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EVALUATION OF DETERMINANTS

A determinant of order two is written as

apn  ap

(aij e CVi)
ayp dap

andis equal to  a;; ay, — a;, a;.

A determinant of order three is written as

a4 a3

Ay, Gy Oy (a;;€ CVi,))
a3 dz Az
and is equal to
Ay Ay ;A3 ayp dxp
ap —ap tag
Az 433 az;  ds3 s as

= ayy (ay az3 — Ay az) — ay, (ay) azz — ays az)
+ay3(ay; asy — ay, as)
=dy) Ay Azt Ay dyz Az + a3 a3, Ay
—a130d31 dyy — A3y dyz3 a1 — Ay dyy dsg

A determinant of order 3 can also be evaluated by using
the following diagram, due to Sarrus:

apy a2 aps apy apn
NOXK R 7

azy an ans az] an
7 X XN

asy asy ass asy asy

The product of the three terms on each of the three single
arrows are prefixed by a positive sign and the product of the
three terms on each of the three double arrows are prefixed
by a negative sign.

1 v
Remark

This method does not work for higher order determinants.

MINORS AND COFACTORS

Minor

LetA = (a;), «, be a square matrix of order n. Then the minor
M;; of the element a; of the matrix A is the determinant of
the square sub-matrix of order (n — 1) obtained by deleting
ith row and jth column of matrix A.

| Illustration | 1 ;

Minor of element a,; in the determinant
iy 4y 43
1 Ay Ay

) a3 4z ds
18

ayp dp
My =
d3 Az
Cofactor
Let A = (a;), « , be a square matrix of order n. Then the

cofactor of the element a;; of the matrix A is denoted by C;
and is equal to (- 1)’/ M;; where M;; is the minor of the
element a; of the matrix A.
Note that

ay ap 4
=ay My —ap My, + a3 My
=ay; Gy +a,Cp+ a13C

dy Gy Ay
az; dzp  dsg
an G 43
a3 Az dzg
A=a; Cy+ayCph+azCy

] M/

and a” C]j"'azl' C2j+a3i C3]=0 17&]

then

~. o~
1]

N —
Do
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The above results remain true for determinants of every
order.

PROPERTIES OF DETERMINANTS

1. Reflection Property

The determinant remains unaltered if its rows are changed
into columns and the columns into rows.

In other words, if A is a square matrix, then |Al = |A’l where
A’ is transpose of A.

2. All-zero Property

If all the elements of a row (column) are zero, then the de-
terminant is zero.

3. Proportionality [Repetition] Property

If the elements of a row (column) are proportional [identi-
cal] to the element of the some other row (column), then the
determinant is zero.

4. Switching Property

The interchange of any two rows (columns) of the determi-
nant changes its sign.

5. Scalar Multiple Property

If all the elements of a row (column) of a determinant are
multiplied by a non-zero constant, then the determinant gets
multiplied by the same constant.

6. Property of Invariance

a,+ob +Bc b ¢
¢, |=la, +ab,+Bc, b, ¢,

a b ¢
a, b,
a, by o ay+aby+Bey by o

That is, a determinant remains unaltered under an opera-
tion of the form C; — C; + «C; + BC}, where j, k # i, or an
operation of the form R; — R; + &R, + BRy, where j, k # i.

7. Sum Property

a+b ¢ d a ¢ d, b ¢ 4,

a,+b, ¢, dy|=|la, ¢, dy|+|by, ¢, d,

ay+by ¢ dsy ay; ¢ dy by ¢ dy

| kemori §

It is one of the most under used property. But evaluation of
some of the determinants beame very easy when we use it.

Illustration | 2 E

To evaluate

1+a b c
A=|a 1+b ¢
a b l+c
write A=A, + aA, where
1 b c
A=0 1+b ¢
0 b l+c
=(1+b)(l+c)-bc=1+b+c
and
1 b c
A=l 1+b ¢
1 b 1+c¢
Using C, —» C, —bC; and C; = C;—cC|,
we get
1 00
A=l 1 0=1
1 0 1
A=1l+a+b+c

8. Factor Property

If a determinant A becomes zero when we put x = ¢, then
(x — @) is a factor of A.

9. Triangle Property

If all the elements of a determinant above or below the main
diagonal consists of zeros, then the determinant is equal to
the product of diagonal elements. That is,

0 0

O =a1b2C3

a a4, 4 a;
0 b,
0 0 o a; by o

by|=|a, b,

10. Product of Two Determinants

a b ool |y B
a b ool | B o1
ay by o oz By s
a0 + by +cyy,
= |0 +b,B + o1,
a0 + by + 3y,

a0, + b, + ¢y,

a0, + by, + 637,

a3 + by, +c37,
a0 + by By +cyy;
a0 + by + 15
a3 + by Py + 6375



Here we have multiplied rows by rows. We can also mul-
tiply rows by columns, or columns by rows, or columns by
columns.

11. Conjugate of a Determinant
Ifa, b, c;e C(i=1,23),and

a bl (o a; b1 o
Z=\|a, b, c,|then Z =|a, b, ¢

12. Differentiation of a Determinant

If each a,(x) is differentiable function

and A= | A @)
a3(x) a,(x)

then A= al:(x) a,(x)| |a;(x) a%(x)
a3(x) a4(x) a3(x) a4(x)

If we write A(x) = [C,, C,], where C; denotes ith column,
then

A(x) = [C], C,] + [Cy, C}] where C] denotes the column
which contains the derivative of all the functions in the ith
column C;. Similarly, if

A _ i Rl th A, _ Rll Rl
(x) = R, en () = R, + R,

an(x) - ap(x) - a;3(x)

Next, if Ax) = |ay(x) ay(x) ay(x)
then A'(x) az (x)  az(x) az(x)
aj (x)  ap(x)  a(x) a; () a(x)  az(x)
= |a5(x) ay(x) ay(x)|[+|ay(x) ayn(x) ay(x)
ay (x)  ap(x)  ap(x) ay (x)  ap(x)  ap(x)
aj (x) ap(x)  af;(x)
+ |y (x)  ay(x) ayp(x)
a3 (x)  azp(x)  ajz(x)
= [C], Cy, C]1+ [Cy, C4, C5]1 + [C, Cy, CF]
Similarly, if
_Rl R/ R, R,
A(x)= R, | then A’(x) = | R, |+| R} |+| R,
L Rs Ry Ry R;

Corollary (Differentiation and Integration of Determinant)

ay (x) ap(x)  ap(x)

If AX)=| ay ayy ays

Determinants 4.3

where a,,, a,,, a,3, a3, as, and as; are constants, then

ajy (x) ap(x) a3 (x)
ANx)=1| ay ayy a,; | and
a3y a3 33
Ial ((x)dx jalz (x)dx jan (x)dx
JA(X)dX = Ay Ay a3
a3 43 433

In general, for any positive integer m

aij(x) ajy(x)  az(x)

A"(x)=| ay ay ays

as; as a3

13. Determinant of Cofactor Matrix

ap ap 43 Ci G, G

_ _ A2

If A=|a, a,, ay|thenA =|C, Cp Cyl=A
as; dasz  dsz Gy Gy Gy

where C;; denotes the co-factor of the element g;; in A.

SOME TIPS FOR QUICK EVALUATION
OF DETERMINANTS

1. If A is a skew symmetric determinant of odd order,
thenA=0

| Illustration | 3 E

0 a b
Let A=|-a 0 ¢
-b —c 0
Using the reflection property, write
0 —a b
A=la 0 —c
b ¢ 0
Taking —1 common from R, R, and R; we get
0 a b
A=(1)|-a 0 | =-A
-b — 0
= 2A=0 = A=0

2. Ifa,, a,, a;are in A.P.; by, b,, byarein A.P.and c|, c,,
c; are also in A.P. Then

al Cl2 Cl3
A=|b, b, by =0
G & G

Use C;, = C, + C3-2C,



4.4 Complete Mathematics—JEE Main

3. Ifa,, a,, ay are in G.P.; b, b,, by are also in G.P., with
the same common ratio, then

a a, a3
A=1b b, by =0
€ G G

[c;, ¢y, c5 can be any three complex numbers. ]

Some Frequently used Determinants

1 1 1 1 1 1
1. la b cl=la b c
a’> b® % |bc ca ab
=(a-b)(b-c)(c—-a)
1 1 1
2.la b c|=@-b)b-c)(c—a)la+b+c)
PRI
1 1 1
3. |a*> b* | =(@-b)(b-c)(c—a)(bc+ca+ ab)
@ b» 3
a b c
4. b ¢ da=3abc-da*-b-¢*
c a b
=(a+b+c) (bc+ca+ab—a2—b2—cz)
= —%(a+b+c)[(b—c)2+(c—a)2+(a—b)2]
LINEAR EQUATIONS

The system of linear homogeneous equations
ax+byy+cz=0
a,x+byy+cyz=0
azx+byy+cyz=0
has a non-trivial solution (i.e., at least one of the x, y, z is
different from zero) if and only if A = 0, where

® Example 1: Let
1 x y
A, y)=11 x+y

1 x x4y

a b ¢
a; by
If A# 0, then the only solution of the above system of
equations isx=0,y=0and z=0.
Corollary If at least one of x, y, z is non-zero and x, y and
z are connected by the three given equations, then the elimi-
nation of x, y and z leads to the relation
a b ¢

a; by o
CRAMER’S RULE
a b ¢
If A=|a, b, ¢,|#0
a; by o

then the solution of the system of linear equations
a)x+byy+c z=d,
a,x+byy+c,z=d,
a3 x+byy+cyz=d;
A, A, A,

is givenby x= X,y: X,z: 3
where
d b ¢ a di ¢
A=\|d, b, ¢, Ay=|la, d, c,|and
dy by c ay dy G
a b d,
Ay=|a, b, d,
ay, by d

SOLVED EXAMPLES
Concept-based

Straight Objective Type Questions

Then A(-3, 2) equals

(a) 13 (b) -6
(c) 12 d -5
Ans. (b)



Solution: Using R, = R, — R, R; > Ry — R, we get

1 x vy
Alx,y)=10 y 0] =xy
0 0 x
A(-3,2)=-6
® Example 2: Suppose a, b, c are distinct real numbers and
a a* b+c
A=pb b c+a| =0
c ¢ a+b
Then a + b + ¢ equals
(a) -1 (b) 2
() 0 (d) -5
Ans. (b)

Solution: Using C; — C; + C; and taking (a + b + ¢)
common from C; we get

A=(a+b+c)A (1)
where
a a* 1
Ar=1b b1
c &1

Using R; = R, - R,and R, — R, — R;, we get
a-b a-b 0
A=|b—c b*=c* 0

c c? 1

I a+b O

(a=b)y(b-c) |l b+c 0

c & 1

~( b) (b )1 a+b
- N b+

[Expand along C;]
=(@a-b)(b-c)(c-a) (2)
From (1) and (2)
A=(@+b+c)(a-b)(b-c)(c—a)
As A =0 and a, b, c are distinct,
a+b+c=0

we get

® Example 3: Suppose A = (a;);.;, where a; € R.If
det (adj A) = 25, then Idet (A)l equals:

(@) 5 (b) 12.5
) 55 @ 5%
Ans. (a)

Solution: Using det (adj A) = (det (A))%, we get
(det (A))*=25 = Idet(A)l=5

Determinants 4.5
® Example 4: Let
0 b-a c—a
A=|la-b 0 c—b|, then
a-c b—c O

A equals:

(@) 0 (b) abc

(©) a+b*+ (d) bc+ca+ab
Ans. (a)

Solution: Interchanging the rows and columns, we get

0 a—-b a-c

A=lb-a 0 b-c
c—a c—b 0
Taking —1 common from each of R, R,, R; we get
0 b-a c-a
A=(-=1la-b 0 c-b
a-c b—-c 0
= A=-A=2A=00rA=0

Alternative Solution

A is a skew symmetric determinant of odd order,
therefore A =0

® Example 5: Let A = (q;);,3, Where a; € C the set of

complex numbers. If det (A) = 2 — 3i, then det A™h equals:

1 . 1 .
(a) 3 (2-3i0) (b) 3 (2 +30)

(c) 2-3i (d) 2+3i
Ans. (b)
1 1
Solution: det (A™") = = -
det(A) 2-3i
2+3i 1
= ——=—(2+3i
2% 43 13( )
@® Example 6: In a triangle ABC, if
1 a b
A=l ¢ a =0
1 b ¢
then sin?4 + sin’B + sin’C is:
33 5
a) — b) —
(a) > (b) 2
9
c) — d 2
(c) 2 (d

Ans. (a)

Solution: Evaluating along C;, we get
A=(*—ab)+ (b*—ac) +(a* - bc) =0
= (a-b+bh-c’+(c-a)’=0
= a=b=c=>A=B=C=n/3
sin’A + sin’B + sin’C = # .
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® Example 7: If

x> +x x+1 x-=-2
2x2+3x—1 3x 3x-3 =Ax+B,
2 +2x43 2x—1 2x-1

then A is equal to:

(a) 12 (b) 18
(c) 24 (d) 30
Ans. (c)

Solution: Applying R, = R, — R, — R5, we get

X 4x x+1 x-=-2
Ax+ B = -4 0 0
K +2x+3 2x—-1 2x-1
Expanding along R,, we get
Av+B= (| x—Z‘
2x—-1 2x-1
:4‘3 x—Z‘
0 2x-1
=4(3) 2x— 1) =24x— 12
Thus, A=24

® Example 8: Suppose a, b, ¢ are three integers such a < b
< c and p is a prime number.

a a* p+a3
Let A=|b b* p+b’
c p+c3

If A =0, then which one of the following is not true

(a) a=-1,b=1 () b=1,c=p
(c) a=0,c=p (d) abc+p=0
Ans. ()
Solution: Write A = pA, + A,
where
a a* 1 a a* o
Aj=p b* 1 and Ay=|p b* b
c 1 c &
write
1 a a° a a* 1
Ay=abc|l b b*|=abc(-1)*|b b* 1
1 ¢ ¢ c &1
=abc A,
Thus, A=(p+abc) A,

Using R, - R, —R3, R, = R, — R,, we get

Aj=lb—c b*=c* 0
c c? 1
:(a—b)(b—c)l a+b
1 b+

=(@a-b)y(b-c)(c-a)
Asa<b<c, A #0. Therefore,
A=0 = p+abc=0
= p =-abc
As p is prime and a, b, ¢ are integers such thata < b < c, we
musthave—a=1,b=1,c=p.

= a=-1,b=1,c=p.
® Example 9: Suppose
x =51 -71
Px)=51 x =73
71 73 X
Product of zeros of P(x) is
(@ 0 (b) 195
(c) —-195 (d) —264333
Ans. (a)

Solution:

[ B, »,
“w

Suppose P(x) = x>+ ax® + bx + ¢, then product of zeros
of P(x) is —c =—P(0).

0 -51 -71
Now, —-c=-P0O)=-|51 0 =73
71 73 0
=0

[ Skew symmetric determinant of odd order]

® Example 10: Let

x 3+4i 3-4i
Px)=|x =7i 5+6i
-x 7-2i -7-2i
The number of values of x for which P(x) = 0 is
(a) 0 (b) 1
(c) 2 (d 3
Ans. (b)

Solution: Using R, > R, - R,,R; > R; +R,,
we get

x 3+4i 3-4i
Px)=|0 3-11i 2+10i
0 4+2i -4-6i

As P(x) is a linear polynomial, P(x) = O for exactly one
value of x.



® Example 11: Let

1 sin 0 1
A (0) = |—sinf 1 sinf|,0<0<2x

-1 —sinf 1
Solution of A(6) = 3 is
n 3n
w (£} o) {222 5% I)
22 44 4 4
(©) {13_”} (d) {Z,E,E,n
4 4 4°2 4
Ans. (b)
Solution: Using C; — C, + C;, we get
2 sinf 1
A(O) = |0 1 sin@
0 —sinf 1
=2 (1+s5in’)
AB)=3 = 2sin’6=1
= sinf=i L = g=EMITIT
2 4 4 4 4
® Example 12: Suppose a € R and x # 0. Let
1-x a a’
AX)=| a a*—x a’
a* a@  a*-x

Number of values of x for which A(x) =0 is

(@ 0 () 1
(c) 2 (d 3
Ans. (b)
Solution: Using the sum property, write
Alx) =A; —xA,
where
1 a a’

(12 (13 (14 - X
1 a a’
and A=10 a*-x

0 a’ a*—x
(a2 - X) (a4 -X)— a®

=— (a2 + a4)x +x°

In A, use C, = C, —aC,, C; = C; — a’C, to obtain
1 0 0
Aj=la —-x 0 = x*

a? 0 —x

Determinants 4.7

Thus, A(x) =x" + (a2 + a4) -
=(1+d*+a") > -x°
1
Asx#0, A)=0 = x= — .
l1+a+a

Thus, A(x) = 0 for exactly one value of x.

® Example 13: If

a’ b? c? at b:
(a+1)? (b+A?* (c+A)?*|=kAla b ¢
(a-A)?> (-2 (c-A) L1

A # 0, then k is equal to:

(a) 4Aabc (b) -4 dabc
(c) 42* (d) —42°
Ans. (¢)

Solution: Using R; — R;—R,and R, > R, - R,
we get

a’ b? c?
A=2al+A* 2bA+A%* 2cA+ A%
—dalk —4bA —4ch

Take —4A common from R, and applying R, — R, — 2AR;,
we get

a’> b 2
A=—-4231 1 1
a b ¢

at b P

=A4AHla b ¢
1 1 1
k=422

® Example 14: Let
1 cos6 -1
f()=|-sin@ 1  —cos@
-1 sin 1

Suppose A and B are respectively maximum and minimum
value of f(6). Then (A, B) is equal to:

(@ (2,1 (b) (2,0)
© 2.1 @ (2, L)
Ans. (b) V2
Solution: Using C; — C, + C;, we get
0 cos@ -1
f(0) = |—(sin@ +cosB) 1 —cos0
0 sin@ 1

Evaluating along C,, we get
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f(6) = (sin0 +cosO)

cos® -1
sinf 1

= (sin 0 + cos 0)*

= [\/E(Lsin9+Lcose

V2 V2
= Zsin2(£+6j
4
As 0< sin2(%+9jﬁl,weget
0<f(O<2

A=2 for =2
4

and B=0 for 0= —%
Thus, (A, B)=(2,0)

® Example 15: If a, b, ¢ are non-zero real numbers and if

the system of equations

(a-Dx=y+z
(a-1)y=z+x,
(a-Dz=x+y,

® Example 16: Let

7 6 x—10
Px)=| 2 x=10 5
x—10 3 4
sum of zeros of P(x) is
(a) 30 (b) 28
(c) 27 (d) 25
Ans. (a)
Solution: Using R, <> R, write
x—10 3 4
Px)=-—| 2 x—10 5
7 6 x—10

T
Observe P(x) is of the form

P(x)=—(x-10°+a (x—10)+ b
where a, b are some real numbers.

|

*. sum of zeros of P(x)

has a non-trivial solution, then ab + bc + ca equals:

(@) a+b+c (b) abc
(©) 1 (d -1
Ans. (b)

Solution: As the given system of equations has a non-
trivial solution,

a-1 -1 -1
A=|-1 b-1 -1|=0
-1 -1 c-1
Write
-1 -1 1 -1 -1
A=0 b-1 -1|-1 b-1 -1
-1 c-1 I -1 c-1
1 00
=al(b-1)(c-1)-1]-1 b O
1 0 ¢
[use C, = C, + C,
C;—>C+C|]
=a(bc—b-c)-bc
As A =0, we get
ab + bc + ca = abc

LEVEL 1
Straight Objective Type Questions

__ coefficient of xz - 30.
coefficient of x
® Example 17: Let
x*-13 4 2
Px)=| 3 P-13 7
6 5 x*-13

If x = -2 is a zero of P(x), then sum of the remaining five
Zeros is

(a) -2 (b) 0
(c) 2 (d 3
Ans. ()

Solution:
‘T
Observe

P(x)= (> =13 +a (x> = 13) + b.
where a, b are some real numbers.

As coefficient of x° in P(x) is 0, sum of six zeros of P(x)is 0.
= sum of the remaining five zeros + (-2) =0



= sum of the remaining five zeros = 2.

® Example 18: Suppose o, 8 are two real numbers and
fin)=a" + B". Let

3 1+ /1) 1+ f2)
A=1+f1) 1+f2) 1+f(3)
I+72) 1+f3) 1+f4)
If A=k (o—1)* (B—1)* (e — B)% then k is equal to
(a) 1 (b) 4 0of
(© 9 d) o f
Ans. (a)
© Solution:
1+1+1 l+o+p l1+a*+p°
A=|1+a+B 1+’ +p* 1+ +p°
1+a?+B% 1+’ +8 1+a*+p*
1 1 {1 1 1
=1 a Bl a Bl=A]
1o Bl o B
1 1 1
where A=l o PB
1 o? B
Applying C; = C; - C, and C, — C, - C,, we get
1 0 0
A=11 oa-1 -a
1 o -1 B*-a?

