Session 2

Position of a Point with Respect to an Ellipse,
Intersection of a Line and an Ellipse, Equation of

Tangent in Different Forms, Equations of Normals
in Different Forms, Properties of Eccentric Angles
of the Co-normal Points, Co-normal Points Lie on

a Fixed Curve

Position of a Point with
Respect to an Ellipse

Theorem : Prove that the point P(x,, y,) lies outside, on,
2 2

o X .
or inside the ellipse — + BN according as
a® b
2 2
x
—1+y—1—1>,=0r,<0
a b

Proof : From point P(x,, y, ) draw perpendicular PM on
AA’ to meet the ellipse at Q(x,,y,).

Y
1 Py y1)
/B Qu1.y2)
%
y
2
Since, Q(x,, y, ) lies on the ellipse
2 2
a b
2 2
x
then, 21 Y2 _ 1
at b
2 xZ
N Yo X1 ()
b* a

Now, point P lies outside, on or inside the ellipse
according as

PM >,=or,< OM

or

YLy —or <22
b* b?
2 2
x
RANN =or,<1--L
b* a’
2 2
X
—1+y—1>—0r,<1
2 2
a b
xZ y2
; + ; 1> =or,<0
a b

[from Eq. (i)]

Hence, the point P(x,, y,) lies outside, on or inside the

2
. x

ellipse —
a

Remark

2

Y - according as

bz

2 2
x
—1+y—1—1>0,=0r,<0
a b

2 2 2
yfz—l‘[hems1 =X42+y42—
b a b

2
letS=%_+
g

The point (x,, y;) lies outside, on or inside the ellipse S =0
according as S, >=o0r<0.

Example 16 Find the position of the point (4, —3)
relative to the ellipse 5x* +7y? =140 .

Sol. The given ellipse can be written as

Let

5

2 2
Y

20

28

28 20

3
140

2

2

=LY i
28 20

—>0



So, the point (4, —3) lies outside the ellipse 5x* +7y* = 140.
Example 17 Find the integral value of o for which the

2 2
point| 7 — 5—a, — o | lies inside the ellipse LN AR
4 25 16

Sol. Since, the point (7 - STOL, - Ocj lies inside the ellipse

x—2+£=1, theni(7—5ﬁ)z+i(—oc)2—1<0
25 16 25 4 16

= (28 = 501)% + 2502 — 400 < 0

5000 — 28001 + 384 < 0

2500% — 14001 + 192 <0

(500 —12) (500 — 16) <0
12 16
—<a<

Lo

Hence, integral value of o is 3

Intersection of a Line and
an Ellipse

2 2
Let the ellipse be SN (1)
2 2
a b
and the given linebe  y=mx+c ..(ii)
Eliminating y from Egs. (i) and (ii), then
2 2
x L mxto”
a’ b?
= (@®m® +b*)x? +2mea’x + c*a® —a®b* =0 ...(iii)

Above equation being a quadratic in x gives two values of
x. Shows that every straight line will cut the ellipse in two
points may be real, coincident or imaginary according as

Discriminant of Eq. (iii) >, =<0

ie. am*c*a* —4(a’m® +b*) (c*a® —a’b*)>,=, <0
or —a’b%c? +a*b*m® +a%*b* >,=,<0
or a’m?® +b% >, = < c? ...(iv)

Condition of Tangency : If the line Eq. (ii) touches the
ellipse Eq. (i), then Eq. (iii) has equal roots.

.. Discriminant of Eq. (iii) =0

= c=a’m® +b* or c=x4(a’m® +b?) (V)

so, the line y =mx + ¢ touches the ellipse
2 2
a b

if ¢ =a’m® +0b®

(which is condition of tangency)

Substituting the value of ¢ from Eq. (v) in Eq. (ii), then

y =mx *4/(a’m® +b*)
Hence, the lines y =mx + V(@*m? +b%) will always

tangents to the ellipse.

Point of contact : Substituting ¢ = ++/(a’m® +b®) in
Eq. (iii), then

(@’m® +b*) x* £2ma*x
J(@*m? +b*) +(a*m* +b*) a* —a*b* =0
or (@’m® +b%) x* £2ma*x \/(a*m* + b*)+a*m® =0
or (x \(@®m® +b*) £a’m)?* =0
2

From Eq. (i),

2
y:i_
C

2 2

. . am b .
Hence, the point of contact is (i — t —) this known
c c

as m-point on the ellipse.

Remark
If m=0, then Eq. (ii) gives b°x° + c’a° —a’h’ =0
or b2+ (@m? + b)) & — a®b* =0
2
X== ﬂ
b

which gives two values of x.

