Binomial Theorem

Binomial Theorem
INTRODUCTION TO BINOMIAL THEOREM Section -1
1.1 Properties of "C,
() "C,="C,=1 (i) "C,="C,_;=n
(i) "C.="C,_, (ivy "C,+"C,_,="*C,
(vy) r"C,=n""1C,_, (viy r(@-1)"C,=n(n-1)"-2C,_,
n
. C, n-r+l1
(vi)  — =T
r-1
1.2 Binomial Theorem : (Positive Integral Exponent)
The following formula which expands (x + y)" in powers of x and y is known as the Binomial Theorem.
(A) (X+y)n:nco X" y0+ nC1 Xn—ly _|_nC2 Xn—2y2+ ..... +nCn x0 yn
0 n n-r . r
or (x+y)" = 2 "G X"y
r=0
In this formula, n is a positive integer, x and y are real or complex numbers and
|
n r= n , r=0,1,2,3, e , h are binomial coefficients
rt(n—r)!
(B) By replacing y by -y, we can also find expansion of (x—y)"
ie. (X _ y)n = nCO X" y0 _ nC1 XN - ly + nC2 XN - 2y2 - + (_1)n nCn XO yn
n
o (x=y)"= > (D" C X"y
r=0
1.3 Some important observations in Binomial Theorem

() The expansion of (x + y)" can also be taken as identity in “x” and ‘y’.
(i) The number of terms in the expansion are n + 1.
(i) The expansion contains decreasing powers of x and increasing powers of y. The sum of the powers of

xandy in each term s equal to n.
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Binomial Theorem

(iv)

(v)
(vi)

(vi)

(vii)

(L+X)"="Cu+"Cx+"C X2+ "Cyx3+. .. .. +MC X"+ ..
4 n r
ie. (1+x)”:z Cr x
r=0
Puty=1in1.2 (A) we get,
(X+1)"="Cyx"+"CxX" L+ C, X 2L +1C, X"+
4 n n-r
e, (x+1)n= 2 "Crx
r=0
(vill) Putx=1andy=-xin 1.2 (A) we get,
(1-X)"="Cy+"Cx+"C, x2="Cy 3+ ... .. +(-1)'"C, x" +

(ix)
)

(xi)

The binomial coefficients : "Cy, "C,, "C,, .oovvrinnnn. equidistant from beginning and end are equal
1.e. "C,="C,_,.
The corresponding terms in the expansion of (x +y)"and (x — y)" are numerically equal.

The terms in the expansion of (x — y)" are alternately positive and negative. The last term in the
p

expansion is positive or negative accordingly as n iseven or odd integer.
Putx=1andy=xin1.2 (A) we get,

n
e, (1-x"= ZO(—l)r "Cy X!
r=

The coefficient of x" in the expansion of (1 + x)" is "C,

If we have,
X+Y)"+(X=y)"=2["Cyx"y0+C, x"2y2+ ... ]

Now, the number of terms in (X + y)" + (x—y)" is

. . n+1
(A)  If‘n’isodd then number oftermsis ——

2
n
(B) If ‘n” is even then number of terms is 5 +1,
If we have
X+Y)" = (x=y)" =2 ["Cox" Tyt +NCx" 3R L ]

z

.. +1C, x°

(=D nC, X



(xii)

1.4

1.5

Now, the number of terms in (X + y)" — (x—=y)"is

(A) If‘n’isodd, then the number of terms is nT+1

(B) If‘n’iseven, then the number of terms is g

Sometimes "C, is written as C,.

General Term

The general termin the expansion is (r + 1) term. It is represented as T, ;.

In the expansion (x +y)", T, ="C x" "y
In the expansion (x—y)", Tre1=CEDC X"y
The binomial expansions of (x +y)"and (x —y)" can also be represented as
n n
> MC x" T y"and D (-1)" "C, x" "y respectively.
r=0 r=0
(1) Inbinomial expansion s (1 + x)" we have,
T,,1="C X
(i) Inbinomial expansion of (1 —x)", we have
Tr +17 (_1)r nCr X!

Middle Term
The middle term in the expansion depends upon the value of n.

Binomial Theorem

If nis even, then total number of terms in the expansion is odd. So there is only one middle term

th
. n . ]
ie. (E + 1) term is the middle term.

If nis odd, then total number of terms in the expansion is even. So there are two middle terms

th
. n+1 .
ie. (%) term and the next are two middle terms.
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Binomial Theorem

Hlustration - 1 If 15C, : 15C,_, = 11:5, find r.

SOLUTION :
15C,:5C,_,=11:5

15! (r-)1@a5-(r-1) 11
= X = —
r1(15-r)! 15! 5

(r—l)!(l6—r)!=E

(r-D!'@6-r)@s5-r!_ 11
r(r-!a5-r)! 5

= (16-r)x5=11(r)

(as-n! 5 = r=5
[llustration - 2 Show that nCr + nCr—l —n+ 1Cr'
SOLUTION :
Consier L.H.S. : "C,+"C,_,
n! n! (n+H@nyh) _  (+D!

rt(in— r)!Jr (r=D!'(n-r+1)!

nin=-r+)+r(nl) _nl(n-r+l+r)
T ori(n=r+D!  rli(n-r+1)!

T ri(n—r+1D! rt(n+1-r)!

=n*1C =RH.S.

UCEELBIEEERY (i) Find the 7th term in the expansion of
-3
5 2x/)°

1\

(ii) Find the coefficient of x” in (ax2+&j .

SOLUTION :

9

4x 5

i Inth ansionof | — —— | .
0] nthe exp (5 ij

The generaltermsis T, , ;
(33
= Cr — - .
5 2X
:

For 7thterm (T;), Put r =6.

9-6 6
9 4x 5
= BTt C6(5j (_ j

T_9x8x7(ijgxg[_§j6i
= 773 s 2) 46



Binomial Theorem

9x8x7_3 1 For terminvolving x7, 22— 3r=7
= T;= I 5 3 _
3! X = r=5
Hence Ts, ; or the 6th term will contain x.
10500 ;
= 7= 3 — 11 2y11-5 ( 1 j
X Te="Cs (a —
6 5 (@x%) bx
1\ 6 6
(i) In (ax2 +—j general termis _11x10x9x8x7 a7 _ 462a" 7
T.,,=4C, (@) - (1/bx) )6
T,,,=UHC all-rprx22-3r Hence the coefficient of x” is 5
[llustration - 4
3x° 1
Find the term independent of x in | — — — | .
2 3x
SOLUTION :
2 9-r X
Tooq= 9(;r [%} (_ Sij Hence T;, , or 7th term is independent of x.
X -3
Ty = %5 (-2
39-2r 23
_ 9Cr (_1)r X18 -3r
= SO
22! Ox8x7 1 7
For term independent of x, 18 -3r=0 = 31 27x8 18"
= r=6
LESLECOEEENY Find the coefficient of xX in the expansion of (2x? + x — 3)°.
SOLUTION :
(2x% + x — 3)8 = (x — 1)6 (2x + 3)° Term containing x'* in the product
Term containing X' in (2x% + x — 3)® (x=1)° (2x + 3)°

(x-1)°=°C,x¢-5C, x° =[6C0 XG] [601 (2%)° 3] _[601 XS]
+6C, X4 = 5Cy X+
(2x + 3)° = °C, (2x)° + 6C, (2x)° 3 [ 6Co(20)° ]

6 4 92
+ CZ (2X) 3+ ... =32 (18 Xj_j_) -6 ( 64) Xll =192 Xll

The coefficient of x1! is 192.
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UCEECUCION Find the coefficient of x3 in the expansion (1 + x + x2)1 .

SOLUTION :
L+x+x)"=[1+x(1+x)] :2n(n—1)+n(n—1)(n—2)
="Cy+"Cy X (1 +X) 2 3!

+ "C,x2 (L+X)2+. ..

