2. QUADRATIC EQUATIONS
AND INEQUALITIES

1. QUADRATIC POLYNOMIAL

Quadratic polynomial: A Polynomial of degree 2 in one variable of the type f(x) = ax’ +bx+c where a, b, ¢, eR
and a = 0 is called a quadratic polynomial. ‘a’ is called the leading coefficient and 'c’ is called the absolute term of
f(x).Ifa =0, theny = bx + cis called a linear polynomial and if a=0,b =0 & c = 0 theny = bx is called an odd
linear polynomial since f(y)+f(-y)=0

Standard appearance of a polynomial of degree n is f(x) =a X"+ an_lXX‘l + an_ZX”‘2 +..+a X +a,
Where a,#0 & a,,a,_;,...a,eR;n=0,1,2..

When the Highest exponent is 3 — It is a cubic polynomial

When the Highest exponent 4 — It is a biquadratic polynomial

For different values of a, b, and ¢ there can be 6 different graphs of y = ax® + bx + ¢
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Figure 1 and figure 4 = X ,X, are the zeros of the polynomial

Figure 2 = zeros of the polynomial coincide, i.e ax’ +bc +c is a perfect square;y > 0 V x € R
Figure 3 = polynomial has no real zeros, i.e the quantity ax?+bx+c>0 for every x R
Figure 5 = zeros of the polynomial coincide, i.e ax’ + bx +c is a perfect square; y<0 ¥ x e R

Figure 6 = polynomial has no real zeros; ax®> +bx+c <0,V xeR <0
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2. QUADRATIC EQUATION

A quadratic polynomial expression equated to zero becomes a quadratic equation and the values of x which satisfy
the equation are called roots/ zeros of the Quadratic Equation.

General form: ax? +bx+c =0
Where a, b, ¢, e Rand a # 0, the numbers a, b and ¢ are called the coefficients of the equation.
a is called the leading coefficient, b is called the middle coefficient and c is called the constant term.

eg 3x2+x+5=0,—x2+7x+5=0, x2+x=0,x2 =0

2.1 Roots of an Equation

The values of variables satisfying the given equation are called its roots.

In other words, x = a is a root of the equation f(x), if f(oc)zo. The real roots of an equation f(x) = 0 are the
x-coordinates of the points where the curve y = f(x) intersect the x-axis. e.g. x> —3x+2=0. At x = 1 & 2 the
equation becomes zero.

Note: A Polynomial can be rewritten as given below

y = a(x—rl)(x—rz)....(x—rn)

The factors like (x - rl) are called linear factors, because they describe a line when you plot them.

2.2 Dividing Polynomials

Dividing polynomials: When 13 is divided by 5, we get a quotient 2 and a remainder 3.
Another way to represent this exampleis:13 =2 x5+ 3

The division of polynomials is similar to this numerical example. If we divide a polynomial by (x —r), we obtain a
result of the form:

F(x) =(x —r) q(x) + R, where q(x) is the quotient and R is the remainder.

Illustration 1: Divide 3x? +5x—8 by (x - 2) (JEE MAIN)

Sol: Similar to division of numbers, we can write the given

3x+11
x—2)3x2+5x—8

3x% — 6x
11x-8

11x—-22
14

polynomial as 3x? +5x—8 = (x—2)q(x)+R .
Thus, we can conclude that 3x? +5x -8 = (x—2)(3x+11)+14
Where the quotient q(x)=3x+11 and the remainder R = 14.
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3. REMAINDER AND FACTOR THEOREM

3.1 Remainder Theorem

Considerf(x) =(x—r)q(x)+R

Note that if we take x = r, the expression becomes
f(r)=(r—r)q(r)+R; :f(r)zR

This leads us to the Remainder Theorem which states:

If a polynomial f(x) is divided by (x - r) and a remainder R is obtained, thenf(r) =R.

Illustration 2: Use the remainder theorem to find the remainder when f(x) =3x% +5x -8 is divided by (x — 2)
(JEE MAIN)

Sol: Use Remainder theorem. Put x = 2 in f(x). Since we are dividing f(x) =3x% +5x—8 by (x—2), we consider x = 2.

Hence, the remainder R is given by

R=f(2)=3(2)" +5(2)-8-14

This is the same remainder we arrived at with the preceding method.

Illustration 3: By using the remainder theorem, determine the remainder when 3(x)3 —x% —20x +5 is divided by
(x +4) (JEE MAIN)
Sol: As in Illustration 2, we can solve this problem by taking r = - 4

) =3(x)” —=x? ~20x +5.

Therefore the remainder R = f(—4) =3(-4)° —(-4)° —20(~4)+5=-192-16+80+5 = ~123

3.2 Factor Theorem

The Factor Theorem states:
If the remainder f(r) =R =0, then (x—r) is a factor off(x).

The Factor Theorem is powerful because it can be used to calculate the roots of polynomial equations having
degree more than 2.

Illustration 4: Find the remainder R by long division and by the Remainder Theorem (2x4 ~10x° +30x — 60)+ (x + 4).
(JEE MAIN)

3 2
Sol: We can find the remainder in the given division problem by using - 32’(' 8’; + 22% - 58
the long division method, i.e. similar to number division and also by X+4’\/ 2x + 0x'-10x'+ 30x - 60

the Remainder theorem, i.e. R = f(r). 2 8y
-2x- 8x

Now using the Remainder Theorem: f(x) =2x* —10x* +30x - 60

4 5 -8 - 10x°
Remainder =f(—4)=2(-4)" —10(—4)" +30(-4)-60 =172 A
8x + 32x
This is the same answer we achieved by the long division method. -
22x + 30x
-22x"- 88x
-58x - 60
58x + 232

172



2.4 | Quadratic Equations and Inequalities

Illustration 5: Use the factor theorem to decide if (x — 2) is a factor off(x) =x° - 2x* +3x° —=6x° —4x +8.
(JEE MAIN)

Sol: We know that (x — r) will be a factor of f(x) if f(r) = 0. Therefore, by using this condition we can decide whether
(x — 2) is a factor of the given polynomial or not.

f(x) =x° —2x* +3x° —6x° —4x+8
f(2)=(2) -2(2)" +3(2) -6(2)" -4(2) +8=0

Since f(2) =0, we can conclude that (x - 2) is a factor.

Ilustration 6: If x is a real number such that x> + 4x = 8, then find the value of the expression x’ +64x?.
(JEE MAIN)

Sol: Represent x’ +64x? as a product of x*> +4x—8 =0 and some other polynomial + constant term. The value of
the expression will be equal to the constant term.

Given x> +4x -8 =0;

Now y = x" +64x% = x4(x3+4x—8)—4x5+8x4 +64%°

= ~4x*(x* + 4x~8)+16x" + 64x = 16(x’ + 4x~8) + 128 = 128
Alter: x> +4x =8

x’ +64x°

x> +4x-8
Here, after division, the remainder will be the value of the expressionx’ + 64x°.

Now divide x’ +64x by X +4x-8 =

Thus, after dividing, the value is 128.

Illustration 7: A cubic polynomial P(x) contains only terms of the odd degree. When P (x) is divided by (x — 3), then
the remainder is 6. If P(x) is divided by(x2 —9), then the remainder is g(x). Find the value of g(2). (JEE MAIN)
Sol: Let p(x) = ax> + bx, and use Remainder theorem to get the value of g(2).

Let p(x) = ax® +bx; By remainder theorem P(3) =6

PB)=3b+9)=6;9%+b=2 ()
PO = (4 ~9)ax + (b + 92) x

Given that the remainder is g(x) when P(x) is divided by (x2 —9)

2o g(x)=(b+9a)x

From (i) (b+9a) = 2 g(x) =2X g(2) =4

4. METHODS OF SOLVING QUADRATIC EQUATIONS

There are two methods to solve a Quadratic equation

(i) Graphical (absolute) (ii) Algebraic

Algebraic Method

ax’ +bx+c=0; Divide by a




b? —4ac=D (Discriminant)

b ++/D —b-+D .
o= P = ;
2a 2a

ax’ +bx+c=0=x* —(o+B)x+(ap)=0

5. NATURE OF ROOTS

a+[3:_—b ,
a

Given the Quadratic Equation ax? +bx+c =0, wherea, b,c, e Randa # 0

Discriminant: D = b? — 4ac
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D<0

D=0

D>0

Roots are imaginary &
are given by

oa+iP, a—ip

Roots are real and equal
and are given by

-b/2a.

D is a perfect square then
roots are rational and different,
provided

abceqQ

D is not a perfect square then
roots are real and distinct and
are of the form

P+\/a&p—\/a,

provided a, b, c, € Q

For the quadratic equation ax® +bx+c=0

(i) Ifa, b c eRanda # 0, then

(@) If D < 0, then equation (i) has non-real complex roots.

(b) If D > 0, then equation (i) has real and distinct roots, namely

-b++D -b-+D
o= ,[3:
2a 2a

And then ax? +bx+c = a(x—a)(x—B)

(i)

(i)

(c) If D = 0, then equation (i) has real and equal roots. o = = —23 and then ax? +bx+c = a(x—oc)2 ..(ii)
a

(ii) Ifa b, c e Qand D is a perfect square of a rational number, then the roots are rational numbers, and in case
D is not a perfect square then the roots are irrational.

(iii) If a, b, c € Rand p + iq is one root of equation (i) (and q # 0) then the other must be the conjugate p — iq
and vice-versa. (p,q x* Rand i2 = -1).

Ifa,b,ce Qandp +.\/a. is one root of equation (i) then the other
must be the conjugate

p -4/gq and vice-versa (where p is a rational and \/a is an irrational

surd).

(iv) If exactly 1 root of Quadratic Equation is O then the product of roots

=0

= c=0

. The equation becomes y =ax?+bx=0 the graph of which
passes through the origin as shown in Fig 2.7.

(v) If both roots of quadratic equation are 0 then S = 0 & P = 0 where
S = sum and P = Product

|/\ \||\//

/I \

L v

Figure 2.7
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=P 08 0 bocc0  ny-—ad
a a
(vi) If exactly one root is infinity ax’ +bx+c=0
x=i ,theniz+9+c:0 ; cy? +by+a =0 must have exactly one root 0
y yo oy
a
.'.P=O:>E=0 = a=0;c=#0 = Y=bx+c

PLANCESS CONCEPTS

Very important conditions
o If y =ax? +bx+cis positive for all real values of x thena > 0 & D < 0

o If y = ax? +bx +cis negative for all real values of x thena < 0 & D < 0

e If both roots are infinite for the equation ax® +bx+c=0. x:l = %+E+c =0
' y yo oy
2 b a
cy‘+by+a=0 ——=0,—=0 ..a=0b=0 &c=0
C C

Vaibhav Gupta (JEE 2009 AIR 54)

5.1 Roots in Particular Cases

For the quadratic equation ax® +bx+c=0

(@) Ifb=0ac<0 = Roots are of equal magnitude but of opposite sign;
(b) Ifc=0 = One root is zero, the other is —b/a;

() Ifb=c=0 = Both roots are zero;

d) Ifa=c = The roots are reciprocal to each other;

0;c<0 L
(e) If (a g 0 €< Oj = The roots are of opposite signs;
a<0;c>

(f) If the sign of a = sign of b x sign of c = the root of greater magnitude is negative;
(g) Ifa+b+c=0 = onerootisland the otheris c/a;

(h) Ifa =b = c =0 then the equation will become an identity and will be satisfied by every value of x.

Illustration 8: Form a quadratic equation with rational coefficients having coszg as one of its roots. (JEE MAIN)

Sol: If the coefficients are rational, then the irrational roots occur in conjugate pairs. Hence if one root is (oc + \/B)
then other one will be (oc —\/E) Therefore, by using the formula x? —(sum of roots)x +(product of roots) =0 we
can obtain the required equation.

cos? L = lecoszﬁzl 1+cos™ :l 1+L
8 2 8 2 2

4 V2

Thus, the other root is %[1 —ij also Sum of roots = 1 and Product of roots = %

V2
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Hence, the quadratic equation is 8x*> —~8x+1 =0

Illustration 9: Find the quadratic equation with rational coefficients when one root is ; (JEE MAIN)

=)

Sol: Similar to Illustration 8.

If the coefficients are rational, then the irrational roots occur in conjugate pairs. Given that if one root is

L =+/5-2, then the other root is B = ! - 5-2

2+5) 2-5)

Sum of the roots a.+p = —4 and product of roots o B = -1. Thus, the required equation isx? + 4x—-1=0.

o =

Hlustration 10: If cos 0, sing, sin® are in G.P then check the nature of the roots of x* +2cot¢ x+1 = 0?
(JEE MAIN)

Sol : As cos6,sing and sin® are in G.P, so we have sin? ¢ = cos6.sin@. By calculating the discriminant (D), we can
check nature of roots.
We have sin? d=cosOsinB O (as cos O, sing, sind are in GP)

D=4 cot’¢ -4

-4 cos’ (p—sin2 ) _ 4(1 - 2sin’ ) _ 4(1-2sinBcos0) _ {2(5in6—cose)}2 50
sin2¢ sin2¢ sin2¢ sing -

Hence the roots are real

Illustration 11: Form a quadratic equation with real coefficients when one root is 3 — 2i. (JEE MAIN)
Sol: Since the complex roots always occur in pairs, so the other root is 3 + 2i. Therefore, by obtaining the sum and
the product of the roots, we can form the required quadratic equation.

The sum of the roots is

(3+2i)+(3-2i)=6. The product of the root is (3+2i)x(3-2i)=9-4* =9+4=13

Hence, the equation is x> —Sx+P =0

=x>-6x+13=0

Illustration 12: If p, g and r are positive rational numbers such that p>qg>r and the quadratic equation (p + q - 2r)
X2 + (g+r=2p)x+ (r+p-2qg) =0hasarootin (-1, 0) then find the nature of the roots of px2 +2gx+r=0
(JEE ADVANCED)

Sol : In this problem, the sum of all coefficients is zero. Therefore one root is 1 and the other root is .

r+p-2q
p+q-—2r

r+p-29q
p+q-2r

]. which also lies in (-1, 0). Hence, by solving -1< < 0 we can obtain the nature of roots of

px? +2qx+r=0.

(p+q—2r)x2 +(+r-2px+(r+p-29)=0
r+p-2q

-+ Oneroot is 1 & other liesin (-1, 0) = -1<
p+q-2r

<0 andp>qg>r, Thenp+g-2r>0

r+p-20<0=r+p<2q= r+p <2
q
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r’+ p?+2pr<4q? = 4pr<4qg? = g > pr [ g? > pr]

Hence D > 0, so the equation px? +2qx+r =0 has real & distinct roots.

Hllustration 13: Consider the quadratic polynomial f(x)=x* —px+q where f(x) = 0 has prime roots. If p + q = 11
and a =|O2 +q2 , then find the value of f(a) where a is an odd positive integer. (JEE ADVANCED)

Sol: Here f(x) = x? —pXx+q, hence by considering a.and B as its root and using the formulae for sum and product
of roots and the given conditions, we get the values of f(a).

f(x) = x* —px+q

Given o and f are prime

a+B=p (i)
af =q o (i)
Givenp+qg=11 = a+B+ap=11

= (a+1)(B+1)=12; a=2,B =3 are the only primes that solve this equation.

L f) = (x—2)(x—3) = x? —5x+6

L Pp=50q=6= a=p’+q° =25+ 36=51f51) = (51-2)(51 - 3) = 49 x 48 = 3422

Hlustration 14: Find the maximum vertical distance 'd' between the parabola y = -2x*> + 4x+3 and the line y =
x — 2 through the bounded region in the figure. (JEE MAIN)
Sol: In this problem, the maximum vertical distance d means the value of y.

The vertical distance is given by

d =-2x% +4x+3—(x—2)=-2x" +3x+5,
which is a parabola which opens downwards.

Its maximum value is the y-coordinate of

the vertex which has x-coordinate equal to b__3 3
2a 2(-2) 4
2
Then y =-2 i +3 i +5:__9+§+ﬂ:£ Figure 2.8
4 4 8 8 8 8

Hlustration 15: y = ax? +bx+c has no real roots. Prove that c(a+b+c) > 0. What can you say about expression
cla-b +¢)? (JEE ADVANCED)
Sol: Since there are no real roots, y will always be either positive or negative. Therefore f(xl)f(xz) >0

f(0)f(1) >0 = c(a+b+c)>0; similarly f(0) f(-1)>0=c(a-b+c)>0

Illustration 16: o, are roots of the equation f(x) =x? —2x+5=0, then form a quadratic equation whose roots
are o +02 —o+22 & B°+4p%> —7B+35. (JEE MAIN)

Sol: As o, are roots of the equation f(x) =x*-2x+5=0, f(oc), and f(B) will be 0. Therefore, by obtaining the

values of o +0?—a+22 and B3 +4p> —7B+35we can form the required equation using sum and product
method.

From the given equation o® —2a+5=0 and > -2p+5=0
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We find o +a? —a+22 = a(a? —20+5)+30? —60+22 =3(a’ -20+5)+7=7
Similarly B3 +4p% —7B +35 = B(BZ—ZB+5)+6B2—12B+35 = 6(B2—2B+5)+5:5
D, :D, Equation is x* ~12x+35=0

2
Hlustration 17: If y = ax” +bx+c >0 V x €R, then prove that polynomial z =y + j—y + :—)2/ will also be greater
X X
than 0. (JEE ADVANCED)
Sol: In this problem, the given equation y =ax’ +bx+c>0 V xeR means a>0 & b?-4ac<0. Hence, by
2
substitutingyin z =y + 3—y + :—)Z/and solving we will get the result.
X X

Since, y>0=> a>0 & b’ —4ac<0

Z = ax’ +bx+c+2ax+b+2a = ax2+(b+2a)x+b+c+2a
Again, as a>0 & b? —4ac <0

D=(b+2a)2 —4da(b+ c +2a) = b’ —4ac—4a’ <0

For the new expression since D < 0 and a > 0, it is always positive.

Illustration 18: If a Quadratic equation (QE) is formed from y2 =4ax & y =mx + ¢ and has equal roots, then find
the relation between ¢, a & m. (JEE MAIN)
Sol: By solving these two equations, we get the quadratic equation; and as it has equal roots, hence D = 0.
(mx+c)2 = dax; m’x* +2(cm-2a)x+c® =0

Given that the roots are equal. So, D = 0 = 4(cm—2a)2 = 4c’m? = 4a° = 4acm

a
a=Cm = Cc=—,
m

This is a condition for the line y = mx + ¢ to be a tangent to the curvey? = 4ax.

2c

b 3 \b? —4ac
—b++/b? - 4ac

Sol: We know that the roots of the quadratic equation ax? +bx +c = 0 are found by x = — Therefore,
a

Illustration 19: Prove that the roots of the equation ax’> +bx+c=0 are given by (JEE MAIN)

in multiplying and dividing by —b ¥ vb? —4ac we can prove the above problem.

ax’ +bx+c=0

, b ¢ bY (b)Y ¢
=>x +—x+—=0 =S| X+—| =|—| ——
a a 2a 2a a

b ? b? — 4ac b b? - 4ac
S(X+— | =—— D X—— |=Ft| —F—
2a 43° 2a 2a
3 —b++/b? - 4ac A —b++/b? - 4ac y —bFb? - 4ac
2a 2a —bFvb? —4ac
(—b)2 —(b2 —4ac) 2c

=>X= = X=

2a(—b¢x/b2—4ac) ~b++/b? - 4ac

=X
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7 7
Illustration 20: Let f(x)zax2+bx+a which satisfies the equation f[XJij:f(Z—X] and the equation

f(x) =7x+a has only one solution. Find the value of (a + b). (JEE ADVANCED)

Sol: As f(x) =7x+a hasonly one solution, i.e. D = 0 and f(x + %J = f(%— xj .Hence, by solving these two equations

simultaneously we will get the values of a and b.

Given

f(x) =ax’ +bx+a (1)
7 7 .

f(x+zj = f(Z—XJ (1))

and given that f(x) =7x+a ..(ii)

has only one solution. Now using (i) and (ii).

7Y 7 7 Y (7 , 49 7 7 49 5, 7 7
a| x+—| +b|x+—|+a=a]——-x| +b|——x|+a = a| X +—+—=x |+b| x+—|=a| —+x* —=x |+b| ==X
4 4 4 4 16 2 4 16 2 4
=7ax+2bx=0; (7a+2b)x=0 .. (iv)
f(x) = 7x + a has only one solution, i.e,, D is equals to zero.

ax’ +bx+a=7x +a = ax’ +(b-7)x=0 = D= (b-7°-4ax0 = D= xz(b—7)2 =0;b=7

Using equation (iv), a =-2, Thena+ b =5

Hlustration 21: If the equation 2x? +4xy +7y? —12x—2y +t =0 where t is a parameter that has exactly one real
solution of the form (x, y). Find the value of (x + y). (JEE ADVANCED)

Sol: As the given equation has exactly one real solution, hence D = 0.
2x? +4x(y—3)+7y2 -2y+t=0

D=0 (for one solution)

= 16(y-3)’ —8(7y2 —2y+t) —0=2(y-3) —(7y2 —2y+t) -0
:>2(y2 —6y+9)—(7y2 —2y+t):0:>—5y2 ~10y+18-t=0

=5y’ +10y+t-18=0

Again D = 0 (for one solution) = 100 -20(t—18) =0

= 5-t+18=0; Fort = 23,5y +10y+5=0

b’ -4ac=0 = b?=4ac

Fory=-1; 2x° —16x+32=0 - x=4 = x+y=3

6. GRAPHICAL APPROACH

2
Lety = ax® +bx+c; y=al|x +£ _ b a, b and c are real coefficients. ..(0)
2a) 43’

Equation (i) represents a parabola with vertex [;—b ;—Dj and axis of the parabolais x = ;—b
a 4a a



Mathematics | 2.11

If a > O, the parabola opens upward, while if a < 0, the parabola opens downward.
The parabola intersects the x-axis at points corresponding to the roots of ax? +bx +c = 0 . If this equation has

(@) D > 0 the parabola intersects x — axis at two real and distinct points.

(b) D =0 the parabola meets x-axis at x = ™
a

(¢) D < 0then;

If a > 0, parabola completely lies above x-axis.

If a < 0 parabola completely lies below x-axis.