Example 18 Prove that the straight line
2 2

. X .
Ix+ my + n=0 touches the ellipse —+ Y _qif
a’ b’
a’l? +b’m? =n’.
Sol. The given line is
Ix+my+n=0
or yz—ix—i ..(1)
m m

Comparing this line with y = Mx + ¢

Mz—i and c=-21
m m



2 2
The line Eq. (i) will touch the ellipse z—z + }y)—z = 1if

¢t =a*M? + b?

2 2712
n a‘l 9
=t h
m m

a*l* + b*m? =n?

Example 19 Show that the line xcoso.+ y sina. = p
2 2

touches the ellipse X—z + 2/—2 =1if
a

a’cos’a.+b?sin’a.=p? and that point of contact
,.s(azcosoc bzsinoc]

PP
Sol. The given line is x cosa + y sino = p
y =— x cota + p cosec
Comparing this line with y=mx + ¢
m=—cota. and c¢ = p coseco
Hence, the given line touches the ellipse, then
¢t =a*m® +b°
= p? cosec’a = a* cot’a + b
= p® =a’cos® o + b*sina
a‘m b*

and point of contact is (— —_—, —J
c ¢

. a? (- cotat) b?
ie. - ,
p cosecd  p cosec .

. (az cosa, b? sinoc]
ie. ,
p p

Example 20 For what value of A does the line
y = x+ A touches the ellipse 9x? + 16y =144

Sol. . Equation of ellipse is

2 2
9x% +16y> =144 or —+2 =1

16 9

Xty
Comparing this with o + 7 =1

then, we get a®=16 and b*=9
and comparing the line y = x + A withy = mx + ¢
m=1
and c=A
If the line y = x + A touches the ellipse
9x% +16y° = 144

then ct=a*m? +b?
= A =16x1°+9
= At =25

A=1%5

Equation of Tangent in
Different Forms

1. Point Form

Theorem : The equation of tangent to the ellipse

2 2
x—+y—:1.':1tthep01nt(x1,y1)1s—+yy1 =
a® b a’ b?
Proof : (By first Principal Method)
P (X1, y1)
.
Qxz, ¥2)
Xty
* Equation of ellipse is — +=—= (1)

at b
Let P =(x,,y,) and Q =(x,,y,) be any two point on
Eq. (i), then

2
Loy ...(i)
a b
2 2
and X2 2y ...(iii)
a* b’

Subtracting Egs. (ii) from (iii), then

1 2
—2(x2 -x7)+
a

(xy +x;)(x; —xp)

1
b—z(yﬁ—yf)=0

L0ty 02 —y1)

=0
a* b*
_ 2
N Vo= W1 =_b2(x1 +x,) (i)
X=Xy a” (¥ ty,)
Equation of PQ is
o _ Y2 _
Y-y, == (x—x;) (V)
Xo =X
From Egs. (iv) and (v), then
b* (x, +x )
yoy ==Lt )
a” (y1 +2)

Now, for tangentat P,Q — Pi.e,x, = x, andy, =y,
then Eq. (vi) becomes

b* (2x
y—y1=—#(x—x1)
a® (2y,)
or Yi—Y1 =_(xx1 xl]
b? a*
yy x? y2 xXx, yy ..
or 2 0 L e L AT g [from(ll)]
a* b*  a*  b? a’ b?

which is required equation of tangent at (x,, ;).



Remark
The equation of tangent at (x,, y;) can be obtained by replacing
X2y xx, y2by yy;, x by Xt X yby% and xy byw%.

This method is applicable only when the equation of ellipse is a
polynomial of second degree in x and y.

2. Parametric form

Theorem : The equation of tangent to the ellipse

2 2
x_2 + y—2 =1at the point (a cos¢, b sin¢) is
a®~ b
£cos(1)+zsin(])= 1
a b
52 2
Proof : The equation of tangent to the ellipse -t y—z =1
a”~ b
at the point (x,,y,) is ﬂ; + % =1 (by point form)

Replacing x, by acos¢and y, by bsin¢, then we get

£c05¢+zsin(])= 1
a b

Remark
Point of intersection of tangent at ‘6" and ‘¢’ on the ellipse

acos (M) bsm(u)
2 2
cos (Hj cos (U)
2 2
Remembering method : *. Equation of chord joining
(a cosH, bsinB) and (a cos§, b sin) is

X cos [m) + Y sin (m) =cos (U)

a 2 b 2 2
cos (6 * d)) sin (m)

2 WY 2 -1

cos[e_q)) b cos(e_q))
2 2

acos(6+¢) bsin(a-l_q))

x)_ V2 ),y V2 )

a’ cos(e_q)j b’ cos(e_q)J
2 2

3. Slope form

Theorem : The equations of tangents of slope m to ellipse
2 2

x—2+3;—2=1arey=mx t4/(a®m* +b*) and the

a
coordinates of the points of contact are

2 2
X .
7+L2:1ls
a

oy

S

2 2
_ a‘m + b

F +
J@m? +b%)  \J(@®m® +b?)

