
Recap of Exponents

Relation between log and exponent - 
loga N = Exponent ⇔ aExponent = N, i.e., when base ‘a’ is raised to the power “exponent”, it 
gives the number “N”

Exponents. Introduction to logarithm.

What you already know  What you will learn

Solve for x: 2x = 8

Step 1:  In 2x = 8, 2 is the base, x is the
            exponent and 8 is the number.
Step 2: 8 = 2 x 2 x 2 implies 8 = 23

             Here 2 is the base, 3 is the
             exponent and 8 is the number.
Step 3: 2x = 8 ⇒ x = 3 (as 23 = 8)
Step 4: 2x = 23 (as 8 = 23) ⇒ x = 3

Step 1:   In 3x = 81, 3 is the base, x is the 
exponent and 81 is the number.

Step 2: 81 = 3 x 3 x 3 x 3 ⇒ 81 = 34 
              Here 3 is the base, 4 is the 

exponent, and 81 is the number.
Step 3: 3x = 81 ⇒ x = 4 (as 34 = 81)
Step 4: 3x = 34 (as 81 = 34) ⇒ x = 4

Solve for x: 3x = 81

We calculate the logarithm of a certain quantity with respect to a base. 
Logarithmic operator on an input ‘N’ with respect to the base ‘a’, is denoted by the notation ‘loga 
(N)’ which is pronounced as the logarithm of the input ‘N’ to the base ‘a’ or log ‘N’ to the base ‘a’.

What is the logarithm of 8 to the base 2, i.e. log2 8?

Let log2 8 = x
Since, loga N = Exponent ⇔ aExponent = N
log2 8 = x ⇒ 2x = 8

2x = 23 (as 8 = 23 )
As 23 = 8 ⇒ x = 3
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What is the logarithm of 81 to the base 3, i.e.  log3 81?

Let log3 81 = x
Since, loga N = Exponent ⇔ aExponent = N
log3 81 = x ⇒ 3x = 81
3x = 34 (as 81 = 34 )
As 34 = 81 ⇒ x = 4

 If we need to find out ‘loga N’, consider, logaN  = k ⇔ ak = N

Concept Check

(1) log1000 100 = ?

    (a) -1         (b)               (c)               (d) 2

(2) log0.01 10000 = ?

    (a) -2         (b) -1            (c)  2           (d) 1

(3) log0.01 0.0001 = ?

    (a) -1         (b) 1             (c)  2           (d) - 2

2
3

-5
4

(5) log  (3 √3) = ?

     (a) 1.5       (b) -1.5      (c)              (d) 33
5

1
3

(4) log2 - √3  (2 + √3) = ?

     (a) -1         (b) 0         (c)              (d) 21
2

Restrictions on exponent, base, and input for the logarithm

⇔Loga N = k ak = N

Logarithmic Equation Exponential Equation

(i) k ∈ R (ii) a > 0 and a ≠ 1     (iii) N > 0
If a = 0,
0k = 0 = N ⇒ log00 = k, i.e, ‘log00’ has infinitely many solutions, which is not possible. Moreover, if 
a = 0, say log0 2 = m ⇒ 0m = 2, which is not possible.
Therefore, base a ≠ 0.
If a = 1,
1k = 1 = N ⇒ log11 = k, i.e., ‘log11’ has infinitely many solutions, which is not possible. Moreover, if  
a = 1, then log2 1 = m ⇒ 1m = 2

If a < 0, for example, a = -2 (say), then (-2)
1
2  = N (say k = 1

2 ) ⇒ √-2 = N ⇒ N ∉ R, which is not 
possible. Therefore, base a ≮ 0.
For valid base (a > 0 and a ≠ 1), ak is always positive for k < 0, k = 0 and k > 0. So, ak = N > 0. 
Therefore, the logarithm of only strictly positive quantities exists. The logarithm of ‘0’ and 
logarithm of negative quantity do not exist.



 If log(1 - x) (5 + x) = 2, then find the value of x.

Find the value of log(tan 45°)(sin2 30° + cos2 30°)

For logn to be defined

log(1 - x)(5 + x) = 2
⇒ (5 + x) = (1 - x)2

⇒ 5 + x = 1 + x2 - 2x
⇒ x2 - 3x - 4 = 0 ⇒ (x + 1)(x - 4) = 0
⇒ x = -1, 4

a > 0 & a ≠ 1 

When x = 4, 1 - x = -3 ⇒ Not possible.
When x = -1, 1 - x = 2 and 5 + x = 4  
⇒ x = -1 is the only solution.

For loga n to be defined

logtan45° (sin2 30° + cos2 30°)
Base a = tan45° = 1
As a ≠ 1, this logarithm does not exist.

a > 0 & a ≠ 1 

Note

log (x) and ln (x) are very different. log (x) = log10(x) and ln (x) = loge(x). If we change the base of the 
logarithm operator, then the value will drastically change. 
As an example, log4(4) = k ⇒ 4k = 4 ⇒ k = 1 ⇒ log4(4) = 1 and
                           log2(4) = k ⇒  2k = 4 ⇒  k = 2 ⇒ log2(4) = 2

Properties of Logarithm

Property i

a > 0, a ≠ 1
loga.1 = 0

Proof:Let loga1 = k
           ak = 1

logaN = k ⇔ ak = N 
           k = 0
      loga1 = 0
Hence Proved 

logaN  = k       ak = N=>>

Logarithm to the base 10 is called a decadic 
logarithm, common logarithm, or Briggs 
logarithm. log10 N is used for calculating 
values of huge multiplications or divisions. 
Mathematically, y = log10 (x) = log (x).