Some Important Cases: If f(x) =ax?+bx+c=0 and a, B are the roots of f ()

1. Ifa>0and D > 0, y
then f(x) > OVe(—oo, cx)u(B, oo) a>0
D>0
(where a<f3, and are the roots ofax? +bx+c = 0)
~NB %
Figure 2.9: Roots are real & distinct
2. Ifa<0andD > 0 then f(X)<0VXe(—oo,oc)U(B,oo) yt
where > o
a<o0
D>0
o B
70 \ >
Figure 2.10: Roots are real & distinct
3. Ifa>0and D = O then o = j y4
f(x)>0Vx:x¢oc
a>0
f(oc) =0 v=0
o) a %
Figure 2.11: Roots are real & equal
4. If a< 0 and D = 0 then px* +gx+r=0 and YT o X
f(x)<OVx¢oc O a;O .
f(oc) =0 D=0
Figure 2.12: Roots are real & equal
> Ifa> 0 and D < 0 then f(X)>OVX€ R y a>0
D<0
lo x
Figure 2.13: Roots are complex
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If a< 0 and D < 0 then f(X)<OVX€ R

Figure 2.14: Roots are complex

a>0
D<0

Hlustration 22: The graph of a quadratic polynomial y = ax? + bx + ¢ is as shown in the figure below. Comment on

the sign of the following quantities.

(A b-c (B) bc (Oc-a (D) ab?

Sol: Here a < O;

—E< 0=b<0; o 0 = c>0.As b -c = (-ve) — (+ve); it must be negative;
a a

Also, bc = (—ve)(+ve); this must be negative;

(JEE MAIN)

AY

/ o\

Then, [3+l = (-ve) (+ve); the product must be negative; finally, Figure 2.15
(04
c—a = (+ve) — (—ve), it must be positive.
Illustration 23: Suppose the graph of a quadratic polynomial v %’L‘F
y =X +px+q is situated so that it has two arcs lying between the 4
raysy = x and y = 2x, x > 0. These two arcs are projected onto the \ _—
x-axis yielding segments S, and S;, with S; to the right of S, . Find J=*
the difference of the length (S,)-(S ) (JEE MAIN)
2 = X
Sol: Let the roots of x“ +px+q = x be x, and x, and the roots of i =g —
x% +px +q = 2x be X, and x,. L Figure 2.16
Sg =X, =X,and S =X; =X; = S =S =X, +X3=X; = X,.
“1(s)1(50) = [~(p-2)~{-(p-1)}] -1
7. THEORY OF EQUATIONS
Considera, B, v the roots ofax® + bx? + cx+d =0 ; then
ax +bx? +cx+d = a(x—oc)(x—B)(x—y)
ax> +bx? +cx+d = a(x2 —(a+[3))(x+ aB)(x—y)
ax® +bx? +cx+d :a(x3 —xz(a+B+y)+x(aB+By+ym)—aBy)
NI (x3 —x? (a+B+Y)+X(Y+BY+Y0c)—a[3Y)
a a a
—b _ coefficient of X C coefficient of x

Comparing them, a+B+y=— =

Jaf+By+yo=—=

a coefficient of x> a coefficient of x°
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d constant term x
apy == .
a coefficient of x

Similarly for ax* +bx® +cx? +dx+e=0 ;

So=" Yap-S Sapr=-: apra-$

a a

PLANCESS CONCEPTS

As a general rule

n n-1 n-2 n-3 _
X" +a, X" +a, X +a X" +..+a, =0 has roots Xl,Xz,X3 ...... X

s -3 _coefficient of xnt ZX X = a, _coefficientof X n-2
! a, coefficient of X" L 3y coefficientof X"

XXX __a_3__coefficientofX”‘3 XXX x _(_1)n constantterm _  ,yn3
e do coefficientof X» L 22T coefficient of X" d

Vaibhav Krishan (JEE 2009 AIR 22)

Illustration 24: For ax’ +bx+c=0, X, & X, are the roots. Find the value of (ax1 + b)f3 + (ax2 + b)fg

(JEE MAIN)
Sol: As x; and x, are the roots of equation ax? +bx+c =0, hence, X +X, = b and x;x, = <
a a
Therefore, by substituting this we will get the result ! T+ ! 3
(ax; +b)" (ax, +b)

Now aBy:_—d, oc[3+[3y+ka=£

a a

3
L1 11 433 (g +%) =3xx0q+%,)  -3b b’ b®-3abc
(ax, + b)3 (ax, + b)3 -l A A - a’c? aid &

Hlustration 25: If the two roots of cubic equation x* +px? +qgx +r = 0 are equal in magnitude but opposite in sign,
find the relation between p, g, and . (JEE MAIN)

Sol: Considering @, - a and 3 to be the roots and using the formula for the sum and product of roots, we can solve
above problem.

Let us assume the roots are a, - a and

Then, a—a+Bf=-p =2pB=-p

—o’—ap+ap=q = o’ =-q; —o%B=-r =pg=r

Illustration 26: If the roots of a quadratic equation (a—b)x2+(b—c)x+(c—a)=0 are equal then prove
2a = (b +0) (JEE MAIN)

Sol: In this problem, the sum of all the coefficients is O, hence its roots are 1 and % . Therefore, by using the
a —
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product of roots formula we can prove the above problem.
As x = 1 is a root of the equation (since sum of all coefficients is 0)
. The other root is also 1

.'.Productzlz%; La-b=c-a.2a=b+c
a_

Illustration 27: If the roots of p (q - 1) X2+ q(r—p)x + r(p — g) = 0 has equal roots, prove that 2 = l+1
qa pr
(JEE MAIN)
Sol: This problem can be solved in the manner shown in the previous illustration.
Onerootisl ; .. other rootis 1
- Product=1= P~ . 5 pq—pr=rp-rq
Pg-pr
sqp+rn=2rrp .'.E:w:l+l
q pr r p
Hlustration 28: If a, B, v are the roots of cubic x> +qgx+r =0 then find the value of Z(oc - [3)2 (JEE MAIN)

Sol: As we know, if o, p and y are the roots of cubic equation ax® +bx? +cx+d =0

-b —d .
then a+B+y=—, af+Py+Ara = € and ofy =—. Therefore, by using these formulae we can solve the above
illustration. a a

a+B+y=0; Y af=q; afy=-r
(0H—B+y)2 =0= o +B7+y° = 2(ap+By +ya) = Y o’ =-2> ap

Now Z(a—B)Z = Z(az +p° —ZOLB) = 2(2(12 —ZOLB) = —620([3 =—6q

Ilustration 29: Form the cubic equation whose roots are greater by unity than the roots of x> —5x? + 6x—3 =0
(JEE ADVANCED)

Sol: By using x> —x*(Za)+x(ZayB; ) - o, By 1, =0 we can form cubic equation.

Here a; =a+1 B, =B+1 y, =y+1and o, pandy are the roots of x> =5x2 +6x-3=0.
a+PB+y=5 2 ap=6; apfy=3

Let the roots of the new equation be o,,B;,v;

-. The equation is x* — x? (Za)+x(2alﬁl)—oc1 By v, =0

a, =a+l B =B+1 y;=y+1

Yoy =a+pf+y+3=8

2 oy By = 0yB; +oyyy +Byyg =(a+1)([3+1)+([3+1)(y+1)+(y+1)(a+1) =19

a,B;v, :(a+1)(ﬁ+1)(y+l) =15

X —8x% +19x-15=0
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Alternate Method
y=x+1l= x=y-1 Put (y — 1) in given equation

= (y-1) =5(y-1)° +6(y-1)-3=0 = y> ~1-3y? +3y ~5y? ~5+10y +6y -6 -3 =0=y* ~8y? +19y ~15=0

Illustration 30: Find the sum of the squares and the sum of the cubes of the roots of x*> —ax? +bx—c=0
(JEE ADVANCED)

Sol: Similar to the previous problem.
Xo=a;Xxaf=b X apy=c;

ol +[32 +y2 :(oc+[3+y)2 -2> ap =a’-2b
o2 +p3+y° = (@ +B° +v° —30By) + 3apy

= (0c+[3+y) (a2 +B2 +y2 —aB—By—ya)+3a[3y = (a)(a2 —2b—b)+3c = (a)(a2 —3b)+3c

Illustration 31: If o,f,y & & are the roots of equation tan{%+ xj = 3tan3x, then find the value of X tan a
(JEE ADVANCED)

Sol: Here,

l+tanx 3[3 tan x — tan® x

= , therefore by putting tan x = y and solving we will get the result.
1-tanx 1-3tan® x

1+y_3(3y‘y3)
1-y 1-3y?

; Lettanx =y =

P
The given equation is: 1+tanx =3 3 tan x — tan” x
1-tanx 1-3tan® x

= 1-3y’ +y -3y’ =9y -3y’ —9y* +3y* (y=1)
=3y*-6y’+8y-1=0; Yy, =0 = Ytana=0

Illustration 32: Find the number of quadratic equations with real roots remain unchanged even after squaring
their roots. (JEE ADVANCED)

Sol: As given a B = o’ B? anda®+ p? = a+ B, therefore by solving it we will get the values of o and .

aB=a? P ()
and o + [32 =a+B (ii)
Hence, af(l-af)=0= a=0o0rPB=0or af=1
If a =0 then from (ii), =0 or B=1= roots are (0, 0) or (0,1)
If B=0 then, a =0 or a =1 = roots are (0,0) or (1,0)

2
IfB=lthen 0L2+i:oc+l :(oﬁlj —2=0L+l
a 2 o o o

Hence t? —t—2:0:>(t—2)(t+1):0:>t:2 ort=-1

Ift=2 =0 =1and B =1,ift = -1 roots are imaginary o or o>

.. The number of quadratic equations is one.
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PLANCESS CONCEPTS

The relation between Roots and Coefficients.

If the roots of a quadratic equation ax? +bx+c=0(a=0) are a and p then:

(a_ﬁ):imzi@:if

b% - 2ac
22

A 2_
o o’ —p? =(a+[3)((x—[3)=iu

° oc2+[32 :(oc+B)2 —20p =

o« @} +p = (atp) ~3ap(o+p)- ——s—

2 2
¢ o =p=(a=p) +308(a—P) = (a—P)| (c+B)' ~4ap+30p |-+ ac)im

2 2
o ot +p* =(oc2 +[32)—20c2[32 =(b—22acJ_2c_2
a a

+b(b? —2ac)Vb? — 4ac
4
a

o of —p*=(0’ - )0’ + B%)=
. a2+aB+B2:(oc+B)2—aB:(b2—ac)/a2
o (x2[3+B2(x=(xB(oc+B)=—bc/a2

2 2 4 4 2 242 202
(EJ J{EJ @ e ) —2e = (b -2ac/ac)* -2

B o a2p? a2p?

Nitish Jhawar (JEE 2009 AIR 7)

8. TRANSFORMATION OF EQUATIONS

We now list some of the rules to form an equation whose roots are given in terms of the roots of another equation.
Let the given equation be a,x" +a,x" " +..a_,x+a =0 (i)
Rule 1: To form an equation whose roots are k(#0) times the roots of the equation, replace x byE.

Rule 2: To form an equation whose roots are the negatives of the roots in the equation, replace x by —x.

In rule 1, y = kx Hence x = y/k. Now replace x by y/k and form the equation. We can do the same thing for the
other rules.

Alternatively, change the sign of the coefficients of X", X"3,X">, ... etc. in (i).
Rule 3: To form an equation whose roots are k more than the roots of the equation, replace x by x — k.

Rule 4: To form an equation whose roots are reciprocals of the roots of the equation, replace x by

1 (x#0) and then multiply both sides by x" .
X
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Rule 5: To form an equation whose roots are the square of the roots of the equation in (1) proceed as follows:
Stepl  Replace x by Jx in (1)

Step2  Collect all the terms involving Jx on one side.

Step3  Square both the sides and simplify. - ;
(oc + B)(OLB) + OLB\/(OL + [3) - 4(OLB)
2

For instance, to form an equation whose roots are the squares of the roots of

replace x by Jx to obtain.
xV/x +2x —vx +2 =0 :>x/;(x—1)=—2(x+1)
Squaring both sides, we get x(x—l)2 = 4(x+1)2 or x}-6x°-7x-4=0

Rule 6: To form an equation whose roots are the cubes of the roots of the equation, proceed as follows:

Stepl  Replace x by x*3

3

Step2  Collect all the terms involving x> and x*3 on one side.

Step3  Cube both the sides and simplify.

9. CONDITION FOR MORE THAN 2 ROOTS

To find the condition that a quadratic equation has more than 2 roots.

ax’ +bx+c=0 Let o,B, v be the roots of the equation

ao? +ba+c=0 . ()
ap? +bB+c =0 .. (i)
ay? +by+c =0 ... (iii)
Subtract (i) from (i) a(a® —=p?)+b(a—B)=0; (e —B)@(e+p)+b)=0

=ala+B)+b=0 = a = B ..(iv)
Subtract (iii) from (i) = a(B+y)+b=0 (V)

Subtract (i) from (iii) = a(y+a)+b =0
Subtract (v) from (iv) = a(y+B-p—a)=0or aly—a)=0 =a=0
Keeping a=0 in(iv);b=0and c = 0 = Itis an identity

Illustration 33: If (a2 —l)x2 + (a —1)x +a’ —4a+3=0 is an identity in x, then find the value of a. (JEE MAIN)

Sol: The given relation is satisfied for all real values of x, so all the coefficients must be zero.
a’-1=0=a=+1
a-1=0=a=1 ;Commonvalueaisl
a’—4a+3=0=13
Illustration 34: If the equation a(x—l)2 +b(x2 —3.x+2)+x—a2 =0 is satisfied for all x € R, find all possible
ordered pairs (a, b). (JEE ADVANCED)

Sol: Similar to illustration 33, we can solve this illustration by taking all coefficients to be equal to zero.

a(x—1)2+b(x2—3x+2)+x—a2 =0
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:>(a+b)x2—(2a+3b—l)x+2b—a2+a:0

Since the equation is satisfied for all a., it becomes an identity

Coeff. of x> = 0 Coeff.of x = 0 Constant term = 0
a+b=0 2a+3b-1=0 2b-a’+a=0;2-a’+a=0
a=-b..(> using (i) ;= —2b+3b=1; a’-a-2=0

= b=1 = @+1)@-2=0;a=-12

But from (i) a = -b = only a = -1 is the possible solution. Hence (a, b) = (-1, 1)

10. SOLVING INEQUALITIES

10.1 Intervals
Given E(x) = (x—a)(x —b)x-c)(x—-d) >0
To find the solution set of the above inequality we have to check the intervals in which E(x) is greater/less than zero.

Intervals

s v v v

Closed interval Open interval Open-closed interval Closed-open interval

(a) Closed Interval: The set of all values of x, which lies between a & b and is also equal to a & b is known as a
closed interval, i.e. if a < x < b then it is denoted by x €[a, b].

(b) Open Interval: The set of all values of x, which lies between a & b but equal to a & b is known as an open
interval, i.e. if a < x < b then it is denoted by a e (a, b)

(c) Open-Closed Interval: The set of all values of x, which lies between a & b, equal to b, but not equal to a is
known as an open-closed interval, i.e. if a < x < b then it is denoted by x € (a, b].

(d) Closed-open Interval: The set of all values of x, which lies between a & b, equal to a but not equal to b is
called a closed-open interval, i.e. if a < x < b, then it is denoted by x € [a, b).

Note: )x>a = [a, o) (i)x>a = (a, o)

(i) x <a = (-, a) (ivyx <a = (-, a)

10.2 Some Basic Properties of Intervals

(a) Inaninequality, any number can be added or subtracted from both sides of inequality.
(b) Terms can be shifted from one side to the other side of the inequality. The sign of inequality does not change.

(c) If we multiply both sides of the inequality by a non-zero positive number, then the sign of inequality does not
change. But if we multiply both sides of the inequality by a non-zero negative number then the sign of the
inequality does get changed.

(d) Intheinequality, if the sign of an expression is not known then it cannot be cross multiplied. Similarly, without
knowing the sign of an expression, division is not possible.

(M

X~ E >1=x-2>x-5 (Not valid because we don't know the sign of the expression)
X —
X—2

(x=5)

> 1:>(x —2) > (x —5)2 (valid because (x—5)* is always positive)

(i)
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10.3 Solution of the Inequality

(a) Write all the terms present in the inequality as their linear factors in standard form i.e. x = a.

(b) If the inequality contains quadratic expressions, f(x) = ax’> + bx + ¢ then first check the discriminant
(D = b%-4ac)

(i) If D > 0, then the expression can be written as f(x) = a (x - a)(x - B). Where a and B are

~b+b? -~ 4ac

givenbya, B =
2a

(i) If D = 0, then the expression can be written as f(x) = a (x - oc)z, where o = —
(i) IfD < 0 & if

e a >0, thenf(x) >0 VX eR and the expression will be cross multiplied and the sign of the inequality
will not change.

e a <0, thenf(x) <0 VX eR and the expression will be cross multiplied and the sign of the inequality
will change.

o If the expression (say 'f') is cancelled from the same side of the inequality, then cancel it and write
f£0 eg,

( 2)(x=3) 1= X230

YT e

(ii) (Xx)#zo = (x=5)(x-8)=0 iffx-520

iff x=2#0

S L _\kn
i Letf(x)z(x a; )t (x—a,)?..(x—a)

(x -b; )rl (x -b, )r2 (x - b)r“

Where k;, k; oo, K, &1, 0 . r, e Nand a;, a,, ........... a, &b, b, ... b, are fixed real numbers.
The points where the numerator becomes zero are called zeros or roots of the function and points where the
denominator becomes zero are called poles of the function. Find poles and zeros of the function f(x). The
corresponding zeros are a;, a,, ......... a, and poles are b, b, ... b, . Mark the poles and zeros on the real
numbers line. If there are n poles & n zeros the entire number line is divided into 'n+1" intervals. For f(x), a number

line is divided into '2n+1" intervals.

Place a positive sign in the right-most interval and then alternate the sign in the neighboring interval if the pole or
zero dividing the two interval has appeared an odd number of times. If the pole or zero dividing the interval has
appeared an even number of times then retain the sign in the neighboring interval. The solution of f(x) > 0 is the
union of all the intervals in which the plus sign is placed, and the solution of f(x) < 0 is the union of all the intervals
in which minus sign is placed. This method is known as the WAVY CURVE method.

Now we shall discuss the various types of inequalities.
Type I: Inequalities involving non-repeating linear factors (x — 1) (x—-2) > 0

(x—1)>0:>x>1}

15t condition
(x — 2)>O:>x>2

-1 1
2" condition X—1<0=x< } <1

X—2<0=>x<2

€ (-o,1]u[2,:)
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12
Illustration 35: (x — 3) (x+1) (X—7] < 0, find range of x

Sol:Comparing all brackets separately with 0, we can find the range of values for x.

x < -1 and E <x<3; .. xe (—oo,—l)u[E,EBj
7 7
Type II: Inequalities involving repeating linear factors
(x=1)" (x+2)° (x-3)<0
= (x+1)" (x+2)" (x+2)(x-3)<0

= X+2)(x-3)<0;x €[-2 3]

Illustration 36: Find the greatest integer satisfying the equation.
(1) (x=3) (x=5) " (x-4)™ (x-2)" <0

Sol: Comparing all brackets separately with 0, we can find the greatest integer.
The inequality {—(x - 2)}2 -(x-2)-2=0

= X+ 1x-5x-2)<0

x=-1,3,5472

xe (—0-1)U@23)UEB4HUGS).

Type III: Inequalities expressed in rational form.

Illustration 37: w >0

(x+3)(x—4)

Sol: If nghen (x+c)(x+d)¢0, and (x+a)(x+b):0

(x+c)(x+d)

Hence, x=-3,48& x=1,-2 ; X e(—oo,—S)U [-2,1]1U (4, o)

x° (x+1)

0
(x-3)° )

Illustration 38:

Sol: Similar to the illustration above.

%<o x#3,-1,0; xe(-1,0)0U(0 3)
X_

x> -1
Illustration39: ————— >1
x> —7x+12

(JEE MAIN)

(JEE MAIN)

(JEE MAIN)

(JEE MAIN)

(JEE MAIN)

Sol: First reduce the given inequalities in rational form and then solve it in the manner similar to the illustration

above.
x> -1

(x—4)(x—3)

>1
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2 2
X -1-x +7x—12>0 ) 7x—-13

e N [ I

 X#3,4; X{17—3,3ju(4,°0)

Type IV: Double inequality

2
3x“ —7x+8 <

X% +1

Illustration 40: 1< 2 (JEE ADVANCED)

Sol: Here 3x?> —7x+8 > x* + 1 therefore if D < 0 & if a > 0, then f(x) > 0 and always positive for all real x.
3x2—7x+8>x2+1:2x2—7x+7>0;

D= b” -4ac =49-56 = -7

~.D<0 & a>0 . always positive for all real x

3 ~7x+8<2%° +2 = x° = 7x+6 <0 = (x-1)(x-6)<0

xe[l6];xe[l1,6] "R

Type V: Inequalities involving biquadrate expressions

Hustration 41:  (x +3x+1)(x* +3x-3)>5 (JEE ADVANCED)
Sol: Using x? +3x = y ,we can solve this problem

Let x> +3x =y ~(y+1)(y-3)z5

y2—2y-8>0 Ly=-4y+2 20

L X+ 4) =D+ x + 1) 2 0 = xe(—0,-4]u[-2-1]U[1x)

11. CONDITION FOR COMMON ROOTS

Consider that two quadratic equations are alx2 +b;x+¢; =0 and a2x2 +byx+¢c, =0

(i) One root is common bl><:cl><al><|101
Let a, be the common root. then a satisfies b, c, a, b,

2 —
aa” +bja+¢ =0

3 —
a;a” +b,a+c, =0

o? o 1

By cross multiplication method, = =
b,c, —b,¢ _(alcz _Claz) ab, —b,a,

o? a 1

b,c, -by¢; ca,—-ac, ab,-ba,

b,c, -b
o2 = 127220 - (0)

a,b, —b,a,
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_ 4% 7346

a,b, —b,a, (1))

Divide (1)/(2)

b,c, —b,c
o = 2152 74

... (iii)

G3; ~ 6
equating (i) and (i) ; (cl a,—-C,a )2 = (a:l b, -b, a2) (bl c,—b, C1) is the condition for a common root.

