin 2t
/- dt
dx [differentiate w.r.t. {]
: z_fx =0 (%y) 2 sin2t
Then, dy _ t/_z2sind 1
1oy =0=>x=1 dx (di) 3cos 3t
from equ. (i) dt
1)?+y*-2(1)-3 =0 -
-4 =0 On putting t= K we get
y = *2
Hence points on the curve at which tangents are _2sin— 5
parallel to x-axis is (1, 2) and (1 — 2) 2 = (dy) _ =g
[CBSE Marking Scheme 2011] dx )y T 30082 -5
Q. 17. Find the points on the curve y = x° at which the
slope of the tangent is equal to y-coordinate of the wrsin® =1 and cos 3n _ COS(TC _ E)
point. [Foreign 2011] [NCERT] 2 4 4
Sol. Given, equation of curve is y = x°. ——cosFo_ L
On differentiating both sides w.r.t. x, we get 4 2
dy _
e 3x* or m= 72\3/5 1
.. Slope of tangent at any point (x, y) is Also, to find (x, ), we put
Ay _ 3 1 _m,
dx t= 4
Now, given that ..
! F Egs. d (iii), t
Slope of tangent = y-coordinate of the point rom Egs. (i) E;n (i), we gen 1
d —ind® —gin[n-T) = sinFoL
or d_y =y x; = sin 1 sm( 4) sin 4 \/E
e
dy 2 and Y, = cos T_o
2 _ o —L =3y 1
or "=y [ i ] 4
1
or 32 =3 [+ y=x7 (x - ( 0) 1
7 ]/ ) - 4 /2
or 32 —x*=0o0r’(3-x) =0 v V2
or Either x> =00r3-x=0

i x=0,3 1
Now, on putting x = 0 and 3 in Eq. (i), we get
y = (0)*=0][atx = 0]
and y = (3)° = 27 [at x = 3] 1
Hence, the required points are (0, 0) and (3,27) 1
[CBSE Marking Scheme 2011]

1
Now, on putting (x;,y;) = (2/ 0) and m = %

in Eq. (i). we get
y-0

223
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Q. 19.

Sol.

Q. 20.

or 3y = zﬁx—g

Hence, required equation of tangent is
6v2x -9y -2 =0 1

Find the equations of tangents to the curve
y = (¥* — 1) (x - 2) at the points, where the curve
cuts the X-axis. [All India 2011C]

Given, equation of the curve is
y=02-1)(x-2) ...(i)

Since, the curve cuts the X-axis, so at that point
y-coordinate will be zero.
So, on putting y = 0, we get
(*-1)(x-2)=0

¥=1lorx=2
- x=xlor2orx=-1,1,2
Thus, the given curve cuts the X-axis at points

or

(=1,0),(1,0) and (2, 0). 1
Y _Po1). 1+ (x=2). 2
dx
[by using product rule of derivative]
or ﬂ=x2—1+2x2—4x
dx
or Y _ 32 4x_1 1
dx

Now, slope of tangent at (- 1, 0) is

dy
my = (dxlm) =3(-1P2-4(-1)-1

=3+4-1=6
Slope of tangent at (1, 0) is

dy
m, = (dx)w =3(1)>-4(1)-1

=3-4-1=-2
Slope of tangent at (2, 0) is

dy
my = (dxlm =3(2%-4(2)-1

=12-8-1=3 1
We know that, equation of tangent at the point is
(X1, 4y) is given by y—y; = m (x - xy).
Here, we get three equations of tangents.
Equation of tangent at point (- 1, 0) having slope
(my) = 6,is
y-0=6(x+1)
or y=6xt60rox—-y=-6
Equation of tangent at point (1, 0) having slope (1,)
=-2,is
y-0=-2(x-1)
or y=-2x+2o0r2x +y =2
and equation of tangent at point (2, 0) having slope
(m5) = 3,1is
y-0=-3x-2)ory=3x =6
3x-y=6 1
[CBSE Marking Scheme 2011]

Find the equation of tangent to the curve 4x* + 9>
= 36 at the point (3 cos 6, 2 sin 0).

[Delhi 2011C]

Sol.

Sol.

Q.22.

Given, equation of curve is

4x* + 9y* = 36
On differentiating both sides w.r.t. x, we get
8x+ 18yd—y =0
dx
or 183/@ =-8x
dx
8
or dy - =
e 18y
dy —4x
or = 5 i
dx 9]/ ...(1)1

But given that, tangent passes through the point
(3 cos 6, 2 sin 0).
On putting x = 3 cos 6, y = 2 sin 8 in Eq. (i), we get

dl _ -12 c‘ose or dl _ -2 C.ose
dx 18 sin® dx 3sin6
-2 cos0
.. Slope of the tangent, m = 3sin6 1

(2],
dx (xl/]/l)

Now, equation of tangent at the point (3 cos 8, 2 sin 0)
having slope

2cosO
= — is
3sin0O
Y=y = m(x—xy)
yo2sin 0= 2% _3c0s0) 1
3sin®

or  3ysin®-6sin?0=—2xcosO + 6cos>H

or 2x cos § + 3y sin @ —6 (sin%0 + cos?0) =0

5 2xcos® +3ysin®-6=0 [-sin®0 + cos® 0= 1]
which is the required equation of tangent. 1

. Find the equation of the tangent to the curve

y=x"-6x+13x*-10x + 5 at pointx =1, = 0.

[Delhi 2011C]
Given, equation of curve is

y=x'-6x>+ 13- 10x + 5
On differentiating both sides w.r.t. x, we get

B — 4318~ 26x-10 1
dx
Slope of a tangent at point (1, 0) is
dy
m=| gy 1=4—18+26—10=2 1
=
.. Equation of tangent at point (1, 0) having slope 2
is 1
y-0=2(x-1)
or y=2x-2

Hence, required equation of tangentis2x—-y =2 1
Find the equation of tangent to the curve
x-7
x*-5x+6

[All India 2010C, 2010] [NCERT]

y= at the point, where it cuts the x-axis.
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Sol.

Given, equation of curve is
x-7
5 .
x“—=5x+6

y= ..(i)

On differentiating both sides w.r.t. x, we get

dy  (x*=5x+6).1-(x=7)(2x-5)
dx (x* —5x +6)?
Qo]
i(ﬂ)z dx ___dx
dx\ v vz
[(x2 —5x+6)—y(x> —5x+6)]
dy _ (2x-5) |
or dx (x? —=5x +62)
_ x-7
¥2-5x+6
(x=7)=y(x* -5x+6)]
1-(2x-5
or dy _ M ()1
dx x“—-5x+6

[dividing numerator and
denominator by x* - 5x + 6 ]
Also, given that curve cuts x-axis, so its y-coordinate
is zero.
Puty = 0in Eq. (i) we get
x-7
x?-5x+6
or x=7 1
So, curve passes through the point (7, 0).
Now, slope of tangent at (7, 0) is
_ (dl) _ 10 1
m= | gy = —— — =_ 1
(70)  49-35+6 20
Hence, the required equation of tangent passing
through the point (7, 0) having slope 1/20 is

1
—-0= -7
y 07

or 20y =x-7
: x-20y=7 1

Q. 23. Find the equations of the normal to the curve

Sol.

y = 2 + 2x + 6, which are parallel to line
x+ 14y + 4 =0. [Delhi 2010] [NCERT]
Given, equation of curve is

y=x>+2x+6 ..()
and the given equation of line is
x+14y+4=0

On differentiating both sides of Eq. (i) w.r.t. x, we
get

A — 32242
dx

-1 -1

ay 32 +2
dx

Also, slope of the line x + 14y + 4 = 0is - ﬁ .1

.. Slope of normal =

Q.24.

Sol.

[ slope of the line Ax + By +C =0is— %]

We know that, if two lines are parallel, then their
slopes are equal.

1
3x2+2 14
or 3x2+2=14
or 3x2=12o0rx* =4
or x==%2 1

When, x = 2, then from Eq. (i)

y=02°>+22) +6

=8+4+6=18
and, when x = - 2, then from Eq. (i),
y=(-2°+2-2+6=-8-4+6=-6
. Normal passes through (2, 18) and (-2, -6).
Also, slope of normal = -1 .
14

Hence, equation of normal at point (2, 18) is
-1
-18= —(x-2
y-18= —(x-2)
or 14y -252=-x + 2

or x +14y = 254 P
and equation of normal at point (- 2, — 6) is

y+6=—ﬁ(x+2)

or 14y + 84 =-x-2

or x+ 14y = - 86 Ya
Hence, the two equations of normal are

x + 14y = 254 and x + 14y = - 86 1

Find the equation of tangent to the curvex® + 3y = 3,
which is parallel to line y - 4x + 5 = 0.
[Delhi 2009C]
Given, equation of curve is
P¥+3y=3 ()4
On differentiating both sides of Eq. (i) w.r.t. x, we get
dy  2x

dx 3

.. Slope of tangent (m) = _ng

2x+3@ =0or
dx

)

Given equation of the line is
y—-4x+5=0o0ry=4x-5

which is of the from y = mx + c.

.. Slope of line = 4

.. Slope of tangent = Slope of line

or _%"=4or—2x=1z

or x=-6 1
On putting x = — 6 in Eq. (i), we get
(-6)*+ 3y =30r3y =3-36
or 3y=-33ory=-11 1
So, the tangent is passing through point (- 6, — 11)
and it has slope 4.
Hence, the required equation of tangent is
y+ 11 =4(x + 6)
or y+11=4x+24
or 4x-y=-13 1
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Q. 25. Findtheangleofintersectionof the curvesx*+y*=4

and (x - 2)*> + y* = 4, at the point in the first (x-2P+P=4=2x-2)+2 W _y
quadrant. [Delhi Comptt. Set I, II, III, 2018] dx
dy _ —(x-2)
Sol. Point of intersection = (1,\/§ ) 1 PP Y
2y ety W d
¥hy=4saty - =0 = —y] _ L Y+
dx [143] 3
dy —x
&y i
So, tan ¢ = = =¢6=—- 1
dy 1 ¢ 1-1/3 V3 =0 3
N = —— 1 1
I o Chae [CBSE Marking Scheme 2018]
3 Long Answer Type Questions-II (6 marks each)
3 |
Q. 1. Find the equation of the tangent line to the curve Q. 2. Find the equation of the tangent to the curve
y =x*-2x + 7 which is y = 3x—2 which is parallel to the line
(i) parallel to theline2x—-y +9=0 _ .
) . . 4x-2y +5=0. [Delhi Set IT Comptt. 2013]
(ii) perpendicular to the line 5y — 15x = 13. [NCERT] [Delhi 2009]
[N CE;(T] [Delhi Set I Comptt. 2014] Sol. Given Y= B2
Sol. Slope of tangent = % =2x-2 1 Diff. w.rt. ‘¥,
. dy 3
(i) Tangent parallel to2x -y + 9 = 0, 2= = Y
Slope of line = m;(say) dx 2V3x -2
m, =2 Since the tangent is parallel to the line
-+ They are parallel 4x -2y +5=0,slopem =2 ¥
dx 1 dx
d : S A 2 Vs
2x-2=2, (As,d—y=z) T 2Bx-2 ’
x
or 3= 4J3x-2
x=2,y=7 1Y%
. or 3x—2 = 3 1
Equation of tangent through (2, 7) and parallel to 4
the givenlineisy -7 =2 (x-2)ory=2x+3 1 On squaring both sides, we get
(ii) Tangent perpendicular to 5y — 15x = 13 9
. or x-2= —
Slope of line = m,(say) 16
=3
M2 = or 3= 2 42 v
*» They are perpendicular 16
dy _ _1 or 3x = 41
i M 16
(2x-2)3=-1 or x = % )
5 217 1 " 3
= —,Yy=— o)
6~ 36 When x= 2=
48 4
Equation of tangent through E, 27 and .. (41 3
6 36 . The point is ey P
perpendicular to the line is .
The eqn. of tangent is
— y = —l(x E) 3 41
36 3 6 or ]/—Z = Z(X_ﬁ) 1/2
or = X, 227
Y= 373 or 4y-3 _ 2(48x—41) "

or  12x+ 36y = 227 1 4 48
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or 24y —18 = 48x - 41 )
or 48x — 24y = 23 )
48x-24y-23=0 i

Q. 3. Prove that the curves x = y* and xy = k cut at right

Sol.

angles if 8k* = 1. [NCERT]
[Delhi Set ITI Comptt. 2013]
x = 1> ..(0)
and xy =k ..(ii)
From (ii) vy=k
or Y=k
1
or y=k v
2
or x= k3 P

2 1
The point of intersection is (k3 3).

Diff. (i) & (ii), we get

From (i) or 1= Zyd—y ...(iii)
dx
.. dy .
From (ii) or xd— +y =0 .(iv) 1
i
From (iii), we have,
(dy) 1
e )z 1 T 1T =M 1
dx i) Zk%
From (iv), we have
1
dy) k3
Gz === 1
(dx GRS k% e
4
1 -k
my = X
2k®  k?
2
=_k° 1
2
Since 8k2 =1
or =1
8
1
8 3
-2 _ 1
2

- (i) & (ii) cut at right angles.
[CBSE Marking Scheme 2013]

Q. 4. Find the equation of the normal at a point on the

Sol.

curve x* = 4y which passes through the point
(1, 2). Also find the equation of the corresponding
tangent. [Delhi Set I, II, III, 2013]
Let the point at which the normal on the curve x* =
4y passes through the point (1, 2) be P(x,, y;)

Now x? = dy (i)
Since P(x;, y;) lies on (i), so
X2 =4y, .o(ii)
Differentiate (i) w.r.t. to x both sides,
dy,

2x; = 4ch1

Sol.

dy, _ 2% %
or dx, 4 2 1
.. Slope of normal, my; = T 1

1
Now, equation of normal :
Y=y = my(x - x,)
Since the normal passes through (1, 2)

So, 2-y, = (—2)(1—3‘1) 1

X

Using eqn. (ii),

x? 2
-8 | 2 f2m2 | oo

=2y =1
So the point is P(2, 1). 1
Hence, equation of normal is :

y-1= (—%)(;;—2)

or y-1l=-x+2
or x+y=3 1
and the equation of tangent is :
2
y-1= (-2
or y-1=x-2
or x-y=1 1

. Find the equations of tangents to the curve

3x% - y* = 8, which passes through the point (%, 0 )

[O.D. Set I, 11, 11, 2013]

3 -y*=8 ..(Q)
Diff. w.r.t. “x’
dy
6x—2y—2 =0
* ydx
d
or dy _ 3x
dx y
(dl) _
dx (1, y1) AT 1

. The eq. of tangent at (x;, y,) is

3x
Yy = o) iz

1

4
Tangent passes through the point (g ,0)

0_y1= &(é_xl) 1/2
¥, \3
4
or -yl = 3x, (g—xl)
or -y} = 4x,-3x]

Using eqn. (i), 8 - 3x? = 4x, —3x]

or X =2 b2
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32’ -y} =8
or 12-y; =8
or yi =4
or y =2 Y
.. The points are (2, 2) and (2, - 2). 1
. The eq. of tangent at (2, 2) is :

Yy —-2=3x-2)

or y=3x-4 1

The eq. of tangent at (2, - 2) is :
y+2=-3(x-2)

y=-3x+4 1
Ixt+ty=4

or

Q. 6. Show that the normal at any point 6 to the curve

x=acos6+absinb,y =asinO-ab cosOisata
constant distance from the origin.

