1. TRIGONOMETRIC
RATIOS, IDENTITIES
AND EQUATIONS

1. INTRODUCTION

The equations involving trigonometric functions of unknown angles are known as Trigonometric equations e.g.
c0s0 =0,cos’ 6 —4cos0 =1,5in* 0 +5sinO =2cos’ 0 —4sinb=1.

2. TRIGONOMETRIC FUNCTIONS (CIRCULAR FUNCTIONS)

Function Domain Range

sin A R -1, 1]

cos A R [-1,1]

tan A R-[(2n+1)n/2nel] R = (o0, 0)
cosec A R-[nmnel] (=0, -1]u[1,%0)
sec A R-{(2n+1)x/2nel) (moo-1]u[1,0)
cot A R - [nn,n € IJ (—00,00)

We find, |sinA| < 1,|cosA| <1,secA>1orsecA<-1 and cosecA>1lorcosecA<-1

2.1 Some Basic Formulae of Trigonometric Functions Y
£ 2 2
(@ sin®A+cos®A=1. Il quadrant | Iquadrant
(b) sec2 A— tan2 A=1 only sin 6} are + ve | All t-ratios are + ve

cosec 0
() cosec?A—cot’A=1

X < > X
(d) sinAcosecA =tanAcotA =cosAsecA=1 Il quadrant | IV quadrant
. . . only tan 6 only cos 6
A system of rectangular coordinate axes divide a plane into four cot e} arexve sec e} arerve
quadrants. An angle 0 lies in one and only one of these quadrants.
The signs of the trigonometric ratios in the four quadrants are shown in v

Fig 7.1. Figure 7.1
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PLANCESS CONCEPTS

A crude way to remember the sign is "Add Sugar to Coffee”. This implies the 1< letter of each word gives

you the trigonometric functions with a +ve sign.

Eg. Add-1t word = 1t quadrant 1% letter=A = All are positive to-3 word = 3quadrant 1% letter-t

= tan 0 (cot 0) are positive.

Ravi Vooda (JEE 2009, AIR 71)

Sine, cosine and tangent of some angles less than 90°:

Trigonometric | 0° 15° 18° 30° 36°
ratios
. ° V6 -2 V5-1 1 J10-245
2 2 2 —a
o8 1 V6 ++2 J10+ 245 V3 J5+1
4 4 2 4
tan 0
2-3 V25-1045 1 5-245
5 V3
37° 45° 53¢ 60° 90°
. 1 1
sin ~3/5 — ~4/5 3
- &
2
cos ~4/5 1 ~3/5 1 0
V2 2
tan ~3/4 1 ~4/3 \/5 Not defined

lllustration 1: Prove the following identities:

1
tan’ AJ - sin® A —sin* A

(i) (1 +tan? A) + (l +

1+tan’0 3 (1—tan9j2

(ii) =
1+cot’® \l-coto

Sol: (i) Simply by using Pythagorean and product identities, we can solve these problems.

(i) LH.S. = (1 + tan? A) + (1+ Jz sec’ A + (1 + cot? A)

tan® A
1 1 sin®A+cos’A

=sec? A + cosec’ A = St = > >
cos“A sin“A  sin“A.cos® A

[ sin® 0+ cos? 0 = 1}

(JEE MAIN)



) 1 1
sin’ A(l —sin? A) sin’ A—sin* A

= R.H.S.[': cos? 0 =1—sin? 9}

Hence proved.

l+tan’0  sec’®  sin’O
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(i) LH.S. = — = —=———~=tan’0 . (0)
l+cot"® cosec® cos“6
2 2
1 21 1 i
Now, RHS. = [1=tan0) _ji-tand | | 1-tanb ) 1 1-tand . ol _tan?e . (i)
1-cot 1 tan0-1 ~(1-tano)
tan0 tano
From (i) and (ii), clearly, LH.S. = RH.S. Proved.
lllustration 2: Prove the following identities: (JEE MAIN)
-2 2
(i) sin” A + 298 A_ L —2=sec? Acosec’A-2
cos’ A sin’ A sin’ Acos® A
(iiy sec* A (1—sin*A) -2 tan’ A = 1
Sol: Use algebra and appropriate identities to solve these problems.
.2 2 .4 4 sin® A 2+ cos® A 2+25in2Ac052A—Zsin2Acos2A
(i sin“A cosA sin"A+cos” A :
cos’ A sin’A sin Acos® A sin Acos® A
2
(sin2A+cos2 A) —2sin’ Acos® A 1—2sin2 Acos A
B sin® Acos® A ~ sinAcos? A
1 2sin’ Acos® A
= - sw; COSZ =sec? Acosec? A-2 =RHS. Proved.
sin“Acos“ A sin“ Acos” A
. 4
.. . A
(i) LHS. = sect A (1 —sin* A)— 2 tan? A =sec* A= 20 2 _otan? A = sec* A —tan® A—2tan? A
cos” A
2
= (1+tan2 A) —tan*A-2tan’A=1+2tan?A + tan* A—tan* A-2tan? A = 1 = RH.S. Proved.
lllustration 3: Prove the following identities:
L1 o [L+si
(i) (-2 2% _coseca+cota (i) | ® = seca +tana (JEE MAIN)
1-cosa 1-sina
Sol: By rationalizing L.H.S. we will get required result.
2
() LHS. = \/1+cosoc _\/1+cosaxl+cosoc (1 +cosa)
S 1-cosa Vl-cosa 1+cosa 1-cos? o
(1+C050€)2 l+cosoa 1  cosa
= = = + = coseca + cota =RHS. Proved.

sin o sina sina sina

i LHS. = /1+sinq - (1+sina)(1+sina) _\/(1+sinoc)2 _\/(1+sinoc)2
(W LHS. = 1-sina (1—Sinoc)(l+sinoc)_ 1-sinfa | cos?a
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1+sina 1 sino
= = + =seco +tana =RHS. Proved.
coso coso.  cosa

lllustration 4: In each of the following identities, show that:

cot A +tanB sin® A —sin’B

(i) ————=" = cotA.tanB (i) tan’ A —tan’B = (JEE ADVANCED)
cotB+tanA cos’ Acos’B
Sol: Apply tangent and cotangent identity.
cosA+sinB cosAcosB +sinAsinB
() LH.S. = cotA+tanB _ sinA  cosB _ sinAcosB
"7 cotB+tanA cosB  sinA  cosAcosB+sinAsinB
sinB cosA sinBcosA
= s!nBcosA: C?SA sinB =cotAtanB =RHS. Proved.
sinAcosB sinA J{ cosB
2 ) .2 2n 2 Aein?
(i) LH.S. = tan? A — tan?B — S|n2A B ssz _sin Acos 2B coz Asin“B
cos“A cos°B cos”“ Acos“B
.2 ) .2 )
_sin A(l—sm B)—(l—sm A)sm B_sin2A—sin2AsinzB—sinZB+sin2AsinZB_ sinzA—sinzB_RHS Proved
cos® Acos’B cos® Acos’B cos?Acos’B )
1 1 1 1

lllustration 5: Prove the following identities: (JEE ADVANCED)

cosecO—cot0 sin® sin® cosecO+cotd

1 2
+ =
cosecO—cotd cosecO+cotO sinO

Sol: By rearranging terms we will get , and then using Pythagorean identity

we can solve this problem.
1 1 1 1
cosecO—cotO sin® sin® cosecO+cotH

1 N 1 1 N 1 N 1 . 1 2
cosecO—cotb cosecO+cotO sinO sind cosecO—cotd cosecO+cotd sind

We have,

1 N 1 _ cosecO+cot0+cosecd—coto

Now, L.H.S. = =
cosecd—cot® cosecd+cotd (cosece—cote)(cosec6+cot6)

2cosecH [
(cos ec?0 — cot? 9)

-+ cosec’0—cot’ 0 = 1}

_ 2cosec _ .2 _RHS.  Cosech .1 Proved.
1 sin® sind
Alternative Method
cosec O —cot 6
RH.S = .1 - 1 = cosec 9—( )
sin® cosec 6+cot O cosec? 9—cot? 0

= cosec O — cosec 0+ cot O

= cot©O Proved.
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lllustration 6: Prove that:

. (1+cotA+tanA)(sinA—cosA) 5 5
() 3 3 =sin® A.cos” A
sec” A—cosec’A

sinA . cosA 3
secA+tanA—-1 cosecA+cotA-1

(ii) (JEE ADVANCED)

Sol: Using algebra and appropriate identities, we can prove this.

(1 +COtA+ tanA)(sinA - cosA)

(i) LHS. = 3 3
sec” A—cosec’A

(1+ CosA  sinA J(sinA—cosA)

_ sinA  cosA [ 2 _b? :(a—b)(a2 +ab+b2)}
(secA - cosecA)(sec2 A +secA cosecA + coseczA)

(sinAcosA +cos® A +sin’ A)(sinA - cosA)

(sinAcosA+1)[ sinA cosA j

- sinAcosA B sinAcosA  sinAcosA

1 1 1) N 2
(secA—cosecA)( oAt o ] (secA~cosecA) sin A +sinAcosA +cos® A
cos” A COSAsSIN sin® A sin2 Acos? A

= EsmicosA i 1,2\<)161CA _ CAOSGCQ; xsin Acos® A [ sin” 0+ cos® 0 = l} =sin? Acos? A =RHS. Proved.
secA—cosecA)(1+sinAcos

SinA cosA
secA+tanA-1 cosec A+cotA-1

(i) LH.S. =

sinAcosecA +sinAcotA —sinA +cosAsecA +cosAtanA —cosA
(secA+tanA—1)(cosecA+cotA—l)

1+cosA-sinA+1+sinA—cosA
( 1 +sinA _1]( 1 +cosA_1j [1+sinA—cosAj(1+C05A—5inA)

cosA cosA sinA  sinA cosA sinA

2sinAcosA 2sinAcosA

[l + (sinA - cosA)][l - (sinA - cosA)J 1— (sinA - COSA)z

_ 2sinAcosA [ (a+b)(a—b)=a2—b2]
1—(sin2 A+ cos’ A—25inAcosA)

- 25|nAcosA - 25|nAcosA [ sin0+cos’ 0 = 1} = —ZS!nACOSA —1=RHS. Proved.
1—(1—25|nAcosA) 1-1+2sinAcosA 2sinAcosA

lllustration 7: Prove that:

.2 2

( ! + ! jsinz 0.cos?p = L= SN 0.cos” 6 (JEE ADVANCED)

sec’0—cos’0 cosec’—sin’ 0 2 +5sin”0.cos’ 0

Sol: Write L.H.S. in terms of cosine and sine functions.
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LHS. = 5 ! S+ 5 1 5 sin® 0.cos’ 0
sec0—-cos“06 cosec”—0Osec” 0O
2 .2
= 1 + 1 sinzecoszé):{ cos(z + sm.g }sinzecosze
—cos20 _sin20 l1-cos"® 1-sin"6
| cos“ 0 sin“ 0
cos’ 0 sin’ 0

; a2 2 —(a_
_(1+C0529)(1—c0526)+(1—sin26)(1+sin29) sin20cos2 0 [ a’—b (a b)(a+b)}
= _ c0s"0 + Sifc 0 sin’ 6cos’ 0
(1 +cos® e)sin2 0 cos? 9(1 +sin? 9)

cost 0 sin® 0 :cos4 9(1 +sin? e) +sin? G(l +cos® 6):

) 1+cos20 1+sin20 (1+cos2 9)(1+sin2 6)

.4 4 ) 2 2 )
B cos* 0+ sin2 0cos? 0+ sin? 0 + sin? eCosze_sm 0+ cos” 0 +sin“ 6cos e(cos 0 +sin 6)

(1+cos2 6)(1+sin2 6) - (1+cos;2 6)(1+sin2 6)

(sin2 9)2 + (cos2 6)2 +2sin? 0cos? 6 —sin® 0cos® O

(1 +cos® 9)(1 +sin? 9)

.2 2 . 2 2
(sm 0+ cos 6)—sm 6cos 0 ~ 1—sin20cos2 0 _1—sin26c0529

=RHS. Proved.

1+sin’0+cos’0+sin0cos’0 1+1+sin°0cos’0® 2 +sin’cos’ O

3. TRANSFORMATIONS

3.1 Compound, Multiple and Sub-Multiple Angles

Circular functions of the algebraic sum of two angles can be expressed as circular functions of separate angles.

sin (A = B) = sin A cos B * cos A sin B; cos (A +B)=cosAcosB F sinAsinB

cotAcotBF1l

+
tan(AiB) _ tanA ttanB
cotB+cotA

= cot(AiB):
1rtanA.tanB

Circular functions of multiples of an angle can be expressed as circular functions of the angle.

sin2A = 2sinAcosA = m
1+tan’ A
2
. - A .
cosZA:coszA—smzAz—1 tan2 =2cos’A-1=1-2sin?A
l+tan“A
tan2A:2ta—n'2A ; sin3A = 3sinA —4sin’ A
1-tan“ A

3tanA—tan> A

cos3A = 4cos> A—3cosA ; tan3A = >
1-3tan“A
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Circular functions of half of an angle can be expressed as circular functions of the complete angle.
A 1-cosA A 1+cosA A 1-cosA 1-cosA sinA
sm—:J—;cos—:,/—; tan—:4/ = =
2 2 2 2 2 1+cosA sinA 1+cosA

3.2 Complementary and Supplementary Angles

sin(-0) = —sin® cos(gwj:_sme
cos(-0) = cos0 tan(§+ ej — —cot@
tan(-6) = —tan® sin(r—0) =sin®
sin §—6j=cose cos(n—0) = —cos0
cos g—e}sine tan(n - 0) = ~tan@
tan g—6j=cot6 sin(x +0) = —sin®
sin g+eJ=cose cos(n+6) = —cos®

tan(n+9) =tano

3.3 Product to Sum and Sum to Product

sinC +sinD :2$inC+D.cosC;D; sinC —sinD =2cosC+D.sinC;D
cosC+cosD = 2cos¥.cos%; cosC—cosD = 25in¥.sin%

. C+X-D c-"+D
Note: sinC+cosD:sinC+sin(E—D]:25in g .Cos 3

sinC  sinD _ sin(C+D)

tanC +tanD = = ;
cosC cosD cosC.cosD

sinA.cosB=%{sin(A+B)+sin(A—B)}
sinA.sinB =%{cos(A—B)—cos(A+B)} ; cosA.cosB =%{cos(A—B)+cos(A+B)}
sin(A + B).sin(A —B) =sin’ A—sin’B ; cos(A +B).cos(A —B) =cos’ A—sin’B

3.4 Power Reduction

sin® A Ii(l—COSZA) cos’ A :l(1+c052A)
2 2

1-cos2A G A~ 3sinA —sin3A oS A = 3cosA+cos3A

tan’ A = ;
1+ cos2A 4 4
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PLANCESS CONCEPTS

sin2"A

2"sinA
1 if A =2nx
-1 if A=2n+1)n

e COSA.cos2A.cos2’.Acos23A.....cos2" A = if A #nn

. sin(A1 +A, ot An) = COSA, COSA,...COSA_ (Sl -S;+S, =S, + )

J cos(A:l 1F A HF e An) = COSA, COsA,...cosA_ (1 =85, 48, = 56....)

S; =53 +5; =5, +...
1-S,+S, -S; +...

o tan(A1 +A, +....+An) =

Where,

S,=tan A, +tan A, + ... + tanA = The sum of the tangents of the separate angles.

S,=tan A tan A, + tan A, tan A, + ... = The sum of the tangents taken two at a time.
S,=tan A tan A, tan A, + tan A, tan A, tan A, + ..... = Sum of tangents three at a time, and so on.
IfA =A =..=A =AthenS =ntanA S, ="C tan?A. S, ="C, tan* A, .....

Vaibhav Gupta (JEE 2009, AIR 54)

4. TRIGONOMETRIC IDENTITY

A trigonometric equation is said to be an identity if it is true for all values of the angle or angles involved. A given
identity may be established by (i) Reducing either side to the other one, or (ii) Reducing each side to the same
expression, or (iii) Any convenient, modification of the methods given in (i) and (ii).

4.1 Conditional Identity

When the angles, A, B and C satisfy a given relation, we can establish many interesting identities connecting the
trigonometric functions of these angles. To prove these identities, we require the properties of complementary and
supplementary angles. For example, if A + B + C = 7, then

1. sin(B+C) =sinA,cosB = —cos(C+A) 2. cos(A+B) =-cosC,sinC = sin(A+B)
3. tan(C+A) = —tanB,cotA = —cot(B+C) 4. cosA+B = sing,cos% = sinA;rB
5. sin = Cos—,sin :cosBjLC 6. tanBJrC :co’fé,tanE:cothrA
2 2 2 2 2
Some Important Identities: If A+B+C=n, then
1. tanA +tanB +tanC = tanA tanB tanC 2. cotBcotC+ cotCcotA +cotAcotB=1
B C C A A B A B C A B C

3. tan—tan—+tan—tan— + tan—tan—=1 4. cot—+ cot—+ cot— = cot—cot—cot—
2 2 2 2 2 2 2 2
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5. sin2A +sin2B +sin2C = 4sinA sinB sinC 6. c0S2A +cos2B +cos2C =-1—-4cosAcosBcosC

2 2 2 . . . A B C
7. cos“ A+cos“B+cos“C=1-2cosAcosBcosC 8. smA+smB+smC=4c053cos§c055

9. cosA+cosB+cosC=1+ 4sin%sin%sin%

lllustration 8: Show that:
"o . 1
1) sin(40°+0)cos(10°+0)—cos(40°+0)sin(10°+0) ==
(i) sin(40°-+0)cos(10°+6) - cos(40°-+6)sin(10°+0) =
T T . Y . T .
ii) cos| ——0|cos| ——¢ |—sin| ——0O |sin| —— ¢ | =sIin(O + JEE MAIN
0 co{ -0 - 30 on{ 3-4) =m0 oz A
Sol: Use sum and difference formulae of sine and cosine functions.
() LHS. = sm(40°+6)cos 10°+9) cos(40°+9)sm(10°+9)

= sin{(40°+6 10°+6 }

[~

s ol oo
[
e

sm A B =sinAcosB - cosAsmB] = sin30°:%:R.H.S. Proved.

=cos{(——9] (——4)}} cos A+B =cosAcosB - smAsmB] cos{g—(9+¢)}

= sin(6+¢) =RHS. - sind Proved

Nl:l

Illustration 9: Find the value of tan (o +B), given that cota —% ae {n 32 ]and secp = —g Be (g nj

(JEE MAIN)

tana + tanf

Sol: As we know, tan(a + B) = m
—tano.tan

, therefore by using product and Pythagorean identities we can obtain

the values of tana and tanf.

. 1
Given, cota :5 = tano =2

Also, secP = —g. Then tanp =/sec?p—1 = 14/%—1 = ig

But Be|—,m| = tanp= 4 [~ tanpis —ve in I quadrant |
2 3
N 4 .
Substituting tana. =2 and tanB:—§ in (1), we get tan(<x+B =

Illustration 10: Prove that: tan3Atan2AtanA =tan3A —tan2A —tanA (JEE MAIN)

tana +tanf
1-tanatanf

Sol: Here we can write tan3A as tan(2A+A), and then by using tan(a+[3): we can solve this

problem.
tan2A +tanA

We have: 3A =2A + A = tan3A = tan(2A+A) —tan3A=—"""°""
1-tan2AtanA
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= tan3A(1—tan2AtanA) =tan2A +tanA = tan3A —tan3Atan2AtanA =tan2A +tanA

= tan3A —tan2A —tanA = tan3Atan2AtanA

lllustration 11: Prove that: \/2 +42++2+2c0s80 =2cosO

Sol: Use 1+cos260 =2cos’ 0, to solve this problem.