.. a b, ¢
(i) If both roots are common, then -+ = —L="1
a, b, ¢

Hlustration 42: Determine the values of m for which the equations 3x? +4mx+2=0 and 2x* +3x—2 =0 may
have a common root. (JEE MAIN)

Sol: Consider a to be the common root of the given equations. Then, o must satisfy both the equations. Therefore,
by using a multiplication method we can solve this problem.

302 + 4ma+2=0; 20? +300-2=0

Using the cross multiplication method, we have

(-6 — 4)? = (9 — 8m)(— 8m — 6)

=50=8m-9)4m+3) = 32m?-12m-77=0

= 32m’ -56m+44=0 = 8m@m-7)+114m-7)=0

11 7

= Bm+11)dm-7)=0 = m=-=,=
8 4

Illustration 43: The equation ax? +bx+c and y >0 have two roots common, Find the value of (a + b).
(JEE ADVANCED)

Sol: We can reduce x> —=2x> +2x-1=0 to (x-1) (x> =x+1)=0 as the given equations have two common roots,
therefore —m and —w? are the common roots (as both roots of a quadratic equation are either real or non-real).

We have x* —2x? +2x—1:0:>(x—1)(x2 —x+l):0
~1+43i
2

Since ax? +bx+a =0 and x> —2x? + 2x -1 = 0 have two roots in common, therefore -® and —»? are the common
roots (as both roots of a quadratic equation are either real or non-real), also —0 is a root of ax? + bx +a = 0. Hence.

= x=lorx=-w, —®,where ® =

a(1+0?)-bo=0 =a(-0)-bo=0(@s1+w+a? =0)

2a+b=0

12. MAXIMUM AND MINIMUM VALUE OF A QUADRATIC EQUATION

y= ax’ +bx + ¢ attains its minimum or maximum value at x = accordingtoa >0ora<0
a
MAXIMUM value case

Whena < Otheny :;—D ie. ye[—oo,—D}
a
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MINIMUM value case

-D -D
When a > 0 then Y, :4_a ie. y{4_a'00]

y

' N

4a 4y

a<0

> X
/ (0] -b 7 x /
D

a<0

2a

Figure 2.17
Figure 2.18

PLANCESS CONCEPTS

If o is a repeated root, i.e., the two roots area , o of the equation f(x) = 0, then o will be a root of the

derived equation f'(x) = 0 where f'(x) = %
X

If o is a repeated root common in f(x) = 0 and ¢ (x) = 0, then a is a common root both in f'(x) = 0 and
¢ ‘(x) = 0.
Shrikant Nagori (JEE 2009 AIR 30)

Illustration 44: Find the range of y = S S— (JEE ADVANCED)

X2 —5x+9

Sol: Here as xe R therefore D > 0. Hence, by solving these inequalities we can find the required range.

X = yx> —5yx +9y; yx? —=5yx+9y —x=0.
yx* = (5y +1)x+9y =0, - xeR D>0
~(5y+1)-36y? >0, . 25y2 +1+10y 36 y2> 0
5 —11y? +10y +1>0 11y? —11y +y-1<0
(1ly +1)(y-1) < 0; ye| 21
11
Putting the end pointsintheeq. 1=—> . %2 _6x+9=0 .- (x—3)2 =0
X° —5x+9

If D < 0, then 1 would be open, i.e. excluded; L S

11 %2 -5x+9
= - (x2 —5x+9):11x ;X +6x+9=0; .. (x+3)2 =0; I—i’ remains closed

X 1

2 =
X* —5x+9 [X_5+9j
X

Alternative Solution: y =

Apply the concept of Arithmetic mean > Geometric mean for the values for x and 9/x
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5]
X+ =
X 9
> Ix*=

We have ~——=2
e have ~— <

Thus x+226 forx 2 0 and x+2£6 forx <0
X X

Since the term is in the denominator if we consider its maximum value, we will get the minimum value of y and
vice versa.

=1 and

The maximum value of y will be

1 -1

The minimum value of will be = — .
-6-5 11

-1
Thus the range of y is| —,1
geofyis| 3.1

x% +2x -3

x> +2x—8

Illustration 45: Find range of y = (JEE ADVANCED)

Sol: Similar to the preceding problem, by taking b? - 4ac > 0 we can solve it.
X2+ 2x -3 =yx? + 2xy - 8y

(y-Lx*+ (2y-2)x—- (8y-3)=0;b?- 4ac>0

LRy =22+ @By -3)y-1)>20=4y>+4 -8y +48y? -3y -8y +3)>0
4y? + 4 -8y — 44y - 32y? + 12 >0 = 36y>-52y + 16 >0

4
L 9y2-13y +420=(y-1) (9y-4)20; Y e(—w,g} U (L, oo)
To verify if the bracket is open or closed, apply the end points in the equation,
2
Checkfory:i; iszx_?’
9 9 x?+2x-8
2
4x% +8x—32=9x* +18x—27; s 5" +10x+5=0
X +2x+1=0 . s (x+1f =0
Sox=-1 4 is closed
9
2
Check for 1, 1= X +2x-3
X° +2x—8

A+ 2X-3=x2+2x-8 Since no value of x can be found, 1 is open

2
Illustration 46: Find the limits of ‘a’ such that y _ X TXES g capable of all the values of X’ being a real

quantity. 5x* —7x+a (JEE ADVANCED)

Sol: Similar to Illustration 45.

Syx® —7xy +ay=ax’ — 7x+5
(5y-a)x’ =7x(y-1)+ay-5=0;

D =49(y? +1-2y)-4(ay-5)(5y-a) ; D>0
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49y2 — 49 - 98y - 20ay? + 100y + 4a?y —20a>0

y? (49 - 20a) +y(2 +4a?) +49-20a>0

(2 + 4a%)? - [2(49 - 200)]?°<0; oo (2 + 4a% + 2(49 - 20a))(2 + 4a? — a%(49 - 20a))

(L+2a%+49-20a)(1l +2a*2-49+20a)<0

(a>-10a +25) (a>+10a-24)<0; L(@a+12)@-2)<0

13. LOCATION OF ROOTS

Let f(x)=ax’ +bx+¢; ab,ceR aisnotequalto0and o, B be the roots of f(X) =0

Type I If both the roots of a quadratic equation f(X) =0 are greater than a specified number, say 'd’, then

a>0

-b X-axis
2a a<o
D>0

Figure 2.20

v

X-axis
: Figure 2.22
Figure 2.21
. . . —b
(i) D=0 (ii) f(x) > 0 (iii) — >d
2a
Type II: If both the roots are less than a specified number, say 'd’, then
a>0 /I
D>0 of LN ,
_b d  x-axis
_b 2a a<0
2? > D>0
Ot\_/bﬁ d x-axis

Figure 2.24
Figure 2.23
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a=p il
é_a d E x=;xis a>0
a< i D=0
D : i_k; | X
I a=p d i x-axis
Figure 2.25 Figure 2.26

(i) D =0 (ii) f(x) > 0 (iii) _—b <d
2a

Illustration 47: If both the roots of the quadratic equation X +X(4 —2k) +k? =3k -1=0 are less than 3, then find
the range of values of k. (JEE MAIN)

Sol: Here both the roots of the given equation is less than 3, hence, D > 0 ,;—b< 3andf(3)>0.
a

The equation is f(x) =x2 +x(4—2k)+k2 -3k-1=0

w0 N/

b NZE

23 ...ii)

f(3)>0 (D)

()D>0= (4-2k?-4(k-3k-1)>0 —
— (k2 -4k +4) (k2 -3k-1)>0 5
= k+520 = k-550;

ke(—oo,S]

L—4(4-24) _ 4 >
(”)T<3' k-2 < 3; k<5

Gii) f(3)>0 = 9+3@4-2k +k-3k-1>0

=k -9 +20>0 = (k-4)(k-5)>0

k € (-0, 4) U (5, ) ; Combining all values we get k e (-0, 4)
Type III: A real number d lies between the

roots of f(X) =0 or both the roots lie on either side of a fixed number say ‘d’ then af(d)<0, and D>0.

Figure 2.27 Figure 2.28
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Type IV: Exactly one root lies in the interval (d, e) when d < e, then f(d)-f(e)<0

N\ b X i -
' _2_a e R d _Z_ba e X-axis
d o P /B x-axis a<0
! i D>0
Figure 2.30

X-axis

-...--...-,rm

Figure 2.31

Figure 2.32

Type V: If both the roots of f(X) = 0 are confined between real numbers'd’ and ‘e’, where d < e. Then

(i) D 2 0, (ii) f(d)f(e) >0, (iii) d < —% <e.

v

Xis

Figure 2.35

Figure 2.36

Type VI: One root is greater than e and the other root is less than 'd".

=

I >
d-b € X-axis
. 2a a<0
> N
X-axis D>0

Figure 2.37 Figure 2.38
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14. QUADRATIC EXPRESSION IN TWO VARIABLES

The general quadratic expression ax? + 2hxy + by? + 2gx + 2fy + ¢ can be factorized into two linear factors. The
corresponding quadratic equation is in two variables

ax? + 2hxy + by? + 2gx + 2fy + ¢ = 0
orax’? + 2(hx + g)x + by? + 2fy + ¢ = 0 ..(0)

N —2(hy+g)i\/4(hy+g)2 _4a(by2 +2fy+c) —(hy+g)i\/h2y2 + g2 +2ghy - 2afy — ac— aby?
SoX= = X=

2a a

:>ax+hy+g:ir\/h2y2+gz+Zghy—aby2—2afy—ac ..... (i)
At this point, the expression (i) can be resolved into two linear factors if

(h2 —ab)y2 +2(gh—af)y +g” —ac is a perfect square and h? - ab > 0.
But (h2 —ab)y2 +2(gh—af)y +g* —ac will be a perfect square if D = 0

= g°h? +a%f? - 2afgh-h’g® +abg’ +ach’ —a’bc =0 and h? —ab >0
= abc+2fgh—af? ~bg? —ch? =0 and h? —ab >0
This is the required condition. The condition that this expression may be resolved into two linear rational factors is
a h g
A=h b f|=0
g f ¢
= abc + 2fgh-af’ ~bg? ~ch? =0 and h? —ab >0

This expression is called the discriminant of the above quadratic expression.

Illustration 48: If the equation x? + 16y? - 3x + 2 = 0 is satisfied by real values of x & y, then prove that

xell,2ye L1 (JEE MAIN)
8 8
Sol: For real values of x and y, D 2 0. Solve this by taking the x term and the y term constant one by one.
X2 —3x+16y>+2=0 ; D20 asx <R
:>9—4(16y2+2)20 ;. = 9-64y2-8320
5 64y? —1<0
-1 1
= @By-1)@8y+1) <0 ye{? . 5}

To find the range of x, in 16)/2 x4 -3x+2=0 D>0

Hence, -64(x2 —3x+2) >0
Solving this, we get x e [1, 2]
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Illustration 49: Show that in the equation x? — 3xy + 2y? - 2x — 3y — 35 - 0, for every real value of x there is a real
value of y. (JEE MAIN)

—b+/b? - 4ac . 3y +2+4y? + 24y +144

7 we will get x = 5

Sol: By using the formula x =

Here, the quadratic equation in y is a perfect square.

x2—x(3y+2)+(2y2 —3y—35)=0

P 2
Now, x = 3y + 2 + 24/quadratic iny . As the quadratic equation in y is a perfect square ((y+12) )

- The relation between x & y is a linear equation which is a straight line.

-~ VxeR,yisa real value.

Illustration 50: If (alx2 + blx+c1)y + (a2x2 +hb,x+ cz) =0 find the condition that x is a rational function of y
(JEE ADVANCED)

Sol: For x is a rational function of y, its discriminant will be greater than or equal to zero, i.e. D 2 0.
X’ —(ayy +a,)+x(byy +b, ) +(c;y+¢,) =0
_(blerbz)J_r\/(b1y+b2)2 —4(aly+a2)(c1y+c2)
2(ayy+a,)

For the above relation to exist (bly +b, )2 - 4(aly +a, )(cly + c2) >0

= (b12 —4ac, )y2 +2(byb, —2a,c, —2a,¢; )y + (b22 - 4a2c2) >0
= b12 -4a,c; >0 and D<0

Solving this will result in a relation for which x is a rational function of y.

15. NUMBER OF ROOTS OF A POLYNOMIAL EQUATION

(a) If f(x) is an increasing function in [a, b], then f(x) = 0 will have at most one root in [a, b].

(b) Let f(x) = 0 be a polynomial equation. a, b are two real numbers. Then f(x) =0 will have at least one real root
or an odd number of real roots in (a, b) if f(a) and f(b) (a < b) are of opposite signs.

A(a, f(a))
: AGa,f(a)

(0.0 | \ /Y N\ ko
=X T s

B(b,f(b))

B(b.f(B))

One real root Odd number of real roots

Figure 2.39
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(c)

But if f(a) and f(b) are of the same sign, then either f(x) = 0 have one real root or an even number of real roots
in (a, b)

 Bbb) A f(a) B(b,f(b)
AIVAY
(a,0) (b,0)
No real root Even number of real roots

Figure 2.40

If the equation f(x) = 0 has two real roots a and b, then f'(x) = 0 will have at least one real root lying between
a and b (using Rolle’s theorem).

PLANCESS CONCEPTS

Descartes’ rule of sign for the roots of a polynomial

Rule 1: The maximum number of positive real roots of a polynomial equation

f(x) =ax" +a X" +a,x"? +...+a_ x+a_ = 0isthe number of changes of the sign of coefficients from
positive to negative and negative to positive. For instance, in the equation x> +3x? +7x—11=0 the

sign of the coefficients are +++- as there is just one change of sign, the number of positive roots of
x3 +3x2 +7x—11 =0 is at most 1.

Rule 2 : The maximum number of negative roots of the polynomial equation f(x) = 0 is the number of
changes from positive to negative and negative to positive in the sign of the coefficient of the equation
f(x) = 0.

Shivam Agarwal (JEE 2009 AIR 27)

PROBLEM-SOLVING TACTICS

Some hints for solving polynomial equations:

(a)

(b)

. b
To solve an equation of the form (x—a)4 +(x—b)4 =A ;Puty= x- a;
. +b
In general to solve an equation of the form (x—a)2n +(x—b)2n =A,where NeZ" puty = x _aT

To solve an equation of the form, aof(x)2n +a, (f(x))n +a, =0 we put (f(x))n =y and solve aoy2 +a)y+a, =0
to obtain its roots y, and y,.

Finally, to obtain the solution of (1) we solve, (f(x))n =y, and (f(x))n =y,

An equation of the form (ax2 +bx+c1)(ax2 +bx+c2) ..... (ax2 +bx+cn) =A.Wherec, c

v Gy Gy A € R, can be

solved by putting ax? + bx = y.



(d)

(e)

()
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An equation of the form (x — a)(x — b)(x — ¢)(x — d) = = Awhere ab = cd, can be reduced to a product of two

quadratic polynomials by puttingy = x + ? .

An equation of the form (x —a) (x - b)(x — c)(x —d) = Awherea < b < c <d,b-a=d-ccan be solved by a

change of variable y = (x—a)+(x _b)Z(X_C)J“(X_d)

1
=x—Z(a+b+c+d)

A polynomial f(x, y) is said to be symmetric if f(x, y) = f(y,x) ¥ x, y. A symmetric polynomial can be represented
as a function of x + y and xy.

Solving equations reducible to quadratic

(a)
(b)

(c)

(d)

(e)

U]
(9)

(h)

. 2
To solve an equation of the typeax* +bx? +c =0, put X" =Y .

To solve an equation of the type a(p(x))2 +bp(x)+c=0(p(x) is an expression of x), put p(x) = y.

To solve an equation of the type ap(x)+%+ ¢ =0 where p(x) is an expression of x, put p(x)=y
p(x

This reduces the equation to ay2 +cy+b=0

. 1
To solve an equation of the form a(x2 +l2)+b[x+lj+c =0, put x+—=y
X X X
X X

1
and to solve a[x2 +i2j+b[x_1]+czo, put x—;:y

To solve a reciprocal equation of the type ax* +bx* +cx’ +bx+a=0,a#0,

2
we divide the equation by Y 1o obtain a| x? +l +bl x +l +c =0, and then put X+1 =y
dx? X2 X X
To solve an equation of the type (x + a)(x + b)(x + c)(x + d) + k = 0 where a+b =c+d, put x* +(a+ b)x =y

To solve an equation of the type vax+b =cx+d or vaxt +bx+c =dx+e, square both the sides.

To solve an equation of the type = VaX + btvex+d=e, proceed as follows.

Step 1: Transfer one of the radical to the other side and square both the sides.

Step 2: Keep the expression with radical sign on one side and transfer the remaining expression on the other side

Step 3: Now solve as in 7 above.

(a)
(b)

(c)

FORMULAE SHEET

. .. 2
A quadratic equation is represented as : aX” +bx+c=0, a=0

Roots of quadratic equation: x = _b;—\/a , where D(discriminant) = b? - 4ac
a

Nature of roots: (i) D > 0 = roots are real and distinct (unequal)

(i) D = 0 = roots are real and equal (coincident)

(iii) D < 0 = roots are imaginary and unequal
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(d) The roots (OL + iB), (a—iB) and (oc +\/B),(oc —\/E) are the conjugate pair of each other.

(e) Sum and Product of roots : If a and p are the roots of a quadratic equation, then

b Coefficient of x constant term

C
() S=a+p=—-= (i) P=ap=—= —
o+p a Coefficient of x? a Coefficient of x

(f) Equation in the form of roots: x? —(a + ﬁ)x +(oc.B) -0
(g) In equation ax> +bx+c=0,a#01f
(i) b =0 = roots are of equal magnitude but of opposite sign.
(ii) c =0 = onerootis zero and other is —b/a
(iii) b = c =0 = both roots are zero.
(iv) a =c = roots are reciprocal to each other.
(v) a>0,c<0ora<0 c>0 = roots are of opposite signs.
(vi) a>0,b>0,c>00ra<0,b<0, ¢c<0 = bothroots are —ve.

(vii) a>0,b<0,c>00ra<0b >0, c<0 = both roots are +ve.

(h) The equations ax* +b;x+¢, =0 and a,x* +b,x+¢, =0 have

byc, —byey _ qa, -6

(i) One common root if b b
3 —Ga; a0, —aby

L4 bog
(ii) Both roots common if —==—=—
a, b, ¢
2
. . 2 b D
(i) Inequation ax” +bx+c=al|x+—| -——
2a) 43
. . . 4ac—b? _-b . :
(i) If a>0, the equation has minimum value = P at X—Z— and there is no maximum value.
a a
. . . dac—b? _ b . .
(i) If a < 0, the equation has maximum value - atx = Z—and there is no minimum value.
a a

(j) For cubic equationax® +bx? +cx+d =0,

i) o+B+y=—
a
(ii) aB+By+ka:§

—d
(i) oy =? ...where o,B,v are its roots.
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JEE Main/Boards

Example 1: For what values of ‘'m’ does the quadratic
equation (1 + m) x> — 2(1 + 3m)x + (1 + 8m) = 0 have
equal roots?

Sol: The roots are equal if discriminant (D)= 0.

A1 +3mP2-4L +m)(1l+8m)=0= 4 (m2 —3m)=o

= m=0,3

Example 2: When pr = 2(q + s), where p, g, 1, s are real
numbers, show that at least one of the equations x? +
px + g and x? + rx +s = 0 has real roots.

Sol: For at least one of the given

equations to have real roots means one of

their discriminant must be non negative.

The given equations are

fla)=0 +px+q=0 . (i)
. (i)

consider D, and D, be the discriminants of equations (i)

fla)=0 +rx+s=0

and (ii) respectively,

D, +D,=p°-4q +r’-4s

=p?+r’-4(q+s)

=p?+r’-2pr

=(-r?>0 [~ pandrare real]

+ At least one of D, and D, must be non negative.

Hence, at least one of the given equation has real roots.

Example 3: Find the quadratic equation where one of

the roots is

2+\/§.
Sol: If one root is (oc+\/6) then other one will be

(a5

given ¢ = 1

2+x/§

Multiplying the numerator and denominator by

2-5 , we get

2-45

ol
=\5-2

Then the other root, x2 + px + q = x will be —2—+/5,
o+pB=-4andaf =-1
Thus, the required quadratic equation is :

xz—(a+B)x+aB=0 Or, x> +4x—-1=0

Example 4: The quadratic equations x> —ax + b = 0 and
x> — px + g = 0 have a common root and the second

equation has equal roots, show that b + q = ?.

Sol: By considering a. and B to be the roots of eq. (i) and
o to be the common root, we can solve the problem by
using the sum and product of roots formulae.

The given quadratic equations are
x> —ax+b=0 ()
.. (ii)

Consider a and B to be the roots of eq. (i) and o to be
the common root.

x> —px+q=0

From@{a+B=aa=b
From (i) 20 = p, o? = q
ap
~b+g=o0p + a? = afa+p)=—
q=ap + a? = a(a+B) 5
Example 5: If o and o" are the roots of the
quadratic equation ax?> + bx + ¢ = 0, then show that
1 1
(ac“)“+1 +(a“c)”+1 +b=0.

Sol: By using the sum and product of roots formulae
we can prove this.

Given that a and a" are the roots.
c

Soool = —
a

1

C |n+l
= a=|—
a

And o+ a" =—
a
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o

ca" )E +(c”a)m +b=0.

Example 6: x° + ax+bc=0andx* +bx+ca=0 have
a non zero common root and a # b, then show that the
other roots are roots of the equation, x> + cx + ab = 0,
c=0.

Sol: By considering o to be the common root of
the equations and B,y to be the other roots of the
equations respectively, and then by using the sum and
product of roots formulae we can prove this.

