INTRODUCTION TO
TRIGONOMETRY

There is perhaps nothing which so occupies the
middle pogsition of mathematics as rigonomerry,

— J.F. Herbart (1890)
81 Introduction

Youn have already studied about triangles, and in particular, right triangles, in your
earlier classes. Let us take some examples from our surroundings where right triangles
¢an be imagined 10 be formed. For instance :

1. Suppose the studenis of a school are
visiting Qutub Minar. Now, if a student
is looking at the top of the Minar, a right
triangle can be imagined to be made,
as shown in Fig 5.1, Can the studeni
find out the height of the Minar, without
actually measuring it}

1. Suppose a girl is sitling on the balcony
of her house located on the bank of a
river. She is looking down at a flower
pot placed on a stair of a temple situated
nearby on the other bank of the river.
A right triangle is imagined to be made
in this situation as shown in Fig 8.2, If
vou know the height at which the
person is sitting, can you find the width £
of the river?
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3. Suppoze a hot air balloon is flying in
the air. A girl happens to spot the
balloon in the sky and runs to her @A @B
mother o tell her about it. Her mother
rushes out of the house to look at the ' =
balloon.Now when the girl had spoted
the balloen intially it was at point A. ;
When both the mother and daughter et i
came out to gee it, it had already ﬁf """" L L ,‘p@'
travelled to another point B. Can you :
find the altitude of B from the ground? Fig. 8.3

In all the situations given above, the distances or heights can be found by using
some mathematical techniques, which come under a branch of mathemartics called
‘trigonomeltry’. The word ‘trigonometry’ is derived from the Greek words ‘tri’
{meaning three), ‘gon’ (meamng sides) and "metron’ (meaning measure). In fact,
trigonometry is the study of relationships between the sides and angles of a trizangle.
The earliest known work on trigonometry was recorded in Egypt and Babylon. Early
astronomers used it 1o find ot the distances of the stars and planets from the Earth.
Even today, most of the technologically advanced methods used in Engineering and
Physical Sciences are based on trigonometrical concepts.

In this chapter, we will study some ratios of the sides of a right riangle with
respect (o its acute angles, called trigonometric ratios of the angle. We will restrict
our discussion Lo acute angles only, However, these ratios can be extended (o other
angles also. We will also define the trigonometric ratios for angles of measure 00° and
907, We will calculale wigonometric ratios for some specilic angles and establish
some identities involving these ratios, called trigonometric identities.

8.2 Trigonomeiric Ratios

1

In Section 8.1, vou have seen someright triangles
imagined to be formed in different situations.

Let us take a right triangle ABC as shown Hvpoionuse
inFig. 8.4. o

Here, £ CAB (or, in brief, angle A) is an
acute angle. Note the posiiion of the side BC
with respect to angle A. It faces £ A, We call it
the side opposite to angle A. AC 15 the Side adjacent to
hypatenuse of the right riangle and the side AB angle A
is a part of £ A. So, we call it the side
adjaceni to angle A.

Side opposiie to angle A

A

=

Fig. 8.4
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MNote that the position of sides change C
when vou consider angle C in place of A =
(see Fig. 8.5). E

k- [ o I o

‘fug have studied the concept of ratio’ in Hypolcmuse Z
vour earlier classes. We now define certain ratios 2] ';g-'u
involving the sides of a right triangle, and call =
them trigonomelric ratios. 7 =

The trigonometric ratios of the angle A A Lig
in right triangle ABC (see Fig. 8.4) are defined Side opposite to
as Tollows : anglo C

. side opposite to angle A BC Fig 35

sineof £ A= e

hypotenuse AC
side adjacent to angle A AB
cosineof £ A = 3 g = —
hypotenuse AC
side opposite w angle A BC
tangentof L A= —— —————— = ——
8 side adjacent o angle A AB
1 - hypotenuse _AC

cosecant of £ A= — e . =
singof A side opposite to angle A BC

secant of £ A = - e =L

cosineof £ A side adjacent to angle A ~ AB

1 _ side adjacent to angle A AB

cotangent of £ A= =— =
tangent of £ A side opposite to angle A BC

The ratios defined above are abbreviated as sin A, cos A, tan A, cosec A, sec A
and cot A respectively. Note that the ratios cosec A, sec A and cot A are respectively,
the reciprocals of the ratios sin A, cos A and tan A,

BC
; BC_EE_S'U]P: _cusﬁ»l
Also, observe that tan A = J\B_ﬂ conik and cot A = —sjﬂA
AC

So, the trigonometric ratios of an acute angle in a right triangle express the
relationship between the angle and the length ol 115 sides.

