Chapter 5
Continuity and Differentiability

Miscellaneous Exercise
Q. 1 Differentiate w.r.t. x the function
(3x% - 9x + 5)°
Answer:
Lety = (3x>-9x + 5)°

If u=v(w(x))

. . du dv aw
Then using chain rule — = — X —
en using chain rule — = ——= X —

=~ Differentiating y w.r.t. X using chain rule

@& _ad a2 _ 9
= (3x*—=9x +5)

=9 (3x2- 9x + 5)° X = (3x2 ~ 9x + 5)
= 9(3x2 — 9x + 5)3% (6x — 9)

=9(3x2— 9x + 5) x 3(2x —3)

=27(3x> - 9x + 5)¥ 2x - 3)

2 =27 (3x> - 9x +5)° (2x - 3)

Q. 2 Differentiate w.r.t. x the function
sin® x + cos® x

Answer:

Let y = sin® x + cos® x

Differentiating both sides with respect to x




o= + — - —_ = — =_
ol (sin” x) ™ (cos® x) ™ (sinx)=cosx & ™ (cos x) = -sin X

]
= 3 §in2x X = (sin x) + 6 cOs5 X X — (
SIN2X X —— (sin X cos5 X X ——(cos X)
=3 sin? X X cos X + 6 cos® X X (— sin x)
=3 sin X cos X (sin x— 2 cos? x)
= 3 sinx cosx (sinx— 2 cos* x)
Q. 3 Differentiate w.r.t. x the function
(5X)3COS 2x
Answer:
Let y = (SX)3cos 2X
Then log y = log (5x)3¢s
= log y = 3cox 2x x log 5x

Differentiating both sides with respect to x, we get

=3 [log 5x X — (cos 2x) + cos 2x X — (log 5x)]

[ —(uv)—ux—+ XE

= 3y [log 5x(—2 sin 2x) X — (Zx) +cos2x X —X— (Sx)]

COS 2x

[—2sin2xlog5x + |

[3 COS2X _ 6 cin 2x log Sx]

= (5x)3cos2x [@ — 6sin 2x log Sx]

= (5x)3cos2x [@ — 6sin 2x log Sx]




Q. 4 Differentiate w.r.t. x the function

Sin” (xvx),0 <x <1

Answer:

Lety=sin—1 (xﬁ),O <x<1

Differentiating both sides with respect to x, we get

Using chain rule we get

dy sm1 (x\/_ )
—_—X (x\/— )

/1 (va)

m,—2<x<2

Answer:
cos™1

V2x+7’

Differentiating both sides with respect to x, we get

Lety= —2<x<2

Using Quotient rule




2x+7d%c(cos‘1§)—(cos‘lg)c%c(m)

(V2x+7)

s

2x+7

- d
V2x+7 cos 1;)5(\/2x+7)

1 _1x 2
2X+7X— —(cos 1—)><
PR 2) " 22x+7

2x+7

dy V2x+7 cos

_15

_ _ 2
dx Va—x2x(2x+7)  (V2x+7)(2x+7)

_1x
dy _ 1 + cos™'%
dx V4—x2x2x+7 3

(2x+7)2

Q. 6 Differentiate w.r.t. x the function

Vi+sinx + V1-sinx
V1+sinx —V1-sinx

Cot‘l( ),O<x<§

Answer:

V1+sinx +V1-sinx
V1+sinx —V1-sinx

)0<x<5
2

Let y = cot’! (

V1+sinx+vV1-sinx
V1+sinx —vV1-sinx

_ (\/1+sinx+\/1—sinx)2
V1+sinx —/1-sinx )(vV/1+sinx—/1-sinx
( ) )

V1+sinx+V1-sinx
V1+sinx—vV1-sinx

_ (1+sinx)+(1-sin x)+2+/(1—sin x)(1+sin x)
(1+sinx)(1-sinx)