[0.D. Comptt., 2013, O.D. Comptt., 2017]
[NCERT] [Delhi Set I, II, I Comptt. 2013]

Sol. X =acos6 + absin O
= dx =—-asin® + asin 6 + a0 cos 6
de
=040 cos O 1
Yy =asin 6 —a6 cos 0
= G =acosO-acosO +a0sin® 1
de
=40 sin O
Or d_y = uesme:tane Y
dx a0coso
Equation of tangent is :
y—(asin®—a 0 cos ) = tan O (x —a cos 6 — a0 sin 6)
1
Equation of normal is
y—(asin®—a6 cos6) =— c?sg (x—a cos 8 —af sin 6)
1
orysin® + xcos0=a
distance of normal from origin Y
_ |-a]
Vsin® 0+ cos® 0
= |a| (constant) 1
[CBSE Marking Scheme 2017]
Alternative Method :
dx =_asin®+asin® +a0cos6 1
ae
=40 cos 0 1
and %:acose—acoseﬁ-uesme

=3a0sin O 1

Sol.

dy
Or dy _ deo - tan 6
dx d7x
dae
1
... Slope of normal = ———=—cot®
tan©
. Equation of normal is :
y—a (sin 8 — 6 cos 6)
cos0

— [x—a(cos 6 + 6 sin 0)]1
sin®

Simplifying it to get x cos ® + ysin6—-a =0 1
Length of perpendicular from origin
|a]

\sin? @+ cos* 6

= |a| (constant) 1

. Find the angle of intersection of the curves

y? = dax and x* = 4by. [NCERT Exemplar]
[Foreign 2016]

Given, equations of curves are
y2 = 4ax ..(d)
and x* = dby ...(ii)

Clearly, the angle of intersection of curves (i) and
(i) is the angle between the tangents to the curves
at the point of intersection. Y
So, let us first find the intersection point of given
curves.

On substituting the value of y from Eq. (ii) in Eq. (i),

we get
232
x| = 4ax
4
x
or —— =4axor x* = 64ab®x
16b
or x* - 64ab?x = 0
or x(x*-64ab*) =0

or x=0orx = 4a"3p*?

Clearly, when x = 0, then from Eq. (i), y = 0 and
when x = 4a'%p*3, then from Eq.(i),

or y? = 16a**b*° or y = 4a%%p"?

Thus the points of intersection are (0, 0) and
(4003, 4a®3p'3 ). 1
Now, let us find the angle of intersection at (0, 0)
and (4a°b*3, 4a*3p'?). Let m, be the slope of tangent
to the curve (i) and m, be the slope of tangent of the
curve (ii). b
Angle of intersection at (0, 0)

I (dy) _(ZaJ _
1 = — = — = o0
4 Jar0,0) \Y Jar(0,0)

e By
dx at (0,0) 2b at (0,0)

or Tangent to the curve (i) is parallel to Y-axis and
tangent to the curve (ii) is parallel to X-axis.

Now,

and
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. Angle between these two curves is r Thus, the point of intersection are (3\/5, 8) and
2
-3./p,8)-
or The angle of intersection of the curves is LA ( \/7 )
2 Now, consider Eq. (i), we get

Sol.

Angle of intersection at (4a"°b%3, 4a*3p"?)

2a 1 a1/3_1 a\"?
T 23 T 3 T g

Here,
ere )

b

40!1/3b2/3 a 1/3
and =2

my= ——(———=

2b
Let 6 be the angle between the tangents. Then,

ny —my

Va

tan 0 =

1+ mqmy,

1 1
i) -5
b) 2\b

1 1
SOED)
b) 2\b

é a 1/3 g a 1/3 b2/3
2\b 12\p)

(a)2/3 - b2/3+a2/3
1+ b

3(ab)"/3
223 417

. 3(Ilb)1/3
or 0 = tan 2(ﬂ2/3 +b2/3)

Hence, the angles of intersection of the curves are

3(ab)1/3 } . L

Z(a2/3 + b2/3)

T and tan™
2

. Find the value of p for which the curves x* = 9p(9 - y)

and x* = p(y + 1) cut each other at right angles.
[All India 2015]

Given, equations of curves are

X2 =9p(9 - y) ..()

P =py+1) ...(ii)

As, these curves cut each other at right angle,

and

therefore their tangent at point of intersection are
perpendicular to each other.
So, let us first find the point of intersection and
slope of tangents to the curves. 1
From Egs. (i) and (ii), we get

wO-y=pQy+1)

909-y)=y+1
[ p#0,asifp = 0, them curves becomes straight,
which will be parallel]
or8l1-9y =y +1or80=10yory =8 1
On substituting the value of y in Eq. (i), we get

x¥*=9orx= i3\/5

2 2
X X
— =9-yory=9-— 1
9p yory 9p
On differentiating both sides w.r.t. x, we get
dy ﬂ
-2 — (il
dx 9p (i)
2
From Eq. (ii), we get —=y+1
P
2
or y= .
p
On differentiating both sides w.r.t x, we get
dy _ 2x 1
i p ..(iv)

Now, for intersection point (3\/; , 8) , we have slope

of tangent to the first curve
S 9
[using Eq. (iii)]
and slope of tangent to the second curve
_26dn 6
p p

- Tangents are perpendicular to each other.
Then,

[using Eq. (iv)]

Slope of first curve X Slope of second curve = —1
“Slp 60p 4
X =-lor - =lorp=4 1
% p P
Hence, the value of p is 4. 1

Q. 9. Find the equation of tangent and normal to the

Sol.

curvex =1-cos0,y =0-sinBatb = g

[All India 2010]
Given curvesarex = 1 —cos®andy = 6 —sin 6.
On differentiating both sides w.r.t. 6, we get

dx = i(1—cosG) =sin 0
dae do
and dy i(G—Sine) =1-cos 6
ae ae
dy _ dy/d® _ 1-cosb
dx  dx/de sin®
1 l_i
n (dy —cosz_ NG
At 0= —,|— = =71
4 \dxJg_1 sin— —=
4 2
- V2-1 1
Also, at =" 1
, =7 x; = 1-cos—
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1 1 vJ2-1
2 2
n .t n 1
and Yy = Z—SIHZ—Z—f,E 1

We know that, equation of tangent at (x;, ;) having
slope m, is given by

Y-y = mx-x,)
y—(g—%) - (Ji—l)[x_(@;ﬂ
or y—%% = X(ﬁ—1)—(2”J‘52*/§)

[ (a-b)*=a® + b* - 2ab]
or ( —E‘*‘i) = x(\/z—l)—i(s_zzﬁ)

4 2 N

Hence, the equation of tangent is
_ 12-8V2-\2m+4

x(x/z—l)—y N,

TOPIC-3

or xB-4v2)-42y = (16-2n-82)

Also, the equation of normal at (x;, y;) having slope

L given by
m

Y- =

i)

ory(\/i—l)—( 7

\/En—zl
42

_l(x_xl)
m

V2-1
](ﬁ—l) _ a2t

or y(x/i—l)—(zn_\/z:

N

or 42y (N2 -1)-21 +2n+42 -4
= —42x+442-4
or 4\/§x+4x/§y(«/§—1) = 2n-2n

or  42x+y(8-42)

42x +(8-42)y

Approximate Values, Differentials & Errors

Revision Notes

1. Approximate change in the value of functions y = f(x) :

Given y=fx)
- - oy  dy
From the definition of derivatives, Lt = = <2
8x—0 §x dx
S . Sy dy
by definition of limit as 6x — 0, == — —=
ox  dx
. oy  dy .
dx is very near to zero, then we have —~ = = (approximately).

X x

Therefore, 8y = % . 8x, where 8y represents the approximate change in y.

x

ZTC—\/ETC
n(2-2)

-1 ( J2-1

X ——

)

V2

V2

1

1

_4\/§+4] _ —2x+2-1

1

In case dx = dx is relatively small when compared with x, dy is a good approximation of 8y and we denote it by dy = dy.

2. Approximate value :
By the definition of derivatives (first principle),

fx)=

. by the definition of limit when i — 0,

We have 7f(x * h}z —f)

*. if his very near to zero, then we have
fa+h)—f) _
h

= f ().

1y S = 1)

f'(x) (approximately)

or flx + h) = f(x) + hf (x) (approximately as i1 — 0)
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?i Objective Type Questions

(1 mark each)

Q. 1. If y = x* - 10 and if x changes from 2 to 1.99, what
is the change in y
(a) 0.32

(c) 5.68

(b) 0.032
(d) 5.968
[NCERT Exemp. Ex. 6.3, Q. 40, Page 139]

Correct option : (a)
Explanation : Given that,
y=x*-10
On differentiating with respect to x, we get

Ans.

= dy _ 4x®
dx

and Ax =2.00—-1.99 =0.01
Ay = 4y X Ax
dx

=4x° X Ax
=4x2°x0.01
=32x0.01
= 032
So, the approximate change in y is 0.32.

Q. 2. If f(x) = 3x* + 15x + 5, then the approximate value

of £(3.02) is
(a) 47.66 (b) 57.66
(c) 67.66 (d) 77.66

[NCERT Ex. 6.4, Q. 8, Page 216]

Correct option : (d)
Explanation : Let x = 3 and Ax = 0.02. Then, we
have

Ans.

?j‘ Very Short Answer Type Question

£(3.02) = f(x +Ax)=3(x + Ax)* +15(x + Ax) +5
Now, Ay=f(x+Ax)-f(x)
= fx+Av)= f(x)+ Ay
= f(x)+ f'(x)Ax (As dx = Ax)
= f(3.02) = (3x* +15x +5) +(6x + 15)Ax
=[3(3)* +15(3) +5] +[6(3) +15](0.02)
[Asx=3, Ax=0.02 ]
=(27 +45+5)+(18+15)(0.02)
=77 +(33)(0.02)
=77+0.66
=77.66
Therefore, the approximate value of £(3.02) is 77.66.
Q. 3. The approximate change in the volume of a cube of
side x metres caused by increasing the side by 3%
is
(a) 0.06 3 md
(c) 0.09 3 md

(b) 0.6 x> m®

(d) 0.9 x3m®
[NCERT Ex. 6.4, Q. 9, Page 216]
Ans. Correct option : (c)

Explanation : The volume of a cube (V) of side x is
given by V = %,

dv:(dV)AX
dx

=(3x%)Ax
= (3x%)(0.031)

=0.09x> m®
Hence, the approximate change in the volume of

the cube is 0.09x> m°.

[As 3% of x is 0.03x]

(1 mark each)

Q. 1. Using derivative, find the approximate percentage
increase in the area of a circle if its radius is

increased by 2%. [S.Q.P. 2015-16]
Sol. The area of a circle having radius (r) is given by :
A =i
dA = d—A-(Ar) Ya
dr

?i Short Answer Type Questions

2
= (2r) =—
(2r) (100r)
= 1(2r)(0-02 ) = 0-04 nr?
.. Approximate percentage increase in area
dA h*—5h

— x100% = lim =4% 1
A h—0

[CBSE Marking Scheme 2015]

(2 marks each)

Q.1. If x changes from 4 to 4-01, then find the
approximate change in log x.

[S.Q.P. 2016-17]

Sol. Let y=logx, x=4,6x=401-4=001

b _ (%) .
Sx dx x=4
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Sy = (d_y) X Ox Y
y dx x=4

oy = [i(lo x):| X Ox 1
y - dx g x=4 /2

1
dy = (; l=4 X8,

dy = L 0.01 = 1

4 400
L
400
[CBSE Marking Scheme 2016]

= 0-0025 1

L]
p3 Long Answer Type Questions-I (4 marks each)
|
Q. 1. Using differentials, find the approximate value of P
(3-968)%2, [Delhi Set I Comptt. 2014] or y+ Yoax = VX + Ax 1
dx
[NCERT] .
Sol. Let y=fx)=x"x=4, or \/;me“ = NS %
x + Ax = 3968 .
Putting x = 49 and Ax = 0-5, we get 1
Ax = —0-032 2 @+_1 (0-5) = /a 1
dy 2\@ (0-5) 9.5 %3
Ay = I X Ax 1
x=4 or \/m =7+ g =7-0357 1
3
or Ay = [E xl/z] X Ax [CBSE Marking Scheme 2012]
x=4
3 Commonly Made Error

or Ay = —x2(-0-032) = -0-096 1 X .

2 e Many candidates do not have an idea of

(3968)%2 = f(x + Ax)
= f(x) + Ay = 8 - 0-096
= 7904 1

approximation concept as application of
differentiation and a few candidates make mistakes
in writing the final answer in the correct form.

CBSE Marking Sch 2014 . =
L arking Scheme ! Answering Tips

Q. 2. Find the approximate value of f(3-02), up to 2
places of decimal, where f(x) = 3x + 5x + 3.

[NCERT] [Foreign Set I, II, 111, 2014]

Learn the concept of approximation as one of the
applications of differentiation and give enough
practice.

Sol. Given f(x) =3x* +5x + 3 Q. 4. If the radius of sphere is measured as 9 cm with an

f3)=303>+5@3)+3=45
or f'(x) = 6x +5,
Let x =3, Ax = 0-02 1
oo flx+Ax)— f(x) Sol.
o=
f(3)=6x3+5=23
or flx + Ax) = (Ax)f (x) + f(x) 1%

f(3:02) = (0:02) f (3) + f(3)
= (0-02)(23) + 45
= 4546 1
[CBSE Marking Scheme 2014]
Q. 3. Using differentials, find the approximate value of
V495 [Delhi Set I, II, 111, 2012] [NCERT]

Sol. Let = Jx
dy _ 1
dx ~ 2Jx

y+Ay= Vx+ Ax 1

error of 0.03 cm, then find the approximate error in
calculating its surface area.