Proof : Let y =mx + ¢ be a tangent to the ellipse
2 2

at b
2 2
Then the equation Xy (mx +¢)” =1
a’ b*
= x? (@®m® +b*) +2a°mex +a*(c® —b*) =0 (1)

must have equal roots
4a'*m®c* —4(a’*m® +b*)a® (¢ -b*) =0
{- B> —4AC =0}
a’m®c? —(a*m® + b*) (¢* —b*) =0
a*m®c® —a*m®c® +a’b*m* —=b*c* +b* =0

a’b*m® —b%c* +b* =0

I

¢® =a*m® +b*

c =+ 4(a’m® +b?)
Substituting this value of cin y =mx + ¢, we get
y =mx t4/(a® m* +b*)

as the required equations of tangent of ellipse in terms of

slope, putting ¢ = 4/(a’m® + b*) in (i), we get
x% (a*m® +b*) £ 2a°m+J(a*m® +b*) x +a*m® =0
= (mx +a’m)* =0
a‘m

el x:—{_——
(@®*m® +b%)

Substituting this value of x in
y =mx t+/a’m® + b
2
we obtained y== b
(a*m® +b%)

Thus, the coordinates of the points of contact are

2 2
_ a‘m b

F +
J@m? +b%)  J(@m® +b)

Example 21 If the line 3x+ 4y =+/7 touches the
ellipse 3x” +4y? =1, then find the point of contact.

Sol. Let the given line touches the ellipse at point P(x,, y,).

The equation of tangent at P is
3xx;, + 4yy, =1 (1)



Comparing Eq. (i) with the given equation of line
3x +4y = ﬁ,we get

3% _4n _ 1

34 7
1

xlzylzﬁ

Hence, point of contact (x, y )is( LI j
5 JE4| \/;’\/7 -

Example 22 Find the equations of the tangents to
the ellipse 3x* + 4y ? =12 which are perpendicular to

the line y +2x = 4.

Sol. Let m be the slope of the tangent, since the tangent is

perpendicular to the line y +2x = 4.

mx-2=-1
1
= m=-—
2
Since 3x% +4y* =12
x2 2
or —+ Y - 1
4 3
Xty
Comparing this with —- + s =1
=4
and b =3

So the equations of the tangents are
1 1
y=—xi1/4><—+3
2 4
1
= y=-xx2
2
or x—2y+t4=0

Example 23 Find the locus of the foot of the

perpendicular drawn from centre upon any tangent to

2 2
the ellipse X—2+ y—z =1
a b
x? oyt
Sol. Any tangent of — + 7 =1is
a

y = mx + +/(a’m® + b%)

Equation of the line perpendicular to Eq. (i) and passing

through (0, 0) is

Sol. The given ellipse is X

or 4=94% + b*

1 x
y=——xorm=-—
m y

Substituting the value of m from Eq. (ii) in Eq. (i), then

2 2
_ X 2 X 2
y=—-—+= (a —2+bJ
y y

= (x2 +y2)2 =a2x2 +b2y2

..(ii)

or changing to polars by putting x = r cos0, y = r sin0 it

becomes

2 2 2 2.2
r“°=a"cos“0 + b“sin“0

Example 24 Find the point on the ellipse
16x* + 11y * = 256, where the common tangent to it

and the circle x* + y* —2x =15 touch.

2 2

+y—=1
16 (256/11)

. . . 16 . .
Equation of tangent to it at point (4 cos 0, — sin 9) is

Jii
Vi1

icose+y—sin(;)=1
4 16

It also touch the circle (x — 1)2 +(y - 0)2 =42

Therefore,
1
—cosB -1
4 =4
2
cos + 1sm2 0
16 256
= |cosG—4\=\/(16c0326+1lsin26)
or 4 cos’0 +8cosO—-5=0
or (2cosB —1)(2cosB +5)=0
1 5
or cos O =~ rcos O #——
2 2
5
p=L 2T
3 3
Therefore, points are (2, + %]

Example 25 Find the maximum area of the ellipse

2

y

— + <5 =1 which touches the line y = 3x +2.

bZ

2 2

Sol. - Line y = 3x + 2 touches ellipse Z—z + }b)_z =1

Here, m=3andc =2

Substituting in ¢? = a*m?* + b*

()



Now, AM =z GM
2, 72 2, g2
= %zw/@az)bz = %zmb
= 2>3ab [from Eq. (i)]
2
or T >nab
3
21 .
or 5 > Area of ellipse

: . . 21
Therefore, the maximum area of the ellipse is ?