_ Vi4sinx+Vi-sinx _ 2+2V1-sin?x

B Vitsinx—/1-sinx 2sinx




T n 2X
_ Vi4sinx+vVl-sinx _ 1+cosx 2cos*;
V1+sinx—v1-sinx sin x 2 sing cosg

x
= cot-
2

V1+sinx+V1-sinx
V1+sinx—V/1-sinx

Substituting the value of = cotg iny.

sy =cot’! (cot g)
=>y=x/2

Differentiating both sides with respect to x, we get

dy 1d
dx_de( )
dy 1

'dx 2

Q.7

Differentiate w.r.t. x the function

(log x) g% x> 1

Answer:

Lety = (log x) 18X, x > 1

Taking logarithm on both sides

= log y = log (log x) log x =log x x log (log x)

Differentiating both sides with respect to x, we get

d
=— [log x X log(log x)]

= log(logx) x — (log x) +logx X — [log(log x)]

d_y =y [log(log xX) X = + log x % —x X — (log x)]

dy 1 1
= — = [x log(log x) + x]




o d_y (log x)logx I:i + Mjl

dx_ X

Q. 8 Differentiate w.r.t. X the function

cos (a cos x + b sin x), for some constant a and b.
Answer:

Lety =cos (a cos x + b sin x)

a and b are some constants

y =cos (a cos X + b sin x)

Differentiating both sides with respect to x, we get

Using chain rule

dy d .
= — =—cos(acosx + bsinx
dx dx ( )

dy

. . d :
=== sin(acos + bsin x) X = (acosx + bsinx)

—sin(acosx + bsinx) X [a (—sinx) + b cos x]

d . : :
= (asinx — bcosx) X sin(acosx + bsinx)

Q. 9 Differentiate w.r.t. x the function

T

. ; 3
(sin X — cos x) (Sinx—cosx) T <x<—

Answer:

. : T 3n
Let y = sin X — cos x) ($Inx—cosx), T<x<—

Taking logarithm both sides, we get
log y = log [(sin X — cos X) (sin X — cos X)]

= log y = (sin x — cos x) % log (sin X — cos X)




Differentiating both sides with respect to x, we get

= ;—x [(sin x — cos x) X log(sinx — cos x)]

d . d : ;
! y=10 SInNX —COoSX) X—(SInx — coS) + (Ssinx —cosx) X
X g dx

d , .
= (sinx — cos x)

S, y [log(sinx — cosx) X (cosx + sinx) + (sinx —

dx
1 d , .
X — (sinx — cos x)]

COSX) X ———
) (sinx—cosx) dx

= Z_z =Yy [log(sinx — cosx) X (cosx + sinx) + (sinx — cos x) X

1 a , .
— X —(sinx — cos x)]
(sinx—cosx) dx

A y[(cos x + sin x) log(sin x — cos x) + (cos x + sinx)]

= (sin x — cos X) (sin X — cos x) (cos x + sin x) [1 + log (sin x — cos

ax
.
" ax

]

X)
Q. 10 Differentiate w.r.t. x the function

x*+ x?+ a*+ a?, for some fixeda>0and x>0
Answer:

Lety = x*+ x*+ a* + a%, for some fixeda>0and x>0
Andletx*=u,x*=v,a*=wand a*=s

Theny=u+v+w+s




Taking logarithm both sides, we get
log u = log x*
= logu =x log x

Differentiating both sides w.r.t. x

=>—d— log x X = (x) + x X —(logx)

:;——u[logx+x>< ]

o x*[logx + 1] = x*(1 + logx) ... (I)

dx
v=x?
Differentiating both sides with respect to x

ay _ 4d - a
dx_dx(x)

Taking logarithm both sides
log w = log ax
logw=xloga

Differentiating both sides with respect to x

1dy
EE logax—(x)

dw
= —=wloga
dx




Differentiating both sides with respect to x

Putting (11), (III), (IV) and (V) in (I)