The logarithm with base
‘e = 2.718281828459...’ (non-repeating, 
non-terminating, irrational number, strictly 
sandwiched between 2 and 3) is called 
Napier or natural logarithm. loge N is used in 
theoretical applications.
Mathematically, y = loge (x) = ln (x).

Commonly used bases



Corollary of Property iii

Corollary 1  
property - iii (valid for finitely 

many inputs)

Corollary means derived from proof of a theorem or property.

Corollary 2

Property ii Property iii

Proof:
Let  logaa = k
        ⇔ ak = a
          ⇒ k = 1
       logaa = 1
       Hence Proved 

logaN = k ⇔ ak = N

a > 0 and a ≠ 1
logaa = 1

Proof:
  Consider,
logam = k1 and logan =k2

   
LHS  logam + logan
            
              k1            k2

        ⇒ ak1 = m      ak2 = n
        ⇒ mn = ak1 × ak2

   or ⇒ mn = ak1 + k2

logaN = k ⇔ ak = N ak = N ⇔ logaN = k

        
        logamn = k1 + k2

        logamn = logam + logan
        Hence Proved

a > 0 and a ≠ 1 and m, n > 0
logam + logan = loga(mn) 

Which of the following is equal to 1 + log43?

Solution: We have,
 1 + log43
 = log44 + log43
 = log4(4 × 3)
 = log412

logaa = 1

loga (m1) + loga (m2) + … + loga (mr) =
                  loga (m1 × m2 × .... × mr), 
where m1, m2, …, mr > 0 and a > 0 & a ≠ 1

loga(m) + loga (n) = loga (mn), 
where m, n > 0 and a > 0 & a ≠ 1
If m = n, then loga (m) + loga (m) = loga (m2)   
   2loga (m) = loga (m2) ⇒ loga (m2) = 2loga (m)

(a) log123

(b) log312

(c) log412

(d) log515



Which of the following is equal to 1 + log43

a. log123               b. log312            c. log412               d. log515
Evaluate: log11 1 -   1

3
 + log11 1 -   14  + log11 1 -   15  + .... + log11 1 -   1

242
(a) -2   (b) -1   (c) 1   (d) 2

Solution: 

LHS = log11 1 -  13  × 1 -  14  × 1 -  15  × .... × 1 -  1
242

= log11   23  ×  34  × 4
5 × .... × 241

242
= log11

2
242  

= log11 
1

121
= log11 

1
112

logam1 + logam2 + ... + logamr = loga(m1 × m2 × ... × mr)

logaN = k ⇔ N = ak

logaa = 1
= log11(11-2)
= -2 (log1111)
= -2 × 1
= -2

Property iv

k1 k2

Property v

Proof: Consider,
logam

β = k
⇒ ak = mβ

⇒ (ak)
1
β  = (mβ)

1
β

⇒ (ak)
1
β  = m

⇒ a
k
β  = m

⇒ logam = k
β

⇒ β logam = k = logamβ

 ∴ logamβ = β  logam
Hence proved

⇒ ak1 = m ⇒ ak2 = n

⇒ a
k1

ak2
 = m

n
⇒ ak1 - k2 = m

n
⇒ loga

m
n  = k1 - k2

⇒ loga
m
n  = logam - logan

Hence proved

Proof: Consider,
logam - logan

logamβ = β logam; β ∈ ℝ - {0}

Property vi

Proof: Let, logaβ m = k
⇒ (aβ)k = m
⇒ aβk = m
⇒ logam = βk

⇒ 1
β  logam = k = logaβm

∴ logaβ m = 1
β  loga m

Hence proved

logaβm = 1
β  logam; β ∈ ℝ - {0}

logam - logan = loga (
m
n

)
Where m, n > 0 & a > 0, a ≠ 1

logaN = k ⇔ ak = N 

logaN = k ⇔ ak = N 



Property vii Property viii

If  log 7 2 = m then, log 49 28 = ? 

(a) m (m + 1)   (b) (m + 1) (m - 1) 
2    (c) 1 + 2m 

2    (d) 2m - 1
2

If  log 5 a × log a x = 2 then, x = ? 
(a) 15   (b) 3

2
   (c) 25   (d) 2

Solution: Consider,
log 49 28 = log 72 (28)

 = 1
2  log 7 (28)

 = 1
2  log 7 (7 × 4)

 = 1
2  (log 7 7 + log 7 4)

 = 1
2  (1 + log 7  4)

 = 1
2  (1 + log 7  22)