LHS. = \/2+\/2+\/2+2cos86 =\/2+\/2+4/2(1+c0589)
= \/2+\/2+\/2(2c052 40)
= \/2+\/2+2cos49 =\/2+J2(1+cos49) = \/2+ 2(2cos2 26) =+/2+2c0s20

14 ¢c0s20 =2cos’ 0
[ J

= 2+ cos20) =v2.2c0s20 = \/4cos? o = 2cos0 = RHS.

llustration 12: If tan A = —'_and tan B = ; prove that A—B = kil
-1 2m-1 4
. . A —tanB .
Sol: Simply using tan (A - B) = M, we can prove above equation.
1+tanA.tanB
We have, tan A = and tan B = o
m-1 2m-1
tanA —tanB

Now, tan (A-B) = ——M———
1+tanA.tanB

Substituting the values of tan A and tan B in (i), we get

m 1
m-1 2m-1  _ 2m’-m-m+1 (m-1)2m-1) _

) ey e

tan (A-B) =

:tan(A—B)ztan% { tangzl} :>A—B:%

. nsin
lllustration 13: If tanp :Soc—cozsoc; prove that tan(o.—B) = (1-n)tana
1-nsin“a
tana —tanf N
Sol: Same as above problem tan(a —B) =———— therefore by substituting
1+tanatanf
nsina.coso . .
tanf = ——, —,Wecan prove given equation.
1-nsin“a
tana —tanf
LHS. = tanfo-B)=——"—
( B) 1+tanatanp
sina. _ nsina.cosa
oL nsina.coso . . —nsin?
Substituting tanp = 2% 9% i iy we get LH.S. = —€9%% 1-nsin“a .. {500 =
1-nsin? o 1, Sina nsinacosa

cosa 1-nsin’ o

Proved.

(JEE MAIN)

Proved.

(JEE ADVANCED)

Proved.

(JEE ADVANCED)

0

sina
cosa.
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3 2

. .2 . 2 .
sma(l—nsm oc)—nsmozcos a o —nsino.cos? a.

sino. —nsin

cosa(l—nsin2 (x)+nsin2 0L.COS L COs o —Nsin’ o.cosa. + Nsin® o.cosa.

. . -2 2
sma—nsma(sm o+ COS OL) B sino.—nsino

cosa cosa
1-n)sina
[ sin® o+ cos® o = 1} = L = (1 —n)tana =RHS. Proved.
cosa
lllustration 14: If 0+ = a and sind = ksing, prove that tand = —<>"% _ tans =S (EE ADVANCED)
1+kcosa k +cosa

Sol: Here ¢ =a—6 , substitute this in sin® =ksing and then use compound angle formula to obtain required
result.

We have, 06+¢p=0a = ¢=a-06 0
and sinB =ksind .. (i)
= sind = ksin(oc - 9) [Using (i)] = k[sinacose—cosasine]

= sin® =ksina.cos® —kcosasin® ... (i)
Dividing both sides of (iii) by cos6, we get tan0 =ksino —kcoso.tan6

ksina

= tan0+kcosa.tan0 =ksina = tan6(1+kcosa) =ksina =>tanb=—— Proved.
l+kcosa

Again,  sind=ksin¢ = sin(o.—¢) =ksing [0+¢=a=0=0a-¢]

= sinacos¢ —cosasing =ksing o (iv)
Dividing both side of (iv) by cos¢, we get

= sina—cosatang =ktan¢ = (k+cosa)tang =sino = tan¢ = _sina Proved.

k +cosa
. ) o+p B+y Y+
lllustration 15: Prove that: cosa+cos[3+c05y+cos(cx+[3+y) =4cos > cos 5 cos (JEE ADVANCED)

Sol: Use cosa +cosf = 2COS[OL;-B]COS£OL;BJ, to solve this problem.

LH.S = cosa +cosB+cosy+cos(o+B+7) = (cosa+cosB)+[c05y+cos(a+B+y)]

= ZCOS[QT—‘FBJCOS[QT_B]J'—ZCOS(WJ.COS(Q+B;y_yj
[ Jcos(a—_ﬁj+2cos(a+B+2y)cos(a+l3j

2 2 2
= 2COS[G+BJ{COS[Q__BJ+(:0$(MJ}
2 2 2

oc—[3+oc+[3+2y at+B+2y a-B

2cos 2 2 cos 2 2

2 2
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= ZCOS(Q—WHZCOS[&—HJCOS[B”]} = 4C05[a+BJCOS[B+YJCOS(V+GJ = R.H.S. Proved.
2 2 2 2 2 2

lllustration 16: If xcosO = ycos(e +2?nj = ZCOS(9+?J, then show that xy + yz + zx = 0. (JEE ADVANCED)

Sol: Consider xcos6 = ycos(6+2—nj = zcos£6+ﬂ] =k, obtain the value of x , y and z in terms of k, and solve
L.H.S. of given equation. 3 3

Let xcos@=ycos[9+2§j=zcos[6+%)=k .. (i)
cos E)+2—TE cos 6+ﬁ
1 cosO 1 31 3
- — = ,— = ,— =
X k 'y k z k
Now, LH.S. = xy + yz + zx = ﬂ+ﬂ+ﬂ:xyz[l+l+lj
z X y Z Xy

Y T

cos(6+3] 0 cos(6+3] 4 )

Xyz +COS + [Using (i)] 0z cos 9+—7T +COos 6+—n +cos0
k k k k 3 3

Xz 2COSMCOS£+COSO -0z 2cos(n+6)cos£+cose = 921 5cos6l L |4 coso
k 3 k 3 k 2

2
=)qk/—z[—cose+cos(9] =%[0] =0 =xy+zy+zx=0 Proved.
sin(Z“G)
lllustration 17: Prove that: cos0cos20cos40.....cos2"tg=— 7 (JEE ADVANCED)
2" (sino)

Sol: Multiply and divide L.H.S. by 2sin®and apply sin(29) =2sinfcosH.
Here, we observe that each angle in L.H.S. is double of the preceding angle.
LH.S. = cos0cos20cos40.....cos2" 1o
= l (25in9.cose)c0529.cos49 ..... c0s2"1p =1 (25in26.cosZE))(cos46 ...... cos2"t 6)

2sin® 2°sin6
= (25in46.c0546)| cos80c05160.....c0s2" 10 | [~ sin 2n0 =2 sinnd cos no]

2%sing

1 sin(2°0)

= (2 sin89.cos89)[c05169 ...... cos2™! OJ = —[2 sin2" 0 cos2™ ! 9] =———~=RHS. Proved.

2%sin6 2"sin0 2"sin0
llustration 18: If cos0 = 2% 0 1o that tan2 = 272 tan? (JEE ADVANCED)

+bcosod 2 atb 2
l—tanZQ 1—tan2$ acosd+b
Sol: Substitute cos6=——2 and cos¢ = -2 given equation i.e.cos6 = i bcost’
1+tan’ = 1+tan’ > a+bcos¢

2
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1—tan29

. ? 742) +b
1-tan’ = 1+tan’ >

Now,  cosp=2S05¢+b 2 _ [Using ()]

a+bcos¢ 50 5

1+tan®— 1—tan®2

2 a4p 2

1+tan2$

2

1-tan?? a[l—tanzﬂ+b[l+tan2ﬂ a—atan’ ® +b+btan?
= 2 = = 2 2
1+tan2? a[l+tan2(|2)}+b{l—tan2ﬂ a+atan2§+b—btanzg

2

Applying componendo and dividendo, we get

2tan29 2atan?| ¥ |- 2btan?| ¢ (a—b)tanzg
2 2 2 -b
= = = tan—=,[——tan— Proved
2 2a+2b a+b 2 a+b 2

5. SOLUTION OF TRIGONOMETRIC EQUATION

A solution of a trigonometric equation is the value of the unknown angle that satisfies the equation.

Eg.: if sine:i =0= Eﬁg—nlﬂ ......
NG 4'4"'4" 4

Thus, the trigonometric equation may have infinite number of solutions (because of their periodic nature). These
solutions can be classified as:

(i) Principal solution (i) General solution

5.1 Principal Solution

The solutions of a trigonometric equation which lie in the interval [—n, n) are called principal solutions.

Methods for Finding Principal Value

Suppose we have to find the principal value of 6 satisfying the equation sin6 = —%. Since sin® is negative, 0

will be in 3" or 4" quadrant. We can approach the 3™ and the 4" quadrant from two directions. Following the
anticlockwise direction, the numerical value of the angle will be greater thann. The clockwise approach would
result in the angles being numerically less than =. To find the principal value, we have to take the angle which is
numerically smallest.

Figure 7.2
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For Principal Value

(a) Ifthe angle is in the 1%t or 2" quadrant, we must select the anticlockwise direction and if the angles are in the
3 or 4t quadrant, we must select the clockwise direction.

(b) Principal value is never numerically greater than .

(c) Principal value always lies in the first circle (i.e. in first rotation)

o . T S5n v . T .
On the above criteria, 6 will be —gor r Among these two a3 has the least numerical value. Hence o is the
principal value of 0 satisfying the equation sin6 = —%

From the above discussion, the method for finding principal value can be summed up as follows:
(a) First identify the quadrants in which the angle lies.

(b) Select the anticlockwise direction for the 15t and 2" quadrants and select clockwise direction for the 3 and
4t quadrants.

(c) Find the angle in the first rotation.
(d) Select the numerically least value among these two values. The angle thus found will be the principal value.

(e) Incase, two angles, one with a positive sign and the other with a negative sign have the same numerical value,
then it is the convention to select the angle with the positive sign as the principal value.

5.2 General Solution
The expression which gives all solutions of a trigonometric equation is called a General Solution.

General Solution of Trigonometric Equations

In this section we shall obtain the general solutions of
trigonometric equations

sin@ =0,cos0 =0,tan® =0and coto = 0. /\ /_\

General Solution of sinf=0 o _3I,[/2 -n\\_nl/z/o 75/2 “\\3:,:/2/2“
By Graphical approach:

The graph clearly shows that sin6 =0 at
0=0,m 27, ....., = TT,—2T..... Figure 7.3

+1

So the general solution of sin6=0is 6=nn:nel wheren =0, £ 1, £ 2 ..cccceoverncn

Note: Trigonometric functions are periodic functions. Therefore, solutions of trigonometric equations can be
generalized with the help of periodicity of trigonometric functions.

PLANCESS CONCEPTS

A trigonometric identity is satisfied by any value of an unknown angle while a trigonometric equation is
satisfied by certain values of the unknown.

Vaibhav Krishnan (JEE 2009, AIR 22)

Method for Finding Principal Value
(a) First note the quadrants in which the angle lies.

(b) For the 1t and 2" quadrants, consider the anticlockwise direction. For the 3 and 4" quadrants, consider the
clockwise direction.



(c) Find the angles in the 1<t rotation.
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(d) Select the numerically least value among these two values. The angle found will be the principal value.

lllustration 19: Principal value of tan6=-11is

Sol: Solve it by using above mentioned method.
-~ tan® is negative
- 0 will lie in 2" or 4t quadrant

Forthe 2" quadrant, we will choose the anticlockwise direction and forthe 4" quadrant,
we will select the clockwise direction.

) . 3 .
In the first circle, two values —%and TT[ are obtained.
Among these two, —% is numerically least angle.

Hence, the principal value is —%

lllustration 20: Principal value of cos 6 =% is:

Sol: Here cos0 is (+)ve hence 6 will lie in 1+t or 4" quadrant.

- cos0is (+)ve .. 6 will lie in the 1=t or the 4" quadrant.

For the 1t quadrant, we will select the anticlockwise direction and for the 4™ quadrant,

we will select the clockwise direction.
As a result, in the first circle, two values gand_?n are found.

Both gand —g have the same numerical value.

In such a case, g will be selected as the principal value, as it has a positive sign.

lllustration 21: Find the general solutions of the following equations:

(i) sin20=0 (i) cos(%(%]:O (iii) tan’20=0

N

(JEE MAIN)

X

T
4

A
YI

Figure 7.4

(JEE MAIN)

X'

Sol: By using above mentioned method of finding general solution we can solve these equation.

(

We have, sin20=0=20=nn :e:”?” where, n=0,+1,+2,+3......

Hence, the general solution of sin20=0 is6 = nz—n,n e”Z

(i) We know that, the general solution of the equation cos® =0 is 6 = (2n+1)g,n eZ

30

Therefore, cos(;} =0 30

(2n+1)E = 9=(2n+1)£, wheren =0, + 1,
2 3

L . 30
Which is the general solution of cos > = 0

(iii) We know that the general solution of the equation tan6=0 is 6 =nxt, neZ

Therefore, tan°20=0 =1tan20=0 =20=nnt= 0 :nz_rc’ where n = 0,

Which is the required solution.

I+

I+

(JEE MAIN)
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6. PERIODIC FUNCTION

A function f (x) is said to be periodic if there exists T > 0 such that f (x + T) = f (x) for all x in the domain of definition
of f (x). If T is the smallest positive real number such that f (x + T) = f (x), then it is called the period of f (x).

We know that, sin(2nn+x) = sinx,cos(2nn+x) =COSX, tan(nn+x) =tanx forallne Z

Therefore, sinx, cosx and tanx are periodic functions. The period of sinx and cosx is 2x and the period of tanxism.

Function Period
sin(ax+b),cos(ax+b),sec(ax+b),cosec(ax+b) 2n/a
tan(ax+b),cot(ax+b) n/a
[sin(ax-+b)|,|cos(ax-+b)|[sec(ax +b)| [cosec(ax +b) n/a
[tan(ax +b)| [cot (ax+b)| n/2a

(a) Trigonometric equations can be solved by different methods. The form of solutions obtained in different
methods may be different. From these different forms of solutions, it is wrong to assume that the answer
obtained by one method is wrong and those obtained by another method are correct. The solutions obtained
by different methods may be shown to be equivalent by some supplementary transformations.

To test the equivalence of two solutions obtained from two different methods, the simplest way is to put
values of n = ........... -2,-1,01,23, ... etc. and then to find the angles in [0, 2mt]. If all the angles in both
the solutions are same, the solutions are equivalent.

(b) While manipulating the trigonometric equation, avoid the danger of losing roots. Generally, some roots are
lost by cancelling a common factor from the two sides of an equation. For example, suppose we have the
equation tan x = 2 sin x. Here by dividing both sides by sin x, we get cos x = 1/2.

(c) While equating one of the factors to zero, we must take care to see that the other factor does not become
infinite. For example, if we have the equation sin x = 0, which can be written as cos x tan x = 0. Here we cannot
put cos x = 0, since for cos x = 0, tan x = sin x / cos x is infinite.

(d) Avoid squaring: When we square both sides of an equation, some extraneous roots appear. Hence it is
necessary to check all the solutions found by substituting them in the given equation and omit the solutions
that do not satisfy the given equation.

For example: Consider the equation, sin®+cos® =1 (i)
Squaring, we get 1+sin20=1 or sin20=0 (D)
This gives 6 =0,t/2,m,3n/2.........

Verification shows that ® and 3n/2 do not satisfy the equation as sinm+cosm=-1,#1and
sin3n/2+cos3n/2=-1=1.

The reason for this is simple.

The equation (ii) is not equivalent to (i) and (ii) contains two equations: sin6+cos6=1and sin6+cos6 =-1.
Therefore, we get extra solutions.

Thus if squaring is a must, verify each of the solutions.

Some Necessary Restriction: If the equation involves tan x, sec x, take cos x # 0. If cot x or cosec x appear, take
sin x # 0. If log appears in the equation, then number > 0 and base of log > 0, # 1.

Also note that [f(e)] is always positive. For example, /sin0 = |sin9|, not + sin 0.

Verification: Students are advised to check whether all the roots obtained by them satisfy the equation and lie in
the domain of the variable of the given equation.
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7. SOME TRIGONOMETRIC EQUATIONS WITH THEIR GENERAL SOLUTIONS

Trigonometric equation General solution
If sin0=0 0=nn
If cosO =0 9=(nn+n/2)=(2n+1)n/2
If tan0=0 0=nn
If sing=1 O=2nmn+7/2=(4n+1)n/2
If cosf=1 0=2nx
If sin@ =sina G:nn+(—1)nawhere ae[—n/Z,n/Z]
If cosO = cosa. 0=2nn+o where a e [O,n}
If tan® = tana 0 =nn+a where ae[—n/Z,n/Z]
If sin @ =sin’ a O=nrta
If cos® 0 =cos’ a O=nnta
If tan? 0 = tan’ o O=nrto
If sin® =sina b=2nm+a

cosH =cosa
If sin®=sina 0=2nn+a

tan6 = tana
If tan0=tana 0=2nnt+a

cosH =cosa

Note: Everywhere in this chapter, “"n” is taken as an integer.

Illustration 22: Solve: sinm6 +sinn® =0

Sol: By using sino +sinp = 25in(a;B]cos(a;Bj, we can solve this problem.

nJG:O or cos(mz_njezo

We have, sinm0+sinnd =0

= sin(ern]O.cos(?je =0 > sin[er

Now, sin(m;n]e =0 = [m;n}e =rnre’l

(JEE MAIN)

- (i)
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And cos(m_nJe:O :cos(m‘”jezcosg
2
:(m;nj9=(2p+l)g, peZ :>9=(isj:jn, ... (i)
From (i) and (ii), we have 0 :2i or 0= (2p+1jn where, m,ne”Z
m+n m-1
llustration 23: Solve: 4sinxcosx +2sinx+2cosx+1=0 (JEE ADVANCED)

Sol: Simply using algebra and method of finding general equation, we can solve above equation.
We have, 4sinxcosx+2sinx+2cosx+1=0

= 25inx(2cosx+1)+1(2cosx+1) =0 = (25inx+1)(2cosx+1) =0

= 2sinx+1=0 or 2cosx+1=0 = sinx:—% or cosx:—%

sinx = —% = sinx = sin[—%) = X= —g The general solution of this is

x=nn+(—1)n[—gj=nn+(—1)nﬂ (Ej el U 0

6 6
1 T 2n 2n
and cosx=-= = COSX =CO0S| T—— |=Cos— = X=—
2 3 3 3
. .. 2n . 1 ..
The general solution of this is x = 2nni? ie.x = 2n ni§ .. (i)

1 n+l
From (1) and (2), we have & n+% and ZR[ni%j are the required solutions

8. METHODS OF SOLVING TRIGONOMETRIC EQUATIONS

8.1 Factorization

Trigonometric equations can be solved by use of factorization.

lllustration 24: Solve: (2 sinx — cos x)(l +cos x) =sin® x (JEE MAIN)
Sol: Use factorization method to solve this illustration.
(25inx—cosx)(l+cosx) =sin’x = (Zsinx—cosx)(l+cosx)—sin2 x=0

(ZSinx—cosx)(l+cosx)—(1—cosx)(1+cosx) =0 ; (1+cosx)(25inx—1) =0

T+cosx=0 or 2sinx-1=0
. 1
cosx =—1 or sinx= =
2
COSX =COS T or sinx=sinmn/6
= x=(2n+1)n,neI or x:nn+(—1)nn/6,nel

* The solution of given equation is (2n+1)mnel or nu+(-1)"n/6,nel
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8.2 Sum to Product

Trigonometric equations can be solved by transforming a sum or difference of trigonometric ratios into their
product.

lllustration 25: If sin 5x + sin 3x + sinx =0and 0<x<m/2, then x is equal to. (JEE MAIN)

Sol: By using sum to product formula i.e. sina.+sinp = ZSIn[a;Bjcos(a;B].

sin 5x + sinx = —sin 3x = 2sin3xcos2x+sin3x=0 = sin3x(2c052x+l) =0

=sin3x=0,cos2x=-1/2 = x=nn,x:nni(n/3)

lllustration 26: Solve cos3x +sin2x —sindx =0 (JEE MAIN)

Sol: Same as above illustration, by using formula

sino—sinp = 2cos£a;Bjsin(a;Bj We can solve this illustration.

Cos 3x + sin2x—sin4x =0 = cos3x+2cos3x.sin(—x) =0
= c0S3x—2cos3x.sinx =0 = cos3x(1—2$inx):0

. b . 1
= cos3x=0 or1-2sinx=0 :>3x:(2n+1)5,ne1 or sinx = >

:>x:(2n+1)g,nel or x:nn+(—l)ng,nel

. Solution of given equation is (2n+1)g,n el or nn+(—l)n%,n el

8.3 Product to Sum
Trigonometric equations can also be solved by transforming product into a sum or difference of trigonometric

ratios.

lllustration 27: The number of solutions of the equation sin5xcos3x =sin6xcos2x, in the interval [O,n] is:

(JEE MAIN)
Sol: Simply by using product to sum method.

The given equation can be written as %(sin8x +5sin2x) = %(sinsx +sin4x)

= sin2x-sin4x =0 = =2sinxcos3x=0
Hence sin x = 0 or cos 3x = 0. That is, x = mc(nel), or3x = kn+g(k = I).

Therefore, since x e [O,n], the given equation is satisfied if x = 0, n,g,gor%ﬂ.