1 1
=(oc—1)(ﬂ—(x)a+1 B+a
=(a-1) (- (B-o

Thus, A=(or=1)* (B-1)* (ot B)*

k=1
® Example 19: Suppose a, b and c are distinct real
numbers. Let
a a+c a-b
A=b-c b a+b =0
c+b c—a c
Then the straight line a(x — 5) + b(y — 2) + ¢ = 0 passes

through the fixed point
(@ (5,2) (b) (6,2)
(c) (6,3) (d (5,3
Ans. (c)

Solution: Applying C; — aC, + bC, + c¢C5, we get
a(a+b+c) a+c a->b

Let A= lb(a+b+c) b
cla+b+c) c—a c

a+b

Determinants 4.9
1
=—a(a+b+c)A,, where
a

a atc a-b

Ar=lb b a+b

c c—a ¢

Using C, = C, - C,, C; = C; - Cy, we get
a ¢ —b

A=lb 0
c —a O
A=(@+b+c) (@ +b*+c)=0

As a, b, c are distinct real numbers, A+ b+ #0, therefore
a+b+c =0.

= thelinea (x-5) + b(y —2) + ¢ = 0 passes through (6, 3).

a :a(a2+b2+cz)

® Example 20: Suppose a, b, ¢ and x are real numbers.
Let

l+a l+ax 1+ax?
A=|1+b 1+bx 1+bx>

l+c l+cx l+cex’
Then A is independent of
(a) a, bs c (b) X
(c) a,b,c,x (d) none of these

Ans. (¢)

Solution: Write A = A, + A,, where
1 1+ax l1+ax?
A=l 1+bx 1+bx?

1 l+ex 1+cex?

a ax ax2

and Ay=1|b bx bx*| =0

cC CX X 2

[ C, and C, are propotional]
InAj,use C, - C, - C,, C; > C5— C, to obtain

1 ax ax?

A=l bx bx*| =0

1 ex cox?

[ C, and C; are proportional ]

Thus, A =0 and hence independent of a, b, c, x.

® Example 21: Suppose a, b, ¢ > 1 and
a’t a*  x
J@=p7" p* 32|, xeR

C—Sx CSx 5x5
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then fis 1 b c
(a) a constant function A
(b) apolynomial of degree 5 !

=0 ¢c-b a-c

(c) an odd function 0 a _I; b-c
(d) an even function =—(b-c)-(a-b)(a-o)
Ans. (d) =—(a*+ b* + ¢ — bc — ca — ab)
Solution: = A =— % [(b-c)+(c—a)+(@a-b*<0
a a - Asa+b+c>0, we get
fE) = b 347 A=(a+b+c)A <0
A s ® Example 24: Suppose A, B, C are angles of a triangle,
— . and let _ _ _
a a X eZlA e—tC e—lB
= (-D(=Dp> b 347 A= i€ 2B A
-5x Sx 5 , . .
c c Sx B A Q2iIC
=fx) Then value of A is
Thus, fis an even function. (a) -1 (b) —4
® Example 22: Suppose 1, m are natural numbers and (© 0 d 4
Ans. (b)
1 1+x"  (1+mx)™ Solution: Taking ¢”, common from R,, ¢’ from R, and
S = |1+ mx)" 1 (14 nx)™ ¢’ from R, we get
_ iA+B+0)
(+n0)"  (1+x)" 1 A=e A
h
constant term of the polynomial f(x) is: where it g iATC)  iA+B)
(a) 1 (b) m+n . : .
A, = |oi(B+O) B oi(A+B)
(c) m—n @ 0 |
Ans. (d) o i(B+C)  ,=i(A+C) i€
Solution: Constant term of polynomial f(x) is f(0), and ~ But A + B + C =7, so that & * 5+ O = (/7
1 11 =cos m+isin 7t=-1. Also,
f(()): 11 1 =0 A+C=n—-B = e_l(AJrC):e_melB:—elB.
111 JA B _iC
® Example 23: Suppose a, b, ¢ are sides of a scalene  Thus, A= —eh B el
triangle. Let ot B i
a b ¢
A=|b ¢ a . -1 -l
c a b = JABTO | | _q
Then ' -1 -1 1
(a) A<O (b) A<0 Using C; = C, + C,, we get
(c) A>0 (d A=0 0 -1 -1
Ans. (b) Ai==Dl0 1 -|=CDE2)@)=4
Solution: Using C; — C; + C,+ C;, we get 2 -1 1
A=(a+b+c) A Therefore, A=(-1)A,=-4
where | b @® Example 25: Suppose x,, x,, x; are real numbers such
¢ that x;x,x; # 0. Let
A=ll ¢ a x, +ab, a,b, a,by

Applying R, — R, — R|, R; = R; — R, we get asb, azb, X5+ azby



Then —1equals:
X1 Xp X3
@) ab, N a,b, N asb,

X X X3
(b) -1
© a,a,a +b,b,b,
XX X3

(d 0

Ans. (a)

Solution: Using the sum property, write

where
1 a,b, a,b,
A =0 x,+ab, ab,
0 asb, X3 +azby
=(x, +a, b,y) (x3+ as by) —ay by a, by
=X, X3+ X, a3 b3+ x50, b,y
a a,b, a,b;
and A= a, Xx,+a,b, a,b,
as asb, Xy +asby
Using C, = C, - b, C,, C; = C3 - by C|, we get
a 0 0
Ay=la, x, 0|=a;xyx
a; 0 x5
Thus,
A =x[x, X34 x, ay b3+ x5 a5 by] + a; by x, x;
. A 1= a,b, N a,b, N asb,
X1 X2 X3 X Xy X3

® Example 26: Let pA* + g° + rA> + sA +1
AP+31 A-1 A-3
=l A-1 =21 A-4
A=-3 A+4 3A

where p, ¢, r, s and t are constants. Then value of ¢ is

(@ 0 b)) -1
(c) 2 (d 3
Ans. (a)
Solution: Putting A = 0, we obtain
0O -1 3
t=1|1 0 -4|=0
-3 4 0

as it is a skew symmetric determinant of odd order.

Determinants 4.11

1 -4 20
® Example 27: Let A= |l -2 5 |. Solution set of
A=0is 1 2x 5x°
(@) {-2,3} (b) {-3,4}
() {4,-6} (d {-2,-1}
Ans. (d)
Solution: Applying R, — R, — R, Ry = R; — R, we get
1 -4 20
1 =15
A=10 2 -15 | =2(x+2)
I 5(x-2)

0 2(x+2) 5(x*—4)
=10(x +2) (x+ 1)
Now, A=0=>x=-2,—-1.
1 a da*—-be
® Example28: LetA=1|] p p% —cql,then Aisequal to
1 ¢ —ab
(@) 0 (b) a+b+c
(c) l(az+bz+cz)
Ans. (a)
Solution: Applying R, - R,—R,,R; — R;— R, we get

(d) none of these

1 a a*—-bc
A=b-a)(c-a)|0 1 a+b+c|=0
0 1 a+b+c
[ R, and R; are identical]

® Example 29: Suppose a, b, ¢ > 0 and a, b, ¢ are the
pth, gth, rth terms of a G.P. Let

1 p loga
A=1|1 g logh
1 r logc
then numerical value of A is
(@) -1 (b) 2
(© 0 (d) none of these
Ans. ()

Solution: Leta=AR" "', b=AR? 'and c = AR" !

= loga=a+@-1DB, logb=0a+ (¢g- 1 and
logc=a+ (-1

where a=loga, B=logR.

Now,

1L p a+t(p-1B

A=|1 q a+@-1D)pP

1 r a+(0r-Dp

Using C; > C;— (a— P)C, — BC;, we get A=0.
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1
® Example 30: Let o= 5(—1+\/§i) and

1 1 1
A=l —1-w?> o thenA equals
1 > w*
(a) 30 (b) 3w(w-1)
(c) 3’ (d) 301 - )
Ans. (b)

Solution: Using @’ =1 and 1 + o+ @ = 0, and apply-
ing C; = C, + C, + C5, we get

301 1
A=0 o 0 =3(0*-w)=30(@-1)
0 0w o

@® Example 31: Let a, b, and ¢ be respectively the pth, gth
and rth terms of a harmonic progression and

1 1 1
A=|p q r
bc ca ab

Then numerical value of A is

(@ 0 (b) -1
() 1 (d) none of these
Ans. (a)
. 1 11
Solution: —, Z ,— are the pth, gth, rth terms of an A.P.
a c

Let + =A+(p- 1D, % =A+(qg- 1D,
a

and % =A+ (r-1)D.
Now
1 1 1
A =abc p q r
A+(p-1)D A+(@-1)D A+(r-1)D
Using Ry = R; — (A — D)R, — DR,, we get
A=0.

® Example 32: Let @ # 1 be complex cube root of unity
and n be a natural number and

n 2n

1 0 o
A=|o" o 1
w2n 1 wn
Then A equals
(a) 0 (b) 1
©) @ d o

Ans. (a)

Solution: If n is a multiple of 3, we get each element
of A becomes 1.

A =0.
If n =3k + 1, then
1 o o
A=|low @ 1|=0 [useC,—>C,+Cy+C5l
2

[0} 1 0}
If n =3k + 2, then
1 o o

2

A=l o 1|=0 [useC —C +Cy+Cq]

2

o 1 o
® Example 33: Let
b+c q+r y+z X a p
A=|c+a r+p z+x{andA =y b ¢
a+b p+qg x+y zZ ¢ r
then
(a) A=2A (b) A=-2A,
(c) A=4A (d) A=-4A,
Ans. (a)

Solution: Using R, — R, + R, + R;, we get

2(a+b+c) 2p+qg+r) 2(x+y+2)
A= c+a
a+b

r+p
Pty

Taking 2 common from R, and applying R, = R, — R,
Ry — R; — R, we obtain

Z+ X
x+y

a+b+c p+qg+r x+y+z
A=2 -b -q -y
—C —-r —Z
Applying R; — R, + R, + R;, we get
a p x a x p
A=2-D(1 b g y=-2p y ¢
c r =z c Z r
X a p
=21y b q|=2A,
zZ C r
x+y X X
@® Example 34: If x =—2,and A = |5x+4y 4x 2x
then numerical value of A is 10x+8y 8x 3x
(a) 8 (b) -8
(© 4 (d) -4
Ans. (b)



Solution: Taking x common from C, and C; we obtain

1 11

x+y 1 1
A=x*5x+4y 4 2/ =x° 5 42
10x+8y 8 3 10 8 3

[using C; — C; —yC,]
Next using C; = C, - C,, C, = C, — C;, we obtain

0 0 1 w
D=x{1 2 2/ =4 ‘=x3
25
2 53
As x=—2,A=-8.

® Example 35: If a = w# 1, is a cube root of unity, b =
— 785, ¢ =2008 i, and
a a+b a+b+c
A=12a 3a+2b 4a+3b+2c
3a 6a+3b 10a+6b+3c
then A equals
(a) —i
() 1
Ans. ()
Solution: Write

) i
) 1-wi

1 a+b a+b+c
A=al2 3a+2b 4da+3b+2c
3 6a+3b 10a+6b+3c

and apply C, = C, - bC,, C; = C; — cC, to obtain

1 a a+b
A=al2 3a 4a+3b
3 6a 10a+6¢

Take a common from C, and apply C; — C; — bC, to obtain

1 1 a 11 1
A=a*]2 3 4a|=d’]2 3 4

3 6 10a 3 6 10
Apply C; - C3 - C,, C, = C, — C, to obtain
1 00
A=a’2 1 1| =d'=0’=1.
3 3 4
@® Example 36: Let x, y, z be positive and x, y, z # 1. Let
I log,y log,z
A= |log, x 1 log, 7|,
log.x log.y 1
then numerical value of A is
(@ -1 (b) 0

() 1
Ans. (b)

(d) none of these

Determinants 4.13

Solution: Using change of base formula
log b

log,b ,a,b>0,a,b#1,
loga
we can write
| logx logy logz
= ——|logx logy logz|=0.
log x log ylog z
logx logy logz
@® Example 37: Let w# 1 be a cube root of unity and
1-0- o’ 2 2
A=| 20 o-o*-1 20
20° 20° 0 -1-o
then A equals
(a) ~o (b) 30(1 — w)
(©) 0 d -
Ans. (c)

Solution: Using R, > R, + R, + Ryand | + 0+ &’ =
0, we obtain
A=0.

1
® Example 38: Suppose x = — 3 (1 + ﬁl) and

T .. T
y=cos— +isin—.
4 4

1 X X
Let A= x+y 'y |,
1 X xX+y
then A equals
(@ -7 (b) 7
() i (d -1.
Ans. ()

Solution: Using R, — R, — R, and R; — Ry — R,, we get
I x by
A=10 y y—x =y2:cos£+isin2:0+i(1):i
00 2 2
[Using De Moivre’s Theorem]

@® Example 39: Letx = cos% +i sing and

1 x x°
A=|x> 1 «x
1 x* 1
then numerical value of A is
(@ 0 (b) -1
(c) 8 (d -4
Ans. (¢)
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Solution: Use C; — C;—xC, and C, — C, — xC,.
1 0 0
A=[x* 1-%° 0
1 x*-x 1-x°
=(1 —x3)2 = [1 - cosm—isinz]* = 8
[De Moivre’s Theorem]

® Example 40: Let fx) = 27 [27 ], xe R. ([ ] denotes
the greatest integer function.) Let x; =0, x, = log,3 and x; =

V2. Suppose 0 <x, < 1.
fx) fx) flxs)
A= |f(xy) f(x4) f(x,),then Ais equal to:
fx) flxg) flx)

(a) -1 (b) 0
(c) 1 (d) 2log,’
Ans. (b)

xZ
Solution: 0< (2] <2” = 0< 1 < Therefore,

range f(x) is {0, 1} 2
Also [2x2] =272 isa positive integer.

Thus, f(x)) =1, f(x,) = 1, f(x3) = 1 and f(x,) = 0.
Therefore,

1 11
A=0 0 1 =0
1 11
® Example 41: If w# 1 is a cube root of unity and
x+o? 1
A=| o ®> 1+x =0, then value of x is
1 xt+o o
(@ 0 (b) 1
(c) -1 (d) none of these
Ans. (a)

Solution: Applying C; — C, + C, + C;, we get

x+o’+o+l o 1

A= o+0* +1+x ©* 1+x
l+x+0+0> x+0 ©°
X 0] 1

=|x ® 1+x|usingl+o+a*=0
x x+o

A is clearly equal to O for x = 0.

@® Example 42: Letf: N — N be defined by

Fo) = D 4 x—[Nar D+ e ]

([ ] denotes the greatest integer function). Suppose a, b, ¢
are three distinct natural numbers. Let

f(a) a’ a
A=|fb) b* b
f(co) ¢

The A is equal to:

(@) —(a+b+c0) (b) a+b+c
() -1 d 0
Ans. (d)

Solution: If n € N, then
n2<n2+n<(n+ 1)2

= n<vn*+n<n+1
= [\/n2+n]=n

= [Wa+D+Gan]=x+1VrxeN
f@=(x+1)’+x-(x+1>=xVxeN.

Thus,
a a a
A=|p b* b =0
c & ¢
[ C, and Cj; are identical]
x 3 7
® Example43: Ifx=-9isarootof [2 x 2| =0, then
the other two roots are 7 6 x
(@) 3,7 (b) 2,7
(c) 3,6 (d 2,6
Ans. (b)

Solution: Applying R, = R, + R, + R;, we get
x+9 x+9 x+9
A=| 2 X 2
7 6 X

Taking x + 9 common from R, and applying C, — C, - C|,
C; — C; - C, we get

1 0 0
A=x+9)2 x-2 0
7 -1 x-7

=(x+Dx-2)(x=-7)
Thus, A=0=>x=-9,2,7
.. the other two roots are 2 and 7.



x b b
b
® Exampled4: If A =|a x b|andA,= gy , then
a a X @
) d
(@) A =34y ®) (@A) =34,
dx
d
(c) E(Al) =3A%  (d) A =3A
Ans. (b)
Solution: We have
dA, 1 b b| |x 0 b| |x b O
—— =10 x b|+|a 1 bi+ja x O
dx
0 a x| |a 0 x| |[a b 1
_|x bl |x b| |x b
= + +
a x| |la x| |a x
= 3A2.
@® Example 45: If x ¢ R and n €1, then the determinant
sin(nr) sinx—cosx  logtanx
A= |cosx—sinx cos[(2n+1)m/2] logcotx
logcot x log tan x tan (nr)
equals
(a) 0 (b) log tan x — log cot x
(c) tan (/4 — x) (d) none of these
Ans. (a)
Solution: We can write A as
0 sinx—cosx logtanx
A = |—(sinx—cosx) 0 —logtan x
—logtan x logtan x 0
0 —(sinx—cosx) —logtanx
=(- 1)3 sin x — cos x 0 logtan x
logtan x —logtan x 0

[taking — 1 common from R, R, and R;]
= — A [using the reflection property]
=2A=0=A=0.

ax by cz
® Example 46: LetA = [x* y* z?| and
1 1 1

a b ¢

Ay=|x 'y z|,thenA —-A,equals

yZ X XY

(@ x-D-D@E-1)
b x-y» -2 (@E-x
(¢) abc (x—y)(y—2) (z—x)
(d 0

Ans. (d)

Determinants 4.15

Solution: Multiplying R; of A, by xyz, we get

ax by ¢z a b ¢
1 Z
A= —|x* 7 = 2Ky y z|=A
xyz Z
Xyz Xyz Xy< yZ X Xy

[taking x, y, z common from C;, C,, C; respectively]

@® Example 47: If

x+1
x(x+1)

1 X
A(x) = 2x x(x-1)
3x(x=1) x(x-1)(x-2) x(x2—l)

then A(100) equals

(@) 0 (b) - 100
(c) 100! (d) —100!
Ans. (a)

Solution: Taking x common from C,, x + 1 from C; and
x —1 from R;, we get

1 1 1
AX)=x(x+1)(x-1)|2x x—-1 x
3x x—-2 x

Applying C;, = C, - G5, C, = C, — C5, we get

0 0 1
AX)=x(x+ 1D x-D|x -1 x({=0
2x -2 x

[+ C, and C, are proportional]
Thus, A(100) =0
1 1 1
X —X 2 X —X 2
® Example 48: If A(x) = (e +e ) (717 +7 ) 2

(ex —e” )2 (n’x - ﬂ_x) -2

then A(x) equals
(a) x* ) -1
©) ¢ —n* ) 0

Ans. (d)

Solution: Using R,— R,—R; and (¢"+a™)*—(a*~a™)*
=4a* a” =4, we get

1
Aw=| 4 4 4] =0
(ex e )2 (77:)‘ -t )2 -2

[since R, and R, are proportional]
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1 COSX 1—cosx

® Exampled49: IfA(x)=|l+sinx cosx 1l+sinx—cosx]|,

sinx  sinx 1
/2
then J.o A(x) dx equals
(a) 1/4 (b) 12
(c) 0 (d) —1/2
Ans. (d)
Solution: Using C;, — C, - C, — C;, we get
0 cosx 1-cosx
A(x)=|0 cosx 1+sinx—cosx
-1 sinx 1
CcoS X 1-cosx
=1 )
cosx l4+sinx—cosx

=(—1)cosx[1l+sinx—cosx—1+cos x]
1
=—Ccosxsinx= —E(Sil’l 2x)

/2 | /2
j” A) dx = LD s
0 2 2 A

= l (cos m—cos 0) = —l
4 2

® Example 50: The determinant
a b
A = b

ao+b

c boi+ ¢ equals zero, if

acc+b ba+c 0
(a) a, b, c are in A.P.
(b) a, b, c are in H.P.
(¢) x - «is a factor of ax® + 2bx + ¢
(d) x-— oais afactor of ax* + bx + ¢

Ans. (c)
Solution: Applying C; — C; — aC, — C,, we get
a b 0
A = b c 0

ac+b bo+c —(aoc2+2ba+c)

=—(ad’ +2ba+c)

a b .
5 ‘ [expanding along C;]
c

=— (ad + 2bat + ¢) (ac — b?)
=0 if x — o is a factor of ax* + 2bx + c.
@® Example 51: If 0 ¢ R, then the determinant
sin 6 cosf sin260
A= |sin(0+2m/3) cos(6+2m/3) sin(20+47/3)
sin(0—27/3) cos(0—2m/3) sin(20—4n/3)

equals

(a) —sin @—cos O (b) sin 260
(c) 1+sin26-cos26 (d) 0
Ans. (d)
Solution: Applying R, = R, + R5, and using
sin (A + B) + sin(A — B) =2 sin A cos B and
cos (A + B) +cos (A—B)=2cos A cos B, we get

sin@ cosf
A = |2sin@cos(27/3) 2cosOcos(27m/3)
sin(0 —27/3) cos(6—2m/3)
sin260
2sin20cos(47/3)
sin (26 —47/3)
sin @ cos6 sin260
A = —sinf —cos0 —sin20
sin(0—2m/3) cos(6—2m/3) sin(260—4r/3)
since  cos (271/3) =cos (r— n/3) =—cos (w/3)=—-1/2

and cos (4n/3) =cos (w+ n/3) =—cos (w/3) =-1/2

= A=0 [ R, and R, are proportional.]