Further, a+p=-a andap =bc;

a+y=-b,ay=ca

20.+B+7=—(a+b)and a’By = abc’ ()
L B+y=c-2c=-c .. (i)
and By = c?ba

. By =ab ... (iii)
From equation (ii) and (iii),

B and vy are the roots of the equation x? + cx+ab =0

Example 7: Solve for x when

log,o (,/Iog10 x) = Iog(xz) x:x>1

Sol: By using the formula
a

b

lo
log,M* = x log,M and log, a= S0

we can
Ioglo

solve this problem.

log,, (Jlog10 x):logx2 X= |0910X2 :%

log, x

1
Let y = |oglox}then E = |Oglo \/; ;

:%:%Iogloy .y = 10 and thus x =10"

Example 8: If o is a root of the equation 4x* + 2x - 1= 0,
then prove that 4a® —3a is the other root.

Sol: Consider o, B to be the two roots of the given
equation 4x? +2x—1 =0, therefore, by solving this we
can get the result.

.'.(x+B:_71 and 40® +20-1=0

40 —30c:(4(x2 +2a—1)(a—%) —(a+%}=ﬁ

Hence 403 —3a is the other root.

1 1

+ ~1 are equal in

X+q r

Example 9: the roots of

X+p
magnitude, but opposite in sign, show that p+ q = 2r

p* +q°
and the product of the roots= ————

Sol: By considering a. and — a as the roots of the given
equation and then by using the sum and product of
roots formulae we can solve it.

1 1.1 ()

X+p X+q r

= X+qg+x+p)r= x° +(p + Q)X+ pq

= x> +(p+q-20x+pq-r(p+q)=0

Since, its roots are equal in magnitude but opposite in
sign

consider roots are a,— a.

Lo—a=p+q-2r

=p+q=2r

Product of roots = pq —r(p + q)

) (F’*q)z_ p*+q’°
“PATT,TT T

Example 10: If o,B are the roots of X’ +px+q=0.
Prove that % is a root of gqx? + (Zq —pz)x +q=0

Sol: For % to be a root of gx? +(2q—p2)x+q =0
it must satisfy thegiven equation. Hence by using sum
and product of roots formula, we can find out the value
of &.

As a.B,y, are the roots of X’ +px+q=0

a+p =-pand af =q

We need to show that < is a root of

ax? +(2q—p2)x+q =0

That means
2

q(g—2+(2q—p2)%+q=0



i.e, qa’ +(2q—p2)a[3+q[32 =0

i.e., q((xz +20p + BZ)—pZaB =0

ie, q(o+ [3)2 —p?ap=0

ie, pzq —pzq =0 which is obviously true.

Example 11: Find the value of ‘a’ for which

3x? + 2(a2 + l)x +a’—3a+2=0 possesses roots with
opposite signs.

Sol: Roots of the given equation are of opposite sign,

hence, their product is negative and the discriminant is
positive.

.. Product of roots is negative

a’—3a+2
L — <
3
=(@-2@-1<0andae(1,2)AndD >0

0

4(a2 +1)—4.3(a3 —3a+2)>o

This equation will always hold true for a € (1, 2)

Example 12: If x is real, find the range of the

x? +14x+9

quadratic expression
x% +2x+3

x> +14x+9

X° +2x+3
discriminant must be greater than or equal to zero.

X2 +14x+9

X° +2x+3
= X% +14x+9 = X%y + 2xy + 3y

Sol: By considering =y and as x is real its

Let

> x2 A-y)+2x(7-y)+3(3-y)=0
Hence, D >0
47-y)B-121-y)B-y)y,0
~2y7-2y +40y,0

= y?+y-20<0

= (y+5)(y-4<0=>-5<y<4

JEE Advanced/Boards

2
Example 1 Prove thaty = &~ ¥X=2

a+x—2x°

takes all real values for x e Ronlyifa e [1, 3]
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Sol: Considery e R and also that given as x e R. Hence,

2
the discriminant of y = ax” +x—-2

than or equal to zero.

must be greater
a+Xx—2x

Lety e R; then,

2
y = X HX=2 g0 some x < R
a+Xx—2x

(@+2y)x? +(1-y)x-2-ay=0
L (1-yP+4@+2y)2+ay)20; VyeR

Or (8a+1)y? +(4a2 +l4)y+8a+120

VyeR . 8a+1>0and

(4a2 + 14)2 - 4(8a+1)2 <0
Or a> 1 and (az —4a+3)(a+2)s 0
8

Or a>—% and (@a-3)a-1)<0

ie.ae [l 3]

Example 2: Find the value of x if
2x+ 5+ |x? +4x+3|=0
Sol: For 2x + 5 + |x? + 4x +3| = 0, 2x + 5 must be less

than or equal to zero. And whether x? + 4x +3 will be
positive or negative depends on the value of x.

=2x+5+|x? +4x+3|=0
Case -IWhenx £ -3 orx > -1
X +4x+3+2x+5=0
x+2)x+4)=0; =>x=-4
Case-I-3<x<-1

X2 +4x+3=2x+5;x+2x-2=0

“1-43
X =

2

Example 3: Solve the equation 2+ _2x =

2 —1‘ +1
Sol: By taking the conditions as x >0 and x <0 we can
solve this problem.

-1 if x>0

—(2" —1) if x<0

2*—1‘:

Case-I x>0
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2k _px =X 141
This is true Vv x>0
Case-llx < 0; 2K 2 —1_2x41

2 —2 x+1=1;x=-2

Example 4: For what values of a are the roots of the

equation (a+1)x’ -3ax+4a=0(a%-1) real and less
than 1?

Sol: Here the roots of the given equation have to be

real and less than 1, therefore D 2 0; f(1).(a + 1) > 0
and the x-coordinate of the vertex < 1.

Let f(x) = (@ + 1)x? —3ax + 4a

D 2 0;f(l).(a + 1) > 0 and x-coordinate of vertex < 1
DZo:—%gaso .. (i)
@+D1f1)>0= Ra+1)@+1)>0

a<-lora> —% (D)

By (i) & (ii) a < [—g,—lju [‘71,0} .. (iii)

Since x coordinate of vertex x < 1, we have

Combined with (iii) we get: a [_710}

Example 5: Find all the values of x satisfying the
inequality = [ZX—%\J >2.
Sol: First, we can reduce the given inequality as

log, [Zx—%] > log, x*. Then, by applying each case of
x>1land % < x < 1 we can solve this problem.
log (2x—§j>2(.x X = land x > E)

X 4 8

= log, (ZX —%J >log, x° ()

2

Casel: Lletx>1; 2x—%>x

Or4= -8x+3<0

or 4@%}@%}0 xe {13

3 3 2
Casell: Let — <x<1;2x—z < X

8
Or4x>-8x+3>0

31
2x-3)2x-1)>0; . xe |2 =
(2x=3)(2x = 1)> X [S'ZJ

Example 6: Solve the equation

(2x2 ~3x +1) (2x2 +5x +1) - 9x2

Sol: This problem is solved by dividing both sides by x2
and takingy = 2x + !

X
(sz —3x+ 1) (2x2 +5x + 1) =9x? )

Clearly, x = 0 does not satisfy (i), Therefore, we can
rewrite equation (i) as

(2x—3+lj{2x+5+ljz9
X X

L y=3)y +5) =9wherey=2x+E
X

. (i)

Ory?’+2y-24=0
=y +6)ly-4=0=y=4-6

Wheny:—6,2x+E=—6
X

= 2x% +6x+1=0

. 6+\36-8 -3+V7

4 2

1
Wheny =4,2x + - =4
X

=2x%-4x+1=
= _4:V16-8  -2:V7
4 2

Thus, the solutions are x =

3+47 2+2
2 I

2

Example 7: If o and B are the roots of the equation a
x? + bx + ¢ = 0, then find the equation whose roots are,
1

1
2 + P T — ’)
ol + 2 o2 B
Sol: Using the sum and product of roots formulae, we
can get the value of a and B and then by using
x* = (sum of roots)x+(product of roots) = 0
we can arrive at the required equation.

Let S be the sum and P be the product of the roots



1 1
OL2+[32,¥+B_2
2 2 2 2
AsS = (oc2+[32)+°L +E =(b —zzac}_[b —22acJ
(O‘B) a C

= (b2 —2ac){%}

Now the product of the roots will be

1
p= (0(2 +Bz) :(bz _zacjxc_

(12[32 a2 a2

Hence equation is

(acx)2 —(b2 —2ac)(a2 + cz)x +(b2 —2ac)2 =0

Example 8: If 5 are the roots of ax’+bx+c=0

and vy, 8 the roots of ¢x° + mx +n=0, then find the
equation whose roots are ay+p6 and ad+py ?

Sol: In the method similar to example 8.

Here S = (ay+B8)+(a8+By)

= oc( v+ 6)+B(y+8) = (a+B)(y+8)

_ [—_bﬂﬁj _bm Q)
a l al
Also P = (ocy+[38)(a8 + By)

= (az +[32)y8+ aB(yz +82) (D))

=b’ni¢+m?ac—4 acn ¢ /a’ (?

Hence, from x*-=Sx + P =0

2 bm
X2 ———x+

b’n’ +m?ac - 4acn/ 0

Example 9: The expression x> - 11x + a = 0 and
x? — 14x + 2a = 0 must have a common factor and a=
0, Find the common factor and then the common root.

Sol: Here consider (x — o)) to be the common factor then
x = oo becomes the root of the corresponding equation.
Hence, by substituting x = a in both the equations and
solving we will get the result.

o -1la+a=00a°-14 a+2a=0

Subtracting 3a.-a=0=« :%
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a’ a
Hence?—11§+a=0,a=00ra:24

Sincea#0,a=24
x° —11x+24 =0

- the common factor of
x° —14x+48=0

is clearly x — 8 or the common root is x = 8.

Note: A shorter method is in eliminating a from both
expressions

2 -22x+2a|
) XK = 8x=0=> xx-8) =0
X —14x+2a

2x#0, 0. (x=8)

Example 10: o and B are the roots of
ax? + bx+ c=0and v, 8 be the roots of
px? +gx+r=0; . If B,y & are

in A.P, then find the ratio of their Discriminants.

Sol: As o,p, vy, are in AP, hence, B—a=06-y, by
squaring both side and substituting their values we will
get the result.

Consider D, and D, be their discriminants respectively
We have(x+B:_—b, of =<
a a

and y+8=—q,y8=£

P a

Since, o,B, vy, 0arein AP
2 2
=>B-a=8-y(B-a) =(5-7)

(B+a) —40p =(y+3) —4y5
b® 4c_o’ 4

jazapzp

— b’ — 4ac _ o’ —4qr

32 02
a® p* Dy p
: p a
Example 11: The equation — = + has two
2X X+C X-cC

equal roots and c=0, then find the possible values of p?

Sol: For equal roots discriminant(D) must be zero.

As given £:L+L
2X X+C X-—c¢C
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N P _ (a+b)x+ c(b—a)
x W2 _ 2

= p(x*>- c?) = 2(a + b)x* - 2c(a - b)x

= Ra+2b-p)x?> —2cl@a-b)x+pc? =0
For this equation to have equal roots
4c?(a-b)’ —4pc?(2a+2b-p) =0

= (a-b)’ ~2p(a+b)+p? =0

= p?~2p(a+b)=—(a-b)’

= p? ~2p(a+b)+(a+b) = (a+b) ~(a-b)’
[p - (@ + b)]* = 4ab

> p-(@+b)=+2+ab

:>p:a+bi2\/a_:(\/;i\/g)2

Example 12: Solve (x + 10)(x — 4)(x — 8)(x + 6)= 660

Sol: By multiplying (x + 10)(x — 8)(x — 4)(x + 6) we get
(x% + 2x - 80)(x? + 2x — 24) = 660.

Therefore by putting x? + 2x=yand using x = _b:—\/a
we can solve this. a
Put x° + 2x = y ()

(y — 80)(y — 24) = 660

= y?-104y + 1920 - 660 =0
= y?-104y + 1920 =0
= (y-90)(y-14)=0 = y=9o0rl4

When'y = 90 (i) gives x? +2x—90 =0

—2+.4% —4x(-90
X = : X( )=—1i@

2
Wheny = 14, (i) gives x* +2x-14=0

—2+ |42 —4x(-14
o ol )=—113\/§

2

X

The solutions are: —1+3v2 & —1++/94
x> —5x+9

Exercise 1

Q.1 If the sum of the roots of the equation px?+qgx+r=0
be equal to the sum of their squares, show that
2pr = pq + g?

Q.2 Show that the roots of the equation
(a+ b)2 x? —2(a2 - bz)x +(a- b)2 =0 are equal.

Q.3 Find the value of m, for which the equation 5x? -
4x+2+m@x? -2x-1) =0 has

(i) equal roots

(i) product of the roots as 2

(iif) The sum of the roots as 6

Q.4 If one root of the equation 5x% + 13x + k =0 be
reciprocal of the other, find k.

Q.5 If the difference of the roots of x> —px + q = 0 is
unity, then prove that p?-4q =1

Q.6 Determine the values of m for which the equations
3x?+4mx + 2 =0and 2x? + 3x-2 = 0 may have a
common root.

Q.7 If a and {3 be the roots of the equation x> — px + g = 0,

) . 1
find the equation whose roots are o, + L and B+—.
o

4x

X°+3

Q.8 Solve for x: >1

Q.9 If ¢, d are the roots of the equation (x —a)(x —b) -k =0
show that a, b are the roots of the equation (x — ¢)(x — d)
+k=0.

Q.10 Find the real values of x which satisfy x> - 3x + 2 > 0
and x? - 3x-4<0.

Q.11 Let a, b, ¢, be real numbers witha = 0 and let o,
be the roots of the equation ax? + bx +c = 0. Express

the roots of a®x? + abcx + 3 = 0 in terms of a, B.



Q.12 If a and b are integers and the roots of equation

x* +ax+b =0 are rational, show that they will be

integers.

Q.13 For what values of m, can the following expression
be split as product of two linear factors?

(i) 3x* —xy —2y? +mx+y +1
(i) 6x% —7xy —3y? +mx+17y — 20

2
Q.14 Prove that the expression X =2X+4 jies petween
X2 +2x+ 4

% and 3 for all real values of x.

Q.15 Find all the values of a for which the roots of the
equation (1 + a) x+ — 3ax + 4a = 0 exceed unity.

Q.16 If P(x) = ax? + bx + cand Q(x) = —ax? + bx + ¢
where ac = 0, show that the equation P(x). Q(x) = 0 has
at least two real roots.

Q.17 If roots of the equation ax? + 2bx + c =0 be aand
B and those of the equation Ax? + 2Bx + C =0 be a +
k and B + k, prove that:

b? —ac Z(Ejz

BZ-AC \A

Q.18 Solve for x: (15+4«/ﬁ)t+(15—4\/ﬁ)t:30
where t = X* =2 x|.

Q.19 Show that (x = 2)(x - 3) =8 (x - 1)(x—=3) + 9 (x = 1)
(x—=2) = 2 x? is an identity.

Q.20 For which values of a does the equation

2
2 2
(1 + a) X _ 34| X + 4a =0 have real roots?
X2 +1 X% +1

Q.21 If one root of the equation (l —m)x2 +Ix+1=0 be

double of the other and if | be real, show that m< % )

Q22 If ax? + 2bx + ¢ = 0 and a1X2+2le+c1 =0

have a common root and 2., © € are in AP show

a b ¢

that a , b are in G.P.

1 G

Q.23 If the ratio of the roots of the equation ax? + bx
+ ¢ = 0 be equal to that of the roots of the equation

2
ax’ + 2b x +c, = 0, prove that (EJ =@
b, Q3
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Q.24 Let a be a root of the equationa x*> + bx + c =0
and B be a root of the equation — ax? + bx + ¢ = 0. Show

. . a
that there exists a root of the equation 5 x> +bx+c=0

that lies between o and p (Ot, p# 0).

Q.25 Let a, b and c be integers witha > 1, and let p be a
prime number. Show that if ax? + bx + ¢ is equal to p for
two distinct integral values of x, then it cannot be equal
to “2p” for any integral value of x. (@ # p).

Q.26 For a < 0, determine all real roots of the equation:
x* - 2a |x—a|—3a2 =0.

Q.27 Find the values of a for which the inequality
x° +ax +a’ +6a <0 is satisfied for all x e (1, 2).

Q.28 If the roots of 2x3 +x*-7=0 are a,B and
f(x) =x% +x(4 —2k) +k? -3k -1 =0,

find the value of Z[%+EJ .

(03

Q.29 Find all values of k for which the inequality (x — 3k)
(x — k = 3)< 0 is satisfied for all x in the interval [1, 3].

Exercise 2

Single Correct Choice Type

Q.1 If a?+b?+c?=1 then ab + bc + ca lies in the
interval (a, b, ¢, € R)

1 _ 1 4 1
(A)[E,z} () [-1,2] (C){Z,l} (D)[l,z}

Q2If P(x) = ax?* + bx + cand Q(x) = — ax?> + dx + ¢
where ac # 0, then P(x). Q(x) = 0 has

(A) Exactly one real root
(B) At least two real roots
(C) Exactly are real roots

(D) All four are real roots

Q.3If , and B betherootsoftheequationx? +3x+1 =0

2 2
then the value of | —— | + B is equal to
1+ o+l

(A) 15 (B) 18 © 21 (D) None of these
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Q.4 leta>0,b>08&c>0.Then both the roots of the
equation ax® + bx +c=0

(A) Are real & negative
(B) Have negative real parts
(C) Are rational numbers

(D) None

Q.5 The equation x? + bx + ¢ = 0 has distinct roots. If 2

is subtracted from each root, the results are reciprocals
of the original roots. The value of (b2 +c +bc) equals

(A) 7 (B) 9 ()10 (D) 11

Q.6 If a, b, c are real numbers satisfying the condition
a + b + ¢ = 0 then the roots of the quadratic equation
3ax? +5bx +7c =0 are:

(A) Positive (B) Real & distinct

(C) Negative (D) Imaginary

Q.7 If one solution of the equation x*> —2x*> + ax+10 =0
is the additive inverse of another, then which one of the
following inequalities is true ?

(A) 40 < a <-30 (B)-30 < a <-20
(©)-20<a<-10 (D)-10<a<0

Q.8 The sum of the roots of the equation

x+1)=2 Iogz(ZX +3)—2 log, (1980—2”) is

(A) 3954 (B) log, 11

(© log, 3954 (D) Indeterminate

Q.9 The quadratic equation x> — 1088x + 295680 = 0
has two positive integral roots whose greatest common
divisor is 16. The least common multiple of the two
roots is

(A) 18240
(C) 18960

(B) 18480
(D) 19240

Q.10 If x is real and 4y2 + 4xy + x + 6 = 0, then the
complete set of values of x for which y is real is

(A)x $-2orx 23 B)yx<2orx23
Qx<=3o0orx22 (D)-3<x<2

Q.11 If exactly one root of the quadratic equation
f(x)=0 - (a + 1)x + 2a = 0 lies in the interval (0, 3)
then the set of values ‘a’ is given by

@ (-= 0] (6)

(D) (0, 6)

(A (-, 0) U (6,)
© (—00, 0] U [6,00)

Q.12 If o, B are roots of the equation

x> —2mx+m? —1=0then the number of integral
values of m for which a, B « (-2, 4)is

(A)O (B) 1 Q2 (D) All of these

Q.13 If x be the real number such that x* + 4x = 8 then
the value of the expression x’ +64x? is

(A) 124  (B) 125 (C) 128 (D) 132

Q.14 If a and b are positive integers and each of the
equations x% + ax + 2b = 0 and x? + 2bx + a = 0 has
real roots, then the smallest possible value of (a + b) is

(A3 (B) 4 @5 (D) 6

Q.15 Let ‘a’ be a real number. Number of real roots of
the equation (x2 + ax +1)(3x2 + ax —3) =0 is

(A) At least two (B) At most two

(C) Exactly two (D) All four

Q.16 Let f(x) =x? +ax+b. If the maximum and the
minimum values of f(x) are 3 and 2 respectively for 0 <
x £ 2, then the possible ordered pair (s) of (a, b) is/are

_ 3 3 3
A) 2, 3) (B)(_z,zJ (C)[ 2,3} (D)( z,zj

Previous Years’ Questions

Q.1 The smallest value of k, for which both the roots
of the equation x? —8kx+16(k*—k+1)=0 are real,

distinct and have values at least 4, is ........... (2009)
Q.2 Find the set of all x for which

x 1 (1987)
2x% +5x+2 x+1

Q.3 Let a, b, c be real numbers with a=0 and let a,3 be
the roots of the equation ax? +bx +c = 0. Express the
roots of a®x? + abcx+c =0 intermsof o, . (2001)

Q.4 If a,B are the roots of ax’ +bx+c=0, (a = 0)
and a.+38, B+d are the roots of Ax?2 +Bx+C =0, (A »
0) for some constant 9, then



—4ac B?-4AC

b2
prove that > 5
a A

(2000)

Q.5 Let a, b, ¢, be real. If ax? + bx+c =0 has two roots
o and B, where ¢ <-1and B > 1, then

<0 (1995)

c |b
show that 1+—+|—
a a

a<0
y=ax’+bx+c

\al./
“Q/B Y)
a>0
/-\ y=ax’+bx+c
' ' > X
a1 (01 \ﬁ

Assertion Reasoning Type

For the following questions, choose the correct answer
from the codes (a). (b), (c) and (d) defined as follows.

(A) Statement-I is true, statement-II is true and
statement-II is correct explanation for statement-I

(B) Statement-I
statement-II is
statement-L.

is true, statement-II is true and
NOT the correct explanation for

(C) Statement-1 is true, statement-II is false.

(D) Statement-I is false, statement-II is true.

Q.6 Let a, b, ¢, p, g be the real numbers. Suppose f(kz)
are the roots of the equation
X%+ 2px+9=0 and o, L are the roots of the equation

ax® +2bx+c=0, where BZE{—L 0, 1}.