_nan-d (”6‘1) [6+n-2]
Coefficient of x3="C, [coeff of xin
(1+ x)4 +"C,[coeffof x%in (1 +x)3] _n(n-(n+4)

=1C, (2) +"C; (1) °

Illustration - 7

2

-5
The coefficient of x?° in the expansion of (1+ x?)*°. (Xz +2+ LJ is :
X

(A) 3°Cy, (B) 3°C, ©) 1 (D) None of these
SOLUTION : (B)

-10
: 1
Expression = (1 + x%)40 . (x + ;j = (1 +x3)%0 . x10

The coefficient of x2% in x10 (1 + x?)%

= the coefficient of x° in (1 + x?)* [By using coefficient of X" in (1 + x?)"is "C, ,]
= SOC5 = 30C25.
[llustration - 8 h .- 6 - 6 7 15Y iw ©
e coefficientof X in {(L1 +x)°+(L+x)"+....+ (1 +x)"}is:
(A) 6C, (B) C.- ¢C (C) ¥Cc,-1 (D) None of these

SOUTION :
Given expression is G.P. with first term (1 + x)® and common ratio (1 + X).

@+x° - @+ %%
1-(1-x)

Expression =

@+ x)0 — @+ x)°®
X

i.,e. sumofl0termofG.P.=

the required coefficient
= the coefficient of x” in {(1 + x)6 — (1 + x)®}

= 16C7 = 16C9
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USRI The coefficient of x!2 in the expansion of (1 — x)5 (1 + x + x2 +

(A) 4 (B) -4 C) 0
SOLUTION : (A)
The given expression is (1 —x)° (1 + x)* (1 + x2)*
=1L+ (1-0=1-x)* (1-x)
Coeff. of X in {(1 —x) (1 - 4x* + 6x8 — 4x12 + x16)} = 4.

x3)4is

(D) None of these

UPETENNERI The coefficient of x4 in the expansion of (1 + X + X2 + x¥)is :
A "C, (B) "C,+"C, (O "C, +"CL+"Cy="Cy ©)

SOLUTION : (D)
The given expression is G.P. with first term 1 and the common ratio x
(L+x+x2+x3)" = ((1+x) (1+x3))"
= (1+X)" (1 +x)"

=("Cy + "Cix + "Cx2 + "Cox3 + "Cyx* +. .. ) x ("Cy + "Cx% + "Cx* +

COEff. Of X4: nCo ' nC2 + nC2 ' ncl + nC4 ' nCo
= nC2 + ncl ) nC2 + nC4.

"Cp+"Cy+1Cy - TG,

o)

Illustration - 11

8
If the 6th term in the expansion of (L + x2 log10 xj is 5600, find the value of x.

X2 (l0g, X)° = 102 (log,, 10)°

NIE
SOLUTION :
Wehave T, =5600 = x2(log,,x)° = 100
— T.,,=5600 — X (logy,X)° = 102
S (o (%}8 5 (X2 log,, X)° = 5600 -
X = x=10.

= 56 x? (log,,X)° = 5600
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TS EiBR Y Find the number of terms in the expansions of the following :

(i) (2x-3y)° (i) Wx+Jy)0 +x =yt (i) (2x + 3y - 4z)"

(V) [Bx+y)P°=Ex=y)1 (v)  (1+2x+x)®

SOLUTION :
(i)  The expansion of (x + a)" has (n + 1) terms. So, the expansion of (2x — 3y)® has 10 terms.

n
(i) Ifniseven, then the expansion of {(x + a)" + (x—a)"} has (E + lj terms. So,

(VX + )10 + (Vx = Jy)1O has 6 terms.
(i) We have, (2x + 3y — 4z)" = {2x + (3y — 42)}"
=1C, (2x)" 3y —42)°+"C, (2x)" "1 (3y—42)} + "C, (2x)" "2 (3y - 42)* + . ..
+"C._, (20 (By-4z)"~1+1C_ (3y - 42)"

Clearly, the first term in the above expansion gives one term, second term gives two terms, third term
gives three terms and so on.

(n+1) (n+2)

So, Total number ofterms=1+2+3+...+n+(n+1) = >
(iv) Ifniseven, then {(x + a)" — (x — a)"} has g terms. So, (3x +Y)® - (3x — y)® has 4 terms.

(v)  We have (1 +2x + x?)?° = [(1 + x)?]?° = (1 + x)*.

So, there are 41 terms in the expansion of (1 + 2x + x%)%°.

[llustration - 13 ) . .
The number of non-zero terms in the expansion of (1 + 3J§X)9 +(1- 3J§X)9 IS :

(A) 9 (B) 0 (C) 5 (D) 10

SOLUTION : (C)
The given expression

= 2[1+ °C, (3v2x)? + ¢, (3v2x)* + %Cq (3v2x)8 + % (32 x)8]
[i.e. all the terms which contains odd power of x will be cancel out]
The number of non-zero terms is 5.

:
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[llustration - 14 6 6
In the expansion of (x+ Ix2 _1) +(x _ 2 _1) , the number of terms is :

A 7 (B) 14 (C) 6 (D) 4
SOLUTION : (D)
On expansion and simplification,
expression = 2 {8C, x® + °C, x* (x2 — 1) + °C, x® (x> - 1)? + °C, (x> - 1)}
=2 {(®C, +°C, +5C, +°C,) x® + (- °C, - 5C, - 8C, x 2 - ®C x 3) x* + (°C, + 5C, x 3) x> - 6C}.
Aliter :

n
As number of termsin (x +y)" + (x—y)"is (E + 1} ,ifniseven.

. number oftermin,

(x+m)6 +(x— G —1)6 is(g+lj=4_

Thus number of terms = 4.

Illustration - 15

n
1
The middle term in the expansion of (Xz t—+ 2} IS
X

n! 2n! 1.3.5....(2n+1) ., (2n)!
— —= . ©

[(n/2)1? & [(n/2)1? & n! 2 ®) (nh?
SOLUTION : (D)

132 n 120
The given expression = (X+;J =(X+;J :

(A)

fon+1)+1

The number of terms = 2n + 1, which is odd. The middle term = 5 - thi1.
_2ng X2n—n(£Jn_ (2n)!
= n =
X (m)!(n)!
~1.2.3.45.6....(2n-1).2n
B (n)!(n)!
_[.3.5...(2n-D]2"[1.2.3...n] _1.35..@2n-1)
- (M11.2.3...n] - (n)! '

;
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Illustration - 16

-
3
Find the middle terms in the expansion of (Sx —%j .

SOLUTION :

.
3
The given expression = [Sx - %j .Here n =7, which is an odd number.

7+1\" 741 M
So, (Tj and (T + l) ie. 4th and 5th terms are two middle terms.

7 7-3[ % i 37 4 X i
Now, T, = T3, ;= "C3(3x)" ™ ry =(-1” "C3(3%) r

9 13
= _35xglxtx - 105X
216 8
3\4 34
- =7 7-4| X 7 3l X
and Ts=T,.,='C, (3x) [— ?j ="C4 (3x) [—?j
12 15
= 355273 x X 30X
1296 48
13 15
Hence, the middle terms are — 105x and 35x )
8 48
Illustration - 17

Show that the middle term in the expansion of (1 + x)2" is 1-3-5.. .|(2n RIS
n

SOLUTION :
The given expression = (1 +x)?". Here, the index 2n is even.

th
2 . . .
So, (%‘ + lj i.e. (n+ 1)" term is the middle term.

Hence, the middle term =T, ; =2"C, (1)>"~" x"

_ e Xn:ﬂxn=1-2-3,-4-5-6...(2n—3)(2n—2)(2n—1)(2n)Xn
" (2n—n)!n! nin!
_{1:3:5...(2n-3) (20 -D}{2:4-6...(2n - 2) 2n)}

- n'n!

{1-3:-5...(2n-3) (2n-D)}{1-2-3...(n 1) (n)} 2" o
- nin!

o T
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{1-3:5...2n=-3)(2n-D}n!- 2" . X" _1:35...(2n-1) ,n .n

n'n! n!

Find the relation between r and n so that coefficient of 3r" and (r + 2)" terms of (1 + x)*"
are equal.
SOLUTION :
In(1+x)", T, =2C. X
Tar = 2"Cqr_y X1

—2n r+1
Tr+2_ Cr+1X

If the coefficients are equal then *"C,, _, =2"C, . ;

There are two possibilities

Case1: Case 2:

r—-1=r+1 MC,,_,=2C,,
= r=1 = Cy_1=""Cor_ (41
= T3 =Tzand T, ,=T; = 3r=1=2n-(r+1)

r=n/2

U
U

T, and T, , , are same terms.