Hence, no. of solutions is 5.
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8.4 Parametric Methods
General solution of trigonometric equation acos6+bsin6 =c

. . . / 1 b
To solve the equationacos® +bsind = ¢, put a=rcosd,b =rsin¢ such that r =va’ +b?,¢ =tan™* =
a

Substituting these values in the equation, we have, rcos¢cos6+rsingsinf =c
<
Va? +b?

If |c| >+a® +b? , then the equation acos® +bsin® = ¢ has no solution.

cos(6—¢):§ = cos(0-¢)=

If |c| <+a? +b? , then put L = cosa, 5o that cos(6—-¢) = cosa

Va® +b?

:>(9—¢)=2nnia =0=2ntta+¢

lllustration 28: Solve: sinx++/3 cosx =2 (JEE MAIN)
Sol: Solve by using above mentioned parametric method.

Given, v/3cosx +sinx =~/2, dividing both sides by va? +b?

= £C05X+ESMX=£:L — COs X—E = COs r
2 2 2 2 6 4

:X—£=2nni£ :>x=2n7rir£+E :x=2nn+5—n,2nn—£ where nel
6 4 4 6 12 12

Note: Trigonometric equations of the form a sin x + b cos x = ¢ can also be solved by changing sin x and cos x into
their corresponding tangent of half the angle. i.e t=tan x/2. The following example gives you insight.

IHlustration 29: Solve: 3 cos x + 4sinx =5 (JEE MAIN)
1—’can25 2tan5
Sol: As we know, cosx =— 2 and sinx=——2 Therefore by substituting these values and solving we
1+tan25 1+tan25
will be get the result. 2 2
3cosx+4sinx=5 ()
l—tan25 2tan5
© COSX = -2 & sinx= -2 .. Equation (i) becomes
1+’can25 1+tan25
2 2
1—tan25 2’can5
-3 2|14 2 |-5 ... (i)
1+tan25 1+tan25
2 2
Let tang =t .. Equation (ii) becomes

1-t2 2t 5 2
3 S| +4 > |=5 =4t —4t+1:0:>(2t—1) =0=>t=1/2 ~t=tanx/2
1+t 1+t
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(1
=> -=Nn+0 = X=2nn+2a Where,a=tan1[§j,n61

N

:>tan5=l:tan£=tanoc,where tana = X
2 2 2 2

8.5 Functions of sin x and cos x

Trigonometric equations of the form P (sin x + cos x, sin x cos x) = 0, where P (y, z) is a polynomial, can be solved
by using the substitution sin x + cos x = C.

lHlustration 30: Solve: sin x + cos x = 1 + sin X. cOs X (JEE MAIN)

Sol: Consider sin x + cos x = t, and solve it by using parametric method.

o sinx + cosx =1+ sinx. cos x ()
Letsinx + cosx =t
t? -
= sin® X + cos® X + 2sinx.cosx = t° = SINX.COSX =
2 2 4

Now, put sin x + cos x = t and sin x. cos x = in(i), wegett=1+

=t2-2t+1=0 =>t=1 " t=sinx+ cosx =sinx+cosx=1 ... (i)

Dividing both sides of equation (ii) by J2, we get:

. 1 1 1 i i T T
= SINX—=+COSX.—— =——  =>COS| X—— |=CO0S— => X——=2nn+—
4 4 4 4

2 V22

If we take the positive sign, we get x = 2n=x +g, nel

If we take the negative sign, we get x = 2nm, nel

8.6 Using Boundaries of sin x and cos x

Trigonometric equations can be solved by the use of boundness of the trigonometric ratios sinx and cos x.

PLANCESS CONCEPTS

(i) The answer should not contain such values of angles which make any of the terms undefined or

infinite.

(ii) Never cancel terms containing unknown terms on the two sides, which are in product. It may cause

loss of the general solution.

Suppose the equation is sin x = (tan x)/2. Now, cancelling sinx on both the sides, we get only
1 . .

cos X :E' sin x = 0 is not counted.

(iii) Check that the denominator is not zero at any stage while solving equations.

(iv) While solving a trigonometric equation, squaring the equation at any step must be avoided if
possible. If squaring is necessary, check the solution for extraneous values.

Suppose the equation is sin x = — sin x. We know that the only solution of this is sin x = 0 but on squaring,
we get (sin x)2=(sin x)> which is always true.

(v) Domain should not change, it if changes, necessary corrections must be made.
Shivam Agarwal (JEE 2009, AIR 27)
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lllustration 31: Solve: sin 3x + cos 2x = -2 (JEE ADVANCED)

Sol: By using boundary condition of sin x and cos x.
Since sin3x > -1 and cos2x > -1, we have, sin3x +cos2x > -2

Thus, the equality holds true if and only if sin3x = -1 and cos2x = -1

:>3x=nn+(—1)n(—gl and 2x=2nntm ie. x:n?n+(—1)n(—g) andx:nnig, nel

. Solution set is, {X | x = n?n + (—1)n (_gj} a {X [x=nm (gj}

Note: Here, unlike all other problems, the solution set consists of the intersection of two solution sets and not the
union of the solution sets.
lllustration 32: sinx(cos%— 25inxj + (1 + sin%— 2cos xj(cos x) =0. Find the general solution. (JEE ADVANCED)

Sol: Open all brackets of given equation and then by using sum to product formula and method of finding general
solution we will get the result.

. X . . X
smxcosz—Zsmzx+cosx+smzcosx—2coszx =0

sin(x+£]+cosx=2 = sin%x+cosx:2 = sin%le and cos x = 1
sinS_X:1:>5—X:2nn+g :>x:2(4n+1)§’.cosx:1:x:2mn
—=x = 21,107,181 ....... AP = x=2n+(m-1)8n

=X = 2n(4m—3) mel

lllustration 33: Find the general solution of 25in(3x +%) = \/1 +8sin2xcos? 2x (JEE ADVANCED)

Sol: First square on both side and then using sum and difference formula we can solve this illustration.

RS

+4sin3xcos3x = 1 + 8sin2xcos’ 2x

2 . 2
sin3x  cos3x .
4sin2(3x+gj =1+8sin2xcos?2x = 4( J = 1+8sin2xcos’ 2x

4sin’ 3x N 4cos’ 3x
2

= 2sin?3x +2cos’ 3x + 2sin6x = 1 + 8sin2xcos? 2x

1 + 2 sin 6x = 8 sin 2x cos? 2x = 1+ 25sin 6x = 4 sin 4x cos 2x

y

= 1+ 2sin6x =2 (sin 6x + sin 2x) = 1=2sin2x= sin2x =%
sin*x cos*x 1
+—==

2 3 5

nel

X= 4 2nn X =
12

9. SIMULTANEOUS EQUATIONS

Two equations are given and we have to find the value of variable 8 which may satisfy both the given equations,
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like cos® =cosa and sin0 =sina

So, the common solutionis O =2nt+a,nel
Similarly, sin® =sina.and tan0 =tana

So, the common solutionis 0 =2nt+a, nel

lllustration 34: The most general value of 0 satisfying the equations cos0 = and tan®=-1 is: (JEE MAIN)

1
N

Sol: As above mentioned method we can find out the general value of 6.

cos0 = i = cos(zj
NG 4

:>9=2n1rir£; neIPutn=16=9—n,7—Tt
4 4 4
-7 3 n
tan9:—1:tanT =0=nt-n/4, nel Putn:lO:T;Putn=2,6=T

The common value which satisfies both these equation is (741_“}

. 7
Hence, the general value is 2nn +Tn.

lllustration 35: The most general value of 6 satisfying equations sin® = —% and tan6 = 1/\/5 are: (JEE MAIN)

Sol: Similar to above illustration.
We shall first consider values of 8 between 0 and 2n
sinez—l:—zzsin n+2 | or sin(2n—n/6)

2 6 6

£0=71/611n/6;  tan0=1/+3=tan(n/6)=tan(n+n/6)
.. 0=n/6,7n/6
Thus, the value of 6 between 0 and 2 which satisfies both the equationsis 7n/6.

Hence, the general value of 0is 2nt+7n/6 where nel

PROBLEM SOLVING TACTICS

. A . . _ nm+(-1)"A
(a) Any formula that gives the value of smE in terms of sin A shall also give the value of sin ————~—.

+
(b) Any formula that gives the value of cos% in terms of cos A shall also give the value of cos 2n1r2_ A .

() Any formula that gives the value of tan% in terms of tan A shall also give the value of tan n
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(d)

of 6 will be 2nt+ o . For example, sin® =sina. and cos6 = cosa, then,
(i) sin(mt + 9) = (—1)” sind, nel

(i) cos(nn + 6) = (—1)n cosO, nel

(iii) sin(nn - 9) = (—1)"71 sinf, nel

FORMULAE SHEET

If o is the least positive value of 6 which satisfies two given trigonometric equations, then the general value

0=2nt+a,nel

Tangent and cotangent

sin®
Identities

cos0

cos0
sind

tan0 = and cot6 =

Product Identities sinOxcosecf =1 cosOxsecO=1,

tanOxcotf =1

Pythagorean Identities

sinf0+cos20=1. tan’0+1=sec’0,

1+cot’0=csc’0

sin(—e)z—sine, cos(—G):cose,

Even/Odd Formulas

—coto,

cot(—e) = sec(—e) =secH,

tan(—e) =—tan®,

cosec(—e) = —cosecH

Periodic F 1 . .
eriodic Formulas sm(2nn+9):sm9:

(If n'is an integer) cot(nm+6) = coto. sec(Znn + 9) =sech.

cos(2nn+9) =co0s0,

tan(nn+0) =tano0,

cosec(2 nm+ 6) = cosec

sin(29)=25in9cose, sin30 = 3sind —

Double and Triple Angle

4sin® 0

cos(ZG) =cos’0-sin’0 cos30 =4cos>0—3cos0

Formulas
a3
tan(ze):ﬂ’ tan?’e:?fcane—tazrﬂa
1-tan’@ 1-3tan’0
.n+e_ 0 n+ . n+ B
Complementary angles SN 5 =0 |=cosh. cos| 520 J=Fsind, tan| 5 +0 | =Fcotd,
COt(g_e]:tane, sec(ﬁ—ej—cosece, cosec(g—ej:sece

1¥tanatanp’

. 1 1 1-cos(26
Half Angle sin? 0 = 5[1 —cos(Ze)J, cos’ 0 = E[l + cos(ZG)J, tan? 0 = WSEZG;
sin(a*B) = sina.cosB + cosasinp,
Sum and Difference . .
cos(ocJ_rB) =cosacosPFsinasinf,
tan ociB)z tana = tanf
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Product to Sum Sino‘SinB=%[C05(0€—B)—Cos(a+[3)],
sina.cosf = %[sin(a +B)+sin(a —ﬁ)],

cosa.cosp = %[cos(a —B)+cos(a+ B)] ,

cosasinf = %[sin(a +B)—sin(a- B)J

Sum to Product sina+sinﬁ=25in(a;BJcos(a;BJ,

sino —sinp = 2COS(G;B]SM[Q_B

2

cosa +cosp = 2cos(a;l3jcos[a_ﬁj

cosa —cosP = —25in(a;Bjsin[a_BJ

JEE Main/Boards

Example 1: Solve: 2cos20 ++/2sin6 =2 N 8(1—cosxj _ cosx+1  cosx % 0,1

1+ cosx COSX

Sol: Solve this example by using sin? 0 = %[1 - cos(ZG)]

\2sin0 = 2(1—c0529) = 4sin’ 0

. 2sin0=16sin*0:sin6>4

or (8 — 8 cosx)cosx = (cosx + 1)?
or 8 cosx — 8 cos’x = cos’X + 2cosx + 1
or9cos’x—6cosx +1=0

sin6=0 or sin39=% ~.sin0=0 or or (3cosx —1)2 = 0
1 ) nm
5 O=mn:mel or 9=nn+(—1) g.neI OF COSX = % _ cosB,(say), B=C0571 (%J

Example 2: Solve: 8tan? > =1 +secx mx=anmifinel

Sol: As we know that Example 3: Solve: sinx + cosx — 2v/2 sinxcosx = 0
> X 1l-cosx bsti hi | b . . . .
tan“ = = , substitute this to solve above Sol: We can write given equation a sinx + cosx =
2 1l+cosx
example. J2sin2x, multiplying and dividing L.H.S. by V2, we will

8tan’ X_ 1 +secx .. (i) get the result
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1 . 1 .
or 2| ——sinx+—=cosx | = /2 sin2x
(ﬁ V2 j

. T .
or sin| X+— | =sin2x

:>2x:nn+(—l)n(x+%}ne[

Example 4: Find the general value of 6 which satisfies

both the equations cos6 = —73 and sin® :%

Sol: Use the method for simultaneous equations.

cosez—ﬁ :6:5—n,7—n....
2 6 6
sinO:E = O:E,S—n .....
2 6 6

Hence, the general solution is given by

6=2nn+5—n,nel

Example 5: Show that the equation

2cos? (g]sinzx =x>+x7? for0 < x sg

has no real solution.

. 1

Sol: Here 2c052§sm2x =x° +— holds only If x> =1,
X

hence by substituting x =1 in above equation we can

conclude that given equation has real solution or not.

X +i2 > 2Vx with equality for

X

) X .
x2 = 1 alone. Since 2c05255|n2 x<2,

2 2

2c052§sin X =X +i2 holds only

Ifx2=1 ..x=1 and cos%sinx:il

C
i.e. cos (%}sinlc ==1, which is not true.
Hence, the given equation has no solution.

Example 6: Determine ‘a’ for which the equation

a’ —2a+sec2(n(a+x)) =0 has solutions and find the
solutions.

Sol: By using algebra and tangent of angle we can get
the result.

a’ —2a+1+tan’ (n(a+x)) =

or (a—l) [tann a+x J
+x

—=a-1=0 and tann(

)

:tan(1+x)n=0 :( )rc nt:nel

Xx=n-1l:nel:a=1

Example 7: Solve the equation cos’ x +sin*x =1

Sol: Here cos’ x <cos?x and sin® x <sin’x, hence by
solving this we will get the result.

cos’ x < cos® x and sin? x < sin® x
~l=cos’x+sin*x <cos®x+sin’x=1
~.cos’ x=cos?x and sin* x = sin®x
cos’ x = cos’x = Cos? x(cos5 X —1) =0

s.cosx=0orcosx=1

:(2n+1)g, nel

or x = 2mm; mel ()
sin’ x = sin* x = sin’ xcos’ x = 0
= cosx=0orsinx=0 ... (i)
Since (i) satisfies the system (ii),

*. Solution set is given by (i)

Example 8: Solve for x and y:

12sinx +5cosx = 2y —8y +21

Sol: Multiply and divide L.H.S. by 13 and solve to get
the result.

12sinx+5cosx = 2y% —8y + 21
- A12% +52 Esinx+icosx =2(y2—4y+4)+13
13 13

or 13cos(x—a)=2(y-2)" +13

5 .
: cosa =-—and sina = —
13

Thus, cos (x—a)=1andy = 2 or
x—a=2nn:nel andy =2

sx=2nt+a:nelandy=2



JEE Advanced/Boards

Example 1: Solve for x, y: xcos®y +3xcosysin’y = 14
xsin’y +3xcos? ysiny =13

Sol: Divide equation 1 by equation 2 and then by
applying componendo and dividendo we can solve this
problem.

We note that, “x = 0; siny = 0 or cos y = 0" do not yield
a solution to given system.

cos’ y +3cosysin’y _ 14

sin’y +3cos’ysiny 13
By componendo and dividendo,

cos’ y +3cosysin? y +3cos’ ysiny +sin’ y

cos’ y +3cosysin’ y —3cos ysiny —sin’ y

N
_ 14 +13 or [cosy+smy} :27:(3)3

14 -13 cosy —siny
or cosy+s!ny:3 or l+tany:§
cosy —siny l-tany 1

tanyz% =tano;y =nn+oa:nel

Since sin y and cos y have signs, we have the following
cases:

(i) sin —i i
" 3
{58[ }1} 14 s x=5s
(i) sin __ L 2
5 5

-8 -2 11
){EJFB[EJEZI =14 :>X=—5\/§

. 7 .
Example 2: Solve: sin* x +cos* x = Ssinxcosx

and cosy = ; then

and cosy = ———; then

Sol: By substituting 2sinxcosx =t and solving we will
be get the result.

. 7 . .
sin* x + cos* x =Zsm2x; c.sin2x >0

. 2 . 7 .
(sm2 X + Cos’ x) —2sin® xcos’ x = Zstx

2
.'.1—t—:ﬁ or 2t +7t—4 =0
2 4

or (2t—1)(t+4) =0 ~.sin2x=t= % = sing
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= 2X=nm+ (—1)”%: n el General solution is

X = n—n+(—1)n%,nel

Example 3: Solve: 3tan(6-15°) = tan(6+15°)

o . tan(0+15°) 3
Sol: We can write given equation as ——— ==,
tan(0-15°) 1
hence by applying componendo and dividendo we will
get the result.

Given, 3tan(9 - 15°) = tan(e + 150)

tan(6+15°) -
tan(e 15°)
tan(e + 15°) + tan(e - 15°)
or =

tan(e + 150) tan(e —15°)

4
2

sin(e +15°+6 —15°)
or
sin((&) +15°-0 + 15°)

=2 orsin20=1= sing

326:nn+(—1)ng:hel.’,e:n_rE

> +(—1)n%:nel

Example 4: Find value of 6 forsin26 =cos36, where
0<60<2r; Use the above equation to find the value
of sin 18°.

. T
Sol: Here as we know sinf = COS(E_ 0 |, hence we can

write given equation as cos36 = cos{(n/ 2) - 29} .

Therefore by comparing their angle we will get the
result.

The given equation is sin26 = cos36 or, cos36 =sin20
or, cos30 = cos{(n / 2)—26}

or, 30=2nn+{(n/2)-20}  where nel

Taking + sign, 30 = 2nm+{n / 2 - 20}

or 50 =(4n+1)(n/2)

or, 9=(4n+1)(n/10),wherenel ()
Again taking — sign, 36 —2nn — {(n/ 2) —26}

or 6=(4n+1)(n/2) .. (i)

Puttingn =0, 1, 2, 3, ...... in (i) the values of 0 in the
interval 0 <0 <2n are given by

0=n/10,57/10,97 /10,137 /10,17x /10 or 18° 90°,
162°, 234°, 346°.



7.28 | Trigonometric Ratios, Identities and Equations

Again putting n=0,£1,£2,......, in (i) the value of 0 in
the interval 0<0<27 is 3n/2 i.e. 270° only.

Hence the required values of 6 in 0<0<2x are 18°,
90°, 162°, 234°, 270°, 306°.

Example 5: Solve the equation:
cos(nBX ) —2cos? (7:3X ) + 2cos(4n3" ) - cos(77c3X )
= sin(n.%x)+25in2 (n3x)—2$in(4n3x)

+2sin(n3X+1)-sin(7n3X)

Sol: Substituten3* =y, and then by using sum to
product formula we can solve this equation.

Denote n3* by y to get

cosy —2cos’ y +2cos4y —cos7y

= siny +2sin?y — 2sin4y +2sin3y —sin7y (1)
Transposing all terms to the left side,

we have, (cosy—cos7y)+(sin7y—siny)
+2(cos4y+sin4y)—2(sin3y+1) =0

or, 2sin4ysin3y +2cos4ysin3y
+2(cos4y+sin4y)—2(sin3y+1) =0

[Use C & D formulae]

or, 25in3y(sin4y+cos4y)
+2(cos4y+sin4y)—2(sin3y+1) =0

or, (sin3y + 1)(sin4y +cos4dy —1) =0

This enables us to write down three groups of solutions:
n e _m %, mn

== ] Y, ==+
T T 2Ty s T

where k, n and m are arbitrary integers. Recalling

that y =n3*, we obtain an infinity of equations for
determining the roots of the original equations:

3X =—1+%, k=0,+1,£2,...3" :D,n:O,iZ,
6 3 2

et M 041,42,

8 2
The equation 3*=a has a (unique) root only
for positive a and it is given by the formula

x =log; a. Therefore, the equation (i) has a solution

only for those (integral) values of k, n, m for which the
corresponding right members of the relations (i) are
positive.

It is easy to see that of the first equation of (i) that
is positive for integer k > 0, the right side of second
equation of (i) is positive for integral n > 0; and the
right side of the third equation of (i) is positive for
m > 0. Thus, we have to solve (i) only for the indicated
values of k, m, n. The resulting values of x are then the
roots of the original equation:

x =log, (—%+%};k =12,...

x = log, [gjn ~12,.... =log, (—+ljm =0,1,2
m

Example 6: Solve the equation:

\/17sec2 x+16(%tanxsecx—1} = 2tanx(l+ 4sinx)

Sol: Solve it like algebra by using product and
Pythagorean identity.