® Example 52: If ¢, 8, yare the roots of X+ px2 +49=0,
where g # 0, and

Vo 1/B 1)y
A=|1/B 1y Va
Yy e 1B
then A equals
(a) —plq (b) 1/q
(c) p’lq @ 0
Ans. (d)
Solution: We have By+ yo + o = 0. We can write A as
. |Br e o
A= By o of By
o By
| By+ye+of yx off
= =5 |re+oB+By o Py
o By
ofp+By+yx By e
[using €, > €, + C; +
: 0 yx of
= 063_[337/3 0 oBf PBy| =0 [all zero property]
0 pr r

® Example 53: If A, B, C are the angles of a triangle, and
-1  cosC cosB

A=|cosC -1

cosB cosA -1

COsA

then A equals



(@ 0 (b) -1
(c) 2cosAcosBcos C (d) none of these
Ans. (a)
Solution: Applying C; — aC; + bC, + cC;, we get
—a+bcosC+ccosB cosC cosB
A= 1 acosC—b+ccosA -1  cosA
“ acosB+bcosA—c cosA -1
0 cosC cosB
= 1 0 -1 «cosA|=0
“ 0 cosA -1

[using projection formulae and all zero property.]

® Example 54: If q, b, c are three complex numbers such
that @* + b* + ¢* =0 and

b* +c? ab ac
A= ab 2 +ad be =ka® b* &,
ac bc a’ +b°

then the value of k is

(a) 1 (b) 2
(c) -2 @ 4
Ans. (d)
Solution: Using A +b+ = 0, we can write A as
—a*> ab ac -a a a
A=|ab —b* bcl|=abc|b —b b
ac be —c? ¢ ¢ =

[taking a, b, c common from C,, C,, C; respectively]

-1 1 1
=1 -1 1
1 1 -1
[taking a, b, c common from R, R,, R; respectively]
0 2 1
2 1
“A22R2 0 1| 222 ‘=4a2b2c2
0 0 -1 -
[applying C; = C, + C;and C; = C, + C5]
Thus, k=4.
® Example 55: If 6, ¢ £ R, then the determinant
cosf —sin6 1
A= sin 6 cosf 1

cos(0+¢) —sin(0+¢) 0
lies in the interval

(a) [—JE, JE]
(©) [—JE, 1]

(b) [-1,1]
(d) [—1,6]
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Ans. (a)
Solution: Applying R; — R; —cos ¢ R, + sin ¢ R,, we
get
cosf@ —sin6 1
A=|sin@ cosO 1

0 0 sin @ —cos @

= (sin ¢ — cos @) (cos29+ sin’ 0
1 1
=\/§{—sin ——=Co08 }=x/§ sin (¢ — /4)
7 Sne S eose ¢
As—1<sin (¢p—4) < 1, —2 <2 sin (o md) <2
or V2< A <2,

b+c a-b a
® Example 56: If Ay=|c+a b—c b|and
a+b c—a c
a b c
Ay=|b ¢ al,thenA, - A, equal
c a b
(@ 0 (b) 3abc
(c) 6abc d) 2@+ + )
Ans. (a)

Solution: Using C; —» C, + Cy and C, = C, - C5 in
A, we get
at+tb+c -b a

Ai=la+tb+c —c b
atb+c —-a c
Using C; = C; + C, — C;, we get

c b a a -b c a b c
Ail=la —¢c bl=—|b —c a|=|b ¢ a
b —-a c c —a b c a b

=>A=A=A-A,=0.

® Example 57: If x, y, z are different from zero and
a b-y c—z

A=la-x b c¢—-z|=0,
a-x b-y ¢
. a b c
then the value of the expression —+—+— is
Xy Z
(@ 0 (b) -1
(© 1 d 2
Ans. (d)

Solution: Applying R, —» R, —R,, R; — Ry — R, we get
a b-y c¢c-z
A=|-x y 0 |=0
-x 0 Z
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Expanding along C;, we get

-x Yy a b-y
-x 0 -x Yy

= (c—2) (xy) + z(ay + bx —xy) =0

= cxy —xyz + ayz + bxz —xyz =0

= ayz + bzx + cxy = 2xyz

b

= 21245 29

Xy z

® Example 58: If p + g + r=a + b + ¢ = 0, then the
determinant

pa gb rc
A=|qc ra pb| equals
rb  pc qa
(@) 0 (b) 1
(c) pa+qgb+rc (d) none of these
Ans. (a)

Solution: We have
A =pgr @+ b + ) - abe (p3 + q3 +7r)
Buta+b+c=0=(a+b’=-¢°
@’ +b’ +3ab(a+b)+c* =0
a*+ b + ¢ = = 3ab(- ¢) = 3abc
Similarly, p3 + q3 +r= 3pgr
Thus, A = pgr (3abc) — abc (3pgr) =0

I

® Example 59: The system of equations

AA+y+2z=0
-x+Ay+z=0
-x-y+Az=0
will have a non-trivial solution if real values of A are
(@ 0,1 () 0,-1
(c) 0,2 (d 0
Ans. (d)

Solution: The system of equation will have a non-triv-
ial solution if and only if

A =0 where
A1 1

A=|-1 2 1| =A+31=2A+1)
-1 -1 2

Thus, A=0,A e R=1=0

® Example 60: The values of k for which the system of
equations

x+ky-3z=0 (1)
3x+ky—-2z=0 (2)
2x+3y-4z=0 3)

has a non-trivial solution is (are)

21 31
(a) ) (b) )
() =5 (d 4
Ans. (a)

Solution:
From (1) and 2),2x+z=0=2x=-2z.
From (3), we get 3y = 5z
1 5
X= —5 Z,y= 5 Z
Substituting this in (1) we get

1
-—z+ % z-3z2=0.= (%_Z) z=0

2 3 3 2

7220 = k= 2
10

® Example 61: If a € R and the system of equations x +
ay =0, az+y=0, ax + z = 0 has infinite number of solution
then the value of a is

Now,

(@ -1 () 1
() 0 (d) no real value
Ans. (a)

Solution: We have x = — ay, therefore
—a2y+z :Oﬂz:azy.
Thus, az+y=0:>(a3+1)z=0.

For the system of equations to have infinite number of solu-
tions a® +1=0

= a=-1 [.. aisreal]

® Example 62: Given 2x—y + 27 =2,
x-2y+z=-4,
x+y+Az=4

then the value of A such that the given system of equations
has no solution, is

(a 3 (b) 1
() 0 d -3
Ans. (b)
Solution: From the first two equations, we get
xX+y=6-z2

Putting this value in the last equation we get
6+(-1+A)z=4=A-1)z=-2.
For the system of equations to have no solutions, A = 1

@® Example 63: If the system of linear equations
x+2ay+az=0
x+3by+bz=0
x+4cy+cz=0

has a non-zero solution, then a, b, ¢

(a) arein G.P.
(b) are in H.P.



(c) satisfya+2b+3c=0
(d) arein A.P.

Ans. (b)
Solution: The system will have a non-zero solution if
1 2a a
A=l 3 b =0
1 4c ¢
Using C, = C, — 2C;, we get
1 0 a
A=l b bl=0
1 2¢ c
= 1(bc -2bc) + a(2c — b) =0 = 2ac = bc + ab
2ac

=b=a,b,carein HP
a+c

® Example 64: The system of homogenous equations
(a-Dx+@+2)y+az=0
(a+Dx+ay+(@+2)z=0
ax+ @+ 1)y+(a-1)z=0

has a non-trivial solution if a equals

1 1
(a) 5 (b) 5
(c) 2 (d) -1.
Ans. (b)

Solution: The system of equations will have a non-
trivial solution if A = 0 where

a-1 a+2 a

A=la+1 a a+?2

a a+l1 a-1

Using C; = C, - C5 and C, — C, — C;, we obtain

-1 2 a
A=|-1 -2 a+2
1 2 a-1

Using R; — R; + R,, we get

-1 2 a

A=-1 -2 a+2|=QRa+1)2+2)=4Q2a+1)
0 0 2a+1

Now, A=0=a=-1/2.

® Example 65: The system of equations
ox+y+z=a-1
x+oy+z=0-1
x+y+oz=0-1

has no solution, if o equals

Determinants 4.19

(a) -2 (b) 1
(c) -2 (d) either—2or1
Ans. (a)
Solution: Let
a 1 1
A=l o 1
1 1 o
Using C; = C, + C, + G5, we get
1 1 1 1 1 1
A=@+2)|l o 1|=(@+2)|0 a-1 0
1 1 « 0 1 a-1

[using R, > R, — R|, R; = R; — R|]
A=(a+2) (a-1)>
A=0=oa=-2,1.

For o = 1, the system of equations has infinite number of

solutions.

For o¢ = -2, on adding the three equations we obtain
0=-9

Thus, system of equations has no solution for ¢ = — 2.

For no solution,

® Example 66: Suppose a, b, ¢, o€ R and abc o # 0. If
the system of equations:

(a+a)x+oy+o0z=0 (1)
ox+ b+ a)y+oz=0 2)
ax+oay+(ax+c)z=0 3)

has a non-trivial solution, then o (l + % + l) is equal to

a c
(a) -1 b 0
(c) abc (d) bc+ca+ab
Ans. (a)
Solution: From (1) and (2)
ax—-by=0
and from (2) and (3)
ax—-cz=0
ax=by=cz
N XY &
1/a 1/b 1/c
Putting in (1) we get

at+to o o
Z+Z2 20

a b ¢
(1 1 1)
= ol —+—+—| =-1
a b c
® Example 67: Suppose a, b, € R and a, b # 1. If the
system of equations:

ax+y+z=0 (D
x+by+2z=0 (2)
x+y+2z=0 (3)

has a non-trivial solution, then
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(@ a+b=2 (b) a+b=ab (a) 0 (b) /48
1 /4 T
) a+—-=2 d) a+b=0 (c) ———— (d) none of these
(©) 5 (d) 2 1502
Ans. (a) Ans. (d)
Solution: From (1) and (3) Solution: Applying R, — R, — R;, we get
(@=Dx-z=0 secx  COsx sec’ x+cotxcosec’x
and from (2) and (3) . 0 0
(b-1)y=z flx) = |—sin”“ x
x oy 2z 1 cos® x cosec > x
1 1 1 . 5 cosx  sec” x+ cotxcosec’x
(I-a) dA-b) =—(—sin” x) 5 R
o cos” x cosec “x
Putting in (1) we get = sin® x [cos x cosec” x
a_ 1 +1 =0 — cos® x (sec” x + cot x cosec” x)]
l—-a 1-b 3
.2 COos™ X
a 1 =CO0S X — Sin” x — —
- - _ sinx
l-a 1-b
— 1 .
= l-b=-1+a =cosx——(1—cos2x)—(. —smx) cos x
= a+b=2 2 sin x
2 2 2 /2 /2 1 /2
® Example 68: If o + b + > =— 2 and Thus, [ fiyde= |~ cosxdx—
wl4 wl4 2 Jri4
1+a*x (1+b2)x (1+cz)x
_ ) ) 5 1 /2 2y d ml2 1 . y
fO=0+aH)x 1+b°x (A+c°)x +E LM cos 2x x—_[m4 Sinx—smx cos xdx
(I+a*)x (1+b*)x 1+cx |
, , 1 1(z =) 1 5
then f(x) is a polynomial of degree =l-—=—=—| === [+=(0-1)—| log|t| - —
(c) 1 (d 0 where 7 = sin x
Ans. (b) I n 1
=l-—-———log2
Solution: Applying C, — C, + C, + C;, we get V2 8 2
1 (1+bHx A+cH)x ® Example 70: If a + b + ¢ = 0, then a root of the equation
=11 1+b°x (A+cH)x a-x ¢ b
1 A+b)x 1+ A=| ¢ b—x a |=0is
[usinga2+b2+c2=—2] a e
Applying R, — R, — R, and Ry — Ry — R, we get (a) 1 (b) —1
pplying K, 2T Y 3 3~ 1Y g ©) d+Db+ @) 0
1 A+b)x (A+cH)x Ans. (d)
2 _
f)=10 1-x 0 =(-x Solution: Applying C;, — C, + C, + C;, we get
1-
o '0 0 . a+b+c—x c b
which is a polynomial of degree 2. A=la+btc—x bex a
® Example 69: a+b+c—x a c—x
secx cosx sec’ x+cotxcosec’x —x ¢ b
Let S = cos’ x cos®x cosec’x =|l-—x b=x a [*a+b+c=0]
1 cos® x cosecx -Xx a c¢—-x

/2 . A clearly equals 0 when x = 0.
then value of J” /4 flo)dx is It is unnecessary to evaluate the determinant further.



® Example 71: A root of the equation

0 x—a x-b

A=|x+a 0 x—c|=0is
x+b x+c 0
(a) %(a+b+c) () 0
(c) -1 (d 1
Ans. (b)
Solution: When we substitute x = 0, A becomes
0 —a -b
a 0 -—c
b ¢ 0

which is equal to 0 as A is skew symmetric determinant of
odd order.

Alternative Solution

Evaluating A along R;, we get

= (@-—ax+b)x—-c)+x-b)(x+a)(x+c)=0

= x3+(—a+b—c)x2+(—ab+ac—bc)x+abc+x3
+(a—b+c)x2+(—ab+ac—bc)—abc=0

= 2x3—2(ab—ac+bc)x=0

= 2)c[x2 —(ab—ac+bc)] =0

= x=0orx= tvab—ac+bc
one of the roots of the equation is 0.

® Example 72: If ¢, 3, yare three real numbers such that
o+ B+ y=0, then
1 cosy cosf

A= |cosy 1 cose | equals

cosfB cosa 1

(@ -1 (b) 0
(1 (d) cos cxcos fcos y
Ans. (b)

Solution: Let A, B and C be three real numbers such
that c=B-C,=C-Aand y=A-B,clearly a+ B+ v
= 0. We have
1 cos(A—B) cos(C—A)
A= |cos(A-B) 1 cos(B-C)
cos(C—A) cos(B-C) 1

Determinants 4.21

cos’ A+sin’ A cosAcosB+sin Asin B

= |cosAcosB+sinAsin B cos’ B+sin’ B

cosCcosA+sinCsinA cosBcosC +sin BsinC

cosCcosA+sinAsinC

cosBcosC +sinBsinC

cos’ C +sin’> C

cosA sinA Of|cosA sinA O
=|cosB sinB OffcosB sinB 0 =(0)(0)=0.
cosC sinC Of|cosC sinC 0

® Example 73: If a, b, c are the sides of a A ABC opposite
angles A, B, C respectively, and

a* bsin A csinA
A =|bsinA 1 cos(B—C)|, then A equals
csinA  cos(B-C) 1
(a) sinA —sin Csin B (b) abc
© 1 (d 0
Ans. (d)

Solution: By the law of sines

a b c
= = =k (sa
sinA sinB sinC (say)

= a=ksinA,b=ksinB, c=ksin C. Now

a* ablk aclk
A= |ablk 1 cos(B-C)
aclk cos(B-C) 1
1 sin B sinC
=a’ |sinB 1 cos(B-C)
sinC  cos(B-C) 1
1 sin(A+C) sin(A+ B)
=a* |sin(A+C) 1 cos(B—-C)
sin(A+B) cos(B-C) 1
sinA cosA 0| |sinA cosA O
=a’ |cosC sinC 0| |[cosC sinC 0
cosB sinB 0| |cosB sinB 0
=a*0)=0
1 1

® Example 74: If a, b, c are distinct, and |a b ¢
3 3
=(b-c)(c—a)a-b)(a+b+c) a b o<
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1 1 1
(x-a)’ (x=b)’ (x—c)’
(x=b)(x=¢) (x=c)(x=a) (x-a)(x—b)

then A =

vanishes if

(a) x=%(a+b+c)

(b) x=§(a+b+c)

(c) x=a+b+c
(d) none of these
Ans. (a)
Solution: Multiplying C, by (x—a), C,by (x—b)and C; by
(x —c), we get
A B C
Ll g p &

A= —
ABC
ABC ABC ABC

where A=x—a,B=x-b,C=x—-c.

A B C 1 1 1
A=|A> B Cl-C1hHenlAa B C
1 1 1 A3 B

=B-0O)(C-A)A-B)(A+B+ 0
=(c-b)(a-b)(b-a)[B3x—-(a+b+0)]

Note that A become 0 when x = % (a+b+c)

® Example 75: The equation
x—a x-b

A=|x-b x-c

= % =
I

S Qo
Il
o

X—C X—d

is satisfied when
(a) x= % (a+b+c) (b) x= % (a+b+c)

(c) x=a+b+c (d) x=0

Ans. (a)
Solution: Using C;, — C, + C, + C, we get
3x—(a+b+c) x-b x-c
A= |3x—(a+b+c) x—-c x-—a
3x—(a+b+c) x—a x-b

Note that A becomes 0 when x = % (a+b+c).
@® Example 76: If ¢, 3, yare different from 1 and are the

roots of ax’ + bx* + cx +d=0and (B— ) (Y- @) (a- P) =
25/2, then the determinant

o B 7 |
l-a 1-B 1-y
= o B ¥ equals
o ,32 7/2
25d 25d
() — (b) —
2a a
(c) _o»d (d) none of these
a+b+c+d

Ans. (d)

Solution: Taking ¢, B, ¥ common from C,, C,, C;4
respectively, we get

111

I-a 1-8 1-y
A=ebri

a By

1 1 11|

l-a 1-8 1-o 1-y l1-«
=abr| 0 0

o B-—o Y-«

[using C, = C, - C}, and C; = C; - C{]
_afy(=H(B-a)(y-a) [I-7 l—ﬁ‘
(I-e)1-p)1-y) |1 1
_ofy(a=B)(B-7)(y-)
(I-e)(1-p)(1-7)
As «a, B, vare the roots ofax® + bx* +cx+d =0,

a’ +bx* +cex+d=a(x—0) (x-P) (x-7

and ofy=—dla
Ths, Ao (dla)252) _ 25d
(a+b+c+d)la 2(a+b+c+d)

@® Example 77: Let P =[a;] be a3 x 3 matrix and O = [b;],
where b; =2 "%/ a; for1<1i,j < 3. If the determinant of P is
2, then the determinant of the matrix Q is

() 212 ) 28
Ans. (d)

Solution:
22a” 23a12 24a13
det (Q)=2%a,; 2%a,, 2’ay,

4 5 6
2%ay 2ayp 2asy



apy app a3
=292 2Y| 24y,  2ay 2ay

Pay 2ay 2%ay,
A G2 43

=2°Q)(2M)|ay, @y ay|=2"det(P)=2"
a3 4z 433

® Example 78: If x is a positive integer, and A(x) =

x! x+D! (x+2)!
x+D! (x+2)! (x+3)!], then A(x) is equal to
(x+2)! (x+3)! (x+4)!

(a) 2x! (x+1)!

(b) 2x! (x+ 1)! (x+2)!

(b) 2x! (x+3)!

(d 2(x+ D! (x+2)! (x + 3)!
Ans. (b)
Solution: Taking x! common from R, (x + 1)! from R,
and (x + 2)! from R; to obtain

A(x)=x! (x+ D! (x + 2)! A;(x) where

1 x+1 (x+D)(x+2)
1 x+2 (x+2)(x+3)
I x+3 (x+3)(x+4)

Ay(x)=

Applying R; — R; - R,, R, = R, — R, we get

1 x+1 (x+D(x+2)
Am=[0 1 20x+2) | =2
0 1 2(x+3)

@® Example 79: Let a, b, ¢ be such that b(a + ¢) 2 0.
a a+l a-1
IfA=|-b b+1 b-1

c c—1 c+1
a+1 b+1 c—1
+ a—1 b-1 c+1 [=0

(_1)]1+ 2 a (_1)}’L+ lb (_1)nc
Then the value of n is
(a) any odd integer
(b) any integer

(c) zero
(d) any even integer
Ans. (a)
a+1 b+1 c—1
Solution: LetA,=| a-—1 b-1 c+1

(_1)n+2a (_1)n+1b (—l)nc

Determinants 4.23
a+l a-1 (-1)""%a
b+1 b-1 (=D)""'p
(-D"c

c—1 c+1
[using the reflection property]

-D""%a a+1 a-1

D2 D" b+l b-1

(_1)11 c

c—1 c+1

Thus,
a+=D)""%a a+1 a-1
-b+=D"""D b+1 b-1
c+(=1"c

>
1l

c—1 c+1

The first column consists of all 0’s if # is any odd integer.
- A=0if nis any odd integer.