UCBIERNEREY  If a,, a,, a;, and a, are the coefficients of any four consecutive terms in the

a az 2 as

1
1 + n + =
expansion of (1 + x)", prove that ata, az+a; a tag’

SOLUTION :
Let a, = coefficient of T, , ="Cr
= ="Cry 8="Criy 8="Cilg
=] nCr nCr _r+ 1

T a+a, nC.gn T+l T+l
1792 Cr+Cria Cri1

as nCr+2 nCr+2 r+3
and +n n Tl -
agtds "Cryo+ Crug Cryg N1
LHS. = a ag =r+1+r+3=2(r+2)
a+a ag+ay N+l n+1 n+1
2a 2Cr 41 2"C 2(r+2
RH.S, =—2 el _ el 20042 e RHS. = LH.S.

- T n “n+1
G+ta8 "Crip+ Crya "TCH, n+1

ATV
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1.6 Greatest Term

To find the numerically greatest term in the expansion of (1+ x)n :

x(n +1)

()  Calcualate m = ‘
X+1

(i) Ifmisaninteger, then Ty, and Tp, .1 are equal and both are greatest terms.

(i) Ifmis not an integer, then T[m] +1 Isthe greatest term, where [m] is the integral part of m.

Some observations :

(@)  Numerically the greatest term in the expansion of (1 x)” . X >0, n e N is the same as the greatest

termin (1+ x)n'

(b)  To find greatest term in the expansion of (x + y)” ,writeit as x" (1+ y/ x)” and then find greatest

termin (1+ y/ x)n :

[llustration - 20 . . ) .
_The greatest term (nemerically) in the expansion of (2 + 3x)°, when x = 3/2, is :

Xl X3
5x 3t (5)531

(A) 5 5

SOLUTION : (C)

We have,
9 9
(2+3x)9=29(1+3—xj =29£1+9J
2 4
(As x=§J
2
9
| x(+D)| (4j(9+1)
e+ | (9j+1
4

W i

7><313
2

© (D) None of these

_%
13

The greatest term in the expansion is

= 6E # integer
13

Te1=Tee1=To

Hence the greatest term=2°. T,

6
9 9 9~ (9
:2 'T6+1=2 ' CG(ZJ

9 9, [0) _p0 9:8:7 32 7x3¥
= 3 - 12~
4 123 2 2
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lllustration - 21 The greatest term (numerically) in the expansion of (3 —

(A) 55x 39 (B)  46x3° (C) 55x 3 (D)

SOLUTION : (A)

We have,

11 11
(3-5x)tt=3" (1— S—ZXJ =31 (1— %}

o=

_Ix|(n+1)
(1x]+1)

)

= la1+1)

Fi
3

The greatest terms in the expansionare T;and T,
. Greatest term (whenr=2)=31|T,, |

] 2
3

and greatest term (whenr=3) =3 |T,,, |

3
11C3 1 _qlt :I.l.:|.0.9>< 1
3 1.2.3 27

=55x 3°
From above we see that the values of both greatest terms are equal.

(4

11.10 1
——

=3 =31 ~|=55x3°
12 9

_ 4ll

1.7 Greatest Coefficient

(i) Whenniseven, greatest coefficient= "C,, .
2

(i) Whennis odd, greatest coefficient= "C,, _; or ”C,il

2 2

5x)1, when x = 1/5 is :

None of these

(Note : both of them are equal)

ATV
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" SERIES INVOLVING BINOMIAL COEFFICIENTS & THEIR PROPERTIES ~ Section -2
n n
2.1 (A) C0+C1+C2+C3+ ....... +Cn:2n or zo Cr:2 [Cr:ncr]
r =
Proof:

n
n
LHS= 2. 'Cr =Cy+C,+Cy# Cyt ... +C
r=0

Now, (L+X)"=Cy+Cxx+Cyx?+...+C x"
Puting x=1,weget: (1+1)"=Cy+C,(1)+C,(1)?+...+C, ()"
= Cy+C,+C,+Cy+...+4C,=2"=RHS. Hence proved.

= Sum of binomial coefficients in expansion (1 + x)"is 2".
n
(B) 1C,+2C,+3C,+..... +nC,=n- 20! o >r"c,=n2""1
r=1
Proof:
LHS = Z FCr =(1)C,+(2) C,+ (3) Ca+...+(N) C,
L n-1
— > rC Zn( Cr-1) [usingr"C,=n""1C,_,]
r=1 r=1
= n[”‘1CO+ Nl 4+ ”‘1Cn_1}
=n(1+1)"1? [In2.1(A), replace n by n 1]
=n2"-1=RHS. Hence proved.

« Calculus Method : Note that it involves knowledge of Calculus, you can leave this now and do it
later after finish Calculus.

GivenseriesisC;+2C,+3C;+...+nC, [Here last term of the seriesisn - "C]
Consider Binomial identity,

Differentiating both sides w.r.t. x, we get :
n(l+x)""1=0+C;-1+C,-2x+...+C_ - nx""1

The above expression is an identity so, putting x =1, we get :
n-2"-1=C;+2.-C,+3-Cy+...+n-C,

T iz N
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n
n~ _ n-1
er- Cr=n"2""" Hence proved.

r=

(C) 12C,+22C,+32C+..... +n2C,=n(n+1)2"-?

n
or > r?.co=n(n+y2"?
r=1
Proof :
n

2
LHS = Y r2 ¢, :Zl(r -r+r)C,
r =

n n
= > r(r-DC+ > rc,
r=1

r=1

n

n
) -1
2 n(=0""C o+ > 0" Ch 1 [Using r°C, =n " 1C, ]
r=1 r=1

n n
nin-1) > ""%c,_,+nd> ",y
r=2 r=1

[Infirst » |, r=1isrejected as it makes expression meaningless]
n(n-1)2"-2+n2"-1 [Replacenbyn-2andn-1in2.1(A)]
=n(n+1)2"-2

#+ Calculus Method : Note that it involves knowledge of Calculus, you can leave this now and do it
later after finish Calculus.

Given seriesis 12- C; +22- C,+3%- Cy+...... +n%.C

Given, (L+X)"=Cy+Cx+Cox®+Cyx3+...... +C, X"

Differentiating both sides w.r.t. x, we get :
NL+x)""1=C +C,-2x+Cy -3+ ...... +C, -

Multiplying both sides by x, we get :
NXx(1+x)""1-x=Cx+C, 2x2+Cy - 3x3+...+C, - nx"

Differentiating both sides w.r.t. x, we get :
Nl - L+X)""1+x(n=-2)Q+x)"2-1])=C, +C, 2%+ Cy-32x2+..... +C,-n2xn-1

i
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The above expression is an identity so putting x =1, we get :

n"-t+(M-1)2""?=C, +22-C,+3>-Cy+..... +n®. C,
n2""2Q2+n-1)=n(n+1)2""2=C; +22.C,+3%- Cy+..... +n2.C,
L rn
2.2 A) Co_C1+ CZ—C3+ ....... + (=1)" Cn =0 or ZO(_]-) Cr =0 [Cr — nCr]
r=

Proof:
Wehave, (1+x)"=Cy+Cx+C,x*+...+C, X"

The above expression is an identity so, putting x =—1, we get :
n

rn
0=Cy=C,+Cy=Cy+... +(-1)C, or ZO(—l) Cr =0
r=
4 r n
(B) 1C,—2C,+3C,—..... +(1)"nc,=0 o 2. (-)'r-"c =0
r=1

The proof of this result is similar to the proof of the result 2.1(B). You should replace x =-1
instead of x =1 just before the last step.

n
(@) 12C,-22C,+32Cy—..... +(-1)"n?C,=0 or > ()" ré.c =0
r=1

The proof of this result is similar to the proof of the result 2.1(C). You should replace x =-1
instead of x =1 just before the last step.

lllustration - 22 &k Cy Ci, C,, . ... C, denote the coefficients in the binomial expansion of (1 + x)", prove
that:

(i) Cu+2C,+3C,+...+(n+1)C,=(n+2)-2""1,
(i) Cy+3C;+5C,+...+(2n+1)C,=(n+1) 2"

SOLUTION :
() First Method : We will apply formulae given in section 2.1 to find this summation of series.
We have :

Co+2:C,+3-Cy+...+(n+1)C,

n n
- > (r+n"c Y (r-"c+Cy)
r=0 r=0

S iz



Binomial Theorem

n n
n n
:zr' Cr"‘z Cr :n.2n—1+2n:(n+2).2n—1
r=0 r=0

[Using 2.1 (A)and 2.1 (B)]

# Calculus Method : Note that it involves knowledge of Calculus, you can leave this now and do it
later after finish Calculus.