Example 26 A circle of radius r is concentric with
2 2

X
the ellipse —+ Y _1 Prove that the common
a’ b’

tangent is inclined to the major axis at an angle

Sol. Equation of the circle of radius r and concentric with
2 2

.oxt oy .
ellipse — +=—=11is
a b
%+ y2 =r? ...>Q)
X2 2
any tangent to ellipse — + J;—Z =1is
a

M

y = mx + /(a*m® + b*)

If it is a tangent to circle, then perpendicular from (0, 0) is
equal to radius r,
(@*m* + b?) 2
" =|r|ora
(m* +1)

(az_rZ)mzer_bZ

(where m = tan®)

2 2 2.2 2
m°+b°=mr°+r

Example 27 show that the product of the
perpendiculars from the foci of any tangent to an
ellipse is equal to the square of the semi minor axis,
and the feet of a these perpendiculars lie on the
auxiliary circle.

Sol. Let equation of ellipse be
2 2
x° oy .
a—z + b_z =1 (l)

Equation of any tangent in term of slope (m) of (i) is

y = mx + /(a*m? + b%)

or y — mx = +a’m® + b* (i)
Equation of a line perpendicular to Eq. (ii) and passing
through S (ae, 0) is
y—0=—i(x—ae)
m
or X + my = ae .(iid)

The lines Eq. (ii) and Eq. (iii) will meet at the foot of
perpendicular whose locus is obtained by eliminating the
variable m between Eq. (ii) and Eq. (iii), then squaring and
adding Eq. (ii) and Eq. (iii), we get

(y — mx)* +(x + my)® = a®m® + b* + a%¢*
= 1+ m?) (x* +y*)=a’m® + b* + a* - b*
=  (1+m?)(x*+yH)=ad"(1+m?)
or x? + yz =a
which is auxiliary circle of ellipse, similarly we can show
that the other foot drawn from second focus also lies on
x? +y? =d.
Again if p, and p, be perpendiculars from foci S(ae, 0) and
S’ (—ae, 0) on (ii), then

_ [y(@®m® + b*) + mae|

\/(1 +m?)

B [y(@®m* + b*) — mae|
o Jaem?)
pip, = |a*m® + b* — a’e’*m?|
1+ m?)

|a*m® + b* - (a® — b*) m?|
B (1+m?)

b (1+ m?)
B 1+ m?)

21

and Py

= b? = (semi minor axis )*



Example 28 Prove that the locus of mid-points of the
2 2
portion of the tangents to the ellipse X—2 + Z—z =1
a
intercepted between the axes is a’y’ +b?x? = 4x?y? .

Sol. Let P (x,,y,) be any point on the ellipse

*x LY (1)

Equation of tangent at (x;, y;) to (i) is x—il + % =1
a

AY

M(h, k)
P (X1, ¥1)

1

vy

This meet the coordinate axes at

2 2
Q [a—, O] and R (0, b—]
X W1

Let M (h, k) be the mid-point of QR then,

2 2
Cro 0+l
h=X k= N2l
2 2
= xlzﬁ’%zﬁ
2h 2k

Since, (x,, y;) lies on Eq. (i)

Bl

a? b?
a* b*
= —2 + —2 = 1
4h 4k
= a’k® + b*h? = 4h®k?

Hence, the locus of M(h, k) is azy2 +b2x? = 4x2y2

Example 29 Prove that the tangents at the
extremities of latusrectum of an ellipse intersect on the

corresponding directrix.
2 2
Sol. Let LSL’ be a latusrectum of the ellipse x_z + Z_Z =1
a

\Y

Jod
L(ae,Z)

A'\\C S JA
L'(ae'bz)

‘a

vy

.. The coordinates of L and L are

b’ b’
[ae, —] and (ae, - —] respectively
a a

b2
.. Equation of tangent at L [ae, —J is

a
bZ
(ae) y(7]
x (ae
= + =1
a* b*
= xe+y=a (1)

2
The equation of the tangent at L'[ae, - b—] is

a
-5
y-2
xfae) _\ 4)_

a* b* -
= ex—y=a ...(ii)
Solving Egs. (i) and (ii), we get
x=2 and y=0

e
Thus, the tangents at L and L’ intersect at (a/ e, 0) which is

. . . . . a
a point lying on the corresponding directrix i.e. x = —.
e

Equations of Normals in
Different Forms

1. Point form

Theorem : The equation of normal at (x,, y, ) to the
2 2

ellipse XY s
a b
2 2
ax _by_ 2y
X1 W
Proof : Since the equation of tangent to the ellipse
2 2
x° Ly )
—2+b—2—1at(x1,y1)1s
X Wy
a’ b?
Tangent
P (x1, v1)
~ T
b’x,
The slope of the tangent at (x,,y,) =— —
ayq



