Chapter 2

Fluid Pressure and Buoyancy

CHAPTER HIGHLIGHTS

w  fluid pressure

w  Hydrostatic forces on a submerged inclined
plane surface

= Buoyancy

FLuiD PRESSURE

A surface exposed to a static fluid will be subjected to a dis-
tribution of fluid pressure over the exposed area; the pres-
sure distribution is called hydrostatic pressure distribution.
The hydrostatic pressure distribution gives rise to a system
of hydrostatic forces that act on the surface’s exposed area.
The determination of the hydrostatic forces along with their
locations are important in the design of structures such
as storage tanks, dams, ships, etc., which have surfaces
exposed to fluids at rest.

J Free surface

hep
Pressure

distribution
P

P is total pressure (N)
hcp is centre of pressure (m)

Total pressure:

Total pressure is defined as the force exerted by a static
fluid on a surface that is in contact with the fluid. The
total pressure, i.e., the resultant hydrostatic force, always
acts normal to the surface.

Center of pressure:

The point of intersection of the line of action of the
resultant hydrostatic force and the corresponding sur-
face is called centre of pressure. Centre of pressure is
also defined as the point of application of the total pres-
sure on the corresponding surface.

HybpRrosTATIC FORCES
ON A SUBMERGED INCLINED
PLANE SURFACE

Consider the top plane surface of an inclined plate (of arbi-
trary shape) submerged in a fluid as illustrated in the figure
below, where the fluid is assumed to have a constant density
p and the area of the top surface exposed to the fluid is 4.
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Fluid surface
(pressure = pg) B \V4
e
h
hCP G e

The plane, containing the top surface, intersects the fluid
surface (having a pressure P;) at B making an angle 6 with
it. The orthogonal X and Y axes with the origin are defined
such that the top surface lies in the XY-plane generated by
the axes and the X-axis lies in the intersection of the fluid sur-
face and the plane containing the top surface.

The points G(x, y;) and CP(xp, yp) represent the cen-
troid of the top surface area exposed to the fluid and the cen-
tre of pressure respectively. If /7, is the resultant hydrostatic
force or the total pressure, then

Fp=(p,+pghy) 4
= (p, + pgy;sin6) 4

Where, /(= sin 0) is the vertical distance of the centroid
G from the fluid surface. ‘p,’ being the pressure acting at the
fluid surface usually atmospheric pressure. The coordinates
of the centre of pressure are given by

Xep = Xg + Lag
[YG+p9 jA
pgsind
1
YCP:YG+ XG
(YG+ Po jA
pgsinb

Where, [, is the product of inertia with respect to an
orthogonal coordinate system passing through the centroid
G and formed by a translation of the x-y coordinate sys-
tem and /. is the moment of inertia about an axis passing
through the centroid G and parallel to the X axis.

Lo =Ly — AX Y

Xy
Iy= JdA
A
Where, 7, is the product of inertia with respect to the X-

and Y-axes and /, is the moment of inertia with respect to
the X-axis.

The inertia terms [y, Iy, Iy and I, are defined with
respect to the area of the surface that is exposed to the

fluid.

The centre of pressure is generally expressed only in terms
of its vertical distance (/) from the fluid surface, where

Hep=ycpsin6
=Y sinf+ Ixgsin0
e
[YG +—Po jA
pgsin6
h+ Iy sin® 0

G
(hG + Poj A
pg

If the fluid surface pressure P, also acts at the bottom
surface of the inclined plate. Then the variable P, can be
ignored (i.e., P, can be set to zero) in the equation for
total pressure and centre of pressure to yield the following
equations:

Fp=pghsA = pgy,sinbA4

1
Xep = Xg +-20C
cp G YA
1
Yop = Y, + -G
cp = 1g YA
. . 2
hcszGsin0+1XG5m9=h +IXGs1n 0

Yod 0 hd

Consider an inclined plate in different orientations, i.e.,
along 44,", BB,' and CC," as shown in the following
figure, such that the centre of gravity depth £ is the same
for all the orientations.

For all the orientations, the total pressure acting at the top
surface remains the same, i.e.,

~Jn,

]

\\/02




For an inclined plate, the total pressure does not depend
on the angle of inclination 6 as long as the depth of
centre of gravity 4, does not change.

Geometric Properties of Some Important Plane Surfaces
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As the inclined plate is submerged deeper and deeper from
the fluid surface, the distance between the centre of pres-
sure and the centre of gravity decreases hyperbolically. At
very large depths, for practical calculations, the centre of
pressure and the centre of gravity are the same. It should be
however noted that the centre of pressure can coincide or

to be below the centre of gravity but can never be above it.
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(continued)
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SOLVED EXAMPLES Solution
B \V4

Direction for solved examples 1 and 2:

A rectangular flat thin plate (length = 4 m, breadth = 2 m)
is submerged in water such that the plate’s largest and
smallest depths from the water surface are 5 m ad 3 m
respectively.

The breadth of the plate is parallel to the water surface

Example 1

The total pressure force on the top surface of the plate is
(A) 1125kN

(B) 314 kN

(C) 141 kN

(D) 40 kN




Area of the plate, 4 =4 x 2 = 8 m?
sin@ :Q:—5_3 =
ED 4

Vertical distance of the centroid G from the water surface,
h;=BD+MDsin6=3+2x0.5=4m

Since the fluid surface pressure p, will act at the top and
bottom surfaces, total pressure force, F'p = pgh, A (p is den-
sity of water = 1000 kg/m?)

=1000x9.81x4 x 8
=313.92kN

Hence, the correct answer is option (B).