The given equation is

\/17 sec’ x + 16(%tanxsecx —1J

= 2tanx(1+4sinx) (D)

= \/17sec2 X +8tanxsecx—-16x1
:2tanx(1+4sinx)

= \/17sec2 X +8tanxsecx-16x1
=2tanx(1+4sinx)

= \/17sec2 x+8tanxsecx—16(sec2 X —tan’ x)

= 2tanx(1+4sinx)

:>\/16tan2 X + 8tanxsecx + sec’ x

= 2tanx(1+4sinx)

\/(4tanx)2 +2x4tanx.secx +sec’ x
= 2tanx(1+4sinx)

4tanx +secx = 2tanx(1+4sinx)



= 8sinx.tanx—2tanx—-secx =0

. 2 .
sin® x sinx 1

=8 -2 - =0
COSX COSX COSX

= 8sin’x—2sinx—1=0
. 1 . 1
ssink== and sinx=-—
2 4
. . . 1
sinx=sint/6 = x = sin™ (_Zj
.. Solution of (i) is given by

X = nn(—l)ng and x=nm+ (—1)n+l sin’t [%j

where nel

Example 7: Solve the equation:

. 29
sin'® x + cos' x = ECOS4 2X

Sol: we can represent given equation as

.2 5 2 >
(ZSIH X] +[2C°5 X] ~ 2 os*2x, then use half

2 2 16

angle formula to solve this problem.

Given, sin'®

5 5
2sin? x 2cos’ X 29 4
+ =—C0Ss" 2X
2 2 16

1—c052x5 1+c052x5 29 4
> + > =—C0s" 2X

X +cos¥ x = gcos4 2X
16

(1—cos2x)%.(1 —cos2x)® + (1 +cos2x)*.(1 + cos2x)>
32

= Q cos* 2x
16

= 10cos”* 2x + 20cos? 2x + 2 = 58 cos” 2x
= 48cos? 2x—20cos?2x-2=0

= 24cos*2x —10 cos22x -1 =0
= (2 cos?2x-1) (12 cos?2x + 1) =0
© 2c05?2x-1=0 [12 cos’ 2x+1 0|
= cos4x =0
—4x=nn+l
2

nmt w
=>X=—+—n€l
4 8
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Example 8: Consider the system of linear equations in
X,y and z:

(sin39)x—y+z:0 ()
(1))
.. (iii)

(cosZO)x+4y+3z=0
% 2x+Ty+72=0

Find the value of 6 for which the system has a non-
trivial solution.

Sol: Here we can write given linear equation in matrix
form, and as we know for the system having non-trivial
solution |A|must be 0.

We can write the given linear equation in the form of
AX=0 - _

X 0
sin30 -1 1
A=|cos20 4 3| X=|y|landO=|0
2 7 7
z 0

As the system has a non-trivial solution,

|A|must be 0
sin30 -1 1
. lcos20 4 3|=0
2 7 7

= 7sin30+14c0s260-14 =0

= sin30+2cos20-2=0,
(3sin6—4sin3 e)+2 (l—2$in2 6)—2 =0 or
4sin* 0+ 4sin”0—3sinf =0
sin6(4sin26+4sin9—3):0
sin6(2sin6—1)(2sin0+3) =0
s.sin@=0orsin0=1/2o0r sin0=-3/2
But sin6 =0 sin0 :% is possible

And sin6 = _73 is not possible.

Now, sin6=0 .. 0=nx; nel
andsin6=1/2=sin(r/6),
~0=nn+(-1)"n/6;nel

Therefore the required values of 0 are

0 =nn and nn+(—1)n(n/6),where nel
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Example 9: Find the value of x, 1
Minimum value of 2¢os?x = 2
1

Minimum value of (y—EJ +(—j =3

2

Sol: Re-write the expression inside the square root and

then by using algebra we can find out the value of x. . o 1
= Minimum value of (i) is 2><E =1.

Given
1
1 2 2
f . 2 1 1) 5 1
2c052X y2_y+%sl N0) oo 20057 X [y—zj +(Ej =1 = cos“x=1 and y:E
1 = cos’2nn =1

2 2 1 1
2c0s"x -y+=+=<1 X =
\}y y 277 SoX=2nm
1 2 2
2c052x y_l + E <1
2 2

Exercise 1

Q.11 Solve the equation: tanx +secx = 2cosx

Q.1 Solve the following trigonometric equations: Q.12 Solve: 25in? X — 55inXCoSX — 8 COs? X = —2

(i) sin29:l (ii) c0556=—l
2 2 Q.13 Solve: 4sinxsin2xsin4x = sin3x

2 L 20
Q.2 Solve 7cos“0+3sin“0=4 Q.14 Solve the equation

Q.3 Solve: tanx +tan2x + v/3 tanxtan2x = v/3 (1—tan6)(1+sin26) =1+tan0

Q.4 Solve: 3tan(9—15°) = tan(9+15°) Q.15 Solve sinx+ 3 cosx — 2

Q.5 Solve the equations Q.16 Find the general solution of the following

sin(x —y) _ é and cos(x . y) _1 trigonometric equations:
2 2 1
(i) tan30=-1 (i) cosbx=—-—
Q.6 Solve the equation sin x = tanx V2

. Q.17 Solve the following trigonometric equations:
Q.7 Solve the equation 2tan®—cot6+1=0

() 3cos’0+7sin’0=4

Q.8 Solve the equations sinmx +sinnx = 0 (ii) tanx + tan2x + tan3x = tan2xtan3x
. 5 n T 3
Q.9 Solve the equation sec” 2x = 1 —tan2x (iii)) tan Z+9 +tan Z_e =4

Q.10 Solve the equation: Q.18 Solve the equation tanx + cotx =2

4sinxcosx +2sinx+2cosx+1=0



Q.19 Find the general solution of the trigonometric
equation: tan®x—3tanx =0

Q.20 Solve the following trigonometric equations:

(i) cosx+sinx =1 (ii) secx—tanx:\/§

(iii) sinx+cosx:i (iv)cosx+\/§sinx=l

V2

Q.21 Find the degree measures corresponding to the
following radian measures.

() (%]C (i) [%}C (i) (1.2)°

Q.22 The angles in a triangle are in A.P. and the ratio
of the smallest angle in degree to the greatest angle
in radians is 60: . Find the angles of the triangle in
degrees and radians.

Q.23 Assuming the distance of the earth from the
moon to be 38400 km and the angle subtended by the
moon at the eye of a person on the earth to be 31/, find
the diameter of the moon.

Q.24 Assuming that a person of normal sight can read
print at such a distance that the letters subtend an
angle of 5’ at his eye, find the height of the letters that
he can read at a distance of 12 meters.

Q.25 Solve the equation 4cos? xsinx —2sin® x = 3sinx

Q.26 Solve the equation:

5c0526+2coszg+1:0,—n<6< o

Q.27 Solve the equation: 4sin*x+cos* x =1
Q.28 Solve the equation: tan20tand =1

Q.29 Show that the equation: e "™ —e "™ _4 =0 has
no real solution.

Q.30 Does the equation sin*0—2sin’6—-1=0 has a
solution?
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Exercise 2

Single Correct Choice Type

Q.1 If in a triangle ABC, bcoszé+acosZE =§c, then
a, ¢, b are: 2 2 2

(A) In AP (B) In G.P. (C) InH.P. (D) None

Q.2 Given a° +2a+ cosec’ (g(a+ x)j =0

then, which of the following holds good?

X
Aa=1 =€l
(A) 5 €

X
B)a=-1 —€l
(B) 26
(C) aeR;xed

(D) a, x are finite but not possible to find

. 2 . ,C 2 C
.3Inanytriangle ABC, (a+b) sin’ =+ (a—b) cos’ = =
Q31InanytriangleABC, (a+b)"sin” = +(a—b)" cos® >

(A)c(a+b) (B)b (c + a) Qa+c) (D)c?

Q.4 Ifin a AABC,sin> A +sin’B+sin®C
=3sinA-sinB-sinC then

(A) AABC may be a scalene triangle
(B) AABC is a right triangle

(C) AABC is an obtuse angled triangle
(D) AABCis an equilateral triangle

Q.55in30 = 4sinBsin20sin40 in 0 <0 < & has:

(A) 2 real solutions (B) 4 real solutions

(C) 6 real solutions (D) 8 real solutions

Q.6 With wusual notations, in a triangle ABC,
acos(B—C)+bcos(C—A)+ccos(A-B) is equal to

4abc abc

abc abc
(D) —
R? 2R?

A) — B) — C
W @5 ©

2cosp-1
2—cosp

p

Q.7 If cosa = then tan%cotE has the value

equal to, where (0 <a.<mand 0 <B < x)

(A) 2 (®) V2 3 D) 3
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Q.8 If xsin0 = ysin(e+2?nJ = zsin(9+%j then

(A) x+y+z=0 (B) xy+yz+zx=0

(C) xyz+x+y+z=1 (D) None of these

Q.9 If acos® o +3acosasin’o=m

and asin® o+ 3acos’ asino = n . Then

(m+ n)2/3 +(m- n)Z/3 is equal to:

(A) 2 22 (B) 2a'/3 ©2a (D)2a’

Q.10 The number of solutions of
tan(Sncose)zcot(Snsine) for 0 in (O,Zn) is

(A) 28 (B) 14 4 (D) 2
) B C
Q.11 Ina AABC if B + C = 3A then cotE.cot— has the

value equal to 2

(A) 4 (B)3 Q2 (D)1

Q.12 The set of value of ‘a’ for which the equation,
cos2x +asinx =2a—7 possess a solution is-

(A) (—=,2) (B)[2, 6] (Q)(6,0) (D) (oo, 0)

Zcot2 A.cot2 B
2 2

Q.13 In AABC, the minimum value of

2 A
is []cot 5
(A) 1 (B) 2
<3 (D) Non-existent

Q.14 The general solution of

sinx + sin5x = sin2x + sin4x is:

(A) 2nm (B) nmt

Q@ nn/3 (D) 2nmt/3 Where nel

Q.15 Number of values of ee[o,zn] satisfying the
equation cotx — cosx = 1 — cotx. cosx

(A) 1 (B)2 Q3 (D) 4
Q.16 The exact value of
cos® 73° + cos? 47°+(cos73°.cos 47°) is

1 1 3
A) = B) = Q= D) 1
(A) 2 (B) 3 (@) 2 (D)

Q.17 The maximum value of

(7cose+24sin6)x(7sin6—24cose)

for every 0 eR.

(A) 25 (B) 625 625

625
97

D) 222
(D) 7
nm - .
Q18 If x = > satisfies the equation
. X X . . .
smE— cosz =1-sinx & the inequality

X T

3n
Z <
2 2

<—, then:
4

(An=-1,0,35
©n=024

B)n=1,2475
O)n=-1,1735

Q.19 The number of all possible triplets (31,82,63)

.2 .
such that a; +a, cos2x+a;sin®x =0 for all x is

(A) O (B) 1 €3 (D) Infinite
Q.20 If A and B are complimentary angles, then:

(A) l+tanA 1+tanE =2
2 2

(B) l+co’cA 1+cotE =2
2 2

© 1+sec% 1+cosecgj:2

(D) A set containing two values

Previous Years’ Questions

Q.1 The equation 2 cos? (g] sin® x = x +x72,

0<x< g has (1980)

(A) No real solution
(B) One real solution
(C) More than one real solution

(D) None of above

Q.2 The smallest positive root of the equation, tan
x—x=0liesin (1987)

i i 3n 3n
(A) (O,EJ (B) (E,nj © (n,;] (D) (7,27:]



Q.3 The number

sin(e") =54+5%is

of solution of the equation
(1991)

(A)O (B) 1 Q2 (D) Infinitely many

Q.4 The number of integral values of k for which the

equation 7cosx+5sinx =2k +1 has a solution, is
(2002)

(A4 (B) 8

(G 10 (D) 12

Q.5 The set of values of 6 satisfying the in equation
2sin’0-5sin0+2 >0, where 0<0<2r, is (2006)

(A) [O,gju(%,hj (B) {O,%}u{%)n}

© {0,%} u{z?n,%} (D) None of these

Q.6 The number of solutions of the pair of equations
2sin?6—cos20=0and 2cos’0—-3cos6=0 in the
interval [0,2n] is (2007)

(A0 (B) 1 @2 (D4

Q.7 Let P = {9 :sin@—cos0 = \/Ecose} and

Q= {6 :sinB+cos6 = x/Esine} be two sets. Then
(2011)

(A)PcQand Q-Pz2 O
(B) QzP
QPzQ
D)P=Q

Q8 If a+B+7y=2x, then
p Y B Y

(A) tanZ 1 tan® 4 tant = tanLtantant
2 2 2 2 2 2

(1979)

B B, v Y

(B) tangtan— +tan—=tan—+ tan—tang =1
2 2 2 2 2 2

B Y B, v

© tang +tan=+tan—= —tangtan—tan—
2 2 2 2 2 2

(D) None of these
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Q.9 Given A = sin? 0 + cos*0, then for all real values

of 0 (1980)
(A) 1<A<L?2 (B)%SASI
(C)EsAsl (D)isAsE
16 4 16
Q.10 The expression (1986)

3{sin4 (3775— 0(] +sin* (3m+ a)}
—Z{Sin6 (g + ocj +sin® (Sn - 0():| is equal to

(A) O
@3

(B) 1
(D) sinda + cosba

Q11 If a+[3=§ and B+y=a, then tana, equals

(2001)
(A) 2(tan[3+tany) (B) tanf +tany

(C) tanp +2tany (D) 2tanf +tany

Q12 Llet 6 e (O,%j and t; = (tane)tane,t2 = (tane)COte

cot

t, = (cos6)™ and t, = (cot®)*"’, then (2006)
At >t, >t >t, B) t, >t; >t >t
O t;>t, >t >t, Dt >ty >t >,
tan A tA
Q.13 The expression an < can be
l-cotA 1-tanA
written as (2013)

(A) secA cosecA + 1 (B) tanA + cotA

(C) secA + cosecA (D) sinA cosA + 1

Q.14 If 0< x <2 &, then the number of real values of
x, which satisfy the equation cosx + cos2x + cos3x +
cosdx = 0 is: (2016)

(A)5 (B) 7 @9 (D)3
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Exercise 1

Q.1 Solve the equation: sin5x = 16sin° x
Q.2 Find all the solutions, of 4cos?xsinx — 2sin®x = 3sinx

Q.3 Find the number of solutions of the equation
1+cosx+cos2x +sinx+sin2x+sin3x=0.

Which satisfy the condition g <|3x —g <m.

Q4 Solve for x, g—ﬂ:SXSﬂ:) the equation;

2(cosx+c052x) +sin2x 1+2cosx) = 2sinx

Q.5 Find the general solution of the following equation:

2(sinx—c052x)—sin2x (1+25inx)+2cosx =0

Q.6 Find the values of x, between 0 & 2x. Satisfying the

. . 3x X
equation cos3x+c052x=sm?+5|n5.

Q.7 Solve: tan® 2x + cot® 2x + 2tan2x + 2cot2x = 6

sec? X
Q.8 Solve the equation: 1 + 2 cosecx = — 5 and
the inequality M cos 2x
cos3+sin3

Q.9 Solve sin(%} + cos(ﬂl =\2sinvx

2

Q.10 Find all values of ‘a’ for which every root of the
equation, a cos 2x + |a| cos 4x + cos 6x = 1 is also a

. . . 1 .
root of the equation, sinxcos2x = sin2x cosBx—E sin5x,
and conversely, every root of the second equation is

also a root of the first equation.

Q.11 Solve for x, the equation+/13 -18tanx =6 tan x — 3,
where —2r < x < 27.

Q.12 Determine the smallest positive value of x which
satisfy the equation +/1+sin2x — J2cos3x=0

Q13 25in(3x+%} = \/l+85in2x.cos2 2X

Q.14 Find the number of principal solutions of the
equation.

sinX —sin3x + sin5x = cosx — cos3x + cos5x

Q.15 Find the general solution of the trigonometric
equation

[l+log3(cosx+sinx)J | )
3 2 _zogz(cosx—smx) _ \/5

Q.16 Find all values of 6 between 0° & 180° satisfying
the equation; cos60 + cos40 + cos20+1 =0

Q.17 Find the solution set of the equation,

log )

—X“-6x
10 10

(sin3x + sinx) = Iog_xz_ex (sin2x)

Q.18 Find the value of 6, which satisfy
3 - 2cos 0 —4sinB — cos20 + sin206 = 0.

Q.19 Find the sum of the roots of the equation
cos4x +6 =7cos2x on the interval [0,314].

Q.20 Find the least positive angle measured in degrees
satisfying the equation

. . . . . . 3
sin® x +sin® 2x +sin> 3x = (smx+sm2x+sm3x)

Q.21 Find the number of solution of the equation

sin(n—6x)+\/§sin(g+6xJ =3 in [0,21]

Q.22 Find the general values of 6 for which the
quadratic function

(sine)x2 +(2cose)x+w

2
is the square of a linear function.

Q.23 Prove that the equations
(@) sinx-sin2x-sin3x =1

(b) sinx-cos4x-sin5x=-1/2
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(c) sinxcosxcos2x+1/2=0
(d) 4sin2x+cosx =5
(e) sin3x—cosx =2

Have no solution

Q.24 Let f(x) =sin® x + cos® x + k(sin4 x + cos? x) for
some real number k. Determine

(@) All real number k for which f(x) is constant for all
values of x.

(b) All real numbers k for which there exists a real
number ‘c’ such that f(c) = 0

(c) If k = — 0.7, determine all solutions to the equation
fx) =0

Q25 If o and B are the roots of the equation,
acosB+bsind =c then match the entries of column |
with the entries of column II.

Column | Column Il
(A) sina + sinf
() 22
a+c
(B) sino..sinf B
(q) &2
c+a
(@) tang+tanE ) 2bc
2 2 a’ +b?
(D) tan%.tan% © 2_g?
a’ +b?

Q.26 Solve the equations for ‘x' given in column | and
match the entries of column II.

Column | Column I

(A)cos3x.cos’ x +sin3x.sin’x=0 | (p)np+ X
3

(B) sin3a = 4sinasin(x+a) .
. @nrt+=,nel
sm(x—oc) 4

Where o is a constant # nmn

(C)|2tanx—1|+|2cotx—1|:2 (r)n—n+E,nEI
48
nm T
D) sin'®x + cos'®x = §cos4 2x ) —=—
16 2 4

Q.27

Column | Column I

(A) The general solution of the (p) nt(where n e 1)

equation sin?x+cos?3x =1 is

equal to

(B) The general solution of the i
equation (@ —
e % 4 5in? 0 —2cos® 20 + 4

=4sing, is

(C) For all real values of a, the .
general solution of the equation () nm+ 7

a’sinx—asin2x+sinx =0, is
equal to

(D) The general solution of the

equation (s) (4n + 1)%

Y2tan6-1+3tano -1 =1, is

Exercise 2
Single Correct Choice Type

Q.1 If in aAABC, cos A. cos B + sin A sinB sin 2C =1
then, the statement which is correct?

(A) AABC is isosceles and right angled
(B) AABC is acute angled
(C) AABC is not right angled

(D) Least angle of the triangle is g

Q.2 The set of values of x satisfying the equation,
.2
sin

2tan(x—§] —2(0.25) cos 2x

W
4
+1=0is

(A) An empty set
(B) A singleton
(C) A set containing two elements

(D) An infinite set

Q.3 The number of solutions of the equation,

5
> cos(rx) =0 lying in (0, ) is:
r=1

(A) 2 (B) 3 @5 (D) More than 5
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1° 1° 1° 1°
Q.4 The value of cot7?+ tan67? - cot67?— tan7?

IS

(A) A rational number (B) Irrational number

© 2(3+2J§) (D) 2(3—\/5)

Q.5 If A = 580° then which one of the following is true?