 = 1
2  (1 + 2m) = 1 + 2m

2

Solution: Consider,
 ⇒ log 5 a × log ax = 2

 ⇒ log 5 a × 
log 5 x
log 5 a

 = 2
 ⇒ log 5 x = 2 ⇒ 52 = x
 ⇒ x = 25

Proof: Let, loga m = k 
⇒ ak = m

⇒ log b ak = log b m

⇒ k log b a = log b m

⇒ 
log b m
log b a

= k

⇒ log a m = 
log b m
log b a

Hence proved

Proof: logam = 
log b m
log b a

 (Change of base 
    formula)
Taking base b = m

⇒ logam = 
log m m
log m a

 = 
1

log m a

Note: logab  logbc  logcd = logad

logamn = logam + logan

logaβm = 1
β  logam

logam = 
logbm
logba

; a, b > 0 & m > 0, b ≠ 1 logam = 
1

logma; m > 0 & a > 0 a ≠ 1

logam = 
logbm
logba

logaa = 1

logamβ = β logam



Property ix Property x

(a  c)

a logax = x a logbc = c logba

logam
β = β logam

Proof: Let, loga x = k
 ⇒ ak = x
 ⇒ alogax = x
 Hence proved

Proof: Let, alogbc = k
take logb both sides:
⇒ logb(alogbc) = logbk
⇒ (logbc) (logba) = logbk
⇒ (logba) (logbc) = logbk
⇒ logb (clogba) = logbk
⇒ clogba = k
⇒ clogba = alogbc

Hence proved

Summary

Key Takeaways

Logarithmic
Equation

Exponential
Equation

logaN = k ⇔ ak = N
• (i) k ∈ R; (ii) a > 0 and a ≠ 1; (iii) N > 0
• y = log10(x) = log(x)
• y = loge(x) = ln(x)

Key Results:

1. loga1 = 0; a > 0 & a ≠ 1 

2. logaa = 1; a > 0 & a ≠ 1

3. logam + logan = loga(mn)  
    Where m, n > 0 & a > 0, a ≠ 1

4. logamβ = β logam; β ∈ ℝ - {0}

5. logam - logan = loga(
m
n )

    Where m, n > 0 & a > 0, a ≠ 1

6. loga βm = 1
β  logam; β ∈ ℝ - {0}

7. Change of base formula

    loga m = 
log b m
log b a

 ; a, b > 0 & a, b ≠ 1

11.  Corollary 1 of property - 3 (valid for finitely 
many inputs)  
loga (m1) + loga (m2) + … + loga (mr)  
= loga (m1 × m2 × .... × mr) 

10. alogbc = clogba

          (a           c)       

9. alogax = x 

8. logam =             ; m > 0 & m ≠ 1
1

logma



Mind map

Logarithm

logaN = k ⇔ ak  = N where
(i) N > 0; (ii) a > 0 and a ≠ 1; (iii) k ∈ R

Common log (base 10): log x 
Natural log (base e): In x

Important 
Properties

logam + logan = loga(mn)
m,n > 0, a > 0, a ≠ 1

logamβ = β × logam, β ∈ {0}

logam - logan = loga(     )
m,n > 0, a > 0, a ≠ 1

m
n

logaβ(m) = 1
β  logam; β ∈ R - {0} 

Change of base:

logam = 
logbm
logba

 ; a,b > 0 & 

a,b ≠ 1

Fundamental Property
alogax = x

alogbc = clogba

Self-Assessment

1. Express 63 = 216 in logarithm form.

2. 
log√8
log 8

 is equal to 

      (a) 1
√8    (b) 1

4    (c) 1
2    (d) 1

8

3. If log 9 = a, then log( 1
90 ) is equal to

      (a) - (1 + a)   (b) (1 + a)-1   (c) a
10    (d) 1

10a



Answer

Concept Check:

Let log1000100 = k
 ⇒ 1000k = 100
 ⇒ (103)k = 102

 ⇒ 103k = 102

 ⇒ 3k = 2
 ⇒ k = 2

3

1. Let log0.010.0001 = k
 ⇒ (0.01)k = 0.0001

 ⇒ 1
100

k = 1
10000

 ⇒ (10)-2k = (10)-4

 ⇒ -2k = - 4 ⇒ k = 2 

3.Let log0.0110000 = k
 ⇒ (0.01)k = 10000

 ⇒ 1
100

k = 10000
 ⇒ (10)-2k = (10)4

 ⇒ -2k = 4 ⇒ k = -2 

2.

Let log2-√3 (2 + √3) = k
⇒ (2 - √3)k = 2 + √3

⇒ (2 -√3)k =                                                                                                                                                
                                                                                  
⇒ (2 -√3)k =                                           

⇒ (2 -√3)k = (2 -√3)-1 
⇒ k = - 1

4.

Rationalize
(2 + √3)(2 - √3)

(2 - √3)

1
(2 - √3)

Let, log 1
3
3√3 = k

 ⇒ 1
3

k = 3√3

 ⇒ (3)-k = (3)
3
2

 ⇒ k = - 3
2

5.

Self-Assessment

63 = 216
As we know ak = N ⇔ logaN = k
log6216 = 3

1.

Option (a)
log(     ) = log1 - log90
= 0 - log(9 × 10)
= -(log9 + log10)
= - (a + 1)

3.
1

90

Option (C)2.

log√8
log8

log√8
log8= = 1

2



The function f(x) = logax where x > 0 and ‘a’ is a positive real number other than ‘1’ is Known as a 
logarithmic function.
Base restrictions: a > 0 and a ≠ 1. So, we get two logarithmic functions for a valid base.  
(i) loga(x) when a > 1 and (ii) loga(x) when 0 < a < 1

The behaviour of logarithmic functions is based on the base ‘a’. The logarithmic 
 functions f(x)= loga(x) ∀ x ∈ ℝ+ when 0 < a < 1 and loga(x) ∀ x ∈ ℝ+ when a > 1 
behave completely differently. 