Statement-I: (p2 —q)(b2 —ac)zo and

Statement-Il: b~ pa or C#Qa (2008)
Q.7 The sum of all real roots of the equation
-2 +[x-2-2=0 s ..... (1997)

Q.8 A value of b for which the equations x* +bx —1 =0,

x> +x+b =0 have one root in common is (2011)
(D) 2

w -2 @ -i3 © V5

Mathematics | 2.41

Q.9 Let o, B be the roots of the equation
X2 —pPX+r= 0 and %, 2 B be the roots of the equation

X —-gX+r=0_Then, the value of r is

p) (2p-q)

%(Zp—Q) (29-p)

(2007)
® 2 (p-a)(2a-p) ® 2 (a-

© 2(a-2)(2a-p) O

Q.10 If one root is square of the other root of the

equation X2 +pXx+0=0, then the relation between p
and q is (2004)

(A) Io

€ p +q(3p 1)+
D) P’ +q(3p+1)+

Q. 11 For all x| x2+2ax+(10—3a)>0, then the

interval in which ‘a’ lies is (2004)
(A)a < -5 (By-5<a<?2
C©a>5 D)2<ax<b5

numbers x for which
(2002)

~2u(2%) @ (o0 —V2) U (V2, )
-Ju(L=) ) (2, o)

Q.12 The set of all real
x? —‘x+2‘+a>0 is

) (o0
(© (-0

Q-13Thenumberofsolutionsoflog, (x - 1) =log, (X ~ 3)
is (2001)

(A) 3 (B) 1 € 2 (D)o

Q.14 If oo and P (Ot < B) are the roots of the equation

x> +bx+c=0 where c < 0 < b, then (2000)
(A) O<a <P (B) a<0<B<|a]
Q) a<p<O D) a<0|a| <P

Q.15 The equation \/X +1 —\/X—l =\/4X—1 has (1997)
(A) No solution (B) One solution

(C) Two solution (D) More than two solution
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Q.16 The quadratic equations x> — 6x + a = 0 and x> — cx
+ 6 = 0 have one root in common. The other roots of
the first and second equations are integers in the ratio
4 : 3. Then the common root is (2008)

(A1 (B) 4 3 (D) 2

Q.17 If the roots of the equation bx? + cx + a =0 be
imaginary, then for all real values of x, the expression
3b? x? +6bcx + 2c?is (2009)

(A) Greater than 4ab (B) Less than 4ab
(C) Greater than — 4ab (D) Less than — 4ab

Q.18 Let o and B be the roots of equation x> —6x —2 = 0.
Ifa = a"- B" for, then the value of M is equal
to: % (2015)
(A) 6 B) - 3 (D) -3

Q.19 Let o and B be the roots of equation px2+gx+r=0,

1
p#0.Ifp, q,rarein AP and —+— =4, then the value
of |o— B is B (2014)

(A) E (B) —— \/_
9
(@) @ (D) — \/7

Q.20 If the equations x> + 2x + 3 =0and ax? + bx + ¢ = 0,

a,b,c R, have a common root, thena:b:cis (2013)
A)1:2:3 B)Y3:2:1
©1:3:2 (D)3:1:2

Exercise 1

Q.1 A quadratic polynomial

f(x) =x? +ax+b is formed with one of its zeros

44343
2+\/§

g(x) =x* +2¢ -10x* + 4x-10 is a biquadrate

being where a and b are integers Also,

polynomial such that 9[4 A 3\/7J cv3+d where ¢

2+\/_

and d are also integers. Find the values of a, b, c and d.

Q.2 Find the range of values of a, such
ax? +2(a+1)x+9a+4

x> —8x+32

that f(x) = is always negative.

Q.3 Let a, b, be arbitrary real numbers. Find the smallest
natural number ‘b’ for which the equation

x2+2(a+b)x+(a—b+8)=0 has unequal real roots
foralla € R.

Q4 When y>+my+2 is divided by (y — 1) then
the quotient is f(y) and the remainder is R. When
y>+my+2 is divided by (y + 1) then quot|ent is
g(y) and the remainder is R,. If R, = R,, find the value
of m.

Q.5 Find the value of m for which the quadratic
equations x> —11x+m=0 and x? —14x +2m =0 may
have common root.

Q.6 The quadratic polynomial P(x) =ax®+bx+C
has two different zeroes including —2. The quadratic
polynomial Q(x)zax2 +cx+b  has two different
zeroes including 3. If a and 3 be the other zeroes of P(x)

and Q(x) respectively then find the value of &

Instructions for Q.7 and Q.8

Let a,B,y be distinct real numbers such
that ao’” +ba +c =(sin0)a’ +(cos6) a
ap? +bB+c=(sin)p’ +(cos0) p

ay’ +by+c=(sin0)y’ +(cos0) y

(where a, b, ¢, e R)



Q7 (IogIX+6| 2).Iog2 (x2 —x—2) >1

Q8 If Vl :sinei+cosej makes an angle /3 with

V2=i+j+\/5k then find the number of values of
9€|:0,2TE:|,

Q.9 (a) If o, B are the roots of the quadratic equation
ax? + bx + c = 0 thenwhich of the following expressions
in a, B will denote the symmetric functions of roots.

Give proper reasoning.
(i) f(oc, [3) =a’ -
(i) (o B) = o’B+
(iii) (o, B)=In

B
(iv) f(o B)=cos (o—B)

(b) If (a,B) are the roots of the equation X2 - px+q=0,
then find the quadratic equation the roots of which are

(062—['32)(063—[33) & 0L3l32_0£2 B3 .

Q.10 Find the product of the real roots of the

equation x? +18x +30 :2\/x2 +18x+45

VX2 +ax+4
VX% +bx +4

find the number of possible ordered pairs

(a—Db) (where a, b, ).

Q.11 Let f(x) = is defined for all real, then

Q.12 If the equation 9x? —12ax+4-a®> =0 has a unique
root in (0, 1) then find the number of integers in the
range of a.

Q.13 (a) Find all real numbers x such that.
1 1
A
X X

6
(b) Find the minimum value of X 5 X for
x>0 ( 1j ; 1
X+ X+
X X
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Q.14 If the range of m, so that the equations
(x2 +2mx+7m—12) =0
(4x2 —4mx+5m—6) =0

have two distinct real roots, is (a, b) then find (a + b).

Q.15 Match the column

Column II

(PO

Columnl

(A) Let o and B be the roots of a
quadratic equation

4x? —(5p+1)x+5p:0
ifB=1+a

Then the integral value of p, is

(B) Integers laying in the range of
the expression

@1

_x?—3x+4

= is (are)
X% +3x+4

(C) Positive integral values of x (n 2
satisfying
Xx+1 _ x+5

——2>——is (are)
x-1 x+1

(D) The value of expression (s)3
. 2n . 4n . 4n 4
sin—sin— +sin—

7 7 7 i
. 8t . 8t . 2n'
sin— + sin—sin—
7 7

Q.16 Find the product of uncommon real roots of the
two polynomials

P(x):x4 +2x3 - 8x% —6x+15 and
Q(x)=x3+4x2—x—10 )

Q.17 Solve the following where x e R.
(a) (x—l)‘x2 —4x+3‘+2x2 +3x-5=0
(b) 3‘x2+4x+2‘:5x—4
(© ‘x3 +1‘+x2 -x-2=0

(d) 2(><+2) _

2X+1 _ 1‘ _ 2X+1 +1
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(e) For a <0, determine all real roots of the equation

x% —2a |x—a|—3a2 =0.

Q.18 (a) Let o, and 7 are the roots of the cubic
x> —3x? +1=0. Find a cubic whose

, B and ——.
a-2"B-2 v-2

Hence or otherwise find the value of (a—2) (B—Z) (y —2).
(b)If o, B, v are roots of the cubic 2011

roots are

x> +2x2 +1 =0, then find
. -1 -1 -1 .. -2 -2 -1
(M) (aB) +(By) +(va) @) @™ +p"+y
Q.19 If the range of parameter t in the interval (0, 2m),
satisfying
(—2x2 +5x —10)

(sin t)x2 +2(l+sint)x+9 sint+4
for all real value of x is (a, b), then (a+b) =k
Find the value of k.

e

Q.20 Find all numbers p for each of which the least
value of the quadratic trinomial

4X2—4pX+p2—2p+2 on the interval 0 < x < 2 is
equal to 3.

Q.21 Let P(X):x2 +bx+c where b and c are
integers. If P(x) is a factor of both x*+6x*+25 and
3x* + 4x® +28x + 5. Find the value of P(1).

Q.22 1If o, B are the roots of the equation,

x> —2x—a’+1=0 and 7,8 are the roots of the
equation, x* —2(a+1)x+a(a-1)=0 such that

a,p E(Y, 6) then find the value of ‘a".

Q.23 Let A denotes the set of values of x for which

X+2
<0 and B denotes the set of values of x for

x—4
which X’ —ax—4 <0_1f B is the subset of A, then find
the number of possible integral values of a.

Q.24 The quadratic ax’+bx-c=0 has two
different roots including the root -2. The equation
ax* +cx+b =0 has two different roots including the
root 3. The absolute value of the product of the four
roots of the equation expressed in lowest rational is

(EJ . Find (p+ q).
q

Q.25 Find the complete set of real values of ‘a’
for which both roots of the quadratic equation

(a2 —6a+5)x2 —+va? +2a x+(6a—a2 —8) =0 lieon

either side of the origin.
Solve the inequality.

2

5

Q.26 (I092 x)4 {Iogl XT] -20log,x+148 <0
2

Q.27 (Iog 100 x)2 +(Iog 10 x)2 +logx<14

Q28 log, , (x + 1) > log, (2 - x)

Q.29 log, s (2x2 +5x + 1)< 0

Exercise 2

Single Correct Choice Type

Ql letr, r
x3 —2x% + 4x +5074 = 0 then the value of

(r1 +2) (r2 +2) (r3 +2) is

(A) 5050

, and r, be the solutions of equation

(B) 5066  (C)-5050 (D) -5066

Q.2 Forevery x e R, the polynomial x® —x> +x? —x+1is
(A) Positive

(B) Never positive

(C) Positive as well as negative

(D) Negative

Q.3 If the equation a(x — 1)? + b(x* -3x + 2) + x—a? = Qs

satisfied for all X € R then the number of ordered pairs
of (a, b) can be

(A)O (B)1 Q2 (D) Infinite
Q.4 The inequality The inequality y(-1)> -4, y(1) <0 and
y(3)>5 are known to hold for y = ax?+ bx+ ¢ then the

least value of ‘a’ is :

A-1/4 (B)-1/3 (©O1/4 (D) 178



2

5 where
1+A

4
Q.5 If x :m and y=

A is a real parameter, and x> - xy + y? lies between
[a, b] then (a + b) is

(A) 8 (B) 10 Q13 (D) 25

Multiple Correct Choice Type

Q.6 If the quadratic equations x?+abx+c=0
and x? +acx+b =0 have a common root then the
equation containing their other roots is/are:

(A) X* +a(b+c)x-a’bc=0
(8) x* —a(b+c)x+a’bc=0
©) a(b+c)x2 ~(b+c)x+abc=0
(D) a(b+c)x2+(b+c)x—abc=0

Q.7 If one of the roots of the equation 4x? - 15x + 4p = 0
is the square of the other, then the value of p is

(A) 125/64 (B) -27/8 (C)-125/8 (D) 27/8

Q.8 For the quadratic polynomial f(x) = 4x? - 8kx + k,
the statements which hold good are

(A) There is only one integral k for which f(x) is non
negative V x eR

(B) for k < 0 the number zero lies between the zeros of
the polynomial.

(©) f(x) = 0 has two distinct solution in (0, 1) for k e
(1/4,4/7)

(D) Minimum value of y ¥ keR is k (1+ 12k)

Q.9 The roots of the quadratic equation x> - 30x + b = 0
are positive and one of them is the square of the other.
If the roots are r and s with r > s then

(A)b +r—s =145 (B)Yb+r+s=50
O b-r-s=100 (D)b-r+s =105

Comprehension Type

Consider the polynomia

P(x) = (x - cos 36°)(x -cos 84°)(x - c05156°)

Q.10 The coefficient of x? is
(A)O B)1

€ —% o ¥5-1
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Q.11 The absolute term in P(x) has the value equal to

-1 J5-1 J5+1 1
A)—— 3) Pl OX——= D) —
()4 ()16 ()16 ()16
Assertion Reasoning Type
(A) Statement-I is true, statement-II is true and

statement-II is correct explanation for statement-I

(B) Statement-I is true, statement-II is true and
statement-IIis NOT the correct explanation for statement-1.

(C) Statement-I is true, statement-II is false.

(D) Statement-I is false, statement-II is true.

Q.12 Consider a cubic function

f(x):ax3+bx+c where a, b, c < R.

Statement-I: f(x) can not have 3 non - negative real roots.

Statement-II: Sum of roots is equal to zero.

Q.13 Consider two quadratic functions
f(x):ax2 +ax+(a+b) and g(x) = ax? + 3ax + 3a + b,
where a and b non-zero real numbers having same sign.

Statement-I: Graphs of the both y = f(x) and y = g(x)
either completely lie above x-axis or lie completely
below x-axis VxeR .because

Statement-II: If discriminant of f(x), D < 0, then y = f(x)
VX eR is of same sign and f(x+1) will also be of same
sign as that of f(x) . ¥x eR

Match the Columns
Q.14 It is given that a, (B > Ot) are the roots of the
equation if f(x) =ax’ +bx+c. Also a f(t) > 0.

Match the condition given in column I with their
corresponding conclusions given in column IL

Column I Column II

(A) | a>0andb?>4ac | (p) | t#a

(B) | a>0andb?*=4ac | (g) | no solution
(C) | a<O0andb®*>4ac | () |a<t<p
(D) | a<0andb?*=4ac | (s) |t<aorr>p




2.46 | Quadratic Equations and Inequalities

Q.15 Match the conditions on column I with the
intervals in column IL.

Let f(x)=x* —2px+p® -1, then

Columnl Column II

(A) | Both the roots of f(x) = O are | (p) | (-1, c0)
less than 4, if peR

(B) | Both the roots of f(x) = 0 are | (q) | (-0, 3)
greater than -2 if peR

(C) | exactly one root of f(x) = 0 | (r) , 2)
liein (-2, 4),ifpeR

(D) | 1 lies between the roots of | (s) (-3,-1) U (3,5
f(x) =0, if peR

Q.16
Columnl ColumnII
(A) | The minimum value of (p) | 2

6
(x+1j —[XG +l6j—2
X X for x>0

[} s
X+—| +X +—
X X3

(B) | The integral values of the parameters c
for which the inequality

@ |4

1+log, [zx2 +2x +%] > Iogz(cx2 +C)

has at least one solution is

() | Let P(x) = x*+bx+c, where b and c | (r) 6
are integers. If P(x) is a factor of both
x*+6x2+25 and 3x*+4x%+28x>, then the
value of P(1) equals

Q17

Columnl Column II

(A) | a, B are the roots of the equation K | (p) 146
(-x) + x + 5= 0.If K & K, are the
two values of K for which the roots
o, B are Connected by the relation
(o /B) + (B/a)=4/5 The value of
(K/K)+(K,/K)) equals.

(B) | If the range of the function () |254
2
f(x) _x +ax+b [-5, 4],
X% +2x+3

Then, the value of a? +b? equals to

(C) | Suppose a cubic polynomial f(x) = | (r) 277
X3+px2+qx+72 is divisible by both
x?+ax+b and x?+bx+a (where a, b, p,
g are cubic polynomial and a # b).
The sum of the squares of the roots
of the cubic polynomial, is

(s) | 298

Previous Years’ Questions

Q.1 Let (x, y, z) be points with integer coordinates
satisfying the system of homogeneous equations

3x-y—-z=0,-3x+z=0,-3x+2y+z=0. Then the
number of such points for which x? + y? + z2 < 100 is
......... (2009)
Q2 If x> — 10ax - 11b = 0 have roots c and d.
x2 — 10cx - 11d = 0 have roots a and b, then find
a+b+c+d (2006)

Q.3If G +(a—b)x+(1—a—b) =0 where a, b, € R, then
find the values of a for which equation has real and
unequal roots for all values of b. (2003)

Q4 Llet -1 < p < 1. Show that the equation
4x3 - 3x - p=0 has a unique root in the interval [1/2, 1]
and identify it, (2001)

Q.5 Let f(x)=Ax2+BX+C where, A, B, C, are real

numbers. Prove that if f(x) is an integer whenever x is an
integer, then the numbers 2A, A + B and C are all integers.
Conversely prove that if the numbers 2A, A + B and C are
all integers, then f(x) is an integer whenever x is an integer.

(1998)

Q.6 Find the set of all solution of the equation
2 ot -] =21 41 (1997)

Q.7 Solve x in the following equation
109 2443) (6x2 +23x+ 21) =4-109(3,,7) (4x2 +12x + 9)
(1987)

Passage Based Questions

Read the following passage and answer the questions.

Paragraph 1: If a continuous f defined on the real line
R, assumes positive and negative values in R, then the
equation f(x) = 0 has a root in R. For example, If it is
known that a continuous function f on R is positive at
some point and its minimum value is negative.



Then the equation f(x) = 0 has a root in R. Consider
f(x) =ke* —x for all real x where k is real constant. (2007)

Q.8 The liney = x meets y =ke* fork < 0 at
(A) No point (B) One point

(C) Two point (D) More than two points

Q.9 The positive value of k for which ke* —x =0 has
only one root is

(A) % (B) 1 Qe (D) log, 2

Q.10 For k > 0, the set of all values of k for which
ke* —x =0 has two distinct root, is

(A)(o,lj (B)(l, 1} <C)[1,w] (D) (0, 1)
e e e

Q.11 Consider the polynomial f(x) = 1 + 2x + 3x% + 4%°.
Let s be the sum of all distinct real roots of f(x) and let
t = |s| . The real numbers s lies in the interval ~ (2010)

) (—l,o] (®) [_11, —EJ
4 4
D) [o, 1}
4

Q.12 The area bounded by the curve y = f(x) and the

linesx=0,y = 0and x = t, lies in the interval ~ (2010)
® [% 3] ®) % %}

© (@10 ©) (o, %)

Q.13 The function f'(x) is (2010)

(A) Increasing in (—t, _%j and Decreasing [—% —tJ

(B) Decreasing in (—t, _%J and Increasing (_% _tj

(C) Increasing in (-, t)

(D) Decreasing in (-, t)

Q.14 Let a and B be the roots of x? - 6x - 2 = 0, with
a>B.1f a, =a" =" forn = 1, then the value of

a,, —2a

% is. (2011)
9

A) 1 (B) 2

Q3 (D) 4
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Q.15 Let p and g be real numbers such that p # 0, p* #
gand p? # —g.If a and B are non-zero complex numbers

satisfying a +f = —p and o +[33 =(, then a quadratic

equation having % and B as its roots is (2010)
o

Q.16 If a, b, ¢, are the sides of a triangle ABC such that

X —2(a+b+c)x+3k(ab+bc+ca) =0 has real roots,
then (2006)

(A)x<§ B %<2

3
4 5
© 2 e (5,5]

15
D)hel= 2
()7\. (3,3j

Q.17 If b > a, then the equation (x —a)(x —b) —1 = 0 has
(2000)

(A) Both roots in (a, b)

(b) Both roots in (—oo,a)

(C) Both roots in (b +oo)

(D) One root in(—OO,a) and the other in (b, 00)

Q.18 If the roots of the equation x* —2ax+a’ +a—-3=0
are real and less than 3, then (1999)

(AJ)a<2 (B)2<a<3 ((O3<a<4 (Da>4

Q.19 Let f(x) be a quadratic expression which is positive
for all real values of x. If g(x) = f(x) + f'(x) + f"(x), then
for any real x (1990)

A g <0 (BIKN>0 (Og=0 (D)gx) 20

Q.20 Let o, B be the roots of the equation x> — px + r =0
and be the roots of the equation x> - gx + r = 0. Then
the value of ris (2007)

2
(A) g(p -q)(29-p) (B) §(q -p)(2p-q)

© %(q -2p)29-p) (D) g(Zp -)(29-p)
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Q.21 Let a, b, ¢, p, q be real numbers. Suppose o, B are
the roots of the equation x*> + 2px + g = 0 and «a, % are
the roots of the equation ax? + 2bx + ¢ = 0, where B2 ¢
{-1,0,1}.

Statement-I: (p? - q) (b? - ac) > 0 and

Statement-II: b # pa or c # ga (2008)

(A) Statement-Iis True, statement-II is True; statement-II
is a correct explanation for statement-I

(B) Statement-I is True, statement-II is True; statement-II
is NOT a correct explanation for statement-L

(C) Statement-I is True, statement-II is False

(D) Statement-I is False, statement-II is True

Q.22 Let b = 6, with a and c satisfying (E). If o and f are
the roots of the quadratic equation ax? + bx + ¢ = 0,

n
then Z[l+1j is (2011)
n=0\ & B
6
(A) 6 (B)7 © 7 (D) o
Q.23 A value of b for which the equations
X +bx-1=0
X +Xx+b=0,
have one root in common is (2011)
(A) -2 B)-i V3
@i+5 (©) 2

PlancEssential Questions

JEE Main/Boards

Exercise 1

Q12 Q.15 Q. 18
Q.20 Q22 Q.24
Exercise 2

Q3 Q38 Q9
Q11 Q 14 Q. 17
Previous Years' Questions

Q.2 Q5 Q6

Q 15

JEE Advanced/Boards

Exercise 1

Q7 Q.10 Q. 13
Q. 17 Q. 19 Q. 22
Q. 25 Q. 30

Exercise 2

Q5 Q9 Q12
Q. 16

Previous Years' Questions

Q5 Q.6 Q.38
Q. 13
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JEE Main/Boards

Exercise 1

-16
o6 .. 8. -13 Q.15 ae{—,—l}
Q.3 (im = c 13()m= 5 (i) m = Tl 7
Q4K=5 Q.18 x:il,i(1+\/§)
-11 7
6m=_——— -
Q6ém s ' 2 Q200
Q7 ¢ —p(q+1)x+(a 1)’ =0 Q26 (146 a(1+42)
81<x<3
Q X Q.27ﬂSas_4+2\/§
Q10 -1<x<1 or2<x<4 2
Q.11 o’ B, a B2 Q28-3
1
_ 29 ke|0, =
Q.13 () 4= i) 7,28 Q29 E( 3}
2 3
Exercise 2
Single Correct Choice Type
QlcC Q.28 Q.38 Q4B Q5A Q6C
Q7D Q8B Q98B Q10 A Q118 Q12D
Q13C Q14D Q15 A Q.16 B
Previous Years’' Questions
2 1 _ 2 2
Qlk=2 Q2 xe(-2-1)u -375 Q3 x=0"B,af’ Q6B Q74
Q8B Q9D Q10 A Q118 Q128 Q138
Q148 Q15A Q.16 D Q17C Q.18C Q198
Q.20 A
JEE Advanced/Boards
Exercise 1
Qla=2b=-11,c=4,d=-1 Q.2 ae(—w,—%}l Q35
Q40 Q500r24 Q611

Q.7 x<-7,-5<x<-2,x24 Q.83
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Q.9 (a) (i) and (iv); (b) x* —p(p*-5p’q+50))x+p’ *(p’ - 4q)(p’~q)=0 Q1020

Q.11 135 Q.12 10 Q.13 (a) x = \/§2+1 ;b)@y, . =6
Q.14 6 Q.15(A)S; B)QRST(C)R S;(D)P Q.166
Ql7(@)x=1; (byx=2o0r5;(c)x=-1orl (d) x>-1 orx=-3; (e) X=(1—\/§)a or (\/E—l)a

Q18 )3y’ -9y’ -3y+1=0; (a-2)(a-2)(y-2)=3; ®)H2;()-4 Q193

Q.20 a=1-2 or 5++/10 Q21P1) =4 Q.22 ae(_%, 1]

Q233 Q24 115 Q.25 (-»,-2]U[0,1)u(2,4)u(5,)
Q.26 xe[%%) U(8,16) Q.27 J11_09 <x<10

Q28 ~1<x <= or 1+VS o2

Q29 (-»,-25) U (0, =)

Exercise 2
Single Correct Choice Type

Q1C Q2A Q38 Q4D Q5 A

Multiple Correct Choice Type
Q.68B,D Q7CD Q.8 AB,C Q9A,D

Comprehenstion Type

Q10 A Q118

Assertion Reasoining Type

Q12D Q13 A

Match the Columns
Ql4A—>ps;Bops;Cops;Dop s Ql5A—>qgB—op;,Co>s;Dor

Ql6A—>r;B—op,qgrs Coq Ql7A—>qg,B->r,C—op

Previous Years’ Questions

Q17 Q.2 1210 Q3a>| Q6 ye{-1} U [1,) Q.7 —%
Q8B Q9 A Q.10 A Q11C Q12A Q.13B
Q.14 C Q.15B Q.16 A Q.17D Q.18 A Q.19B

Q20D Q218 Q228 Q238
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Exercise 1

Sol 1: Equation px® +gx+r=0.