2
ay,

2
X

.. Slope of Normals at (x,,y,) =

Hence, the equation of normal at (x,,y,) is

2
a
Y=y = Zyl (x—x,)
b"x,
2 2
or ax by _ 2y
Xq V1
Remark

The equation of normal at (x;, y;) can also be obtained by this
method

X=X _ Y 0
axi+hy;+g hxg+b'y, +f

a’, b’ g, f, hare obtained by comparing the given ellipse with
ax?+2hxy + b’y +2gx + 2fy + ¢ =0 G

The denominors of (i) can easily remembered by the first two rows
of this determinant

a h g
ie. h b f
g [ ¢
Since, first row, a (x)+ hly,)+g(1)
and second row, hix,) + 0'(y) + F(D)
x2 g2
Here ellipse —+ =1
a b
2 9
or L4 —1=0 ... (iii)

& b -
Comparing Egs. (i) and (iii), then we get
=" =" g=07=0h=0
2

b2’
From, Eq. (i), equation of normal of Eq. (iii) at (x;, y;) is
X=X _ VY
1 1
—x+0+0 0+ —y,+0
2 p27!
d-x) _b -y
or . 1
X Y
2 2
or ﬂ_ﬂzag—bz
X1 Y1

2. Parametric form

Theorem : The equation of normal to the ellipse

2 2
x_z +3’_2 =1at(acos¢,bsing) is
a

ax sec ¢ — bycosec ¢= a® —b*

Proof : Since, the equation of normal of the ellipse
2 2
X 47 =lat(x,,y,)is

2 2
a b

2 2
ax by _ 2y

X1 Y1

Replacing x,by a cos¢ andy, by bsin¢, then Eq.(i)
becomes

azx be 2 b2

acos® bsin(])_
ax sec ¢ — by cosec ¢ =a® — b*

is the equation of normal at (acos ¢, bsin ()

3. Slope form

()

Theorem : The equations of the normals of slope m to the

2 2
ellipse x_z + z—z =1are given by
a
y =mx $—m(a2 _bz)
(@® +b*m?)
2 2
at the points| ¢ + mb

\/(a2 +b2m2)’_ \/(a2 +b*m?) '

2

. . X
Proof : The equation of normal to the ellipse — + A
a b
at(x,,y,)is
2 2
a‘x b .
4xX_2rV_g_p ..(0)
Xy V1
Since, ‘m’ is the slope of the normal, then
a’y
m=2Y1
bx,
b*x,m .
Yy = 21 ...(ii)
a
2 2
. . X
Since, (x,y,) lies on — + RA
2 2
a b
2 2
X .|.y_1_
a b
x2 bixim®
or —_ + =
a’ a'b?
2 2.2 2 4
x{ b'xim a
or R =1or x’ = —
a a (a® +b°m”)
2
a
x, =%



From Eq. (ii),

y, =+ mb*
T
(a® +b*m?)

*. Equation of normal in terms of slope is

mb* a*
y-|t—7—|=m| x| T ———
Ja* +b*m? Ja* +b*m?
2 2
= y=mx¥ m@ —b) .. (i)
(a® +b°m?)
2 2
Thusy =mx £ i@ —b) is a normal to the ellipse
(a* +b*m?)
x? P .
a—z + b_z =1, where m is the slope of the normal.

The coordinates of the point of contact are
2 2
a S+ mb
\/a2 +b°m® \/a2 +b°m?

Comparing Eq. (iii) with,

y=mx+c¢
2 72
c=g mla -b7)
(a® +b*m?)
2.2 1232
or cz=—m (a b°)
(a* +b*m?)

which is condition of normality, when y =mx + c is the
normal of

2
X
2

[

+

> |"<
Do
1
—_

a

Example 30 If the normal at an end of a
2 2

, X-y
latusrectum of an ellipse — + <— =1 passes

through one extremity of the minor axis, show that
the eccentricity of the ellipse is given by

e*+e?2-1=0 or ez_‘/g_1

2

Sol. The coordinates of an end of the latusrectum are
(ae, b* / a). The equation of normal at P(ae, b* / a) is

2 2
ax _b ) _ 2y
ae  b’/a

ax 2 2
or ——ay=a"-b

0 b)B

N
(a 0) A&J
B0, -b)