Why don’t you try to define the trigonometric ratios for angle C in the right
triangle? (See Fig. 8.5)
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The first use of the idea of *sine” in the way we use
it today was in the work Aryabhativam by Aryabhata,
in AT, 500, Aryabhata used the word ardha-jyva
for the half-chord, which was shortened to jva or
Jiva in due course. When the Arvabhativam was
tranzlated into Arabic, the word jiva was retained as
it is. The word jiva was translated into sinus, which
means curve, when the Arabic version wag translated
into Latn. Scon the word sinus. also used as sine,
became common in mathematical texts throughout
Europe. An English Professor of asronomy Edmund

Gunter (1581-1626), first used the abbreviated "'i.‘T'ahl_‘ﬂt"’f__
polation *sin’. C.E, 476 — 550

The origin of the terms *cosine’ and ‘tangent’ was much later. The cosine function
arose from the need to compute the sine of the complementary angle. Aryabhatta
called it Kotijya. The name cosinus originated with Edmund Gunter. In 1674, the
English Mathematician Sir Jonas Moore first nsed the abbreviated notation “cos®.

Remark : Note that the symbol sin A is used as an

abbreviation for “the sine of the angle A", sin A is not

the product of ‘sin” and A. ‘sin’ separated {rom A

has no meaning. Similarly, cos A isnor the product of

*cos” and A. Similar inferpretations follow for other P
{rigonometric rabos also.

Now, if we take g point P on the hypotgnuse Hypotenuse
AC or apoint ) on AC extended, of the right triangle
ABC and draw PM perpendicular to AB and QN i o
perpendicular to AB extended (see Fig. 8.6), how M B N
will the trigonometric ratios of »~ A in A PAM differ
from those of £ A in A CAB or from those of £ A in Fig. 8.6
A QAN?

To answer this, first ook at these triangles. Is A PAM zimilar to A CAB? From
Chapter 6, recall the AA similarity criterion. Using the criterion, you will see that the
triangles PAM and CARB are similar. Therefore, by the property of similar triangles,
the corresponding sides of the riangles are proportional,

. Iu'I-O

So, we have —_— = ———
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MP BC
hiz ; — = —=3gin A,
From this, we find AP AC
Similary, E:% =CDS&.E=%=1}&E$ and so on.

This shows that the trigonomefric ratios of angle A in A PAM not differ from
those of angle A in A CAB.

In the same way. vou should check that the value of sin A (and also of other
trigonometric ratips) remains the same in A QAN also.

From our observations. it is now clear that the values of the trigonometric
ratios of an angle do not vary with the lengths of the sides of the triangle, if
the angle remains the same.

Note : For the sake of convenience, we may write sin?A, cos*A, etc., in place of
(sin AP, (cos AP, etc., respectively. But cosec A ={sin A) '#sin' A (itis called sine
inverse A}. sin ' A has a different meaning, which will be discussed in higher classes.
Similar conventions hold for the other trigonometric ratios ag well. Sometimes, the
Greek letter O (theta) is also used to denote an angle.

We have defined six trigonometric ratios of an acute angle. If we know any one
of the ratios, can we obiain the other ratios? Let uz sce,

1 {
[Tin aright mangle ABC, sin A = 3
BC |
then this means that E=E, i.e., the 3 ke
lengths of the sides BC and AC of the riangle
ABCaremmtheratiol : 3 (seeFig, 8.7). Soif A B
BC is equal to k, then AC will be 3k, where Fig, 8.7

kig any positive number, To determine other
trigonometric ratios for the angle A, we need to find the length of the third side
AB. Do you remember the Pythagoras theorem? Let us use it to determine the
required length AB.

AB? = AC? - BC = (3k) — (k) = 812 = (24/2 k)?