% = x*(1 +logx) + ax® ! + a*loga + 0

2 = x*(1 +logx) + ax® ! + a*loga

dx
Q. 11 Differentiate w.r.t. x the function
x*°73 4 (x = 3)*°, forx > 3
Answer:
Lety=x*""3 + (x — 3)*
Andletx** 3 =u& (x —3)* =v
Sy=utv
Differentiating both sides w.r.t. x we get

dy du  dv
dx  dx

Now,
u=x*-3
Taking logarithm both sides
log u = log x*3

= logu=(x2-3) logx

Differentiating w.r.t. x, we get

42 _ 2 _ 4
——= logxxdx(x 3) + (x 3)><dx(logx)

X




:;Z—z—u [logxx2x+(x —3) X ]

du _
=X x?-3
dx

Also,

v=(x —3)*

Taking logarithm both sides

log v=1log (x — 3)"2

= log v =x?log (x — 3)
Differentiating both sides w.r.t. x

~ = loh (x - 3) x—(xz)x—[log(x—S)]

:Z—Z=v[log(x—3)><2x+x2><—><—(x—3)]

(x=3)

= (x — 3)" [Zx log(x —
v _ o2 [ X

- (x 3) [(x—3)
Substituting (II) and (III) in (I)

e |+ @ -3 [— + 2xlog(x — 3)|

Q. 12 Find dy/dx, ify=12 (1 —cos t), x =10 (t — sin t),

Answer:

d dx d
To find =¥ we need to find out == and =
dx dt dt

dy
_ a
dx
dt

Given,y =12 (1 —cost)and x =10 (t —sin t)




x =10 (t—sint)

Differentiating with respect to t.

dx d .
— = 77 [10 (¢ = sint)]
:Z—x— 10><—(t—smt) =10 (1 —cost)

y=12 (1 —cost)
Differentiating with respect to t.

& _Lppa-
E = [12 (1 —=cost)]

—12>< (1—cost)—12 X [0 — (—=sint)] = 12sint

L 12sint 12x2 sint cos= 6 t
=E= = 22 = —cot=
% 10(1—cost) 10x2sin2§ 572

Q. 13 Find dy/dx, if y=sin' x +sin? V1 —x2, 0<x<1
Answer:

Given,

y =sin x +sin! V1 — x2

Differentiating with respect to x

d—y = i [Sin‘lx + sin~W1 — x2|
d—y = (Sm 1x) +— (sm W1 —x2)

av _ _1 1 4 (J1T —~2
e \/1—x2+\/1_( _1_x2)zxdx( 1-x?)




Y- 1§ —(\/T)

dx  vJ1-x2 = \[1- (1 -x2)

:>d_y= 1 _|_1>< 1
dx V1-x2  x  2V1-x2
d 1
==t X (20
dy 1 1
dx  Vi—x2 Vi-x2
a

ay
. =0
dx

—(1—x)

Q. 14Ifx,/1+y+y\/1+x=0,for,—1<x<1,provethat3—i=
1
 (1+x)?

Answer:

Given,x /1+y+yv1+x=0

X/1+y=-yv1l+x=0

Now, squaring both sides, we get

= (x,/1+y)2 = (—y V1 + x)?
= x* (1+y)=y* (1+x)

:>X2_|_X2y=y2+y2x
:»x2—y2=xy2—xzy

> x+y)x-y)=xy(y—Xx)
=X +ty=-Xy

=y tXxy=—X




Differentiating both sides with respect to x, we get

Using Quotient Rule

_ (1+x)%(x)—x%(1+x) __4+-x . a+o-x _ 1
Y- (1+x2)2 T @+0? T (a+x0? | (1+x)?

cay 1
Tdx T (1+x)2

Hence, Proved

Q. 15 If (x — a)*> + (y — b)?> = ¢, for some ¢ > 0, prove that

constant independent of a and b.
Answer:
Given, (x —a)’> + (y — b)? = ¢?