The sum of roots of a quadratic equation is: -,

Let roots be E=1 =+ -
a

Given that:- rl2 +r22 =n+r, =( +r2)2 -2nr, =1+,
Product of roots is :ﬂ:r1 r
p
2 2
:(—_ﬂ x4 x
p p P p° P P
:>q2—2pr=—qp:>q2+pq=2pr

Sol 2: Equation
(@a+b)*x? —2(@%> -b?*)x+(@-by’> =0

For an eq. ax? +bx+c =0, if roots are equal then b? =
4ac

.. for above eq.

o= L2 -] sooof o7
— 4(a% —b?)? — 4[(a+b)(a—b)

=4(@° -b*)? - 4(@° -b*)* =0

Hence the roots are equal.

Sol 3: Eq. is 5x2—4x+2+m(4x2 -2x-1)=0
= G+4m)x> —(4+2m)x+(2-m)=0

(i) If the eq. has equal roots then b? —4ac=0
= [-(4+2m)? =45 +4m)2-m) =0

= 4m? +16m+16 — 4(—4m* +3m+10) =0
20m? +4m-24 =0

5m’+m-6=0

= M-1)5m+6)=0 > m=1lorm=-6/5.

(ii) Product of roots is 2

(2-m) _
5+4m

2=9m=-8

d
=—=2=
a

-8
=>m=—
9

(iif) Sum of roots is 6

L @M o oo 26
a 5+4m
~13
=m=—
11

Sol 4: Eq. is 5x* +13x+k =0

. . 1
One root is reciprocal of other =1, =—

)

.'.E=1:>k=5
a

Sol 5: Difference of roots is 1
= |r:L —r2| =1 .. (n —r2)2 =1
=(n +r2)2 —4nr, =1
2
= b— — E =1 ()
a® a

eq.is x> —px+q=0

. Putting in eq. (i)

2
—(‘;’) _4q=1=p?-4q=1

Sol 6: Equations an 3x* +4mx+2 =0

and 2x* +3x-2=0.

Let the common root be a

= 30’ +4ma+2=0 ()
and 20’ +30-2=0 .. (i)
Solving equation (ii) we get

20 +4a-a-2=0= a-1)(a+2)=0

.'.0c=l or a=-2
2

3 1
=+2m+2 =0 (Putti ==
2 (Putting a 2)

_ 1
-8
and 3x4-8m+2 =0 (Putting o.=-2)
14 7
m=——=—

8 4
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Sol 7: o & B are roots of the equation x> - px + g =0
= a+Pp=p and af=q

The equations whose roots are oc+% and |3+l is

(04
el
:>x2—[a+[3+l+ljx+(a+lj[[3+l}:0

oa P B o
x2—((oc+B)+—(G+B)]x+[aﬁ+2+ij=O
of of
:xz—{p+g}x+{q+l+2}=0
q q
- Eq.is qxz—(pq+p)x+(q2+2q+1)=0

Which is gx® —p(q+1)x+(q+1)* =0

4x

X“+3

Sol 8: >1

Since x° +3 is positive, we can directly take it to other
side.

=4x>x° +3
= x> —4x+3<0
= (x-1)(x-3) <0

The critical points are 1,3

Hence solution is [1,3]

Sol 9: (x—a)(x—-b)-k =0 and c and d are the roots of
the equation

The equation with root c and d is (x—¢)(x—d) =0
S(x=0)(x—d)=(x—-a)(x—b)-k
s(x—a)(x—=b)=(x-c)(x-d)+k

= a and b are roots of equation (x—-c)(x—-d)+k =0

Sol 10: x> —-3x+2>0 and x> -3x-4<0

From the first equation, we can write (x—1)(x—2)>0

- -

SoX e (—o,1)u(2,0)

In the second equation, we have

X2 —Ax+x-4<0;=> (x+1)(x-4)<0

soxe[-1,4]
m—n:1—l
X

.. The values of x which satisfies both the equations

= (-0, 1)U (2,0)]N[-1,4] = x e [-1,1) U(2,4]

Sol 11: ax’ +bx+c=0 (oo and B are roots of this eq.)
= oc+[3=_—b & GB=E
a a

Given eq. a°x* +abcx+¢c =0

= Let the roots ber & s

—-abc -b ¢
= — X —

P a a

=(o+B)xafp :oczﬁ-i-ocﬁz

r+s=

3
=>Is=—= (oc3B3)
)

. 2
“-We can see here that r = &’ and s = af

.. The given equation will become

(x—a?B)(x—ap®) =0

Sol 12: a and b are integer

Roots of x* +ax+b =0 are rational

Let the roots be o and B putting o in eq.
o’ +aa =-b

a(o+a)=-b

ais aninteger and b is an integer

. o has to be an integer

Sol 13: An equation ax? + 2hxy + by? + 2gx + 2fx +c = 0
can be factorized into two linear factors

a hg
Iflh b f|=0andh’-ab>0.
g f c

(i) The expression is 3x> —xy —2y? +mx+y +1

h:__l,az_v,,b:_z,g:m,f:l andc=1
2 2 2
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And h? —ab > 0 which is l+6 > 0 true.
4

3 1 m
2 2
And 1 -2 1 =0
2 2
m 1
2 2
=3 —2—l +l —l—m +m -=+m|=0
4) 2 2 4) 2 4
22 (m+2) m(4m-1)

+
4 8 8

= -54-m-2+4m*>-m=0 = 4m?’ -2m-56=0,
= 2m?-m-28=0,= 2m’> —8m+7m—-28=0

= (2m+7)(m—4)=0,: m:7,4

(i) 6x° —7xy —3y? + mx+17y — 20

a=6h-—"b=3=g=", 7= - 2
2 2" 72

2
-7
And h? —ab > 0 which is (7j +18 > 0 True.

g L m
2 2
and -7 -3 1—7 =0
2 2
m 17 5
2 2
= 6 60_& +Z 70_17_m +m £+3_m =0
4 2 4 2 4 2

= 12(—49)+7(280—17m)+m(—119+6m) =0
6m’ —238 m+1272=0

.'.m:7,% are solutions of this equation of this

equation
X2 —2x+4
X +2x+4

X2(1-y)—xQ2+2y)+41-y)=0
Since x is real . b® —4ac >0

= (2+2y)? -16(1-y)* >0

= 4y +8y+4-16y> +32y-16>0
=12y? 40y +12<0,= 3y? -10y +3<0
= @By-I)(y-3)<0

1
LyelZ,3

Sol 15: (1+a)x2 —-3ax+4a=0
Let f(x)z(a+1)x2 —3ax+4a andd =1

The roots exceed unity
=
1

The conditions are
D=0

(i) 9a° —16a(l+a)>0
= 922 -16a-16a%2 >0, = 7a’ +16a<0

a(7a+16)<0 a e{%lG,O}

(iaf(d) >0

Note that this a is the co-efficient of x? and not to be
confused with 'a

= (l+a)l+a—-3a+4a)>0

= (1+a)(2a+1)>0
soae(—oo,-1)u (—71,00)

3a
2(1+a)
= 3a -1>0=> a-2
2(1+a) (a+1)

>1

—b
i T2y
(i) 2a >d=

>0

. ae (—o,-1)u(2,0)

So taking intersection to all 3 solutions

-16
ae|——-,—
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Sol 16: P(x) = ax? +bx +¢ and Qx) = —ax? +bx+c

P(x).Q(x)=0

= (ax® +bx +c)(-ax? +bx+c) =0

= D of P(x) = b? —4ac

= D of Q(x) = b? + 4ac

Clearly both cannot be less than zero at the same time.

Hence the equation has at least 2 real roots

Sol 17: We have ax’ +2bx+c=0

= oc+[3:ib, OLBZE
a a

For equation Ax* +2Bx+c=0

:(a+|3)+2k=_T2B :k:E—E

' a A
C

piso, (a +)(B+k) =S, =7 4 (a s kv ap =

Sol 18: We have (15+4\/ﬂ)t +(15 —4\/ﬂ)t =30
and t =x —2|x|

Let (15+4Jﬁ)t —y

:>y+l=30

y
= y2—30y+1=0:y=w
- y=15i§\/224 — y=15+414

(15+4\/ﬁ)t —15+ 414

Lt=lort=-1

When x > 0
X —2|x| =x? - 2x

=x>-2x-1=0or x> -2x+1=0

2+242
> or

When x<0

x=1

x2—2|x|:x2+2x
=x2+2x-1=0 or x* +2x+1=0

2-22
X=——0>—0

The values of x are —1,(—1 —\/5),1,(1 +\/5)

rx=-1

Sol 19:
LHS=(x—-2)(x-3)-8(x-1)(x—-3)+9(x—-1)(x - 2)

=x% —5x+6-8x” +32x - 24+ 9x* —27x+18 =2’
Which is always equal to RHS no matter what the value
of x

.. The equation is an identify

2
x° x°
Sol 20: (1 +a) —3a +4a=0
X2 +1 X2 +1
2

Let y = =x*(1-y)-y=0

X2 +1
Since xisreal, = 4y(1-y)>0
oy el0,1]

. The given equation becomes (1 +a)y* —3a(y)+4a=0

where the roots of equation should be between (0 & 1)

These conditions should be satisfied
i) D=0
~9a%-16a(@a+1)=0 = 7a’ +16a<0

cae [_—16,0}
7
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af(d) >0 & af(e) >0
(i) 1 +a)f(0)>0 = (L+a)4a>0
. a € (—oo,-1] u [0, )

and (1+a)f(l)>0=(1+a)(2a+1)>0

coae (—o,-1] u[—%,oo)

(i) d < ;—b < e asthe range is from [0,1]
a

< 3a <

2(1+a)
= 3a >0& 3 -1<
2(1+a) 2(1+a)

a-2

= <0
2(@+1)

+|_|+
T T

-1 0
a e (—o0,—1)u(0,x)

+ - +
ae—+H—F+—
-1 2
ae(-1,2)
~.ae(0,2)

Taking intersection at all 3 possibilities a=0 is the only
possible solution.
Sol 21: (I-m)x° +Ix+1=0

Let one root be a: other root = 2a

| . |
3(m-1)

= o+20 =
m-—|

202 = IL (Product of roots)
-m

21° 1
- =
9m-1?> (I-m)

= 2P =9(1-m)

— 2P —(9)1+9m =0

The roots are real = b? —4ac>0

81—8x9m20:>ms§

Sol 22: From condition of common root

(ca,—ac,)” = (2bc, —2b,c)(2ab, - 2a,b)

2
c a b ¢ a b .

(a,c ){———J =4b,c [———Ja b [———] (1)

1+1 C]_ al 1+1 b1 Cl 1~1 a]_ b]_

a b c .

—,—,— arein AP

a b, ¢

Let the difference be d.

... (i)

Using (i) and (ii)

- (a,¢,)% x4d? = 4a,c,b? x d’
L R2

s bl =a¢

a,b,c areinGP

Sol23: %-% _ B_P

1 a0y

2 2
o B _oy By o?+p? oith

— 4+
B a By oy op oy By

o’ +p? '3 of +p2 » :>((l+[3)2 _ (o +B,)°
af 0‘1B1 ap 0Llﬁl

=

:(‘b/a)z _ (b, /al)z

c/a G/
5 2
b? b, b ca
= — =—=| — = —_—
ac  aq b, c,a,

Sol 24: . is root of equation ax® +bc+c =0

= aa’ +ba+c=0

Similarly —ap? +bp+c=0

aX2

Let f(x)=7+bx+c

2 2
f(a):a%+boc+c= —aa

_ap® _ 3ap?
f(B) = 5 +bB+c——2

2
- F(0).F(B) = %08132 <0
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. By mean value theorem, there exists a root of f(x)
between o and f

Sol 25: Given, ax® +bx+c—p =0 for two distinct & &p

. oo and B are root of eq"
ax? +bx+(c—p)=0

.'.oc+ﬁ=_—b & af o
a a

To prove ax? +bx +c—2p = 0 for any integral value of x,
let us assume these exist integer R satisfying

ax’> +bx+c—2p=0
=ak? +bk+c-2p=0

k2+bk+c—p:B
a

a a

or

or (k—a)k-pB)= P -an integer
a

Since p is a prime number =Pisan integer if a=p or

a=lbuta>l..a=p
=>k-a)k-p)=1
s.eitherk-a=-landk-p=-1
= o =B (not possible)

. There is contradiction

Sol 26: We are given that a<0 and
x? —2a|x—a|—3a2 =0
for x> a

Equation becomes x* —2ax—a’ =0
‘o 2a++/8a’
2

=aia«/§ but since x>a&a<0
a(l —\/5) is the only solution
For x<a

Eqn becomes x? +2ax —5a° =0

[ 2
X:M — _ai—a\/g

2

But since x < a

a(\/g —1) is the only possible solution.

Sol 27: x> + ax + a? + 6a < 0 is satisfied for all x € (1, 2)
. (1 and 2 exists between the roots)

.. Bring condition for the given case.
f)x1<0&f(2)x1<0

nal+7a+1<0&a’+8a+4<0

35

Solving we get J_T <a<-4+243

Sol 28: Given that, 23 +x2-7=0

Forroots,on+B+y=_?1 aB+Bq+ya=0&ql3y:_77
o B
_+_

Forz {B aj

=(g+g+l]+(E+E+l]+[l+l+lj—3
By oy o B

2B D ap Y ap
+ + -3=0-3=-3
By oy B

Sol 29: (x —3k)(x—(k+3)) <0

ey

ke /3K

= f(1) <0 andf(3) <0
(using condition to given are)

(1-3k)1-(k+3))<0 and (3—3k)(—k) <0

s ke (—Zéj & k e(0,1)

ke (0, lj
3

Exercise 2
Single Correct Choice Type

Sol 1: (C) Giventhata? + b?+ 2 =1
We know that
(@+b+c)2=a2+b?+c?+ 2 (ab + bc +ca)

= (@a+b +c)?=1+ 2 (ab + bc + ca)



2 p—
=ab+bc+ca= %C)l (i)

Also, 2(a%? + b? + ¢?) — 2ab — 2bc —2ac
=(@a-b)? + (b-0c)? + (c—a)?

Now, (@a—-b)? + (b-c)>+ (c—-a)*>0

sab+bc+ca< a?+b?+c?<1

Here, min (ab + bc + ac) = _?1

Max (ab + bc + ac) =1

Sol 2: (B) P(x) = ax’ +bx+c

D(P) = b? - 4ac

If D(P) < 0 = 4ac > b?

IfDQ) <0 = dac<-d>= DP)>0
.. At least one of P and Q is real.

. P(x) & Q(x) =0 has atleast 2 real roots

Sol 3: (B) Given that x* +3x+1=0

For roots, a+B=-3 af=1

( o T{ B jzz[a(oc+1)]2+[B(B+l)]2
1+p a+l (a+1°(B+1)

2 2 2
((a L)+ (B +[3)) 20B(a+1)(B+1)

(o + o+ B +1)2

[(mﬁ)z —20cB+(oc+B)T “2aBap+a+p+l)
(ap+a+B+1)°

[9-2-3F -2x1(-3+2)

1_3+17 =16+2=18

Sol 4: (B) ax’ +bx+c=0
a>0,b>0&c>0

—b ++/b? - 4ac

2a

=>a=

If oisreal = vb? —4ac <b
. o is negative
If b —4ac< 0 then real part of a is always negative

.. The roots have negative real parts
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1
Sol5: (A) a—-2=—
o

=a’-20-1=0=>b=-2,c=-1

b+ +be= (-2 +(-1)? +(-2)(-1) =7

Sol6:(C)a+b+c=0
D of eq. = 25b% —84ac= 25(a +c)? — 84ac
= 25¢ —34ac + 25a°

2
:az[zs(sj _34[5}25}
a a
D, of thiseq. < 0

. The eq. is always positive when a =0

Sol 7: (D) One root is a .. The other root = —a

Let third root = B
Soa-o+Bf=2=>p=2

Putting this value in the given equation
22-2°+2a+10=0=>a=-5
-.ae(-10,0)

Sol 8: (B) x+1=log, (2" +3)’ —2log(1980 - 27)

= 2X+1 - M
1980-27%

—=1980x2x 2% -2 = (2X +3)?

Let 2¥ =t

=t +6t+11+1980x2t=0

Now 2% x2P =11

=2"P =11 = a+p=log,11

Sol 9: (B) Product of H.C.F. & L.C.M. of two numbers =
product of the nos

.16 xLCM = 295680

295680

S LCM = =18480
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Sol 10: (A) Given that 4y? +4xy +x+6=0

y =real=b? —4ac>0

= 16x%> —16(x+6) >0

X —x—-6>0= (x—3)(x+2)>0

S X<=2 or x>3

Sol 11: (B) If exactly one root lies in (0, 3) (as interval

is open)

= f(0)f(3) <0

s2a6-a)<0

=ae(—0,0)uU(6,x)

Now we check at boundaries

Ata=0 =>x*-x=0

.. Other root = 1 which lies in (0, 3)

- Nowata=6= f(x)=x* -7x+12=0
= x=3,4

No root lies in (0, 3)

coae(—0,0]u(6,0)

Sol 12: (D) x> -2mx+m? -1=0

Since both roots lies between (-2, 4)

=D >0 af(d) >0 & af(e) >0and d<;—b<e
a
()= 4m? —4(m? -1)>0
4>0..true

(i) 1.(-2)>0

=@ +4m+m?-1)>0

= me (—o,-3)u(-1,0©)

(i) 1.f(4)>0

= (16-8m+m?-1)>0

= m e (—o,3) U (5,0)
-b

=>-2<—<4=-2<m<4
2a

Combining all the above three conditions, we get
s.me(-1,3)

.. Integral values of mare 0, 1, 2

Sol 13: (C) (x* + 4x)? = 82

= x5 + 16x? + 8x* = 64;
Mulitiply both sides by x

=X + 16x° + 8x* = 64;

Add 16x3 in both sides

=X’ + 8x° + 32x3 = 16x° + 64;
= X+ 8x2(x3 + 4x) = 16(x3 + 4x);
=X +8x°x8=16x8;

=X + 64x? = 128

Sol 14: (D) Given equations have real roots so,

a®>-8>0 = a’°>8b and4b’-4a>0.. = b’ >a

= b*>a’>8b
—=b>2& ax4

Hence, (a+b) . =2+4=6

min
Sol 15: (A) (x> +ax+1)(3x* +ax—3)=0
D, =a’ -4

D, =a’ +36

D,is always > 0

.. The equation has atleast two real roots.