[All India 2011] [NCERT]

Let S be the surface area, r be the radius of the
sphere.

Given, r=9cm

Then, dr = Approximate error in radius r

and dS = Approximate error in surface area 1

Now, we know that surface area of sphere is given
by

S = 4nr?
On differentiating both sides w.r.t. , we get
E =4n X 2r = 8nr 1
dr
or dS = 8nr X dr
or dS =8n x9 x 0.03
[*r=9cmanddr=0.03cm]1
or dS =72 x 0.03n
or dS = 2.16m cm%cm

Hence, approximate error in surface area is 2.16m
cm%cm. 1
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TOPIC-4

Increasing/Decreasing Functions

Revision Notes

1. A function f(x) is said to be an increasing function in [g, b], if as x increases, f(x) also increases i.e., if o, B € [4, b] and
o> B, flo) > f(B).

If f'(x) 2 0 lies in (4, D), then f(x) is an increasing function in [4, b], provided f(x) is continuous at x = g and x = b.
2. A function f(x) is said to be a decreasing function in [, b], if, as x increases, f(x) decreases i.e., if o, B € [a, b] and
o> p=flo) <fiB)
If f (x) <0 lies in (g, D), then f(x) is a decreasing function in [a, b] provided f(x) is continuous at x = g and x = b.
2 A function f(x) is a constant function in [g, b] if f'(x) = 0 for each x € (g, b).
2 By monotonic function f(x) in interval I, we mean that f is either only increasing in I or only decreasing in I.
3. Finding the intervals of increasing and/or decreasing of a function :
ALGORITHM
STEP 1: Consider the function y = f(x).
STEP 2 : Find f'(x).
STEP 3 : Put f'(x) = 0 and solve to get the critical point(s).

STEP 4 : The value(s) of x for which f'(x) > 0, f(x) is increasing; and the value(s) of x for which f’(x) < 0, f(x) is
decreasing.

?i Objective Type Questions (1 mark each)

Q.1. The interval on which the function y=x(x-3)
a3 2 P s
f(x)=2x"+9x" +12x -1 is decreasing is: Zl = x2(x—3).1+(x—3)2.1
a) [-1, b) [-2,-1 *
(@) I ) ®) 1 ! =2x%—6x+x"+9—6x
(© (== -2] (d) [1,1] =3x* ~12x+9
[NCERT Exemp. ] =3(x*—3x—x+3)
Ans. Correct option : (b) =3(x-3)(x-1)

Explanation : Given that,

So, y = x(x — 3)* decreases for (1, 3).
f(x)=2x"+9x* +12x -1

[Since, ¥’ < 0 for all x € (1, 3), hence y is decreasing

f'(x)=6x"+18x+12 on (1, 3)].
=6(x*+3x+2) Q.3. Thefunction f (x) = 4sin’ x - 6sin’ x +12sin x +100
= 6(x+2)(x+1) is strictly v
So, f'(x) <0, for decreasing. (a) increasing in (P’ 2)
On drawing number lines as below :
+ve | — . +ve . . p
< | | > (b) decreasingin |—, P
2 -1 2
We see that f'(x) is decreasing in [—2, —1]. (PP
Q. 2. y = x(x - 3)* decreases for the values of x given by : (c) decreasing in 22
(@ 1<x<3 (b) x<0 P
3 (d) decreasingin |0, 5
(c) x>0 (d) 0<x<E
[NCERT Exemp. | [NCERT Exemp. ]

Ans. Correct option : (b)
Explanation : Given that,

f(x)=4sin’ x—6sin” x +12sinx + 100

Ans. Correct option : (a)
Explanation : Given that,
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On differentiating with respect to x, we get
f'(x)=12sin’ x.cosx —12sin x.cosx +12cos x

12|:sir12 X.COSX —sinx.cosx + cosx]

12cosx[sin2 x—sinx+ l]

= f'(x)= 12cosx|:sin2 x+1(1- sinx)]
1-sinx >0 and sin®x >0

sinx+1-sinx>0

Hence,f'(x) >0, when cosx >0, ie, x e

So, f(x) is increasing when x € (

and f'(x) <0, when cosx <0, i.e, x € g,
Hence, f'(x) is decreasing when x e [ g,

Since,

(53

Hence, f(x) is decreasing in g,n

Q. 4. Which of the following functions is decreasing on

o3)

(a) sin2x (b) tanx

i

Short Answer Type Questions

(d) cos3x
[NCERT Exemp. ]

(c) cosx

Ans. Correct option : (c)

Explanation : In the given interval (O,TZEJ

f(x) = cos x
On differentiating with respect to x, we get
f(x) =-sinx

which gives f'(x) < 0in (0,7;)

n
Hence, f(x) = cos x is decreasing in (O'ZJ'

. The function f(x) = tan x — x
(a) always increases
(b) always decreases
) (c) never increases
(d) sometimes increases and sometimes decreases
[NCERT Exemp. ]

Ans. Correct option : (a)

Explanation : We have,

flx) =tanx-x

On differentiating with respect to x, we get
f(x) = secx-1

=f(x)>0,VxeF

So, f(x) always increases.

(2 marks each)

Q. 1. Show that the function f(x) = x> - 3x? + 6x — 100 is increasing on R.

[NCERT] [O.D. Set I 2017]

Sol. f(x) = 23 = 3x% + 6x - 100
f(x)=3x%-6x+6 YA
=3[x%=2x + 2] = 3[(x = 1)* + 1] 1
since f'(x) > 0; xe R
.. f(x) is increasing on R 1A

[CBSE Marking Scheme 2017]

OR
flr) = 22 - 32*+ gx -100 .

| f'fx) = Bx*—ge+g -

| = 3fx*-2x42) 000000

| dicourninant of th formd opadsaric = b Yac c f2)*= 4(1)(2)
' 4 —=F=-4

SR en) s

. fx) 20

o Hiewa flx) dnouacing on R

[Topper's Answer 2017]
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Q. 2. Show that the function f(x) = 4x® - 18x> + 27x — 7 is

always increasing or R. [Delhi 2017]

Sol. f(x) = 4x® —18x% + 27x -7
f(x) = 1242 - 36x + 27 v
=3@2x-3)?20;xeR 1
.. f(x) is increasing on R. )

[CBSE Marking Scheme 2017]
Q. 3. Show that the function f given by f(x) = tan™! (sin x

T T
+ cos x) is decreasing for all x € (4 7 2)-

[Foreign 2017]

?i Long Answer Type Questions-I

CcoSXx —sinx
Sol. f(x) =

1+ (sinx + cosx)2

1+ (sinx + cos x)> > 0; xR

and E<x<E orcosx < sinxorcosx—sinx <0
2
b2
, . . . (nw .
or f'(x) < 0 or f(x) is decreasing in| —— | . Y2
4°2

[CBSE Marking Scheme 2017]

(4 marks each)

Q. 1. Find the intervals in which

3 , 4, 2, 36 . .
X) = —x"——=x"-3x"+—x+11 is (a) strictl
fx) 10° 3 5 (a) y
increasing (b) strictly decreasing.
[NCERT] [O.D. Set I, II, IIT Comptt. 2014]
12 5

flx)= —x 12 exs 2

1
10 5 5 g

Sol.

=g(x—1)(x + 2)(x - 3) 1%

-+ - 4+
< @ @ >
o -2  +1 3 o

f(x) =0atx=1,-2,3 Va
.. Intervals are (- oo, — 2), (-2, 1), (1, 3) and (3, <) %2
= f(x) > 0 for (-2, 1) U (3, =)
f(x) is strictly increasing in (- 2, 1) and (3, o) Y
 f(x) < 0for (-0, —2) and (1, 3)
f(x) is strictly decreasing in (- oo, —2) and (1,3) %
[CBSE Marking Scheme 2014]

Q.2. Find the intervals in which the function
f(x) = 3x* — 4x® — 124% + 5 is (a) strictly increasing
(b) strictly decreasing.

[Delhi Set I, 11, III, 2014]
[Delhi Set I, II, ITI Comptt. 2013]

f(x) = 122° - 12x% - 24x

=12x (x + 1) (x-2) 1%
f')>0,Vxe (-1,0)uR,=) 1
f’(x)+<0,Vxe (—ooi—1)u(o,2) 1

< @ @ *—>
— o —1 0 2 + o0
- f(x) is strictly increasing in (— 1, 0) U (2, o)
and strictly decreasing in (- e, — 1) U (0, 2) )
[CBSE Marking Scheme, 2014]

Q.3. Find the intervals in which the function

flx) = %;ﬂ —4x° —45x* +51 is:

(i) strictly increasing
(ii) strictly decreasing. [Foreign Set II, 2014]

Sol. f(x) = 6x° - 12x* - 90x
= 6x(x - 5)(x + 3) 1
Equating  f(x)=0
or x=-3,x=0,x=5
L, —Vve , +ve |, —Vve |, +ve
C -3 0 5 g

f(x)>0,Vxe (-3,00U(5,) %
Or Strictly increasing

f(x)<0,Vxe (—e,-3)U(0,5)
Or Strictly decreasing 1+%
[CBSE Marking Scheme 2014]

Q. 4. Find the intervals in which the function f (x) =

4
X % _5x% 424y +12 is (a) strictly increasing,
4

(b) strictly decreasing. [Delhi/OD 2018]

Sol. f/(x) = x° = 3x% - 10x + 24 %
=(x-2)(x—4)(x+3) 1
f'x) =0=>x=-3,24 bZ3
sign of f*(x):
= 3 2 4 4

- f(x) is strictly increasing on (-3, 2) U (4, ) 1
and f(x) is strictly decreasing on (-0, -3) U (2,4) 1
[CBSE Marking Scheme, 2018]

Detailed Solution :
i ﬁ—x3—5x2+24x+12
Given flx) = n
Differentiating with respect to x.
fi(x) =x>-3x%-10x + 24
f@) =0
¥ -3x2-10x+24 =0
= Px-2)-x@x-2)-12(x-2)=0
= (x=2) (F*=x-12)=0
= x-2)(x+3)(x-4)=0
= .. x=-3,2and 4
. The intervals are (- o, — 3), (- 3, 2) (2, 4) and (4, ).

put
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- + - +
3 2 4 ®
@f (x)>0Vxe (-3,2)U(4,)
-~ f(x) is strictly increasing V x € (- 3,2) U (4, =)
b)f (x) <0V xe (oo, -3)U(2,4)
. f(x) is strictly decreasing V x € (=0, —3) U (2, 4)

Q. 5. Separate the intervals [0, g] into sub intervals

in which f(x) = sin'x + cos’x is increasing or
decreasing. [S.Q.P. 2013]
f'(x) = 4sin’x cos x — 4 cos’x sin x
= —sin 4x 1

f’(x)=00rx=£ 1

Sol.

Or

S

In the
interval

Sign of f'(x) Conclusion

f is strictly decreasing

in |:0, E]
4

) |-veas
(0/ Z) O0<4x<m
x m) | tveas f is strictly increasing
(4'2) T < 4x <21 in[n,n]
42

[CBSE Marking Scheme, 2013]
Alternative Method :

[y

f(x) = sin* x + cos* x
or f’(x) = 4sin® x cos x — 4 cos® x sin x

2

= —4sin x cos x [- sin? x + cos? x]

= —2sin 2x cos 2x = — sin 4x
1

On equating,
f'(x) =0or-sin4x =0
or dx =0, g 2% . ovoeeene
"472°

Sub-intervals are [(), E], [E, E]
4 4 2
orf'(x)<0in |, T
4
or f(x) is decreasing in [0, E:I 1
4

and, f’(x) > 0in rT
7 [4,2]

. .. nt T
-~ f’(x) is increasing in | —— |- 1
f gin |

Q. 6. Find the intervals in which the function given
by f(x) = sinx + cosx, 0 <x <2mis
(i) increasing
(ii) decreasing. [NCERT][O.D. 2009]
[Delhi Set I, II, III Comptt. 2012]

[Foreign 2011, Delhi Comptt., 2017]

Sol. f(x) = sinx + cosx, 0<x<2m b3
f'(x) = cosx —sinx 1
f'(x) = 0 or cos x = sinx 1
T 5T
= —,— 1
T us
Sign of f'(x)
o tve | —ve | +ve |
0 L 5 2n
4 4
. . . L T 5w
So f(x) is strictly increasing in O,Z ] Z,Zn
T 5T
and strictly decreasing in (Z’Z] 1
[CBSE Marking Scheme 2017]
Alternative Method :
f(x) = sin x + cos x
or f(x) = cos x —sin x

Now, f(x) = 0 gives sin x = cos x which gives
n 51

= —,— as0<x<2n 1
4
tanx =1
The points x = g, % divides the interval

[0, 2x] into 3 disjoint intervals, [0, g), (E Si) and

4’ 4

(S—R, Zn].
4

1

Note that f(x) > Oif x € |:0, g)u (i—n, Zn] or f(x) is

strictly increasing in intervals |:()/ E) and (5l, ZTC:I.
4 4

7

. 57
Also f(x) < Oifxe [T 2T
7 (4 4)

or f(x) is strictly decreasing in this interval.

Interval S‘fi“ ct Nature of function
f'®)
T . . . .
[0, Z) + ve f is strictly increasing
T 5w . . .
s - ve f is strictly decreasing
5T . . . .
a7 2T + ve f is strictly increasing

1

Q. 7. Find the value (s) of x for which y = [x(x -2)]?is an

increasing function.