Differentiating with respect to x, we get

~[(x— @)+ [y = b)?] = = (c?)

=2 (x-a) X~ (x—a) + 2(y = b) X = (y = b) = 0

=>2(x-a)X 1+2(y-b)xZ=0

L dy (x—a

Y dx y—b
Differentiating again with respect to x

d’y _d [_ (x—a)
y—>b

dx? dx

Using Quotient Rule




[(y=b) X (x~a) ~ (x— ) Xoe(y~b)
(y—b)?

[(y-b)-(x-a)x1=
(y-b)?

Substituting the value of dy/dx in the above equation

'<y—b)—(x—a)><{—@}]

y—-b
(y—b)?

[(y—b)?+(x—a)?]
(y-b)3

3

[1_|_(x—a)2'E (y—b)2+(x—a)2]E [ c3 ]

_ (y=b)?| _ (y-b)? _ 1lo-pn3] _

o (y—b)2+(x—a)2] o (y—b)2+(x—a)2] o
(y-b)3 (y-b)3 (y-b)3

—C

3
[ dy2 2

a%y

dx?

= - ¢, which 1s independent of a and b

Hence, Proved

2
Q. 16 If cos y = x cos (a +y), with cos a #+ 1, prove that Z—Z = COSSiEIa:y)

Answer
Given, cosy =x cos (a +y)

Differentiating both sides with respect to x

% [cosy] = % [x cos(a + y)]

= —sinyZ—Z = cos(a + y) x;—x(x) + x x%[cos(a + y)]

dy
x

= — Siny% = cos(a + y) + x[—sin(a + y)] ™




= [xsin(a + y) — siny] % = cos(a + y)
Since, cos y = x cos (a +y) = x =cos y/cos (a +y)

Substituting the value of x in (I)

cosy ) . dy
[Cos(a+y) X sin(a + y) — sin y] —= cos(a + y)

= [cosy X sin(a + y) —siny X cos(a + y)] Z—z = cos (a + y) X
cos (a +y)

=>sin(a+y—y)Z—Z=COSz(a+3’)

= sina x 2 = cos?(a + y)

dx

__cos?(a+y)

sina
Hence, proved
Q.17Ifx=a(cost+tsint)and y = a (sin t — t cos t), find d’y/dx>.
Answer:
Given,x =a(cost+tsint)and y =(sint—tcost)

dy
dat

d d
To find d—i we need to find out d—f and

dy
- dt
ﬂx_

dt dx

ay 2,
_ at _
= 4 and Tz

de

x =a(cost+tsint)

Differentiating with respect to t.

dx_d

E_E[a (cost + tsint)]




d : : : d
=a><E(cost+tsmt) = a[—sint +sint xa(t)+t><

% (sint)]

dx

:;E=a[—sint+sint+tcost] = atcost

y=a(sint—tcost)
Differentiating with respect to t.

2 o ot - tcont) = oot - fost X 0 + x5 st
dt—adt(smt tcost) =alcost costxdt(t)+txdt(cost

d : ,
:d—iza[cost—cost+tsmt] =atsint

Differentiating dy/dx with respect to t

L
4 — — (tant) = sec’t
dt  dt

dt 1 sect
And — = =
dx atcost at

Tdx?2 T at
Q. 18 If f (x) = [x|*, show that f"(x) exists for all real x and find it.

Answer:

_{x,ifoO
x| = —x,if x <0

When, x >0,




fx) =[x’ =x°

So, "(x) = 3x?

And £(x) = d(P(x))/dx = 6x
-~ £7(x) = 6x

When x <0,

fx) = xP= (=x)* =-x
(x) = — 3x?

°(x) =— 6x

, . ~_(6x,x=0
0= e <o

Q. 19 Using mathematical induction prove that ;—x (x™) = nx™1 for all

positive integers n.

Answer:

To prove: P(n): % (x™) = nx"~ ! for all positive integers n
Forn=1,

LHS == (x) = 1

RHS=1xxI-1=1

So, LHS = RHS

~ P (1) 1s true.