Therefore, AB = + 22k

S0, we get AB = 22k (Whyis AB not -24/2k7)
AB 22k 242

Now, cusﬁz——L_—{

AC 3k 3
Similarly. you can obtain the other tigonometric ratios of the angle A,
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Remark : Since the hypotenuse is the longest side in a right triangle, the value of
sin A or cos A is always less than | (or, in particular, equal to 1).

Let us consider some examples.

4
Example 1 : Given tan A = 5 find the other

trigonomeiric ratios of the angle A,

Solution : Let us first draw a right A ABC
{see Fig 8.8).

i that fan A= —=
ow, we know that tan AD

Therefore, if BC = 4k. then AB = 3k, where k is a A i B

positive number.

Now, by uzing the Pythagoras Theorem. we have
AC? = AB* + BC* = (4&)* + (3k)* = 254

So, AC= 5k

Wow, we can wrile all the trigonoimeric ratios using their definitions.

g DG a4
PhaT A0 - 5k %
AB 3k 3

wosh= T S

BC 4
=

Fig. 8.8

| 3 ] 5 I 5

Therefore, cot A= ——=—-¢c08ecA=——=—and sec A= —— ==

: ¢ tanA 4 sin A 4 cos A 3
P

Example 2 : If £ B and ~ Q) are

acute angles such that sin B = gin (),

then prove that £ B = £ Q.

A

Solution : Let us consider two right
triangles ABC and POR where
sin B = sin Q (see Fig. 8.9}, c

Fig. 8.9
We have sin B =

and sin =

3% BlR
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AC PR

Then i E

Therefore, M: iz = k. say (1)

Now. using Pythagoras theorem.

BC = JAB*- AC?

and QR = JpQ? - PR

T

BC JAB*-AC® K*PQ?-k*PR? k.[PQ?- PR?

S0, o= = = =& 2
QR JPQ‘I - PRI \‘IIFQI = 'F'Rl ‘JPQE = FRI { }
From (1) and {2), we have
AC _ AB_BC
PR PQ QR
Then, by using Theorem 6.4, A ACB ~ A PRQ) and therefore, # B=2Q.
A
Example 3 : Consider A ACB, right-angled at C, in
which AB =29 units, BC =21 units and 2 ABC=8
(see Fig, 8.10). Determine the values of
29
(1) cos? B + sin® B,
(i) cos* B — sin®* .
Solution ;: In A ACB, we have 8
g 21 B
- = 2 2
AC= JAB*-BC* = |J(29)* - (21) Fig. 8.10

= J(29 - 21)(29 + 21) = [(8)(50) = /400 =20 units

AC 20 BC 21
B0, sinf= —=—-008 == —-

AB 29 AB 20
Nt (1 66820+ St EI+ 21—2ﬂ2+111_mu+441_1
ow, (i) cos’® + sin'd = | 5p 29 297 841 '

and (i) cos? — sin?f = [?1] [EU] (21+20)(21-20) _ 41

2) |20) 98 841°
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Example 4 : Tn aright triangle ABC, right-angled at B, A
if tan A = |, then verify that

2 sin A cos A= L.

BC
Solution : In A ABC, tan A = E =1 (seeTHig8.11)

: B c
ie. BC = AB
Fig. 8.11
Let AB = BC = k, where & is a positive number,
Now, AC= JAB + BCY
= Jorr + w® =k2
_ BC_ 1 AB _ 1
Therefore, gin A = A.{l_ﬁ and cos A= A.C_-JE
; | 1 pirae .
S0, 2enAcos A= 2 — ¥ — |=1 whichisthe ired value,
(«ﬁlﬁ) o

Example 5 : In A OP(). right-angled at P, 0
OP =7 cm and OQ — PQ = 1 cm (see Fig. 8.12), )
Determine the values of sin Q and cos Q.
Solution ; Tn A OPQ), we have

0Q* = OP* + PO
iE, (1+PQy=0P+PQ* (Why?)
ie, 1 +PQ:+2PQ = OFF + PQ?
ie., 1 +2PQ=T7* 7
ie Q (Why?) . - o
ie. PQ =24 cmand OQ =1+ PQ=25¢cm i

Fig, 8.12
7 24

So, sin () = Emdcnstﬁ'
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1.