0.5

Example 2

The vertical distance of the centre of pressure, on the top
surface of the plate, from the water surface is

(A) 3.917m (B) 4333 m
(C) 4m (D) 4.083 m
Solution

The vertical distance of the centre of manure from the water
surface,

2
N I.Gsin” 6
hgA
bx 3

12
(b is breadth, / is length)

hep = hg

Moment of inertia, [, =

_2x43

=10.667 m*

10.667x (0.5)>
ey = 44 22RO
fice 4x8
=4.083 m.

Hence, the correct answer is option (D).

Example 3

On a homogenous rectangular plate of weight 7.5 kN, length
10 m, width 5 m, and hanged at point 4, a body of water acts
as shown in the figure

. Cable

The plate is held in place, inclined at an angle of 30° to
the horizontal, by a horizontal flexible cable of negligible
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weight attached to the plate at point B. If the friction in the
hinge is negligible, then the tension in the cable is

(A) 286.5 kN (B) 847.7kN
(C) 280 kN (D) 284.55 kN
Solution

Vertical distance of the centroid of the plate surface area
/, sin30°
—

Where, [, (= 7 m) is the length of the plate enposed to
the fluid.

exposed to the fluid, /4; =

Sohg=175m
Area of the plate exposed to the fluid,
A=1,xw(w is the width)
=7x5=35m?

Since the fluid surface pressure p,(= atmospheric pressure)
acts on both the surface of the plate,
Total pressure force, I, = h, pgd (p is the density of

water = 1000 Kg/M?)

=1.75x1000 x 9.81 x 35
=0600862.5 N

y-coordinate of the centroid of the plate surface area exposed
to the fluid, y,=3.5m

wi3
12

Moment of inertia, / XG =

1
= —x5x7 =142.92 m*
12 .
y-coordinate of the centre of pressure,

[XG
Yep=yo+—L
CP G yGA

142.92
=35+ =4.67Tm
3.5%x35

Taking moment of the forces about the point A for equilib-
rium, we have

T x [ x sin 30°

Ixcos30°
X—

+Fpx(l, = ycp)
Where, T is the tension in the cable, W(= 7.5 kN) and /

(= 10 m) are the weight and length of the plate
S T'x10xsin30°

~ 7.5x10° x10x cos 30°
- 2

o T'=286.5 kN.

+600862.5 x (7 — 4.67)

Hence, the correct answer is option (A).
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Example 4

A rectangular gate, of length / metres, width w metres and
negligible weight, is inclined at an angle 6 to the horizontal
and supports a water body of height # metres as shown in
the figure

Vi N
I Gate
/
h Solid
support

The height of the water body is such that the gate tips about
the point B at which it is hinged against a solid support. If
the vertical distance of the centre of pressure, on the rec-

tangular gate, from the water surface is A, then the ratio

h
— isequal to
he.

P

A) % ®B) 2sin@
3 3
sin@ 1

C D) —

(© = (D) -

Solution

At water body height £, the gate just tips about the point B,
i.e., the total pressure force is acting at point 5.
Area of the gate exposed to water,

A=wxX

sin@

Vertical distance of the centroid, of the area exposed to
water, from the water surface,

hg=

SR

Since the fluid surface pressure P (= atmospheric pressure)
acts on the top and bottom surface of the gate, vertical dis-
tance of the centre of pressure from the water surface,

Iy sin® 0
ho=h.+ 24—~
cp~ Ahg
1) x( h T
L sinf
Moment of inertia, [, = 0

h  wh®xsin? 0 xsin6
—— X
2 12sin*Oxoxhxh

chep=

_2h

3
e 2
he 3

Hence, the correct answer is option (A).

Hydrostatic Forces on a Submerged
Vertical Plane Surface

The total pressure and centre of pressure equations are

Fr =(py + pghs)4

Xep=Xg + [XY;
[hG +0)A
Pg
1
hep = hg + XfD
(hc +°jA
Pg

Here also, the fluid surface P, can be set to zero in the above
equations if it acts on both sides of the submerged vertical
plane surface.

Example 5

For a horizontal surface of negligible thickness submerged
in a fluid of constant density, let points G and CP repre-
sent the centroid and centre of pressure of the area exposed
to the fluid. Then, which one of the following statement is
ONLY correct about the points G and CP?

Free surface (Pressure = R)

|
0 K—XG-h T X X

VA

(A) Point G is always above point CP.
(B) Point CP is always above point G.
(C) Points G and CP will always coincide
(D) Points G and CP may coincide.

Solution

Considering that the fluid surface pressure P is acting on
both the sides of the submerged surface, we have



Iy sin2 0
— hG+XG—
hg A

(0 < 6<90°)

CP

Iy sin® 0

Since is always greater than zero, A, is always

G
greater than 4, i.e., point G is always above point CP.

However, one would find the points G and CP coincid-
ing for non-horizontal surfaces when one considers the fluid
contacting the surface to be a gas at constant pressure.
Hence, the correct answer is option (A).

Example 6

An equilateral triangular thin plate of side » metres in length
is immersed vertically in a liquid such that one side of the
plate coincides with the free surface of the liquid. The verti-
cal distance between the centre of pressure on a surface of
the plate from the corner of the plate, that away from the
free surface, is 4 metres. The ratio /: b is equal to

(A) 3:4 B) 1:2
(©) 133 :36 (D) V3 : 12
Solution

Since the fluid surface pressure P acts on both sides of the
immersed surface,

I
hep = hg +-2% (1)
A
bsin 60°
Here, hg= 3

1
A= 5><b><bsin60°and
bx(bsin60°)>
f v — @
36
Now, hep +h=Dbsin 60°
That is, hep=Dbsin 60° —h 3)
From Egs. (1), (2) and (3), one could write
b sin 60° — h
bsin 60° bx b3 xsin? 60° x3x2
= T3t 36xbxsin60°xbxbsin60°
. h B
ie, — = —.
b 4

Hence, the correct answer is option (A).