Characteristics of the graph of the function f(x)= loga(x) ∀ x ∈ ℝ+ and a > 1

The following points can be inferred from the graph

Logarithmic Function

Example: f(x)= log2x

Logarithmic function,  
Properties of logarithmic function

What is logarithm? 
Properties of logarithm

What you will learnWhat you already know

x 1 2 4 2
1

4
1

f(x) 0 1 2 -1 -2

log2x

0

 1. f(x) = loga(x) ∈ ℝ iff x > 0. loga(0) ∉ ℝ   
   and loga(-ve) ∉ ℝ

3. Graph intersects the X-axis only at x = 1, i.e. loga(x) = 0 ⇔ x = 1

 2. f(x) = loga(x) with a > 1 is a continuous  
    function.

Graph

0

1
4

1
2

-1

 1

-2

 2

 21 4
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If x2 > x1

⇔ logax2 > logax1

∴ logax; a > 1  is a
strictly increasing function.

4. f(x) = logax; a > 1

logax2

logax1

x1 x20

Characteristics of graph of the function f(x)= loga(x) ∀ x ∈ ℝ+ and 0 < a < 1

The following points can be inferred from the graph

Example: f(x)= log
2
1 x

x 1 2 4 2
1

4
1

f(x) 0 -1 -2 1 2
0

log
2
1 x

Graph

1.  f(x) = loga(x) ∈ ℝ iff x > 0. loga(0) ∉ ℝ and 
loga(-ve) ∉ ℝ

3. Graph intersects the x-axis only at x = 1, i.e. loga(x) = 0 ⇔ x = 1

2.  f(x) = loga(x) with 0 < a < 1 is a continuous  
function

If x2 > x1

⇔ logax2 < logax1

∴ logax; 0 < a < 1 is a
strictly decreasing function.

4. f(x) = logax; 0 < a < 1

logax1

logax2

0
x2

x1

1
4

1
2

-1

 1

-2

 2

 2 4



For f(x) = loga(x), ∀ x ∈ ℝ+

Domain = (0, ∞) = ℝ+

ℝange = ℝ
Continuous in its  domain

Graph intersects x-axis at (1, 0)
logax = 0 has only one solution (x = 1)

Property III 
loga(x) = 0 iff x = 1

Property V 
loga(x) > 1 iff x > a

Property VII
loga(x) < 0 iff 0 < x < 1

Property III 
loga(x) = 0 iff x = 1

Property V 
loga(x) > 1 iff 0 < x < a

Property VII
loga(x) < 0 iff x > 1

Property IV 
loga(x) = 1 iff x = a

Property VI
0 < loga(x) < 1 iff 1 < x < a

Property VIII
loga(x) > k ⇔ x > ak

Property IV 
loga(x) = 1 iff x = a

Property VI
0 < loga(x) < 1 iff a < x < 1

Property VIII
loga(x) > k ⇔ 0 < x < ak

Properties for f(x) = loga(x),  (When base a > 1)

Properties for f(x) = loga(x),  (When base 0 < a < 1)

Property I 
loga(x) > 0 iff x > 1

Property I 
loga(x) > 0 iff 0 < x < 1

Property II 
loga(x) < 0 iff  0 < x < 1

Property II 
loga(x) < 0 iff x > 1



1. Find the value of x, if log3 (2 - x) > 4
2. Solve for x : logx (6 - x) > 2

3.  If x > 0 and log (x + 1
x ) x

2 ≥ log(x + 1
x ) (2x + 3), then how many integral  values of x exist?

    (a) 0  (b) 1     (c) 2  (d) 3

Concept Check

Key Takeaways

Logarithmic function: f(x) = logax : x ∈ ℝ+, a > 0 a ≠ 1
f(x) = logax ∀ x ∈ ℝ+ and a > 1
(i) Continuous function
(ii) Strictly increasing function
(iii) logax = 0 ⇔ x = 1
(iv) If x2 > x1 , ⇔ loga (x2) > loga (x1)

Key Results
1. For f(x)= loga(x), a > 1

• loga(x) > 0 (strictly positive) if x > 1
• loga(x) < 0 (strictly negative) if 0 < x < 1
• loga(x) > 1 iff x > a
• 0 < loga(x) < 1 iff 1 < x < a
• loga(x) > k ⇔ x > ak

f(x) = logax ∀ x ∈ ℝ+ and 0 < a < 1
(i) Continuous function
(ii) Strictly decreasing function
(iii) logax = 0 ⇔ x = 1
(iv) If x2 > x1 , ⇔ loga (x2) < loga (x1)

2. For f(x)= loga(x), 0 < a < 1
• loga(x) > 0 (strictly positive) if 0 < x < 1
• loga(x) < 0 (strictly negative) if x > 1
• loga(x) > 1 iff 0 < x < a
• 0 < loga(x) < 1 iff a < x < 1
• loga(x) > k ⇔ 0 < x < ak

Summary Sheet

Solve for x, if log(x2 + 3) 2 > 1

Solution:
Now x2 ≥ 0 ∀ x ∈ ℝ
⇒ x2 + 3 ≥ 3 ∀ x ∈ ℝ
∴ Base = x2 + 3 > 1 ∀ x ∈ ℝ
  logax > 1 ⇔ x > a; a > 1
∴ log(x2 + 3) 2 > 1
⇒ 2 > x2 + 3
⇒ x2 < -1
(Not possible for any x ∈ ℝ)
∴ No solution

Solution:
We have log

5
1  (x - 3) > 2

log
5
1  (x - 3) > 2, then solve for x. 