= ow

w

EXERCISE 8.1
In AABC, right-angled at B, AB =24 cm, BC =7 cro. Determine ;

(i} =in A, cos A
(i} 2inC,cosC
InFig. 8.13, find tan P - cot B,
4 12 em 13 em
Tfsin A = I* calenlate cos A and tan A,
Given 1S cot A =8, lind sin A and zec A,
” Q R
Givensec i = T calculare all other ingonormeiric ratios. Fig. 8.13

IF £ A and /B are acutz angles such that cos A = cos B, then show that £ A = 2B,

7. feot= -?-- evaluate : (i) {4 4in8) (1 —sin 6) ' (1) cot* @
8 {1+ cos 8l — cos@)
| —1an® A .
8. It 3 cot A =4, check whether —I T e cost A —sin®A or not.
|
9, Intdangle ABC, dghi-angled at B, iftan A = E + find thi value of:
(i} simAcosC+eosAsinC
(i} cos AcosC—sinAsinC
10, Tn APQR, right-angled ot Q, PR + QR =235 cm and PQ = 5 em, Determing the values of
gin P, 'cos P and tan P,
11. Staie whether the following are troe or false. Justify your answer,

() The value of tan A is always less than 1,

12
(i) sec A=~ forsome value of angle A.

(i) cos A is the abbreviation used for the cosecant of angle A,
(1v) cot A 18 the product of cotand A

4
(v) snf= 5 for some angle 8.

8.3 Trigonometric Ratios of Some Specific Angles

From geometry, you are already familiar with the construction of angles of 307, 45°,
60° and 90°, In this section, we will find the values of the trigonometric ratios for these
angles and, of course, for 0°.
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Trigonomeltric Ratios of 45° C

In A ABC, right-angled at B, if one angle is 457, then
the other angle is also 453", 1e., £ A= C =45°
(see Fig. 8.14).

So, BC=AB (Why"
Now, Suppose BC = AB =a.
Then by Pythagoras Theorem, AC! = AB* + BC? =g + ¢ = 2a°,

and, therefore, AC = aﬁ .

A B
Fig. 5.14

Using the definitions of the trigonometric ratios, we have :

. ._. side opposite to angle 45° BC g 1
sind5" = = = ===
hypotenuse AC H\E -JE
side adjacent toangle 45° AB o |
cos 45" = - T A
hypotenuse AC a2 2
can 455 = Si.dc i!]}‘IEIUSilﬁ 1o angle 45: _ BC _%_y
side adjacent (o angle 45° AB  a
Als sec 45° = . 2 kec 45% = . 2 cotds®= : s
R T T R ST T R e e T T

Trigonometric Ratios of 30° and 60° n
Let us now calculate the trigonometric ratios of 30°
and 60°. Consider an equilateral triangle ABC. Since
each angle in an equilateral tiangle is 60", therefore, 30°
LA=LB=LC=60
Draw the perpendicular AD from A ta the side BC PYALLLS C
(sec Fig. 8.15). £
Now AABD= AACD (Why?) Fig. 8.15
Therelore, BD = DC
and Z BAD = /£ CAD (CPCT)

Now observe that:

A ABD iz aright triangle, right - angled at D with «# BAD = 30" and /~ ABD = 60°
(see Fig. 8.15).
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As you know, for finding the trigonormetric ratios, we need to know the lengths of the
sides of the triangle. So, let us suppose that AB = 2a,

Then, BD = éBC =4
and AD? = AB* — BD* = (2a)* — (a) = 3&%,
Therefore., = a3
MNow, we have :
Si.ﬂjﬂn_ E:i:l Sﬂﬂ_ﬁn EE.'JE E
T AR 5 3 AB 2_:1 2
902 BD @
fae = :N'_ w"—
Al sec 30° = - 2 R = : i
=3 FOEETT ginsee O T eos30° 3
cot 30% = 1 -
tan 30°
Simmilarly.
wprr= AR B3 B e L s
510 —E—E—?.L‘DS 3¢ , kan .Hl"_,

2 1
cosec 6O° E sco 60° = 2 and cot 60° = E

Trigonometric Ratios of 07 and 90°
Let us see whai happens to the trigonometric tatios of anzle