%) =+/1+sinA —v1-sinA

(A) 2sin

(B) 2sin :—x/1+sinA+x/1—sinA

(©) 2sin :—x/1+sinA—\/1—sinA

2]
2]

(D) 2sin %j = \/1+sinA +x/1—sinA
X2 — X
Q.6 If tana =——— and
XT=x+1
tanf = —(x * 0,1) , Where
22 —2x+1

O<a,B< g then tan(o.+B) has the value equal to:

(A)1 (B) -1 @2 (D) %

Q.7 Minimum value of 8cos®x+18 sec’x V x eR
wherever it is defined, is:

(A) 24 (B) 25 (C) 26 (D) 18

Q.8 If o is eliminated from the equations x=a cos(0-«)

2 2
and y=b cos(o-B) then X—+y——2ﬂc05(a—ﬁ) is
¥ b2 ab

equal to
(B) sin(ot—P)
(D) cosec? (a—P)

(A) cos?(a—PB)
(C) sec?(a—P)

Q.9 The general solution of the trigonometric equation
tanx + tan2x + tan3x = tanx.tan2x.tan3x is

(A) x =nn (B) nnig

Q) x=2nm (D) x :n?rc Where n € |

Q.10 Number of principal solutions of the equation
tan3x-tan2x-tanx=0, is

(A)3 (B) 5 Q7 (D) More than 7

Q.11 The value of x that satisfies the relation

2 3 4 5

X=1-X+X =X +X =X 4. 0

(A) 2cos36° (B) 2cosl44°

(C)2sin18° (D) None of these

Multiple Correct Choice Type
Q.12 An extreme value of 1+4sin® +3cos 0 is:

(A) -3 (B) -4 @5 (D) 6
. . 4
Q.13 It is known that sinf=—&0<p<n then the

value of >

\/gsin(owﬁ)—

cos(a +p)
cos—
6 is:

sina,
(A) Independent of a forall B in (0, n/2)
5

NE]

V3(7 + 24 cota) .
15

(B) for tan g >0

© ortan <0

(D) None of these

Q.14 If sint +cost=% then tan%is equal to:

(A) -1 (B)-1/3 @2 (D) -1/6

Previous Years' Questions

Q.1 Show that the equation ™ —e™*"* _4 =0 has no
real solution. (1982)

Q2 Find the values of x(-=,m)which satisfy the

2

COS™ X|+.....

=4 (1984)

. 1+‘cosx‘+
equation 2

satisfies the equation x> —9x+8 =0, find the value of

CcoxX

,O<x<g. (1991)

COSX +Sinx

Q.4 Determine the smallest positive value of x (in
degree) for which tan (x + 100°) = tan (x + 50°) tan (x)
tan (x — 50°) (1993)



Q.5 Find the smallest positive number p for which the
equation cos (p sin x) —sin (pcos x)=0 has a solution
xe[0,2n] (1995)
Q.6 Find all value of 6 in the interval {— g} satisfying
the equation

NS

(1-tan0)(1+tan0)sec® 0+2°"° =0 (1996)

Q.7 The values of 6 lying between 6=0 and 6=n/2
and satisfying the equation

1+sin’0  cos’0 4sin40
sin@  1+cos’0®  4sindd [=0 (1988)
sin’ 0 cos’0  1+4sin40
n 5n 11z b
A) — B) — Q) — D) —
()24 ()24 ()24 ()24
Q8ForO0<¢p<n/2,ifx= Zcosznd),y:
n=0
>sin®¢,z= > cos® psin® ¢, then (1993)
n=0 n=0
(A) xyz=xy+y (B) xyz=xy+z
(C) xyz=x+y+z (D) xyz=yz+x
Q.9 sec’0 = Lyz is true if and only if (1996)
(x+y)
(A) x=y=#0 (B) x=y,x=0
Q) x=y (D) x=0,y =0
. 4 4
sin"x cos"x 1
+ =—, then 20009,
Q.10 If 5 3 c ( )
5 .8 8
(A) tan x:g (B) Sin"x , cos x_ 1
3 8 27 125

) .8 8
(©) tan x:l D) sin x+cos x:i
3 8 27 125

Q11 For 0<0 <g, the solution(s) of

6 -1
Z cosec[e +(mT)n] cosec(9+¥j = 4\/5 is/are

m=1

(2009)

bl i e 5n
(A) 2 (B) 5 © e (D) I
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Q.12 The number of values of 0 in the interval (—g gj

1

such that Oqtns—n forn=0, + 1, + 2 and tan6 = cot56

as well as sin20 = cos40 is ... (2010)

Q.13 The positive value of n > 3 satisfying the equation
1 1 1

(2011)

Q.14 The number of all possible values of 0, where
0 < 6 < =, for which the system of equations

2cos30 N 2sin30
y z
And (xyz)sin39 = (y + 22)cos39 +ysin36

(v +2)cos30 = (xyz)sin30 xsin36 =

have a solution (xo,yo,zo)with YoZo 20, is... (2010)

Q.15 The number of values of 8 in the interval [—g, gj

such that ein?n for n=0,+1,£2 and tan® =cot 56

as well as sin 20 =cos 40 is (2010)
Q.16 The maximum value of the expression
! is (2010)

sin® 0+ 3sin® cosO +5cos’ O

Q.17 Let P = {6 :sin 0 —cos0 =\/§ cos 6}

and Q = {6 :sin 0 +cosO = \/5 sin 6} be two sets. Then
(2011)

(A) PcQand Q-Pzx T

QPzQ

(B)QzP
D)P=Q

Q.18 The positive integer value of n > 3 satisfying the
equation

1 1 1

2] =) 1)

(2011)
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Q19 Llet 0, ¢ e [O, 2 n] be such that

2 cos 6(1—sin (I)) =sin’ 0 [tan g+cot gj cos p—1

NG

tan(2n—6)>0 and -1<sinB< - >

Then ¢ cannot satisfy

b 47
(A)O<¢<g (B)§<¢<?
(C)%<4><3’77c (D)%“<¢<zn

1

(2012)

Q.20 For x € (0, m), the equation sin x + 2 sin 2x - sin

3x = 3 has

(A) Infinitely many solutions
(B) Three solutions

(C) One solution

(D) No solution

(2014)

Q.21 The number of distinct solution of the equation
% c0s? 2x + cos® x +sin® x + cos® x + sin® x = 2

In the interval [O,Zﬂ is (2015)

Q.22 let S = {x € (—n, n): x=0,* g}

The sum of all distinct solutions of the equation

\/gsec X + cosec X + Z(tan X —cot x) =0 inthesetSis

equal to (2016)
n 2 5
(A) Y (B) Y Qo (D) 5

PlancEssential Questions

JEE Main/Boards

Exercise 1

Q11 Q17 Q.24
Q.29

Exercise 2

Q6 Q9 Q14
Q17 Q19

Previous Years’ Questions

Ql Q4 Q5
Q8 Q10 Q13

JEE Advanced/Boards

Exercise 1

Q.7 Q.12 Q.17
Q.21 Q.24 Q.26
Exercise 2

Q4 Q7 Q8
Q11

Previous Years’ Questions

Q4 Q.5 Q.6
Q38 Q10 Q12
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JEE Main/Boards

Exercise 1

L AL
12 5 15

.. N1
1 () —+ (-1
Q1) —-+(-1)
T 2n
Q.2 2nTCi§,2nTCi?, nel

nm T
.3 —+—,nel
Q3 Frrgine

Q4 T+(-1) Znel

1 n b1
S Xx==|nn+(-1) =+2mn*+—=|,nmel,
Q. 2{ b8 ( ) 3 T 3} IS

1 T n T
y =§{2mni§—nn—(—1) 3]”.”1 el

Q.6 x=nm,nel
1
Q.7 tana ==
*=3
2b+1)xw
Q.8 x = T orx_( ) ,a,bel
m+n m-n
nmT Mm T
9 X=—,——-—,nel
Q 2 2 8

2n
10 x=nn—(-1)"E 2nn+E nel
Q n( )6 T 3 IS
.11 x=n +—1nEor 2n+1£,n I
Q o+ )6 @m1)Zine

Q12 x = nn+tan‘1(—%) or x=nn+tan1(2)
Q.13 nnor n?nig,where nel

Q.14 nm,nt— %,Where nel

Q.15 2nx +5—n,2nn—l,n el
12 12

R o Vi A .. 2nmt 3%
16 () 2E_ T netiy NTaST e
Q16 () F-pnel () ==*-5.ne

A7 6) na(<1)| =2 | i) x="Fnel

Q.17 (i) nn+( )(J() 3 ne

(i) nmnr+E nel
3

Q.18 nn+%,nel

Q.19 nn,nnig,nel

. e T .

.20()) 2nm+=—+—,nel ie.

Q.20(i) 2nm YR

2nm or 2nn+£,nel(ii) 2nni£+£,n61
2 3 6

(i) 2n1'c+7—n,n el (iv) 2nn,2nn+2—n,n el
12 3
Q.21 (i) 30° (ii) 144° (iii) 68° 43" 37.8"

Q.22 30°, 60°, 90° and gg

N

Q.23 3466.36 km
Q24 174 cm

n+l 37 n T
' 1

.25 x =nmw,nn+ (-1 —,nT+
Q T,NT ( ) 10 T
where n=0,£1,%2,.......

—TT

s -1 3
.26 0 =—,— ,m—cos | —
Q 373" (SJ

Q.27 x=nn,x=nnx o where sincx:?2

Q.28 9=nnig

Q.30 NO real Solution
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Exercise 2

Single Correct Choice Type

Q1A Q2B Q3D
Q7D Q8B Q9C
Q13 A Q.14 C Q.15 B
Q19D Q.20 A

Previous Years’ Questions

Q1A Q2C Q3A
Q7D Q8 A Q9B
Q13 A Q.14 B

JEE Advanced/Boards
Exercise 1

Q.1 x=nx or x=nni%

3n
.2 N, 1) Z or ne+(-1)"| 22
Q nnnn+( )10 or nm ( )(10]
Q32

tn -7
Q4 — — =1
3 2

ola

Q.5 x=2nmtor x=nm+ (—1)n (—gjor X =Nm+ (—1)n

T
Q8 x=2nt—=
T3

2 am 2
Q9 x= dnn—L | orx= L
2 3 2

where m,ne W

Q10 x=0o0ra<-1

Q.11 o - 27,0 — 7, + m,wheretana :§

Q4D Q5D Q.6 A
Q10 A Q11C Q12 8B
Q16 C Q17 C Q.18 B
Q4B Q5A Q.6 C
Q108 Q11C Q12 8B
Q12x=n/16

T
Q13x=nn+—nel
T 1 e

Q.14 10 solutions
T
Q.15 x=2nn+—
AP
Q.16 30°, 45°, 90°, 135°, 150°
Q.17 No Solution
Q.18 0 =2nm or 2nn+g;n el

Q.19 4950 n
Q.20 72°
Q2113

Q.23 2nn+% or(2n+1)rc—’can‘l 2nel

3. 1) . r
Q24@ -2 (b) ke{ 1, 2](@ Xx=" o

Q25A—>rBo>s;Cop;,D—>q
Q26 A—>s;Bo>p,Co>qgD—>r
Q27A—>qg;B—>s;Co>p;Do>r



Exercise 2

Single Correct Choice Type

Q1A Q2A
Q7C Q8B

Multiple Correct Choice Type

Q128,D Q13 A, B, C

Previous Years’ Questions

Q2 {igi%"} Q3 Q

Q88B,C Q9 A B
Q143 Q153
Q20D Q2138

Q3A
Q9D

Q14 8, C

Q.4 30°

Q10A, B

Q.16 2

Q22 C
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Q4B Q5C Q6 A
Q.10 C Q11C
T
Q5 - Q6 0=+" Q7AC
22 3
Q11D Q123 Q137
Q17D Q187 Q19A,C,D

JEE Main/Boards
Exercise 1
" 1

Sol 1: (i)sin26 = 3

. . 1.
General solution of sinx = 5 is

T
X =nm+ (—1)”5, nel

T
S 20 =nn+ (-1)"g

—0="01 " nel
2 12
1
ii) cos 560 = —=
(i) cos 5

. 1.
General solution of cosx = - is

2
X=2nni?n,nel

.'.56=2nni2?n,nel

Sol 2: 7cos?0 + 3sin20 = 4
Since sin20 + cos20 = 1
. 4cos?0 + 3(cos®0 + sin%0) =

= 4cos’0 +3 =4

", C0s%0 = l or coso -1 —1
4 2" 2
i 27
L0=2nm+ =,2nm+ — ,nel
3 3
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Sol 3: tanx + tan2x + \/gtanx tan2x = \/5
= tanx + tan2x = \/5 (1 - tanx tan2x)

tanx +tan2x

" 1-tanxtan2x

. tanA+tanB
" 1-tanAtanB

= tan(A + B)
Applying the above formula
tan (x + 2x) = \/5 = tan3x = \/§
General solution of tan0 = \/§ is

T
O:nn+§,nel

. T nmt w
L3X =N = =X = —4—
3 3 9

Sol 4: 3tan(6 — 15°) = tan(® + 15°)

We can write it as

T
tan(0+15°) ta”(“g) .,

tan(6-15°) tan(e_lnzj

sin®
cos0

sin[6+n]cos(9—nj
12 12
=3
sin| 06— " |cos| 0+ -
12 12

Using sin A cos B = % [sin(A + B) + sin(A — B)]

Applying tanf =

=

Above expression can be written as

1 sinf 0+~ +0-" |+sin| 0+~ -0+ -
2 12 12 12 12
1 sin| 0+~ +0—-" |+sin[ 06—~ —0- "
2 12 12 12 12

sin20 + sin~
=>— > =3

sin20 —sin

6

= 2sin20 = 4sin% = sin20 = 2 x sin =1

T
6
o sin20 =1

General solution of sin x = 1

isx=nn+(—1)”g,nel

0= —+(—1)"% nel

Sol 5: sin(x —y) = é cos(x +y) = l
2 2
.'.X—y=nn+(—1)”§ne|. (D)
andx+y:2mnignel ... (i)
a2x=nn+ (1) L v 2omne X
3 3
[Adding (i) and (ii)]

and x = 1 nr:+(—1)”£+2m1tiE
2 3 3
Similarly,

Y n7t+(—1)3£ m,n el
y 2 _3 3 I T
[Subtracting (i) from (ii)]

Sol 6: sinx = tanx

sinx
v tanx =

=sIinx =
COsX COsX

=> sin X cos Xx=sin x = sin x(cos x-1) = 0
sosinx=0orcosx=1forsinx=0
Xx=nmnel

and forcosx =1,x =2mn, m e |

As the equation is valid for sin x = 0 or cos x = 1, is the
solution will be union of both.

Xx=nmnel

Sol 7: 2tanO—cotd + 1 =0

coto = L
tan0
oo 2tan0 — +1=0
tan0
2tan’ 0 +tanf -1 _0
tano
N (2tan6-1)(tan6+1) 0
tan6

= tan® # 0 and tan0 = % or tand = -1
.. From tan® # 0, 0 # nt and

tan6=—1,9=nn—£nel
4
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) L e = o .
.. Solution of equation is tand = %,—1 w1 sinx= 21 =sin) = 2(1 = sinx) (1 + sinx)

1 = [2(1-sinx)=1] (1 + sinx) =0

: _ A e X
le.f=nm+tan”y, nr—Znel = [(1 = 2sinx) (1 + sinx)] = 0

. 1
Sol 8: sinmx + sinnx =0 Sosinx = EOF—1

- . 1 T
OsinC +sinD = Zsin(C;D]cos[Csz Forsinx = 5 X = nm+ (—1)”g nel

For sin x = -1 x=(2n+1)gnel

25in((m+n)§jcos((m—n)§j o

LX=nw+ (1) i or(2n+ 1) En el

. X X 6 2

cosin(m +n) — =0orcos (m—n)— =0
2 2

Sol 12: 2 sin?x — 5sinx cosx — 8cos’x + 2 = 0

X X T
X_ ) Z=0b+1) Zabel . .
=(m+n) 2 an or (m —n) 2 b+ 1) 2 ab We can write 2 as 2(cos®x + sin?x)

Lo 22 o @brD) abel " COSX + sin?X = 1

m=+n m=n . 2sin?x=5sinxcosx—8cos?x+2cos?x+2sin*x = 0
Sol 9: sec22x = 1 — tan2x = 4sin®x — 5sinx cosx — 6cos*x = 0
[1 + tan20 = sec?0] 4sin®x — 8sinx cosx + 3sinx cosx — 6cos?x = 0
1+ tan?2x = 1 — tan2x 4sinx(sinx — 2cosx) + 3cosx(sinx — 2cosx) = 0
— tan?2x + tan2x = 0 . (4sinx + 3cosx) (sinx — 2cosx) = 0
= tan2x(1 + tan2x) = 0 = SinX = —> cosx or sinx = 2c0sx

tan2x = 0 or tan2x = -1

3
p ortanx = —— ortanx = 2
= = 4
2x=nmor2x=mrx—-—n,m e |

n X = nm + tan™ (—ij orx = nm + tan™'(2)
LX=—o0or—~—-—nmel 4
2 2
Sol 13: 4sinx sin2x sindx = sin3x
2sinA sinB = cos(A — B) — cos(A + B)
2sinA cosB = sin(A + B) + sin(A — B)

. 1 1
= sinx= ) Or cosx = ) . 2sinx[2sin2x sin4dx] = 2sinx[cos2x — cos6x]

Sol 10: 4sinx cosx + 2sinx + 2cosx + 1 =0

= (2sinx + 1) x (2cosx + 1) =0

p . 1 = 2sinx C0s2x — 2sinx Cosbx = sin3x
s Xx=nn— (1" = (whensinx =—-=)
6 2 = sin3x + sin(—x) — [sin7x + sin(-5x)] = sin3x

orx =2nm % ZTN (when cos x = _E) =-sinx = sin7x — sin5x
—sinx = 2cosbx sinx
: = . . . D -D
Sol 11: tanx + secx = 2cosx SinC + sinD = ZSIn[C+ jcos (C J
_ sinx ~ 2 2
tanx = cosx ' seex = COSX = sinx(2cosbx + 1) = 0
; . 1
1+sinx sinx = 0 or cosbx = —=
=2 Cos X 2
COS X
= 1 + sin x = 2cos’X x=nnor6x:2nn12?n:>x=nn,n?nig

[ sin’x + cos’x = 1]
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Sol 14: (1 —tan0) (1 + sin20) = (tan® + 1) 3n
0=2nm + Tn el

tand = sin®
anv = cos0 3n 2nt  3m
Lhx=2nmt — = x= T+%,n el

. (cose—5|nej(l+sin26): (cose+smej

cos9 cos® Sol 17: (i) 3cos?0 + 7sin’0 = 4
(1 + sin20) = C052+ang 3(cos?0 + sin%0) + 4sin%0 = 4

cosTmem = 4sin?9 = 4-3 =1
(cos6+sin6) 1

_ oo 1 3 n b
- (cos0—sin6)(cos6+sin6) - sind = 2’ _E:e =N (_1) (i gj

c0s2 0 +sin? 0+ 2sin0cos O (i) tanx + tan2x + tan3x = tanx tan2x tan3x

2 (1 + sin20) =

cos’ 0 —sin’ 0 = tanx + tan2x + tan3x (1 —tanx tan2x) = 0
i tanx + tan2x

(1 + sin20) = M = ——— = —tan3x

cos20 1-tanxtan2x
= c0s20 (1 + sin20) — (1 + sin20) = 0 tanA +tanB

. v ——— = tan(A + B)
(cos26—1) (sin26 + 1) =0 1-tanAtanB
sin20 = —1 or cos26 = 1 . tan(x + 2X) = ~tan3x
.20 = 2nm - g or 20 =2nm,n e | 2tan3x = 0
i.e.tan3x =0

T
LO0=nnt—-—ornnnel nn
4 '.'3x=nrc,nelorx=?,nel

SOI 15: SinX + 3cosx = \/5 (|||) tan(%+ej + tan(%_e) =4
= L sinx + 3 COSX \/5
Py - = 5 A +tanB
2 2 2 tan (A + B) = tanA+tanB
1FtanAtanB
. T . T T
=> sin = sin X+ COS— COS X =CO0S —
4 - n+6 _ 1+tan®
- Ny " 1-tan6
=> COS (x—ngcosZ
and tan(ﬁ—ej = 1-tanb
x—2—onp+ = 1+tan0
6 4
5 l+tan® 1-tan®
Lx=2nm4 = 2nm- = nel '.'1 t 9+1 t 9:4
12 12 —tan +tan
' (1+tan6)2+(1—tan(9)2
Sol 16: (i) tan30 = -1 = =4

. . (1—tan29)
General solution of tan x = -1 is

T - (1 + tan?0) x 2 = 4(1 — tan®0) = 3tan?0 = 1
X=nmt——,nel

4 1 -

T ntx tan0=*t— =0=nn+t —, nel

230=nt-= =20=——-—nel 6
4 3 12

(i) cos5x = 1 Sol 18: tanx + cotx = 2

V2

General solution for cos 8 = —

cotx = oo tanx + =2

is tanx tanx

1
NG



tan®>x —2tanx + 1 =0

= (tanx—1)?=0 = tanx = 1

T
X=nm+ —,nel
4

Sol 19: tan®x — 3tanx = 0,
tanx (tan’x-3) =0

tanx = 0 or tanx = J_r\/§

T
x:nnorx=nni§,nel

Sol 20: (i) cosx + sinx = 1

Multiply whole equation by 1

N

1 1 .
= ——=COSX + —=sinx =

1
V2 V2 2

T .M. T 1
COS— COSX + Sin— sinXx = cos| Xx—— | = —
: s 3%
X—£=2nni£
4 4
x=2nni£+£=2nnor2nn+—,nel
4 4
(ii) secx — tanx = /3
:isecx—tanle N 1-sinx 1

\/g \/g \/§COSX

= /3 cosx + sinx = 1

Divide the equation by 2

3

1. 1
= — COS X+ =SiNX ==
2 2 2

ol

T T
.'.x=2nni§+—,nel

T T
X=2nt— =or2nt+ —,nel
6 2

(iii) sinx + cosx = i

N

Multiply the equation by L

NG

1 . 1
= ——=SinX + — CosX =

NN

s T
= COS | X—— |=CO0S | —

N |-

=X =2n7w * +

r,.rT
34

2nm + B or 2nmw — I
12 12
(iv) cosx + \/3 sinx = 1
Divide the equation by 2
1 3 . 1
—CosSX + —sinx = —
2 2 2
T T
= COS | X—— | =cos | —
SoX =207+ r,z
3 3
. 27
i.e.x = 2nw or 2nw + T,n el

i C
Sol 21: (i) (gj

180° = &t radian
0

- 1 radian —» @
T
n 180 m_ 54
6 T 6
C
. [4r
i) | —
i [ : j
4 radian = @xﬂ = 144°
5 b
(i) (1.2)c
1.2 radian = 180 x1.2 =68°43'37.8"
T

Note: 1° = 60', 1" = 60"

Sol22:a+b +c=180°

a C
A C

Given angles are in A. P.