GivenseriesisCy,+2-C;+3-C,+...+(n+1)C,
[Here last term of the seriesis (n+ 1) - "C ]
According to question,
(L+x)"=Cy+Cx+Cx2+...+C, - X
Multiplying both sides by x, we get :
X(L+X)"=Cox+Cx2+Cpx3+ ... +C x"*1
Diff. both sides w.r. to x, we get :
1-(L+X)"+x-n(1+x)""1=Cy+C,-2x+C,-3®+...+C, - (n+ 1) x"
The above expression is an identity so, putting x =1, we get :
Co+2-C,+3:Co+...+(n+1)C =2"+1-n-2""1=2"-"1(n+2)

(i) First Method : We will apply formulae given in section 2.1 to find this summation of series.
We have :

Co+3C,+5C,+...+(2n+1)C,

n n
Y @r+)"c, - Y (2r-"cp +"Cy)

n n
2> r-"co+ > "c,
r=0 r=0

=2n-2""1+2"=(n+ 1)2"

# Calculus Method : Note that it involves knowledge of Calculus, you can leave this now and do it
later after finish Calculus.

GivenseriesisCy+3-C;+5:-C,+...+(2n+ 1) C,

[Here last term of the seriesis (2n+ 1) - "C,]
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According to question, (1 +x)"=C,+Cx+Cx2+...+C, X"

Putting x? in place of x, we get : (1 + x?)"=Cy+ C;x2+ C,x*+ ...+ C x*"

Multiplying both sides by x, we get : X (1 + x?)"=Cyx + C, X3+ C,xX°+ .. .+ C x*1

Diff. both sidesw.r. tox, we get: 1- (1 +x3)"+x - n (1 +x%)"~12x
=Cy+C;-3x*+C,-5x*+...+C, - (2n+ 1) x*

The above expression is an identity so, putting x =1, we get :

Co+3:C,+5:Cy+...+(2n+1)C,=2"+n2"-1. 2= 21 + n)

Note : Itisadvisable to use formula method instead of calculus method as formula method takes less time to apply.

UEBIEHIEEY If C,, C,, C,, . . . . C, denote the coefficients in the binomial expansion of (1 + x)", prove
that: 13- C, +2%. C,+ 3% C,+...+n3. C,=n2 (n+3) 202,

SOLUTION :
We have :
13.C+22-C,+3 - Cy+...+n% - C,=n?(n+3)2""3

n
= zr3_ncr

r=1

3 a2 2
(r°=3r° +2r+3r°-2r) "C,

M:

1

_‘
Il

i [r(r=0)(r-2)+3r(r-1)+r]"c,
=1

-

>

n n
r(r-0(r-2)"C,+ > 3r(r-0"c,+ > r-"C
1 r=1 r=1

_‘
Il

n n n
2 r(r=-)(@r-2)"c,+3> r(r-n"c,+ > r-"c
r=3 r=2 r=1

n n n
=n(-)(n-2) Y "3¢C,_z+3n(n-1) Y "2C, o+ D r ",
r=3 r=2 r=1

[Byusing: r"C,=n""1C,_,]
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=n(n-1)(n-2)A+1)"3*+3-n(n-1)(1+1)"2+n-2""1
=[(n-1)(n-2)+6(n-1)+4]-n-2""3=n(n?+3n) 2"-3
=n?(n+3)2"-3

Note:

We have applied formula given in Section 2.1 to solve this problem. Had we used calculus method to solved
this problem, it would have taken much more time to solve.

UESTENTEEY 1f C,, C,, C,, . . . . C, denote the coefficients in the binomial expansion of (1 + x)", prove
that:

(i) a-(@-1)C;+@-2)C,-(@a-3)C;+...+(-1)"(@a-n)C,=0
(i) aCyj—(a+d)C;+(@a+2d)C,-(a+3d)Cy+...+(-1)"(a+nd)C,=0
SOLUTION :
()  Wehave:
a-(@a-1)C,+(@-2)C,-(a-3)Cy+...+(-1)"(a-n)C,

n

2. () @@-n'c

r=0

n n
aY (" "c,-> - r"c,
r=0 r=0
le. =0+0 [By using 2.2 (A) and 2.2 (B)]

(i) Wehave:
aCy—-(a+d)C;+(a+2d)C,—(a+3d)Cy+...+(-1)"(a+nd)C,

= i (-D)" (a+rd)C,
r=0

= i D" (@+rd) "C,
r=0

n

=ay (-)" "¢, +d i D" "c (n
r r=0

=0

le. =0+0 [By using 2.2 (A) and 2.2 (B)]
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+*
SERIES INVOLVING PRODUCT OF TWO BINOMIAL COEFFICIENTS Section - 3

n

2 _2n
31 (A cf+Cf+Ci+...c2=2c, o rgocr‘ Cn

Working Rule :

1. Identify the two series which we want to multiply. Express one of them as increasing power of x and
other interms of decreasing power of x.

2. Multiply them and decide the appropriate power of ‘x” which has to be compared on both sides.
3. Find the coefficient of the corresponding termin LHS.

Proof :

n
> c? =c+cf+Cci+Cé+...Ch
r=0

CO'CO +C]_'C1+C2'C2 +C3'C3+...+Cn'Cn

Consider the identities

L+x)"=Cy+C x+Cyx, +Cyx5+...+C X, ()
X+1)"=Cyx"+ C X"+ Cyx" "2+ Cyx" 3.+ C, ()
Multiply these identities we get another identities
(L+X)"(x+1)"=(Cy+ Cy x+Cox?+ ........ +C X" x (Cox"+ C x"" 1+ C,x" "2+ ... +C.)
(L+X)2=(Cy+Cyx+Cyx2+ ........ +C XM x (Cox"+ C X" "1+ Cyx" "2+ ... +C,)

Compare coefficients of x" on both sides.
In LHS, coeff. of x" = coeff. of x"in (1 + x)2"=2"C,
InRHS., terms containing X" are

C X"+ C2 X"+ C2 X"+ ..o +C,2 x"
=  Coeff. of X"ONRHS =C 2+ C2+ C,2 + ........... +C,?
Equating the coefficients,

Cl2+C2+Cl+ ... C2 =2C, Hence proved.

n
2 _ . 2n-1
(B) 1-(‘,12+2-C22+3.C32+_.”+ncr%=nZn—lcn_l or zlr.cr_n_ Cn—l
r=

n
2
= erCr =1.c2+2.C3+3.C2+....+nC2
r

o I
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Now consider those identities which contain all these coefficient,
ie. n(l+x)""1=1.C,+2C,x+3-Cyx®+....+nC, x""1

X+1)"=CoX"+C;x""1+C,x""2+....+C,

Multiplying these identities we get another identities :
e, n@+x)"t(x+1)"

=(1 C+2C,x+3-Cax2+....+"C,x""Hx (Cox"+C; x""1+ ....+C)
=n (L+x)2-1
=(1 C+2C,x+3-Cax®+....+"C,x""Hx (Cox"+C; x""1+ ....+C)

Compare coefficient of X"~ on both sides.

In LHS, coefficient of x" -1 = coefficient of x"~Yinn - (L +x)*"~1=n.2"-IC ..

InRHS term containing x"~tare1. ¢ x" "1+ 2.¢c3 x" " 1+3.c2 x" "ty 4+n.c2x"1
= Coefficient of X"~ onRHS=1.C? +2-CZ +3-CZ +....+nC?

Equating the coefficients

= 1-C12 +2-C22 +3-C§ +....+nC§ =n 2n—1Cn_1 Hence proved.

(C) 12.c2+22.C5+3%.C3+...+n%.C2=n?2""2c,

n
2 ~2 22n-2
r=1

n
:rglrzcrz =12.c2+22.c2+38.C2+....4n2C2
=1-C;-1-C;+2:C,-2:-C,+3:C3:3:C4+....+nC,-n-C,
Now consider those identities which contain all these coefficient,
ie. n(l+x)""1=1.C,+2C,x+3-Cyx?+....+"'C x""!
nx+1)""1=C x""1+2.C,x""2+ 3. Cyx" 2+ ....+n:C,
Multiplying these identities we get another identities :
e, n2Q+x)"tx+)"I=(1-C+2C,x+3-Cyx2+....+C x""1

X (Cyx""1+2.Cox""2+ 3.Cox" 3+ ....+n-C)
N2(L1+x)""2=(1-C,+2C,x+3-Cyx2+....+"C x""1)
X (Cyx""1+2.Cyx""2+ 3.Cyx""3+....+n-C)
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Compare coefficient of X"~ on both sides.