A, if it is made smaller and smaller in the right wiangle ABC &
(see Fig. B.16), till it becomes zero. As 2 A gets smaller and

smaller, the length of the side BC decreases.The point C pets

closer to poinl B, and finally when £ A becomes very close ax n
to 0°, AC becomes almost the same as AB (see Fig. 8.17). Fig. 8.16

C &1 L ]
ZAC
- AC il 2 TRl A
A B A B A B A B A E A B

Fig. 8.17
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When £ A is very close to 0°, BC gets very close to (0 and so the value of

BC
sin A= AC is very close to 0. Also, when £ A is very close to 0°, AC iz nearly the

AB
same as AB and so the value of cos A = AC i very close to 1.

This helps us to see how we can define the values of sin A and cos A when
A =0" We define : sin 0° = 0 and eos 0° = 1.

Using these, we have :

sin (°

fan (° = cos O 0, cot0®= 0 which is not defined. (Why?)
I R .
sec 7= =1 and cosec (IF = — + which is again not defined. (Why7)
cos (" sin (7

Now, let us see what happens to the trigonometric ratios of £ A, when it is made
larger and larper in A ABC till it becomes 907, As £ A gets larger and larger, 2 C gets
smaller and smaller. Therefore, as in the case above, the length of the side AB goes on
decreasing. The point A gets closer to point B, Finally when <~ A is very close to 907,
£ C becomes very close to 07 and the side AC almost coincides with side BC
(see Fig. 8.18).

c C C C
A . . e Eonmnasy =

Fig. 8.18

When £ C is very close o 0°, £ A is very close o 90°, side AC is nearly the
same as side BC, and =0 sin A is very close to 1. Also when 2~ A is very close to 907,
£ Cis very close to 0°, and the side AB is nearly zero, so cos A is very close to 0.

So, we define : sin 90” = 1 and cos 90" = 0.
Now, why don’t you find the other ingonometric ratios of 907

We shall now give the values of all the trigonometric ratios of 0%, 30°, 45°, 60~
and 907 in Table 8.1, for ready reference.
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Table 8.1
XA 0 30 45° 60 920°
: 1 £ f
sin A ] 5 5 = 1
S5 1 1

1
tan A 0 N 1 3 Not defined
2
cosec A | Notdefined 2 J2 N 1
2
sec A 1 E J2 2 Notdefined
|
cot A Not defined 3 1 B 0

Remark : From the 1able above you can observe that as < A increases from 07 Lo
907, sin A mecreases from 0 to | and cos A decreases from 1 to (.

Let us illustrate the use of the values in the table above through some examples,

Example 6 : In A ABC, right-angled at B, A

AB = 5 cmo and £ ACB = 30° (see Fig. 8.19).

Determine the lengths of the sides BC and AC.

Solution : To find the length of the side BC, we will

choose the trigonometric ratio involving BC and the 307

given side AB. Since BC is the side adjacent to angle B c
C and AB is the side opposite to angle C, therefore Fig. 8.19

5c = €

I

_ 5 )
Le.. BC = tan 307 = _Jrg
which gives BC= 53 em
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To find the length of the side AC, we consider

AB
: b BB -
sin 30 AC (Why?)
) 1 5
1E. 5 - &
.8 AC = 10¢cm

Note that alternatively we could have nsed Pythagoras theorem to determine the third
side in the example above,

ie. AC = JAB 4 BC? = /5% + (5312 cm = 10cm.
Example 7 : In A PQR, right-angled at
Q (see Fig, 8.20), PQ=3cm and PR = 6 cm. T
Determine # QPR and ~ PR().
Solution : Given PQ) =3 cm and PE. = 6 cm. 5 g 6 em
Therefore, ﬁ =ginRk 0 "
Fig. 8.20
*_1
or sinR = A = 3
So, ZPRQ = 30¢
and therefore, £ QPR = 60°. (Why?)

Yoo may note that if one of the sides and any other part {either an acute angle or any
side) of aright triangle is known, the remaining sides and angles of the tnangle can be
determined.

