CHAPTER-2
INVERSE TRIGONOMETRIC FUNCTIONS

Revision Notes

> In mathematics, the inverse trigonometric functions are the inverse function of trigonometric functions.
Specifically, they are inverse of the sine, cosine, tangent, cotangent, secant and cosecant functions, and are used
to obtain an angle from any of the angle’s trigonometric ratios.

» Domains and Ranges of Inverse Trigonometric Functions :

Inverse Trigonometric Functions i.e., f(x) Domain/Value of x Range/Value of f(x)
. T
sin~'x [-1,1] 22
cos™lx [-1,1] [0, m]
-7 T
coseclx R -(-1,1) [7, 0) U (0, E}
(oo, = 1] U [1, )

" R -(-1,1) [0 EJ U(z n}
sec™lx o1 UL, =) 5 5’
-1 R _rm
tan™x (o0, o) ( 2’ 2)
cot™lx 2 E o) 0, )

The symbol sin"lx is used to denote the smallest angle whether positive or negative, such that the sine of
this angle will give us x. Slmllarly, cosx, tanlx, coseclx, sec lx and cotlx are defined. :
You should note that sin"'x can be written as arc sin x. Similarly, other inverse trigonometric functions can '
also be written as arc cos x, arc tan x, arc sec x etc. :
Also, note that sin"'x (and similarly other inverse trigonometric functions) is entirely different from :

(sin x)7L. In fact, sin"lx is measure of an angle in Radians whose sine is x whereas (sin x)! is L (Wthh
is obvious as per the laws of exponents). smx H
Keep in mind that these inverse trigonometric relations are true only in their domains, i.e., they are Vahd
only for some values of “x” for which inverse trigonometric functions are well defined. H

» Principal Value :
Numerically smallest angle is known as the principal value.
For finding the principal value, following algorithm can be followed.
Step 1: First, draw a trigonometric circle and mark the quadrant in which the angle may be lie.
Step 2 : Select anti-clockwise direction for 1% and 2"! quadrant in which the angle may be lie.
Step 3 : Find the angles in the first rotation.
Step 4 : Select the numerically least (magnitude wise) angle among these two values. The angle thus found will

be the principal value.

Step 5 :In case, two angles one with positive sign and the other with the negative sign qualify for the numerically

least angle then, it is the convention to select the angle with positive sign as principal value.

! A function f: A — Bis said to be invertible if f is bijective (i.e., one-one and onto). The inverse of the function f
i is denoted by f: B — A such that f(y) = xif (x) = y, V x €A, y € B. As trigonometric functions are many-one :
i 50, their inverse doesn’t exist. But they become one-one onto by restricting their domains. Therefore, all the '
 restrictions required so that the inverse of the concerned trigonometric functions do exist. If these restrictions :
i are removed, the terms will represent Inverse Trigonometric Relations and not the functions. Note that the !
i inverse trigonometric functions are also called as Inverse Circular Functions. :



> Elementary Properties of Inverse Trigonometric Functions :

Property I
(a) sin_l(x) = cosec_l(lJ ,x€[-1,1]
X

(c) cos ! (x) = sec_l(%J ,xe[-1,1]

cot_l(l) ,x>0

(e) tan”'(x)= );
-+ cot_1(f), x<0

X

Property II

R T b8
a) sin “(sinx)=x,——<x<—
(a) sin”!(sinx)=x, - <x<-
o tan! (tanx) =%, ~S<x< ™
() tan” (tan ) = x, —~ <x <7

n
(e) sec”! (sec x) = x, Ostﬁ,x;tE

Property III

(@) sin™' (—x) = —sin"lx, x e [-1, 1]
(c)tan™! (—x) = —tan™'x, xe R
(e)sec! (-x) =m-seclx, |x| =1

Property IV
. -1 -1._T
(@) sin" x+cos  x= 5 xe[-1,1]

(c) sec'x + cosec™!

Property V

(a) sin"lx +sin~! y= sin! [xﬂl - yz Tyvl- xz}
FV1-x%1- y }

(b) cos ' x + cos 1 =cos”

(© tanlx +tan~! Y= tan ™! ]

(d) tan'x-tan” y—tan (

(e) tan ' x + tan ! y+ tan~!z = tan_l(

Property VI

(a) 2sin ' x=sin" (Zxxll x ),1f—TS

Property VII

(a) 2cos ' x =cos 1 (2x* - 1),if 0<x<1

Property VIII

(@) 2tan"'x = tan’l( 2x
1-x

. Key Formulae

» Trigonometric Formulae :

® Relation between trigonometric ratios :

x= g xe (= o0, = 1] U [1, %)

X+y+z-2xyz
1-xy-yz—-zx

2j,if—1<x<1

(b) cosec™!(x)= sin’l[
x

(d) sec”!(x)=cos™ (%) , x € (=00, — 1] U[1,0)

tan_l(l), x>0
() cot!(x)= X

n+tan_1(lj,x<0
X

(b) cos_l(cosx) =x,0<x<mn
(d) cosec™! (cosec x) = x, _g <x< g, x#0

() cotl(cotx) =x,0<x<m

(b) cos (-x) = n—cos™'x, x e [-1,1]
(d) cosec! (—x) = —cosec’lx, |x| =1
(f) cot™ (—x) = - cot™lx, xe R