2
® Example 80: Let @ be the complex number cos?ﬂ

.. 2; i~
+ isin 3 Then the number of distinct complex number z

2

z+1 w w
satisfying | @ z+ w? 1 | =0is
o’ 1 z+o
(a) 1 () 0
(©) 2 (d 3
Ans. (a)

Solution: Denote the given determinant by A.
UsingC, > C,+C,+Cyand 1 + o+ o’ =0, we get

1 o ’

1 z+40*> 1
11

A=z
Z+ o

Applying R, > R, — R, and R; = R; — R, we get

1 ® o’
A=z|0 z+0° -0 1-0°
0 l-w +0-©°

=7z+ -0 z+0-0) -1 -0 (1 -aod)]
=7 - (-0’ -(1-0-a*+1)]
=72 - (0" + & - 20°) - 3] = 2(z") = 7°

Thus, 22=0 = z=0

Thus, there is just one value of z, satisfying the given
equation.
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4y Gny3 Apye
® Example 81: LetA,=|a,,, a,,, a,,7
Qr2 s Gnis
Statement-1: If ¢, >0V k>1 and a,, a,, a3, . . . are in G.P.
then
A,=0Vn=1.
Statement-2: If a,, a,, a; . . . are in A.P. then
A,=0Vnz1.
Ans. (b)
Solution: Leta, = ar* ™'V k> 1, then
1 1 1
Ay=aya, 50,67 1 1|=0
2 g2 2

Next, if a, = b + (k — 1)d, then using C, — C; — C; and
C, = C,-Cy, we get

a, 3d 3d
A,=la,,, 3d 3d|=0
a,., 3d 3d
[ C, and Cj; are identical]
0 cosx —sin x|*
® Example 82: Letf(x)=|sinx 0 CoSs X
cosx sinx 0
Statement-1: If sin 2x = 1, then f{x) = 2/3
Statement-2: f(x) = 0 if sin x = cos x
Ans. (d)
Solution: Multiplication of two determinants leads us
L=y y
fo=|-y 1 vy
y y 1
where y=sin x cos x

Using C, = C,-C,, C, = C, + G5, we get

1 0 vy 1 0 vy
f) = +y)* -1 1 y|=1+y)?*0 1 2y
0 1 1 01 1

=(1+y)°(1-2y
When sin 2x=1,y=1/2 and fix) =0
When sinx =cos x, 1 —2y=1—2sin’x = cos 2x = 0

fx)=0.

Assertion-Reason Type Questions

® Example 83: Suppose x>0, y>0,z>0and
xlog2 3 15+log(a”)
Aa,b,¢)=|ylog3 5 25+Ilog(h’)
zlog5 7 35+1log(c%)
Statement-1: A(8, 27, 125)=0

Statement-2: A (l l lj =0

23’5
Ans. (b)
Solution: Using log (b°) = ¢ log b and applying C; —
C; - 5C, we get
xlog2 3 xloga
Ala,b,c)=|ylog3 5 ylogh
zlog5 7

A(8, 27, 125) = A(2*, 3%, 5%) = 0 as in this case C, and C; are
proportional. Similarly, A(1/2, 1/3, 1/5) = A", 37,57 = 0.

@® Example 84: Leta#0,p#0and

zloge

a b ¢
A=10 p ¢
rp q 0

Statement-1: If the equations
ax2+bx+c=Oandpx+q=0
have a common root, then A = 0.
Statement-2: If A = 0, then the equations
ax2+bx+c:0andpx+q:0
have a common root.
Ans. (b)
Solution: If A is a common root of
ax2+bx+c=Oandpx+q=0, then
al? +bA+c=0,pA+qg=0and pA*+gA=0
Eliminating A, we obtained A = 0.
For statement-2, expanding A along C; we obtain
—aq’ +p(bq —cp) =0

2
or a(—gj +b[—1] +c=0
p p

Thus, ax’ + bx + ¢ = 0 and px + g =0 have a common root.

® Example 85: Statement-1:

sin7 cos(x+m/4) tan(x—rm/4)
A=|sin(x—m/4) —cos(mw/2) log(x/y) | =0
cot(mw/4 + x) log(y/x) tan 7



Statement-2: A skew symmetric determinant of odd order
equals O.
Ans. (a)

Solution: For statement-2, see theory.
Now, using

cos| x+— | =
4

T
cot(_ﬂj
4
T 4
tan(— — x) =— tan(x — —j,
4 4

and log (x/y) =—log (y/x)
we find A is a skew symmetric determinant of odd order.
@® Example 86: Letf: Q — [-1, 1] by
f(x)=sinx
Let x, x,, x5 be three distinct rational numbers. Let a = f(x,),

b =fixy), ¢ = fix).

Statement-1:

I I I
@) 2] (@)

Q = o
- w2
R k. R S
| | I
N = /N
N ;/” &~
I |
= ' =
~— @2, N~
| I :s | I |
VR
=
I
|
N—

1 a a
A=l b b*|#0
1 ¢ ¢
Statement-2: fis a one-to-one function.

Ans. (a)

Solution: Let x,, x, € Q be such that
Jx)) = flxy)

= sin x; =sin x,

= xp=nm+(=1)"x,,nel

=5 x+CD"x=nmnel

But LHS is rational and RHS is irrational except when n = 0.

R X=X,
Thus, f1is one-to-one.

Also, A=@-b)(b-c)(c—a)#0

as x|, X,, x5 are distinct and hence a, b, c are distinct.

® Example 87: Let

2 +3x x—1 x+3
f) =] x+1 —2x x—4
x—3 x+4 3x

=axt+ b+ e’ +dx+e
Statement-1: a = -1
Statement-2: ¢ = f(0)
Ans. (a)

Determinants 4.25

0o -1 3
Solution: e=f(0)=|1 0 -4
-3 4 0
=0

[skew symmetric determinant of odd order]

Statement-2 is true.

1
To obtain a, replace x by —, so that
X

2

(l) +§ l—1 l+3
X X X X
T 221y
X X X
1 1
—-3 —+4 3
X X X

Ny 1yl
a(—) +b(—) +c(—j +d(—)+e

X X X X
Take x* common from C,, x from C, and C,
1+3x 1+3x

1
=—|x+x’ 2 1-4x
X

1-x

x=3x2 1+4x 3x

1
= —4[a+bx+cx2 +dx +ex*]

Cancel 1/x* and pﬁt x =0 to obtain
1 1 1
0 -2 1| =a
0 1 0

= a=-1

@® Example 88: Statement-1: The system of line equations
X+ (ino)y+(cosa)z=0
x+(cosa)y+(sina)z=0
x—(sino)y—(cos@)z=0

has a non-trivial solution for only one value of o lying in

the interval (0, 7/2).

Statement-2: The equation in &

coso  sino cosa
A=|sina coso sina [=0
cosOt —sin¢e —coso

has only one solution lying in the interval (0, 7/2).
Ans. (b)

Solution: Using C; — C, — C5in A, we get

0 sino coso
A= 0 cosx sin o
2coso —sin —coso

=2 cos o (sin® o — cos® Q)
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=-2cosqcos2a
A=0for ax=n/4 € (0, /2).
This is the only value of o lying in (0, 7/2) for which A =0.

The system of linear equations will have a non-trivial solu-
tion if and only if

1 sino cos o
A=l cosa sino | =0
1 —-sino —cosc

Using R, — R, + R, we get

® Example 89: Consider the system of equations in x, y, z:
(sin30) x—y+z=0
(cos20) x+4y+3z=0
2x+Ty+7z=0
The values of 6 for which the system has a non-trivial solu-
tion are given by

(a) n’(n+%(—l)"j (b) ﬂ(n+i(—l)”)

1 nrw
b) w|n+—=(-1)" d —
(b) (n 6( )) (d) 5
where 7 is an integer
Ans. (c)

Solution: For the system of equations to have a non-
trivial solution we must have

sin30 -1 1
A=cos20 4 3| =0
2 7 7
Using R, = R, + 4R, and R; = Ry + 7R, we get
sin 30 -1 1
A= |cos20+4sin30 0 7| =0
24 7sin 30 0 14

= 2(cos 20+ 4 sin 30) — (2 + 7sin 360) =0
= sin360+2cos20-2=0

= 3 sin O—4 sin® O— 4 sin®> 6= 0

= sin 62 sin 0+ 3)(2sin8-1)=0

= sin &= 0orsin 6=1/2 [ Isin 1< 1]
= B:mﬂor9=n(n+(_l)njwherem

and n are integers

2 0 0
Ai=1 cosae sina | =0
1 —sina —cosa
= 2 (-cos? o + sin? o)=0
= —2cos2a=0

This is true for only one value of @ € (0, 7/2)
viz, oc = /4.

Thus, statement-1 is also true. However, statement-2 is not
a correct reason for statement-1.

LEVEL 2

Straight Objective Type Questions

@® Example 90:

3+2sin* x 2 cos* x sin’ 2x
Let AXx)=1| 2 sin® x 3+2cost x sin? 2x
2sin x 2cos*x  3+sin’2x
then [ xA(x)dr equal
en |  xA(x)dx equals
(@) 7 (b) m(m—1)
(c) 1 d 0
Ans. (d)
Solution: Using C; — C; + C, + C;, we get
1 2 cos* x sin? 2x
Ax)=fx)|1 3+2 cos* x sin? 2x
1 2 cos* x 3+ sin’ 2x

where fx)=3+2 sin*x + 2 cos*x + sin® 2x
=3+2 (sin4x + cos*x + 2 sin’x cos? x)
=3+2 (coszx + sinzx)2 =5

Applying C, = C, — (2 cos* x) Cyand C; = C5—

(sin2 2x) C,, we get

Ax)=5 =45

—_ = =
S W O
w O O

Thus, " xA(x)de=45["" xdx=0
us, J_mzx (x)dx = J_ﬂ/zx X =

® Example 91: If f(x), g(x)and h(x) are three polynomials
of degree 3 then

) gx) h(x)
o= | f"(x) g"(x) h"(x)
7 (x) g7 (x) h"”(x)



is a polynomial of degree

(@) 3 (b) 4
(©) 5 (d) none of these
Ans. (d)
Solution: We have
7 g”(x) h”(x)
g = | f7(x) g"(x) h"(x)|+
) ) ()
o gx) n(x) [/ g(x) h(x)
f7(x) g7 (x) ' (x)| + | f7(x) g7 (x) h"(x)
f7(x) g7 (x) n(x) M (x) gV (x) AV (x)
[ g'(x) hi(x)
=0+0+|f"(x) g”(x) h"(x)| =0
0 0 0

since f, g, h are polynomials of degree 3, F¥x) = g"x) =
h(x)=0
= ¢(x) must be a constant.

@® Example 92: The determinant

a a+b a+2b
A=|a+2b a a+b
a+b a+2b a

equals
(a) 9b%(a + b)
(c) 9a +b)’
Ans. (a)

Solution: Applying C; — C, + C, + C;, we get

(b) 9a*(a + b)
(d) 9ab(a + b)

1 a+b a+2b
A=3(a+b) |1 a a+b
1 a+2b a

Applying R, > R, — R, and R; = R; — R,
1 a+b a+2b

A=3(a+b) |0 -b -b

=3(a +b) =9b%(a + b)

@® Example 93: Let
sinx cosx sin2x+cos2x
Ax)=| 0 1 1
1 0 -1
then A’(x) vanishes at least once in
(a) (0, m/2) (b) (w2, m)

(c) (0, m/4) (d) (-m/2,0)
Ans. (a)

Determinants 4.27

Solution: The function A(x) is continuous on [0, /2]
and differentiable on (0, 7/2). Also A(0) = 0 and A(n/2) = 0.
Thus, by the Rolle’s theorem there exists at least one

¢ €(0, m/2) such that A’(c) = 0.

0082 X

cosxsinx —sinx
@® Example 94: Let A(x) = |cosxsinx  sin’x COSX
sinx —COSX 0

/2
then Jo [A(x) + A’(x)] dx equals

(a) /3 (b) w2

(c) 2m (d) 372
Ans. (b)

Solution: Applying C; — C, —sinx Cy and C, — C, +
cos x C3, we get

1 0 —sinx
Ax)=] 0 1 cosx
sinx —cosx 0

Applying R; — R; —sin x R, + cosx R,, we get

1 0 —sinx
Ax)= |0 1 CcoS X =1
0 0 cos®x+sin’x
= AN(x)=0
n/2 nl2
Thus, [ [A@+ AWl dx= [ dx = %
@® Example 95: The determinant
V3443 205 s
A=|V15+v26 5 V10 equals
3+465 V155
(a) 15v2-25\3 (b) 253 -15v2
© 35 d) -15v2+73
Ans. (a)
Solution: Taking /5 common from C, and C;, we get
3321
- (B |Vi5 436 3 V3
3+v65 V3 45
Applying C, — C, - V13 C;— V3 C,, we get
~3 2 1
A=(5)| 0 5 V2| =5(—3)(5-6)
0 V3 5

= 5(V18)-25V3 = 15V2-25V3
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@® Example 96: The values of A for which the system of
equations
x+y-3=0
A+Ax+Q2+A)y-8=0
x—(1+Ay+2+A)=0

has a non-trivial solution, are

(a) —5/3,1 (b) 2/3,-3
(c) —1/3,-3 (d 0
Ans. (a)

Solution: The given system of equations has a non
trivial solution if

1 1 -3

A=[1+4 2+21 -8 | =0

1 —-(1+1) 244

Applying C, = C, — C, and C; — C; + 3C,, we get

1 0 0
A=[1+A 1 =543 =0
1 2-1 5+A
= BG+AV)+2+A)BA-5=0
= 5+4A+64-10+32°-51=0
= 3 421-5=0=03BA+5 A-1)=0
= A==53o0rA=1.

® Example 97: The values of m for which the system
of equations 3x + my = m and 2x — 5y = 20 has a solution
satisfying the conditions x > 0, y > 0 are given by the set

(a) {m:m<—-13/2}

(b) {m:m>17/2}

(c) {(mm<—-132orm>17/2}

(d) none of these

Ans. (d)
3 m
Solution: Here A = 5 5‘ =—15-2m
m m
Ax = =—25m
20 -5
3 m
and A, = =60-2m
J 2 20

If A =0, then m = — 15/2. But for this value of m, A, #0
and A, # 0. Thus, in this case, the system of equations is not
consistent.

2m—60
—— andy=
2m+15 2m+15

IfA#0,thenx=
rule.
Now,x>0,y>0<25m>0,2m-60>0,2m+ 15>0
or25m<0,2m—-60<0,2m+15<0

= m>30o0rm<-15/2.

, by the Cramer’s

@® Example 98: If a + b + ¢ # 0, the system of equations
b+c)y(y+z)—ax=b-c
(c+a)(z+x)—-by=c—-a
(@a+b)(x+y)—cz=a-b

has

(a) aunique solution
(b) no solution
(c) infinite number of solutions

(d) finitely many solutions

Ans. (a)

Solution: We can write the above system of equations
(@a+b+c)y+2)—alx+y+z)=b-c
(a+b+c)(z+x)-bx+y+z)=c—a
(a+b+c)(x+y)—cx+y+z)=a->b

Adding the above equations, we obtain

2@+b+c)(x+y+7)—(a+b+c)(x+y+2) =0

= (a+b+c)(x+y+2) =0
= x+y+z=0 [a+b+c#0]
= y+z =—x
c—b
b+c)(=x)—ax=b-c>x= ———
a+b+c
Similarly, y = _a-c , 2= b——a'
a+b+c a+b+c

® Example 99: Let q, b, ¢ be positive real numbers. The
following system of equations in x, y and z.

2y 2 2y P2 N
St s =g -ats =l 5 +ia+5 =1
a” b” ¢ a® b° ¢ b” ¢
has
(a) no solution
(b) unique solution
(c) infinitely many solutions
(d) finitely many solutions
Ans. (d)
Solution: Adding all the equations, we obtain
2 2 2
a5 =3
a b ¢

2

. . . Z
Subtracting first equation from it we get —- =2 = Z=c
C

= z==c. Similarly, x =t a, y =% b. Thus, the given system
of equations has eight solutions.

® Example 100: If the system of equations
x—ky-z=0,kx-y-2z=0,x+y-2z=0
has a non-zero solution, then the possible values of k are
(a) —1,2 (b) 1,2
() 0,1 @ -1,1
Ans. (d)



Solution: As the given system has a non-zero solution,

1 -k -1 I+k —k-1 -1
0=k -1 -1|=|1+k -2 -1
1 1 -1 0 0 -1
[using C; = C; - C,, C, = C, + C5]
= 0=CDA+)EE2)-+k)(-k-1)]
= O0=(1+k)(2+k+D)=k=-1,1

® Example 101: If the system of equations
M1+XZ+X3= 1,x1+)“x2+X3= 1,x1+x2+M3: 1
is inconsistent, then A equals

(a) 5 (b) —2/3
(©) -3 () -2
Ans. (d)
A1 1 A+2 1 1
© Solution: LetA=|1 A 1|=[A+2 A 1
1 1 A A+2 1 A
[C,—=>C +Cy+ (]
11 1 1 0 0
=A+2) 1 4 1|=(A+2) |1 A-1 0
1 1 A 1 0 A—-1

[using C, — C, — C, and C; — C;— C|]
=(A+2) (A-1)?
IfA=0,then A=—2o0rA=1.
But when A = 1, the system of equation becomes x; + x, + X3
= 1 which has infinite number of solutions. When A =-2, by
adding three equations, we obtain O = 3 and thus, the system
of equations is inconsistent.

® Example 102: If p # a, g # b, r # ¢ and the system of

equations
px+ay+az =0

bx+qgy+bz =0
cx+cy+rz =0
has a non-trivial solution, then the value of
p q r

+ + is
p—a q-b r—c
(a) -1 (®) 0
(©) 1 d 2
Ans. (d)

Solution: As the given system of equations has a non-
trivial solution

p a
b bl =0

r

A=

o Q9

c

Applying C; - C;—- C, and C, — C, — C;, we get

Determinants 4.29

p a-p a-p
A: b q—b O :O
c 0 r—c
Expanding along C;, we get
q- p a-p
a-— +(r—c =0
@-p)| " =0, q_b‘

=(@-p) (o) (q-b)+r-c){plg-b)-bla-p)} =0
=>@-a)(@-bD)c+pr-c)(g-b)+b(r-c)(p-a)=0
Dividing by (p — a) (g — b) (r — ¢) we get

c p b

+ + =0
r—c p—a q-b

=L 4 14 ro_4zb r-c_,
p—a gq-b r—-c g-b r-c

® Example 103: Let A and o be real. Relation between A4
and o for which the system of equations
Ax + (sin @)y + (cos &)z =0
X+ (cos )y + (sin @)z =0
—x + (sin &)y — (cos o)z =0
has a non-trivial solution is
(a) A=sin2a+cos2a

(b) A=Isin 20
(¢) A=Isin 20— cos 2ad
(d) A=cos2a

Ans. (a)

Solution: The system of equations will have a non-
trivial solution if and only if

A sino  coso
0=|1 cosa sina
-1 sinx —coso
0 (A+Dsinag (1-A)coscx
=|0 cosa+sinx sino—coso
-1 sin o —CcosQ.

[using R, & R, + AR3;, R, = R, + R;]
=(A+1)sin o (sin ot — cos o)
+ (A —=1) cos o(cos o + sin o)
= Asin’a + cos0) + [sin®o— cos® &
— 2 sin o cos o]
Thus, A =sin 20+ cos 2

@® Example 104: If f.(x), g(x), h(x), r = 1, 2, 3 are
polynomials in x such that f,(a) = g,(a) = h(a), r=1,2,3

hx) L) f(x)

and F(x)= 81(x) 82(x) g3(x)

o hy(x) hy(x) hy(x)
then F’(a) is

(@ -1 (b) a

(c) 0 (d) none of these

Ans. (¢)
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Solution: Differentiating w.r.t. x we get F’(x)

) Ax) )] |AG) AK) fix
=1 (x) &) gH)|+| &) (
)

by (x)  hy(x) h3(x) By (x) By (x) h3(x)
Hi(x) f(x) fi(x)

+1g(x) g(x) g(x)

h{(x) 3 (x) hi(x)

Since f.(a) = g,(a) = h(a) for r =1, 2, 3, we get each of the
three determinants on the right side becomes zero when x
is replaced by a. (In each case two rows become identical.)
Thus, F’(a) = 0.

® Example 105: The number of real values of a for which

the system of equations
x+ay-z=0,2x-y+az=0,ax+y+2z=0

has a non-trivial solution, is

(a) 3 (b) 1
() 0 (d) infinite
Ans. (a)

Solution: Since the given system of equations has a
non-trivial solution,

1 a -1
A=|2 -1 a|=0
a 1 2

Using C, = C; + C3, C, = C, + aC;, we get

0 0 -1
A=|2+a -1+a*> al|=0
24+a 1+2a 2
_ 2
N (_1 2+a 1+a -0
24+a 1+4+2a
= Q+a)(1+2a+1-d*=0
= a=-2,1+/3.

Thus, there are three real values of a for which the system
of equations has a non-trivial solution.

@® Example 106: The solution set of
x+2y+z=1
2x - 3y+w=2

subject x20,y20,z20,w=>0 is

1
(a) x= ; G-w), y2w=20,z20

b)) x== O+w), Z=%(y—w),y2w20

(© x=% y-w), z= % y+w),y=0

(d x=1,y=0, z=0,w=0.
Ans. (d)

Solution: We have
I-(x+2y)=2z20
and 2x-3y-2=-w<0.
= x+2y<land2x-3y<2,x>20,y=>0

The only point where the two shaded region intersect is
(1, 0). Thus, x = 1, y = 0 for these values z =0, w = 0.

y

1
1
_Z v
2 *745}% .