[Delhi 2010]

[NCERT] [O.D Set I, II, III, 2014]
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Sol. y =[x (x-2)* Sol. Here, f(x) = 362 - 3x7*
= [x% - 2x]? 3(x° —1)
dy S 1
= 2(x% - 2x)(2x - 2) 1
3(x* +x*+1
dy = %(XH)(X—D
or —= =4x(x-1)(x-2) 1
dx Critical points are — 1 and 1. 1
. dy orf(x)>0ifx>T1orx<-1andf(x) <0if-1<x< 1
On equating o =0, [ 3 + 22 +1) ]
. —————always + ve
dx(x-1)(x-2)=0=x=0,x=1,x=2 2
. Intervals are (- o, 0), (0, 1), (1, 2), (2, °) 1 v - v

Since, % > 0in (0, 1) or (2, =)
AL

- f(x) is increasing in (0, 1) U (2, o) 1
[CBSE Marking Scheme 2014]

Q. 8. Show that y = log(1 + x) - Z—x, x>-1,is an
2+x
increasing function of x throughout its domain.
[NCERT] [Foreign Set I, II, III, 2012]
X
Sol. = log(1l + x) — ,x>—1
0 y=log(l +3) - 3=,
Diff. w.r.t. ¥/,
1 2+4x)(2)-2
dy _ _[@2+x)( )2 x| ”
dx I+x (2+x)
_ 1 [4+2x-24]
1+x 2+x)
14 y
T 1+x (2+x) z
B (2+x)* —4(1+x)
(2+x)*(1+x)
A+ A —4-dx
2+x)*(1+x)
xZ
S — 1
(2+x)*(1+x) &
For increasing function,
dy
- >0 Ve
dx ’
2
—_— >
Q2+x)(x+1) — 0
(2+x)*(x +1)x?
Q+x) (x+1)
or Q2+ x)%x+1x*20 1

When x > -1,

dy is always greater than zero.
X

sy = log(l + x) - 2x is always increasing
2+x

throughout its domain. 1
Q.9. Determine for what values of x, the function

f(x) = x3+ is (x # 0) is strictly increasing or strictly
x

decreasing. [S.Q.P. Dec. 2016-17] [NCERT]

-1 +1
Hence, f(x) is strictly increasing for x > 1 1
or x < —1; and strictly decreasing in
-L0)u (1) 1

[CBSE Marking Scheme 2016]

Q.10. Find the intervals in which the functions
f(x) = -31log (1 + x) + 4 log2 + x) - s
2+x
strictly decreasing. [SQP 2017-18]
Sol. Domain f = (- 1, e)
-3 + 4 N 4
F@=1¢x" 2+ (2+x)?
x(x+4)
T A+x)2+x)? 1
f(x)=0orx=0[x#—-4as—4¢ (-1, )] 1
) (-ve) (+ve)

In(-1,0), fx)= 7(4_‘]6) (tve) — -ve.

Therefore, f is strictly decreasing in (- 1, 0). 1
In (0, =), f(x) =+ve.

Therefore, f is strictly increasing in (0, o). 1

Q. 11. Find the intervals in which the functions given by
flx) =243 —3x* - 36x + 7 is
(i) Strictly increasing

(ii) Strictly decreasing [O.D. Comptt., 2017]

Sol. f(x) = 6x* —6x - 36 )
= 6(x* - x - 6)
=6(x-3) (x + 2)
f(x)=0o0rx=-2,x=3 1
.. the intervals are (- «, =2), (-2, 3), (3, =) )
getting f'(x) + ve in (- eo, —2) U (3, o)
and —ve in (- 2, 3) 1%
- f(x) is strictly increasing in (— e, —2) U (3, o), and
strictly decreasing in (-2, 3) Y
[CBSE Marking Scheme 2017]
Q. 12. Find the intervals in which the function f(x) = —2x
—9x% - 12x + 1 is (i) Strictly increasing (ii) Strictly
decreasing [O.D Comptt set I, II, IIT 2018]
Sol. fx) = 28 -9 —12x + 1
Now, f(x) = - 6x* - 18x — 12

= —6[x* + 3x + 2]
= —6[x* + 2x + x + 2]
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Q.13.

Sol.

Q.14.

Sol.

f(x) =-6(x + 1) (x + 2) 1
Put, f'x)=0=x=-2,x =-1 b3
= Intervals are (—eo, —2), (-2, 1) and (-1, =) Y
Getting f'(x) > 0in (-2, -1) and f'(x) < 0in (—eo, —2)
U (-1, o) 1
= f(x) is strictly increasing in (-2,-1)
and strictly decreasing in (—oo,—Z) v (—1,oo) 1
[CBSE Marking Scheme 2018]

Find the intervals in which the function given by
fx) = x* — 8x® + 22¢% — 24x + 21 is (i) increasing,
(ii) decreasing. [All Delhi 2012C]
Given, function is
f(x) = x* - 8x% + 22x% — 24x + 21
On differentiating both sides w.r.t. x, we get
F(x) = 43 - 24x° + 44x - 24

=4 (®-6x% + 11x - 6)

=4(x=1) (**=5x + 6)

=4(x-1)(x-2)(x-3) 1
Put f(x)=0
ord(x-1)(x-2)(x-3)=00rx=1,2,3
So, the possible intervals are (- oo, 1), (1, 2), (2, 3) and
(3,%) 1
For interval (- e, 1), f(x)< 0
For interval (1, 2), f(x) > 0
For interval (2, 3), f(x) <0
For interval (3, <), f/(x) > 0.

SIS 0 ()
e 1 —

Also, as f(x) is a polynomial function, so it is
continuous at x = 1, 2, 3. Hence,

(i) function increases in [(1, 2) and (3, =)]. 1
(ii) function decreases in (- o, 1) and (2, 3). 1
Find the intervals in which the function

fr) = (x -1 (x - 2)*is
(i) increasing, (ii) decreasing.
[All Delhi 2011C]
Given, f(x) = (x - 1) (x - 2)2
On differentiating both sides w.r.t. x, we get

f) = (x- 1)3i(x —2)?
dx

+x— Z)Z-%(X - 1)3 |: %(uv) = ud—x+ 1;7:|

f)=@-17>2(x-2)
+ (x=2)% 3(x =1)
=@x-12x=2)[2(x=1) + 3(x=2)]
=(x-12(x=2) (2x-2 +3x-6)
or f(x)=(x-1)*(x-2) (5x - 8)
Now, put f(x) =0
or (x=1)?(x-2)(5x-8) =0
Either (x—1)*> =0orx—2=0o0r5x-8 = 0
+ + - [t

<«

|

|

8

5
x=1, §,2 1

5

Q. 15.

Now, we find intervals and check in which interval
f(x) is strictly increasing and strictly decreasing,.

Interval fx) = (x-1) Sign of f'(x)
(x—=2) (5x - 8)

x<1 (H)EHE) tve
1<t | (100 +ve
8
g<x<2 (HE) -ve

x>2 (H)(H)(H) +ve

1

We know that, a function f(x) is said to be an
strictly increasing function, if f(x) > 0 and strictly
decreasing if f'(x) < 0 So, the given function f(x) is

8
increasing on the intervals (- oo,1) (Lg) and (2, =)
) 8
and decreasing on 5 2. 1
Since, f(x) is a polynomial function, so itis continuous
atx =1, %, 2. Hence, f(x) is

8
(i) increasing on intervals (— o, EL:I and [2, «)

8
(ii) decreasing on interval |:g , 2] 1

Show that the function f(x) = x* - 3x* + 3x, x € Ris
increasing on R. [All India 2011C]

. We know that, a function y = f(x) is said to be

increasing on R, if Zl >0,VxeR 1
X
Given, y=x>-3x%+ 3x

On differentiating both sides w.r.t. x, we get

Y 33 _6x+3

dx

or Y _302-2x+1)
dx

or 4y _ 3(x - 1)2 1
dx

Now, 3(x - 1)2 >0 for all real values of x, i.e,. V x eR
ﬂ >0,VxeR
dx

Hence, the given function is increasing on R. 2

. Find the intervals in which the function

fx) = 2% + 9% + 12x + 20 is
(i) increasing. (ii) decreasing. R&U[Delhi 2011C]

. Similar to Ques.11, LATQ-I

(i) increasing on intervals (- oo, — 2] and [- 1, o).
(ii) decreasing on interval [-2, —1].

Q. 17. Find the intervals in which the function

fx) =223 + 9% + 12¢ - 15 is
(i) increasing (ii) decreasing. [Delhi 2011C]
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Sol. Similar to Ques.11, LATQ-I

(i) The function increasing on intervals (— oo, — 1] and
[_ 2/ °°)'

(ii) The function decreasing on interval [- 1, — 2].
Q. 18. Find the intervals in which the function
flx) = 23— 154> + 36x + 17 is
(i) increasing (ii) decreasing. R&U[AIl India 2010C]
Similar to Ques.11, LATQ-I
(i) The function increasing on (- e, 2] and [3, o) and
(ii) decreasing on interval [2, 3].
Q. 19. Find the intervals in which the function
fx) =223 -9x* + 12x + 15 is
(i) increasing (ii) decreasing.

[All India 2010C, 2008, 2008C]

Similar to Question 11, LATQ-I
(i) The function increasing on (- oo, 1] and [2, eo).

Sol.

Sol.

(ii) The function decreasing on [1, 2].
Q. 20. Find the intervals in which the function
f(x) = (x—1) (x — 2)*is increasing or decreasing.
[All India 2009C]

Sol. Similar to Question 11, LATQ-I

4
The function is increasing on intervals (— w,?;l and

4
[2, =) and decreasing on interval [g , 2:|.

Q. 21. Find the intervals in which the function
f(x) = x® - 124> + 36x + 17 is increasing or
decreasing function. [Delhi 2009C]
Similar to Question 11, LATQ-I
Increasing on (- e, 2] and [6, <) and decreasing on
[2, 6].
Q. 22. Find the intervals in which the function
f(x) =20-9x + 6x* -1 is
(i) strictly increasing (ii) strictly decreasing.

[All India 2010]
Similar to Question 11, LATQ-I
(i) Strictly increasing on the interval (1, 3),

(ii) Strictly decreasing on the intervals (- oo, 1) and
(3, ).

Q. 23. Prove that y =

Sol.

Sol.

4sin 6

—— -0 is an increasing
2+cos©

T
function of 6 on |:01 E] R&U[Outside Delhi 2016]

[NCERT]

dy _ cosB(4—cosb)

Sol. 46  (2+cos6)’

Getting

dy

Equating s

to 0 and getting critical point as cos 6

=01

N
N a

., 0

For all e,osesg,

&
IV

0 1

T
Hence, y is an increasing function of 6 on [O,E]-

1
[CBSE Marking Scheme 2016]

Commonly Made Error

e Sometimes candidates do not have any basic
knowledge of applications of derivatives while few
candidates do not able to differentiate the functions
with respect to 6.

Answering Tips

e Give adequate practice on problems based on
applications of derivatives.

Alternative Method :
4sin®
9) = _
f® 2+cos6
N (6) (2+(?059)4:(?059—4sir19(—sir19)_1
ow, f(0)= (2 +cos)>
(0 = 8c059+4lc:0529+4sir129_1 1
or f6)= (2+cos8)’
(6) 8c0s0 +4(cos’ 8 +sin® ) — (2 + cos H)°
or f(6)= (2 +cos8)’
(0 = 8cosO+4—4—4cos0—cos’H
or @)= (2 +cos8)’
) — 4cos®-cos’ 0
or 16 = (2 +cos8)?
o C086(4—cosb)
f6)= (2+cos8)’
or Here f(0) is increasing when f(8) = 0 1

c0s0(4 — cos0)

LE (2+ cosB)’ 20
or cos 6 >0
LOSGZ >0V 0eR
(24 cosB)
T
0, —
or 0e [ 2] 1

(4 - cos 0) is always greater than 0.
Since - 1<cos <1, (2 + cos 8)? > 0.
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?3; Long Answer Type Questions-II

Q.1 Find the intervals in which f(x) = sin 3x - cos 3x,
0 < x < m, is strictly increasing or strictly
[Delhi Set I, 11, 111, 2016]
f(x) = sin 3x — cos 3x,

f(x) =3cos3x + 3sin 3x

Sol.

Q.3.

Sol.

(6 marks each)

decreasing.

or

Put f'(x)
or cos 3x + sin 3x
or sin 3x
or — tan 3x
or tan 3x

O<x<m

= 3(cos 3x + sin 3x) 1
=0

=0

= —cos 3x

=1

=-1 1

AsO<x<m0<3x<3n
.. tan 3x is negative for the following values :

3x = s
4
T
or x = —
4
3x = 1t+3—1E n
4 4
7T
or X = —
12
7n 11n
= —+n=—n
4 4
11
= 1
or x - Ya
Hence we have intervals :
] ; Nature of
Intervals Sing of f'(x) function
T ... .
(0, Z) Positive Increasing | %2
T Negative Decreasing | V5
412 & &7
7n 11
l, il Positive Increasing | %
127 12

11n
—
12

Negative

Y

Decreasing

| +ve

-ve | +ve

—-ve

|

| I
0 3

4

|
had
12

|
1
1in T
12

iz

Hence, f(x) = sin 3x — cos 3x is strictly increasing

in the intervals (0, E)U(E H—n) and strictly

4

127 12

decreasing in intervals (E E)u(lln n) 1

4’ 12

127

Q. 2. Prove that the function f defined by f(x) = ¥* -x + 1
is neither increasing nor decreasing in (- 1, 1).
Hence find the intervals in which f(x) is :

(i) strictly increasing

(ii) strictly decreasing.
[Delhi Set IT Comptt. 2014]

Sol. f(x)=2x-1 1
) 1
fx)>0,Vxe E,1 1
’ 1
f(x)<0,Vxe —1,E 1
- f(x) is neither increasing nor decreasing in
(-1, 1). 1
f(x) is strictly increasing on G , 1) 1
N . 1
and f(x) is strictly decreasing on | -1, = 1

[CBSE Marking Scheme 2014]

Find the intervals in which the function f given by f(x) = sin x — cos x, 0 <x < 2m is strictly increasing or strictly

decreasing.

Given, function is f(x) = sinx —cos x, 0 < x < 2w
On differentiating both sides w.r.t. x we get f‘(x) = cos x + sin x
On putting f'(x) = 0, we get

cos x + sin x = 0 or sin x = —cos x

or

For

or

or

sinx
cosx

xe [0, 2x], tan x

tan x

—lor tanx=-1

37
— or x=—
4
7
tan—TC
4
7 3n 7n
==

[Delhi 2010]
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[-tan @ is negative in 2"! quadrant and 4" quadrant] 2
Now, we find the intervals in which f(x) is strictly increasing or strictly decreasing,.
Interval Test value f'(x)= cos x + sinx Sign of f'(x)
3n b T T, . T
O<x<— At x== —|=cos—+sin—=0+1=1 +
| {E)- v .
3n 7n 5m 51 5m 5w
—<x<— At x=== 1 == | = cos— + sin —
1 1 x 5 f(6) cos6+sm6

AT T
=cos| t—= |+sin| n—= -ve
( 6) ( 6)

n . m /3 1 —\/§+1
=—C0sS—+S8in—=—+—=
6 6 2 2 2

7—Tc<x<2ﬂ: At x="7 f' 23n =(:0523—Tc+sin23—Tc
4 12 12 12

+ve

= Cos 27:—£ +sin 27:—£ =cos£—sin£>0
12 12 12 12

2
We know that, a function f(x) is said to be strictly increasing in an interval when f'(x) > 0 and it is said to be strictly

3n 7T
decreasing when f'(x) < 0. So, the given function f(x) is strictly increasing in intervals [0,4) and (4,275] and it
. . . . 3n 7w
is strictly decreasing in the interval 21 ) 1

TOPIC-5

Maxima and Minima

Revision Notes

1. Understanding maxima and minima :
Consider y = f(x) be a well defined function on an interval I, then
(a) fissaid to have a maximum value in ], if there exists a point ¢ in I such that f(c) > f(x), forallx € L.