Example 7

A concrete block 2 m high, 0.25 m wide and 1 m long, is
used for holding mud at one side of the block as shown in
the figure.
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Block

Mud

0.25m

The density of concrete is 2600 kg/m? while the density of
the mud is 1700 kg/m?>. If the coefficient of friction between
the ground and the concrete block is 0.4, then the mud
height at which the block will start to slide is

(A) 1.237m (B) 5m
(C) 0.782m (D) 0.553m
Solution

Weight of the concrete block,
W=(1x0.25x2)x2600 x9.81
=12753 N
Frictional force acting between the block and the ground,
Fge=uW
=0.4x 12753
=5101.2N

Let ‘4’ be the mud height at which the block will start to
slide.

Here, A=hx1=hm?
L
G2

Total pressure force exerted by the mud on the block,
Fp=h;x pxgxA(pis the density of the mud)
h2
=% 1700 x9.81=8338.5/4>

Just before the blocks starts to slide,

FR = Ffric
ie., 8338.5 #*=5101.2
1e., h=0.782 m.

Hence, the correct answer is option (C).

Direction for solved examples 8 and 9:

A tank 12 m high contains a liquid (specific gravity = 0.8)
upto a height of 11 m. The air space above the free surface
of the liquid is at a pressure of 1.2 atm. A circular opening
(diameter = 2 m) present in the vertical side of the tank is
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closed by a disc of 2 m diameter. The disc can rotate about
a horizontal diameter that is at a height of 7 m from the bot-
tom of the tank.

Example 8

The total pressure force on the disc is
(A) 98.7kN (B) 162.2 kN
(C) 480.36 kN (D) 186.85 kN

Solution

Diameter of the circular opening, d =2 m

Area of the circular opening, 4 = %x d?

—Zx@? =314 m?
4
Assuming that atmospheric pressure acts on the outside of
the disc,
P,=(1.2-1)x 101325 = 20265 Pa
Total pressure force on the disc,
Fp=(P,+ hgpg)4 (p is density of the liquid).

h = Liquid height — Height of the disc centre from the bot-
tom of the tank.

he=11-7=4m
o Fp=(20265+4x0.8x1000x9.8) x 3.14
=162202.98 N = 162.2 kN.

That is,

Hence, the correct answer is option (B).

Example 9

The torque required to maintain the disc in equilibrium in
the vertical position is
(A) 7100.3 Nm
(C) 3745.7 Nm

(B) 18253.7 Nm
(D) 6163.7 Nm

Solution
1
Here, hep=hg+ X?
(hG +°]A
Pg
T
Here, I .= —xd*
ere 6= g
T
= x(2)*
64 @
=0.7854 m*
hep =4t 0.7854
.. P —_
( 20265 )X& 4
0.8x1000x9.81

=4.038 m

Moment of the total pressure force about the horizontal
diameter.

=Fp X (hep—hg)

=162202.98 x (4.038 — 4)

=6163.713 N/m (anticlockwise)
Here the torque required

=6163.713 N/m (clockwise)

Hydrostatic force on a Submerged
Horizontal Plane Surface

If the horizontal surface is at a distance of #* from the liquid
surface, then the total pressure and centre of pressure equa-
tions are:

Fy= (P, + pgh*) 4

Xep =g

Y=g

hep =hg=h*

From the above equation, one can see that for horizontal
surfaces submerged in a fluid of constant density, the centre
of pressure always coincides with the centroid of the hori-
zontal surface area. This is because the fluid pressure is con-
stant and uniformly distributed over the surface. The fluid
surface pressure P, can be set to zero in the above equation
if it acts on both sides of the horizontal surface.

Example 10

A rectangular tank has a rotatable bottom PR that is hinged
at 0. The tank is partitioned into two volumes as shown in
the figure

Partition

—— Tank

V
ol | ®)

—>
4m

The volume of the tank to the right of the partition is filled to
a height of 2 m with liquid B of density 1500 kg/m3. When
the volume of the tank to the left of the partition is filled
to a height of 4 metres with liquid 4 of density 900 kg/m>,
the bottom of the tank remains in a stationary horizontal
position, If the hinge is assumed to be frictionless, then the
value of /4 for the bottom just to tilt is

(A) 1333 m (B) 3.33m
(C) 6.67m (D) 1.67m
Solution

Let the length of the tank into the plane of the paper be /
metres.



Total pressure force on the bottom of the tank due to
liquid 4,
Frp,=hxp, ngqu
=hx900xgx2xl
Similarly, the total pressure force on the bottom of the tank
due to liquid B
Frp=2x1500xgx4x1
For equilibrium, taking moments about B we have
Frp X1 =Fpex2
hx900x gx2xIx1
=2x1500xgx4xIx2
o h=6.67m.
Hence, the correct answer is option (C).

Example 11

A rectangular thin plate of height (#) 5 m and width (w)
2 m is immersed in water, vertically along its height such
that the plate is at a distance of 2 m from the water surface
as shown in the figure below. Alter determining the centre
of pressure for the right surface of the plate, if the plate is
rotated 90° anticlockwise about an axis parallel to the water
surface and on which the centre of pressure lies, then the
resultant hydrostatic force acting on the plate would be

\/
e

Rotation T

f 5m
CP

(A) 441.45kN
(C) 486.47kN

(B) 686.70 kN
(D) 327 kN

Solution
Since the fluid surface pressure P, acts on both the surfaces.

IxG
hep=hg + hG_A
Area of the plate, A=h X w=5x2
=10 m?

Moment of inertia,

wx h? _ 2x 53
2 12

=20.833 m*

[XG =

5
Now, h=2+5=45m

20.833

————=4.963m
4.5x10

L hcp = 4.5 +

Chapter 2 ®» Fluid Pressure and Buoyancy | 3.607

The rotated surface will be a horizontal surface located at a
distance /., from the water surface.