/ q:}/
O 1 X
-2
3
Fig. 4.1

® Example 107: The number of values of k for which the
system of equations
(k+ 1x+8y=4k

kx + (k+3)y=3k-1

has infinitely many solutions is

(@ 0 (b) 1
(c) 2 (d) infinite
Ans. (b)
k+1 8
Solution: Let A=
k k+3

=I*—dk+3=(k-1)(k-3)
If A # 0, the system of equations has a unique solution.
For the system of equations to have an infinite number of
solutions
A=0=>k=3,1
For k = 3, the system equations becomes
4x+8y=12and 3x + 6y =8

= x+2y=3,x+2y:§

Thus, in this case the system of equations has no solution.
For k = 1, the system of equations becomes

2x+8y=4andx+4y=2
= x+4y=2,x+4y=2
This system has infinite number of solutions.



@® Example 108: Suppose a, b, ¢ € R and let

0 a-x b—x
f)=|-a—x 0 c—Xx
-b—x —c—-x O
Then coefficient of x2 in f(x) is
(@) —(a+b+c) ®d) a+b+c

() 0 (d) ab + bc + ca
Ans. (c)
Solution: Expanding along C,
a—-x b-—x a—-x b—x
Jx) = (a+x) —(b+x)
—c—X 0 0 c—Xx

(a+x)(b-x)(c+x)—(b+x)(a—x)(c—x)
—[x+a)(x-b)(x+c)+ (x—a) (x+b) (x-0)]

X 4x (@-b+c—a+b-c)+..]
=20+ 0x% + ...
. coefficient of x* in flx)is 0.

® Example 109: If the system of equations
x—ky—-z=0,kx—y-z=0,x+y—-z=0
has a non-zero solution, then possible values of k are

(@ -1,2 (b) 1,2
(¢) 0,1 @ -1,1
Ans. (d)

Solution: Subtracting the last equation from the first
two equations, we get
—-(k+1y=0

=
oy

1. Suppose A = (a;),x,, where a; € R.
If det (adj(A)A_l) = 3, then det (adj(A)) equals:
(a) V3 (b) 3
© 33 @ 9
2. If a, b, ¢ are in A.P. and p is a real number, and
p+c p+2 p+a
A=|p+b p+5 p+b
p+a p+8 p+c
then A equals:

(a) —p’ ) p’
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(k—1x—-2y =0.
If Kk = - 1, we can choose y in infinite number of ways,
corresponding to which we can choose x and z in infinite
number of ways.
If k=1, then y =0 and x and hence z can be chosen in infinite
number of ways.

@® Example 110: Let a,, a; € R be such that la, — a;1 =6.
Let

1 a, a,
fx)=11 ay 2a,—x|,xe R
1 2a;-x a,
The maximum value of f(x) is
(@) 6 (b) 9
(c) 12 (d) 36
Ans. (b)

Solution: Using R, — R, - R, R; > R; — R, we get

1 a, a,
fx)y=10 0 a, — X
0 a3—x 0
=—(a,—x)(a3—x)=- [)c2 —(ay + az)x + a,a;]

1 2 ( a2+a3)2
=— (ay—a)'—|x———2] <9
1 (a, — a3) X 5

f(x) attains maximum value 9 when

1
x == (a,+ ay).
2(2 3)

EXERCISES

Concept-based
Straight Objective Type Questions

(c) p*—2abe @ 0
3. Suppose x # 1 and
1 x x°
A=[x* 1 «x
x 221
then A =0

(a) for exactly two distinct complex numbers
(b) for exactly four distinct complex numbers
(c) for exactly two distinct real numbers

(d) none of these
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100 11! 12!
4. Let D = |11! 12! 13}, then 0 — 260 equals:
12! 13! 14! ’
(@) 1 (b) 2
(c) 3 (d) 4
. Let
x+1 2 3
Px)=| 1 x+2 3|,
1 2 x+3
the product of zeros of P(x) is
(@ 0 (b) 6
(c) -6 (d 12

. Let A(x;, y,), B(x,, ¥,) and C(x;, y3) be vertices of

an equilateral triangle whose side is 4 units. Let

oy 1
A=|x, y 1,
X3 yy 1
then A? is equal to
(a) 64 (b) 128
(c) 192 (d) 256

. Suppose a, b, ¢ are in A.P. If p, g, r are also in

A.P., then value of
x*+a x+p ¢
A= x> +b x+q b|,

x2+c

X+r a
is dependent on
(a) x (b) a,b,c
©) p,g.r (d) none of these
. Suppose a, b are two non-zero numbers. Let
2 a+b a*+b*
A=|a+b a*+b* o +b°|
a+b* A+ at+bt
then A is equal to:
(@ 0 (b) ab
() a®+b° d) @b’ +a'b’

. Suppose a, b, ¢ > 1. Let

loga
A =1log(2007a)
log(2017a)

then A is equal to:
(a) 0

logh
log (2007 b)
log (2017 b)

logc
log (2007 ¢)
log(2017¢)

(b) log (4024 abc)

(©) log(zol) (d) none of these

2007

10.

11.

12.

13.

14.

15.

Suppose a, b, c € R. Let

(a+2016)* (b+2016)* (a+2016)°
A=|(a—-2016)> (b—2016)> (c—2016)*
a’ b? c?
If A=k (2016)° (@ — b) (b — ¢)(c — a), then k is
equal to:
(@) -1 (b) -4
(c) 4 @ 1
x -6 -1
Let Px) = |2 =3x x+3|,
-3 2x x+2
sum of the zeros of P(x) is
(a) -6 (b) -7
(c) 13/5 (d) —12/5
Let n be an integer and x, y, z > 1. Suppose
xn+1 xn+2 xn+3

A= yn+l yn+2 y}1+3
n+l n+2 Zn+3
IfA=(x—y) (y-2)(z—x) x> y* 2% then n is equal
to:
(a) —1 (b) 0
() 1 (d) 2

Suppose a, b, ¢ are distinct real numbers. Let
0 X —a x*-b
P(x) =[x’ +a 0
b X —c 0
A value of x satisfying P(x) = 0 is

X +c

(@) (a+b+c) (b) a+b+c
(c) a+b-c (d 0
Suppose a, b, c € R and abc # 0. Let
l+a 1 1
A=1+b 1+2b 1
l+4¢ 1+c¢ 143c

1 1 1
If A =0, then _+Z+_ is equal to:

a c
(@) 0 (b) -1
(c) 2 (d) -3
Suppose n and m are natural numbers such that
XM xm+2 me
A=| 1 x" 2"
xm+5 xn+6 x2m+5

Then a possible relationship between n and m is
(@) n=m+2 (b) n=m+1
() n=m (d n=m-1



g
'n

- |

16. Suppose a, b, ce Rand a + b + ¢ # 0. Let

17.

18.

19.

20.

b+c c+a a+b
A=|c+a a+b b+c
a+b b+c c+a
If A =0, then
(a) a=b=c b)) @ +b-c=0
(c) a=b+c d) a=b=c=0
Distance of line
x+1 X X
y=| x x+2 x
X X x+3
from the origin is
6 7
a) — b) —
@ 11 ®) 13
6 7
© — d) —
122 V122
Suppose a, b, c € R. Let
3a —-a+b -—-a+c
A=|-b+a 3b -b+c
—c+a -c+b 3¢

Then A equals

(@) 3(a+b+c)(bc+ca+ab)
(b) a+b+c

(c) 3(a+b+c)@+b*+c?)
@ 0

Suppose a, b, ¢ are in A.P. Let

PP+2" 42a P +2"?+3b P +a

A=| 2"+a 2"+ b 2b
pPP+2"+a g +2" 420 PP -c
Then A equals:
(a) -1 () 0

2 2.2

(c) p"q r —3abc @ p*@Frr—4@+b+c)

Suppose a, b, ¢, d, e and f are in G.P. with common
ratio > 1. Let p, g, r be three real numbers. Let

a’ dzp

A=p* & q
7o
Then A depends on
(@) a, b, c
© p.q.r

(b) d.e f

(d) none of these

LEVEL 1

21.

22.

23.

24.

25.

26.
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Straight Objective Type Questions

Suppose point (x, y, z) in space satisfies the equation

X +1 xy Xz
yXx y2+1 yz | =5
X y 2+l

Then (x, y, z) lies on a
(a) plane
(c) sphere

(b) straight line
(d) none of these

Suppose A, B, and C are angles of a triangle. Let

-1 cosC cosB

A=|cosC -1 cosA
cosB cosA -1
then A equals:
(@ 0 (b) -1
() -2 (d) -3
Let
a x x
A=|x b x
X X c

and fix) = (x—a) x-b) (x —¢)
Determinant A is equal to:

@) fl) -’ (b) f)

(c) xf"(x) = fix) (d) /() = x f"(x)
Straight line

2-x-y 4 4
2x x—y—2 2x =0
2y 2y y—2-x
passes through the fixed point
(@) (-2,-2) (b) (=2,0)
(©) (0,-2) (d (-1,-1)
Suppose a € R. Let
x+a x X
fx)=| x x+a X
X X x+a
Then f(2x) — f(x) is equal to
(a) 3xa* (b) 3x%a
(c) xa* (d) a*x

If o, B, vy are the roots of © + ax* + b = 0, then
the determinant
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a B vy
A=|B v «af equals
y a B
(a) —-a’ (b) a’—3b
(c) a’-3b @
27. 1If o, B, v are the roots of x* + bx + ¢ = 0, then the
determinant
a By
A=|B v «af equals
y a B
(a) - b° (b) b’ -3¢
(c) b*-3c d 0

28. If a, b, ¢ are distinct and different from zero and
bc ca ab
A=|ca ab bc| =0, then
ab bc ca
(a) al+b '+t =0
b a'+b'-c'=0
) a'-b'+c'=0
(d) al-pt-c'=0

Aa A*+a* 1
29. The determinant A = [Ab  A? +b* 1| equals
Ae AP+ 1

(@) Ma-b)(b-c)(c—a)
(b) Md®+b*+cH)
(c) Ma+b+c)
(d) A*(a-b)(b-c)(c-a)
30. If o, B, y are real numbers, then the determinant
sina  cos2a  cos’ o
A= |sin* B cos2B cos® B| equals
sin®y  cos2y cos’y
(@) 0
(b) -1
(c) sin® o+ sin® B +sin® y
(d) none of these
31. If bc + ca + ab = 18, and

1 & & 1 1 1
1 0 Pl=Ala b ¢
1 & & a’ b* ?

the value of A is
(a) —1 (b) 0
(© 9 (d) 18

32.

33.

34.

35.

36.

37.

38.

If x # 0, the determinant

a4y a4 4

A=|-x x O

0 —x x
vanishes if
@) ayp+a +a,=0 (b) ay+a,=2a,
(c) ag+a,=2a, (d) none of these
If x € R, the determinant

1 cos x 0
A=|-1 1-cosx sinx +cosx equals
0 -1 1-2sin(x+7/4)
(@ 0 (b) -1
(1 (d) none of these
x a b

The factors of A= |a x b| are
a b x

(@A) x—a,x—bandx+a+b

(b) x—a,x—bandx—a-b

(c) x+a,x+bandx—a->b

(d) none of these

If 6 € R, maximum value of

1 1 1
A=|1 1+sinf 1 18
1 1 1+cos@

(a) 172 () V372

© 2 d) 3V2/4
x+a b c

If A= a x+b c = 0, then x equals
a b x+c

(@) a+b+c (b) —(a+b+c)

(c) O,a+b+c (d 0,—-(a+b+c)

The determinant
sec’0 tan’0 1

tan’ 0 sec’® —1| equals
12 10 2

(a) 2 sin’0
(b) 12 sec? 6—10 tan® 6
(c) 12 sec’0—10tan’> 0+ 5

(d 0
-a 2b 0

fA=|0 —-a 2b| =0, then
2b 0 -—a

(a) 1/b is a cube root of unity
(b) a is one of the cube roots of unity



39.

40.

41.

42.

43.

44,

(c) b is one of the cube roots of 8
(d) a/b is a cube root of 8

The determinant
1 1+ i
A=|1+i i 1 | equals
i 1 1+
(a) 7+4i (b) -7+4i
(c) —=7-4i (d 2G-1)
If a, b, ¢ are non-zero real numbers, then
1 ab 1 + 1
a
1 1
A=1|1 bc —+—| equals
b ¢
1 1
1 ca —+—
c a
(@ 0 (b) bc + ca+ ab
() al+bp 4! (d) abe-1

log, (abc) log,b log,c

If a, b, ¢ > 1, then A = | log, (abc) 1 log, ¢
log, (abc) log,b 1

equals

(a 0

(b) log, b +1log, c+log.a
(c) log,.(a+b+c)
(d) none of these

a+bx c+dx p+gx a c p
IfA=|ax+b cx+d px+q|=Ab d g¢q
u v w u vow

then A equals

(@ 0 (b) 1
(c) x d 1-+
1 sin 6 1
Let A=|—sin@ 1 sin@ |, 0 <0< 2nmThe
-1 —sin 0 1
(a) A=0 (b) Ae (2, )
(c) Ae (2,9 (d) Ae [2,4]
b*—ab b-c bc—ac
The determinant A = |ab—a®> a—b b>—ab

bc—ac c—a ab-a®

equals

(@ (b-c)(c—-a)(a-Db)

(b) abc (b—-c)(c—a)(a->b)

() (a+b+c)y(b—-c)(c—a)(a-Db)
(d 0

45.

46.

47.

48.

49.

50.

Determinants 4.35

6i -3i w
IfA=14 3i -w| =x+1iy, then
20 3w
(a) x=3,y=1 ®d) x=1,y=3
(c) x=0,y=3 (d x=0,y=0
If — % <x< % the number of distinct real roots
of A=0
Sinx COSX COSX
A= |cosx sinx cosx| is
COSX Ccosx Sinx
(a) 0 (b) 2
(©) 1 (d 3
If w+# 1 is a complex cube root of unity, and
1 i -0
x+iy=|—i 1 @*| then
o -0 1
(@ x=-1,y=0 () x=1,y=-1
) x=1,y=1 (d) none of these
If ¢ = cosx + isinx and
1 ol oTil3
X+ iy = |4 1 >3 | | then
omI3 2mil3 2mil3
(@ x=-1,y=+2
®) x=1,y= 2
©) x=—2,y=+2

(d) none of these
If a, b, ¢ € R, the number of real roots of the
equation

—-c x al|=0,is
b —-a «x
(@ 0 (b) 1
(c) 2 (d 3
1 x x
If A=|x x* 1|=-7and
21 x
-1 0 x—x*
A= 0 x—xt ¥ , then
x—xt -1 0
(a) A=7 (b) A=343
(c) A=-49 (d) A=49
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sina cosa  sino+cos B
51. If A = |sinf8 coso sinf+cosf| then A equals
siny coso siny +cosf
(a) sin o sin Bsin ¥
(b) cos arsec Btan y
(¢) sin asin Bsin ¥+ cos o cos B cos ¥y
(d 0
52. Suppose a, b, c € R and a, b, ¢ > 0,
loga logh logc
Let A = [log(7a) log(49b) log(343c)
log(3a) log(9b) log(27c¢)
then A is equals to
(@ 0 (b) -1
() 1 (d) 30
53. The values of 6 lying between 0 = 0 and 0 = 7/2
and satisfying the equation

1+cos’®  sin’@ 4sin460
A=| cos’@ 4sin40 | =0
1+4sin460

1+sin’ @
cos? 6 sin” @
are given by

(a) w24, Sn/24 (b) Tn/24, 117/24
(c) 5m/24,Tr/24 (d) 11724, n/24

54. The number of distinct roots of the equation
-1 A +2x+1 267 +3x+1

P(x)=[2x*+x—1 2x*+5x-3 4x*+4x-3|=0
6x>—x—-2 6x>—Tx+2 12x>—-5x-2

is

(a) 6 () 5
() 3 (d) 4
2rm .. 2w
55.If a, = cos r + isin 5 then value of the
determinant
I a3 ay

A=lay a, a|is

ag as a
(@ -1 (b) 1
(© 0 (d) -2

56. If a # p, b # q, ¢ # r and the system of equations
px+by+cz=0

ax+qy+cz=0
ax+by+rz=0
has a non-zero solution, then value of

+a +b r+c .
pTa 470, is

p—a q-b r-c

(a) 2 (b) -2
(c) 1 d 1

57. For a fixed positive integer n, if
n! (n+1)! (n+2)!
D=|(n+1)! (n+2)! (n+3)!
(n+2)! (n+3)! (n+4)!

then D is equal to
n!(n+1)!(n+2)! a

(a) —4 (b) -2

(c) 2 @ 4

x+2 x+7 a
58. Ifa, b, c are in AP,and A= [ x+5 x+11 b

then A equals X+8 x+l15 ¢

(@ 0 (b) 1
(c) —(a+b+c) (d) a+b+c.
I+y 1—-y 1-y
59.If A= |l-y 1+y 1-y| =0, then value of y are
-y 1—-y 14y
(@ 0,3 (b) 2,-1
© -13 (d 0,2
60. The determinant
al+a’ll am+a’'m’ an+a’'n’
A= |bl+b'l" bm+b'm’ bn+b'n
c+c’l! em+c’'m” cn+c'n’
is equal to
(@) (abc+a’b’c"y (Imn+1U'm'n’)
(d) abclmn+a’b’c’ I'm'n’
©) @+b*+A) P +m*+nd
+ ((1,2 + b/2 + C/Z) (112 + er + n/Z)
@ o0
6l.1fa=i b=w c=a where @ is complex cube
root of unity, then

a a+b a+b+c
A=|3a 4a+3b 5a+4b+3c | isequalto
6a 9a+6b 1la+9b+6¢
(@) - (b) - o’
(c) i (d —i
1 1 1
62.1f A = |™C, ™3¢, ™°C, | = 2% 3P 57, then
o+ B+ vis equal
(@) 3 (b) 5
(c) 7 (d) none of these

63. Suppose a, b, ¢, x, y € R. Let
1 2+ax 3+ay

A=|1 2+bx 3+by
1 24+cx 3+cy



64.

65.

66.

67.

68.

69.

Then A is independent of

(a) a, b, c ®d) x,y

() abcy d a b cxy

If A, B and C are the angles of a triangle, then the
determinant

0 cosC cosB

A= |cosC -1 cosA| isequalto

cosB cosA -1
(a) sin’A (b) sin’B
(c) sin’C (d 0
cosx x 1
X
Let fix) = |2sinx x> 2x|, then lim f(2 )
x—0 X
. tanx x 1
given by
(@) 0 (b) -1
(c) 2 d 3
If wis a complex cube root of unity, then value of
a, +bw ala)2 +b ¢ +hw
A=l|a, +b,o a,0*+b, ¢, +b,0
a; +byw a3a)2 +by; c3+byw
is
(@ 0 (b) -1
(c) 2 (d) none of these

If pgr # 0 and the system of equations
(p+ax+by+cz=0
ax+(q+Db)y+cz=0
ax+by+ (r+c¢)z=0

has a non-trivial solution, then value of E+é+E
is p q r
(@ -1 (b) 0
(© 1 (d 2

The system of equations
ax+by+ (aox+b)z=0
bx+cy+ (ba+c)z=0

(ax+b)x+ (ba+c)y=0

has a non-zero solutions if a, b, ¢ are in

(a) AP (b) G.P.

(c) H.P. (d A.G.P.

If the system of equations
ax+ay—-z=0
bx-y+bz=0

—Xx+cy+cz=0
(where a, b, ¢ # — 1) has a non-trivial solution, then
1 1 |
value of + + is
l+a 1+b 1+c
(b -1
(@ 0

(a) 2
(c) -2

70.

71.

72.

73.

74.

75.

Determinants 4.37

The values of A for which the system of equations
A+5x+A-4)y+2z=0
A=-2x+(A+3)y+2z=0

Ax+Ay+z=0
has a non-trivial solution is (are)
(a) - 1,2 () 0,-1
© 0 (d) none of these

Given the system of equations
b+c)(y+z)—ax=b-c
(c+a)(z+x)—-by=c—-a
(a+b)y(x+y)—cz=a-b

(where a + b + ¢ # 0); then x : y : z is given by

@ b-c:c—a:a-b b)Y b+c:c+a:a+b

a b c

b'ca

Ifa, b,c eRand a + b + ¢ # 0 and the system of

equations

(©) a:b:c (d)

ax+by+cz=0
bx+cy+az =0
cx+ay+bz=0
has a non-zero solution, then a : b : ¢ is given by
(@ 1:a:p
where o, 3 are roots of ax’ +bx+c¢=0
() 1:r: ? where r is some positive real number
(c) 1:k:2k where k is some positive real number
(d) none of these
If p is a constant and
o 34
fly=|1 -6 4
3

, then f”(x) is

p P op
> (b) proportional to x°

(d) a constant

(a) proportional to x
(c) proportional to x

a b ¢
If A=l|a, b, c,| and
a; by o
a, +pb, b +qgc ¢ +rg
D= |a,+pb, b,+qc, c,+ra,| then
as+pby;  by+qc; ¢y +ra,
(@) D=A (b) D=A(1-pgr)

(c) D=A(1 + pgr) d D=Ad+p+q+71)
Number of real values of A for which the system
of equations

A+3)x+A+2)y+z=0
3x+(A+3)y+2z=0

2x+3y+z=0
has a non-trivial solutions is
(a) O (b) 1
(c) 2 (d) infinite
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g
'n

=

76. Statement-1: If

Alx) =

' o[-5) ol5)
sinx—cosx sinf x——| cos|x——=
3 3
(T T T
sinf ——x| tan|x—=| sec|lx——

(5] wle-g) =(-5)

() el 5] o)
cos| —+x | sec| —+x| cot| x+—
3 3 4

then A(Ej =0
4

7.