YV
It passes through one extremity of the minor axis whose
coordinates are (0, — b)

0+ab=a*-b*

X
Af(a 0

or (a®b®) = (a® - b*)?
or a’a® (1 - e?) = (a*e?)?
or 1-e?=¢!

or et+e?-1=0
or (e*)2 +e*-1=0

,  —1E41+4
2

, 5-1

= e’ =
2

e

(taking +ve sign)

Example 31 Prove that the straight line
2

Ix+my+n=0is a normal to the ellipse X—2+ Y _qif

a’ b?
C12 bZ _(GZ_bZ)Z
2w
52 2
Sol. The equation of any normal to -t y—z =1is
a b
ax sec ¢ — by cosec = a® — b* - (D)

The straight line Ix + my + n = 0 will be a normal to the
2 2
ellipse x_z + y—z =1
a b
Therefore, Eq. (i) and Ix + my + n = 0 represent the

same line

asecq)_—bcosect])_az—b2

l m -n
—na
coshp=——
1(a® - b?)
nb
and sin¢p=——
m(a® — b?)

sin® + cos? 9 =1

n’b’ n’a’®
+ =
m2 (aZ _ b2 )2 12 ((12 _ b2)2
a2 bZ (az _ b2 )2
= Zrta T o
) m n



Example 32 A normal inclined at an angle of 45° to
2 2

x-axis of the ellipse X—2+ y—z =1is drawn. It meets the

major and minor axes in P and Q respectively. If C is
the centre of the ellipse, prove that area of ACPQ is
(a? —b?)>
2(a’ +b?)
Sol. Let R(a cosd, bsin ) be any point on the ellipse, then
equation of normal at R is

Sq units.

ax sec ¢ — by cosec ¢ = a* — b*

x N ¥ _
cos (a® = b*) —sin¢ (a® - b?)

a b

or

(a* - b%)

a

cos O, OJ

If meets the major and minor axes at P (

2 _ g2
and Q (0, - % sin (I)] are respectively

2 2
(“ ‘chosw
a

2 _ g2
and CQz[a bb)|sin¢

CpP

Area of ACPQ = % X CP x CQ

_(a2 — b*)?*|sin¢ cos ¢ |
2ab

()

But slope of normal = % tan ¢ = tan 45° (given)

a
—tanp =1
> o

tan(]):é
a

2tan¢ _ 2ab
2. 2 2
1+tan“¢ a“+0b
|sin2¢

sin2¢ =

(a® - b*)?

.. From Eq. (i), Area of ACPQ = #
2ab

b
a — b%)? a
( ) (@® + b?)
2ab
(aZ _ bZ)Z

C2(a® + bY)

sq units.

Example 33 Any ordinate MP of an ellipse meets the
auxiliary circle in Q. Prove that the locus of the point
of intersection of the normals at P and Q is the circle
x*+y?=(a’+b?)".

2 2

y

Sol. Let equation of ellipse is x_z = 1lits auxiliary
b

a

circle is

x4 9% = g?
Coordinates of P and Q are (a cos ¢, b sin ¢) and
(a cos ¢, a sin ¢) respectively. Equation of normal at P to the
2 2
ellipse x_z + y—z =1is
a b
ax sec ¢ — by cosec ¢ = a* — b* ()

and equation of normal at Q to the circle x* + y* = a” is

y=xtan¢ (i)
From Eq. (i), tan¢= Y
x
sin¢ = Y and cos = S
(x* +y*) (x* +y%)
[ 2, 2
or cosec O = M
y
[ 2 2
and sec g = VX Y7 ...(iii)
x

Substituting the values of sec ¢ and cosec ¢ from
Eq. (iii) in Eq. (i)

[ 2 2 [ 2, 2
ax X (x +}’)_be (x +y)=a2—b2
x y

or (a—b)+(x* +yz) =(a+b)(a-Db)
or JxP+y*=a+b

x2+y2=(a+b)z

which is required locus.

Properties of Eccentric Angles
of the Co-normal Points

1. In general, four normals can be drawn to an
ellipse from any point and if o, B, y, d the
eccentric angles of these four co-normal points,
then o +f + v + d is an odd multiple of 7.

Let Q(h, k) be any given point and let P(a cos®, b sin¢)
be any point on the ellipse
2 2
a b
Equation of normal at P(a cos, b sin) is

ax sec ¢ — by cosec ¢ =a® — b*



it passes through Q(h, k)

ahsec ¢ — bk cosec ¢ =a* — b*

or ah —ﬂza2 —b? (1)
cos¢ sin¢
or ah - bk =a® -b* ..(ii)
1—tan®(¢/2) 2 tan(/2)
1+ tan®(¢/2) 1+ tan®(¢/2)
Let tan¢/2 =t

then, Eq. (ii) reduced to
bkt* +2{ah +(a® = b*)}1* +2
{ah —(a® =b*)}t —bk =0 ... (iii)
Which is a fourth degree equation in ¢, hence four
normals can be drawn to an ellipse from any point.