S h*=he,=4.963 m
Resultant hydrostatic force,
Fy, = pgh*4 (p is density of water
=1000 kg/m?)
1000 x 9.81 x 4.963 x 10
=486.87 kN.

Hence, the correct answer is option (C).

Hydrostatic Force on a Submerged
Curved Surface

Consider the curved surface BC of a tank filled with a fluid
as shown in the figure below.

Tank

Curved surface

Let /. and ]; be the respective hydrostatic forces acting on
the planar surfaces AB and AC which form the respective
vertical and horizontal projections of the curved surface BC
is illustrated in the free body diagram I (FBD I).

FBD I

In FBD I, W corresponds to the weight of the fluid block
enclosed by the curved surface and the two planer surfaces.
Let F, (horizontal component = Fq, vertical component
=F) be the total pressure force or the resultant hydrostatic
force acting on the curved surface BC as illustrated in free

body diagram I (FBD).

FR :\,FHZ +FV2
FH :Fx
F,=F,+w
tan0 = !

FH

The location of the line of action of the total pressure force
(for example, with respect to any of the ends of the curved
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surface) can be determined by taking moments about an
appropriate point.

When the fluid is present on the convex side of a curved
surface BC as shown below, then the vertical component
(F) of the total pressure force F, acting on the curved
surface is given as follows.

c v Pq (FIuidfurface presswe)

Py+ Wy,

Where, W, is the weight of the fluid enclosed by the imagi-
nary volume ABCA.

Here, W,,, = Weight of the fluid enclosed by the imagi-
nary volume 4BCDA — Weight of the fluid enclosed by the

volume CBDC.

Example 12

A gate has a curved surface 4B in the form of a quadrant of
a circle of radius 3 m as shown in the figure. If the width of
the gate is 2.5 m, then the total pressure force acting on the
curved surface 4B is

\VA

Liquid
(density = 1200 kg/m?)

(A) 384608.4 N

(B) 309015 N

(C) 493370 N

(D) Cannot be determined

Solution

Given, p=1200 Kg /m?
R=3m
h=2mand
W=25m

The free body diagram is,

Let F, be the total pressure force action on the curved
surface 4B.

Area of the planar surface BC,
Apr=1XW

=3x25=7.5m?

BC

Area of the planar surface AC,
A =rxw=715 m?

Horizontal component of /7,
h+= 4
F =Pyt I+ |pxgxdgc
Vertical component of /7,

F,=F+W
Where, Fy =P,+hpgx4,.and

2

W= —r xwxpxg

N

Since the fluid surface pressure P also acts on the bottom
surface of the gate, it can be ignored.

sy = (2+%)X1200><9.81><7.5

=309015N
and F,=2x1200x 9.81 x 7.5

+% X 32% 2.5 x 1200 x 9.81
— 384608.4 N



Fr=+JFy*+F?

= /(309015)2 + (384608.4)2
=493370 N.

Hence, the correct answer is option (C).

Example 13

A cylindrical gate 5 m long has a liquid, of density 900
kg/m?, on both sides as shown in the figure. The gate has a
diameter of d metres and width of W metres. If it is to be
ensured that the gate is in contact with the floor, then the
density of the material making up the gate should be at least

Gate

________

(A) 169 kg/m?
(C) 1200 kg/m?

(B) 675 kg/m?
(D) 900 kg/m?

Solution

Let Py (= 900 kg/m?) be the density of the fluid.

Here the pressures at the surfaces of the fluid are ignored,
i.e., P is ignored.

Vertical force acting upward on QO.

F,, = Weight of the fluid enclosed by the imaginary
volume PORP

= %d Zxwxp X8
Vertical force acting upward on OS,
F, = Weight of the fluid enclosed by the imaginary
volume SORS
T
= d’xwxp,x
16 Prx8

Total vertical force acting upward,

Fv:Fvl+Fv2
I 1 3
= nd*w —+— | =—xd*wpj
pfg[8 16) TR
Weight of the gate,
wd?
W= XWX P X g

Where, p, is the density of the material making up the gate.
For the gate to remain in contact with the floor.

W>F,

nd? 3
——wp,g>—nd*wpfg

That is,
4 16
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That is, Py ==p

>—x900

AW N w

> 675 kg/m3.

Hence, the correct answer is option (B).

BuoyAaNcYy

Buoyancy is the tendency of a body to be lifted (or buoyed)
up in a fluid in which it is immersed wholly or partially.
The force, acting opposite to the gravity force (i.e., acting
vertically upward), that tends to lift the body is called the
buoyant force or force of buoyancy or upthrust.

Archimedes principle: The buoyant force acting on a body
immersed in a fluid is equal to the weight of the fluid dis-
placed by the body.

Centre of buoyancy: The point of application of the buoy-
ant force on a body is known as the centre of buoyancy. It is
always located at the centroid of the fluid volume displaced
by the body.

In the above definition, the fluid is always assumed to be
of constant specific weight.

Buoyant Force—Single Fluid

Consider a rectangular block (density = p ) of length /
metres in to the plane of the paper, immersed in a fluid of
density p; as shown in the figure

Force of buoyancy,

F3=stl)j><g

Where, V_ is the volume of the body.

Submerged in the fluid, i.e., the displaced volume
=bxyxl

Here,FBZbeXlijXg

For the body to be in static equilibrium,

Fy=W,
Where, W=bxhx[xp_Xg, is the weight of the block.
beXlijXg:thxlxpsxg
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Py

Vs
or| — =
Vi p;

Where, V,(=b x h x 1) is the total volume of the block.