[logax > k ⇔ 0 < x < ak]0 < x - 3 < (5
1 )2 

∴ Solution set: x ∈  (3, 25
76)

3 < x < 3 + (     )2 5
1

3 < x < 3 +     

3 < x <     

25
1

25
76



Mind Map

loga x > 0 iff x > 1 loga x > 0 iff 0 < a < 1

loga x < 0 iff 0 < x < 1 loga x < 0 iff x > 1

loga x > 1, iff x > a loga x > 1, iff 0 < x < a

loga x > K, ⇔ x > ak loga x > K, ⇔ 0 < x < ak

Properties of loga x 
for a > 1

Properties of loga x 
for 0 < a < 1

Logarithmic 
function

What is 
 logarithmic  
function?

Behaviour of 
graph of  

f(x)= loga x for 
a > 1

Behaviour of 
graph of  

f(x)= logax for 
0 < a < 1

Self-Assessment

1. What values of x satisfy the following inequality?

2. What are the values satisfying the given inequality?

3. Find the values of x satisfying the following inequality.

log3 (3x + 4) > log3 (4x)

log
2
1  (x + 2) > log

4
1  (x2)

log(x2 + 2) (12 - 3x) < 1



Answers

Concept Check:
We have, log3 (2 - x) > 41.

(i)     logaN exists if N > 0

∴ 2 - x > 0
or x < 2
i.e. x ∈ (-∞, 2) = A

2

-79

-79 2

-

-

+

+

(ii)    logax > k ⇔ x > ak ; a > 1

∴ log3 (2 - x) > 4
⇒ (2 - x) > 34

⇒ 2 - x > 81 

⇒ x < -79
⇒ x ∈ (- ∞, -79) = B

∴ A ∩ B = (-∞, -79) = Solution set

(i)     logaN exists iff N > 0

2. We have logx (6 - x) > 2.

∴ 6 - x > 0
⇒ x < 6
⇒ x ∈ (-∞, 6) 

(ii)    logax exists iff a > 0 and a ≠ 1

From (i) and (ii), x∈ (0, 1) U (1, 6)
∴ x > 1 or 0 < x < 1

6

- +

∴ logx (6 - x) > 2
⇒ 6 - x > x2

⇒ x2 + x - 6 < 0
⇒ (x - 2) (x + 3) < 0

⇒ x ∈ (-3, 2)
⇒ x ∈ (1, 2)

Case I: x > 1

 logax > k iff x > ak ; a > 1

-3 2

- ++



3.

∴ logx (6 - x) > 2
⇒ 6 - x < x2

⇒ x2 + x - 6 > 0
⇒ (x - 2) (x + 3) > 0

Firstly, x > 0 ⇒ x + 1 > 0

∴ 0 < x + 1
x < 1

⇒ 0 < Base < 1

⇒ x ∈ Φ (∵ 0 < x < 1)

Case II: 0 < x < 1

∴ Case I ∪ Case II:
   (1, 2) ∪ Φ = (1, 2) 
∴ Solution set: x∈ (1, 2)

logax > k iff x < ak ; a < 1

f(x) = logax: 0 < a <  1 is a strictly decreasing function 
logax1 ≥ logax2 

 ⇒ x1 ≤ x2

-3 2

- ++

∴ log
x + 1

x  (x2) ≥ log
x + 1

x  (2x + 3)

⇒ x2 ≤ 2x + 3

⇒ x2 - 2x - 3 ≤ 0

⇒ (x - 3) (x + 1) ≤ 0

⇒ x ∈ (0, 3] = Final solution set

⇒ x = 1, 2, 3
-1 3

- ++

Self-Assessment
1. For the inequation to be valid,
   3x + 4 > 0 and 4x > 0

   ⇒ x > 3
-4  and x > 0

   ∴ x > 0 ⇒ x ∈ (0, ∞)
   ∵ Base is 3 which is > 1.

   ⇒ (3x + 4) > 4x (as loga x1 > loga x2 ⇔ x1 > x2 for a > 1)

   ⇒ 4x - 3x < 4 ⇒ x < 4

   ∴  x ∈ (-∞, 4)
   ∴ Final solution is (0, ∞) ∩ (-∞, 4) x ∈ (0, 4)

0 4



2.

3.

( )
( )

⇒ ⇒ ∈ϕ

⇒ ⇒ ⇒

⇒ ∈

∈

For x > 0; x  = x
 x +2 < x   x 

For  -2 < x < 0;  x  = -x
x +2 < -x  2x < -2   x < -1 
 x -2, -1

Solution Set : x  -2, -1

( )

( )
( )

( )( )
( ) ( ) ( )
( ) ( )

⇒ ≥∀ ∈
∀ ∈

⇒

⇒ →

⇒

⇒

⇒

∞

≥
≥

⇒ ∈ ∞ →

2

2

x +2
2 2

x +2
2

2

Given log 12- 3x  < 1

We know that x 0  x + 2   x ℝ
Therefore, base 2  x ℝ
Also 12- 3x > 0

 3x < 12
x < 4 1

Now log 12- 3x  < 1

12- 3x < x  +2
x  + 3x - 10 > 0
 x +5 x - 2  > 0

 x  - , -5 2,  2

From 1  and  2

Sol ( ) ( )∞ ution Set : - , -5 2,4

( ) ( )

( ) { } ( )

( ) ( ) ( ) ( )