In LHS, coefficient of x"~1 = coefficient of x"~tinn?- (1 + x)*"~2=n?. 212C__,.

In RHS term containing x"~*are 12. 2 x" "1+ 22. ¢ x" "1 +32.cZ x" 14+ ... 4+n?.c2 x" !
= Coefficient of x""YonRHS =12.C2 +22.CZ2 +3%.C{ +....+n? C?

Equating the coefficients

=12.ct+22.c2+32.c2+...+n?C2=n?2""2C_ |, Hence proved.

Illustration - 25 &% (1+X)" = Cy+ Cyx + C,x2 +

..... C.x". Prove that :

. (2n)!
() CoCr+Cl+ Clyt e, +Cn_1Cn:m
. (2n)!
(") C0 Cr u C1Cr+1+ C2Cr+2 T o Cn—r Cn = (n _ r)!(n + r)!
(i) 1C,C,+2C,C,,;+3C,C,,,+ ......... +(n-r+1)C,_,,,C,=n2-1C .
SOLUTION :
() Consider the identities
(L+X)"=Cy+C X+ CyX®+ v, +C, X"
(L+X)"=Cyx"+ C x""1+C,x" "2+ ... +C,
Multiplying these we get another identity.
(L+X)"(X+1)"=(Cy+ Cyx+Cox*+ ........ +C XM X (Cox"+ C X" 1+ Cyx" 2+ ... +C,)

Compare the coefficients of X"~ on both sides.
In L.H.S., coefficient of x"-1 =2C__,
In R.H.S., term containing X"~ 1is C, C; x" "1+ C,C, x" "1+ ......

Hence coefficient of x"~*inR.H.S.=C,C; +C,C,+C,Cy+ .......

Equation the coefficients,

— 2n — (Zn)l
C,C,+C,Cy* ... +C,_,C, = C”'l_—(n—l)!(n+1)!
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(i)  Consider the identities

Multiplying these we get another identity.
L+X)"(X+1)"=(Cyo+C x+Cyx2+ ........ +C X" x (Cox"+ Cy x" 1
+C X" "2+ L+ C X" C,, XTI CL X T2 +C,)

Compare the coefficients of x"~" on both sides.

In L.H.S., coefficient of x"-"=2C__,
InR.H.S., term containing X"~ "isC, C, x"~ "+ C;C,, ; X"~ "+ ...
Hence coefficient of X"~ "inR.H.S. =C,C, x"""+C,C, ., X"~ "+ .....
Equation the coefficients,

_ (2n)!
CoCr+CCru +CChynt . C”‘rC”_(n—r)'(n+r)'

(i) Consider the identities
NEA+x)""1=1.-C,+2C,x+3-Cyx2+....+"C,x""1 (1 +x)" =Cyx"+C, x""1 + C,
X"T24 L+ C X"+ C L X C L X T2 +C
Multiplying these we get another identity.
NEL+X)" 1 x+1)"=(1-C,+2C,x+3-Cyx2+....+'C x""1
X (CoX"+ Cy X" "1+ Cyx1 724+ L 4+C X" T+ C X" "1+ C L, X724+ L +C,)
Compare the coefficients of x"~" on both sides.
In L.H.S., coefficient of X"~ "=n2"-1C

n-r
InR.H.S., term containing x"~"is 1C; C, + 2C,C,, ,+ 3C;C, ., +..... +(n-r+1)C,_,,,C,
Hence coefficient of of X"~ "inR.H.S. = 1C, C, + 2C,C, .,
+3C,C .+ ... .. +(n-r+1)C,_,,,C,
Equation the coefficients,
1C, C, +2C,C,,+3C,C, ., +..... +(n-r+1)C,_,,,C,=n2-1C _,

i s
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lllustration - 26 gt "C, is denoted as C,, show that

_ CoCy...Cpg
(A) (Cu+Cp(Cy+CY) (CatCy) e (CioitCp= —
(B) G 58,38 n o =n(n+1).
Ch¢k, C G Ch_1 2
SOLUTION :
(A) LHS.=(Cy+Cyp) (Cp+ Cy) (Cy + Cy) e (Cioat Cy)

Multiply and Divide by C, C; C, ...... C,.1

2
n+1)/n+1 n+1
:Co ClCZ ....... Cn_l(Tj[zj ..... X[Tj
_ (n+1)"
=C,C,C,C5....... C,.1 Y =R.H.S
B L.H.S.:&+2&+3&+ ..... +n Cn
(
Co G G Cnh-1
:[n—1+1j+2(n—2+1j+ ______ +n(n—n+1)
1 2 n
=n+(n=-1)+(N-2)+ .cceerrrnn. +1
= Sum of first n natural numbers
nn+1

.
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SERIES INVOLVING THE FORM "C / integer Section - 4

Working Rule :
. i n C, n 1Cr +1
1. Write down the rth term of the series and then use the formula . =

+1 n+1
2. Or Calculus Method.

Illustration - 27 If (1+X)"=Cy+ Cx + CxX2+ ... + C,x", show that

1
. G, G Cp 2" -1 } c, C C
Cpr = - = Ly -t =n_—
) o7 3 i1 nal (i) Co o . o+ (=-D —
n+l n_
(III) 2C0+22&+23&++2n+1 Cn =3 1 (iv)&+g+g+&+...=2 1
2 3 n+1 n+1 2 4 6 8 n+1
SOLUTION :
()  First Method :
GivenseriesisCo+&+&+...+C—n
2 3 n+1
n
C
To=> —&
r=0r+1
1
T :i n Cr+1
r ro1 n+1
ﬁ(n+1cl+n+1C2+.”+n+1Cn+1)
:ni-_l(n+1co+n+1cl+n+1C2+m+n+1Cn+1_n+1CO)
[Adding and subtracting "*
B S RSP
T n+1 n+1

1

n+1

'Cql

[Using "* 1C, =1 and formula given in section 2.1(A)]
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(i)  First Method :

Given seriesis Cy — % 22 Ca _

- [n+1C n+1C2+rH4C3—.”+(—Dn-n+1Cn+ﬂ

n+1
1

— [_n+1CO+n+1C1_n+1C2.+n+1C3_

n+1

”+(_1)n . n+1Cn+1+ n+1CO]

[Adding and subtracting "*1C,]

— [ {n+1C n+1(;l+”.+(_1)n+1. n+1Cn+1}+ n+1CO]

n+1

1
— 1 ln+1 n+1C
n+1[ ( ) ol= n+1

[Using "* 1C, =1 and formula given in section 2.1(A)]

(i)  First Method :

Given seriesis 2. Cy + 22 G, 83C, o on+1 Cn
2 n+1
5i nC 2r+1
r+1
1
5i " Cr+12r+1
—, h+l

— 11[n+1C121+n+1C222+n+1C323+
n+
— 11[{n+1C +n+1(>l 2+n+1C 22
n+
n+1l
S S (R ML | B
n+1 n+1

s " CEI

n+1 n+1
+ Ch+1:2 7]

n+1Cn+1.2n+1_ n+1CO}]

[Adding and subtracting "*1C]
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(iv)  First Method :

Given series is &+g+g .....
2 4 6
_1C, G G, ] 1[G G G
21 1 2 3 21 1 2 3

r=0r+1 2Ir 0 r+1
1 1
lzn:'H r+1_£z(_)r n r+1
2, Ty n+l i n+1

=50 [(2“”—1)—1}: 2 (n1+1)[2n+1 _2} 2n +_11

# Calculus Method : Note that is involves knowledge of Calculus, you can leave this now and do it
later after you finish Calculus.