78.

79.

80.

Statement-2: If A is a skew symmetric matrix of
odd order, then IAl = 0.

Statement-1: Let p < 0 and ¢, o, .

. . Oy be the
nine roots of x° = p, then

07 Og 0Oy

Statement-2: If two rows of a determinant are
identical, then determinant equals zero.
Statement-1:

J6 2i 3+ J6i

w= V12 3+48i 32 +6i
JiIs V2 +V12i V27 +2i

is a purely imaginary number.
Statement-2: |zl = |z| for each complex number z.
Statement-1: If a;, b, € N, fori =1, 2, 3 and

A+x)%7  A+x0)%"  Q+x)4h
A = [0+ d+x0%n (1+x)%b |,
A+x)50 A+x)52 1+x)sh

then coefficient of x in expansion of A(x) is O.
Statement-2: If P(x) = (1 + x)", n € N then coef-
ficient of x in the expansion of P(x) is P’(0).
Statement-1: If « + b + ¢ = 0 and @ + b* + 2
# bc + ca + ab, then the system of homogenous
equations

81.

82.

83.

Assertion-Reason Type Questions

ax+by+cz=0
bx+cy+az=0
cx+ay+bz=0

has infinite number of solutions.

Statement-2: If |Al = 0, the system of equations
AX = B has infinite number of solutions.
Suppose a, b, c € R. Consider the system of linear
equations:

ax+by+cz=0

bx+cy+az=0

cx+ay+bz=0
Statement-1: If a + b + ¢ # 0 and & + b* + ¢*
= bc + ca + ab, then the system of equations has
infinite number of solutions.
Statement-2: If a + b + ¢ = 0 and a* + b* + ¢*

# bc + ca + ab, then the system of equations has
unique solutions.

Suppose a,, a,, as, by, by, by € R.

Let
a b 1
A=la, b, 1
a; by 1
2a,b aiby, +a,b,  a;b; +aszb;
A, = |a\b, +a,b, 2a,b, a,by +asb,
ab; +a;b;  ayby +asb, 2a;b4

Statement-1: A, # 0 for some values of a,, a,, as,
by, by, b; € R.

Statement-2: If (a;, b)), (a,, b,), (a3, b;) are non-
collinear than A; # 0.

Suppose a,, by, ¢y, d; a,, b,, ¢,,d, are eight integers.

Statement-1: (a12 + b12 + c12 + dlz)(ag + 1922 + c% + d22)
can be written in the form a* + b* + ¢ + d* where
a, b, ¢, d are some integers.

Statement-2: If a, b, ¢, d € Z, then

a+ib c+id

—c+id a-ib

A+ +F+d =




=
oy

=0 etc., and

L mn

Ly my my
then
(a) 1A1=3 (b) 1A1=2
() 1AI=1 (d A=0
85. If a, b, ¢ are non-zero real number and
b*c* be b+c
A= C2(12 ca c+a
a*h®> ab a+b
then A equals
(a) abc (b) @ b*
(¢c) bc+ca+ab (d 0
x*=5x+3 2x-5 3
86. Let A() = | 3x* +x+9  6x+1 9

7x2—6x+9 14x-6 21

=ax3+bx2+cx+d,
then a equals
(@ -1 (b) 0
(c) 2 (d) none of these
87. The number of distinct values of ¢ for which the

system

(a+tx+by+cz=0

ax+b+HNy+cz=0

ax+by+(c+1tz=0
has a non-trivial solution is

(a) 1 (b) 2
() 3 (d) none of these
88. If a* + b* + ¢* = 1, then
a* +(b* +c*)cos O ab (1—cos 0)
ba (1—cos 0) b* +(c2 +a2)cose
ca(l —cos 0) cb(1—cos 0)
ac (1 - cos 0)
bc (1—-cos 0) equals
¢ +(a® +b*)cosH
(a) cos’6 (b) 0
(c) 1 (d) sin?6

LEVEL 2

89.

90.

91.

92.

93.

94.

Determinants 4.39

Straight Objective Type Questions

Suppose o, B, 7, 6 € R and

cos(a+0) sin(a+6) 1
A(a, B, 7, 0) = |cos(B+0) sin(f+0) 1
cos(y+6) sin(y+60) 1
Numerical value of A (— E, 0, E, 2—”) is
2 213
(@ 0 (b) -1
(c) 2 (d) none of these

If a, b, c are positive integers such that a > b > ¢
and

1 1
a b c|==-2
at> b
then 3a + 7b — 10c equals
(a) 10 (b) 11
() 12 @ 13
IfA, B,C,P, O, R e R, and
cos(A+P) cos(A+Q) cos(A+R)
A=|cos(B+P) cos(B+Q) cos(B+R)
cos(C+P) cos(C+Q) cos(C+R)
(a) AdependsonP, Q,R
(b) AdependsonA, B, C
(c) Adependson A, B,C, P, O, R
(d) none of these
2cos x 1 0
Let f(x) = 1 2cos x 1 then
0 1 2cos x
Wi (e

(c) f(%j =-1 (d) none of these

Consider the set A consisting of all determinants
of order 3 with entries 0 and 1 only. Let B be the
subset of A consisting of all the determinants with
value 1. Let C be the subset of A consisting of all
the determinants with value —1. Then

(a) C=¢

(b) B has as many elements as C

(c) A=BNnC

(d A=BuC

let @ = ¢*™ and consider the system of linear

equations
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x+y+z=a 96. If the adjoint of a 3 X 3 matrix P is

X+ wy +a0’z=b 1 4 4

X+ y+oz=c 2 1 7] then
If x, y, z is a solution of the above system of equa- 113
. laP +1bP +1cP , , ,
tions, then value of — 5 5 18 the possible value(s) of determinant P is (are)

IxI=+1yl®+1zl (a) +2 (b) =3
(@) 9 (b) 6 d) =1 d 0
()3 (d 1 1 -3 4
a a -1 97.1f | -5 x+2 2 | =0, then x equals
95.If a, b, ¢ are distinct and | p p*> p°—1| =0 4 1 x-6

then abc equals c & -1 (@) 17,21 (b) 0,19
@) 0 ® 1 (©) 0,35 d) 21,35
(c) -1 (d) -2

1. If the equation ax® + 2bx + ¢ = 0 has equal roots (c) satisfya+2b+3c=0
then the determinant (d) arein A.P. [2003]
a b ax+b 5. 1f ay, a,, as, ... , a,, ... are in G.P., then the value
A=| b c b+ of the determinant
ax+b bx+c 0 loga, loga,, loga,,,
is IOg Ay 41 IOg ) IOg Ay 43
(a) positive (b) negative loga,,, loga,,, loga,,,
(© 0 (d) dependent on a. .
[2002] 18
2.1f I, m, n >0 and I, m, n are the pth, gth, rth terms (a) 2 (b) 1
of a G.P, then determinant (©) 20 » 5 (d) -2 [2004, 2005]
6. If a + b" + ¢ =—- 2 and
logl p 1
A=l|logm ¢q 1| equals [2002] I+a’x  (1+6)x (I+c*)x
logn r 1 fO=]10+a*x 1+b°x (I+cH)x
(@) 0 (b) —1 (I+a*)x (1+b*)x 1+c’x
©) p+aqtr (d) none of these then f(x) is a polynomial of degree
3.1If 1, w, @’ are the cube roots of unity then @ 3 poly (b) 2 g
n 2n
1 o o ) 1 (@ 0 [2005]
A=|w" > 1 | equals 7. The system of equations
el 1 " ax+y+z=0-1
@) 1 (b) 2 x+oy+z=0-1
(c) o (d 0 [2003] x+y+oa=o0-1
4. If the system of linear equations has no solution, if ¢ is
x+2ay+az=0,x+3by + bz =0, x + 4cy + cz (a) not—2
= 0 has a non-zero solution, then a, b, ¢ (b) 1
(a) arein G.P (c) -2

(b) are in H.P. (d) either—2or1 [2005]



8.

9.

10.

11.

12.

1 1 1
D=1 1+x 1 | forx#0,y#0,then D is
1 1 1+y

(a) divisible by neither x nor y

(b) divisible by both x and y

(c) divisible by x but not y

(d) divisible by y but not x

Let a, b, ¢ be such that b(a + ¢) # 0. If

a a+l a-1
A=|-b b+1 b-1
c c¢c—-1 c+1

[2007]

b+1

+ a—1 b-1
(_1)n+2a (_1)n+ lb (—l)nC
then the value of n is

(a) any odd integer

(b) any integer

(c) zero

(d) any even integer

c—1
c+1 | =0

a+1

[2009]
If a, b, c are sides of a scalene triangle, then the
a b c

value of A= |b ¢ adalis:
c a b
(a) non-negative
(b) negative
(c) positive
(d) non-positive
[2013 online]
Statement-1: The system of linear equations
X + (sin o)y + (cos o)z =0
x + (cos )y + (sin @)z = 0
X — (sin &)y — (cos &)z = 0
has a non-trivial solution for only one value of «
lying in the interval (0, 7/2).
Statement-2: The equation in o

coso  sino cos o
A = |sinax cosc sina | =0
cose —sinQe —cosc

has only one solution lyining in the interval

0, m/2). [2013 online]
If o, B#0, and fin) = a" + " and

3 I+ 1+ Q)
I+ f(D) 1+ £(2) 1+f03)

I+f(2) 1+73) 1+f(4)
= K(1 - 0)* (1- B)* (a - P)*, then K is equal to:

13.

14.

15.

16.

Determinants 4.41

1
(a) op (b) 1
(c) -1 d) of

[2014]
If a, b, ¢ are non-zero real numbers and if the
system of equations

(a-Dx=y+z,
b-1y=z+x
(c-Dz=x+y,
has a non-trivial solution, then ab + bc + ca equals:
@ a+b+c (b) abc
(© 1 (d) -1 [2014 online]
Let for i = 1, 2, 3, p,(x) be a polynomial of degree
2 in x, p/(x) and p,”(x) be the first and second order
derivatives of p,(x) respectively. Let,
() pi(x) px)
A(x) =| py(x) pi(x) p3(x)
p3(x) py(x)  pi(x)
and B(x) = [A(®)]" A(x). Then determinant of B(x).
(a) is a polynomial of degree 6 in x
(b) is a polynomial of degree 3 in x
(c) is a polynomial of degree 2 in x
(d) does not depend on x

[2014 online]
If
Clz b2 C2 a2 b2 cz
(a+A)* b+2)? (c+A)*=kAla b c|, A=0,
(@a-1?° b=y (c=A) L
then k is equal to:
(a) 4Aabc (b) —4Aabc
(c) 4A* (d) —41?
[2014 online]
r 2r—1 3r-2
If A, = 2 n—1 a
2

%n(n—l) (n—1)7> %(n—l)(3n+4)

n—1
then the value of ZA, :

r=1
(a) depends only on a
(b) depends only on n
(c) depends both on a and n
(d) is independent of both a and n.

[2014 online]
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17.

18.

19",

3.
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The set of all values of A for which the system of
linear equations:

2x; —2xy + x3=Ax,
2x; = 3x, + 2x3= Ax,

—x, + 2x,= Ax,

has a non-trivial solution,
(a) is an empty set
(b) is a singleton
(c) contains two elements

(d) contains more than two elements [2015]
X’ +x x+1 x-2
If A=Px*+3x-1 3x 3x-3l=ax-12,

X +2x+3 2x-1 2x-1

then a is equal to:

(a) 12 (b) 24

(c) —12 (d) —-24 [2015 online]

The least value of the product xyz for which the
x 1 1

determinant A=|1 y 1|is non-negative, is:

1 1 z

(b) -1632
@ -1

(@) =242

(c)-8 [2015 online]

20. The system of linear equations

21.

x+tAy-z=0

MX-y-z=0

x+ty—-2Az=0

has a non-trivial solution for

(a) infinitely many values of A

(b) exactly one value of 4

(¢) exactly two values of 4

(d) exactly three values of 4 [2016]
The number of distinct real roots of the equation.

cosx sinx sinx
A= |sinx cosx sinx| =0
sinx sinx cosx

in the interval [—z,z} is:
4 4

(b) 4
(d 3

(a) 1

() 2 [2016 online]

Previous Years’ B-Architecture Entrance

Examination Questions

. If the system of equations

x+y+z=0
ax+by+z=0
bx+y+2z=0
has a non-trivial solution, then
(a) b*=2b+1 (b) b*=2b-1

(c) b—a=0 (d) b*=2b [2006]

. The system of linear equations

A+3)x+A+2)y+2z=0
3x+(A+3)y+2z=0
2x+3y+z=0

has a non-trivial solution

(a) if 1=1 (b) if A=-1
(¢) for no real value of 4
(d) if A=0

It

[2007]

2381y 345y 45k
A= « B Y
3"—1 4"-1 5"-1

.LetA, = | « B Y

then the value of ZAk depends
k=1

(a) only on o and B not on ¥

(b) onall o, Band y

(c) onnone of ¢, Band y

(d) only on o, not on B and y [2007]

.Let A = (aij) be a 3 x 3 matrix whose determinant

is 5. The determinant of the matrix B = (Zi’j aij)is
(@ 5 (b) 10
(c) 20 (d) 40

2(3)‘—1) 4(5r—1)

[2008]
2r—1
, for
5" -1

2"-1 3"-1

r=1, 2,..., n. ThenZAr 18
r=1

(a) independent of c, 3, yand n

(b) independent of n only

(c) dependson ¢, B, yand n

(d) independent of o, B3, yonly [2010]

*
Question is incorrect as xyz can take any real value.



10.

I1.

If xp, xp, x3,..., x)3 are in A.P. then the value of
el e' eV
e e eM|is:
e e ™
(a) 27 () 0
(c) 1 (d 9 [2011]
. The value of the determinant
V3443 245 s
Vis+v26 5 V10| s equal to:
3465 V15 5
@ 5v3(6-5) (b) 53 (6 -/5)
© 5(6-5) @ V3 6-+5) [2012]

. If the system of linear equations, x + 2ay + az =

0, x +3by+bz=0and x + 4cy + cz =0 has a
non-zero solution, then a, b, ¢ satisfy:

(@) 2b=a+c (b) b*=ac

(¢c) 2ac=ab + bc (d) 2ab=ac+bc [2013]
. In a AABC, if
1 a b
1 ¢ a =0,
1 b ¢
then sin’A + sin’B + sin’C is
3 9
a) >3 b) —
(a) 5 (b) 1
5
© 1 (d 2 [2014]
The system of linear equations
x-y+z=1
xX+y-z=3

x —4y +4z= o has:
(a) a unique solution when o =2
(b) a unique solution when ¢ # — 2
(¢) an infinite number of solutions, when ¢ = 2
(d) an infinite number of solutions, when o = -2
[2015]

For all values of 6 (O,%j, the determinant of the

-2 tan 6 + sec> 0 3
matrix A = | —sin6 cos@ sin@ | always
-3 —4 3
lies in the interval:
(@) [3,5] (b) (4,6)
519 7 21
(©) (E,Zj (d) I:EBX:| [2016]

Determinants

e )
P Answers
Concept-based

1. (d) 2. (d) 3. (a) 4
5. (a) 6. (¢) 7. (d) 8
9. (a) 10. (b) 11. (d) 12

13. (d) 14. (d) 15. (a)

Level 1
16. (a) 17. (¢ 18. (a) 19.

20. (d) 21. (¢) 22. (a) 23.

24. (d) 25. (a) 26. (d) 27.

28. (a) 29. (a) 30. (a) 31.

32. (a) 33. (¢) 34. (a) 35.

36. (d) 37. (d) 38. (d) 39.

40. (a) 41. (a) 42. (d) 43.

44. (d) 45. (d) 46. (c) 47.

48. (d) 49. (b) 50. (d) 51.

52. (a) 53. (b) 54. (d) 55.

56. (d) 57. (¢) 58. (a) 59.

60. (d) 61. (d) 62. (a) 63.

64. (a) 65. (b) 66. (2) 67.

68. (b) 69. (a) 70. (d) 1.

72. (d) 73. (d) 74. (c) 75.

76. (a) 77. (d) 78. (b) 79.

80. (¢) 81. (¢) 82. (d) 83.

Level 2

84. (c) 85. (d) 86. (b) 87.

88. (a) 89. (c) 90. (d) 91.

92. (b) 93. (b) 94. (¢) 95,

96. (a) 97. (¢)

Previous Years’ AIEEE/JEE Main Questions
1. (¢) 2. (a) 3. (d) 4.
5. (¢) 6. (b) 7. (¢) 8.
9. (a) 10. (b) 11. (b) 12.

13. (b) 14. (d) 15. (¢) 16.

17. (¢) 18. (b) 19. (7) 20.

21. (¢)

Previous Years’ B-Architecture Entrance

Examination Questions
1. (b) 2. () 3. (c) 4.
5. (a) 6. (b) 7. (c) 8.
9. (b) 10. (d) 11. (a)

%’:i Hints and Solutions

Concept-based
1. det (adj (A)) A™") = det (adj(A)) det(A™")

4.43

- (d)
. (a)
. (0

(b)
(c)
(d)
(d)
@
(d)
(d)
(a)
(d)
(c)
@
(d)
(@
(a)
(@
(a)
(@

(b)
(d)
(b)

(b)
(b)
(b)
(d)
(d)

(a)
(©

= (det(A))* . det(A)

det(A)
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2.Use Ry, > R, + R; — 2R,

3.

9.

10.

Using R, = R, — x’R, and R; — R; — xR,, we get
1 X
A=10 1-x> x(1-x")
0 0 1-x

=(1-x) =1 -1 +x+x)?

Asx#1,A=0= 1 +x+X°=0=>x=0, &

. Taking 10!, 11! and 12! common from C,, C,, C;

respectively, we get
D=(10!11!12!) D,
where
1 1 1
D=1 11 12 13
(IDHa2)y @12)a3) @13)a4)
Using C; —» C; — C, and C, — C, — C;, we get
1 0 0
D, =| 11 1 1 |=2
anazy 2012) 213)

Thus, Lg: 2(11) (12) = 264
10!y’

. Product of zeros = —P(0) = 0

1
. ElAl = area of triangle = ?(4)2 =43

= Al=8/3 = A?=192

.Use Ry &> R + R; — 2R,.
. Write
1+1  a+b a*+b
A=|a+b da*+b* 3 +b°
a+b> A+ at+bt
1 1 of|l1 1
=la b Ofla b 0|=0
a b 0l|la® b 0
Use R, > R, - R, R; &> R; — R and

log x — log y = log (x/y) to obtain
loga

A =|1og(2007)

log(2017)

logb logc
log(2007) 1og(2007)| =0
log(2017) 1log(2017)
[ R, and R; are proportional]

Using R, — R, — R, we get

11.

12.

13.

14.

(a+2016)> (b+2016)* (c+2016)*

A = —4(2016) a b c
a’ b? c?
Applying R, — R, — 2 (2016) R, — R;, we get
1 1 1
A=-42016)*|a b ¢
at b

=—4(2016)* (a—b) (b—¢) (c — a)
Using R, = R, + R|, R; = R; — R, we get

X -6 -1
P(x)=|x+2 -3(x+2) x+2
-3-x 2(x+3) x+3
x -6 -1
=x+2)x+3)| 1 -3 1
-1 2 1
Using R, = R, + R;, R, > R, — R;, we get
x—1 -4 0
PX)=(x+2)(x+3)| x -5 0
-1 2 1

=(x+2)(x+3)(-5x+13)
sum of zeros of P(x) is -2 — 3 + 13/5 = -12/5.
Write A as
1 x x2
A=ylyml il g 2
1 z 72
(x=y) O-2(z-x
= n=1.

n+l

=(xyz)
n+l=2

When x = 0, P(0) is a skew-symmetric determinant
of odd order.

Write A = A} + aA, where

1 1 1
Ar=|1+b 1+2b 1
1+c 1+c¢ 1+3c
1 0 0
and A, =|1+b 1+2b 1
1+c 1+c¢ 1+3c
=(1+2b)(1+3c)-(1+0¢)
=2((b+c+3c)

In Ay, apply C, - C, — C, and C; = C; — C, to
obtain
1 0 O

A=[1+b b -b|=2bc
1+¢ 0 2c



Thus, A =2(bc + ac + ab + 3abc)
A=0 = l+l+l:—3
a b c

15. Taking x" common from R, and x™* from R, we
get
1 x* x
A — x2m+5 1 xn 2n
1 xn—m xm
If n —m =2, then R, and R; are identical and hence
A =0.