~ P(n) 1s true forn =1

Let P(k) be true for some positive integer k.




ie. P(k) = 2 (%) = kexk
Now, to prove that P (k + 1) is also true
RHS=(k+1)xk+1)-1

=4 kty 2 4 k
LHS dx(x )—dx(xxx)

=k & a Kk
X xdx(x)+xxdx(x)

=x* x1+x Xk xxk1

= x* + kx*

= (k+1) x xk

= (k + 1)xk+D72

~ LHS = RHS

Thus, P (k + 1) is true whenever P(k) is true.

Therefore, by the principle of mathematical induction, the statement P(n)
is true for every positive integer n.

Hence, proved.

Q. 20 Using the fact that sin (A + B) =sin A Cos B + cos A Sin B and
the differentiation, obtain the sum formula for cosines.

Answer:
sin (A +B)=sin A Cos B +cos A SinB

Differentiating with respect to x, we get

d [sin (A +B)] = % (sin A cos B) + % (cos A sin B)

dx

= C0S (A+B)%(A+B)=cosB%(sinA)+sinA%(cosB)+sin
d d , .

Ba(cos A) + COSAE (sin B)




d dA | . : dB | .
= cos (A + B)E(A-l_ B) =cosB COSAE+ sin A (-sin B)E'I_ sin B
(-sin A) Z—i + cos A cos B d—B

:»cos(A+B)>< — ] (cos A cos B —sin A sin B) X dA+dB

dx
=~ cos (A+B)=cos ACosB—-sinA SinB

Q. 21 Does there exist a function which is continuous everywhere but
not differentiable at exactly two points? Justify your answer.

Answer:
Considering the function
f(x) =|x| + [x + 1|

The above function f is continuous everywhere, but is not differentiable
atx=0and x=-1

—x—(x+1),x<-1
fx)={—x+x+1),-1<x<0
x+x+1),x=0

—2x—1,x< -1
={ 1,-1<x<0
2x+1, x>0

Now, checking continuity

CASEL: Atx<-1

flx)=—2x-1

f(x) 1s a polynomial

= f(x) is continuous [+ Every polynomial function is continuous]

CASEIl: x>0




f(x)=2x+1

f(x) 1s a polynomial

= f(x) is continuous [+ Every polynomial function is continuous]
CASEIIL: At—1<x<0

f(x)=1

f(x) 1s constant

= f(x) 1s continuous

CASEIV: Atx=-1

—2x—1,x< -1
fx)=7 1,-1<x<0
2x+1, x>0

A function will be continuous at x =— 1

IfLHL = RHL = f (- 1)

ie. lim f(x)= lim_f()=f(-1)

LHL= lim f(x)= lim —2x-—1

xX—->=1" x—->-=1"
Putting x =—1
LHL=-2x(=1)-1=2-1=1
RHL= lim f(x)= lim 1=1

x—->—1 x—>—1%
flx)=—2x-1
f-D)=-2x(=1)-1=2-1=1
so, LHL=RHL =f(-1)
= f 1s continuous.

CASE V: Atx=0




—2x—1,x<-1
fx)={ 1,-1<x<0
2x+1,x =0

A function will be continuous at x =0

If LHL = RHL = £ (0)
ie. lim f(x) = lim f(x) = f(0)

LHL = lim f(x) = lim 1=1

x—0" x—07

RHL = lim = lim 2x +1

x—0% x—0%
Putting x =0
RHL=2x0+1=1
f(x)=2x+1
f(0)=2x0+1=0+1=1
so, LHL = RHL = f (0)
= f is continuous.

Thus f(x) = [x| + |x + 1] 1s continuous for all values of x.
Checking differentiability

CASEL Atx<-1

fx)=—2x-1

x)=-2

f(x) 1s polynomial.