(b) tan tx+cot 1x= g, xelR

J

(b) 3sin'x= sin_l(Sx—4x3),if—%Sx£f

[\S]

(b) 3cos ™ x=cos ' (4x° - 3x),if% <x<1

3x—x°

b) 3tan'x = tan™! if_—1<x<L
( ) 1_3x2 4 \/5 \/5

1), x€(=o0, 1] U[1,)



(a) tanB= sin® (b) tan6= L
cos0 cot®
(d) cotb= C,o—se (e) cosecO=
sin® sin®

Trigonometric Identities :

(@) sin?0+cos?0=1

(b) sec’f=1+tan’0

Addition/subtraction/formulae and some related results :

(@) sin(A*B)=sin AcosB*cosAsinB

(c) cos(A +B)cos(A - B) = cos? A —sin®B = cos? B—sin? A

(d) sin(A +B)sin(A - B) =sin® A —sin? B = cos® B—cos> A

tan A*tanB

(®) tan(A+B)=——"""—
1¥ tanAtanB

Multiple angle formulae involving 24 & 3A :

(a) sin2A =2sinAcosA

(€) cos2A=cos?A-sin®A

(e) cos2A=2cos>A-1

(g) sin2A=_2and tanf
l1+tan” A
(i) tan2A= %
1-tan“ A

(k) cos3A =4cos> A—3cosA

(c) tanO.cotO=1

1
sech=——
® cosB

(c) cosec?0 =1+ cot?6

(b) cos(A+B)=cosAcosBF sin AsinB

cotBcotAF 1

f) cot(A+B)=
@ ( ) cotB+cotA

(b) sinA= Zsinécosé
2 2

Zé—sinZé
2

d A=
(d) cos cos 2

(f) cos2A=1-2sin%A

1-tan® 4
(h) cos2A=t;n2
1+tan” 4

(j) sin3A=3sinA-4sin®A

3tan A —tan® A

(1) tan3A = 5
1-3tan“ A

Transformation of sums/differences into products & vice-versa :

C+D C-D

2

(a) sinC+sinD = 2sin Cos

C+D C-D
COoSs 2

(c) cosC+cosD = 2cos

(e) 2sinAcosB=sin(A+ B)+sin (A-B)

(8) 2cosAcosB=cos(A+B)+cos(A-B)

» Domain and Range of trigonometric functions :

C-D
2

(b) sinC-sinD= Zcosc * Dsin

C-D
2

(d) cosC —cosD = -2sin C+ Dsin
(f) 2cosAsinB=sin(A + B)—sin (A-B)

(h) 2sin AsinB = cos(A —B)—cos (A + B)

S. No. Function Domain Range
(i) sine R [-1,1]
(ii) cosine R [-1,1]
T
R-{x:x=2n+1)—;nez
(iii) tangent 2 R
(iv) cosecant R-{x:x=nm, neZ} R-(-1,1)




(v) secant R—{x: x:(2n+l)g; nez} R-(-1,1)

(vi) cotangent R-{x:x=nn,neZ} R

> Relations in different measures of Angle :

b
(a) Angle in Radian Measure = (Angle in degree measure) x 180° radians
(b) Angle in Degree Measure = (Angle in radian measure) X
. . [ arc
(c) 6 (in radian measure) = —=——
r radius
Also following are of importance as well :
(a) 1rightangle = 90° (b) 1°=60,1 = 60"
() 1°= % = 0-01745 radians (Approx.) (d) 1radian = 57°17'45” or 206265 seconds.
> Relation in Degree & Radian Measures :
Angles in Degree 0° 30° 45° 60° 90° 180° 270° 360°
i Radi 0rad EJ z L n n 3n o
Angles in Radian [ 6 ( 4 3 B (™) B (2m)
> Trigonometric Ratio of Standard Angles :
Degree 0° 30° 45° 60° 90°
sin x 0 1 i V3 1
2 V2 2
J3 1 1
1 —_— -= - 0
cos x 5 N 5
t 0 ! 1 V3
n -
an x \/5 o
t NE) 1 L 0
cot x 0o Ne
2 V2 2 1
cosec x -
O oo \/g
sec x N oo
> Trigonometric Ratios of Allied Angles :
Angles (=) b1 b1 3n 3n
5—9 E+9 n-0 T+0 ?—9 ?+9 2n-6or-6 |2n+6
T - Ratios ()
sin cos 0 cos 0 sin —sin 0 —cos 0 —cos 0 —sin 0 sin
cos sin —sin 0 —cos 0 —cos 0 —sin 0 sin cos 0 cos 0
tan cot 6 —cot® —tan © tan © cot 0 —cot© —tan © tan ©
cot tan 6 —tan 0 —cot® cot® tan © —tan © —cot 0 cot 0
sec cosec® | —cosec® | —sec —sec® | —cosecO | cosec® sec© sec©
cosec sec© sec© cosec® | —cosec® | —sec —sec —cosec 0 cosec