( )

 
 
 

⇒ ≠ ⇒ ∈ ∞ →

⇒

⇒

2

2
1 1
2 4

2

2 2 2
1 1 11
2 2 22

1 1
2 2 

Given log x + 2  > log x

This inequation is valid only when, x + 2 > 0  & x  > 0
 x > -2 and x 0  x  -2,  - 0     1

 2Now log x + 2  > log x    log x + 2 > log x      As | x |  = x
2

 log x + 2  > log

( )⇒>⇒ a 1 a 2 1 2

x  

 x + 2 <  x        As for 0 < a  < 1; log x  log x   x  < x



We know that, the natural log is given by logex and the common log is given by log10x.
loge10 ≅ 2.303 = 2.3 

And log10e = 1
loge10

 = 0.43        [Using the change of base rule]

log10n = (logen) × (0.43)

Characteristic and Mantissa

Relation Between Natural and Common Logarithm

• Characteristic and mantissa
• Applications of characteristic and mantissa 
• Finding number of digits in an

• Logarithm
• Properties of logarithm
•  Logarithmic function 
• Properties of  logarithmic function

What you will learn What you already know

log10N, i.e. common logarithm of the valid input N > 0 always has an integral part (I) and a 
 fractional part (F). Hence, we can write: log10N = I + F, where I ∈ Z and F ∈ (0, 1). I and F are 
known as the characteristic and mantissa of log10N, respectively.

log10N Characteristic Mantissa

5.799
(5 + 0.799) 5 0.799

0.4481
(0 + 0.4481) 0 0.4481

13
(13 + 0) 13 0

-0.5
(-1 + 0.5) -1 0.5

-3.81
(-4 + 0.19) -4 0.19

FUNDAMENTALS OF MATHEMATICS
M A T H E M A T I C S

CHARACTERISTIC AND MANTISSA

N
O

TE
S



Characteristic of log10 N for N > 1

The integral part (I) can be 0 or any positive/negative integer, whereas the fractional 
part (F) is always a non-negative proper fraction, means F = 0 or 0 < F < 1.
Note: For log10 N with input n = 1, log10 1 = 0 = 0 + 0, where 0 is the characteristic I and 0 
is also the mantissa F.

Logarithm can be extremely useful to calculate the number of digits in large numbers.
A number will have precisely k digits if and only if it is in the range R = [10k - 1, 10k - 1] For instance, 
the number 4,000,000, has 7 digits and is in the range [106, 107 - 1] = [1,000,000,  9,999,999].
Given an integer an, one can determine k and the number of digits in an, by working with the  
inequality an ∈ R = [10k - 1, 10k - 1] ⇒ 10k - 1 ≤ an ≤ 10k - 1
Taking log with base 10
⇒ (k - 1) log 10 ≤ log an ≤ log (10k - 1) ⇒ k - 1 ≤ log an < k  (∵10k - 1 < 10k ⇒ log(10k - 1) < log 10k)
Here, k - 1 is nothing but the characteristic of log10an.

Number of Digits in an

log10 1 = 0
log10 101 = 1
log10 102 = 2
log10 103 = 3

So, log10 (58.34) = 1.(something) = 1 + 0.(something), where 1 is the characteristic and 
0.(something) is the mantissa. Therefore, the characteristic of log10 (58.34) is 1.

In general,
If the integral part of N contains k digits,
10k-1 ≤ N < 10k

Taking log with base 10 on both sides,
⇒ k − 1 ≤ log10 N < k
∴ Characteristic of log10 N = k − 1

101 ≤ 58.34 < 102

log10 101 ≤ log10 58.34 < log10 102

1 ≤ log10 58.34 < 2

If N = 58.34, then what is the characteristic of log10 (58.34)?

Let N = 2100

⇒ log10 N = log102100

⇒ log10 N = 100 × log102
 = 100 × 0.3010
 = 30.10 
⇒ log10 N = 30 + 0.10

Here, the characteristic is 30 and number of digits is  (characteristic + 1).
∴ Number of digits in 2100 = 30 + 1 = 31

Find the number of digits in 2100. ( log10 2 = 0.3010).



Characteristic of log10 N for 0 < N < 1

log10 1 = 0.
log10 0.1 = -1
log10 0.01 = -2
log10 0.001 = -3
log10 0.0001 = -4

So, 
log10 (0.0093) = -2.(something) = -3 + 0.(something), where -3 is the characteristic and 0. 
(something) is the mantissa. Therefore, the characteristic of log10 (0.0093) is -3.

In general
If the number of zeroes between the decimal and the first non-zero (significant) digit in ‘N’ is ‘k’, 
then the characteristic of log10 N = -(k + 1).

Another way to solve is:
N = 0.0093 = 93

10000 = 93
104 = 93

10  × 10-3 = 9.3 × 10-3

Taking log with base 10 on both sides,
log10 N = log10 (9.3 × 10-3) = log10 (10-3) + log10 (9.3)
                                         = -3 + log10 (9.3) = -3 + 0.(something)
-3 is the characteristic and 0.(something) = log10 (9.3) is the mantissa.

N = 0.0093
0. 001 ≤ 0.0093 < 0.01
10-3 ≤ 0.0093 < 10-2

log10 10-3 ≤ log10 0.0093 < log10 10-2

-3 ≤ log10 0.0093 < -2

If N = 0.0093, then what is the characteristic of log10 (0.0093)?