The value corresponding to f(c) is called the maximum value of f in I and the point c is called the point of
maximum value of fin I.

(b) fissaid to have a minimum value in [, if there exists a point ¢ in I such that f(c) < f(x), forall x € L.

The value corresponding to f(c) is called the minimum value of f in I and the point c is called the point of
minimum value of fin L.

(c) fissaid to have an extreme value in ], if there exists a point ¢ in I such that f(c) is either a maximum value or
a minimum value of fin .

The value f(c) in this case, is called an extreme value of fin I and the point c called an extreme point.

Know the Terms

1. Let f be a real valued function and also take a point ¢ from its domain, then
(i) cis called a point of local maxima if there exists a number & > 0 such that f(c) > f(x), for all xin (c -k, c + h).
The value f(c) is called the local maximum value of f.
(ii) cis called a point of local minima if there exists a number /1 > 0 such that f(c) < f(x), for all xin (c -k, c + h).
The value f(c) is called the local minimum value of f.
2. Critical points
Itis a point c (say) in the domain of a function f(x) at which either f’(x) vanishesi.e., f (c) = 0 or fis not differentiable.

3. First Derivative Test :

Consider y = f(x) be a well defined function on an open interval I. Now proceed as have been mentioned in the
following algorithm :
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STEP 1 : Find @
dx

STEP 2 : Find the critical point(s) by putting Z—y =0. Suppose c € I (where I is the interval) be any critical point
x

point and f be continuous at this point c. Then we may have following situations :

= Z—Z changes sign from positive to negative as x increases through c, then the function attains a local maximum
atx =c.

= % changes sign from negative to positive as x increases through ¢, then the function attains a local
minimum at x = c.

= d—y does not change sign as x increases through ¢, then x = cis neither a point of local maximum nor a point
x

of local minimum. Rather in this case, the point x = cis called the point of inflection.
4. Second Derivative Test :

Consider y = f(x) be a well defined function on an open interval I and twice differentiable at a point ¢ in the
interval. Then we observe that :

9 x = cisapoint of local maxima if f'(c) = 0 and f’(c) < 0.
The value f(c) is called the local maximum value of f.
S x = cisa point of local minima if f'(c) = 0 and f’(c) > 0
The value f(c) is called the local minimum value of f.
This test fails if f'(c) = 0 and f’(c) = 0. In such a case, we use first derivative test as discussed above.
5. Absolute maxima and absolute minima :
If f is a continuous function on a closed interval I, then f has the absolute maximum value and f attains it atleast
once in I. Also f has the absolute minimum value and the function attains it atleast once in I.
ALGORITHM

STEP 1: Find all the critical points of fin the given interval, i.e., find all the points x where either f (x) = 0 or fis not
differentiable.

STEP 2 : Take the end points of the given interval.
STEP 3 : At all these points (i.e., the points found in STEP 1 and STEP 2) calculate the values of f.

STEP 4 : Identify the maximum and minimum value of f out of the values calculated in STEP 3. This maximum
value will be the absolute maximum value of f and the minimum value will be the absolute minimum value of
the function f.

Absolute maximum value is also called as global maximum value or greatest value. Similarly absolute minimum
value is called as global minimum value or the least value.

?j Objective Type Questions (1 mark each)

Q. 1. Let the f: R — R be defined by f(x) = 2x + cosx, Q. 2. If x is real, the minimum value of x> - 8x + 17 is

thenf: (a) -1 (b) 0
(a) hasaminimumatx =n (c) 1 (d) 2
(b) has a maximum, atx =0 [NCERT Exemp. ]
(c) is a decreasing function Ans. Correct option : (c)
(d) is an increasing function Explanation : Let,
[NCERT Exemp. | fx) = x*-8x + 17
Ans. Correct option : (d) On differentiating with respect to x, we get
Explanation : Given that, f '(x) =2x-38
f(x) = 2x + cos x So, f'(x)=0
Differentiating with respect to x, we get —2%—8=0
f'(x)=2+(-sinx) —  2r—8
=2-sinx x=4
Now, Again on differentiating with respect to x, we
Since, f'(x)>0,Vxe R get

f(x)=2>0,Vx
Hence, f(x) is an increasing function. So, x = 4 is the point of local minima.
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Q.3.

Ans.

Q.4.

Ans.

Minimum value of f(x) atx = 4
f(4) = 4x4-8x4+17 =1

The smallest value of the polynomial x> — 18x> +
96x in [0, 9] is
(a) 126
(c) 135

(b) 0
(d) 160
[NCERT Exemp. ]
Correct option : (b)
Explanation : Given that, the smallest value of
polynomial is x* — 18x* + 96x
On differentiating with respect to x, we get
f(x) = 3x% - 36x + 96
So,
f'(x)=0
= 3x"-36x+96=0
=3(x*-12x+32) =0
= (x-8)(x-4)=0
= x=8,4¢[0,9]
We shall now calculate the value of f at these points

and at the end points of the interval [0, 9], i.e., at
x=4andx =8andatx =0and atx = 9.

f(4)= 4°-18.4%+96.4
=64 —-288+384
=160
f(8)= 8°-18.8%+96.8
=128
fO)= 9°-18.9+96.9
=729 -1458 + 864
=135
and f(0)= 0°-18.0%+96.0
=0
Thus, we conclude that absolute minimum value of
fon [0, 9] is 0 occurring at x = 0.
The function f(x) = 2x® - 3x® - 12x + 4, has
(a) two points of local maximum
(b) two points of local minimum
(c) one maxima and one minima

(d) no maxima or minima
[NCERT Exemp. ]

Correct option : (c)

Explanation : We have,
f(x)=2x>-3x*-12x+4
fl(x)=6x"—6x-12
f'(x)=0

= 6(x*-x-2)=0
=6(x+1)(x-2)=0

= x=-land x=+2

Now,

On number line for f (x), we get
+ - +

< l l N
< T T 7

-1 2
Hence, x=—1 is point of local maxima and x = 2 is
point of local minima.

So, f(x) has one maxima and one minima.

Q.5.

Ans.

Ans.

The maximum value of sin x.cos x is
1 o1

@ ®

© 2 d) 22

[NCERT Exemp. ]

Correct option : (b)
Explanation : Let us assume that, f(x) = sin x.cos x
Now, we know that

. 1.
sinx.cosx = Estx

fl(x)= %.cost.Z =cos2x

Now, f'(x)=0
= cos2x=0

b
= cos2x = cosE

b
= x==
4
n d .
Also, f"(x)= d—.cos 2x =-2.8in2x
x

T b
S f(x r=-2sin2.—=-2sin—=-2<0
L], e i 5

4
T, . T .
At 1 is maximum and le point of maxima.

f(n)=1.sin.2.n= 1
4) 2 4 2

. Maximum slope of the curve y = —x® + 3x* + 9x - 27
is:
(@ 0 (b) 12
(c) 16 (d) 32

[NCERT Exemp. ]
Correct option : (b)
Explanation : Given that,
y=-x>+3%+9x-27

;Ly =-3x” +6x +9 = Slope of the curve
x

d*y
—2=—b6x+6=—6(x—1
2 % (x—1)
y_
dx?
=-6(x-1)=0
= x=1>0

3

Now, §J=—6<0

x3

and

So, the maximum slope of given curve is at x=1.

[d}/] =-3.1"+6.1+9=12
ax foo)

Q. 7. The maximum value of (11 is:

X
(b) ¢
/e

@ (1

e
[NCERT Exemp. Ex. 6.3, Q. 59, Page 141]

(@) e

(C) el/ﬂ
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X
Ans. Correct option : (c) dy 1 1Y
Explanation : x 10%;_1 <
1
Let y:(]. Now, W _y
x dx
= logy:x.log1 = loglzl—loge
x
1dy_ x. iz +10g1.1 = 1=e
y dx 1 x x x
x 1
= x==
=-1+log~ ¢

2t
7

ol

kong Answer Type Questions-I

Hence, the maximum value of f ( ] (e)"".

(4 marks each)

Q. 1. An'open tank with a square base and vertical
sides is to be constructed from a metal sheet so
as’to hold™{ given quantity of water. Show that
the cost of material will be least when depth of
the tankxi&glalf of its width. If the cost is to be
borne by nedrby settled lower i 1nfome families, for

om w; ter will be provide d, of Value
‘ﬂ%intfgen {n'this questl‘i)%il eﬁl‘{i I)11/OD 2018]

Let side of base = x and depth of tank = y

Sol.
V=xy=sy= KZ,
x

(V = Quantity of water = constant)

Cost of material is least when area of sheet used is
minimum.

4V
A (Surface area of tank) = x* + dxy = x> + —
x

dA 4V
= =2 =
dx X
@ Vot
dx
= x> =2V,
3
X
y=57 =5 VitV
* 2 [as V = x2y]
2
M =2/ g >0, Yot
dx 5
.. Area is minimum, thus cost is minimum when
X
=3
Value: Any relevant value. 1

[CBSE Marking Scheme 2018]

Commonly Made Error

o In most of the cases, candidates do not read the
question attentively which results incorrect variable
in area.

Answering Tip

e Give adequate practice on mensuration related
concept and problems.

Detailed Answer :

Sol. Let the length, breadth and depth of the open tank
be x, x and y, respectively. Length and breadth are
same because given tank has a square base. Again,
;let V denotes its volume and S denotes its surface
area. Now, given that

V=x%y ()1

Also, we know that the total surface area of the
open tank is given by

S =x% + day ...(ii)

[+ S = area of square base +

area of the four walls]

On putting y = 12 from Eq. (i) in Eq. (ii) we get
x

S =%+ 4x. Xz
x
or S=x*+ v 1
x
On differentiating both side w.r.t x, we get
as = 2x—%
dx x

. .. ds
For maxima or minima, put o =0
X

4v
2x—— =0

or x2
or 4V =23 1
or dy?y=2x> [V =xPy, fromEq. (i)]
or 2y=xory = 3
So, depth of tank is half of its width. 1

d*s _ d(dsS d 4v

22 _ - Do
Also, e dx(dx) dx( X > J

=2+ 8v

x3
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¥

Vi

e

Sol.

Sol.

[from Eq. (i)]

= 2+§y>0, asx>0andy>01
x

Long Answer Type Questions-II

2
ﬁ>O

Thus,
dx?

or S is minimum.

Hence, total surface area of the tank is least, when
depth is half of its width. Hence proved. 1

(6 marks each)

. Find the absolute maximum and

. Find the local maxima and local minima, of the

function f(x) = sin x — cos x, 0 < x < 2x. Also find
the local maximum and local minimum values.

[NCERT] [Delhi I, II, III, 2015]

Given f(x) = sin x — cos x, 0<x<2m
f'(x) = cos x + sin x, 0<x<2m
fx)=0

Or cosx+sinx=0 ortanx =-1 1

X = 31/ 7l 1
4 4
Getting f(x) = cos x —sin x 1
3n 3n 3n
f"l — | = cos——sin—
4 4 4

_ 1 1 2 1

2 2z 2

ie. fn( ) is negative, so at x = % f(x) is local

maxima 1

Hence, local maximum value =

7
and f"(—n) = Cos7—n—sm7—7c
4 4 4

5h

. W7 . .\ T . ..
ie, f 7 is positive so xzz is local minima

Hence, local minimum value
1 1

= ==—===——===2 1
[CBSE Marking Scheme 2015]

absolute
minimum values of the function f given by
f(x) = sin’x — cos x, x € [0, 7]

[Outside Delhi Set-II 2015]

f(x) = sinx — cos x, xe [0, ]
f'(x) = 2sinx cosx — (-sinx)
f(x) = 2sinx cosx + sinx

Put f'x)=0

Then, (2sinx cosx + sinx) =
sinx (2cosx + 1) =0 1

Sol.

-1
sinx = 0 or cosx = —
2
51
x=0,Torx = 3 1
So, f(0) = sin0—cos 0 = — 1 1
f Bl — sin? & — Cos &
6 6 6
_1.\B
T4 2
5 1-243
%)-(=22) 1
6 4
f(m) = sin*t—cos =1 1

Of these values, the maximum value is 1, and the

minimum value is —1.

Thus, the absolute maximum and absolute

minimum values of f(x) are 1 and — 1, which is attain

at xe (0, m), 1
[CBSE Marking Scheme 2015]

. A tank with rectangular base and rectangular

sides open at the top is to be constructed so that its
depth is 3 m and volume is 75 cm?. If building of
tank costs T 100 per square metre for the base and
% 50 per square metre for the sides, find the cost of
least expensive tank.

[Delhi Set I, II, III Comptt. 2015]

Let [, b, h be the length, breadth and depth of the
tank, respectively.

IXbx3=75 1
or I Xb=25
Let C be the cost, then

C =100( X b) + 50 X 2 [h(b + )] 1

= 100(1 X ?) + 300(? + l)

2500+300(?+l) 1

Differentiating w.r.t. [,

Co 0+300(;§5+1)
dl !
Putting, % =0,
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or 300(—?+1) =0
)

or P=250rl=5 1

2
e~ an( %)
dr l

d*C 15000
or — = E >0
dl atl=5

i.e., Cis minimum when [ = 5
= b=5 1
e C = 100(25) + 300(10)
= 2,500 + 3,000
= 5,500
Hence the minimum cost is ¥ 5,500. 1
[CBSE Marking Scheme 2015]

Getting,

Q.4. A jet of enemy is flying along the curve
y = x> + 2 and a soldier is placed at the point (3, 2).
Find the minimum distance between the soldier

and the jet. [S.Q.P. 2015]
Sol. Let P(x, y) be the position of the jet and the soldier is
placed at A(3, 2)
or AP = \[(x-3)*+(y-2) (@)1
As y=x*+2ory-2=x ...(ii)
: AP? = (x - 3)? + x* = z(say) 1
dz =2(x-3) + 4x° 1
dx
d
dx
-6+4=0
Put x=1
2-6+4=0
-~ x—11is a factor
2
and LR 1
dx
4z =0orx=1 1
dx
2
and d—i(atx=1)>0 Y
dx

-~ zisminimum whenx =1,y = 1 + 2 = 3 units

~.minimum distance = /(1-3)*+(3-2)* = J5 unit

]
Y

Q. 5. Find the point P on the curve y* = 4ax which is

nearest to the point (114, 0).
[O.D. Comptt. Set II, 2014]

P(x, y)

.(1 1a, 0)

Sol.