1 I
Example § : If sin (A~B) = + cos (A+B) = 7+ 0°<A+B<90°. A>B. find A
and B. R

, therefore, A — B =30"  (Why?) (n

ot | =

Solution : Since, sin (A - B)=

1
Also, since cos (A4 B) = E . therefore. A+ B =060 (Why?) (2}

Solving (1) and (2), we get: A=45" and B = 15"
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EXERCISE §.2
1. Evaluare the following :

(i} &in 60° cos 307 + sn 307 cos 60° ) 2tantd35” + cos? 30° —sin* 60°
i cos 4357 9 gin 30° + tan 45 — cogee 60°
sec 30" + cosec 307 sec 30° + cos 60° + cot 45°

5 cos® 60° + 4 sec® 30° — tan? 45°
t_‘f_} sy o r a9
sin® 30° +cos® 30
2, Choose the corrcet option and justify your choice ;

2 tam 30"
O e w00
(A)  sin60° (B} cos G0~ (C) tan GO" (D} sin 30°
_l—1an®45°
M )y tan? 450
(&)  tan90° (B} 1 () sind5* My 0
(i} sin 2A =2 sin A4S true when A =
(A) or B} 307 (C) 45° D} 60r
o LAl
) | — tan? 20° -
(A) cosGO® (B} sin G {C) tan GO D) sin 30°

|
3, IMan(A+B)=.f3 and tan(A-B)= E;ﬂ”{A+B£90“;ﬁ}B.ﬁ.ﬂdﬁaﬂd B.

4. Siate whether the followimg are troe or false. Justify your answer.
(i) sin{A+B)=sinA+zinB,
(i} The valoe of sin 8 increases as @ increascs,
{fif} The value of cos B increases as B increases.
{iv) sin B =cos & for all values of 6.
(v) cotAisnotdefined for A =0°, C

8.4 Trigonometric Ratios of Complementarvy Angles

Recall that two angles are said to be complementary

if their sum equals 90°. In A ABC, right-angled at B,

do you see any pair of complementary angles? A B
(See Fig. 8.21) Fig. §.21
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Since £ A + £ C =907, they form such a pair. We have:

SIA=ac COSA=AC T AB
A——C A= A—f i = “}
cosec = B sec A = co = BC

Now let us write the trigonometric ratios for £ C =90 - Z AL
For convenience, we shall write 907 — A instead of 90° — £ A
What would be the side opposite and the side adjacent to the angle 90° — A"

You will find that AB is the side opposite and BC is the side adjacent to the angle
90° — A, Therefore,

A — — £+ I : .FI.E
Eiﬂ G—’U A] = ® Cos {9‘[’ — ﬁ-] = ——: ta;m {gﬂu A :]

4

QD”A—E 90" — A)= = lgﬂ”ﬁ—E
cosee | - }l—hB-sec{ - J—BC+ coL [ - )_hB

Now, compare the ratios in (1) and (2). Observe that :

. AB EC .
sin (907 —A)= — =cos Aandcos ()" - A)= — =sin A

AC T AC
AB BC
s -—= Jﬁj. = = =1 -l'ﬂi
Also, tan (90" — A) BC col A cot (907 - A) = ar

AC AC
sec (90° — A)= ’ﬁE:=GUS'E¢A, cosec (90° - A) = A..]i =sec A

So, sin (90" = A) = cos A, cos (90° = A) = sin A,
tan (MW" = A) = cot A, cot (90° — A) = tan A,
sec (90" — A) = cosec A, cosec (90° — A) = sec A,

for all values of angle A lying between 0" and 90°, Check whether this holds for
A=0%or A=90°

Note : tan 0° = 0 = cot 90°, 5cc 0° = 1 = cosec 907 and scc 907, cogec 0, tan 907 and
cot UF are not defined.

Now, let us consider some examples,



Tmropurnon 7o TRIGOMGMETRY [ &g
Example ¥ : Evaluate B9 .
cot 257
Solution ; We know ; col A = tan (90" = A)
Sa, col 25" = tan (90" — 257) = tan 65"

e tan 65°  1an 637
o cot 25°  tan 63°

Example 10 : If sin 3A = cos (A — 26°), where 3A is an acure angle, find the value of
A,

Solution : We are given that sin 3A = cos (A - 267), (1)
Since sin 3A = cos (90° = 3A), we can write (1) as
cos (90" — 3A) = cos (A — 26%)
Since 30° — 3A and A — 26" are both acute angles, therefore,
00" -3A= A-26"
which gives A= 200