Floating body ps < p;

Suspended body
] Ps=p

(Neutrally

Sinking body buoyant)

Ps > Pj

Buoyant Force—Layered Fluid

If the rectangular block considered above is present in a lay-
ered fluid (as shown in the figure). Where the ith layer of
fluid has the density fos then

Fluid 1

Fluid 2

Force of buoyancy,

Fp =[ZVsipji]g

Example 14

A rectangular block of width = 5 m, height = 3 m and length
=10 m (in to the plane of the paper) is floating in a liquid
of density 1500 kg/m?. If the centre of buoyancy is located
at a vertical distance of 2.5 metres from the top edge of the
block, then the density of the material making up the block is
(A) 1500 kg/m? (B) 500 kg/m?

(C) 750 kg/m? (D) 1700 kg/m3

Solution

CB — Centre of buoyancy
Let / be the length of the block into the plane of the

paper.

0 R
S

Given, /=10 m
H=3m
b=5m
x=25m

Since point CB form the centroid of the displaced fluid
volume,
x+2=h
2
Thatis,y=2x(3-25)=1m.
Let, pl and p_ be the densities of the liquid and the mate-
rial of the block respectively.

Given, pl=1500 Kg/m?
V, )
Now, Zs = Ps
Vi pr
. Y _ Py
ie, ==2
h p
or ps = 15001 _ 500 kg/m?>.

Hence, the correct answer is option (B).

Example 15
A spherical object (density = p ) is submerged in a tank of
liquid (density = pj). The object, which does not touch the

tank’s bottom, is held in place by chaining it to the bottom
of the tank. The tension in the chain would be zero when

(A) py=2p; B) 2p,=p;
©) py=p; D) poanpy
Solution

Let, the radius of the spherical object be r
Weight of the object,

4
W =Sarxpoxg
Buoyant force acting on the object,

F

4 3
B: 577.'}" ngxg



If T is the tension in the chain, then from the equilibrium of
force we have,

_wop 33 _
T=W-Fg= 37" gx(ps—p;)

So when, p = P, T=0

This problem can also be solved without the above math-
ematical steps. If the tension in the chain is zero, then the
object would be a suspended body in the tank. For sus-
pended body, p, = P

Hence, the correct answer is option (C).

Example 16

A body of unknown shape and density p kg/m® floats at
the interface of two immiscible liquids 4 and B having the
respective densities of p, and p, (p, < pj). The ratio of the
volume of the block submerged in liquid B to the total vol-
ume of the block is equal to

(A) (p=py)/ (Pg—P,)

(B) (PA - P) / (PB - PA)

©) (pg—p)/ (P—py)

D) (pg—=p) /! (Py—P)

Solution

Let Vg, and Vg, be the volumes of the block submerged
respectively in liquid 4 and B. Force of buoyancy,

Fp=g,py+ Vg Pplg
If V, is the total volume of the block then, V,= V¢, + V,

Sy = (thA + Vg (Pp—P) g
Under static equilibrium,

Fg=W=V,pg (W is weight of the block)
Le, [Vipy+ Ve (Pp—py1=V,p

. Vsp _ P~ P4
Vi p—pP4
Hence, the correct answer is option (A).

Stability (rotational stability) of a submerged body: A
body is said to be stable, i.e., in stable equilibrium if the
centre of gravity is directly below the centre of buoyancy
for the body. However if the centre of gravity is directly
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above the centre of buoyancy, then the submerged body is
said to be unstable, i.e., in unstable equilibrium. When the
centre of gravity and the centre of buoyancy coincide, the
submerged body is said to be neutrally stable, i.e., in neutral
equilibrium.
Stability (rotational stability) of a floating body: A float-
ing body is always stable when the centre of gravity is
directly below the centre of buoyancy. When the centre of
gravity is directly above the centre of buoyancy, metacentre
plays a role in determining the stability of the floating body.
Consider a body being rotated by a small angle, along
an axis that passes through the point O and that is perpen-
dicular to the plane of the paper as shown in the following
figures.

Metacentre: (Point M) is the point of intersection of the
line passing through the centre of gravity (point G) and the
original centre of buoyancy (point B) and a vertical line
passing through the centre of buoyancy of the rotated posi-
tion of the body (point B")

Metacentric height: The distance between the metacentre
and the centre of gravity of a floating body is called as the
metacentric height (GM).

If BM and BG represent the distance between the centre
of buoyancy (point B) and the metacentre and the centre of
gravity points respectively, then

| GM=BM-BG

=Pl _ L

WV

pgl I 1

woWo
pg

Where p is the density of the fluid, 7 is the weight of the
body, I is the moment of inertia of the sectional area of the
body at the fluid surface (i.e., LN) about the axis at point
O and V_ is the volume of the body submerged in the fluid.

A floating body is said to be stable if point M is above
point G (i.e., GM is positive) and unstable if point M is



3.612 | Part Ill m Unit 8 m Fluid Mechanics and Hydraulics

below point G. The floating body is neutrally stable if point
M coincides with point G. Larger the metacentric height,
more stable the floating body will be.

Example 17

A rectangular block of width W, height 4 and length / (per-
pendicular to the plane of the paper) is floating in a liquid.
The height of the block submerged in the liquid is .

If the centre of gravity of the body is located at the liquid
surface, then which one of the following condition when
satisfied will ensure that the block is stable?

3
(A) W> \/;b

(©) w> ob

B) [>+/6b

3
(D) l>\/;b

Volume of the block that is submerged in the liquid
Ve=bxWxl

Solution

The cross-sectional area of the block at the water surface
will have a base / and height /7. Relative to the axis (perpen-
dicular to the plane of the paper) at point O.

.. Moment of inertia,

12
Metacentric height, GM = BM — BG
1
Here, BM = —
Vs
LI
—w-/
2" _w
bwl 120
Al BG b
S0, ==
2
2
au=2"_"b
12b 2
. owr b
For a stable body GM should be positive, i.e., 2 > 5

or w> J6b .