= f(x) is differentiable
CASEII: Atx>0
f(x)=2x+1




£(x) =2

f(x) 1s polynomial.

= f(x) is differentiable
CASEIIL: At—1<x<0
f(x)=1

f(x) is constant.
= f(x) 1s differentiable
CASEIV: Atx=-1
—2x—1,x< -1

fx)=14 1,-1<x<0

2x+1,x=0
fis differentiable at x =— 1 i1f
LHD=RHD =1 (-1)
. lim. f=1 i( 1-h) _ i, £( 1”2 D _ prem)

LHD = lim [EDTSCI=m o 22X(ED-1-(2x(1=h)-1) _
2-1(2+2h-1)
h
1-2h-1 -2h _

= lim —= -2
h-—-1— h

fCIHW-f (D) _ lim 1-(=2x(=1)-1 _ lim 1-1 0

RHD = Ilim
h-—1t h h——1* h h—»—-1t h

Since, LHD # RHD

~ f1s not differentiable at x = — 1

CASE V: Atx=0




—2x—1,x<-1
fx)=14 1,-1<x<0
2x+1,x=0
f is differentiable at x = 0 if
LHD =RHD =1 (0)
: . f(O=fO=h) _ .. f(O+h)=f(0) _ .
1.e. hll,r{)l— — = ,}L%L — = f(0)
LHD = lim L@/ _ jpy 204171 _
h-0" h h—-0— h
RHD = lim f(0+h)-f(0) — lim 2x(0+h)+1—-(2%x0+1) _
h—o0t h h—0t

Since, LHD # RHD

~ f1s not differentiable at x =0

So, f is not differentiable at exactly two-point x =0 and x = 1, but
continuous at all points.

Q.22
f(x) gx) h(x) o [ g ) hx)

If| 1 m n |, prove that - 1 m n
a b c a b c

Answer:
f&x) gx) h(x)

Lety=1] 1 m n
a b c

Differentiation of determinant u =

!
L
[

g
j|isgivenb
m




d d d
~@ = =@ |.¢ T 9
=" T T R Lo Lo+
k l m k [ m
f g

h i j
~ (k) =) +—(m)

d d d
P P GC) R CIC) B (ACD)
| 1 m ,

a b c

fx) g  hx) fO) g h(x)
d d d 1 m n
(1) =(m) |+
dxa dxb dxC %(a) %(b) ;_x(c)

+

" f'x) g'x) W) |f(x) gx) hx)
c—==11 m n |+ 0 0 0 |+

.dx
a b C a b C

f(x) gx) h(x)
1 m n
0 0 0

Since, a, b, ¢ and I, m, n are constants so, their differentiation is zero.

Also in a determinant if all the elements of row or column turns to be
zero then the value of determinant 1s zero.

f(x) gx) h(x) fx) gkx) fx)
S~ 0 0 0 |=0and| 1 m n

a b c 0 0 0

f'(x) g'(x) h'(x)

1 m n

a b c

LAy
L) dx —

Hence, proved.




1

Q.23 If, Y = e@c0s™
a’y =0

d?’y
*,—1 < x < 1 show that (1 — x2 X

Answer:

acos 1x

Given,y=e
Taking logarithm both sides, we get

acos™1x

logy=1loge
= logy=acos— 1xloge
= logy=acos— Ix[loge=1]

Differentiating both sides with respect to x

y dx 1—x2

dx V1—x2
Squaring both sides

(dy)z _ a2y2
dx) = 1-x2

d a
=2 = Y

= (1 —x2) (Z—z)z = a?y?

Differentiating both sides

(@) 2a-»+a-xL[(©)]=e Lo

dx | \dx

ay\? _ 2 LA dy
= (dx) (—2x)+ (1 x)xzxdxxdxz—a xzyxdx

dy 2 dzy 2
= —X X — 1-— —_— =
x dx+( x)dx2

2
25 4y dy 2
ol —x4)——xX——a“y=0
a )dxz dx Y




Hence, proved