Consequently, it has four values of ¢ say o, f3, Y, d
(t=tan(/2).

Now, tan g+ﬁ+1+§ — 5. =53
2 2 2 2 1-5, +S,
B) (@)
v )

—2{ah +(a* —bz)}+2{(ah—(a2 -b*)}

_ bk bk
1-0-1
=oo (From trigonometry) (ra#bd)
or cot g+ﬁ+x+§ =0
2 2 2 2
or g+E+I+§=anoddmultipleof7r/2
2 2 2 2
= o+ + v+ =an odd multiple of T
Aliter :
Let z=¢" =cos{+isind
lzefi‘b =cosO—isind
z
24t
cosd= z _z2 +1
2 2z
. 1
-
and sin¢= z_z "1
21 2iz

Now, Eq. (i), reduces to
ah bk 2

- =a’ -b°
22 +1 z% -1
2z 2iz
= (a® -b*)z* —2(ah—ibk) z®

+2(ah +ibk) z —(a* = b*) =0 (iv)
]

Consequently z = e’

gives four values of ¢, say o, 3, v, d (Here, sum of four
angles)

Z21.29.25.24=—1
= e e e e® =1
N ei(oc+B+y+5):_1

cos (oL +P +y +d)+isin(a +P +vy +08) =-1

or cos(a+PB+y+98)=-1

and sin(at+P+vy+93)=0
oa+B+y+06=2n+1)m

and oa+P+y+0=m

where, nr,el

Hence, o0 + 3 + Y+8 = odd multiple of

. If o, B, y are the eccentric angles of three points

2 2

on the ellipse x_2 + y—z =1, the normals at which
a

b

are concurrent, then
sin (0 +P) +sin (B+y) +sin (Y +a) =0
Here, in each term sum of two eccentric angles

. From Eq. (iv),
Xz,z, =0

OF 2,2y +2124 42,2, 2,25 +2,2,+2,2, =0
Ly (B + O D) B B D) e 8)
= [cos (ot +P) +cos(a +y) +cos (at + O)
+cos(B+7) +cos(B+9)
+cos (Y +8)]+i[(sin (a0 +B)
+sin (00 +v) +sin (a0 + 8) +sin(P + )
+sin (B +9) +sin(y +98)]=0
Comparing the imaginary part, then
sin (o0 + ) +sin (ot + ) +sin (o + ) +sin (B +y)
+sin(B+0) +sin(y +08) =0 ...(v)
Since, from property Eq. (i)
o +P +7vy + 6 =o0dd multiple of ©
(o0 +8) = odd multiple of T — (3 + )
(B + 8) = odd multiple of T —(at + )



(y + 0) = odd multiple of T — (ot +[3)
sin (ot + 8) =sin (B +7)
sin ( + ) =sin (ot +7v)
sin (Y + ) =sin (ot + )
{*ssin (nm — a) =sina, if nis integer)} ...(vi)
From Egs. (v) and (vi), we get
2sin (ot +B) +2sin(B+vy) +2sin(y +a) =0

Hence, sin (o0 +P) +sin(B+7vy) +sin(y +o) =0
Aliter :
From Eq. (iii), Ztt, =0 ...(vii)
and titytsty, =—1 . (viii)
Now, 2tt, =0
= bty Fipts Ftgty =—1t, (t +1, +15)
t, +t, +1
= tit, Htyty Htst, =——2 3 {from (viii)}
1t2t3
1 1
= Lty +iyt5 it = + + —
t2t3 t3t1 t1t2
o o
= tan— tan E + tanE tanX +tan1tan—
2 2 2 2
=cotE Y Y B

cot—+cot— cotg + cotg cot—
2

= Z tangtanﬁ—cotgcotE =0
2 2 2 2

- 2 sin®(0t/2) sin® (B/2) —cos®(at/2) cos® (B/2) _
sin(01/2) sin((3/2) cos(ot/2) cos(B/2)

{cos(ct/2) cos(B/2) + sin(ct/2) sin(/2)}
- 2_4 {cos(ot/2) cos(B/2)—sin (o/2) sin (3/2)}

=0
sind sinf3
- +
cos (Oc B) cos (oc B)

2 2
= 2—4 L =0

sinc sinf3

+
- Z 2[cosoc cosP] ~0
sinct sinfd

- Zsiny (cosa + cosf) 0
sinot sinf; siny

= 2 siny (coso. + cosP) =0
= siny (coso + cosf) + sino

(cosP +cosy) +sinP (cosy +cosat) =0
= sin (o0 + ) +sin(B +v) +sin (Y + o) =0

Co-normal Points Lie on a
Fixed Curve

Let P(x;,y,),Q(x5,y,), R(x5,y5)and T (x,,y,) be
conormal points so that normal drawn from them meet in

T (h, k).