Level 1
16. Using C; — C; + C, + C;, we get
1 c+a a+b
A=2(a+b+c)|l a+b b+c
1 b+c c+a
Using R, - R, - R;, R; — R; — R, we get
1 c+a a+b
A=2(a+b+¢c)|0 b—c c—-a
0 b—a c-b
=—2(a+b+c)[(b-c)’+(b-a)(c—a)l
=—(a+b+c)[(b-c)+(c—a)+(a-b)]
Now,use A=0,a+b+c#0.
17. Write y = A; + A, where
1 x X
A=10 x+2 x [=5x+6
0 x x+3
I x X 1 00
and Ay=x|l x+2 x |[=x|l 2 0O =6x

1 X x+3 1 0 3
Thus, y=11x+6
6
Its distance from the origin = ——
g V122

18. Using C; = C, + C, + C;, we get

1 —a+b —-a+c

A=(a+b+c)l 3b —-b+c

1 —c+b 3c

Now, use R, - R, — R|, R; = R; — R, we get

1 —a+b -a+c

A=(a+b+c)0 2b+a -b+a

0 —c+a a+2c

A =(a+b+c)[(a+2b) (a+2c)—(a—c) (a-b)]
=3(a+ b +c) (bc+ ca+ ab)

Determinants 4.45

19. Using R, = R — R; — R, we get R, consists of all
Zeros.

20. If R is the common ratio of the G.P., then b = aR,
c= aR2, d= aR3, e = aR4, f= aRS, and

1 1 p
A= (a*)a’RO)IR* R* ¢|=0
R* R* r

[~ C, and C, are identical]

21. Multiply C; by x, C, by y and C; by z to obtain

(x2 +1x xy2 xz2
1
5=—1 w P +ly 2
xyz 2 2 2
x zy z2(z°+1)

Taking x common from R, y from R, and z from
R;, we get

X +1 y2 2

5= g x? y2 +1 22
xyz

2 o2

Using C; — C, + C, + G5, we get
5=(x2+y2+z2+ 1) A

1 yz 2

where A; = |1 y*+1 2
1 y2 2 +1

Applying R, = R, — R, R; = R; — R, we get

1 yz 2
A=10 1 0f=1
0O 0 1

Thus, o+ y2 + z2 = 4, which represents a sphere.

22. Apply R; = aR| + bR, + cR; and use a = bcosC
+ ¢ cosB etc.

23. Write A = A; + xA, where

a-x x Xx
Ai=| 0 b x|=(a—x)(bc—x?)
0 x ¢
1 x x
and A, =11 X
1 x ¢
1 x X
=0 b-x O [use R, > R, - Ry,
0 0 c¢—x Ry = Ry —Ry]
=(b-x)(c—x)
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Thus, A = (a — x) (bc — x) + x(b - x) (¢ — x)
:2x3—(a+b+c)x2+abc

Also, xf’(x) — f(x)
=x[x-b)(x-c)+(x—-a)(x—c)

+(@x—a) (x=-D)]-f(x)

=2x>—(a+ b+ c)x* + abe
24. Applying R; = R, + R, + R;, we get
1 1 1
O=((x+y+2)2x x—y-2 2x
2y 2y y—2-x
Using C;, —» C, - C;, C; = C; - C|, we get

1 0 0
0=(x+y+2)2x —(x+y+2) 0
2y 0 —(x+y+2)

= 0=(x+y+2)’
= x+y+2=0
It passes through (-1, —1).
25. Write fix) = A; + xA, where
a x X
A=0 x+a X =a[(x+a)2—x2]
0 x x+a
=2xa’+a’
1 X X
and Ay=1|1 x+a x

1 X x+a

1 x x
=0 a 0 =d°
0 0 a

Thus, flx) = 2xa® + a’ + xa

2

=3xa*+da’

o f(2x) = f(x) = 3xa*

2600+ B+y=—a By+yo+oaf=0, afy=->.

Applying C, — C, + C, + G5, we get

LBy
A=(a+B+P|1 v « €))
l aa B
Using Ry = R; — R, and R, =& R, — R, we get
1B Y
A=-a |0 y-B a-y
0 a-y B-o

=—al(y-B) (B- ) - (o— )]

=—alBy+ya+af-(o’+ B2+ ()
=—a[0—a2] =a
27. In this case ¢ + B+ Y= 0.
Thus, from (1) in solution to question 26, we get
A=0.
28. We can write

A= (abc)2

— R ™ R
RR ™

Y
o
B
where Ot:l,ﬂ:—,}/:l
a b c

From (2) in solution question 26, we have
A= (abe)® (o+ B+ P [(B- 9+ (y- )’
+(a- By’
Sa+Bf+y=0 = a'+b'+c'=0
29. Using C, — C, — A*C;, we can write
2

a a1
A=A|b b* 1
c 1

Using Ry - R; — R,, R, &> R, — R, we get
a a’ 1
A=A|b-a b -a> 0
c-b -b* 0

b+a
c+b
=AMb-a)(c-b)(c—a)
=Ma-b)(b-c)(c—a)

30. Use C, - C, — C5 + C, to show that C, consists
of all zeros.

=Mb-a)(c-b) E

31. We know
1 1 1
a b c|=(@-b)(b-c)(c-a)
2 b2
1 ¢ &

LetA,=|1 »* b

Using Ry = R; — R, and R, - R, — R, we get
1 a’ a’
A=10 b -a> b -a

0 2-bp* 2-b

b+a b*+a’>+ba
=(b-a)(c-b)

c+b F+b’>+cb



32.
33.

34.

35.

36.

37.
38.

Applying C, — C, — bC,, we get

b+a d*

A= (b-a)(c-b) i

c+b c

b+a a’

c—a C2—a2

=(b-a)(c-b)

[using R, = R, — R|]
2

—(b-a)(c-b)(c—a) PTG @
1 c+a
=(a-b)(b-c)(c—a)(bc+ca+ ab)
Thus, A =18
Show that A = (a, + a; + a)x’
Using R, — R, + R, we get
1 cosx 0
A=10 1 sin + cos x
0 -1 1-(sinx+cosx)
Using R; — R; + R,, we get
1 cosx 0
A=10 1 sin+cosx | =1
0 0 1

Using C; — C; + C, + C3, we get

1 a b
A=x+a+b)|1 x b
1 b x
Using R; - R; — R,, R, = R, — R, we get
1 a b
A=(x+a+b)|0 x—a 0
0 b-—a x-b

=(x+a+b)(x—a)(x->b)
Use R, = R, — R, R; = R; — R,to obtain

A =sinf cosO = % sin(26)

Use C; — C, + C, + C; to obtain

1 b c
A=(x+a+b+c)|l x+b c
1 b x+c

Now use R, = R, — R, R; = R; — R, to obtain
A:xz(x+a+b+c)

Thus, A=0=x=0o0orx=-(a+b+c)

Use C;, —» C, — C,.

Show A = — a® + 8b°

39

40

41.

42.

43.

Determinants 4.47

3
Thus,A:O:(ﬁ) =3
b

= alb is a cube root of 8.

. Using C; — C, + C, + C;5, we can write A =
2(1 + i)A, where
L 1+ 1 1+i i
A= i Ll=10 -1 1-i=i
I 1 1+ 0 —i 1

[using R, > R, — R, and R; = R; — R|]
Thus, A=2(i—1)

1 1 1

1 - —+—

c a b

 Write A=abe | L L1
a b ¢

111

b ¢ a

and use C, = C, + C|, to show that A =0

Applying C; — C; — C, — C; and reduce A to
determinant in Example 36.
Applying R, = R, — xR, we get

a(l=x*) c(1-x* pd-x?)
ax+b px+gq

u 1% w

A= cx+d

Take 1 — x* common from R, and apply R, — R,
— xR, to obtain

a c¢c p
A=(1-x»b d g
u v w

Applying R, = R, + R; to obtain
0 0 2

A= |-sin@ 1 sinf| =2(sin’0 + 1)
-1 -—sinf® 1

As 0 < sin0 < 1, we get A € [2, 4].

44. Write A = A — A, where

b>—ab b bc-ac
A=lab—d®> a b*-ab| and
bc—ac ¢ ab-a?
b*—ab ¢ bc-ac
Ay=lab—a* b b*—ab
bc—ac a ab-a®

In Ay use C; = C; — (b — a)C, to show that A,
=0.
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In A, use C; = C; — (b — a)C, to show that A,

= 0.
Thus, A = 0.
45. We can write
60 1 1
A=-3iw |4 -1 -1 =0
20 @ i

x=0,y=0
46. Using C; = C, + C, + C;, we get
1 cosx cosx

A=(sinx+2cosx) |1 sinx cosx

1 cosx sinx

Applying R, - R, — R|, Ry = R; — R, we get

1 CcOoS X COS X
A =(sinx+2cosx) |0 sin—cosx 0
0 0 sinx — cos x

= (sin x + 2cos x) (sin x — cos x)2
A=0=tanx=-2,tanx = 1.
As- Z <y C1<wmnx<l
4 4
Thus, tan x = 1 = x = n/4.
47. Applying C; — C, + iC,, we get

0 i -
xX+iy= 0 1 w*
0-io* -o° 1

=(w-i0’) (i + »)
= -0 =" +w=-1

=x=-1,y=0.
48. Taking conjugate, we get
1 e mil4 e mil3
X—iy= il 1 o 27il3
QI3 i3 2wl
1 em’/4 em’/3
— efm'/4 1 6271:1'/3
oM/ il 2mil3
Now,
2iy=(x+1iy) — (x —iy)
1 eni/4 0
=|e 4 0
o3 pamif3 m2mif3 _ 2mif3

— (67271'[/3_62751'/3) [1 _ 1] :0
= y=0.

49. Show that the determinant equals

X+ (a2 + b+ cz)x = 0.

=>x=0axe R

~. Number of real roots of the equation is one.
50. Note that

Ci Cn Gy
Aj=1Cy Cp Cy
Gy Gy Gy
where C;; cofactor of (i, j)th element of
1 x X
x X2 1

LA =N =49
51. Applying C; = C; — C,, we get
cos 3
cosfB| =0
cos 3
52. Using R, - R, — Ry and R; = R; — R|, and

sin
A= |sinf

sin y

coso
coso

coso

X
logx — logy = log(—), we get
y

loga logh
A= log7 log(7*) log(7%)

log3) log(3*) log(3®)
=(log 7) (log 3) A,

logc

loga logb logc
where Aj=| 1 2 3 (=0
1 2 3
A=0
53. C; = C3 + C, + C,, gives
l+cos’0 sin’@
A= (2 +4sin46) | cos’®  1+sin’6
cos’ 6 sin® O

Applying R; = R; - R,, R, = R, — R, we get

l1+cos’0 sin’6 1
A=2(1 + 2sin46) -1 1 0
0 -1 0
=2(1 + 2sin46)
A=0=sind0=-1/2
Now,OSGS%2>0£49£27t
L _Tn lin
6 6 24 24

1
1
1



54.

(x=D)(x+1) (x+1)? x+1)(x+1)
P(x) =] 2x=1)(x+1) Q2x=D(x+3) 2x+3)(2x-1)
2x+1)(3x-2) 2x—1)(B3x—-2) (4x+1)(3x-2)
x—1 x+1 2x+1
= (x+D2x-1DBx-2)| x+1 x+3 2x+3
2x+1 2x—-1 4x+1

Using C, —» C, - C,, C; = C5 — 2C;, we get

x—-1 2 3
Px)=(x+D2x-DBx-2)| x+1 2 1
2x+1 2 -1
Using R, = R, — R|, Ry —> R; + R, we get
x—1 2 3
Px)=(x+D2x-DH3Bx-2)| 2 0 =2
3x 0 2

Px)=—4x+1)2x-1)Bx-2) Bx+2)
. P(x) =0 has four distinct roots.

2 2
55. Put a, = w" where w = cos Fﬂ + i sin ?n

Note that w’ = 1 = l = wh. Now,
w
1w oW
A=|w w? w|=0
6 5 4

as C, and Cj are proportional.
56. As the system has a non-zero solution

p b c

A=|a q c|=0

a b r

Applying R; = R; — R,, R, &> R, — R, we get
p b c

A=|a-p g-b 0 | =0

a-p 0 r-c

Expanding along R, we get
—(a-p)(q-b)+(r-c) lplg->b) - bla-p)]
=0.
Dividing (p — a) (g — b) (r — ¢), we get

c p b

+ + =0.
r—c p—-a q-b

— b—
=>cr+r+p+q+q=0

r—c r—-c p—-a q—-b gq-b
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= P + q + r =2.
p—a q-b r-c

Now use

pta _2p—(p=a)_ 2p —1 etc.

p—a p—a p—a

57. We can write D as

1 n+1 (n+1)(n+2)
D=nln+D!'m+D!l n+2 (n+3)(n+2)
1 n+3 (n+4)(n+3)
Applying R; = R; — R;, R, > R, — R, we get
1 n+l1 (n+D)(n+2)
D=n'(n+ D! n+2)!0 1 2(n+2)

0 1 2(n+3)

D —
nln+1)(n+2)

58. Use Ry = R+ R; — 2R,
59. Using C; = C, + C, + C;, we get

1 1=y 1-y
A=@ -yl 1+y 1-y
1 1-y 1+y
Applying R; = R; - R,, R, &> R, — R|, we get
I 1-y 1-y
A=G-y» 0 2y 0 |=GB-y)(4?)
0 -2y 2y
RS A=0=y=0o0ry=3.
60. Write A = IA; + I'A,, where
a am+dm’ an+a'n
A=1b bm+b'm’ bn+b'n| and
¢ em+c’'m’ cen+c'n’
a am+adm’ an+a'n’
A= bm+b'm’ bn+b'n

¢ cecm+c’m’ cn+c’n’

In A, apply C, —» C, - mC,, C; = C; — nC, to
obtain

a am an
A=1b b'm’ bn|=0
c m" on
Similarly A, = 0. Thus, A =0
61. Imitate Example 35.
62. We have
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A=

63.

64.

65.

66.

67.

1 1 1
m m+3 m+6
1 1 1
—mm-1) —(m+3)(m+2) —(m+6)(m+5)
2 2 2
Applying C; = C; - C,, C, = C, — C, we get
1 0 0
m 3 3

A=
%m(m—l) 3(m+1) 3(m+4)

=3%m+4-m-1)=3
a+pB+vy=3
Use C, = C, - 2C,, C; = C; — 3C, to obtain C,
and Cj; are proportional.
0 cosC

acosC -1

1 cosB
Write A = — cos A
a

acosB cosA -1

Applying C; — C, + bC, + cC;, we get

| a cosC cosB
A=—=|0 -1 cosAl|=sin’A
“ 0 cosA -1
For x # 0,
cosx 1 1
f(x) _ HSinx
x? X
tanx 1 1
. 1 11 1 00
1imf—f:212:212:—1
x=0 x
01 1 01 1

[using R; = R, — R;]
Applying C, - C, — a)2C1 we find the second
column of A becomes O.
The system will have a non-trivial solution if

p+a b c
A=| a g+b ¢ | =0
a b r+c
Write
a b c
1+— = —
p q r
b
A= pgr 2 142 £
V4 q r
b
g — 1+£
p q r

68.

69.

70.

Using C; — C; + C, + C3, we get

, b«
,
A:pm(ﬁ+£+é+£jl 1+é ¢
p q r q r
IR
q r
Apply R, > R, — R, R; = R; — R, we get
b
A:pqr(l+ﬁ+—+£) (1)
p q r
A=0,pqr¢0:>£+é+£=—l.
p q r
The system will have a non-zero solution if
a b ao+b
A=| b c bo+c| =0
aa+b bo+c 0

Applying R; — R; — 0R| — R, to obtain
a b

A=|b ¢

0 0 —(aa®+2ba+c)

=—(ac? +2bot + ¢) (ac — b*)

Note that A = 0 if a, b, ¢ are in G.P.
The system will have a non-trivial solution if

ao+b
ba+c

a a -1
A=| b -1 b|=0.
-1 c c

Using C; = C; - C,, C, = C, — C|, we get

a 0 —(1+a)
A=| b —-(0A+b) B+
-1 c+1 0

=—a(b+1D(c+1)-U+a)blc+1)
- (1 + b)]

a b 1
- +

1+a 1+b 1+c¢

A=0= -

1 1 1
+ +
1+a 1+b 1+c¢

The system will have a non-trivial solution if
A = 0 where
A+5 2-4 1

A=|A1-2 A+3 1
A A1
Applying C, — C, — AC, C; — C; — AC;, we get




71.

72.

74.

5 —-41
A=|-2 3 1|=7%0
0 0 1

Thus, the system cannot have a non-trivial solution.
Adding above the system of equations, we get
@a+b+c)x+y+2)=0=>x+y+z=0
b+c)(x)—ax=b-c
b-c
= x=- —— etc.
a+b+c

The above system of equations will have a non-
trivial solution if

a b c
A=|b ¢ a| =0

c a b

ButA=—l (a+b+c)
[(b-c)P+ (c—a)+ (a- b
A=0,a+b+c#0

= a=b=c.
Thus,a:b:c=1:1:1
6 6 0
73.f"x)=|1 -6 4
p PP
o f””(x) is a constant.
Write
D=A, + pA, where
a, b +qgc ¢ +rq
Ay=la, by+qc, c¢,+ra,| and
a; byt+qey, oy tray
b b+qc ¢ +ra
Ay=|by, by+qc, c,+ra,
by by+qcy cytray

75.

76.

Now show that A; = A and A, = pgr A.
The system will have a non-trivial solution if

A+3 A+2 1
A=1 3 A+3 1|=0.
2 3 1
Using R, - R, - R, and R, — R, — R;, we get
A -10
A=|1 A 0|=X+1
2 3 1

Note that there is no real value of A for which
A=0.

Let A be a skew symmetric matrix of order n, then
Al = (- D" 1Al = 1Al = (= 1)" Al
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If n is odd, then IAl = — |Al = 2IAl = 0 = IAl = 0.
We have

0 sin(w/12) cos(mw/12)
A(% = | —sin(z/12) 0 sec(/12)| =0
—cos(m/12) —sec(m/12) 0

[using statement-2]
77. Statement-2 is true, see theory.

The roots of x” = p are p'”° @'
2r . . 2m
where @ = cos — + i sin —.
9 9
value of determinant A depends on «;, o, . . . .
If we put oy, = p”9 o*, then
1 o o
A= |1 o ©*|=0
1 o o

However, if ¢ =p”9, o, =p”9 w8,
as =pl/9 o, oc4=p”9 , o =pl/9 &
o :p1/9 o' o :p1/9 3 o :p1/9 @,
o =p"° &, then

1 o o
5 4
1/9\3| @ [0 [)]
A=p")
o o o
7

=p'® 2’ - @ - &%) #0.
78. Statement-2 is true.
Using R, - R, — \/ERI and R; = R; - \/§R,, we
get

6 2i 3++6i
w=|0 3 (6-2V3)
0 V2 @2-32)i

= %[2@-3%-2\/%2%]1' =_6i

79. We first show statement-2 is true.

n n
P)=1+]| |x+| |x*+...+
1 2
n n _1
= P'(x) = +2 X+...+n x"
1 2

= P'(0) = (n] = coefficient of x in the expan-
sion of P(x)
Statement-2 is true.

Note that A(x) consists of 6 terms of the form
1+ x)"
Thus, coefficients of x in A(x) = A’(0)

ab, ab, ab, 1 1 1
But A’(0)=| 1 1 1 |+|ab, ab, a,by

1 1 1 1 1 1

S S

S 3
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80.

81.

82.

1 1 1
+| 1 1 1 | =0
asby  azb, asbs

Statement-2 is not always true. For instance, the
system of equations

x+2y+3z=1

2x+3y+4z7=2

3x+4y+5z=4

has no solution but Al = 0
For statement-1, let

a b c
A=|b ¢ a
c a b
Using C; — C, + C, + C;, we obtain
1 b c
A=(@a+b+c)|l ¢ a| =0
1 a b
Also, note that x = y = z satisfies each of the three

equations.

Thus, the system of equations has infinite number
of solutions.

Let

>
Il
(RN LN
ST

c
a
b

= —%(a+b+c)[(b—c)2+(c—a)2+(a—b)2]

Ifa+b+C¢Oanda2+b2+62=bc+ca+ab,
then (b — ¢)* + (c —a)* + (a —b)* =0
= a=b=c=#0 [ a+b+c#0]
Thus, the system of equation reducestox +y +z=0
which is satisfied by infinite number of solutions.
Statement-1 is true.
fa+b+c=0 and a® + b> + ¢ # bc + ca +
ab, then at least one following is true:

a* # be, b 2 ca, ¢ # ab.

Suppose b—ac#0
Write first two equations as:
ax + by =(a+b)z
bx+cy=0b+0)z
Eliminating y, we get
(ac — bz)x = (ac — bz)z

= X=2z
Thus, from (1) equation, we get
by=bz = y=z
xX=y=z

Therefore, statement-2 is false.
If (a,, b)), (a,, b,) (a3, b3) are non-collinear, then
A, # 0. Therefore statement-2 is true.

We can write A, as
a b 0)b a O
Ay=|a, b, O||b, a, 0/=0
a; by Ollag by O
for all values of ay, a,, as, b}, by, b€ R.
a+ib c+id
—c+id a-ib
=(a+ib) (a—ib)+ (c—id) (c +id)
=a*+ b+ P+ d’
we get statement-2 is true.