Hence, the correct answer is option (C).

Example 18

Cubes 4, B, C and D all have the same side length of /
metres and are floating in the same water body. The cubes
A, B, C and D have the respective constant specific gravities
0f 0.152, 0.561, 0.789 and 0.923 respectively. Which one of
the following statement is ONLY not correct?

(A) Cube Cisinstable (B) Cube B is unstable

(C) Cube 4 is stable (D) Cube D is stable

Solution
Let us consider a floating cube in general with specific
gravity V. Let the height of the floating cube submerged in
water be /.
For the floating cube,
Buoyant force experienced = Weight of the cube
Thatis, 2 x 2x 1000 X g =P xrx 1000 x g

or h=1Ir (1)
Volume of the cube submerged,
V.=hxP
Moment of inertia,
LS
I =—xIxlI
12
1
4 )
pu-Ll_12_
V. hl* 12k
[ h . . .
Here, BG = 575 (point B is below point G)
GM =BM - BG
GM = i L 2)
12 2 2

Substituting Eq. (1) in Eq. (2), we get
! 2
GM=—~C(1-6y +6y°)
12r

When, GM = 0, we have
6y —-6y+1=0
That is, Y=0.789 or 0.211
It can be shown that when
0.211 <y<0.789, GM is negative

.. Cube C is neutrally stable (or stable if higher precision is
considered in the values of ).
Hence, the correct answer is option (A).

Oscillation of a Floating Body

When a floating body is given a small angular displacement,
the body will oscillate about its metacentre. If 7 denotes the
time period of oscillation or rolling (i.e., time for one com-
plete oscillation) of the floating body, then

k2
T=2rm
GM-g

Where GM is the metacentric height, & is the radius of
gyration and 7'is in seconds.
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1. Assertion (A): Depth of centre of pressure of any = 6. The centre of pressure of a liquid on a plane surface

immersed surface is independent of the density of liquid.

Reason (R): Center of area of immersed surface lies

below the centre of pressure.

(A) Both A and R are individually true and R is the
correct explanation of A.

(B) Both A and R are individually true but R is not the
correct explanation of A.

(C) A s true but R is false.

(D) A is false but R is true.

. A circular annular plate bounded by two concentric cir-
cles of diameter 1.2 m and 0.8 m is immersed in water
with its plane making an angle of 45° with the horizon-
tal. The center of the circles is 1.625 m below the free
surface. What will be the total pressure force on the
face of the plate?

(A) 7.07kN (B) 10.00 kN

(C) 14.14kN (D) 18.00 kN

. Assertion (A): At great depth, the vertical distance
between the centre of pressure and the centre of area of
immersed surface becomes negligible.

Reason (R): The depth of centre of pressure of any

immersed surface is independent of the density of the

liquid.

(A) Both A and R are individually true and R is the
correct explanation of A.

(B) Both A and R are individually true but R is not the
correct explanation of A.

(C) A istrue but R is false.

(D) A s false but R is true.

. The following terms relate to floating bodies Centre
of gravity—G, Metacentre—M, Weight of floating
body—W, Buoyant force—/F,

Match List I (Condition) with List II (Result) and select
the correct answer using the codes given

List | List I

a. Gisabove M 1. Stable equilibrium
b. G and M coincide 2. Unstable equilibrium
c. Gisbelow M 3. Floating body

d  Fg>W 4. Neutral equilibrium
Codes:

abcd abcd

A1 324 B)3 21 4
) 2 3 41 D)2 41 3

. A vertical triangular plane area, submerged in water, with
one side in the free surface, vertex downward and latitude
‘h’ has the pressure centre below the free surface by

(A) /4 (B) A/3

(C) 2h/3 (D) h/2

immersed vertically in a static body of liquid, always
lies below the centroid of the surface area, because
(A) inliquids the pressure acting is same in all directions.
(B) there is no shear stress in liquids at rest.

(C) the liquid pressure is constant over depth.

(D) the liquid pressure increases linearly with depth.

. Inwhich one of the following arrangement would the ver-

tical force on the cylinder due to water be the maximum?
A) =

C

O
%D
O

8. The force ‘F’ required at equilibrium on the semi-

cylindrical gate shown in the figure is

— Cylindrical
T Gate
2m @«— Hinge
Water
F
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10.

11.

12.

(A) 9.81 kN

(B) 0.0kN

(C) 19.62kN

(D) None of these

. Cross-section of an object (having same section normal

to the paper) submerged into a fluid consists of a square
of sides 2 m and triangle as shown in the figure. The
object is hinged at point P that is one metre below the
fluid free surface. If the object is to be kept in the posi-
tion as shown in the figure, the value of ‘x’ should be

A) 243 (B) 43

(C) 4m (D) 8m

The necessary and sufficient condition for a surface to
be called as a ‘free surface’ is

(A) no stress should be acting on it.

(B) tensile stress acting on it must be zero.

(C) shear stress acting on it must be zero.

(D) no point it should be under any stress.

A rectangular gate PQ has a length of 7 m into the plane
of the paper and a height of 5 m. The gate is hinged at P
and is prevented from opening by a block at O as shown
in the figure

Block

When the height of the body of liquid (present on the
left side of the gate) reaches 10 m, the hinge breaks as
the reaction at the hinge becomes 1029 kN. The density
of the liquid is

(A) 257 kg/m?

(B) 900 kg/m?

(C) 2700 kg/m?

(D) 400 kg/m?

A cylinder of diameter 2 m and height 4 m is connected
to a gate of width 3 m as shown in the following figure.
When the water level drops to a height of 3 m, the gate
opens up. If the friction of the gate and pulley can be
neglected, then the density of the cylinder is

13.

14.

15.

16.