Solution:
(i) For inequality to be defined, the input of log |x2 - 4x| + 3

x2 + |x -5|
 > 0

    |x2 − 4x| is always ≥ 0 ⇒ |x2 − 4x| + 3 > 0
    x2 ≥ 0 and |x − 5| ≥ 0 ⇒ x2 + |x − 5| > 0
    ∴ Input |x2 - 4x| + 3

x2 + |x -5|
 is always > 0

    ⇒ x ∈ R = A

(ii) log3 (input) ≥ 0 ⇒ input ≥ 1

     ⇒ |x2 - 4x| + 3
x2 + |x - 5|

 ≥ 1

     ⇒ |x (x - 4)| + 3
x2 + |x - 5|

 ≥ 1

     ⇒ |x| |(x - 4)| + 3
x2 + |x - 5|

 ≥ 1

     ⇒ |x| |(x - 4)| + 3 ≥ x2 + |x - 5| ....................... (1)

Applications: 1. If log3 
|x2 - 4x| + 3
x2 + |x -5|

  ≥ 0, then find the range of x.

(a) − ∞, -  23  ∪ 1
2, 2    (b) (− ∞, 2]    (c) − ∞,  85    (d) R - -  23 , 1

2, 2, 8
5

0

I II III IV

4 5



Case I: x ≤ 0
 ⇒ |x| = -x
 ⇒ |x - 4| = -(x - 4)
 ⇒ |x - 5| = -(x - 5)
∴ 1) becomes:
(-x) (-(x - 4)) + 3 ≥ x2 - (x - 5)
⇒ x (x - 4) + 3 ≥ x2 - (x + 5)
⇒ x2 - 4x + 3 - x2 + x - 5 ≥ 0
⇒ -3x - 2 ≥ 0

⇒ x ≤ - 2
3   ⇒ x ∈ -∞,-  2

3  

Case III: 4 < x ≤ 5
 ⇒ |x| = x
 ⇒ |x - 4| = |x - 4| = x - 4
 ⇒ |x - 5| = -(x - 5)
∴ 1) becomes:
x(x - 4) + 3 ≥ x2 - (x - 5)
⇒ x2 - 4x + 3 - x2 + x - 5 ≥ 0
⇒ -3x - 2 ≥ 0
⇒ 3x + 2 ≤ 0

⇒ x ≤ -  23  → Not possible ∴ x ∈ Φ

Now, 
B = (Case I) U (Case II) U (Case III) U (Case IV) 

   = -∞, - 2
3    ∪ 1

2 , 2   ∪ Φ ∪ Φ

   = -∞, - 2
3    ∪ 1

2 , 2 

And, the final solution set = A ∩ B
   = R ∩ B
   = B

   = -∞, - 2
3    ∪ 1

2 , 2 

Therefore, option (a) is the solution.

Case IV: x > 5
 ⇒ |x| = x
 ⇒ |x - 4| = x - 4
 ⇒ |x - 5| = x - 5
∴ 1) becomes:
x(x - 4) + 3 ≥ x2 + x - 5
⇒ x2 - 4x + 3 ≥ x2 + x - 5
⇒ x2 - 4x + 3 - x2 - x + 5 ≥ 0 
⇒ -5x + 8 ≥ 0

⇒ x ≤ 8
5 → Not possible ∴ x ∈ Φ

Case II: 0 < x ≤ 4
 ⇒ |x| = x
 ⇒ |x - 4| = -(x - 4)
 ⇒ |x - 5| = -(x - 5)
∴ 1) becomes:
(x) (-(x - 4)) + 3 ≥ x2 - (x - 5)
⇒ -x2 + 4x + 3 - x2 + x - 5 ≥ 0
⇒ -2x2 + 5x - 2 ≥ 0
⇒ 2x2 - 5x + 2 ≤ 0
⇒ (2x - 1) (x - 2) ≤ 0

2

++ -

1
2

⇒ x ∈ 1
2, 2



Solution:
For inequality to be defined, L.H.S. and R.H.S. should exist.
R.H.S. is defined for R as it is a constant.
L.H.S. is defined when both log 3 x and log x 27 are defined.
log 3 x is defined for x > 0 and log x 27 is defined for x > 0 and x ≠ 1.
The common region where both are defined is x > 0 and x ≠ 1.

Find the solution of The solution of,  1
log2 x

 < 1
log2 √x + 2

 .

(a) (0, 1)    (b) (2, ∞)    (c) (0, 1) ∪ (2, ∞)   (d) (0, ∞) − {1, 2}

If log3 x - logx 27 < 2, then find the range of x.

(a) 1
3 , 27    (b) 1

27, 3    (c) 0, 1
3  ∪ (1, 27)    (d) (0, 1)

Solution:
For inequality to be defined, L.H.S. and R.H.S. should exist.
L.H.S. is defined when 1

log2 x
 is defined, which is defined for x > 0 and x ≠ 1.

L.H.S. is defined when 1
log2 √x + 2  is defined, when is defined for √x + 2 > 0, x + 2 > 0

 and √x + 2  ≠ 1.

Case I: x > 1
 ⇒ log2 x > 0
and x > 1 ⇒ x + 2 > 3
 ⇒ √x + 2 > 1
 ∴ log2 √x + 2 > 0
Then,

1
log2 x

 < 1
log2 √x + 2

⇒ log2 x > log2 √x + 2

⇒ x > √x + 2

⇒ x2 > x + 2

⇒ x2 - x - 2 > 0

⇒ (x - 2) (x + 1) > 0

∴ x ∈ (2, ∞)

Final solution set = (Case I) ∪ (Case II)

 = (0, 1) ∪ (2, ∞)

Hence, option (c) is the correct answer.