Let common difference = d
b=a+d c=a+2d
=a+(@+d)+(a+2d)=3>@+d =180°
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a+d=60° () i.e.x =nm
Also aiven a a 60° g_ l Now if x # nm i.e. sinx # 0 = 4cos®x = 3 + 2sinx
9 c a+2d © =n 3 24 —4sin® = 3 + 2sinXx = 4sin®x + 2sinx—1=10
=—3a=a+2d=a=d .. (i) o+ (2)2_4(4)(_1) 24420
sinx= ==
From (i) and (ii) 2x4 8
a=d=30° N E
= sinx =

4

.. Possible solution is

Sol 23: N (n

T
sinx = ——— =sin Ej =x=nn+(-1)"7g

s.a=30°b =60°c=90°Ans.

. 15 ( 3q) 3n
and sinx = =sin| ———|=sin| T +—
4 10 10
3 3
X =nm+ 1) 10 ) =N+t (=1 10
moon 384400 km
Earth
T 3n
Line OC divides AB into two equal parts sLx=nmoan+ )y nm+ )My

In AOBC

0
1 . 2 = —
tan(?’l j_ OB . g = 384400 x tan(15.5%) Sol 26: 50520 + 2cos?5 +1=0 -1 <0 <n

2 ocC €c0s20 = 2co0s?0 — 1

0
= 384400 x tanE = 173318 Km 20
60 - 2cos Ezcose+1
AB = 2(OB) = 346636 Km and cos20 = 2cos?0 + 1
.. Diameter of moon = 346636 Km. Putting both these in given equation
. 5(2cos?0 -1 +cosO+1+1=0
Sol 24:
10cos%0 + cos6 -3 =0
10c0s?0 — 5cos0 + 6cosO—3 =0
Letter B (5c0s0 + 3) (2cos6-1) =0
C ‘ = Cos0 = 3 or cosf = e
< 5 > 5 2
_ " 3 - 3
Assuming letter to be symmetrically placed LO=cosT| T jorb=+ 3 =7 —Cos™ 5
tand = Bc -
OB 0==,-=,n—-cos't (As—-m<0<n)
BC 33 >
tan(2.5) = —

12
-. BC = 12tan (2.5") = 0.0873 m

.. Total length of letter = 2BC = 0. 174 m = 17.4 m.

Sol 27: 4sin*x + cos*x = 1
4sin*x = 1 — cos*x = (1 = cos?x) (1 + cos?x)
4sin*x = sin®x(1 + cos?X)

Sol 25: 4cosx sinx — 2sin?x = 3sinx One of obvious solution is sinx = 0 i.e. x = nxt

One of the obvious solution is sinx = 0 If sinx =0



= 4sin’x = 1 + cos?x = 2 — sinx

= sin?x =

Ul N

sinx = *

Ul N

2

C oy o= + sin-t
SoX = NnmoLosin 5

. 2
X =Nnmonm J_roc,smaafg,n el

Sol 28: tan20 tan0 = 1
tan26 = ﬂ/
1-tan’0

Substitute this in given equation, we get

2

.~.2t""—”29=1:>3tan2 0=1
1-tan“0

tand = £ i L0=nm

T
6

5

Sol 29: e — g — 4 =
1

esinx _ -
sin x

e

Max. Value of L. H. S. can be attained only when esi™ is

max and is min.

sin x

e
As max. Value of sinx is 1

1
—2> —
sSin X e

ooes™ < el and
e

-.Max. Value of LHS = e — 1 =~ 2 35
e
So there is no real value of x for which LHS = 4

Sol 30:sin*0 —2sin0-1=0
Letsintd =t=t*-2t-1=0

2
- 244(=272 +4x1 _ 2448 C1s2p

2 2

Ssinf0 =1+ \/5 or1—\/§

Since -1 <sin@ < 1Tand 0 <sin%0 < 1

.. No real solution.
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Exercise 2

Single Correct Choice Type

Sol 1: (A) b c052%+a coszg—%c

(cosA+l)
+a =
2 2
bcosA + b + acosB + a = 3¢

=
(cosB+1) 3,
2

= a + b + (acosB + bcosA) = 3c
= acosB + bcosA = ¢

sa+b=2c =ab,c arein AP.

T
Sol 2: (B) a% + 2a + cosec? (E(aﬂ()j =0

[cosec?0 = 1 + cot?0]

T
—at+2a+1+ cotz[z(aH)J:O

s
=@+ 1?2+ cotz(E(aH)] =0
For the above equation to be valid

a+1=0and cot(ﬁ(a+x)J:0
2

—=a=-1and g(a+x)=(2n+1)§
=a+x=2n+1=>x=2n+2

.'.a=—1and£el

Sol 3: (D) (a + b)z sin? % + (a - b)z cos’ %

= (a2 + b? + 2ab) sinZ% + (a? + b? - 2ab) cos® %

=(a®+ b? Ty 2ab sian—cos2£
3 2 2

= a’ + b? + 2ab(-cos Q)
2 42 2
C @ 4bropab TP o
2ab
Sol 4: (D) sin3A + sin®B + sin3C = 3sinA sinB sinC

sin A sinB sinC

. In triangle

i.e. sinA oc a, sinB oc b, sinC o« ¢

soad+ b3+ @ = 3abc
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a® + b® + @ - 3abc = (a+b+c)(a?+b?+c*~ab-bc—ca)=0
Lat+b’+ci-ab-bc-ca=0
=@-bP+b-c?+(c-aP=0=>a=b=c

.. Triangle should be equilateral

Sol 5: (D) sin36 = 4sin0 sin20 sin46 6 < [0, «t]
sin36 = 2sin6 [cos20 — cos60]

sin30 = sin30 + sin(-0) — [sin70 + sin(-50)]

= sin70 — sin50 = —sin®

. =sinB = 2cos66 sind

sind [2cos60 + 1] = 0 = sin® = 0 or cos60 = >

6:n7tor66:2n7t12—7t =0-= n—niﬁ
3 3 9

Sol 6: (A) acos(B-C)+bcos(C — A) + ccos(A — B)
= a(cosB cosC + sinB sinC) + b(cosC cosA + sinC sinA)
+ ¢(cosA cosB + sinA sinB)
= cosC[acosB + bcosA] + ¢ cosA cosB
+ asinB sinC + b sinC sinA + c sinA sinB
a = 2RsinA, b = 2RsinB, ¢ = 2RsinC

and acosB + bcosA = ¢

abc abc abc
= c cosC + c cosA cosB + + +

(R) () ()

3abc
4R?

= c[cos(m — (A + B)) + cosAcosB] +

3abc
4R?

= c[-cosAcosB + sinAsinB + cosAcosB] +

3abc _ abc N 3abc _ abc
4R?  4R%? 4R® R?

= c sinAsinB +

Sol 7: (D) cos o = 2595P~1
2—-cos P
[l—tan2 BJ
272—1
1+tanzg
= =
(1—tan2 Bj
oL 2)
1+tan’ B
2

2[1—tan2 B] —(l—tan2 Bj
2 2

- =

2(1+tan2 E)— 1+tanZE

2 2

2-2tan’ %—l—tanzg

- B B
2+2tan’ D —1+2tan’ "

2 2

2 a
1-3tan’p/2 _17tM 5

2
1+3tan“ B/2 1+tan2%

= (1—3 tan’ Ej(h tan’ Ej
2 2

= (1— tan’ E](1+3 tan’ Ej
2 2

= 1—3tan2E+ tan’ & —3tan22 taan
2 2 2
=1+3 taan— tan22 =- 3tan22 taan
2 2
=2 taan = 6tanZE
2 2

= tan22 =3 taan

2 2

= taan = \/§ taan
2 2

:>tan23~cotE= 3
2 2 v

Sol 8: (B) x sinb =y sin[9+23—nj =z sin [e+%}

anof-Hecon 2]

=X - = -——+—cotH
y sin 0 2 2
sine(—;]+cose[—\/jj 5
5: - :_l__Scote
z sin® 2 2
XX =>xz+xy+yz=0
y z

Sol 9: (C) m = acos?a + 3acosa sin‘a

n = asina + 3acos?a sina
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(m+n)=a(sin*o.+cos’a+3cosa sino(cosa+sina))
= a(sina. + cosa)?

(m-n)=a(cos’a—sin*a+3cosa sina (sino. — cosa))
= a(cosa — sina)?

So(m o+ n)¥2 4+ (m=n)¥3

= a®3(sina. + cosa)? + a?3(cosa — sina)? = 2a*3

Sol 10: (A) tan(5ncos0) = cot(5nsin0)

sin(5tcosB)  cos(5msind)
cos(5tcos0)  sin(5msin0)

= cos(5ncosh) cos(5nsinBd) — sin(5tcosb) sin(5nsind) = 0

= cos(5ntcosO + 5nsinB) = 0

2+4+4x4 1445

= 57(cosO + sinb) = 2nx +

2x4 4
1

= cos0 + sind = @ +—
5 10

= Lcose+isin6 = i[@iLJ

2 2 2

From following both condition

(_f_%jgm[f_ijé

10)2

10

and (i—ﬁjgs n< [\/EJFLJE

Considering values of n and 6 e [0, 2x] total of 28 values

are possible.

Sol 11: (C) tanE tan ¢ = 5~a
2 2 s

2s=a+b+c

Givenb + c=3a

.. cot — cot E -2
2 2 s—a
(a+b+c) (a+3a)
= 2 or 2 = 2a
(a+b+c) (a+3a]_a 2a-a
2 2

cotE cotE =2
2 2

Sol 12: (B) cos2x + asinx = 2a—7
1-2sin’x + asinx = 2a-7

2sin’x —asinx + 2a—-8 =0

atya’ —4(2a—8)x2

sinx =

2x2

. at (3—8)2 a+t|a-8|

cosinx = =

4 4
Fora > 8
. at|a-8| . 2a-38
SINX = ————— =>sinx = T or?2

Since sinx < 1 no value of a > 8 satisfies the equation

Fora <8

2<a<b6

.. The solutionis a € [2, 6]

A > B
ZCOtz—cot =
Sol 13: (A) 2 A2: 1C 1B+ 1C
Hcotz— cot’ = cot’~ cot’ =
2 2 2

= tanzé+tan25+tanZE

2
= tané+tanE+tanE - ZZtanAHanE

2 2 2 2 2
For triangle Ztan%ﬂan% =1

2
= tanAthanEHanE -2
2 2 2
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A 2 Sol 17: (C) (7cosO + 24sin0) x (7sin® — 24cos0)
.. For LHS to be minimum (Ztan —j should take its
2

. - o5 7cos0+24sind 25 7 sin@—24cos6
minimum value which is only possible forA=B=C= = - % 25
3
2 2
[ tan2 +tanS +tanS | = L 3] 23 = —625 sin(o + 0) cos(a + 6)
2 2 2 @
. 7 24
Where sina = —, cosa. = —
.. Min. Value of given function =3 -2 =1 25 24
= —% sin 2 (oc +9)
Sol 14: (C) sinx + sin5x = sin2x + sin4x )
.. Maximum value occurs when
2sin3x cos2x = 2sin3x cosx
in2 0) = -1 .. Maxi lue = 625
25iN3x(COS2X — CosX) = 0 sin2(a + 0) = =1 .. Maximum value = T
.. 3X = N7 Or COS2X = COSX x X
N nm Sol 18: (B) sin— —cos— = 1-sinx
x=?or2x:2nnix:>x:T,2np 2 2 5
2 4 We know that 1 —sinx = (sinl—cosi]
ox= B AR 2 2
33 3 5
n s'ni - cos5 = sin——cosi
-.General solution is ?n = sl 2 2 2 2
— sin> = cos~ or sin(X nj L
Sol 15: (B) cotx — cosx = 1 — cotx cosx 2 2 > 2 \/5
1-sinx sinx — cos® x
COSX( - ] = . =X e mre D or 2T 2 mn+(—1)mE
sinx sinx 2 4 2 4 4
Forsinx=0i.e.x#n
P —x=@m+DE orx= @dm+1)E 4+ E
COSX — COSX SiNX = SiNX — COS?X 2 2
(cosx — sinx) + cosx(cosx —sinx) = 0 Also X m < 3_7:
=(1 + cosx) (cosx —sinx) = 0 2 2 4
cosx = -1 or cosx = sinx X n 3 3mom X _3m.m

X 31 4 2 2 4 4 2 2 4 2

=T, — —

4 4 :>_£<§<5_TC:>_E<X<5_T[
On=massinx=0 42 4 2 2
.'.xzi,?’—rc .x= E 3% 4m 5=

4 4 .. 2 I ' 2 ! 2 I 2
ST luti
wo solutions fen=1245
Sol 16: (C) cos?73 + cos?47 + (cos73 cos47)
= (cos73 + cos47)?> — cos47 cos73 Sol 19: (D) a, + a,cos2x + a,sin’ = 0
2 a, + a,(1 - 2sin’x) + a,sin’x = 0

120 26 cos120 +cos26

= (2coscos— ] T\ 5 =a, +a,+ (a,-a,)sinx = 0

For all x of this function has to be zero
1( 1 2
= c0s*13—-=| —=+2cos“13-1
21 2 thena +a,=0a,-2a,=0
As there are three Variables and two equations so
infinite solution are possible.

+
N
Il
NDlw

N

= cos?13 + l —cos?13 + l =
4 2



Sol 20: (A) Given A + B = g

A 2
(1+tan %) [1+tangJ :(1+tan Ej 1+tan

A
1-tan— 2
=[1+tan%] 1+—2 :[1+tan%]¢=2

1+tan—
2

Previous Years' Questions

Sol 1: (A) Given equation is

2cos’ X sin®x=x%+x72, x< r
2 9
20 X | . 2 2 1
LHS = 2cos (Ejsm x <2 and RHS = x +—22 2
X
.. The equation has no real solution.

Sol 2: (C) Let f(x) =tanx—x
We know, for 0 < x <§
= tanx > x

- f(x) = tan x — x has no root in (0,7:/2)
For n/2 < x < =, tan x is negative

“f(x)=tanx-x<0
So, f(x) = 0 has no root in (gnj
3n . .

For > < X < 2mtanx is negative
f(x) =tanx—-x<0

. [ 3m
So, f(x) =0 hasnorootin |—,2xn

2
We have, f(n) =0-n<0and f 3n =tan3—n—3—n> 0
2 2 2

f(x) =0 has at least one root between = and 32—n
Sol 3: (A) Given equation is sin(ex) =5 4+5%js
LHS = sin (ex)sl,forall xeR andRHS = 5% +57% >2

g sin(e") =5"+57 has no solution.
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Sol 4: (B) We know

—va® +b? <asinx+bcosx < Vo’ +b?
=74 <7cosx+5sinx < \/ﬁ

ie 74 <2k+1<+74
Since, k is integer, -9 <2k +1<9
= -10<2k<8 = -5<k<4

= Number of possible integer values of k is equal to 8.

Sol 5: (A) Since, 2sin®0-5sin0+2>0
:(25in6—1)(sin9—2)>0
[Where, (sin9—2) <0forallge RJ

:>(2sine—1)<o

:>sin9<l
2

. From the graph, 6 ¢ (Ogj U(%Jﬁj

. 1
Sol 6: (C)25in2 0-cos20=0 =sin’0 =2

Also, 2cos? 0 =3sin® = sind =%

= Two solutions exist in the interval [O,Zn].