? Pulley

1 Cylinder

AV4

Gate

(A) 500 kg/m?
(B) 715 kg/m?
(C) 822 kg/m?
(D) 965 kg/m?

Consider the following statements:

The metacentric height of a floating body depends
1. directly on the shape of its water-line area.
II. on the volume of liquid displaced by the body.
II1. on the distance between the metacentre and the cen-
tre of gravity.
IV. on the second moment of water-line area.

Which of these statements are correct?
(A) Tand IT

(B) I and III

(C) II'and IV

(D) T'and IV

Consider the following statements:

Filling up a part of the empty hold of a ship with
ballasts will
I. reduce the metacentric height.
II. lower the position of the centre of gravity.
III. elevate the position of centre of gravity.
IV. elevate the position of centre of buoyancy.

Which of these statements are correct?
(A) I, 1T and IV

(B) TandII

(C) Ml and IV

(D) MMand IV

Assertion (A): If a boat, built with sheet metal on
wooden frame, has an average density which is greater
than that of water, then the boat can float in water with
its hollow face upward but will sink once it overturns.

Reason (R): Buoyant force always acts in the upward

direction.

(A) Both A and R are individually true and R is the
correct explanation of A.

(B) Both A and R are individually true but R is not the
correct explanation of A.

(C) Aistrue but R is false.

(D) A is false but R is true.

A float of cubical shape has sides of 10 cm. The float
valve just touches the valve seat to have a flow area of
0.5 cm? as shown in the figure



17.

18.

19.

20.

Valve

/TN

Float

—b > —

Tank

If the pressure of water in the pipeline is 1 bar, the rise of
water level ‘A’ in the tank to just stop the water flow will be
(A) 7.5cm (B) 5.0 cm
(C) 2.5cm (D) 0.5cm

A homogeneous solid of any arbitrary shape floats
upright in a homogeneous liquid with immersed vol-
ume V and is in stable equilibrium. If the solid is over-
turned and made to float upside down in a different
homogeneous liquid with exactly same volume /" above
the liquid surface, then the equilibrium

(A) would be stable.

(B) would be neutral.

(C) would be unstable.

(D) may or may not be stable.

The time period of rolling of a ship of weight 25000 kN in
sea water is half a minute. Along a line joining the meta-
centre (point M), centre of gravity (point G) and centre of
buoyancy (point B), the distance between points M and
B is 3.5 m while the distance between points B and G is
1.5 m. Point M is above point G, which is above point B
along this line. If the specific weight of sea water is 10.1
kN/m?3. Then the radius of gyration of the ship is

(A) 21.5m (B) 10.63 m

(C) 0.352m (D) 8.42m

One of the following statements is true with regards to
bodies that float or are submerged in liquids:

(A) For a body wholly submerged in a liquid the stabil-
ity is ensured if the centre of buoyancy is below
the centre of gravity of the body.

For a body floating in a liquid the stability is
ensured if the centre of buoyancy is below the cen-
tre of gravity of the body.

For a body floating in a liquid the stability is
ensured if the centre of buoyancy and the centre of
gravity, regardless of the relative positions of the
centre of buoyancy and gravity.

For a body floating in a liquids the stability is
ensured if the centre of buoyancy is below the cen-
tre of gravity and the metacentre is above both the
centers of gravity and buoyancy.

(B)

©

D)

In an iceberg, 15% of the volume projects above the sea
surface. If the specific weight of sea water is 10.5 kN/
m?, the specific weight of iceberg in kN/m? is

21.

22.

23.

24,

25.
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(A) 12.52 (B) 9.81
(C) 893 (D) 7.83
A 15 cm length of steel rod with relative density of 7.4
is submerged in a two layer fluid. The bottom layer is
mercury and the top layer is water. The height of top
surface of the rod above the liquid interface in ‘cm’ is
(A) 8.24 (B) 7.82
(C) 7.64 (D) 7.38
Stability of a floating body can be improved by which
of the following?

. Making its width large

II. Making the draft large
III. Keeping the centre of mass low
IV. Reducing its density

Select the correct answer from the given options
(A) LI, I and IV (B) L II and III only
(C) Tand II only (D) Il and IV only

Consider the following statements related to the stabil-

ity of floating bodies:

I. The metacentre should be above the centre of grav-
ity of the floating body for stable equilibrium during
small oscillations.

II. For a floating body, stability is not determined sim-
ply by the relative positions of centre of gravity and
centre buoyancy.

III. The position of metacentre of a floating body is
fixed irrespective of the axis of oscillations.

IV. Large value of metacentric height reduces the period
of roll of the vessel.

Which of these statements are correct?
(A) Tand III only (B) Il and IV only
(C) L, and IV only (D) L IL I and IV

Statement I: When a given body floats in different lig-
uids, the volume displaced will decrease with increase
in the specific gravity of the fluid.

Statement II: The weight of the floating body is equal

to the weight of the volume displaced.

(A) BothIandII are individually true and II is the cor-
rect explanation of I.

(B) Both I and II are individually true but II is not the
correct explanation of I.

(C) Tis true but I is false.

(D) Tis false but II is true.

A vertical wall is holding a liquid of specific weight
‘w’ and height ‘%’ on one side. The total pressure on the
wall per unit length is

(A) whh2 (B) v;h/Z
Wi
© Y (D) EWh

26.If the surface of liquid is concave, then cohesive pressure is

(A) increased.

(B) decreased.

(C) absent.

(D) negligible or does not matter.
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27.

28.

29.

30.

31.

A body weight 4 kg in air was found to weigh 3.5 kg

when submerged in water. Its specific gravity is

A1 B) 3

©) 6 (D) 8

For stability of a floating body

(A) the metacentre ‘M should lie between the centre
of gravity ‘C” and centre of buoyancy ‘B’.

(B) M should lie above B and C.

(C) M should coincide with B and C.