83. As

Now,
(af +b7 +ct +d?)(a2 + b2 +c3 +d?)
a, +ib, ¢ +id||| ay +ib, ¢, +id,
—c, +id, a, —ib|||-c, +id, a,—ib,
_ a+ib c+ld=a2+b2+c2+d2
—c+id a-—ib

where a =a,a, — b\b, + ¢,c, — d,d,,
b=ab, +aby+cd, + cyd,,
c=—a,c, +byd| — by +ayd,,
d=-b,c,+a,d —b,c,-b\d,

Level 2
84. We have
Lhom g\ omony
A2=lzmznz L m n

Lomy nmy| |l my
a; by by

= b, a by

by by a

_ 72 2 2
where a, = [ + m; + n

lfork=1,2,3
and by = [; [; + mm; + nn; =0V i #j
1 00
010
0 0 1
85. Using R; — aR|, R, = bR,, R; = cR;,
we get

Thus, A? =1=IAl=1.

ab*c?
A= —|a’bc?

a’b’c

abc ab+ac
abc bc+ab
abc ac+bc

RIS bc 1 ab+ac
ca 1 bc+ab

abc
ab 1 ac+bc




using C; = C; + Cy, we get C, and C; are
propotional. Thus, A =0

86. Using C, = C, — (x}/3)C5, C, = C,— (2x/3) C;,

we get
-5x+3 -5 3
Ax) =| x+9 1 9
-6x+9 -6 21
Using C; — C, — xC,, we get
3 5 3
Ax) =19 1 9| = a constant.
9 6 21
Thus, a = 0.

Alternate Solution

Replacing x by 1/x, we get

Lol o)
o

1-5x+3x> 2-5x 3
=|3+x+9x> 6+x

7-6x+9x* 14-6x 21
Putting x = 0, we get

9|=a+bx+cx*+dx’

1 2 3
a=3 6 9(=0
7 14 21

[~ C, and C, are proportional]

87. The given system of equations will have a non-
trivial solution if

a+t b c
A=| a b+t c |=0
a b c+t

Using C; — C, + C, + C;5, we get

1 b c
A=@+b+c+0D|l b+t ¢ |[=0
1 b c+t

Using C, = C, - bC,, C; = C5 — cCy, we get
A=@+b+c+DP=0=>1=0,—(a+b +0)

Thus, there are just two distinct values of z.

Determinants 4.53

88. First multiply C, by a, C, by b, C; by c, followed
by multiplying R, by 1/a, R, by 1/b and R; by 1/c,

we get
a* +(b2 +c2)0059 bz(l—cose)
A = az(l—cose) b* +(c* +a*)cosh
a*(1-cos0) b*(1-cos0)
c? (1-cosB)
c*(1-cos@)

c? +(a2 +b2)(:059

Using C;, = C, + C, + C;and @ + b* + ¢* = 1,
we get

1 bz(l—cose)
A=|1 b*+(1-b%)cos6
1 bz(l—cose)

cz(l—cose)
cz(l—cose)
c2+(1—cz)cose
Using R, = R, — R, R; = R;— R, we get
1 b*(1-cos@) c*(1-cosh)

A=|0 cos6 0 = cos’> 0
0 0 cos@
89. We have

—sin(ax+60) sin(o+6) 1
d_A = |-sin(f+0) sin(f+6) 1
d —sin(y +0) sin(y +0) 1
cos(ax+60) cos(x+60) 1
+|cos(B+0) cos(B+6) 1
cos(y+6) cos(y+6) 1
=0+0=0
= A is independent 6. Thus, A(e, B, 7, 6) =
A(e, By, 0)

:A(—E,O z 2—”) - A(—E,o,f,o)

2772713 2772
0 -1 1
=[(1 0 1] =2

0 1 1

90. We have A=(a-b)(b-c) (c—a)=-2.

Asa>b>c,a—-b, b— c are positive integers and
¢ — a is a negative integers.

Only possibilities are

a-b=2,b—-c=1,c—a=-1 (D
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ora-b=1,b-c=2,c—a=-1 )
ora-b=1,b-c=1,c—-a=-2 3)
(1) and (2) lead us to 0 = 2.
ca-b=1,b-c=1,¢c—a=-2.

Now, 3a + 7b — 10c =3(a —¢) + 7(b — ¢) = 13

91. Write
cosA sinA O] [cosP —sinP 0
A=|cosB sinB 0| |[cosQ —-sinQ 0
cosC sinC 0] [cosR —sinR 0
=0
Alternate Solution
Write A = cos P A; —sin P A,
cosA cos(A+Q) cos(A+R)
where A; = [cosB cos(B+Q) cos(B+R)
cosC cos(C+Q) cos(C+R)
sinA cos(A+Q) cos(A+R)
and A, = [sinB cos(B+(Q) cos(B+R)
sinC cos(C+Q) cos(C+R)

In A}, use C;, - C, — cosQ C,
C; = C3—cosR C,

cosA sinAsinQ
A, =|cosB sin BsinQ
cosC sinCsinQ sinCsinR

sin Asin R

sin Bsin R

=0 [ C, and C; are propotional]
Similarly, A, = 0
Thus, A=0
92. Expanding along C,, we get

2cosx 1

flx) = 2cosx

1 2cosx| |1 2cosx

‘1 0

= 8c0s® x — 4cos x = 4cos x cos2x

NORYER

f1(x) = — 4[sinx cos2x + 2cosx sin2x]

= — 4[sin3 x + cosx sin2x]

= f(%) = -4[51””"8 (%) . (27”)}

=-3

93. For each A € B, there exist A; € C where A, is
obtained by interchanging Ist and 2nd row of A,
similarly, for each A € C there exists A; € B.

». B and C has same number of elements.
9. lalP = IxP + WP + 12> + Xy +xy +xZ + Xz
+yZ + Yz

oo lal + 6P+ 1l = 3(x? + 1y + 127 +

(Xy+xy +x7 + x2+yZ +y2 (1 + 0 + &)

lalP +1b1P +1cP

IxP+1yP+1zP

95. Write the determinant as = abc A — A,

1 a d

where A, = [1 b b?

1 ¢ ¢

=(@-b)y(b-c)(c-a

a a1

and A, = |b b* 1| = A,

c & 1

Sa-b)b-c)(c—-a)(abc-1)=0
Since, a, b, c are distinct, we get

abc — 1 =0orabc =1

1 4 4
96. IPP =ladj Pl=|2 1 7| =4
11 3
= IPl=%2
97. Using R, = R, + 5R|, R; = R; — 4R,
we get
1 -3 4
0 x—13 22 | =0
0 13 x-22

= (x-13) x-22) - (13)(22) =0
=xx-35=0=x=0,35

Previous Years’ AIEEE/JEE Main Questions
1. As ax? + 2bx + ¢ = 0 has equal roots,
b —ac=0
Using R; = R; — xR, — R,, we get
a b ax+b

A=|b ¢ bx+c
0 0 o



where o« = 0 — x(ax + b) — (bx + ¢)
= — (ax® + 2bx + ¢)
A=o(ac—-b)=0

2. As I, m, n are pth, gth, rth terms of a G.P., log /,
log m, log n are pth, gth, rth terms of an A.P. Let
first term of the A.P. be a and its common differ-
ence be d.

Now,
a+(p—-1d p 1
A=la+(g-1d q 1
a+(r-Dd r 1

Using C; = C, — dC, — (a — d)C;, we get
0 p 1
A=|0 g 1=0
0 r 1

3. If n is a multiple of 3, we get each element of A
becomes 1.
A=0
If n=23k+ 1, then

1 o o
A=|low @®* 1|=0 [ueC —>C+C+ G
1

2

(0] [0

If n =3k + 2, then

1 o o
A=lw®> o 1]|=0 [useC; = C +C,+ G
1

2

@ (0]

4. As the system has a non-zero solution
1 2a a

1 3 b|=0
1 4¢ c

lVa 2 1
/6 3 1=0
/e 4 1

Using R, = R, — 2R, + R;, we get

1/a=2/b+1/c 0 O
= 1/b 3 1|=0
1/c 4 1
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= a,c, bare in H.P.

5. Let R be the common ratio of the G.P. Applying

C; > Cy—Cyand C, = C, — C}, we get that the
given determinant

loga, logR logR
=|loga,,; logR logR(=0
loga,,, logR logR

6. Applying C, — C, + C, + C;, we get

14+2x+ (@ +b* +A)x 1+b6))x (1+)x

fx) =[l+2x+ (@ +b*+H)x  1+b°x  (1+P)x

14+2x+ (@ +b% +A)x A+b67)x 1+ x
1 1+b6)x (1+cH)x
=1 1+6°x (1+A)x

1 (1+bH)x 1+

Applying R, - R, — R, and R; — R; — R, we get

1 1+b6%)x (I+cH)x

f(x)=10 1-x 0
0 0 1-x
=(1-xy

which is a polynomial of degree 2.

7. If A denotes the coefficient matrix, then

o 1 1 111
14]=]1 o l|l=@+2)l a 1
1 1 « 11 «

[using C; = C, + C, + C4]

1 1 1
=(@+2)0 a—-1 0
0 0 o—1

= (@t 2@- 1y
If |[A| # 0, the system has a unique solution.

If |4] = 0, then ¢ = — 2 or & = 1. For @ = 1, the
system of equations becomes x + y + z = 0 which
has infinite number of solutions.

For o = — 2, the system of equation becomes
-2x+y+z=-3
x=2y+z=-3
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x+y-2z=-3
which on adding becomes 0 = — 9
Thus, the system has no solution if o = — 2.

1 1 1

D=1 1+x 1

1 1 14y

Applying R, — R, — R, and R; — R; — R, we get
1 1 1

D=0 x 0 =xy
0 0 vy

which is divisible by both x and y.

a+1 b+1 c—1

.Let Ay=| a-1 b-1 c+1

(_1)n+2a (_1)n+1b (—l)nC

Using the reflection property, we get

a+l a-1 (-1)"?a
A, =lb+1 b-1 (=1)""'b

c—1 c+1 (=D"¢c

-)"%a a+1 a-1
=(=D*|(-D)"'p b+1 b-1

-D"¢ c¢-1 c+1

Thus,

a a+1 a—1| |-D"?a a+1 a-1
A=|-b b+1 b-1+|(-D""b b+1 b-1

c c=l ¢+l | (=D)"¢ c—-1 c+1

a+(=D)"%a a+1 a-1
=-b+(D""s b+1 b-1

c+(=D"c¢ c¢c-1 c+1

The first column consists of all 0’s if » is any odd
integer.

A =0 if n is any odd integer.

Using C; — C, + C, + G5, we get
A=(@+b+c)A

where
1 b c
A=l ¢ a

1 a b

12. A=| 1+a+p

Applying R, - R, — R|, Ry = R, — R, we get
1 b c
A=l10 ¢c=b a-c
0 a-b b-c
=— (-0 —(a-bla-o
=—(a®+ b+ * - be — ca — ab)
N Al=—%[(b—c)2+(c—a)2+(a—b)2]<0
Asa+ b+ c>0, we get

A=(@+b+c)A <0

. Using C; = C, — C; in A, we get

0 sin o cosQ
A=l 0 coso sin o

2coso¢  —sinQ@ —coso

=2 cos & (sin2 o — cos? Q)
= -2 cos o cos 20

A=0for a=m4 e (0, 1/2).

This is the only value of «a lying in (0, 7/2) for
which A = 0.

The system of linear equation will have a non-trivial
solution if and only if

1 sino  cosa
A= cosax sina [=0
1 —sina —coso
Using R, - R, + R, we get
2 0 0
A=|1 cosa sina [=0
1 —sina —coso
= 2(—cos’ a+ sin®* &) = 0
= —2cos20=0
This is true for only one value of o € (0, 7/2)
viz, o = m/4.
Thus, statement-1 is also true. However statement-2
is not a correct reason for statement-1.
l+o+B 1+a*+pB?
1+o? + B> 1+’ +p°

1+ + B> 1+ +p° 1+t +p*

1+1+1



11 1fr 11
=l o Bl o PBl=A?

1 1 1
where A=l o f
1 o B
Applying C; - C; — Cyand C, = C, — C;, we get

1 0 0
A=l a-1 p-«a
1 o?-1 p*-o?
=(a-D(B-0) :
a+l B+o

=(@-HB-HB-a

Thus, A= (o— 17 (B- DX - B}

K=1

13. As the given system of equations has a non-trivial

solutions.

a-1 -1 -1
A=|-1 b-1 -1|=0

-1 -1 c-1

Write

a -1 1|11 -1 -1

A=|0 b-1 -1|-11 b-1 -1

0 -1 c¢c-1 1 -1 c¢-1
1 00
=a[(b-D(c-1)-1]1-1 b 0
1 0 ¢

[use C, = C, + C;, C; — C; + C]
=a (bc—b-c)— bc
As A =0, we get
ab + bc + ca = abc
14. We have [B(x)| = [(A(x))"A(x)|
= [4()"] [4()|
= [A@)| [4()| = 4GP

Let p(x) = ax* + bx + ¢, (i=1,2,3)

: 1
Applying C, = C, - 5x2C3,C2 - C, —xC;.

15.

16.

n—1

ZAV

r=1
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we get
bx+c, b a
[A(x)1=2\b,x+c, b, a,
byt+cy, by a,
Applying C, — C, — xC,, we get
a b q
[A(x)1=2|c, by, a,
¢ by a
|B(x)| is independent of x.

Using Ry > R; — R, and R, — R, — R, we get

a’ b? c?
A= al+A* 2bA+ A% 2cA+A?
—4al —4bA —4cA

Take — 4\ common from R;, and applying
R, > R, — 2AR;, we get

A=—4231 1 1

=A4|la b ¢
1 1 1

k =4\

As Er:%n(n—l),'f(zr—l): (n—1y*

r=1 r=1

n—1
and Y (3r-2)= %n(n— H-2(n-1

r=1
= %(n -1)(3n-4)

Thus,
nn-172 (m-1)»>
= n/2
nn=072 (n-1)>

(n—=1)Bn-4)/2
n—1 a

(n—=1@Bn+4)/2
Using R; — R; — R, we get

(n=DBn-4)/2
n—1 a
4(n-1)

. |n=Dr2 -1y
YA, =| n/2
= 0 0
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17.

18.
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Expanding along R;, we get
n—1

YA =4(n-1)

r=1

nn-172 (m-1)»>
n/2 n—1

n—-1 n-—1

=4(n—1)(gj(n—l) | |

-0

The system will have a non-trivial solution if
2-4 =2 1

A=l 2 =3-1 2|=0

-1 2 -A

Using Ry > R, + Ry , R, > R, + 2R;,

1I-4 0 1-2

A=l 0 1-1 2-2A|=0
-1 2 )
1 0 1
= (-0 1 2[=0
-1 2 -A
Using C; — C; — C|, we get
1 0 0
a-1*0 1 2 |=0
-1 2 -A+1

=S1-A[-A2+1-4=0=>1=1,-3
Thus, the set contains two elements
Using R, = R, — R, — R;, we get
X +x x+1 x-2
A= —4 0 0

22 +2x43 2x-1 2x-1

Expanding along R,, we get

x+1 x-=-2
A=—(-4)

2x—-1 2x-1
Using C, —» C, — C;, we get
a x+1 -3
Clx—1 0
=43) 2x - 1)
=24x — 12
wa=24

TIP : Put x = 1 to obtain

19.

20.

21.

2 2 -1

4 3 0|l=a-12
6 1 1
=>12=a-12
=a=24

Let x be any real number and y = 1, z = 1, then
1

1/=02>0

1

A=

— = =
—_—

and xyz = x can take any real value, thus, minimum
value of xyz does not exist.

The given system of equations has a non-trivial
solution if

1 4 -1
A -1 -1 =0
1 1 -4

SA-A-A-1+1+2=0

S AA-D@A+1)=0
=>A1=0,-1,1

When A=0,x=—3=z=k=#0
When A=-1,x=0,y=—=z=k#0
When A=1,y=0,x=-—z=k#0

Thus, there are three values of A, for which the
system of equations has a non-trivial solutions.

Using C; = C, + C, + G5, we get
1 sinx sinx
A= (2sinx+cosx)|l cosx sinx
1 sinx cosx
Using C, — C, — (sin x) C,;
and C; —» C;y — (sin x) C|,

we get

1 0 0
A=Q2sinx+cosx) |l cosx—sinx 0

1 0 COSX —sinx

= (2 sin x + cos x) (cos x — sin x)2
'.A=O:>tanx=fl,1
2
As —m4 <x<m4, -1 <tanx <1

and tan x is one-to-one in the interval [— m/4, m/4].

Thus, there are two values of x.
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1. From first and third equation

b-1x=0
Ifh+1,x=0.
Inthiscase y +z=0,by+2z=0
= (b-1py=0 =y=0
Thus, z=0

That is, if b # 1, then the system has only trivial
solution.

b=1
From first and second equation,
(a-1)x=0.
Ifa#1l,x=0andy+z=0

In this case the system has infinite number of solu-
tion.

If a = 1, all the three equations become identical to
x +y + z =0 and the system has infinite number
of solutions.

b=1=(B-17=0 =¥ =2b-1

. As the system has a non-trivial solution,

A+3 A+2 1
A=| 3 A+3 1=0
2 3 1

Using Ry = R, — Ry, R, = R, — R;, we get

A+1 A-1 0
A=| 1 A 0|=0
2 3 1

SA=MA+1)-A-1)=0
SA-17%=0 =>A=1

For A = 1, the system becomes

4x+3y+2z=0 @)
3x+4y+z=0 (i1)
2x+3y+z=0 (ii1)

From (i) and (iii)) x = 0

From (i) and (ii)) 3y + z =0
and 4y+z=0

= »y=0,z=0

k=1
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Thus, the system has non-trivial solution for no

value of A.

b

a
2
A=l o B

c

Y

3"—-1 4"-1 5" -1

where 4= i 2(3% 1

=5"1

k=1
_23 D
3-1
n 4" —1
b=23(4k*1)=3( )=4l1_1
k=1 4 -1
7 4(5" -1
and ¢ = 24(5k_1)=(—)=5” -1
k=1 5-1
) a b c
Thus, » A, =loc B y|=0
k=1
a b c
ap 2_1‘112 2_2013
. det(B) = | 2a,, ay 27'ay
22“31 2ay, asz
22all 2a;, ay;
=22 HR%ay, 24y ay
22“31 2a5, ay
ay 4p a3
= 2H2D|ay ay ay
a3 Qs di33
=det (4) =5
. a b c
L 2A = o B Y
r=1
2" -1 3"-1 5"-1
where a=Y2"1=2"-1
r=1
n _ 2(3" -1)
b=Y23"hH="b
D
=3"-1
n _ 45" -1
and c=Yasy=H D
r=1 5-1
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. a b c
Thus, YA, =|la B y|=0
r=1 a b ¢

. Taking " common from R, ¢+ common from R,

and € from R;, we get
A=t TN TEA

where

where d is common difference of A.P.

S A=0

. Taking /5 common from C, and C;, we get

A = 5A,
Ji3+3 0 2 1
where Al:\/ﬁ+\/% NERNG)
31765 V3 A5
Applying, C1—>C1—\/§C2—\/EC3,W€ get
3 2 1
A=| 0 V5 2
0 3 5
=-V3(5-6)

Thus, A=5v3(/6-5)

. As the given system has a non-zero solution

I 2a a
1 3b b|=0
1 4c ¢
a 2 1
= abc(l/b 3 1|=0
/e 4 1

Using R, — R, — 2R, + R;, we get

1 2 1
___+_
a b c

abc| 1/b 3 1|=0
/¢ 4 1

0 0

10.

I1.

= abc(l—%+l)(—l): 0

a C

= 2ac = ab + bc

. Using Ry > R, — Ry, Ry = Ry — R,, we get

0 a-c b-a
1 c a | =0
0 b—c c—a
= (@-c+b-a)b-0c)=0
= a -2ac++b —ab—bc+ac=0
= @+ +cF—bc—ca—ab=0
= @-b*+B-cP+(c-a’=0
= a=b=c¢c => A4A=B=C

sin 4 = sin B = sin C = \/3/2

Thus, sin> 4 + sin* B + sin®> C = 9/4

From the first two equations x = 2.
y—z=land -4y +4z=a-2

= 4y-4z+(-4yt+td)=4+(x-2)

= 0=0a+2

Thus, the system has no solution for o # —2.

If oo = -2, the system is consistent and has infinite
number of solutions, since y — z = 1 has infinite
number of solutions.

Using C; — C, + C;, we get
1 tan@+sec’6 3
A=10

cos 0 sin 6

—4 3

=3 cos 6+ 4 sin 0

d—A =—-3cos 6+ 4 sin 0
do

dA sin@ cosf 1
- = O = —— = - _
do 4 3 5

= sin 68 = 4/5, cos 0 = 3/5
Max A = max {A(0), A(sin™! (4/5)), A(1)}

= max {3,§,4} =%
5 5

min A = 3.
s A€e[3, 5]
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