Let P(x, y) be the nearest point

D= (x—11a)* +y* P
or S = (x—11a)* + y* = (x— 11a)* + 4ax %
a5 =2 (x—11a) + 4a (as y* = 4ax) 1
dx
E =0orx=9% 1
dx
y==*6a 1
2
Or LE =2>0
dx
For minimum distance, points are
P(9a, + 6a) YVotVs

[CBSE Marking Scheme 2014]
Q. 6. A given rectangular area is to be fenced off, in a
field whose length lies along the river. Show that
the least length will be required when length of
the field is twice its breadth. [S.Q.P. 2013]
Let length be x m and breadth be y m.
. Length of fence, L = x + 2y

Sol.

Let givenarea=aorxy=aory= —
2
or L= x+fa 1
X
2
or L _ -2 ¥
dx xz

For maxima or minima,
dL 1
= =Qorx*=21, .. x= 2a %

dx
2
d%:éa>0 1
dx x3
For minimum length,
2a
L= 2a+— 1
J2a
- 2 2
2a 1
Y AL CT N
* V=i 2 T2 &
x =2y 1

Q. 7. An open box, with a square base is to be made
out of a given quantity of metal sheet of area ¢
Show that the maximum volume of the box is

3

63
[NCERT Exemplar]
[O.D. Set I Comptt. 2012] [O.D. Set I, II, II, 2012]
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Sol.

Let the length, breadth and height of open box be
X, X, y units respectively.

A=+ 4wy Y2
2 2
i y _-x "
4x
2 cz—xz
or Volume V of the box = x%y = x ix %
2 3
_. 2 1
4 4
v _ ¢ 3.,
dx 4 4
for maxima or minima
av =0
dx
2
C——éx2 =0
4 4
€
or X = ﬁ 1+ %
v 3
ﬁ = —x<0
or maximum %)
e
B
€
or = — 1/2
N
2 3
c @ 1

. c
maximum volume = x%y = =

2B 63

[CBSE Marking Scheme 2012]

Q. 8. A cuboidal shaped godown with square base is

Sol.

to be constructed. Three times as much cost per
square meter is in curved for constructing the roof
as compared to the walls. Find the dimensions of
the godown if it is to enclose a given volume and
minimize the cost of constructing the roof and the
walls. [SQP 2018-19]

Let the length and breadth of the base = x
Also let the height of the godown = y.
Let C be the cost of constructing the godown and
V be the given volume. s
Since cost is proportional to the area, therefore

C = k[3x* + 4xy],
where k > 0 is constant of proportionality...(1) 1%

x%y = V(constant) (2%
VvV
y= 2 (3

Substituting value of y from equation (3), in
equation (1), we get

s

= k[sz +ﬂ]
X

dC 4\7]
— =k|bx—— (@)1
dx [ x? @)
For maximum or minimum value of S
ac _,
dx
= 6x—g =0
x
1
_(2V}
= 5= 3
Lo
2V 4*C 8V
When,x: (3)9, ﬁ=6+?
=18>0
1
L 2V s
.. Cis minimum when x = 3 1
(18V);
18V)3
and Y= 5 1,

[CBSE Marking Scheme 2018]

[AI] Q. 9. A metal box with a square base and vertical

Sol.

sides is to contain 1024 cm3. The material for the
top and bottom costs T 5 per cm? and the material
for the sides costs ¥ 2:50/cm?. Find the least cost of
the box. [NCERT Exemplar]
[Delhi Comptt. 2016 Set I, II, I1T] [Delhi 2017]
Let side of square base of box
= xcm,

height of box = h cm.
Volume of box = 1024 cm3

or xx-h = 1024
b= 10%4 1
x
C(cost of box) = 5(2x%) + 2-5(4x%)
= 10x* + 10hx
= qou2 4 10240 1%
x
or ac _ 2.03(—10’22'4 ,
dx X
Solving Z—C =0,wegetx’ =512 .. x=8
5
2
d (Z:] _ 20+2(10§40)] )
ax® | X =
= 20 +72(10240) >0 ¥

83
Thus, cost of box is least at x = 8 and least cost of
box is :
C(8) = 10(8)* +10%
= 640 + 1280
=3 1,920 1
[CBSE Marking Scheme 2016]
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Q. 10.

Sol.

Q.11

Sol.

Find the points of local maxima, local minima and
the points of inflection of the function f(x) = x° -
5x* + 5x° — 1. Also, find the corresponding local
maximum and local minimum values.

[Outside Delhi Set I, II, ITI Comptt. 2016]

[NCERT Exemplar]
fx) =" -5t + 53— 1
or f/(x) = 5x* - 20x° + 15x2 1
or f(x) = 5x%(x - 1)(x - 3)
fx)=0orx=0,x=1,x=3 1%
f(x) = 20x°- 60x* + 30x
= 10x[2x* — 6x + 3] 1
F0)=0,f(1) = —ve,f(3) = + ve
also, f'>0) ——ve}
fi(<0)=-ve

x = 01is a point of inflexion

x = 1is a point of local maxima

x = 31is a point of local minima 1%>
Local max. value = f(1) = 0 }
and Local min. value = f(3) = — 28 1

[CBSE Marking Scheme 2016]
A figure consists of a semi-circle with a rectangle
on its diameter. Given the perimeter of the figure,
find its dimensions in order that the area may be
maximum.
OR

A window is in the form of a rectangle surmounted
by a semicircular opening. The total perimeter of
the window is 10 m. Find the dimensions of the
windows to admit maximum light through the

whole opening.
[Outside Delhi Set I, II, ITT Comptt. 2016]
[O.D. 2017, 2011, Foreign 2014]

Let length and breadth of rectangle be xand y. 1

P= 2y+x+n% (Given)
2
A= xy+—-—n—
x x| T’
o L -
2 2 8
X x2 xZ 2
= P-———-n—+n—
2 2 4 8
4—x/2—>
Yy
Y
x
el _F B
dx 2 2 4
_P_ m .
2 4
A
dx

or x= 2P andy=i 1+1
4+m 4+7
d*A
=-1-m/4<0
dx’
or Area is maximum, when length
_ 2P
4+’
breadth = P 1
4+7
[CBSE Marking Scheme 2016]
Q. 12. Show that semi-vertical angle of a cone of

Sol.

Commonly Made Error

maximum volume and given slant height is

()

[Delhi Set I, 2014][O.D. 2016]

=

r=1sin0®
h=1cos9
1, T3
= —nr’h=—=0 sin?
3 3 sin“0 cosd 1
av

or 40

- 213[25in9c0529 —sin®0] 1
. .. av
For maxima and minima, d—e =0 1%

sin 8 (2 cos® 8 —sin®0) = 0

1 (1
cosezﬁ 0r9=C051(ﬁ) 1%

is negative. 1

or
2
ae’

Hence, volume of the cone is maximum when

1
semi-vertical angle is cos™' (ﬁ)

[CBSE Marking Scheme 2016]

Most of the candidates attempt this question
incorrectly. Some candidates could not express volume
of the cone as a function in mathematical form.

Answering Tip

Explain exhaustively the concept of maxima
and minima and its application. Give practice in
problems based on maxima and minima.
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Alternative Method :

Let 8 be the semi-vertical angle, [ be the given slant
height, then radius of base = [ sin 6.

height = I cos 6

V= 11tr2h=11t(lsir16)zlcose 1
3 3
1 5.,
or V= gnl sin“ 0cos6
av

o
=
|

=Ip [2sinBcos® 6+ sin” 6(—sin6) |
de 3

T
= ZPsin6| —(1-cos®0)+2cos>H

= §13 sin6(3cos’ 6 —1) 1
For maximum volume put % =0
or 3cos’0-1=0
1
or cosf = —
V3
9= cos” (i) 1
- V3
or
av

o gﬁ [ cos®(3cos’ 6—1)+sin 6(6cos6)(—sin6) |

gls [3 c0s’ 0 — cos0 — 6cos6(1 — cos’ 9)]

ng’ [9c0536—7c056] 1

gls c0s8(9cos6* —7)
1
when cos = Nk then

a*v T 1 )
27 - =Pl—=|3-7)<0
de* 3 (ﬁ( )< !

4 1
~. when@ = cos 1(@)/ given volume is maximum.
. . . L
As r is continuous in (0, E)' and has only one

.. s
extreme point in (0, E)

1
.. Vis absolutely max. for 6 = cos™ (ﬁ) 1

Q. 13. Prove that the least perimeter of an isosceles

Sol.

triangle in which a circle of radius r can be
inscribed is 6+/3 7. [O.D. Set 1, 11, I1I, 2016]

Let AABC be an isosceles triangle with AB = AC.

Let ZBAC = 20 )
AO bisects ZBAC.
Join OE, OF, OD,
where O is the centre of the circle and
OE =0OF=0D=r
Also, OE 1. AC, OD L BC and OF 1L AB.

InAAOE, tan® =
AE
or AE =rcoto
Similarly AF =rcot6
In ZABD, AD 1 BC (AABC is isosceles)
4ABD=90°—9=§—9 Y
OB bisects ZABD, . ZOBF = ZOBD = g_g
In AOFB,
or BF = rcot E_Q =rcot m-26
4 2 4
Similarly BD =DC=CE= rcot(n;ze) Y

We have, perimeter of AABC
P =AB+BC+ CA
=AE+EC+BD + DC + AF + BF

= 2rc0t6+4rcot(n_426) 1

Differentiate with respect to 6,

- _ 2r (- cosec?d)

do
+4r(—cosecZ (LZG) X —1)
4 2

-2
= —2rcosec’d + 2rcosec? (RTGJ

b%)
or On equating, a 0=2rcosec?| = 29
do 4
= 2r cosec?d
or sin? ( n- 26) = sin%0
4
. (n - ze) .
or sin =sin 0O
4
. (n -20 J .
or sin =-sin 6
4
but osesg or sin 20 >sin © b2



APPLICATIONS OF DERIVATIVES

[ 221

. (n—ZB) )
sin #—sin 6
4
& sin(n;ze) =sin 0

n—20

or =0
4
or n—20 =46 or t =660
or 0="or20=" b2
6 3

or AABC is an equilateral triangle.
By second derivative test,

P )
— =- r{2 cosec 0 (- cosec 6 cot 0)} + 2r
de

n-20 n-20) (n-20)( 1 }
2cosec| ——— [y—cosec ot X[ ——
4 4 4 2
= 4y cosec?0 cot 6 + ér cosec? (LZG cot( m—26
2 4 4

1

2
£>0 ato = b2
de? 3

. S T
.. Perimeter is minimum when 6 = =
3

P = Zrcot£+4rcot(m)
6 4
21
= 23 +4rcot| =
7 rco (12)
= er/§+4r\/§
= 637 1

Q. 14. A point on the hygotenuse of a right triangle is at
distances ‘a’ and ‘b’ from the sides of the triangle.
Show that the minimum length of the hypotenuse

3
2 2)2
is | a3 +b3 | .

Sol. A

[NCERT]

[Delhi Set I, II, IIT Comptt. 2015]

6/ \.D

b
a
6

B C
AD = bsec 6 and DC = a cosec 0 1

Let L be the length of the hypotenuse
L =AC=AD + DC

or L =bsecO + a cosec 0 1
dL
or — = bsec6 tan 6 —a cosec 0 cot 6
de
a _,
de

or tan’ = g 1

2= =bpsechtan’0 + bsec’d
de? + g cosec 0 cot?® + a cosec®® 1

2
ie., ﬂ > (0 Or minima 1
de?

L = bsec® + a cosec 6

.\/a2/3 + b2/3 \/le/3 + b2/3

+a
e 4173

or L=p

or L= (a2/3+b2/3)3/2 1

[CBSE Marking Scheme 2015]

Q. 15. The sum of surface areas of a sphere and a

cuboid with sides * , x and 2x is constant. Show
3

that the sum of their volumes is minimum if x is
equal to the three times the radius of sphere.

[NCERT Exemplar]
[Foreign 2016] [O.D. Set I, II, III Comptt. 2015]
2
Given S =4nr’ + 2| = + 242 +Zi
3 3
—Amr?
S = 4nr? + 6x2Or =54
3
and v=24,3,2C
3 3
4 25— 42\
V= Sple 2| 2220 1
3 3 6
av S—an?) (-8
] L nr) 1
dr 6 6
v o_, 1
dr
or 5 1
54 +4m
Y
Now LZV = 8nr + _S—n] 75_4m2
dr? 6 6

2\
+1 S—4nr _—81tr
2 6 6
2
at r= / s dV>0
54 +4n’ g2
v Iy T
.. for 7= 54+ an volume is minimum

ie, 154+ 4m) =
or (54 + 415% 4157 + 6x°

or 6x = 5472
or % =972
or x=3r 1

[CBSE Marking Scheme 2015]
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Commonly Made Error 128
S= Zn( )

2
e The required sum of areas of the two parts has to be T
expressed correctly and in terms of single variable. S
Sometimes Candidates fail in this. = = Zn(Zr _ 1@) 1%
T
Answering Tips das
o Obtaining the result in the required form needs ar =9
simplification, cross-multiplication, substitution., etc. or 2= 64
Q. 16. AB is a diameter of a circle and C is any point on or r=4 Y
the circle. Show that the area of AABC is maximum, d*s 256
At r=4;, — = 2m|2+—
when it is isosceles. [O.D. 2017] dr* r
[O.D. Set I Comptt. 2014] [NCERT Exemplar]
= 2n 2+@
Sol. c 64
“ =121>0 1
.. Surface area is minimum at r = 4 cm;
A h=8cm 1
B - [CBSE Marking Scheme 2014]
Q. 18. Show that the altitude of the right circular
8
cone of maximum volume that can be inscribed
in a sphere of radius r is é;. Also show that the
Let the sides of rt. A ABC be x and y. 1 . . 8
. 2+ 1P =42 maximum volume of the cone is 7 of the volume
1
and A = Areaof A = ol V2 of the sphere. [Delhi Comptt., 2010]
S U [O.D. Set 1, 2014] [O.D. Comptt. Set II, 2013]
Let, S=A"= 1 2y [NCERT] [Delhi Set I, II, III 2016]
1 [Delhi Set I, II, IIT Comptt. 2016]
= = X4’ -9 . . .
4 Sol. Letradius of cone be x and its height be k.
OD = (h-71) Y
= %(sz -xh 1 A
s 1
— == [8rx-4x° 1
dx 4 [8rx =4x] &
or ? =00rx*=2"%orx= 3, 1
by
and =42 -2 =2 ory = \2r
2
i.e.x=yandd—§ =@2r-3?) =27-62<0 1
dx Volume of cone (V)
or Area is maximum, when A is isosceles. 1, g
[CBSE Marking Scheme 2014] - ng‘,x h (1) 72
Q. 17. Of all the closed right circular cylindrical cans of In AOCD, x* + (h—7)? = r* or x* = 1* — (h — 1)?
volume 128 © cm?, find the dimensions of the can ) Ve lnh = (h=1)) 1
which has minimum surface area. o B
[Delhi Set ITI, 2014] 1
= —m(=h’ +21°r) 1
Sol. Let r and h be the radius and height of the 3
cylinder, then, Volume of cylinder (V) av T
nr*h = 1287 or = = g(—?,h2 +4hr) 1
po 128n_128 1 ' W e Y
r r . dah 3
Surface area of cylinder iV n
= 2nr? + 2nrh I g(—6h+ 4r)

= 2n(r* + rh) 1
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~(3))

=—ﬂ<0 1
B

4r . .
ath = = Volume is maximum

Maximum volume

s (8
_ %Gn) 1

8
= (volume of sphere)

[CBSE Marking Scheme 2014]

[AT] Q. 19. Prove that the height of the cylinder of maximum
volume, that can be inscribed in a sphere of radius R

is E . Also find the maximum volume.