Example 11 : Express cot 85° + cos 75" in terms of frigonometric ratios of angles
between 0” and 457,

Solution : cot 85% + cos 73" = cot (90° — 57) + cos (90° — 157)

= tan 3% + sin 15°

EXERCISE 8.3

1. Evaluale:
gin 18" tan 26"
i) cos 72° ¢ :n;t 64 (ifi) cos 48" —5in42? (iv} cosec3|™—seci9"”
2. Show that ;

(i} tand8”tan 23° an 42" tan 67° = |
fii) cos38°cos52°-5in38°sin32°=0
3. Titan 2A =cot (A — 18"), where 2A iz an acute angle, find the value of A.
4. Tftan A =cot B, prove that A + B =007,
5. TfsecdA =cosec (A —207), where 4A ig an acute angle, find the value of A.
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6. Tf A, B and C are intenor angles of a oriangle ABC, then show that

BE+C
Em[ < J: 08 ﬂ
2 2

7. Express sin 677 +cos 757 intorms of trigonometric ratios of angles between 0% and 457,

8.5 Trigonometric Identities A
You may recall that an equation is called an identity
when it s true for all values of the variables involved.
Similarly. an equation involving trigonometric ratios
of an angle is called a trigonometric identity, if it is
true for all values of the angle(s) involved.

In this section, we will prove one trigonometric
identity, and use it further to prove other useful C B
irigonomelric identities, Fig. 8.22

In A ABC, nght-angled at B (see Fig. 8.22), we have:

AB* + BC* = AC? (1)

Dividing each term of (1) by ACY, we get

AB®  BCT  AC?

- =
ACY A act
) (ABY (BCY [ACY
ie. mm | Yl 55| Blns
" lﬁc J AC AC
ie., (cos AP+ (sin A¥ = |
ie, cos? A +3iA=1 (2)

This is true for all A such that 0® < A <90, So, this is 3 trigonometric identity,
Let us now divide (1) by AB% We get

AB* BC? ac?
+ =
AB* AB* AR?

. BEHES)

ie., 1+ tan? A = sec? A (3)
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Is this equation true for A = 0°? Yes, it is. What about A =90°2 Well, tan A and
sec A are not defined for A = 90°. So, (3) is true for all A such that 0® < A <90°,

Let us see what we get on dividing (1) by BC2 We get

AB1+BC= B A2
BC? BC? T B!

()] -G

18, cot’ A + 1 = cosec? A (4)
Note that cosec A and cot A are not defined for A =(0°. Therefore (4) is true for
all A such thar 0% < A <907,
Using these identities, we can express each trigonometric ratio in terms of other

irigonometric ratios, i.e., if any one of the ratios is known, we can also determine the
values of other migonomelric ratios.

]

Let us see how we can do this using (hese identities. Suppose we know that

1
tan A= 7= Then, cot A= 3

h-l|f31

1 4
Since, sec’ A=l+lanfA=l+-=—: sec A= and cos A =
3 3 J_

Again, sin A = J1- cos® A = 1-—= . Therefore, cosec A=2.

Example 12 : Express the ratios cos A, tan A and sec A in terms of sin A,

Solution : Since cost A +sin* A = |, therelore,

cost A=1-3inl A ie,cos A== ».,llll —sin® A
This gives cos A= 1 -sin® A (WhyT?)

gin A sin A i A g 1

cos A i —sin®A cos A f1—sin? A

Hence, tan A =



|92 Mamimamaarics

Example 13 : Prove that sec A (1 — 5in A)sec A + tan A) = 1.