Then, equation of normal at P (x,,y,) is

Qe ¥?

P (x1, 1)

or (a* =b*) x,y, +b’yx, —a’xy, =0
but the point T (h, k) lies on it
(a* —=b*) x,y, +b’kx, —a’hy, =0
Similarly, for points Q, R and S are
(a* =b*)x,y, +b’kx, —a*hy, =0
(@® —=b%) x,y4 +b*kx, —a’hy, =0
and (a® -b*) x,y, +b*kx, —a*hy, =0
Hence, P, Q, R, S all lie on the curve
(a® —b*) xy +b’kx —a*hy =0
This curve is called Apollonian rectangular hyperbola.

Remark

The feet of the normals from any fixed point to the ellipse lie at
the intersections of the Apollonian rectangular hyperbola with
the ellipse.



Exercise for Session 2

1.

10.

11.

12.

13.

14.

15.

2
The number of values of ¢ such that the straight line y =4x + ¢ touches the curve XT + y2 =1is

(a)0 (b) 1 (c)2 (d) infinite
If any tangent to the elllpse a— + 2/—2 = 1cuts off intercepts of length h and k on the axes, then :2 + 2—2 is equal to
(@)-1 (b)0 (c)1 (d) None of these
The equations of the tangents to the ellipse 3x2 + y2 =3 making equal intercepts on the axes are
(@y=txt2 (b)y:ixi4 )y =1 x£+30 (d)y=1%x+35
Ifg + E = /2 touches the eIhpse — + Z—z =1, then its, eccentric angle 6 is equal to
(@) 0 (b) 45° (c) 60° (d) 90°
The number of values of 6 € [0, 2xt] for which the line 2x cos 6 + 3y sin6 =6 touches the ellipse 452 + 9y2 =36is
(a)1 (b) 2 (c)4 (d) infinite
The common tangent of x? + y2 =4 and 2x? + y? =2is
(@x+y+4=0 b)yx-y+7=0 (c)2x+3y+8=0 (d) None of these
If the normal at any point P on the ellipse X—j + :—z =1meets the axes in G and g respectively, then PG-Pg =
(a)a:b (b)a? :b? ? (c)b :a (d)b? :a?

2 2

Number of distinct normal lines that can be drawn to the eIIipse% + 2—5 =1, from the point (0,6) is

(a) one (b) two (c) three (d) four
2 2

Y

If a tangent of slope 2 of the elllpse X + 2 =1,is normal to the circle x* + y# + 4x + 1=0, then the

maximum value of ab is

(a) 4 (b) 2 (c)1 (d) None of these
2 2
If the normal at the point P (6) to the ellipse X Yo 1, intersect it again at the point Q (20), then cos 6is
14 5
equal to
2 2 3 3
a)= b)- = c)= d)- >
(a) 3 (b) 3 (c) 5 (d) 5
X2 y?
The line5x -3y = 842 is a normal to the ellipse 25 + ry =1 If ‘6 be eccentric angle of the foot of this normal,
then ‘6 is equal to
Y T T Y
a)— b) = c)— d)=
(a) 5 (b) 2 (c) 3 (d) 5

If the tangent drawn at point (A%, 2).) on the parabola y? = 4x is same as the normal drawn at a point
(v/5 cos 6,2 sinB) on the ellipse 4x? + 5y? = 20. Find the values of A and 6.

2 2

If the normal at any point P of the ellipse —- X 5+ Z— =1, meets the major and minor axes in G and H respectively
a’

and C in the centre of the ellipse, then prove that
a%(CG)? + b%(CH)? =(a%? - b?)?
If the normal at the point P (6) to the ellipse 5x2 + 14y? =70 intersects it again at the point Q(26), show that

cosf=-—

%

The tangent and normal at any point P of an elllpse — + el = 1cut its major axis in point Q and R respectively.
a?

If QR = a prove that the eccentric angle of the point P is given by
e?cos?¢ +cosy—1=0



Answers

Exercise for Session 2

1. ¢)  2.(c) 3. ()
6. (d) 7.(d) 8. (¢)

1
11. (b 12.)\:——;9
() 7

.b) 5.3
(@) 10.(b)

e

o

=cos”'

[T
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