Sol7: (D) P = {9 1sinB—cos0 = \/Ecose}
= cose(x/E+1) =sin0
:>tan9:\/§+1 ...... (i)

Q= {9 :sinB+cos6 = \/Esine} = sine(x/i—l) =coso

1 2+1
EX\/E+1 Z(\/E-i-l)

~P=Q

tan6 =




7.52 | Trigonometric Ratios, Identities and Equations

Sol 8: (A) a+B+y=2x
tan (a+f +v)=0

tan(a +[3)+tan Y

1-tan (oc+]3) tany -

tan o+ tan

————+tany =0
l-tana tan P

=tano +tanPB +tany =tana tanP tany

Sol 9: (B) A sin’ 0+cos* 0
.2 NPING

=sin 6+(1—sm 6)

=sin’0+sin*0+1-2sin’ 0

=1+sin* 0 -sin’0

2
_fsimo-t] 41-L
2 4
2
= | sin E)—l +i
2 4

For minimum, sin 6= %

3
4
For maximum, sin©® =0

A=1

A=

= E <A<1
4
Sol 10: (B) E{sin4 (%—a]+sin4 (3 T +on)}
—2{5“’16 (E+2]+sin6 (Sn—Z)}
2

= _%[cos2 o + sin? a} -2 [cos6 o + sin® oc}

=3cos* o +3sin* a—2cos*

oc(l—sin2 (>c)—25in4oc(1—cos2 oc)
=sin* a+cos? o +2cos? asin® o + 2sin* a cos® a

2
:(sin2a+c052 (x) —2sin? a.cos’ a

+2cos’ a sin’ a(c052 o +sin? a)

=1-2sin’ a cos’® a + 2 cos® a sin’ o
=1

Sol11:(C) o+ B = = = tan (o+p) = et 1aNP
2 l-tana tan B
y=o-p

=tanatanp =1

y=oa-
tan o —tan
tanyza—B
l+tana tan B
tana —tan
= tany = 200t P

= 2tany=tana-tanf

= tana = 2tany + tanp

Sol 12: (B) 6« [o, gj
= tan 0¢e (1, O)

= cos Oe [i 1}

= cot fe (1, 0)

As 0e (0, Ej
4

cot > tan 0

ST

= (cot O)COt oS (tan O)COt 0

:>t4>t2

tan A N cot A
—-cotA 1-tanA

tan A 1/tan A
+

Sol 13: (A
()l

3 1 l1-tan A
tan A
tan’ A 1

= +
1-tanA tanA (1—tan A)

—tan® A+1
(l—tan A) tan A

(l—tan A) (1+tan2 A +tan A)
- tanA(l—tan A)




3 sec’ A +tanA
tan A

_ sec’ A

= +1
tan A

=sec A cosec A + 1

Sol 14: (B) cos x + cos 2x + cos 3x + cos 4x = 0
=> COSX +COS3X +Cos2x+cos4x =0
=>2¢0S 2x cos X+ 2cos 3xcos x =0

=2cos x(cos 2X + cos 3X)=0
=2co0s X|:2 cosS—X cos 5}:0
2 2
:cosizo orcosx=0 or cosS—X:O
2 2

X 5x
:>§(2p+l)§ orx:(2q+l)§ or?:(2r+l)g
:>x=(2p+1)7t or x=(2q+1)§ or x=(2r+1)§

n 3n 7n 91w 3n
=X ==y — T N ——

Total 7 solutions

JEE Advanced/Boards

Exercise 1

Sol 1: sin5x = 16sin°x
sin(3x + 2x) = sin3x cos2x + cos3x sin2x
= (3sinx — 4sin®x) (1 — 2sinx)
+ (=3cosx + 4cos3x)2sinx cosx
= sinx[(3 — 4sinx) (1 — 2sinx)
+ 2(3 = 4(1 = sin?x)) (1 = sin®x)] = 16sin°x
One of the obvious solution is
sink=0=x=n=n
If sinx =0
= 3 - 10sin® + 8sin“x

+ 2(= 1 + 4sin®)(1 — sin’x) = 16sin*x

= 3 —10sin?x + 8sin*x + 10sin®x — 8sin*x — 2 = 16sin*x

= 1 = 16sin*x

- 2w . T
= SINX = — =>SsSIhx =+ —
3 3
T
SLX=Enm:x —,nNw
6

Sol 2: 4cos?x sinx — 2sin® = 3sinx

One above solution is sinx = 0 i.e. x = nxt
If sinx =0

4cos® = 3 + 2sinx

4(1 = sinx) = 3 + 2sinx

4sin®x + 2sinx—1 =10

24\4+4x4 145

2x 4 4

sinx = =

X =nm + (=1)"7 3—8 ornm + (1) =

10

Sol 3: 1 + cosx+cos2x+sinx+sin2x+sin3x = 0

. el T
Given condition 0 < <7

3x—E
2

T+cosx + 2cos?x — 1 +(sinx + sin3x)+ sin2x = 0
cosx(2cosx + 1) + 2sin2x cosx + sin2x = 0
(cosx + sin2x) (2cosx + 1) =0

(2sinx + 1) (2cosx + 1) cosx = 0
. 1 1
Sinx = —— orcosx = —— orcosx =0
2 2
According to given condition

<m

T
—<
2

3x—E
2

= E<3x—£s7t and —TCS3X—£<—£
2 2 2 2

= n<3x£3—7c and —£s3x<0
2 2

-. common conditionisx e | -—,0|u|Z, =
6 3°2
Only two solutions are possible

sinx = —% and cosx = 0

Sol 4: 2(cosx + cos2x) + sin2x (1 + 2cosx) = 2sinx
2(cosx + 2cos®>x — 1) + sin2x (1 + 2cosx) = 2sinx
2cosx(2cosx + 1) — 2 + sin2x(1 + 2cosx) = 2sinx

2(cosx + sin2x) (2cosx + 1) = 2(1 + sinx) = 0
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2cosx(1 + sinx) (2cosx + 1) —2(1 + sinx) = 0 Sol 7: tan22x+cot?2x+2tan2x+2cot2x = 6
(1 + sinx) [cosx(2cosx + 1) = 1] =0 Let tan2x =t
1 - 2 _ —
= sinx + 1 =0o0r 2cos’x + cosx—1=0 :>t2+l2+2t+2:6
i.e. (2cosx—1) (cosx + 1) =0 t t

=t+1+22+ Nt =612

. 1
. sinx = =1 or cosx = Eorcosx-—1 M H 2B 6 42t41=0

x=mn—ng- S -1 (t-1)(@+4t+1)=0
_A++/16 —
x=2nni§orx=(2n+1)n :tan2x=1or¥=—2i\/§
v x e [-m, 7] .'.2x:nrc+Eoer:mc—lormt—S—TE
4 12 12
T T
XT3y _y-fDm mnom_m nm5Sm

2 82 12'2 12

Sol 5: 2(sinx — cos2x) — sin2x(1 + 2sinx) + 2cosx = 0

2 X
—sec” =
2(sinx+2sin?x) — 2 — sin2x(1 + 2sinx)+ 2cosx = 0 Sol 8: 1 + 2cosecx = 2
(2sinx = sin2x) (1 + 2sinx) — 2(1 = cosx) = 0 5 1 1
i - inx) — - = 1+ =-=x
2sinx(1 — cosx) (1 + 2sinx) — 2(1 —cosx) = 0 sin x 2 coszi
2(1 = cosx) [sinx(T + 2sinx) — 1] =0 2
= cosx = 1or 2sin® + sinx—=1=0 N 2+sinx 1
. X X 2 X
(2sinx — 1) (sinx + 1) = 0 = sinx = % or -1 25|n§cos§ 2cos 2
i X X X
x=2nmorx=nn+(-1)"g orx=(@4n-1) I cos > 0= > #2NT £ > =Xxz4nn £ p
. r = 2 + sinx = — tan X
=x=2nm, nu+ ()5, e+ (1) - 2
2’(an5
. 3x . X ) _ l L i _
Sol 6: cos3x + cos2x = sin— + sin— =2+ ——=—=-tan (lettan = =1)
2 2 2 X 2 2
l+tan” =
5x X . X 2
= 2C0S— COS— = 2SinX COS — 2t
2 2 2 =2+ =—t =22+202+2t==t-8
1+t

cos5 cos 5—X—sinx =0
0%y 2 - B +22+3t42=0

=>{t+1)®+t+2)=0

X 5x . (n j
cos= =0 o0rcos=— = sinx = cos| ——x
2 2 2 St=-Tort2+t+2=0

=

i=2nniE or5—X=2nni T x .‘.tani:—l
2 2 2 2 2

X T b4
—=nNn- — =>X=2Nnn——
2 4 2

Sx=4nttnorx=4n=+Z or anE_Z e
7 7 3 3

wx e (0, 2n)

5t 91 13n Sol 9: sin(§]+cos {%J =\/§ sin \/;

e8] ) ol
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— COS ﬁ_ﬁ = CoS E_\/; = COS [g_zx] = cosbx
2 4
T
= E—Zx:Znni6x

X T s

DX —f—— =
4 16 2 8
Adnmt
= Vx = +omAnm o -. Smallest positive value = ——
4n ’ ?
. _ Y I T . T
SX = ET+EJ ) (4nn—5) nel Sol 13: 25|n(3x+Z] = \/1+8 sin2xcos® 2x

Sol 10: As the roots are same both equations should = Z(LSih3X+iCOS3XJ
be same. \/5 \/5

Let us solve the second equation

= \/1 + 4(2sin2x cos 2x) cos 2x

. . 1.
SINX COS2X = sin2x cos3x = ES'nSX = [V/2 (sin3x + cos3X)P? = 1 + 4sindx cos2x

= 2sinx cos2x=2sin2x cos3x — sin5x = 2(sin%3x + cos?3x + 2sin3x cos3x)
=> sin3x — sinx = sin5x — sinx — sin5x =1 + 4sindx cos2x
=sin3x=0..x=nmn = 2(1 + 2sin3x cos3x) = 1 + 4sindx cos2x
Put x = nm is given equation = 1 = 2(2sin4x cos2x) — 2(2sin3x cos3x)
a cos2x + |a| cos4x + cosbx = 1 = 2(sinbx + sin2x) — 2sinbx
a cos2nr + |a| cosdnm + cosbnm = 1 . 1

=sin2x = —
Sa+la+1=1 2

T T
a< L 2X==| =2nnt + =
sa<o0 ( 2) T 3
5n b1

Sol 11: /13-18 tan x = 6tanx -3, -2n, x < 2n X=nm+ K nm + ' nel

= 13 — 18tanx = (6 tanx — 3)?

13 — 18tanx = 36tan’x + 9 — 36tanx
18 tan®> — 9tanx -2 = 0 Which is not possible

Ifx = 5—“ = sin 3x+E =-1
12 4

= (btanx + 1) Btanx—-2) =0 x:nn+£
1 12
Also 6tanx—-3 >0 = tanx > E

Sol 14: sinx — sin3x + sin5x = cosx — cos3x + cos5x

2
cotanx = — 1

3 2 —— (sinx — cosx) — —= (sin3x — cos3x)
x:a—Zn,a—n,a,a+n,wherea:tan*1§ \/5 \/5

+ i (sin5x — cos5x) =
Sol 12: (,/1+sin 2x —2 cos 3x = o)
1 + sin2x = 2cos?3x = 2 (1 - sin23x) sn’][x__ — S|n(3x__ + S|n(5x_£j =0
4

= 2sin?3x + sin2x = 1

= 1 - cosbx + sin2x = 1
. T
—sm [3x——j

= sin2x = Cosbx = 2sin -0
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= sin[3x—%j [2cos2x—-1] =0

sin[Bx—%) = 0 or cos2x =

T
=3Xx=nw + Zor2x=2nni

nt w T
—,nmt —
6

non 9t 13 =n

.. Principle solution are —, —, —, ——
12712 12 12

]

17 21n T 5_7: 7_71’, 11n
12" 126" 6" 6" 6
i.e. 10 solutions.

1
—+lo

Sol 15: 3 [2 93(cos x+sinx)j_ 2Iogz(cosx—sin x) :\/5

1
323Io<_;3(cos><+smx) _2Iogz(cosx—smx) _ \/5

\/§ (cosx + sinx) — (cosx — sinx) = \/E

\/5—1 «/§+1
22 22

cos x—S—Tc =2nm * I
12 3

cosx — sinx and cosx + sinx > 0

I 3n
—,2nT + —
12 4

=

COSX +

. 1
sinx ==
2

SoX =207+

3n . -
~ For x = 2nm +T' cosx + sinx < 0, which is not a
solution.

SoX =20+ I
12

Sol 16: cos60 + cos46 + cos260 + 1 =0
2c0s40 cos20 + cos40 + 1 =0

2c0s46 c0s20 + 2cos?20 = 0

2c0s20 (cos40 + cos20)

2c0s20 x 2cos360 cosd = 0

= cosO = 0 orcos20 =0 orcos30 =0

2Nt T
il ad

9z2nni£0r6znn+£or6:
2 4 3 6

= 30° 45°,90°, 150°, 135°

Sol 17: Iog_xz_ex (sin3x +sinx) = Iog_xz_6X (sin2x)

10 10

= -x2-6x >0and —x*-6x=10
=x(x+6)<0and x>+ 6x + 100

.. X e (-6, 0)

But if x is negative then sin2x will be negative.

Hence no solution is possible.

Sol 18: 3 — 2cos0 — 4sinf — cos26 + sin26=0
3 —2co0s0 —4sind — (1 — 2sin?0) + 2sin6 cosd = 0
= 2¢0s0(sin6—1)+2sinO (sin6-1)-2(sin0 — 1) = 0
= (sin® — 1) (2cosO + 2sin6-2) =0

o.sin@ =1 orsin® + cosd = 1

T
=0=nn+ (—1)”5 or cos[G—Ej = cos[EJ
4 4

v e=2nmx

BN

o0 =2nm, 2nw +

Nla a3

Sol 19: cos4x + 6 = 7cos2x
cos4dx — cos2x = 6(cos2x — 1)
= 2sin3x sin(-x) = 6(-2sin%x)
= sin3x sinx = 6sinx

sin3x sinx = 6sinx

sinx(sin3x — 6sinx) = 0
sinx(3sinx — 4sin3x — 6sinx) = 0

= sin®>x(-3 -4 sin’x) = 0
. . -3
= sinx = 0 or sin®x = 7

Which is not possible
X =Nm

.. Possible solutions are

O,m2m, 37, ....... 99
~100m = 314.159 > 314
- sum = 2221907 _ 950,

Sol 20: sin®x + sin32x + sin33x
= (sinx + sin2x + sin3x)3

a+bi+c=(@+b+c)P-3@+b)
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(b+c)(c+a) 2C0S2X sin2x — 2cosdx sin2x = 4
= (sinx + sin2x) (sin2x + sin3x) (sin3x + sinx) =0 = sin4dx + sin2x —sinbx = 4

. 3x X . Bx X ) As maximum value of sinf = 1 so if sindx, sin2x takes
2sin 7COS 2 2sin o cos 2 (2sin2xcosx)=0 maximum value 1 and sin6x takes the value -1 even
then LHS will be less than RHS so no solution possible.

:sinS_XzoorsinS_X=Oorsin2x:oor . . .
? 2 (b) sinx cos4x sin5x = -

X
cos 757 0 orcosx =0 (cosdx — cosbx) cosdx = —1
2nt 2nmw 7 2C0s%4x — 2cosbx cosdx = — 2
X= —, —,nm, 4Nt £ w, 2Nt £ —
3 5 2 = 1+c058x—c0s10x—cos2x=— 2
. Least positive angle would be 2?11 =72° = €0s8x — cos10x — cos2x = -3
For LHS = RHS
Sol 21: sin(n — 6x) + \/gsin (§+6xj = \/§ in [0, 27] cos10x = cos2x = 1 and cos8x = 1
lsin6x . ﬁcos&( ) é . 8x =2nwand 10x = 2m + 1) = and
B 2x = (2m + 1)p
b b8 nm T T
_2 = ad =>x=—,x=0(2m+ 1) —, x=02m + 1) =
cos [6x 6} cos (6) ) ( ) 10 ( ) >
nmw T nm T
6x— X = 2n iﬁszn_ﬂ,n_ﬂ+£ — =02m+1)— and —=(2m+1)—
n 6 3 3 18 4 10 4 2
5 A & There is no integer value of n and m for which above
sx=0, E, —n, T, —n, —n, 2, i, results hold. So no solution.
33 3 3 18
(c) 2sinx cosx cos2x = —1
77 13w 197n 257 31z
18’ 18 ''18 18 ' 18 2sinx[cos3x + cosx] = -2
. = sindx + sin(-2x) + sin2x=-2
.. Total no. of solutions = 13
= sindx = -2
Sol 22: (sin0)x? + (2cosO)x + w .. No solution
d)4sin2 =5
For perfect square of linear equation D = 0 (d)4sin2x + cosx

—~b2—4ac=0 For this result to hold

oS0 +sind sin2x = 1 and cosx = 1
4cos’*0 -4 [—j sind =0 T
2 L2X = nm o+ (—1)”5 and x = 2mn
2c0s°0 = (cosO + sin0)sind
nmw n
= 2cotd = 1 + tan® SoX = > + (=1)" 2 and x = 2mn

2 - = . . .
=tan‘d + tanb-2 =0 There exist no m, n for which the above relation as

(tan® + 2) (tanb-1) =0 valid. No solution
tan0 = -2, 1 (e) sin3x — cosx = 2
nn+£,nn—tan‘12 nel For this
4 sin3x = 1 and cosx = —1
Y

Sol 23: (a) sinx sin2x sin3x = 1 3Xx = nw + (—1)”5 andx = (2m + Nn

1 . B -
m(cos(—Zx)—cos4x)sm2x =1 « = n?n + "E and x = 2m + )n
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Both the values cannot be same for any integral value
of m and n. So no. solution

Sol 24: (a) f(x) = sin®x + cos®x + k(sin*x + cos*x)
= (sin®X + cos?x)® — 3sin*x cos’x
— 3sin® cos*x + k(1 — 2sin?x cos?x)

=1 + k = 2ksin®x cos?x — 3sin®x cos’x
(2k+3)
=(1+k)- 1 sin22x

For f(x) = constant
2k+3

O:>k=—2
2

(2K+3)
(b) (1 + k) — Tsm22x =0

1 +k)*
2k +3)

SMS1:>ke{—l,_?l}

(Ifk=-0.7
(-0.7)+3
4

= sin%2x =

= (1-0.7)- 2 sin?2x= 0

= sin%2x = 03x4 =
16
3

2

3
4
cosin2x = +

T nm T
=S2X=NT+t= =>X= —+—
3 2 6

Sol25:a &b

acosO+bsinb=c

= acos0=c—bsin0

= a’ cos’ 0 =c? —b?sin’ 6 — 2bcsin O
=a’ (l—sin2 6):c2 +b?sin? 0 - 2bc sin®
= (a2 +b2)sin26—2bc sin 0 +c?—a’ =0

If o & B are roots, then

. . 2bc
smoc+sm[3:ﬁ

a‘+b

sina.sin B = ¢ -2

a’ +b?

p

(c) tan <y tan =
2 2

2 tang
sind = X

1+tan’—~

1- tan? 9
cosH = g

1+tan®—

2

Let tan 9 =t

2

. acosh + bsind = ¢
a(1 -1t + b(2t) = c(1 + t?)
=(@+t?-2bt+c-a=0

tang + tanE = ﬁ(P) (sum of roots)
2 2 a+c
tang tanE = ﬂ
2 c+a

(Q) (Product of roots)

Sol 26:
(A) cos3x cos?x + sin3x sin®x = 0
= (4cos’x — 3cosx) cos3x+(3sinx — 4sin®x) sin®x = 0
= 4cos®x—4sin®x+3sin“x—3cos*x=0
= 4[(cos?x)3—(sin’x)]
+3(sin®>x—cos?x)(sin®x+ cos®x)=0
= 4(cos® — sin’x)(1 + cos?x sin’x) — 3cos2x = 0
= 4cos2x(1 + cos?x sin’x) = 3cos2x
= c0s2x + 4cos2x(sin2x)? = 0
= cos2x(1 + sin?2x) = 0
sin®?2x = -1
Not possible (No real solution)

nm
— =
2

(B) sin3a.=4sinassin(x + o)sin(x — o)

cos2x =0 :>2x:2nnir£:>x: I
2 4

sin3a = 2sina [cos2o — cos2X]
sin3a = sin3a + sin(—a) — 2sinocos2x

= sina (1 + 2cos2x) = 0
COSs2X = —i
2

2x=2nrci2—TC
3

w3



(C) |2tanx — 1| + |2cotx — 1] = 2
For tanx > 2

2tanx—-1+ 1-2cotx = 2
1
tanx - —— =1
tanx
tan’>x —tanx—-1=0
1445
<

2
.. No. solution.

tanx = 2

for tanx e {1, 2}
2
2tanx -1 + 2cotx—1 =2

2
2tanx + =4
tanx

tan®>x —2tanx + 1 =0

tanx =1 e {l, 2}
2

T . .
. X =nm+ — is one solution
4
1
Forx < =
2

1-2tanx +

2 -1=2
X

tan® + tanx—1=0

1445
2

tanx =

tanx =

is acceptable
.. From option (Q)

(D) sin' + cos™x = %cos“Zx

1-cos2x ° 1+ cos 2x ° 29 4
+ =—C0S" 2X
2 5 16

Let cos2x =t

5 5
1-t)  (1+t) _29 4
2 2 16
24t - 1022-1=0o0r 22-1) (128 + 1) = 0

1
=>t=x -
2

S COSX = E
2

= 2c0s?2x—-1=0

= cosdx =0

Y nm T
4x=nn+ — orx= —+—nel
2 4 8

Sol 27: (A) sin®x + cos?3x = 1
€0s?3x = CcOs*X

= C0S3X = £COSX

S 3x =2nm £ xor 3x = 2nw (- X)

nm nt =« T
X=NT, —OrX=—+—, N — —
2 2 4 2

From options one can say that all the options which

satisfying the equation are p, g, 1, s

2
(B) €9 + sin20 — 2c0s?20 + 4 = 4sind

24 . .
e Y is not possible at @ = nx, n € |
Y
Soatf = —
4

=242

:>e1+%—2(0) +4

4
2

L.H.S.#R. H.S.
ato = I
2
=e’+ 12-2(1)* + 4 = 4(1)

T+1-x+4=4
L.H.S.=R H.S.

So Ans (s) (4n + 1) g
(C) a%sinx — asin2x + sinx = 0
(@ + T)sinx = 2asinx cosx
sinx[(a® + 1) — 2acosx] = 0
a’+1
2a

>1

sinx = 0,cosx =

From options Ans. (p)

(D) ¥2tan6 -1 +3tano-1 =1

From all the given options we can directly reject P Q S

as they are not satisfying the given equation and g is

not in domain of tan®.
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Exercise 2

Single Correct Choice Type

Sol 1: (A) If B = C then ZA = 90° /B = 45° /C= 45°

I
sin| x——
x-2 ( 4]

tan( J
Sol2:(A) 2 * * ~2(0.25) cos2c +1=0

] gl

cos 2x 2 cos 2x

1-sin 2x
2 cos 2x 2 4

.. Take tan[x—zj =t
4

Then expression would be

292+ (2r-2=0
+2)(2-1)=0

= 2t = -2 (Not possible) or 2t = 1
=t=0

T T
~tan|x——|[=0; x=nm+ —

But in equation does not exist at

CcOs2x

T .
X =nw + Z therefore no value of x exists.