Solution :
1 : | sin A
| —gn A +
[cusﬁ]{ J[cmﬁ msf‘tJ

(1—sin A)(T +sin A) _1—sin® A
cost A cos” A
cos” A

- = e
T costA =R

LHS = se¢ A (1 —sin A)(sec A +tan A)

col A —cos A _ cosec A -1
cot A +cos A cosec A +1

Example 14 : Prove that

cntA—cusﬁ_ sin A

Solution : LHS = =
cot A + cos A cos A

cos A L -1 1 |
sin A B gin A ~ cosec A -1

ook _l - 'Il +1 cosec A+1
sin A zin A

gin@-cosB+1 1
sinf+cosB=1 secO-—tan B

RHS

+ using the identity

Example 15 : Prove that

sect B =1 +tan® B,

Solution : Since we will apply the identity involving sec @ and tan 8, let us first
convert the LHS (of the identity we need to prove) in terros of sec 8 and tan 8 by
dividing numerator and denominaior by cos 9.

sin® —cos®+1 tan B —1+sech
ginB+cosB—-1 tanO+1—=ech

B (tan B + sec 6)—1 _ {(tan B + gec 0) — 1} (tan 8 — sec B)
- {tanﬁ—sc-r;ﬁ}+1w {(tan & — sec @) + 1} (tan B— sec @)
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(tan® 8 — sec” B) — (tan 0 — sec 6)
{tan B — sec B+ 1} {(fan B — sec O)

~1—tan B+ sec

fmn B—sec B +1)(tan O —sec @)

= 1
= lanB—secO secB—tan@

which is the RHS of the identity, we are required to prove.

EXERCISE 8.4
1. Express the rigonometric ratiog sin A, secA and tan A in terms of cot A,
2, Write all the other trigonometric ratios of £ A interms of sec A,
3. Ewvaluace :
sin” 63°+ sin® 27°
cos?17° + cos? 73°

(i)

(i) sin 23" cos 65° + cos 23" 5in 637
4, Choose the correct option. Justfy your choice.
(i) Qeec? A—Dian? A=

(A) 1 @) 9 () 8 D) 0
{ii} {1+ tan 8+ sec @) (1 + cot® - cosec B) =

(A) 0 B 1 2 D) -1
i) (secA+tanA) (1l —sin A)=

(A} =ec A (B! sin A (C) cosec A D} cos A
o I4antA
(i) 1+ cot A

(&) sect A (B) =1 (C) cot A D) tan! A

5., Prove the following identities, where the angles involved are acute angles for which the
expressions are defined,

| —cos B cos A 1+5in A
i} (cosec@—col @)= T (i} + =2 5ec A
@ fease 7 | +cos B . | +sm A cos A
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. tanB Ly SR B
W ) cot®  1—1mm 0
[Hint : Wote the expression in terms of s 8 and cos 8]

=]+ sec @ cosec B

l+sec A sin®A
seC A 1— ¢os A
cos A -5in A +1

(w) . = posec A+ cot A, using the identity cosec? A= 1+ oo A,
cos A + 5in A — |

’Hsinﬂ gin 6 — 2 sin” B
- — — =get A +lan A oo et i Yy
W) A1 _sin A 2 (vii) 2cos’®—cos @ Lot

(viil) (sinA +cosec AP+ (cos A +sec AV =T 4+ tan* A + col* A
B S
tan A -+ cot A

[Hint : Simplify LHS and RHS separately|

1+ tan® A _fl—[anhz ,
1 +cotA _ll—EuLﬁ. =tan"A

{iv) [Hint : Siraplily LHS and RHS separately]

) {cosec A — gin A)(sec A - cos A) =

8.6 Summary
In this chapter, you hive studied the following points
1. Tnarightiriangle ABC, right-angled ;t B,

side opposite to angle A side adjacent 1o angle A

sanA= cos A=
hypotenuse hypotenuse
side opposite toangle A
lan A= — pﬂ B /
side adjacent to angle A
2 CUS{:CJ"L:_I L0 A= Tfan A = .th=EjﬂA.
s A cis A oot A cos A

3. Ifone of the trigonometric ratios of an acute angle is known, the rematning trigonometric
ratics of the angle can be casily dstermined.

4. The values of tigonometric ratios for angles 0°, 307, 45°, 60" and 90",

5. The value of sin A arcos A never exceeds |, whereas the value of sec A orcosec A 1s
always greater than or equal to [

6. sin (90" - A)=cos A, cos (90" - A)=sin A;
tan (90" — A) =cot A, cot (90" — A)=tan A,
ge0 ()" = A) =cosoc A, cosec (90° = A) =soe A,

T, i A+costA=1,
seci A —man® A=1 for D°<A<B0°,
cisec A=l +cot? A for D" <A <90°