(i) @L+X)"=Cy+Cx+Cx*+..... +C, X" ()
Integrating between limits 0 and 1, we get :
1 1 1 1 1
j(1+x)”dx:ICde+IC1xdx+jC2x2dx+...+anx”dx
0 0 0 0 0
1 1 1 1
n+1 1 2 3 n+1
(1+X) _ CoX +C1X— +Cy Xy +C,
n+1 1 g 2 n+1
0 0
n+1
— 2 _L:CO+&+_2+ +&
n+l1 n+1 2 3 n+1
1
C . C C, 2""t-1
Co+—+—=+...+ =
= 2 3 n+l  n+l (A
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(i) (@Q+xX)"=Cy+Cx+Cx2+....+Cx",

Integrating between limits 0 and — 1, we get :
-1 -1
I @L+x)"dx = j [CO +CiX+...+Cy, x”}dx
0 0
n+1771 2 3 n+1]7t
l:(1+x) } _{ X CyX +Cnx }

Cox+Ci-—+ +...
n+1 oX+ Gyt n+1

-9t 1 =-C +&—&+...+(—1)”+1&

n+t1 n+1 %972 3 n+1

1 G, G n, Cn
————=—|Cp -+~ .+ (D"
= { 072 "3 0

= Co——+—=— .. +(-Dn" Cn _ L
2 3 n+l1 n+l1
(i) (L+x"=Cyu+Cx+Cyx2+...+C x"
Integrating between limits 0 and 2, we get :

2 2
I(1+x)”dx:j[C0+Clx+...+Cn x”}dx
0 0

2 2
(1+ X)n +1 X2 X3 Xn+1
2T | S| Cox+Cp - +Cy e +...Cp ——
{ n+1 0X+Cp 7+ Gy n

n+1
0
n+l
I St S I S P CHA S LB B
n+1 2 3 n+1

(iv)  Subtracting (B) from (A), we get :

n+1 n+1 n
9,8, G, (277121 27 -2 2(2 -0
2 4 6 n+1 n+1 n+1

n
= ©,6, 6, 271
2 4 6 n+1

»  “CETE

N0

.. (B)
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b 1
NISVEY O RPAY If (1 + X)"="C,+"C, Xx+"C, 2+ ...... + "C, X" then evaluate :
i S, & G G i oG G, Cn
12 23 34 n(n+2) 123 234 345 n(n+1)(n+2)
SOLUTION :

()  First Method :

We have &+&+&+.... Ch
1.2 23 34 n(n+1)

nCr
(r+1)(r+2)
The sumof(n+1)termsis:

n n
E:O z (r +1) (r+2)

r=0

Therefore T, =

n+2C

) Z (n+1)(n+2) [Byusing: (r+1) (r+2)"**C,, = (n+1) (1+2)"C]

1 n+2
= ____'21 Cri2
(n+1)(n+2) ‘=,

1 n+2 n+2 n+2 n+2
I S Co+""°Cy+"74Cy+...+"77°C
(n+1)(n+2)[ ? ’ ‘ 2
1 n+2 n+2 n+2
- =~ [@+p"tZ-_"*2c,_"*2C
(n+1) (n+2) [1+3) ° .
2" (43
T (n+)(n+2)
(i)  First Method :
+ + +....
We have 1.23 234 345 n(n+1)(n+2)
Cr
Therefore T =0+ (r+2(r+3

The sumof (n+0) termsis:

n T B n Cr
2 r_z(r+1)(r+2)(r+3)

r=0 r=0

AT
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(i

30

n+3
Cr+3

= rgo(n+1) (n+2) (n+3)
[Byusing: (r+1)(r+2) (r+3)""3C,,;=(n+1) (n+2)(n+3)"C]

1 4 n+3
= (n+)(n+2) (n+3) EO Cre3

1 n+3 n+3 n+3 n+3
— Cq + Cy+ Cc+...+ C
=DMyl 3 4 5 n+3l
1

1+1n+3_n+3C _n+3C _n+3C
= (n+2) (n+2) (n+3) [@+1) 0 1 2]

2"+ 4)(n+3)-2 "4 _n?_7n-14
2n+) (n+2)(n+3)  2(n+1)(n+2)(n+3)

Calculus Method : Note that it involves knowledge of Calculus, you can leave this now and
do it later after you finish Calculus.

Givenseriesis&+&+&+.... Cn
12 23 34 n(n+1)

Given, (L+X)"=Cy+Cx+Cox2+Cyx3+...... +C, X"

Integrating both sides w.r.t x between 0 to x, we get :

X
_ COX

1

X
(1+ X)n +1

n+1

X 2
+Clx
0 2

0 0

(1+x)”+1—1_C0x+Clx2+C2x3+ c, x"+1
n+1 1 2 3 77 n+1
Again integrating both side w.r.t x between 0 to 1, we get :

1 1 1 1 1
@+x""2 x| Cxf +Clx3 C, x4 s C, X" +2
n+1 n+1 0 1.2 2.3 3.4 (n+1) (n+2) 0
1
2"*1o(n+3 G0, G, G, G

(h+)(n+2) 12 23 34 n(n+))
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(i)  Givenseriesis o , &, C Cn
123 234 345 n(in+1)(n+2)
Given, (L+X)"=Cy+Cx+Cox2+Cyx3+...... +C, X"

Integrating both sides w.r.t x between 0 to x, we get :

X X X

X
(1+X)n+1 _% X+C_|_X2 +C2X3 +Cnxn+1
n+1 1]y 2 3 © n+l
0 0
1+ x)”+1—1_cox+ C x? L Co X3 . G xn+1
n+1 1 2 3 n+l
Again integrating both side w.r.t x between 0 to x, we get :
X X X X X
@+x)"t? X  Cox? c X C, x4 . Cn X"+ 2
n+H)(n+2) (n+2) 0 1.2 2.3 3.4 (n+) (n+2) 0
@+"? x| 1  CoxX? +Clx3+C2X4+ . c, x"*2
n+D)(n+2) (n+1) n+)(n+2)| 1.2 2.3 34 7 (n+D)(n+2)
Again integrating both side w.r.t x between 0 to 1,
we get
3 2 !
Qa+x)"* X ~ X
m+)(n+2)(n+3) 2(n+1) | (h+D)(n+2) 0
1 1 1
1.2.3 2.3.4 n+)(n+2)(n+3)
0 0 0
n+4
2 -(n+3)(n+4)-2 Co N C N Cy N Cy

= T 2m+)(n+2)(n+3) 123 234 345 n(n+1)(n+2)

Note : Above expression can be solved using partial fraction method.

b 1

WSO 1f (1 +X)7 ="Cy + "C, X+ "C, 2 + ... . .. +"C, x" then evaluate :
0) Co,8,%, G (ii) Co,%,%, G

2 3 4 'n+2 3 4 5 'n+3

ATy




Binomial Theorem

Note that is involves knowledge of Calulus, you can leave this now and do it later after you finish Calculus.
SOLUTION :
(i)  Consider the given series : (1 +x)"=Cy+ Cx+ Cx?* + ...+ Cx"
Multiply both side by ‘x” and integrate between limit 0 to 1.

1 1 1 1 1
= Ix.(1+x)”.dx:jC0x+jclx2+jC2x3+...+ICnx”+1
0 0 0 0 0
1 o1 3|1 1
= Ix.(ler)”.dx:COX LaxX o, Gy
2 3 n+2
0 0 0 0
1
N J‘x.(1+x)”.dx:&+&+&+...+ Cn
5 2 3 4 n+2
1
Now consider IX L+ " dx
0
Put 1+x=t = dx = dt and x=0,t=1 and x=1,t=2

2 2
N _[(t—l).t”dt N j(t”*l—t”).dt
0

0
tn+2 2n+2_ 1 B 2n+1_ 1
n+2 n+2 n+1 n+1
2n+2 2n+1 1 1 n 2n+1+1
— + — = .
n+2 n+l1 n+l1 n+2 ((+1)(h+2)

2 tn+1 2

=

n+2 n+1
1 1

(i)  Consider the given series : (1 +x)"= C,+ Cx+ C,x*+ ...+ C x"

Multiply both side by ‘x?” and integrate between limit 0to 1.