V3

[NCERT]

[O.D. Set II Comptt. 2012]
[O.D. Set II, 2014]

[O.D. Set I, II, III Comptt. 2013]
[Delhi Set III Comptt. 2012]

Sol. Let the radius and height of cylinder be r and &
respectively
i V = nr’h ..(0)

But P =R 1

a
=
VY
=

[

|
| =
N—_——

I

3
VY

=

[V

=2

|
| =
w
N—

—

av , 3K
—~ =rnl R -—-— 1
or T ( 4 Y2
For maximum or minimum
2
d—v =0orh?= 4R%
dh
h %R 1+1
or = \/5 /z+
R
h
_______ I A—
2
and v T —@ <0 1
dn* 4

3
2R 1(2R
Maximum volume = 7| R*——=-=| ==
Rl
47R® - " 1
= —— cubic units
33

[CBSE Marking Scheme 2014]

Answering Tip

e Differentiation rules for different functions and
forms need continuous revision and practice.
Obtaining the result in the required form needs
simplification, cross multiplication, substitution, etc.
hence enough revision and practice is required.

[AT] Q. 20. If the sum of the lengths of the hypotenuse and a
side of a right-angled triangle is given, show that
the area of triangle is maximum when the angle

. T
between them is 60° (l'e'/ g) .

[Delhi 2017][O.D. Set III, 2014]
[NCERT Exemplar] [O.D. 2009]

Sol. Let the length of the side AB of rt. AABC be x and
that of hypotenuse AC be y, and

x+y=k
‘A
X
B
Area of AABC = %Jyz —x*x 1

LetS = ixz(y2 -x%)

(given) 1

= DRk -]

= 1[kzxz—ka3] 1
4
Sy
dx
or 1(2k2x—6kx2) =0orx= k 1
4 3
k d’s 1
andatx= -, == = —(2k*—
30 o = (20 12k
1 2 2
= (k-4 <0 1

.. Area of A is maximum for
k

x= -
3
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Q.21

Sol.

Q.22.

Sol.

and y=k—k=gk
3 3
x 1
cos 6 = ;_E
T
Hence, G—E 1

[CBSE Marking Scheme 2014]

The sum of the perimeter of a circle and a square
is K, where K is some constant. Prove that the sum
of their areas is least when the side of the square is

double the radius of the circle. [NCERT]
[Delhi Set I Comptt. 2014]

OR

Given the sum of the perimeters of a square
and a circle. Show that the sum of their areas is
least when the side of the square is equal to the
diameter of the circle.

[SQP 2011][Delhi Set III Comptt. 2012]
Let r be the radius and x be the side of the square

S=mr+ 2
where 27r +4x =k 1
2
S= nr2+(k_2m) 1
2
L = 2nr+ﬂ—k—n Y2
dr 2 4
s _,
dr
— k 1
or "T 2+ 4) v
2 2
d—s = 2n+2 >0 Or minima 1
dr? 2
Hence S is least when
k
r= 1
2(m+4)
b= 1 k-2m k
4 2(m+4)
or X = i =2r 1
n+4

[CBSE Marking Scheme 2014]

Show that of all the rectangles inscribed in a given
fixed circle, the square has the maximum area.
[NCERT]
[Delhi Set I, 2013]
Let ABCD be a rectangle inscribed in a given circle
with centre at O and radius a.
Let AB = 2x and BC = 2y

A|3>
9]

Q.23.

Sol.

Then, OA? = OM?* + AM?
or a? = yz + x?
or Y =2 -2 ..(0)

Let A be the area of the rectangle.

A= 4xy = 4x\ja2 —xz 1

dA A Va? —x% —x?
dx 92 _ 2
2 2
or dA _ 4{ a®—2x }
dx 222
For maximum or minimum value of A,
dA _
dx
2 2
4{a _Zx}—O Orx=% 1
2_ 2 2
2 d
Now, £ =4 {(a? - 22%)a? - x27/2]
dx? dx
2
or 4°A 4[—4x(112 - xz)*l/2 + (u2 - 2x2)
x>
x(=1/2)(a2 - x2)3/%(-2x)] 1
_ 2 5.2
S et ]
\/az —x? (a%-x
d?A
- =-16<0 1
dx =0

V2

Thus A is maximum, when x = £
NG

a

V2

Therefore x = y =

Putting x = in(),y = £
V2

a

V2

Hence area is maximum, when x = y Or 2x = 2y

i.e.,, the rectangle is a square. 1
Find the area of the greatest rectangle that can be

22
inscribed in an ellipse ¥ ¥
272
a b
[NCERT Exemplar] [Delhi Set I, I, ITI, 2013]
Let ABCD be a rectangle having area A inscribed in

an ellipse

=1.

i + LZ =1 ...(i)
a b
Let the co-ordinate of A be (o, B)
.. Co-ordinate of B = (o, -PB)
C=(-0a,-B) P
D= (-0, )

Now A = Length x Breadth

=20 X 2B
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Q.24.

Sol.

or A= 40f
o
or A= do B[ 1-= ¥
a
~(o, B) lies on ellipse (i
2 Q2
S
a b
o
or A% = 160 b2(1—2] 2
a
or A2 = 16b° 2 2 4
—( —-a)
a
2 2
or AA) = 180 20— 40?) 1
do az
D(- o, B) Ala, B)
0 Y2
Ca,-p) B (o, —B)
For maximum or minimum value
2
(A4’ _,
dou
or  2%0-40°=0
or 20(a*-20%) =0
a
or oa=0 o= — 1
NG
2, 42 2
Again d (AZ ) = 16127 (2a* -120%)
do, a
2, 42 2 2
or d(AZ) :@2112—12%1— <0 1
do” | _a a 2
2
a
or For o = ——, A is maximum.
V2

i.e., for greatest area A
a b S
= — andB= — [using(i
o= 75 an B 7 [using (1)]

Greatest area = 40 = 49 % b =2ab. 1

V202

Prove that the radius of the right circular cylinder
of greatest curved surface area which can be
inscribed in a given cone is half of that of the
cone. [NCERT]
[S.Q.P. 2012, 2013] [O.D. Set I, 11, III, 2012]

Answering Tips

Triangles APQ and ABC are similar, are

H-h H
or = —
r R
or h= RH—rH=R—r_H
R R
or h= (1_1)H 1
R
S = 2nrh

S = curved surface is = an(l - %)H

r2
= 2nH r—E 1%
ds 2r
2 = onH[1-2
or dr b ( R)
or Putting§=00rr=§ 1+ 7%
dr 2
. d%s . .
Finding — as negative or maximum 1
dr

. for maximum curved surface area of cylinder,
its radius is half that of the cone.

[CBSE Marking Scheme 2013]

Give adequate practice on mensuration related
concepts and problems.

Q. 25. Prove that area of a right angled triangle of given

Sol.

hypotenuse is maximum when the triangle is
[Delhi Set I Comptt. 2012]

Let one of the side of right angled triangle be x and

hypotenuse be [, then other side is \/l2 —x2.
A

isosceles.

V2 _— 2 !

B X c 1
. Area of triangle = A(x)
=% X base X height

1 ex 1242
2

2-x* x 1 1
orA (x)= + = (2X) X = ——
® 2 1
2_2 2

I
2 2\/12—x2
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_ 122 _y2 B 12— 242
2\/12—x2 2\/lz—x2
For maxima or minima, put A’(x) = 0 1
)
or o 0
W12 — 52
or P-2x>=0 1
or 2% =P
2
or ¥ = [
2
)
x =— (aslength cannot be —ve
7 ( g )
otherside = AB= ]*—x?
_ e E_ B
2 2
_ L
2
A =X (1% = 2x%) x (-2x)
2\112 2
1 1 1
2( l2 x2 )3
2% L
(A" 2 (o, P 2
X=—=
2 L V2
V2
Jd 01
2 2\3/2
2L
2
=-2-0=-2<0 bz
Hence, the area of given right angled triangle is
l
maximum when x = —=i.e., when triangle is
NG g
isosceles. )

Q. 26. Show that the height of a closed right circular
cylinder of given surface and maximum volume,
is equal to the diameter of its base.

[Delhi Set I, 1, III, 2012]
[NCERT] [Delhi 2010] [Delhi Comptt. 2009]

Sol. Surface area A = 2nrh + 2nr?
2
Or p= A-2mr” (i) %
21y
V = nr?h
2
A-2mr
2nr
1 3
= E-[Ar —2mr-] b2
r
or WV oL en?) 1
dr 2
For maximum V,
Wy 1
dr
or A —6mr? = 2nrh + 2mr? — 6mr® = 0 1
or Anr? = 2mrh
or h = 2r = diameter

2
4V _ L om<o
dr2 2
h = 2r will give max. volume. 1
[CBSE Marking Scheme 2012]

Commonly Made Error

e Some candidates consider surface area as function
instead of volume. Few candidates do not apply
proper sign though it.

Answering Tips

e Emphasise on the difference between condition for
maxima and minima.

Q. 27. Show that the surface area of a closed cuboid with square base and given volume is minimum, when it is a

cube. [OD Set 1, 2017]
Sol. Let the sides of cuboid be x, x, y
or¥*y = kand S = 2(x% + xy + xy) = 2(x* + 2xy) %+1
S = 2|:x2+2x£2:|:2|:x2+2—k1 1
X x |
as _ Z[Zx —%] 1
dx X
§=00rx3=k=x2y xX=y 1
dx
ﬁ = 2[2 + ik] >0
ax* P
o x = y will given minimum surface area 1
and x = y, means sides are equal
.. Cube will have minimum surface area Y2

[CBSE Marking Scheme 2017]
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Leb o doud aeboid haus o base' o) wxm
leb il Vol bt V amd Suyac axia be

Vo=at S= afe*sn
g (= _’:1) —— -
__ Y = T 22t ‘-Pu.;, B NI
f r\/"'/m/' = 2x* 4 q,._ - .
T = -
\_,/ = 224 v
e B L o -
df = g (=*+ ) = 4w+ 4v (- = Uw-ev -
de dz XL -
iy = H4-4v(-2) - 4+ v i
de™ ~3 w3

Lre =Yy d%

=8 .

= 9+ & = 12 wmh o >0

x* Jw_""] acv’s

e

“.rr:u- K N "rrummm a_},—- 'x.-\!’*,g

-_— -

L

Hl."l'?u. *"'u. aru.l.-n_ul-tuld b _a eube ﬂ Siole 2 -

[Topper’s Answer, 2017]

Q. 28. Show that height of the cylinder of greatest volume

which can be inscribed in a right circular cone of V = n(h-x)*x tan’ o Y
height h and semi-vertical angle o, is one-third av _ ntan2o. (1 — x) (h — 3x)
that of the cone. Hence find the greatest volume of dx
the cylinder. [NCERT][Delhi Comptt., 2017] av _ Oorh = xorh = 3x
Sol. » T dx
a\ h-x ie., p= L 1%
J{ 3
! < tanZo(6x — 4h)
—— = mtan“o(6x —
T dx?
X
d*v h
S —— <0atx= — 1
v dx 3
1
~. Vis maximum, at x = E
ro 3
=tan o
- x . . 4 3 2
and maximum volume is V = — nh° tan” o 1
r=(h—x)tan o 1

Volume of cylinder
V = nr’x

[CBSE Marking Scheme 2017]
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Q. 29. Show that the right circular cone of least curved Q. 31. Find the minimum value of (ax + by), where xy = c*
surface and given volume has an altitude equal to [Foreign 2015]
V2 times the radius of the base. Sol. Let f (x) = ax + by, whose minimum value is
required.
[0.D. Comptt., 2017, Delhi 2011] e
[NCERT] Then,  f(x)= ax+ -
x
Sol. Let given volume of cone be, V = 1nrzh ()% 2
3 given, xy =c*ory = —
x
.. Surface area (curved) S = nrl = mrr2 +h2 Y
or A= =P (P + 1) On differentiating both sides w.r.t. x, we get
221 2 3V 2 fl(x): u_g 1
A=8= 7| r+| = x
™ For maxima or minima, put f/(x) = 0
[using (i)] b2
or a-— =0
2| 4, 9V? x
=T +— 1% ) )
T b 2 b
or 4= —- orx" = orx=%,/-c 1
2 x a a
dA 2| 3 18V
— =T |4r -— 3 2bc?
dr Tr Now,  f'(x)= 0+—
A _ 0 or 4n? = 181 rtn? 1 b 2bc*
dr 9 At, x=,-¢c, f'(x) = 5 = +ove
or 2 = HPorh = 2r 1% ( éc
a
2 2
di’; = 1'52|:12r2+542v4 :|>0 1 b
dr nr Hence, f(x) has minimum value at x = \/j c
a
or for least curved surface area, height = V2 b 2be?
(radius) [CBSE Marking Scheme 2017] and, Atx = —\/; c,f)= ———z5 =-ve
Q. 30. A wire of length 34 m is to be cut into two pieces. [_ /bc]
One of the pieces is to be made into a square and a
the other into a rectangle whose length is twice its
breadth. What should be the lengths of the two Hence,f(x) has maximum value at x :_\/Ec_ 1
pieces, so that the combined area of the square and a
the rectangle is minimum ? [Foreign 2017] b
When x = ,|-c¢, then
Sol. Let the length of one piece be x m, then length of a

the other piece = (34— x) m

.. Side of square is i m then width of rectangle

will be 34-—x m. 1
2 2
34—
Now, Area(d)=|>| +2[ === 1
4 6
or aA = E—1(34—95) 1
dx 8 9
d—A =0orx=16 1
dx
2
also, % = 1+1>0
dx 8 9
s0, A is minimum when x = 16 1

.. Lengths of the two pieces are 16 m and 18 m. 1
[CBSE Marking Scheme, 2017]

y:

i:L:\/EC )
x (\/E] b

—C

a

. Minimum value of f(x) = a\/E £+ b\/% .c
a

Jab.c ++ab.c
2\/%.(3 1

Q. 32. Show that of all the rectangles with a given
perimeter, the square has the largest area.

[Delhi 2011]
Let x and y be the lengths of two sides of a rectangle.
Again, let P denotes its perimeter and A be the area
of rectangle.
Then,

Sol.