Sol 16: (B) f(x) =x2 +ax + b
For X € [0, 2]
f(x),,, =3 and (), = 2

f0)=b=2

fQ)=4+2a+b=3 ... (i)

By solving (i) and (ii)

az—i; b=2
2

Previous Years' Questions

Sol 1: (i) Given x2 —8kx+16(k2 —k +1) -0
Now, D = 64 {k2 —(k2 —k+1)} ~64(k-1)>0
~k>1

(ii) —£>4:%>4:>k>1
2a 2
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(i) f4) > 0 :>x(x—oc2[3)—oc|32(x+oc2|3)=0
16—32k+16(k2—k+1)20 —k2-3k+2>0 ., ,
a’x® +abcx+c® =0
=k-2)k-1) =0 , 5
= x = a’B, af° which is the required answer.
=k<1 or k>2 Hence, k = 2.
. b C
2x 1 Sol 4: Since a.+p=-—, af =— and
> a a
22 45x—2 x+1
2X 1
- >0;
(2+1) (x+2)  (x+1) Now, o —p = (cc+38)—(B+3)

=
(alx2 +b1x+c1)y+(a2x2 +b2x+c2)=0
= (=p)" =[(+9)-(p+9)]

Sol 2: Given

B C
o+8+B+d=——, (oc+8)([3+8)=K

x*(ayy +a, ) +x(byy +b, ) +(c;y+¢,) =0

_(x+2) O = (o+B) ~dap=[(c+8)~(B+8)] ~4(c+5).(B+9)
= (2x+1)(x+1)(x+2)> 2 c 2
AERIEE

Using number line rule

> =
nxe(-2,-1)u 21 a® a A? A a’ A?
32
) 5 ] Sol 5: From figure it is clear that if a > 0, then f(-1) < 0
Sol 3: Since ax” +bx+c=0 in terms of o, B. and f(1) < 0,ifa < 0, f(-1) > 0 and f(1) > 0. In both cases,
= a+p=-b/aand ap=c/a af(-1)< 0 and af(-1) < 0
Now, a®x? +abcx+c®=0........ 0) = a@-b+g<Oanda(@a+b+c<0

On dividing by a?, we get
On dividing the equation by c?, we get 9y 9

b ¢ b ¢
a> , abex & l-—+—-<0and 1+—+—-<0
RV +—=0 a a a a
c? @
5 On combining both, we get
ax ax
Da[—] +b [—J+c:0 Y| a<o0
d C >
y=ax’+bx+c
:%:a,ﬁ are the roots \ -1 1 / . x
C

GQ/ B y
e
= x=—o0,— B are the roots a>0

a a /--\ y=ax’+bx+c

= x = afa, app are the roots 7 -1 |01 \[3 "
= x =0’ P, ap? are the roots
b ¢ b| ¢
Alternate solution 3 1+=—+-<0 = 1+—|+—-<0
, bc c a a al| a
Divide the Eq. (i) by a*, we get X +E'5 X+ 3 =0

Sol 6: (B) Given x* +2px+q=0
Lo+ B=-2p . ()
af=q .. (i)

= —(a+B).(aB)x+(ap) =0

=x% — oPx — af’x + (aB)3 =0
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andax? + 2bx +c=0
1 >

B 3 .. (i)

... (iv)

2 2

=a—(oc—B)2 oc—l >0
16 B

.. Statement-l is true.

Again now pa= —g(oHB)
a 1) ..

and b:——(OH-—J Since, pa # b
2 p

= oc+%¢ a+p = B2 #1, [3:&{—1, 0, 1}
which is correct. Similarly, if c = ga

:a%:taaﬁ;:a(ﬁ_%j;to =a=z0

and B—%;ﬁ 0=>B= {—1,0,1}

Statement-II is true.

Sol 7: Given, |x—2|2 +|x—2|—2 =0

Case I'when x> 2

= (x-2?+(x-2)-2=0

= x? +4-4x+x-2-2=0

= x*-3x=0= x(x-3)=0

= x=0,3 (0is rejected)

= x=3 ()
Case I when x < 2.

= {~(x-2)I" - (x-2)-2=0
:(X—Z)Z—x+2—2:0 = x° +4-4x-x=0

= X2 -4x-1(x-4)=0= x(x-4)-1(x-4) =0

= (x-1)x-4)=0
= x =1, 4(4 is rejected)
=>x=1

... (i)

Hence, the sum of therootsis3 +1 =4

Alternate solution

Given |x—2[ +x-2/-2=0

= (jx-2+2)+()x-2-1)=0

|x - 2| =-2,1 (neglecting - 2)

=x-2=1

= x=31

= Sum of roots = 4

Sol 8: (B) If a,x* +b,x+¢; =0 and a,x’ +b,x+c, =0
Have a common real root, then

=6, -3, )2 = (b1c; =byc; )(3b, —a,by )

X’ +bx-1=0

2

have a common root.
X +x+b=0

:>(1+b)2=(b2+1)(1—b)
=b?+2b+1=b’-b>+1-b
=b*+3b=0
+b(b*+3)=0
—b=0+3i

Sol 9: (D) The equation x> —px+r =0 has roots o, p
and the equation

x2 —qgx +r = 0 has roots %, 20.

=r=af and a+B=p, and %+2[3:q

2(2p-q)
3

and o =

20 —
= p=29P

3aB:r:§(2q—p) <2p—q)

Sol 10: (A) Let the roots of x° + px+q=0 beaand o’

= a+0’=-p.and o’ =q

= a(a+l)=-p



= a’ {oc3 +1+3a(oc+l)} =-p’ (cubing both sides)
= q(q+1-3p) = -p’
:p3—(3p—1)q+q2 =0

Sol 11: (B) As we know ax? +bx+c >0 for all xeR, if
a>0and D <0

Given equation is

X +2ax+(10—3a) >0, Vx €eR Now,
:>4a2—4(10—3a)<0
:>4(a2+3a—10)<0

= @+5@-2<0

= ae (-52)

Sol 12: (B) Given x° —|x+2|+x >0 . ()
Caselwhenx +2 >0
X2 —x=2+x>0

= x°-2>0

= X< -2 orx>\/§
:}XEX[—Z,—\/E)U(\/E, oo)

Casellwhenx +2 <0

. (i)

X2 +X+24%x>0

= x> +2x+2>0

= (x+1)2 +1>0

Which is true for all x.
X<-2o0rxe (—oo, —2) ... (i)
From Egs. (ii) and (iii), we get

el o ()

Sol 13: (B) Given

log, (x—l)zlog2 (x—3):log41/2 (X—3)
:Iog4(x—1)=2log4 (x—3)
:Iog4(x—l)=log4(x—3)2

:>(X—3)2 =x-1 =>x*-7x+10=0

:>(x—2)(x—5):0 = x=2o0orx=5
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= x =5[.. x = 2 make log (x — 3) undefined].

Hence, one solution exits.

Sol 14: (B) Givenc <0< b

Since a+pB=-b .. (i)
and aB=c .. (i)
From Eq. (i), c < 0 = af <0

= Either ais—ve, B is + ve or ais + ve,

Or B is—ve

FromEq. (i) b >0 = -b<0= a+p <0

= The sum is negative.

= Modulus of negative quantity is > modulus of
positive quantity but o < is given.

Therefore, it is clear that o is negative and B is positive
and modulus of « is greater than

Modulus of
B:>oc<0<[3<|oc|

Note: This question is not on the theory of interval in
which root lie, which appears looking at

First sight. It is new type and first time asked in the
paper. It is important for future. The actual

Type is interval in which parameter lie.

Sol 15: (A) Since Vx+1 —x—1 =+4x—1
= (x+1)+(x-1)-2Vx* ~1=4x-1
= 1-2x=2+x2-1 = 1+4x> —4x=4x*-4
= 4x =5 :>x:E
4
But it does not satisfy the given equation.

Hence, no solution exists.

Sol 16: (D) Let o and 4 be roots of x> —6x + a = 0 and
o, 3B be the roots of X2 —cx + 6 = 0, then

oa+4p=6and4op =a
o+ 3B =cand3ap = 6.
Wegetaf=2=a=38
So the first equationis x> -6x + 8 =0 =>x =2, 4

Ifo=2and4p =4then3p =3
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Ifoa=4and4p =2, then 3p = 3/2

- Common root is x = 2.

Sol 17: (C) bx? + cx + a =0

(non-integer)

Roots are imaginary = c? -4ab < 0 = c? < 4ab

= > -4ab
3b% x? +6bcx + 2¢?

since 3b? >0

Given expression has minimum value

Minimum value =

4(3b%)(2¢?) - 36b°c?

4(3b?)

_120°¢
12b?

Sol 18: (C) x*-6x—-2=0

an _ 0Ln _Bn
2y —23 _ o -0 - 2(a® - p°)
22 2a’ -p%)
_of(@® -2)-p*(p° -2) _ 60’ —6p° _
2(a” -B°) 2’ -p%)

Sol 19: (B) -~ p, q, r are in AP

2qg=p+r
Also, l+l:4
o
atB_,
op
_9
:—p:4:>q——4r
r
P
From (i)
2(4n=p+r
p=-9r
q=-4r
r=r

Now | o~ |=/(a+B)° - 40

=’ > -4ab

(i)

p Ip|

_ [—_q]z 4o —dpr
p

_ 16 +36r* _ 2V13

|-or] 9

Sol 20: (A) x>+ 2x+3 =0 ()
. (i)

ax’+bx+c=0

Since equation (i) has imaginary roots

So equation (ii) will also have both roots same as (i).

Thus, E:E:E:a:k,bzn,c:_%k
1 2 3

Hencel:2:3

JEE Advanced/Boards
Exercise 1

Sol 1: f(x) =x° +ax+b

One root is 4+3\/§ :(4+3\/§)(2—\/§) =—1+2\/§

2++/3
.. The other root is -1 — 2\/5

Sum of roots = —a = -2

= a=2

Product :?:(—1+2J§)(—1—2\E) =1-12=-11

L gx)=x* +2x3 —10x° + 4x-10

= x* + 23 —11x% +x% + 2x—11+1+2x

= X2 f(x) +f(x) + 2x +1

9{‘”3*@]:%xo+0+2(_1+2ﬁ)+1=4J§—1
2+\/§

nc=48&d=-1

ax? +2(@+1)x+9a+4

Sol 2: f(x) =
X2 —8x+32

x> —8x+32is always positive as a>0 & b? —4ac <0
.. For f(x) to be always negative
ax? +2(a+1)x+(9a+4) <0 for all x

= a<0 & b?>-4ac<0



~[2@+1)] - 4a(9a+4) <0
4(a® +2a+1)—36a° —-16a<0

= 323’ +8a-4>0 = 8°+2a-1>0

= 8a’+4a-2a-1>0 = (4a-1)(2a+1)>0

'ae—oo_—luloobt' 0
S > 7 utais a<
-1
s ae|—w,—
3]

Sol 3: x> +2(@+b)x+(@a-b+8)=0
Since the equation has unequal roots
b2 —4ac>0

=4a+b)’ -4a-b+8)>0

= a’+2ab+b’-a+b-8>0
a’+(2b-1)a+(b>+b-8)>0

Now the quadratic in a always > 0
Discriminant should be less than 0

. (2b-172 -4’ +b-8)<0
-4b+1-4b+32<0

:>b>£
8

.. The smallest natural number for b is 5

Sol 4: When y?+my+2is divided by (y-1) the

remainder =f(1)=1+m+2=3+m
Similarly R, =g(-1) =3-m

if R, =R, =>m=0

Sol 5: x* ~11x+m=0 and x> -14x+2m=0
Let a be the common root

let o’ -11la+m=0 and a® -14a.+2m =0

~3e-m=0 = a= g . Substituting

for m = 0, 24 the equations have common roots.

Sol 6: p(x)=ax® +bx +c (&2 are roots)

Q(x) = ax® +cx+b (B&3 are roots)
Sa-2-La 2=
a a

and p+3=—C &3p=2
a a

o 3B=2-0 and 3+p=2a

= B=l and OL=2—§=E =2-11
7 7

7B

Sol 7: (|Og|x+6| 2)Iogz(x2 -x=-2)>1
= |°9|x+6|(X2 -x-2)>1
|Xx+6[#1= x=-5-7

When |x+6|>1 = x € (—0,~7)U(-5,)
X2 —x—=2>|x+6|

when x e (=5,©)

=X -X-2>X+6 = x*-2x-8>0
= X € (—w0,-2) U (4,0)

s x e (=5-2)u(4,©)

when x € (-, -7)

=X -X=2>-X-6 = X*+4>0

=X € (—0,-7)

when x e (-7,-5)

X2 —x-2<|x+6|

x> —2x -8 <0 when X € (-5,-6)

= X € (-2,+4) = no possible value of x
When x e (-7,-5)

x> —x—2<-x-6=x> +4 <0 =not possible

oo X e (=7,—0) U (=5,-2) U (4,m)

Sol 8: V, = sin6i + cos6)j
V,=i+j+2k
angel between V, & V, =a =n/3

_sinB+cosH
1x2

cosa

— sinb+cos _ 1

1x2 2
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= sinf+cos0=1

The value of 6 [0,2n] are O,g,Zn

. No. of values of 0 are 3

Sol 9: (a) A function is symmetric it when we replace o
by B & B by athe function remains same

(i) f(B,a)= B? — o= f(a,B) (not symmetric)
(i) (B o)= e+ Bo® =o°p+ Box = (a1, )
(i) f(Ba) = P = —0% £, p)
o p
(not symmetric)
(iv) f(B, ) = cos(B —a) = cos(a - B) = f(a, B)
- Symmetric
(b) o & B are roots of x* —px+q
= o+Bf=p&af=q
= Ry = (o” -p%)(e® - )
= [(0+P)* - 4aBl(a+B)(a+B?) - op)
= (p° -49) p (p* - )
= R, = o’B*(0+P) = o’p
“ Ry +R, = %p+p(p® - 4q)(p? - q)
= p(p* -5p*q+59°)
R, +R, = ’p?(p” —4q)(p° —q)

The equation is x* —(R; +R,)x+R;R, =0

Sol 10: x° +18x +30 = 2v/x? +18x + 45

Let x* +18x+30 =t

= t=2Vt+15 = t? = 4(t+15)

= t?-4t-60=0 = (t-10)(t+6)=0
t=10o0rt=-6

= x> +18x+20=0;d>0

or x> +18x+36=0;d>0

But also x% +18x+45>0

= X € (~0,-15) U (-3,0) and also x> +18x+30>0

. The product of the real roots = 20

Vx? +ax+4
Vx? +bx+16

for f(x) > 0 both X2 +ax+4>08& x> +bx+16>0

Sol 11: f(x) =

= D < Oforfirstand D < 0 for second eqn denominator
can't be 0.

ac[-4,4]&be(-8,8)

.. The possibly integral solution of (a, b) are 9x15 =135

Sol 12: f(0).f(1) <0

f(x) = 9x —12ax + 4 — a?

f(0) = 4 - a2

f(1) =13 -12a-2a?

fO)f(1) = (@a—-2)(a + 2)(@a + 13)(a—1) < O
ae(-13,-2)u (1,2

Number of integers = 10

1 1/2 1 1/2
Sol 13: (a)(x——j +E1——] =X ()
X X
d x—1 _ x (factorizi
an T 7 =X (factorizing)
SN
X—= —-11-=
X X
X X
m1/2=m+1
2
- 4m=(m+1)?
(m—l)2 =0 => m=1
x—lzl —=x’-x-1=0 :x:#
X

now in equation (i) LHS >0 .. x>0

1+\/§

2

only possible solution

3
(b) Let (x+lj =m &x3+i=n
X x3
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6 2 5
NS I (- . = all+a)=" &2a+1 = 5p+1
X x> m —n 4 4
- 3 " mtn 50— 3
[x+1j +[x3+1) ora=2r"2
X X3 8
~ . . _, -3 5p+1)_>5
:m—nz[x+—j —(x3+—3j = 3(x+—] 8 8 4
X X X 5p? —14p—3 =0
The minimum value of x+l:2 5p2 -15p+p-3=0
X
(). =3x2=6 — p=3 orp:‘?l

Sol 14: Given that p = 3 is the integral value

X2 +2mx + 7m-12 =0 SOR. _ X’ -3x+4
2
A2 —4mx + 5m -6 =0 X +3x+4
For equation (i), D > 0 = X2(y—1)+3x(y+1)+4(y—1) =0
(2m)?-4(7m-12) > 0 xeR
=4m?-28m +48 >0 9(y+1)2_16(y_1)2>0
28 £,/(28)° —4 x4 x 48 —7y2 _
= \/( ) x4 x = -7y* +50y -7 >0
28+ .[784 - 768 = 7y =50y +7 <0
B 8 1
28+ 4 =ye77
= 8_ =43
Integers lying in range are 1,2,3,4, or option QRS T are
For equation (i), D > 0 correct.
16m?-4 x4 x (5m-6)>0 Xx+1 _x+5
€ —2—+
= 16m?—16(5m - 6) > 0 x-1 x+1
= 16m?-80m-96 >0 X+1 X+5
251 (xe1)”°
- X
80 + /(80)2 — 4 x 16 x 96 X
=>m=
32 X2+ 2x+1-x2 —4x+5
21 19 = >
=>m=",— (x=1)(x+1)
8 8
9 260
Minimum value of m = ) x-1)(x+1)
Maximum value of m = 4 ot
| T |
Then,a+b=% +4 -1 1 3
x#1lasx-1 is in denominator the positive integral
= 19+32=5_1 values of x are 2 & 3 Ans (R) (S)
8 8

.2t . 4n . 4n . 8t . 8m . 2m
(d) sstm7+S|n7sm7+sm7sm7:f(say)
Sol 15: (a) 4x* —(5p+1)x+5p =0
p=1+a Let 28 A %" _gand 87 - ¢
7 7 7
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Cos(z_n_ﬂj_cc)s[@]_{_cos[ﬂj —X2 +4x-3+2x+5=0 = X2 -6x-2=0
1 7 7 7 7
f _Gim

2 12n 6 10n = x ~3+410

—CO0S| — |+ cos| — |—cos| — 2
7 7 7

which doesn’t belong to (1,3)

1[ (27‘5] (47:] (127:] (107:]] - x=1 is the only solution
=| cos| — |+cos| — |- cos| —— |- cos| ——
2 / / / / (b) 3 [x2+4x+2|=5x—4

[ZnJ [ an [127:] Case . x?+4x+2 > 0
cos| — |=cos| 2n—— |=cos| —

7 7 7 3(x2+4x+2)=5x — 4

[411 ( 4n) (107[} = 3x?+12x+6=5x — 4

Ccos| — |=cos| 2n—— | =cos| —
7 7 7 = 3x?+7x+10=0
~ f=0 -7++49-120
=>X=——"""""
6
Sol 16: x* +2x> —8x* —6x+15 = p(x) Which indicates x is imaginary here. So, this is not
; 5 acceptable.
Q) =x" +4x" -x-10 Case ll: X2+4x+2 <0
By trial one root of Q(x)=-2 —3(*+4x+2) = 5x - 4
Q(X) =(x+ 2)(X2 +2x-5) = 3x2+12x+6= -5x + 4
2 —
*. The root of x? +2x —5 should satisfy P(X) x> +2x-5 =~ +17x+2 =0
has irrational roots and since e ~17++289-24 —17 ++/265 i
- 6 - 6

Irrational root exist in pairs
Also, x2+4x+2 < 0

x° +2x -5 should be a factor of p(x)
5op(x) =x* +2x3 —5x% —3x% —6x+15 |:X—(\/§—2)}|:X—(2—\/§):|<O (D))

=x2(x? +2x =5) = 3(x* +2x =5) = (x* —=3)(x* +2x-5) x will be the union of Eq. (i) and Eq. (ii)

> _
The uncommon real roots are (c) For x> -1

x:\/g,x:—\/B_ &x=-2 X +x% -x-1=0
- Product = 6 x=1 & x=-1 are the solutions

(x+ 1)(x2 -0x-1)

S0l 17: (@) (x~Dx* ~ 4x+3]+ 2 +3x-5 =0 ,
(x+1)(x*+0x-1) => (x+1)>’(x-1)=0

(x—l)‘x2 —4x+3‘+2x2 +5x-2x-5=0

forx<-1
(x—l)‘x2 —4x+3‘+(x—1)(2x+5)=0 L -1+x-x-2=0
- x =1 is one solution and ‘x2—4x+3‘+(2x+5):0 x> =x* +x+3=0
When x e(—0,1) U (3,) (x+1)(x* —=2x+3)=0

X2 -2x+8=0 x = - 1is only solution

D < 0 so not possible x=-11

When x €(1,3) (d) Same as Example 4 of Solved Examples JEE Advanced.



Sol 18: Given that x> —=3x* +1=0

= a+B+y=3, afp+Py+ya=0, apy=-1

Now we have (o —2)(—-2)(y—2)
=(ap-20-28+4)(y-2)
=afy—-2(ap+By+ya)+4(a+P+7y)-8
=-1+12-8=3

Similarly we can find

ki) 2t

B
a-2)\p-2)\n-2) (@-2)B-2(y-2) 3

5 o B 3afy-20Bp+Py+ya) -3 _

a-2 B-2  (a-2)B-2(y-2)

o Aa+B+7)+3(apy)-4Q ap) _12-3 _

-2 (a-2)B-2A(v-2)

(=2x° +5x—10)

Sol 19:
(sint)x? + 2(1 + sint)x + sint + 4

The above expansion is always < 0as D < 0

o (sint)x? +2(1 +sint)x + 9sint+4 < 0
For all x

= sint<0

and 4(1 +sint)?> — 4sin t+ (9sint + 4) < 0
= —32sin’t-8sint+4 <0

= 8sin*t+2sint—-1>0

= 8sint+4sint—2sint—1>0

= 4sint(2sint+1)-1(2sint+1) >0

= (4 sin t—1) (25in t+1)> 0

= sinte —1,_—1 U 1,1
2 4

butsint <0
=sinte —1,_—1 =te ﬂIS_n
2 3°3

a+b:i—n:3:K:3

>0
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Sol 20: Minimum value of quadratic occurs at

,_b_4p_p
2a 8 2

When x_; €[0,2]

Sfx) . =f(x . )=3

min min

= pe[0,4]
= p2—2p2+p2—2p+2:3 = 2p=-1

-1
=>p= > not true

whenx <0 = p<0

in

—)
__

f(0)<+(2)
X
T |
\\_/+ 2

=f . occursat x=0

S f(0)=p?-2p+2=3
= p°-2p-1=0

2448

5 :1i\/§butp<0

:>p:1—\/§

When x_;, >2=p>4

.

=f occursat x=2
min

2

f(2)=16-8p+p° —-2p+2=3

= p°-10p+15=0 :pz@

p=51\/ﬁ

Butp>0:>p:5+x/ﬁ
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Sol 21: Since p(x) is a factor of q(x) = x* +6x* + 25 and

r(x) = 3x* + 4x% +28x+5, then p(x) will also be a factor
of its linear combination.