1 1 1 1 1
= IXZ (1+ X)n.dX=ICOX2+jC1X3+IC2 X4 + ...+Icn Xn+2

0 0 0 0 0

1 3ft 4t 4 1
= IXZ 1+ x)" dx— 20 | £ | o S0 X0

0 3 ‘ 4 ‘ n+ 3

0 0 0

; c, C C

= E[xz 1+ x)".dx="2 + ; +?2+...+n—f3

v “CEI
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1
Now consider Ixz 1+ x)".dx
0

Put 1+x=t = dx=dt and x=0,t=1 and x=1t=2

1 n+3 (n+l n+22 n+3 n+2 n+l
S Je-2ee > 2 I 1—2[2 1}{2 1}
0

n+3 n+l n+2 ‘1_ n+3 n+2 n+1

*

Illustration - 30

k
-13
Prove that Z (-3)" *"Cyr1 =0, where k =3n/2and n is an even positive integer.
r=1

SOLUTION :

Let n=2n = k =3m

3m
LHS= Y (-3)" ®MCy_y = ®MCy -3%MC; +95MC; ... +(-3P¥m-teme. ()
r=1
Consider — (1+x)°™ =8Mc, 4 6MC x4+ OMC,x2 4 ........ +8Mc x8™ and
(1—x)8M =6Mc, _6MC x . 6MC %2 4 ..., + 8MCs . xOM

On subtracting the above two relationships, we get :

@+ x)%M — (14 )M = 2(8™C x + OMCgx® + OMCex® +.......+ O™ Cypy_g xOM L

Divide both side by 2xto get :

@+x°" - 1-x)°" _ 6m

» Cy+ OMCax? ...+ OMC . xBM—2

Put x =+/3i inthe above identity to get :

. 6m . 6m
(1+iV3) 2 J§(il_l\/§) _6me, _30Me, (-3 Lee, (i)

Comparing (i) and (ii), we get :

6m ( T .. anm ( T .. anm
2 COS— +1sIin = —| cos =—1isin —
3 3 3 3

23

LHS =

ATy
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25M[(cos 2m +isin 2zm) — (Cos 27tn —i sin 27n

= LHS = I > \/%i ( ) [using De morvie’s Law]
BM o i 6m

N LHS = 2°72isin2mm 277 sin2mm

= =0 . _
2./3i J3 [because sin2 wm = 0]

[llustration - 31 It (1+X+X2)n _ a0+a1x+a2x2 +'"+aan2n’ Show that

() ag+ag+ay+..+ay, =3" () ag-ay+ay—ag+..+ay, =1
(i)  ag+ag+ag+..=3"" (iv)  The value of a, when 0<r<2nis ay,_,
_3"- : 2 .2 .2 2
(V)  ag+ay+ap+..tap = 5 (Vi) afj-af +a5 —+........ +aj, = ap.
SOLUTION :
2n
Given, (L+x+Xx2)" = ag + ag X+ apX? +...+ ap x*" or > ax (i)
r=0
() Putting x=1, weget
3" =ag+a +ay+ag+ay +ag+ag+...+ay, .. (i)
(i) Putting x =—1, we get
1" —ay—ay +ay—ag+ay —as +ag —..+ (-1)>"-ay,
= l=ay—-a+ay—ag+ay—ag+ag—...+a, .. (i)
(iii) Putting x =1, » and 2, in (i), we get :
3" =ag+a +ay+ag+a, +ag+ag+...+ay (A)
0 =ag + 80+ 8,07 + a3 + 840+ ag®’ +ag +...+ Ay ..(B)
0 =ag + 8,02 +aym+ ag + 407 +as®+ag +...+ Ayn@ " ..(C)

Adding (A), (B) and (C), we get :

3n =3(ao +dz +ag +)

T it



(iv)

(v)

(vi)

Consider the given identity : (1+ X+ x?)"

n

ag +ag +ag +...:?=3”_1

1
In (i) replace X = — to get,

1 1) .2 a
[1+—+—2J a0+ §+...+%
X X X X

2\n 2n
1+X+X a; a a
¥=ao+—l+—2+...+ﬂ= E a,

2n

X sz

A+ x+x%) =agx® +apx®" Ly ayx2" 2 4 ray, =

L+ X+ X2)" = @y +ayy X+ 8y _oX2 +...+8gX 2"

From (i) and (D)

Yax =) agn X' = an—r =8

As a, =ay,_, for  0<r<2n

n-1 n-1
Z ar = Z on—r
r=0 r=0

ao +a1+ay +ag+...+an_1 =dopn taop_1 +..-+ a1

Binomial Theorem

zar T

2n .
= Z Aop_rX
r=0

[Reversing the above series]

2(ag+ag +ay +...+a,_1)+a, =ag+ay +ay +...+ ay,

[by adding ag + 8y +ay +ag +...+a, 0n both side]

Replace x by —1/ x inthis identity to get :

=a.o+alX+3.2X2+

......... +ay,x" ...(i)

ATy
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n
[l—l+iJ =ay —ﬁ+a—§—+ ...... +az_n

X X2 X x X2n
= 1-x+x) " =agx® —apx® a2 Ly, ()
=  2(ag+a +ag+.+a,q)+a,=3" [using (ii)]
=N :a0+a1+a2+...+an_1:3n;a“

Multiply (i) and (ii) and also compare coefficient of y2n onbothsidesto get :

a8 —al +a5 —+.......+ ayy° = coefficient of x2"in (L+ x + x2)" (L— x + x%)"

—  LHS = coefficientof x?"in (L+ x> + x*)"
= LHS=coefficient of x>"in ay +a;x? +a,x* +......... +agX o, +ag X"

[Replace xby x? in (i) ]

= LHS=a,
Hence a —a’ +a3 —+......... +ad, =a,
*
PROBLEM BASED ON DIRECTION EXPANSION Section -5

Illustration - 32

If (2+\/§)” =1 + f where |l and n are positive integers and 0 < f < 1, show that | is an

odd integer and (1 -f) (I +f) = 1.

Working
Step | :
Stepll:
Step Il :

Step IV:

StepV:

36

Rule :

Write the given expression equal to | + F, where | is its integral part and F is the fractional part.

Define G by replacing “+’ sign in the given expression by ‘~’. Note that G always lies between 0 and 1.
Either add G to the expression in Step-1 or substrac G from the expression in Step-1 so that RHS is an
integer.

If G is added to the expression in Step-1, then G + F will always come out to the equal to

li.e. G =1-F. IfGissubtracted from the expression in Step-1, then G will always come out to be
equal to F.

Obtain the value of the desired expression after getting F interms of G.



SOLUTION :

(2+\3)" =1 +f
Let (2-V3)"=f"

[where 0 < f' <1 because 2 — V3 is between 0 and 1.]
Adding the expansions of (2 + ¥3)" and (2 — V3)",

we get ;

[+f+f =@2+V3)"+(2-+3)"
=2[Cy2"+Cy2" 2 (\N3)2+ .. .. .. ]
=even integer (D)
= f+f’isalso aninteger
NowO<f<land 0<f’'<1

= 0<f+f'<2

Binomial Theorem

The only integer betweenO and 2 is 1.

Hence f+f'=1 (D)
Consider (i) :

I +f+f’=-eveninteger

= I +1=eveninteger  [using (ii)]
= | = odd integer

Ao (1+f)Q-f)=(+f) (")
=(2+V3)"(2-V3)"=1.

lllustration - 33 &% (6+/6 +14)2"*1 = p, prove that the integral part of P is an even integer and

P (f) = 20>" * where f is the fractional part of P.

SOLUTION :

Let I be the integral part of P.
= P=1+f=(6V6+14)*1
Let f'=(6V6-14)2*1 (i)
as (6 V6 — 14) lies between 0
and1,0<f'<1
Subtracting f' from | + f to eliminate the
irrational terms in R.H.S. of (i)
I +f—f'
= (66 + 14)"* 1 — (6V6 - 14)>* 1
= 2[>"*1C, (6V6)*" (14)

+2041C, (6V6)2 2 (143 + .. .. ]
=even integer (i)
= f-f"isaninteger.

Now 0<f<l1 and 0<f'<1
= 0<f<l1 and -1<-f'<0
Adding these two, we get ;

-1<f-f" <1

= f—f'=0 ... (i)

Consider (ii) :

I +f-f' =eveninteger

= I +0=eveninteger [using (3)]

= integral part of P is even.