P=2x+y) 1
[ perimeter of rectangle = 2(I + b)]
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Q. 33.

Sol.

or P =2x+2y
or y = P-2x
2 ) 1
We know that, area of rectangle is given by
A=xy
P-2x . .
or A=x 2 [by using Eq. (i)]
2
or A= Dxo2 1
2
On differentiating both sides w.r.t. x, we get
dA _ P-4x 1
dx 2
For maxima or minima, put Z—A =0
x
or P_4x=OorP:4x
or 2x + 2y = 4x [ P=2x+ 2y]
or x=y
So, the rectangle is a square. 1
2 —
Also, A 4| P-dx
dxz dx 2
-2 =-2<0
2

or A is maximum.

Hence, area is maximum, when rectangle is a
square. Hence proved 1
Show that of all the rectangles of given area, the
square has the smallest perimeter. |A| [Delhi 2011]

Let x and y be the lengths of sides of a rectangle.
Again, let A denote its area and P be the perimeter.

Now, area of rectangle, A = xy

or y= A () 1
x
And P=2x+y)
[ perimeter of rectangle = 2(I + b)]
or P = Z[X + é]
x

[ y= é,from Eq. (i)} 1
x

On differentiating both sides w.r.t. x, we get

b _ 2[1—’4—2]
x 1

dx
. .. d
For maxima or minima, put I =0.
x

A A
2(1—x—2j =0orl= =

or
X 1

or A =¥

or xy = 12 [ A=xy]

x=y 1

Sol.

a’r d A 2A4) 4A
o= 212 || = ol 22222
Also, 12 dx{ ( xzﬂ 2(x3j 7 >0

Here, x and A being the side and area of rectangle
can never be negative. So, P is minimum.

Hence, perimeter of rectangle is minimum, when
rectangle is a square. 1

. Find the point on the curve y*> = 2x which is at a

minimum distance from the point (1, 4).

[All India 2011, 2009 C]
The given equation of curve is > = 2x and the given
point is Q(1, 4).
Let P(x, y) be the point, which is at a minimum
distance from point Q(1, 4). 1
Now, distance between points P and Q is given by

PQ = (1-x)* +(4-y)*

using distance formula
d= \/(xz _x1)2 +(2 _yl)z

PQ = \1+x* —2x+16+y> -8y

or

= \/x2+y2—2x—8y+17

On squaring both sides, we get
PQ*=x*+1y*-2x+8y+7

22 2
or PP =L | vyp-2| L |-8y+17
Q (2) +y 5 y+
2
l:given,y2=2x or x=y2:|
4
PQ? = 14 +y?—y? -8y +17
4
or PQ* = 14 —8y+17 1
Let PQ*? =72
4
Then, Z= 14 ~8y+17

On differentiating both sides w.r.t. y, we get
iz _ 4y’

-8 =y-8 1
dy 4 Y
. .. dz
For maxima or minima, put - =0
Y
or ¥-8=0o0ry’=8
or y =2 1
d*z d, 3 2
Also, —= = —(y°-8)=3
dy* dy Y !

On putting y = 2, we get

d*z
¥ =3Q2)%=12>0
U
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Q. 35.

Sol.

dz—z >0

dy’
. Z is minimum and therefore PQ is also minimum
as Z = PQ>. 1

On putting y = 2 in the given equation, i.e., y* = 2x,
we get

(2)* =2x
or 4 =2x
or x=2
Hence, the point which is at a minimum distance
from point (1, 4) is P(2, 2). 1
Find the maximum area of an isosceles triangle
inscribed in the ellipse ?;+TZ =1, with its

vertex at one end of the major axis.

[Delhi 2010 C] [NCERT]
Given equation of ellipse is

2 2
Ly
25 16

Here,a=5,b=4

a>b
So, major axis is along X-axis.

Let AABC be the isosceles triangle which is inscribed
in the ellipse and OD = x, BC = 2y and AD = 5—x.

©4 p

D|(x,0

A5, 0)

h

0, 4)C xy)

YY
Let A denotes the area of triangle. Then, we have

A= % X base x height = % X BC x AD
1
or A= E.Zy(S—x)orA=y(5—x) 1
On squaring both sides, we get
A? = (5 - x) ..(i)
2 2
Now, 2V g
25 16
2 2
or I 12
16 25
16
2= 005 42
or y 25( x%)

On putting value of y*in Eq. (i). we get
A= %(25 —x?)(5-x)*

Let A’=7

Then, z- 16 (25 -x%)(5-x)* 1
25
On differentiating both sides w.r.t. x, we get

- o125 =325 - XD+ (50 (-20)]

dx
[by using product rule of derivative]
=16 (-2) (5-x) {25 - x* + 5x — x?}
16 2
= —(-2)6-x)"(2x+5
22 (260 (2x+5)
= —%(S—X)Z(ZJH-S) 1
For maxima or minima, put Z—Z =0
X
or —Q(S—x)2(2x+5) =0orx=>5o0r 5 1
25 2

Now, when x = 5, then
16 )
Z = —(25-25)(5-5)" =
2 (25-25)5-5)

which is not possible.

So, x = 5is rejected.

5
xX= —-—=
2
d*z d(dz
Now, P dx(dxj
= i(—£(5—x)2(2x+5j
dx\ 25
= —g[(S—x)Z.Z—(2x+5)2(5—x)]
25
64 192x
= — 22 (5_x)(-3%) =
25 3130 =—"(5-1)
-5 (d*z
. = —,|— <0
o Atx > [dszs
=2
2
or Z is maximum. 1
. Area A is maximum, when x = —g andy = 12

Also, the maximum area is

2
16 25 5
—A2= 2f25-2 542
2=4 25( 4j{ z}
165,25 o,
25 4 4

Hence, the maximum area, A = v3x225
= 154/3 sq units. 1
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Q. 36.

Sol.

Q.37.

Sol.

A manufacturer can sell x items at a price of ¥

x
[S_RJ each. The cost price of x items is ¥

[§+500j . Find the number of items he should

[NCERT]
[All India 2009]
Given that manufacturer sells x items at a price of

4 (5 - %} each.

.. Total revenue obtained

o] oo

sell to reach maximum profit.

1
Also, cost price of x items =¥ (% + 500]
Let P(x) be the profit function.
We know that,
Profit = Revenue - cost 1
2
p=|5x-2 |- 4500
100 5
2
or p= XL X 5 1
100 5
On differentiating both sides w.r.t x, we get
P 2x %A
dx 100 5
. .. dP
For maxima or minima, put T =0
X
or —£+%=Oorx=240 1
100 5
2 d (dP d 2 24
o, P} (2 30
dx? dx\ dx dx\_ 100 5
-2 _ 1
100 50
2
Thus, at x = 240, F <0 or Pis maximum. 1
b

Hence, number of items sold to have maximum
profit is 240. 1

A tank with rectangular base and rectangular
sides, open at the top is to be constructed, so that
its depth is 2 m and volume is 8 m>. If building of
tank cost ¥ 70 per sq m for the base and ¥ 45 per
sq m for sides. What is the cost of least expensive
tank ? [Delhi 2009] [NCERT]
Let x m be the length, y m be the breadth and h = 2
m be the depth of the tank. Let ¥ H be the total cost
for building the tank. Now, given that # = 2 m and
volume of tank = 8 m°.

Also, area of the rectangular base of the tank

= length X breadth = xy m? 1
and the area of the four rectangular sides

= 2 (length + breadth) X height

=2(x+y)><2=4(x+y)m2 1
. Total cost, H =70 X xy + 45 X 4(x + y)
H = 70xy + 180(x + y)
Also, volume of tank = 8 m>

or

0)

or IXbXh=8orxXyx2=8
or y=2 (i) 1
X

4
y =280 + 180 (x+;)

. . dH
For maxima or minima, put — =0

dx
4 4 4
or 180(1—f) =0or1-—=0or —=1
x? x? x?
or =4
or x=2 [x>0]1
PH d dH) d{ 4
Al 20 22 = —|180|1-—
50 dx> dx(dx dx x*
8
= —x180
3
2
Atx =2, dilj :%x1802180>0
dx® | 2
x=2
2
d7H >0
dx?
or Hisleastat x = 2. 1

4
Also, the least cost = 280 + 180 (2 + E)

[put x = 2 in Eq. (iii) to get least cost H]
=280 + 180 x 4 = 280 + 720 = ¥ 1000
Hence, the cost of least expensive tank is ¥ 1000. 1

Q. 38. Show that the right-circular cone of least curved

Sol.

surface and given volume has an altitude equal to
V2 times the radius of the base.[OD Set III 2013]
[Delhi 2011] [NCERT]

OR

Prove that the semi-vertical angle of the right
circular cone of given volume and least curved

surface area is cot™+/2. [Delhi 2014, 2009]

Let ABC be right-circular cone having radius
‘r" and height ‘i’. If V and S are its volume and
surface area (curved) respectively, then

S = nrl
o S = mrvh*+1* ..(i)
Also, Ve lun orn = 3—VZ
3 r

Putting the value of 4 in (i), we get



232 1

Oswaal CBSE Chapterwise & Topicwise Question Bank, MATHEMATICS, Class-XI|

Q. 39.

9V? + m’r®
or s = m'r (24 1
nr
[Maxima or Minima is same for S or 5?]
A
/
h
=] r N
uu/u
2
or S*=9—+mrt
7
Differentiating with respect to ‘7’ 1
-18V?
8y = 83 +4nr ...(i)
r
Now, put (5% =0
-18V?
or ——+4n’r’ =0
r
or 4nr° = 1812

Putting value of V,

4% = 18 x %nzr‘%2

or 2r% = I

h
or r= — 1

V2
Differentiating (ii) with respect to ‘7, again

2
= AV oy
r

or (Sz)n]y: % >0 (for any value of r)
2

Hence, $%i.e., S is minimum for

L,
V2
or h=\/Er.

i.e., for least curved surface, altitude is equal to
J2 times the radius of the base.

Then,
If 0 is the semi-vertical angle of cone, then
cotO = ﬁ = ﬁ
r r
or cot®= 2
or 9= cot™ (\/E ) 1

[CBSE Marking Scheme 2014]

A window has the shape of a rectangle surmounted
by an equilateral triangle. If the perimeter of
the window is 12 m, find the dimensions of the
rectangle that will produce the largest area of the

[(O.D.) 2011]

window.

Sol.

Let x and y be the dimensions of rectangular part of
window and x be side of equilateral part.
If A be the total area of window, then

A= xy+ﬁxZ (i)
4
Also, x + 2y + 2x = 12
or 3x + 2y =12
12-3x
or = 1
Y 2
A= 12739 VB o pom )
2 4
2
or A = 6X — BL + ﬁxz
2 4
or A'=6-3x+ ﬁx 1
2
[Differentiating with respect to x|
Now, for maxima or minima,
A'=0 X X
6-3x+ ﬁx =0
2
12 y y
or X = m
X
Again A”= -3+ ? < 0 (for any value of x)
A"](: 2 =
NG

12
12_3(7)
y= ﬂ 1

and
ie, for largest area of window, dimensions of
rectangle are

_ 18-643

x= 12 and _—
6-v3 VT -

Q. 40. If length of three sides of a trapezium other

Sol.

than base are equal to 10 cm, then find the area of
the trapezium when it is maximum.

[NCERT]

[0.D. 2010, O.D. Comptt., 2014,

Delhi Comptt., 2013]
The required trapezium is as given in figure. Draw
perpendiculars DP and CQon AB. Let AP = x cm. Note
that AAPD = ABQC. Therefore, QB = x cm. Also, by



APPLICATIONS OF DERIVATIVES [ 233
1) = 0 o 2 -
Pythagoras theorem DP = QC = /—100—x2. Now, A’(x) = 0 gives 2x“ + 10x - 100 = 0,
. ie., x=5and x = -10.
Let A be the area of the trapezium. _
D 10 cm c SO, x =5.
Now, A’(x) =
—2x)
V100 — x* (—=4x —10) — (—2x* - 10x + 100)(7
2+/100 — x*
2
10 cm 10 cm 100 — x
_ 2x”—300x —1000
1
(100 — x*)2
—I r . . .
A xcm P 10cm Qxcm B (on simplification)
Then, A=A®x) 1 2(5)° —300(5) - 1,000

= 1 (sum of parallel sides) X (height)

_1

=5 (2x +10 +10)§/100 — x*
= (x +10)W/100 — x*

( ZX)
24100 - x*
—2x*—10x+100

V100 - x2

Q. 41. Find the maximum and minimum values of f(x) = sec x

or A(x)=(x+10)———

+ (100 - x*)

or A’(5) = 1

(100—(5)2)%
_ -2,250 _-30 _
NN

Thus, area of trapezium is maximum at x = 5 and
the maximum area is given by

A(B) = (5+10)4/100 - (5’
= 1575 =753 cm?

+ log cos®, 0 < x < 2. [HOTS][O.D. Set II 2016]

Sol.

__L

Maxiougm ¢ (Mg m&x@s é_m__ﬁzb_ﬂoq asta

S

-2 £0O

———"f“[ ) E( _>;*QLJL¢_3LL~

Nalet O Zz L & mAventaam

e';-c: /

. e o I Py
_u&ﬂ_&'_. %z 0= 5T
@5 LTy
_ {i‘(_ﬂ}; — L .
BfA%N » p- i
~ % 5 P aioga :\Lig.aafy
uk oo =N .

W_é'a At _@msxf_._m,__ﬂimm

[Topper’s Answer 2016]
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Commonly Made Error

e Sometimes students forget to differentiate again the function which leads incorrect result.
Answering Tip

e Give ample practice to the problems based on maxima and minima.
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