5
Sol 3: (A) > cosr x =0
r=1

COS X + COS 2X + coS 3X + cos 4x + cos 5x =0
=> COS X + €OS 5x + cos 2x+cos 4x+cos 3x=0

= 2 €0s 3x coS 2x +2 cos 3x cos X+ cos 3x =0

= cos 3x[2 cos 2x+2cosx+1}:0
3x X
=> COs 3X 2x2cos7cosi+1 =0

= COS 3{4 cossz—xcos§+1} =0

= cos 3x=0 = cos (2n+1)§

T
=>Xx=—,=
2

= Two solutions

ola

Sol 4: (B) co’c7lo + tan6710 - cot67io —tan7
2 2 2 2

A B B A
=cot— +tan— —cot— —tan—
2 2 2 2

A =15°B=135°

1-tan’ é tanZE—
) AT
tan — tan—

2 2

= 2cotA — 2cotB = 2(cot15° — cot135°)
=22+ 3 + 1) =23+ 3)

Which is an irrational number.

Sol 5: (C) A =580° = 3 + 2?75

V1+sinA = \/sinz A +cos’ A+ 25inécosA
2 2 2 2

A AY |. A A
= SIN—+ COS— = |SIN— + COS—
2 2 2 2
v forA=3m+ Z—E
9

V1+sinA =- siné+cosA
2 2

v1-sinA = \/sinz A+cos2 A—25inécosA
2 2 2

2
A A
= |SIN— —COS—
2 2
For A = 31428
9

V1-sinA =- siné—cosA
2 2

Zsing = —\/1+sinA - x/l—sinA

1

—o



x> — X 1
Sol 6: (A) tano. = —— and tanf = S
2 —x+1 2x° =2x+1
=2(x*=x) + 1= 1
tanp

2 —x = 1-tanp )1
tanp )2

1(1-tanp 1(1-tanf
2\ tanp 2\ tanp

- tano = =
1(1-tanp 41 1({1+tanf
2\ tanp 2\ tanp
= tano = 1-tanp
1+tanp

= tana + tana tanf = 1 —tanb

tana +tanp

=tan(a+p)=1
1-tanatanp (+P)

Sol 7: (C) 8cos?x + 18sec?x
f(X) =8X°+ 18 let cos’x = X
X2

f'(X)=16x—¥ =0
X

1/4

x= |38 = (225) > 1
16

. Min. Value of this function will be

When cosx = 1
. Min. Value =8 + 18 = 26

Sol 8: (B) X =acos (¢ — o)

y:bcos(¢—[3)

f 2 2
:cos(a—B)=%+ 1—:—2. 1—Z—2

22 2.2
:cos(a—B):ﬂ+ 1o X Y XY
ab a2 b2 a2b2

2
2 2 2 2.2
= cos(a—B)—ﬁ S| XY XY
ab aZ b2 a2b2

2,2

Xy Xy
= cosz(oc—[S)Jr(—jzb2 -2 cos (G—B)XE
a2 b2 a2b2
22
2
= sin’ (oc—B)

Sol 9: (D) tanx + tan2x + tan3x = tanx. tan2x. tan3x

tanx + tan2x

—— = —tan3x
1-tanxtan2x

= tan3x = —tan3x = tan3x = 0

= 3X=nn
nmw
= X= —
3

Sol 10: (C) tan3x —tan2x — tanx = 0
tan(3x-2x)[1+tan3x tan2x] — tanx = 0

= tanx tan2x tan3x = 0

i.e. 7 solutions

T
VX#E <
2

As at x = g tan x, is not defined

Sol11: (O)x=1T-x+x>=x3+x=x>+....... 0
X=1T=X(T=x+X>=x+x*....... o0)

Xx=1-XxX
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=>x+x-1=0 2 [12 7
= E ?Cot(l‘FE
= _12‘6 = 2sin18°
[24 cota + 7]
- leacotar 1 3
15 \/7

Multiple Correct Choice Type

1
] 4 3 Sol 14: (B, C) sint + cost = —
Sol12:(B,D) 1+ 4sin® +3cos0=1+5 Esm6+§cose 5

2tan% 1-tan’ t

. 4
=1+55|n(6+oc)cosoc=E N t+ f:%
2 2
. Maximum valueis 1 +5=6 1+tan 2 1+tan 5
When sin(@ + a) = 1 t
Lettan— = a
Minimum valueis 1 -5 =-4 2

When sin(0 + a) = -1 5a+1-a) =1+ a?
=>6a’-10a-4=0=>3a?-5a-2=0

Sol 13: (A,B, C) V3sin(a+B)- cos(a +B) = Ba+1)(@-2=0
CcoS— 1
6 La=-——,2
sina 3
t -1
tan— = —,2
2 3
\/§x\/2§sin(a+ﬁ)—2cos(a+ﬁ) 2

sina 3

Previous Years’ Questions

5 %(sinacos[%—cosasinB)—2(cosacos[3—sinocsin[3) Sol 1: Given, e*"* _% =4
= < e
\/5 sina X 2 .
j(esmx) _4(eSInX)_1=O
-2 Ecos[3+icot sinfB —2cota.cosP + 2sinp < 4+416+4
- 2 2 o o s _ T _ Zi\/g
3 2
But since, e ~ 2.72 and we know, 0 < ™ <e

It sinp = 4 and cosp = 3 ,
5 5 - e = 214[5 s not possible.

ie tanp > Oie B e (O E] Hence, no solution.
)
R.H.S. ) 1+‘cosx‘+ cos x|+|cos3 X+.... 2
Sol 2: Given, 2 2

=iPxi+§cotaxi—2cotax§+2xi} 1

3l2 5 2 5 5 5 _ pleos _ 2 I S

1—|cosx|

_ i{i&} _5 1

\/g 10 5 \/g = COSX = iz

If cosp = —% ie.tanp <0 (-xe(mm)

—~ R H.S. Thus, the solution set is

T 2%
= 21323 2cotax i 2cotax 212 {Jrgi?}
Bl205)72 5 5 775
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Sol 3: Exp {(sin2 X +sin* x +sin® x +.... +oo)|oge 2} = sin(4x+100°)+sin100°+sin200°= 0
i x iy = sin(4x+100°) + 2sin150° cos50°= 0
loge 2 loge 2
= @l-sin“x = €os”™ x
¢ ¢ = sin(4x+100°) + 2 —sm(90° 50°) =0
= 21’ % satisfys x2 —9x+8 =0 = sin(4x +100°) +sin40°=0
=x=1,8 :>sin(4x+100°)+s ( 40°)
. 2@TX 1 and 27X g = 4x=n(180°)+ (- ) (-40°)-100°

tan’x =0 and tan’x =3 1 n
- x=0 an X szz[n(1800)+(—1) (—400)—100°}

2
— 2y — n
= x=nm and tan”x = (tangj The smallest positive value of x is obtained when n = 1.

= x=nn and x = ”“ig Therefore, x = %(180°+40°—100°)
1
Neglecting x = nt as 0 < x < g =>X= 2(120°) =30°
_ T 0 I
ZX=3E€Y5 Sol 5: Given,
1
_ cosx B 1 X\/g—l cos(psinx) = sin(pcosx), vx €[ 0,2x ]
" Cosx +sinx f 1+\/§ J-1
5 2 :cos(psinx)=cos[g—pcosxj
cosx «/g—l

. T
oS 1 Sinx > :>psmx:2nrci[5—pcosx)nel

( cosO=cosa = 0=2nw+a,ne I)

Sol 4: tan(x +100°) = tan(x + 50°)tanxtan(x —50°) ) 5 /2
= psinX+pcosx = 2N+

tan(x +100°)
tanx

sin(x+100°) cosx  Sin(x+50°)sin(x~50°)

- cos(x+100°). sinx cos(x+50°)cos(x—50°)

_ tan(x+50°)tan(x—50°) or psinx—pcosx=2nnt—n/2,nel

= p(sinx+cosx)2nm+ 7/ 2

or p(sinx—cosx)=2nn—n/2, nel

. . :>p\/§ cosZsinx +sin—cosx | = 2nn -~
= [S|n(2x+100°)+smlOO°J[coleO°+c052x] 4 4 2

_ [coleOO-wst]x[sin(2x+1000)_sin1000J o pﬁ(cos%sinx—sin%cosxj _ 2nn—g,n o

= sin(2x + 100°) -cos100°

4dn+1
= p\/z[sin(x +m/ 4)} = M

+sin(2x+100°)~c052x +sin100°cos100° 2
+sin100° cos 2x or p\/z[sin(x—n/4ﬂ:(4n—1)g, nel
= c05100°sin(2x +100°) Now, —1 < sin(x +1/ 4) <1
_ O ci o_ H

€0s100°sin100°—cos2xsin :—p\/ESp\/Esin(xin/4)Sp\/§
(2x+100°)+c052xsin100° (4n+1)
= 25in(2x + 100°)c052x +25sin100°c0s100°=0 = p\/E S = p\/E, nel
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Second inequality is always a subset of first, therefore,
we have to consider only first.

It is sufficient to consider n< 0, because for n > 0, the
solution will be same for n>0.

Ifn>0,~/2p <(4n+1)n/2

= (4n+1)n/2<2p

For p to be least, n should be least.
=>n=0

:>\/§p2n/2

T
S>px——

Therefore, least value of p = ——

22

Sol 6: Given,

(1-tan6)(1+tano) sec? 942070 g
= (1 —tan? 6)~(1 +tan? 6) £ 210 g
—1-tan®0+297"0 =0

Substitute tan® 6 = x

L 1-x2+25=0

= x?-1=2"

Note: 2 and x?-1 are incompatible functions,
therefore, we have to consider range of both functions.

Curvesy = x* -1
Andy = 2~

It is clear from the graph that two curves interest at one
pointatx =3,y = 8.

Therefore, tan’ 0 =3

= tan6 = J_r\/g

=>0=1—
3

Sol 7: (A, C) Given,

1+sin’0  cos’0 4sin40
sin0  1+cos’0  4sin4d [=0
sin’ 0 cos’0  1+4sin40
Applying

R; >R, -R; and R, - R, —R; we get

1+sin’0 cos’0 4sin40
-1 1 0 [=0
-1 0 1

Applying C; - C, +C,

2 cos’0 4sin40
=10 1 0 |=0
-1 0 1

= 2+4sin406=0

= sin40 = _—1
2

= 40 =nz+(-1) (-%}

= 40="" 4 (-1 [iJ
4 24

Clearly, 6 = E& are two values of 6 lying between
24 24

0° and I
2

Sol 8: (B, C) For O< ¢ < /n/2 we have
x=Y cos” ¢ =1+cos’ ¢

n=0
+cos4¢+cos6¢+ .....

It is clearly a GP with common ratio of cos® ¢ which is
<1.

1 1
1-cos® ¢ sin [0}

Hence, x =

S :i,—1<r<1
1

® —-r

Similarly, y = 5
cos“ ¢

1

1-sin“$pcos” ¢
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1
Now, x+Vy = — + 5
sin“¢ cos” ¢
cos ¢+sm ¢ 1
cos? ¢S|n [0} cos? (|>S|n )

Again, L1 sin? hcos® ¢ = 1-L
X Xy
1 xy-1

=>-= > Xy=Xyz—2
X Xy

=Xy +Z=Xyz

Therefore, (b) is the answer from eq. (i) (putting the
value of xy)

= XyZ=X+Yy+2z

Sol 9: (A, B) We know that, sec?0>1
4xy

(x+y)

= 4xy > (x+ )

= >1

= (x+y) —4xy <0
= (x—y)2 <0
=>x-y=0
=>x=y
Therefore , x + y = 2x (add x both sides)
But x + y # 0 since it lies in the denominator,
= 2x#0
= x=0
Hence, x =y, x # 0 is the answer.
sin* x  cos* x

Sol 10: (A, B) + = l
2 3 5

3sinx+2 cos4x_
6

1
5

. . 6
= sin’ x+2(5|n4 X +cos* x) =g

= sin? x+2[1—2 sin® x (cos2 x)] =§

ul| o

=sin*x+2-4 sinzx(l—sin2 x):
. 4 . 2 . 4 6
=sin"x+2-4sin“x+4 sin x=§

=5 sin*x—4 sin2x+§:0

41,/16—4x5x§

= sin’ x =
10
_4++416-16
10
= sin’ x:E
5
. 2
=sinx=x=,[—
5
sin’ x=Z
5
:>coszx:E
5
:>sec2x=E
3

= tan’x =sec® x—1

3 3
18 8
Now, SIn” X COS™ X
27

HE .,

8 27 5% 5% 125

Sol 11: (D)

32 {t[ +T_Zj_cot(e+$ﬂ=4ﬁ
ﬁ{cot 0- cot (e+ %“H ~42

= cot 0—cot [32—7[+9j =
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= cot8-tan8=4 Sol 13: Given, n > 3 e Integer

= tan’ 0-4tan0+1=0 and 1 = 12 + 13
. Y . T . T
+Je_a sm(j sm[] sm(j
= tan0O= % n n n
1 1 1
4+ 12 = - =
= . . 37 .27
2 sin— sih— sin—
n n n
4x243
2 .3t . ®m
sm?—smH 1
_ = =
:>tan9—i2\/§ . T . 3m; . 2n
sin—.sin~—  sin=—
5 n n n
=0=—
12 . T . 3®;
o) g Sin—.sin=—
= 2cos| =— |.sin—=—"___ N
Sol 12: Given, tan0 = cot50 n n sin2™
n
Y
= tan6=tan[§—56]
:ﬂ—n_ﬁ :>E:T[,:>n:7
=X 59=nr+0 n n n
2
= 66=§—nn Sol 14: (y+z) cos30=xyzsin36 .. i
g™ _nm Xyz sin36 =2z cos36 + 2ysin306 ... (i)
12 6
Xyz sin36 :(y +22) cos 36 + ysin 30 ...(iii)

. T
Also, cos46 =sin26 = cos(E—ZOJ From (i), (i) and (iii), we get

349=2nni(ﬁ_29J (y+2) cos 36 =2z cos 30+ 2y sin 30
2
=(y+2z)cos36+ysin30
Taking positive Asign
= y(cos 36 —2sin 36) =z cos 36 and
T
:69:2nn+§ y(cos360-sin36)=0
e, T =cos360=sin30
3 12
Taking negative sign =tan30=1= tan%
. 2m 2n . 3rn
= 2sin—.cos— =sin— T
n n n = 39:nn+z
. 4n . 3m
= sin— =sin— L g_NT, ™
: n 34
:>29=2nrt—g n 7n 1lx
4'12" 12

= 6=nn—E
4

Above values of 0 suggest that there are only 3

common solutions.

Total three solution in (O, n)

Sol 15: tan0 = cot50

tan0 = tan[g—SeJ
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:G:nn+g—56 1 L1
sin®0+3sin® cos0+5cos’0  1/2

366=n7t+E
2

Sol 17: (D) P={6:sin9—cose=«/§ cos 9}
nmw T n *m 5=
=>0=—+ —=20=%2—
6 12 2

sin20=cos40

_— ()
4 12 :sinez(\/5+1)cose

:>tan6=\/§+1

1

T
= cos40=cos|—-26
(2 j Q ={G:sin9+cos 0 =42 sin 9}

:>4e=2mn+(ﬂ_29j :cosez(ﬁ—l)sine
(2

0 mnt w T :tanG:%: 2+1
= 0=—+—mun-—— -
3 12 g 2-1
: ~P=Q
- = 2T ...(if)
120 4 12 1 1 1
Sol 18: =7 + 3
In (i) and (ii) only (iii) solutions are common sin®  sin?t sin2"
n n n
momom
4'12" 1 . 3n . x
sin — —sin — 1
. n n_
. m . 3m . T
Sol 16: Given sin =sin—  sin2 =~
n n n
1
sin® 0+ 3sin6 cos0 + 5cos? O (?’“4_“} (?’T‘_”J
Let 2 cos n sin n_n 1
= 2 =
2 . 2
A =sin“ 0+3sinBcosO+5cos” 0 sinEsin?’—n sinz—n
=1+4cos’0+3sin 0 cos 0 n n n
3 . 2n . 0w,
:l+2(1+c0526)+—sm26 2 cos— sin — 1
3 in™ in?’—rc in2 "
=3+2c0529+§sin26 > ns n > n
[acose+bsin62—\/a2+b2} :25in2—TEc052—TE:sin3—TE
n n n
2 32 :sinﬁ—sin'%—n
Amin:3_ 2 +[Ej n B n

37

4
[, 9 = sin——sin—=0
=3- 4+Z n n

7r .
5 1 :2cos—nsmi:0
=3 == 2n 2n
2 2

7n 0 in ™ _0
The maximum value of given expression = o5 =0 or sin— =

n n
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= n=—2". = _4sin x| cos x—=—cos x | =3
2m+1 i 2
For integral values of n > 3 2
. 1 3
= —4sinx cosx——] ——} =3
2 4
Sol 19: (A, C, D) 0 &[0, 2 x| L
0 0 = cosx—iz———— 3
2cos 6 (1— sin d))=sin2 6£tan§+cot chos -1 2 4 4sinx
0 1Y 3 3
sin 9(tan22+lJ :(cos X—Ej =1 s
= 2cos 0 (1-sin¢) = 5 cos¢p—1 >n X
tan — 2
2 :(cosx—%) :%[1— .3 ]
sin x
sin’ e.seczg
= 2c0s 0 (1—sin¢):—92cos o-1 LH.S. >0and RH.S. <0
tan - . .
2 .. No solution

= 2¢0s 0 (1—sin¢) = 2sin 0 (cos ¢) -1

5 . .
Sol 21: " cos’ 2x + cos? x +sin* x + cos® x +sin® x = 2

=1+2cos 0=2sin (9+¢) 0)
5 .
Now, given tan(2m—0)> 0, -1 < sin 9<—§ :>Zcos2 2x + cos”? x +sin? x + cos* x
:>tan6<0and3—n<e<5—n [1—sin2xJ+sin4x[l—cossz:2
3
3m g 2" :%c0522x+2(cos4x+sin4x)—sin2xcoszx
2 3
2 2
) 31 5§ sin® X+ cos” x| =2
From (i), as 6 € —n,—n ( )
2 3 5 2 .2 2.\ .2 2
1< 041 <2 :>Zcos 2x+2 (sm X+ COsS x) —2sin” xcos” x
=1<2cosh+1<
=1<2sin(0+¢)<2 —sin’ xcos? x = 2

1 . n 5nm T
:>E<sm(6+¢)<1 :>9+¢E[g,?}9+¢¢§ 3%C0522X—55in2XCOSZX=O

Or 5 , 5 .,
= = CO0S” 2X = — sin“ 2x
1 17
0+ [ﬂ,—;],e o 57“:5—9<¢<5—“—e 4 4
=tan’2x =1
or 13“—e<¢<—17“—e .
6 = tan 2x =+ =tan J_rz
3n 2= 2n Ixm
As, 0e|-——,——|or|—,— n
3 3 6 = 2X=nnt—
4
Sol 20: (D) sin x + 2 sin 2x —sin 3x = 3 :X:“_“JFE
2 8
= sin x—sin 3x+2sin 2x =3
:>X_£3_n5_n 7_7: 11 13xn 15=
= 2 cos 2x sin(—x)+2sin 2x =3 8’8’8’8 8' 8" 8

. 2 ) Total 8 solution.
= -2sin X|:2 cos x—lJ +2x2sinxcosx=3



Sol 22: (C) x/gsec X + cosec x+2(tanx—cot x) =0

\/§ 1 +2{smx_cosx}zo

+—= n
Ccos X sinx COsX  sinx

= +/3 sin x+cos x+2[sin2—coszx}=0
= /3 sin X+ cos X = 2 cos 2X

3. 1
:>7$|n x+§cosx:cos 2X

. T s
= SII’]E SINX + COS ECOS X = COS2X

T
= CO0S [X_EJ = CoS 2X

:>x—£=2nn4_r2x
3
2nt w
= X=—|2Nm+—|Or X=—+—
3 9
nnt 5n7mn
:>X:__I_I__I_
39 9 9
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