Now, r(x) - 3q(x) = X2 —2x+5

Sop(x) = x> —2X+5

Sol 22: f(x) =x* —2x—a? +1 =(x-1)* —a
=(x-1-a)(x—-1+a)

~a=a+l &B=1-a

Now g(a) <0 & g(B) <0

s (@a+1)? -2@+1)(a+1)+a’-a<0

= -a’-2a-1+a’-a<0= a>_?1

and (1-a)P -2@+1l-a)+a’-a<0
s 4a° -3a-1<0

= (4a+1)(a-1)<0 = ae(—%,lj

X+2 g = xe[-2,4)
4

Sol 23:
X —

X’ —ax-4<0

N Xe[a—\/a2 +16 a++va’ +16}
2 ' 2

. a+va’+16

5 <4 :>a2+16<(a—8)2

= a’+16<a’-16a+64= a<3

(.2
and uz_z = a—\[az+l62—4

2
(@a+4)y? >+a’+16 =a>0

.. The possible integral values of a are 0, 1, 2

Sol 24: Given equations are
ax>+bx-c=0 (i)

ax’+cx+b=0 (ii)

For sum of roots for (i) and (ii), we can

o
_a’B T a

a-2

For product of root for (i) and (ii), we can
C b

20 = — = —
a 3 3B 3
We can write here
a-2=-38 and B+ 3=2a

Solving these two equations
o—2=-32a-3)
=>a-2=-6a+9

=70 =11 =o==

7

11
Therefore, for B, p = 2 [7] -3

_22 5.1
7 7

Absolute product of four roots

L[] 3] |2 _es
70 171 |11] [1]| 49

Therefore, (p + q) = 66 + 49 = 115

Sol 25: For origin to lie between the roots.
af(0) <0

= (@’ -6a+5)(6a-a’ -8)<0

= (a-5)a-1)@a-2)(a-4)>0

+ - + +

1 2 4 5

ae(~o1)u(2,4)u (5 x)
Also a° +2a>0=a@@+2)>0

= a e (—w0,—-2]u]0,x)

soae(—oo,-2]ul0,1)u(2,4)u(5,0)

2
5
Sol 26: (log, x)* —(Iogl/2 2} -20log, x+148 <0

= (log, x)4 —(5log, x— 2)? - 20log, x +148 <0
Let log,x =t

= t* —(25t° =20t + 4) - 20t +148 <0

= t* - 25t°+144 <0

= (t*-16)t*-9)<0

= (t-3)t+3)(t-4)(t+4)<0



= te(-4,-3)u(3,4)

SXe il U (8,16)
16 8

Sol 27: (10g100x)? + (log10x)? +logx < 14
= (2+Iogx)2 +(1+Iogx)2 +logx <14

= 2(Iogx)2 +7logx+5<14

= 2(logx)? +7logx -9 <0

= (logx-1)(2logx+9) <0

:—gglogxglzlo‘g/zgxglo

Sol 28: Iogl/z(x +1) >log,(2-x)
= log,(2-x) +log,(x+1) <0
= log,(x+1)2-x) <0 = (x+1)(2-x) <1

= x-x-1>0

xe[_w,l—ﬂu[“ﬁwJ

2 2

Alsox+1>0 = x>-landx < 2

xe[—l,l_\/gJu(lJM@,ZJ

2 2

Sol 29: log, (2x* +5x +1) < 0
= 2x° +5x+1>1

x(2x+5)>0

= X e £_oo'_75] U (0,0)

Exercise 2
Single Correct Choice Type

Sol 1: (C) Let (r +2)(r, +2)(r; +2) = f

= +20p +1)+4)(r; +2)

=0 +An +n )+ 2000+ 41 n)+8
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The equation we have is x> —2x? + 4x +5074 =0
We canwrite r, +1, +1; =2, Znr, =+4, rr,r; =-5074
o f=-5074+4%x2+4%x2+8 =-5050

Method 2: (We have to find the product of roots of a
cubic whose roots are a+2, B+2,y+2

= o+2=x .. a=(x—2) Substituting we get
(x=2) = 2(x—2)? + 4(x —2) + 5074
The constant term = 5050 .. Product = -5050

Sol 2: (A) We are given that" after xeR and the
polynomial x® —x> +x? —x+1

When |x| < 1

A =x3+ 0 =)+ (1-%)>0
as X° =X >0 & (1-x)>0
When |x|>1

f) = -x°)+ (x> -x)+1>0
as X2 —x* >0 & x> —x>0

- f(x) is always positive.
Sol 3: (B) a(x* —2x+1)+b(x* =3x+2)+x—a’ =0

= (@+b)x’ +(1-2a-3b)x+a+2b-a’ =0
Since this is satisfied by all x

= a+b=0, 2a+3b=1

=>b=1& a=-1

also a+2b-a’ =0

Which is satisfied by (-1, 1)

Sol 4: (D) y(-1)>-4

= a-b+c>-4 ()
y1)<0=a+b+c<0 ... (i)
y(3)>5=9a+3b+c>5 .. (i)
From (i) and (iii)

12a+4c>-7 .. (iv)

Equation can be written as

-a-b-c>0 (V)
. From (iv) and (i)

2a+2c>-4=a+c=>-2 .. (Vi)

From (v) and (vi)

8a21:>a2l
8
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4 2-20?
Sol 5: (A) x = xz,yz >;
1+A 1+Xx

Let A =tan®

= x=2sin20 & y =2co0s26
f=x>—xy+y?
=4-4sin20c0s20 =4 —-2sin46

". flies between 2 and 6 or f €[2,6]
sa=28b=6 . .a+b=8

Multiple Correct Choice Type

Sol 6: (B, D) x’ +abx+c=0&x’+acx+b =0have a

common roots lets say a
= o’ +aba+c=08& o’ +aca+b=0
a:l, B=ac & y=ab
a
The other egn is x° —a(b +c)x +a’bc =0

Sol 7: (C, D) Given q, a?are root of the equation
4x% —15x+4p =0

2 _15 :
> a+ta _Z (I)

= o= p ()]
From equation (i)

40° +400-15=0 = 4o’ +100—60-15=0

53
=0 o==
2 %73
s 2
8 P~

Sol 8: (A, B, C) f(n) =4n? —8kn+k, f(n)>0

= 4n° -8kn+k>0 = <0

= 64k® -16k <0 = (2k +1)(2k-1)<0

= ke —1 1
2°2
. k=0 is the only integral solution

(b) Roots of the equation f(n) =0 are

_ 8k \/64k2 16k /

o= k—4/k2—— Bkt k2%

/2 k
If k<0 then oc<0,[3>0['.' k _Z>_kj
Let k=p [:4/p2+%>p]

() o, e (0,1)
. 5 k 1
iHD>20=k*——>0 =k>=k<0
4 4
(i) af(0)>0=4k)>0=k >0
4

af(l)>0:>4(4—7k)>0:>k<7
(iii)0<8—k<1:>0<k<l =ke l,i c

8 47
f(n) min = 4(k)> - 8k? +k

-b

at n=—
2a

=k —4k?

Sol 9: (A, D) o, 0 (o > 0) are roots of X2 —30x+b =0
a+a’=30;a’=b

o’ +a-30=0
(a+6)(0—-5)=0= a=-6, a=5
a=5Ca>0)

o’ =25

r=25s=5"b=125
b+r—-s=145

b+r+s=155

b-r-s=95

b-r+s=105

Comprehension Type

Sol 10: (A) p(X) = (x— cos360)(x— c05840)(x— c051560)

co efficient of x?is —(cos36° + cos84° + cos156°)
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=c0s36° +2cos(36°)cos120° =0

2 _ . _
Sol 11: (B) Absolute term = —cos36° cos84° cos156° (B) a>08b" =4ac . f(x) = o B

:_—1(cos360)(c052400 +cos72°) af(t)>0at t<a, af(x)= & t=a
2 Lt<aort>ac=p &tza

_ -1 0 1 0
—?cos36 (2 +c0os72 j (C) a<0 and b? > 4ac

af(t)> Ofor

{7)(@;1J[I 1- 2] ;morbﬁtiaﬁ%
f_.

( 1116}(5 - 2\[) (D) a<0 &b’ =4ac

Assertion Reasoning Type t<oort>p(=a)&

Sol 12: (D) f(x) = ax> + bx + ¢ sum of three roots =0 t£0 / ;
sum is zero only when atleast one of them is negative

or all roots are zero.

-oaf(t) >0 for

a =B =y =0is one set to prove assertion as false. Sol 15: f(x)=x* ~2px+p” -1

(A) Both roots of f(x) =0 are less then 4
Sol 13: (A) f(x) = ax’ +ax+(a+b) 0) 5

saf(d)>08& —<4
g(x) = ax? +3ax+3a+b =f(x+1) (D) 2a

2

D(f)=a” —4a(a+b) = -3a - 4ab S 1Ix(16-8p+p’-1)>0& ?p< 4
since a and b are of same signs, f is either always  _ (p-3) or (p-5>0 & P<4 ()

positive or always negative depending on a.
P<3 orp>5 (1))
Since g = f(x + 1)
From (i) and (ii) p € (—x,3)
g(x) will just shift the group of f to 1 unit left. There

will be no change along y-axis (B) Both roots are greeter then -2
.. Statement-II is correct explanation of statement-I. s af(=2)>0 & -b >-2
2a
2
Match the Columns =>1(4+4,|O+p2—1)>0,£>—2:>p>—2
Sol 14: ax? +bx + ¢ = f(x), af(t) > 0 S(P+D(pP+3)>0,p>-2

5 p<-3orp>-1&p>-2
(A) a>0 & b >4ac .. f(x) =
o B S pe(-1,o)

(C) Exactly one root lies between (-2, 4)
af(x) = o 5 5
p = f(-2)f(4)<0 = (4+4p+p°-1)16-8p+p°-1)<0

aft)>0att<aort>p = P+1)p+3)p-3)p->)<0

&t#a , ,
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L pe(=3,-1)u(35)

(D) 1 lies between the root

~oafl) <0
=1(1-2p+p°-1)<0=p(p-2)<0

=Pe(0,2)
Sol 16: (A)
6 6 2
[x+1j —(x6+16+2j (x+1) —[x3+13j
X X X X
3
X

|

S

3
m? —n? 1 3 1
= =m-n=|X+=| —| X +—=
m+n X x3

:3x+3xl:3[x+£j
X X

x+1
X

The minimum value of =2

L f(x).. =6

min

(B) We want atleast one solution .. we want to eliminate
the cases when these is no solution

. All ¢ except when
1+log, (ZXZ +2X+ gj <log, (cx? +¢)

For all x

= 4x° +4x+7 < (x* +¢) forall x
= (C-4)x* —4x+(c-7)>0
>4 &D<0

= 16-4(c—-4)(c-7)<0

S Ce(—w,3)u(8,x)

Taking intersection

. The given expansion is not true for any x when
ce(8,)

-.For ce(0,8] the given expansion is true for atleast
one x.

[cx® +c>0=c>0]

Sol17: (A)K(x®) + 1-K)x+5=0

Given,g+E:i

B o 5
o’ +p° 4 _ (atP’-20B 4
af 5 of 5

. (L-K?/K?-2x5/K _4
N +5/K 5

2
= (1-K) _KK) ~10=4

K? - 2K +1-10K = 4K
—K?-16K+1=0

K, (K +K,)?—2KK, (16)%—2x1

R e =254
Ky K KiK;

8 y_x2+ax+b

®) X2 +2x+3

(y—l)x2+(2y—a)x+(3y—b):0
(2y—a)’ —4(y-1)By-b)=0

= 4y® +a’ —4ay - 4(3y> - (b+3)y +b) >0
:8y2+4(a—b—3)y+4b—a2£0
2y? +(a-b-3)y+4b—-a’ <0

Now -58& 4 are solution of equation
On solving we get a* +b? =277

© f(x):x3+px2+qx+72

x> +ax+b & x* +bx+a
Have a common root o

= o’+an+b=0

o +bo+a=0

= a =1 common root

Sum of roots = B+a =-a

= pB=—(a+1)

y=—(b+1)

= —(a+1)=b

sa+b=1



Product of roots = =72

soabx1=72
a(l-a)=-72
a’-a-72=0

a?-9a+8a-72=0
s.a=9%9ora=-8
In eithercase b =-8 orb =9

Sum of squares of roots = a’ +b? + (1)

=81+1+64 =146

Previous Years' Questions

Sol 1: Given 3x-y-z=0

-3x+2y+z=0

and -3x+z=0

On adding Egs. (i) and (ii), we gety = 0 So,
3x = z Now, x? +y? +2z°<100

=x° +(3x)2 +0<100

=10x°<100; = x* <10
X=-3,-2-10123

So, number of such 7 points are possible

Sol 2: Here a +b =10c and ¢ +d =10a
=(a-c)+(b—-d)=10(c-a)
=(b-d)=11(c-a)

Since ‘¢’ is the root of x> - 10ax - 11b = 0
=c?~10ac—11b =0........(ii)

Similarly, ‘a’ is the root of

x* ~10cx-11d =0

—a’-10ca-11d=0

On subtracting Eq.(iv) from Eq. (ii) we get
(c2 —a2) = ll(b —d)

g (c+a)(c—a):11x11 (c—a)

[from Eq. ()] > c+a =121

()}
... (iii)

. (i)

.. (iii)

... (iv)

~a+b+c+d=10c + 10a
=10(c + a) = 1210

Sol 3: Given x? +(a—b)x+(1—a—b)=0
unequal roots

=>D>0
=(a-b)’ ~4(1)(1-a-b)>0

—=a’+b’-2ab-4+4a+4b>0
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has real and

Now, to find values of ‘a’ for which equation has unequal

real roots for all values of b.

i.e, above equation is true for all b.

or b? +b(4—2a) (a2 +4a—4) >0 is true for all b.

.. Discriminate, D < 0
= (4—2a)2 —4(a2 +4a—4)<0
= 16-16a+4a’ —4a’-16a+16<0

= -32a+32<0=a>1

Sol 4: Let f(x) = 4x> —3x-p

o (-4 )

:g_i—p:—1(1+p)

f(1) =4(1)°-31)-p=1-p

= f[%}.f(l) =—(1+p)(1-p)

=(p+lp-1=p*-1
Which is < 0, Vpe[—l, 1].

1
- f(x) has at least one root in {51}

Now, f'(x) = x° -3

=32x-1)(2x + 1)

Al es)onl

= f(x) is an increasing function in {%1}

Therefore, f(x) has exactly one root in F
2
e [-1, 1].

,1} for any p
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Now let x = cos 6
cll1]s0elo®
2 3
From Eq. (i),

4c0529—3c059=p:>cos39=p

= 39=cos‘1p
= ezécos‘l p

= C0s 0 = cos [%cos:L pj
Sl
= x=cos| 2 cosp |

Sol 5: Suppose f(x):Ax2+Bx+C is an integer

whenever x is an integer.

- 1(0), (1), f(-1) are integers.

= C A+B+C A-B + Careintegers.

= C A+ B, A-B are integers.

= C A+B, (A+B)-(A-B) = 2A are integers.
Conversely suppose 2A, A + B and C are integers.

Let n be any integer. We have,
-1
f(n):An2 +Bn+C =2A{n(nT)}+(A+B)n+C

Since, n is an integer, n (n —1)/2 is an integers. Also 2A,
A + B and C are integers.

We get f(n) is an integer for all integer n.

Sol 6: Given 2" —[2/ 1 =21 41

Case I when ye(-o, 0]

22V (27 -1) =2 4

=27 =2:>y=—1e(—oo,OJ )
Case Il when y € (0,1]
22 (271 =27
=2/ =2=y=1¢(0,1] ... (i)

Case Il when ye (1, «)

L 22 =220

=2-22"1=0

.. (iii)
~. From Egs. (i), (ii), and (iii), we get y e {—1} U [l, oo)

=2 -2 =0 trueforally > 1

Sol 7: Given,

2
Iog(zx+3)(6x2 +23x+21) :4—Iog(3x+7)(4x +12x+9)

= Iog(2X+3) (2x + 3)(3x + 7) =4- Iog( ) (2x + 3)2

3x+7

=1+ Iog(zHg) (3x + 7) =4 - Iog(gxq) (2x + 3)
Put log,,5) (3x+7) =y .y +§— 3=0

=y?-3y+2=0=(y-1)(y-2)=0
=>y=1lory=2

109 3,..3) (3x+7)=1 or 109 5,..3) (3x+7)=2
= 3x+7=2x+3 or (3x+7):(2x+3)2

= x=-40r3x+7 =4 +12x+9

= x=-4or 4 +9x+2=0
=>x=-4or(dx+1)(x+2)=0

S X=-2,-4,-1/4 0
But log exists only when, 6x? +23x+21 >0,
4x° +12x+9 >0,
2x+3>0and3x+7>0

.. (i)

3
=>X>-=
2

1. :
X = 7 is the only solution.

Sol 8: (B) Let y = x intersect the curve y = ke* at exactly
one point when k < 0.
Sol 9: (A) Let f(x) =ke* —x
f'(x):ke" -1=0;=> x=-Ink
" lLaX. . " _
f (x)—ke ; ..[f (x)]x}lnk =1>0
Hence, f(-Ink) =1 +Ink

For one root of given equation



1+Ink=0;:>k:%

Sol 10: (A) For two distinct roots, 1 + Ink < 0 (k > 0)

|nk<—1,k<l;Hence,ke(0,l]
e e

Sol 11: (C) Given f(x) =4x% +3x° +2x +1
£(x) :2(6x2 +3x+1); D=9-24<0

Hence, f(x) = 0 has only one real root.

f[-3]=1-142-250
2 4 8

f(_ijzl_éﬁl_ﬁ

64 -96 +108 -108 -
64

_il 1 , hence f(x) = 0 has a root in —i, 1 .
4" 2 4

2

1/2 t 3/4
Sol 12: (A) I f(x)dx < jf(x)dx < I f(x)dx
0 0 0

Now, jf(x)dx :J‘(1+2x+3x2 +4x3)dx
=x+x>+x3+x*;
1/2 15 3 3/4 530
f(x = <

= J.1‘(x)dx=E>Z

Sol 13: (B) Figure is self explanatory

g

3/ 1 3
4 2 2 4
a —2a 10 o105 .8 8
Sol 14; (¢) B0 2% & -0 +2p
2a, 2(q9 _39)

ocg(az—Z)—Bg ([32—2)
2(a9—B9)

0 f(x) changes its sign

(- ais root of x> —6x-2=0= a’ -2 =6a)

(" Also, B is root of x* —6x—2=0=p? -2 =6p)

9

oy 2y _ e (60) 1 (68) _S(F)

2a, 2((19—[39) _9((19—39)

o2 4+ B2
Sol 15: (B) Sum of roots =

Given, a+B=—p and o’ +p* =q

= (oc+[3)(oc2 —a[3+[32)=q

cal+plooap=13

and (a+[3)2 =p?

= a? +[32 +2aB:p2

From Egs.(i) and (ii), we get

P’—q and aB=p3+q
3p 3p
p’ - 2q
(P +a]

= (p3 +q)x2 —(p3 —2q)x+(p3 +q)=0

. Required equation x* — +1=0

Sol 16: (A) Since, roots are real therefore D >0

= 4(a+b+c)2 —12k(ab+bc+ca)20
:>(a+b+c)2—3 7»(ab+bc+ca) >0

:>a2+b2+c22(ab+bc+ca) (3%—2)

2 2 2
g _pc 2t A
ab+bc+ca
2,2 2
Also, cosA=u<l
2bc

=b’+c?-a’ <2bc
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and product =1

(i)

(i)

Similarly, ¢ +a? —b? <2ca and a’ +b’-c® <2 ab

=a’+b?-¢ <2(ab+bc+ca)

a’+b?+c?
ab+bc+ca

.. (i)
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- From Egs. (i) and (ii), we get 3L —-2<?2

:>7L<i
3

a7 3

Sol 17: (D) From graph it is clear that one of the roots of

y=(x-a)(x-1)-1
\ //
N4

(x —a)x —b) =1 =0 lies in (oo, a) and other lies in
(b, ). Therefore,(d) is the answer.

Sol 18: (A) Let f(x) =x%>-2ax+a’+a-3
Since, both roots are less than 3.

Sa<3p<3= Sum, S=a+pB<6

:>OL—+B<3;:>2—OL<3
2 2

=>a<3 . ()

Again, product of roots P = a 3

=>p<9;=2ap<9

=a’+a-3<9 =>a’+a-12<0

= (@-3)a+4) <0

= 4<a<3 (D)
Again, D =B? —4AC>0

= (—Za)2 -41 (a2 +a—3)2 0

= 4a’ —4a’ —4a+12>0 = —4a+12>0

=a<o0 ... (iii)
Again,af(3) >0

:1[(3)2—2a(3)+a2+a—3}>0

—~ 9 6atal+a-3>0 =a —5a+6>0

= @-2)a-3)>0
sae (—oo,2) U (3, oo) ... (iv)

From Egs. (i), (ii), (iii) and (iv), we get
ae (—4, 2)

Note: There is correction in answer a < 2 should be -4
<a<?2

Sol 19: (B) Let f(x) =ax’ +bx+c>0 forall xeR

= a>0and b’ -4ac<0 ()
sogx) = f(x) + f'(x) + f'(x)

:>g(x):ax2 +bx+c+2ax+b+2a

:g(x) —ax’ + x(b + 2a)(c +b+ Za)

Whose discriminant = (b+2a)2 —4a(c+b+2a)

= b? +4a’ + 4ab — 4ac — 4ab - 8a’ =b? —4a’ —4ac

= (b2 —4ac)—4a2 <0 [from Eq. (i)]

. g(x) > 0 forall x, as a > 0 and discriminate < 0.

Thus, g(x) > 0 for all x eR.

Sol 20: (D) The equation x* — px + r = 0 has roots
(o, B) and the equation

2 _ - g[}
x? = gx + r = 0 has roots, 5

=>r=oafanda + B =pand %+26:q

2q-p

= B:—3 and o = 22P=9)

3

M oBere g(zp—q)(zq—m

Sol 21: (B) Suppose roots are imaginary then B = o
1 - 1

and —= a =B =— not possible
p p

= Rootsarereal = (p? - q) (b? —ac) 20

= Statement-I is correct.

-2b 1
and %zg,a+[3= =-2p,af =q
a

If B = 1, then a = g = ¢ = qa(not possible)

-2b -2b
also a+1= — =>-2p= — =b=ap (not possible)

= Statement-II is correct but it is not the correct
explanation.
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Sol22:(B)ax’ + bx + c=0=>x*+6x-7=0

>a=1B=-7
=1 1) &(1 1Y)
S(as) -2i) -

Sol23:(B) x* + bx-1=0

X¥+x+b=0 . ()
Common root is

b-1)x-1-b=0

b+1
X =——
b-1

This value of x satisfies equation (i)

(b+1)2 b+1
= +—+b=0:>b=\/§—\/§,0

(b_1)2 b-1