Case II: 0 < x < 1
 ⇒ log2 x < 0
and 2 < x + 2 < 3
 ⇒ √x + 2 > 1
 ⇒ log2 √x + 2 > 0
Then, 

1
log2 x

  <  1
log2 √x + 2

Negative

is true ∀ x ∈ (0, 1)

Positive

x II

0 1

I



Consider, 
log3x - logx27 < 2

⇒ log3x - logx33 < 2

⇒ log3x - 3 logx3 < 2

⇒ log3x - 3 1
log2 x

 < 2

⇒ (log3x)2 -3
log3 x

 < 2

Let log3x = t

⇒ (t)
2 - 3

t  < 2

⇒ (t)
2 - 3

t  - 2 < 0

⇒ 
(t)2 - 3 - 2t

t  < 0

⇒ t2 - 2t - 3
t  < 0

⇒ (t - 3) (t + 1)
t  < 0

⇒ log3x < - 1 or 0 < log3x < 3

⇒ 0 < x < 1
3  or 1 < x < 33

∴ x ∈ 0, 
1
3    ∪ (1, 27)

Therefore, option (c) is the correct answer.

⇒ t ∈ (-∞, -1) ∪ (0, 3)

-1 0 3

++- -

If (log2x 2) (logx 2) (log2 4x) > 1. then find the range of x.

(a) (1, 2√2)   (b) (1, ∞) - {2√2}   (c) 2-√2, 1
2  ∪ (1, 2√2)    (d) (0, 2√2)

Solution:
We have, (log2x 2) (logx 2) (log2 4x) > 1

Clearly, x > 0 & x ≠ 1, 1
2

Then, (log2x 2) (logx 2) (log2 4x) > 1

  1
log2 2x

    1
log2 x

 

  1
log2 2x

     1
log2 x

   (log2 4x) > 1



⇒ log2(4 . x)
(log2 2x) (log2 x)

 > 1

⇒ (log24 + log2x)
(log2 2 + log2 x) (log2 x) 

 > 1

Let log2x = t

⇒ (2 + t)
(1 + t) (t) > 1

⇒ 2 + t
t2 + t  -1 > 0

⇒ t2 - 2
t(t + 1)  < 0

⇒ (t + √2) (t - √2)
t(t + 1)

 < 0

-√2 < log2x < -1 or 0 < log2x< √2

2-√2 < x < 1
2  or 1 < x < 2 √2

∴ x ∈ 2-√2, 1
2    ∪ (1, 2√2)

Hence, option (c) is the correct answer.

⇒ t ∈ (-√2, -1) ∪ (0, √2)

-1√2 √20

+ + +--

-

2-√2

-√2
-1
0 1

1
2

log2x

Summary Sheet

Key Takeaways

Key Results

• log10 N = I + F, where I ∈ Z and F ∈ [0, 1). I and F are known as characteristic and mantissa, 
respectively.

• If the integral part of N (for n > 1) contains k digits, characteristic of log10 N = k − 1.
• If the number of zeroes between the decimal and the first non-zero (significant) digit in ‘N’  

(for 0 < N < 1) is ‘k’, then the characteristic of log10 N = − (k + 1).

• log10 n = (loge n) × (0.43)
• The fractional part (F) of log of a number is always a non-negative proper fraction, means  

F = 0 or 0 < F < 1
• If characteristic of log10 N = k, then, the number of digits in N = k + 1.



Mind Map

Relation between 
natural and  
common log

What is the 
characteristic and 

mantissa?

Characteristic and 
mantissa

Number of 
digits in an

characteristic of 
logn10 for n > 1

Characteristic of 
logn10 for 0 < n < 1

Self-Assessment

1. If log 2 = 0.3010, then find the characteristic and mantissa of log400.

2. Find the characteristic of 0.000943. 

3. Find the total number of digits in 18100. Given, log 2 = 0.3010 and log 3 = 0.4771

Applications 
of log



Answers

1. log 400 = log (4 × 100) = log 4 + log 100
 = log 22 + log 102 = 2log 2 + 2 log 10
 = 2 × 0. 3010 + 2× 1 = 0.6020 + 2
 = 2.6020

   ∴ Characteristic = 2 and mantissa = 0.6020
   Characteristic = k - 1, where k is the number of digits in ‘n’.
   Here, n = 400 k = 3
   ∴ Characteristic = k - 1 = 3 - 1 = 2
2. n = 0.000943
     ⇒ 0 < n < 1
     ∴ k = number of zeroes between decimal and first non-zero digit = 3
     ∴ Characteristic = -(k + 1)
     = -(3 + 1) = -4
3. n = 18100

    Taking log on both sides,
    log n = log (18100)
 = 100 × log 18
 = 100 × log (2 × 32)
 = 100 × [log 2 + 2log 3]
 = 100 × [0.3010 + 2 × 0.4771]
 = 100 × [0.3010 + 0.9542]
 = 100 × 1.2552 = 125.52
     ∴ Characteristic = 125 
    Number of digits in 18100 = characteristic + 1 
                = 125 + 1 = 126

Self-Assessment
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