Also Pf=(1+f)f =(1+f)f’
= (676 + 14)"* 1 (66 — 14)2"*?
= (216 - 196)>" *t = 20%"

ATy
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UCEECUTINEERY The greatest integer less than or equal to (2 +1)8is :

(A) 196 (B) 197 (C) 198 (D) 199
SOLUTION :
Let (ﬁ +1)6 =1+ F, wherelisanintegerand0<F<1.LetG= (ﬁ _1)6 . Then,

1+F+G=(2+1)° + (2 -1° = 2[C, (v2)° +...] =aninteger (i)
F+G=1
Substituting F+ G =11in (i), we get :
1 +1=2[%Cy (+2)° + 8C, (V2)* + ¢4 (2)% + 5Cg (v2)°]
= 1+1=2[8+60+30+1] = 1=197

PROBLEMS FOR ON SHOWING THAT GIVEN EXPRESSION IS DIVISIBLE Section - 6
BY AN INTEGER

Working Rule :
1. First of all write down the given expression in such a way that there is a term containing n power of an
integer a.

2. Ifanoccurs, then go onsubtracting 1, 2, 3, . . . fromaand find integer r such that some power of (a—r) is
divisible by the number k from which the given expression is to be shown to be divisible.

3. Nowwrite a,=[r + (a—r)]" and expand and then collect the terms containing (a—r)™ and higher powers
of (a—r) inone bracket if (a—r)"

HIFSHERSERY Show that 32"+ 2 — 8n — 9 is divisible by 64 if ne N.

SOLUTION :
3n+2_gn_9=(1+8)"*1-8n-9

=[1+(n+1)8+"*1C, 82+...]-8n-9
:n+lC282+n+1C383+n+lC484+...

=64[""IC,+"*1C;8+ "TIC, 82+ ... ]

which is clearly divisible by 64.

S section6 N
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UTETEEREEY Show that 247 — 2 (7n + 1) is some multiple of the square of 14, where n is a positive
intetger.

SOLUTION :

240 2" (7Tn+1) = (16)" - 2" (7n + 1)
=(2+14)"-2". 7n-2"
=(2"+"C, 2""1. 14+ "C, 2" "2, 142+ ... +14") - 2" . Tn - 2"
=142("C, 2"~ 2+ "C,2" 314+ .. . +314" %) + (2" +"C, . 2""1. 14 - 2" 7Tn - 2")
=142 ("C,2" "2+ "C, 203 14+ . . + 14" + (2" +n2"=1 . 21 72" 7n-2")
=142 ("C,. 2" 2+ "C;. 2773 14+ ... +14"7?) - (D)

This is divisible by 142 i.e. by 196 for all positive integral values of n.

Note: 1fn=1,"C,=0,"C;=0etc.
given expression = 142 x 0 = 0, which is divisible by 196.

THINGS TO REMEMBER

1.  Properties of "C,
(i "C,="C,=1 (i) "C,="C,_;=n @) "C,="C
(ivy "C,+"C,_,="*1C, (V) r'c,=n"-1C,_,
(Vi) r(r-1)"C,=n(n-1)"-2C,_,

n-r

"C, n-r+l

n
Cr—1 s

2. (X+y)"="Cox"y0+"C, x""ly +1C, x""2y2+ . +"C xX°y" or (x+y)"
n
_ z nCr Xn—r yr
r=0

In this formula, n is a positive integer, x and y are real or complex numbers and

n n!

RETIC Y

(vii)

where "C, are binomial coefficients r=0, 1, 2,3, .............. N

3. Byreplacing y by —y, we can also find expansion of (x — y)"
ie. (X _ y)n - nCO X" y0 _ nC:L XN = 1y + nC2 XN = 2y2 - + (_1)n nCn XO yn

n
or (X—y)n — z (_1)r nCr Xn—r yr
r=0

Things to Remember 39
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4.

40

Some important observations in Binomial Theorem

(i)

(ii)
(iii)
(iv)

(v)
(Vi)

(Vi)

(vii)

The expansion of (x +y)" can also be taken as identity in “x” and ‘y”’.
The number of terms in the expansion are n + 1.

The expansion contains decreasing powers of x and increasing powers of y. The sum of the powers of
xandy in each termis equal to n.

The binomial coefficients : "Cy, "C, "C,, .oovvrinnne. equidistant from beginning and end are equall
1.e. "C,="C,_,.
The corresponding terms in the expansion of (x + y)" and (x— y)" are numerically equal.

The terms in the expansion of (x —y)" are alternately positive and negative. The last termin the
expansion is positive or negative accordingly as nis even or odd integer.

Putx=1andy=xin1.2 (A) we get,

- 2 3
L+x)"="Ci+"Cx+"Cyx=+"Cyx°+..... +"C, x"+....+"C X"
L n r
e, (L+x)n= ), "Crx
r=0

Puty=1in1.2 (A) we get,

(X+1)"="Cyx"+"Cx" "L+ C, X" "2+ L. +1C, X"+ . ... +"C X°
n
. n n—-r
e, (x+1)"= Y "Crx
r=0

(vill) Putx=1andy=-xin 1.2 (A) we get,

(1= X)"="Cy+"Cyx +"C, X2 —"Cy X3 + . .. .. +(=1)""C, X"+ . ...+ (-1)""C, XN
n

e (L-x)"= ZO(—l)Ir g 5t

(ix)  The coefficient of x" in the expansion of (1 + x)"is"C
;

()

If we have, (X +y)"+ (X = y)"=2 ["Cy x"y? + "C, x"~2y2 + . . . ]
Now, the number of terms in (X + y)" + (x—y)" is

(A)  If‘n’isodd then number of terms is nT+1

(B) If “‘n” iseven then number of terms is g +1.

Things to Remember
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(xi) Ifwehave (X +y)"'=(x=y)"=2["C, x" 1yl +"Cx"3y3+ ... .. ]
Now, the number of terms in (x + y)"— (x—y)" is

n+1
A) If “n’ is odd, then the number of terms is R

n
(B) If “n’ is even, then the number of terms is 5

(xi1) Sometimes"C, iswrittenas C..

General Term

The general termin the expansion is (r + 1) term. It is represented as T, ;.
In the expansion (x + y)", T, ="C x" "y

In the expansion (x—y)", Tre1=CEDC X"y
The binomial expansions of (x +y)"and (X —y)" can also be represented as
n n
> e x""TyTand > (-1)" "c, x" 7" y" respectively.
r=0 r=0
(1) Inbinomial expansionis (1 + x)" we have, T,,,="C. X
(i) Inbinomial expansion of (1 —x)", we have T, , ; = (-1)""C, X"
Middle Term

The middle term in the expansion depends upon the value of n.
If niseven, then total number of terms in the expansion is odd. So there is only one middle term

th
. n . ]
ie. (E + lj term is the middle term.

If nis odd, then total number of terms in the expansion is even. So there are two middle terms
n+1\M
1.e. (Tj termand the next are two middle terms.

Greatest Term

To find the numerically greatest term in the expansion of (1 + x)":

x(n+1)
+1

(i) Ifmisaninteger, then T, and T, , areequal and both are greatest terms.

() Calculatem=

i) Ifmisnot aninteger, then T, , IS the greatest term, where [m] is the integral part of m.
[m]+1

Things to Remember 41



Binomial Theorem

8. Greatest Coefficient
() Whenniseven, greatest coefficient = nCn .

2
(i) Whenn s odd, greatest coefficient="c n-1°r"Cp g (Note : both of them are equal)
2 2

n

9. G+ G+ G+ Cyt ... +C,=2" or ¥, G =2" [C, ="C]]
r=0
n

10. 1C,+2C,+3Cs+..... +nC,=n.2"-1 o Yr."co=n2""?
r=1
n

11, 12C,+22C,+32Cy+..... +m2Cy=n(n+1)2"2 o > r?C =n(n+p2""?
r=1
0 rn

12. Cy—C,+C,—Cy+....... +(-1)"C, =0 or DD c=0 [c =rc
r=0
n

13. 1C,-2C,+3C5—..... +(=1)" nC, =0 or YD r"c =0
r=1
4 2

14. 12C,-2°C,+32Cy—..... +(-1)"n’C,=0 or > (D rec =0
r=1
L 2_2n

15. cg+C2+C3+...c2=2"c, or Y. € ="t
r=0
4 2 2n-1

16. 1.C2+2.C5+3.C5+...+nC3=n2""1c _, oo 2 rCr=n"7Ch 4
r=1

n
17. 12.¢2+22.C3+82.C2+...+n2.C2=n2?~2c _,or D riCE=n*?""%C, 4
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