(D) M should lie below B and C.

Match List I with List I and select the correct answer:

List | (Condition of

Floating Bodies) List Il (Result)

a. M below G 1 Floating body

b. M above G 2. Unstable equilibrium
c. MandG coincides 3 Stable equilibrium
d. Bbelow G 4.  Neutral equilibrium

[M — Metacentre, G — Centre of gravity, B — Centre of
buoyancy]

Codes:

abcd abcd
(A)3 412 B)2 3 41
€12 3 4 M4 123

A metallic cube of side 200 mm and specific weight 26
kN/m? is suspended by a string in oil and water as shown
in the figure. Half of the cube is submerged in water and
the remaining half is submerged in oil. If specific grav-
ity of the oil is 0.8, determine the tension in the string.

Oil

100 mm

(A) 982N (B) 176.6 N
(C) 156.7N (D) 1924 N

A curved surface is submerged in a fluid. Consider the
following statements relating to it.

I. Vertical component of the hydrostatic force acting
on the surface is equal to the weight of the fluid ver-
tically above the surface.

II. Horizontal component of the force acting on the
curved surface is the hydrostatic force acting on the
vertical projection of the curved surface.

I11. Horizontal component of the force acts through the
centre of gravity of the vertical projection of the
curved surface.

(A) Tand II are correct

(B) Iand III are correct

(C) II and III are correct

(D) L 1I and III are correct

Direction for questions 32 to 34:

An 80 mm diameter composite solid cylinder consists of a
20 mm thick metallic plate and 650 mm long wooden cyl-
inder of specific gravity 4 and 0.8 respectively. The cylinder
floats in water its axis vertical.

32.

33.

34.

35.

36.

37.

The position of centre of gravity from bottom is
(A) 0.3m (B) 0.35m
(C) 0.4m (D) 0.45m
Position of centre of buoyancy from bottom is
(A) 0.2m (B) 0.25m
(C) 0.3m (D) 0.35m
Metacentric height is
(A) 0.667 mm (B) 6.67 mm
(C) 3.33mm (D) 8.63 mm

Free water surface

N

1
|

Z

\

Figure shows a gate having quadrant shape. Vertical
component of the resultant force acting per metre
length on the curved surface (in kN)

(A) 30.8 kN

(B) 30.4 kN

(C) 30.38kN

(D) 30.96 kN

A triangular plate of 90 cm height and 60 cm base is
submerged vertically in water such that base is hori-
zontal and the upper point is at a depth of 9.4 m from
water surface. Total hydrostatic pressure (in kN) acting
on one side of the plate is

(A) 26.48 kN

(C) 26.2kN

(C) 24 kN

(D) 25.2kN

A square plate ABCD of size | m X 1 m is submerged
vertically in water such that the upper edge is horizon-
tal and is at a depth of 0.5 m from water surface as
shown in the figure.
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Horizontal line LM on the plate is such that the total
pressure force above it is equal to the total pressure
force below. Then the distance BM (in cm) is equal to

PRrREVIOUS YEARS’ QUESTIONS

1. For the stability of a floating body, under the influence

of gravity alone, which of the following is TRUE?
[GATE, 2010]

(A) Metacentre should be below centre of gravity.

(B) Metacentre should be above centre of gravity.

(C) Metacentre and centre of gravity must lie on the
same horizontal line.

(D) Metacentre and centre of gravity must lie on the
same vertical line.

. For a body completely submerged in a fluid, the centre

of gravity (G) and centre of Buoyancy (O) are known.

The body is considered to be in stable equilibrium if

[GATE, 2011]

(A) O does not coincide with the centre of mass of
the displaced fluid.

(B) G coincides with the centre of mass of the dis-
placed fluid.

(C) O lies below G.

(D) O lies above G.

. If a small concrete cube is submerged deep in still
water in such a way that the pressure exerted on all
faces of the cube is p, then the maximum shear stress

developed inside the cube is [GATE, 2012]
)4

(#) 0 ®) 3

© p D) 2p

. A hinged gate of length 5 m, inclined at 30° with
the horizontal and with water mass on its left, is
shown in the figure. Density of water is 1000 kg/m?.
The minimum mass of the gate in kg per unit width
(perpendicular to the plane of paper), required to keep
it closed is [GATE, 2013]

(A) 51.6 (B) 54.2
(C) 61.8 (D) 66.7

5m
(A) 5000 (B) 6600
(©) 7546 (D) 9623

. For a completely submerged body with centre of

gravity ‘G’ and centre of buoyancy ‘B’, the condition
of stability will be [GATE, 2014]
(A) G is located below B.

(B) G is located above B.

(C) G and B are coincident.

(D) independent of the locations of G and B.

. A flow field which has only convective acceleration is

[GATE, 2014]
(A) a steady uniform flow.
(B) an unsteady uniform flow.
(C) a steady non-uniform flow.
(D) an unsteady non-uniform flow.

. A triangular gate with a base width of 2 m and a

height of 1.5 m lies in a vertical plane. The top vertex
of the gate is 1.5 m below the surface of a tank which
contains oil of specific gravity 0.8. Considering the
density of water and acceleration due to gravity to be
1000 kg/m? and 9.81 m/s?, respectively, the hydro-
static force (in kN) exerted by the oil on the gate is
[GATE, 2015]
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Exercises

1. C 2. B 3. B 4. D 5. D 6. D 7. D 8. B 9. A 10. C
11. B 12. B 13. B 14. D 15. B 16. B 17. D 18. A 19. D 20. C
21. D 22. B 23. C 24. A 25. C 26. B 27. D 28. B 29. B 30. B
31. A 32. A 33. C 34. A 35. A 36. A 37. C

Previous Years’ Questions
1. B 2. D 3. A 4. D 5. A 6. C 7. 29.43
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