3. SEQUENCES AND
SERIES

1. SEQUENCE

1.1 Introduction

A sequence can be defined as an ordered collection of things (usually numbers) or a set of numbers arranged one
after another. Sometimes, sequence is also referred as progression. The numbers a,, a,,a, ....a, are known as terms
or elements of the sequence. The subscript is the set of positive integers 1, 2, 3..... that indicates the position of the
term in the sequence. T is used to denote the n term.

Some examples of a sequence are as follows:
0,7, 26, 1, 4,7, 100, 1 2,4,6, 8.

Note: The minimum number terms in a sequence should be 3.

Sequence

3,5,7,9, ...

// & K K three dots means
4rd term goes on forever (infinite)

1 st term 2nd term3rd term

("term™, element” or " member”™ mean the same thing)

Figure 3.1

1.2 Finite and Infinite Sequences

A sequence containing a finite number of terms is called a finite sequence. If the sequence contains a infinite
number of terms, it is known as an infinite sequence. It is infinite in the sense that it never ends. Examples of infinite

and finite sequences are as follows:
{1, 2, 3,4....} is an infinite sequence
{20, 25, 30, 35...} is an infinite sequence

{1, 3, 5, 7} is the sequence of the first 4 odd numbers, which is a finite sequence
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1.3 Rule

A sequence usually has a rule, on the basis of which the terms in the sequence are built up. With the help of this
rule, we can find any term involved in the sequence. For example, the sequence {3, 5, 7, 9} starts at the number 3
and jumps 2 every time.
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Figure 3.2

As a Formula:

Saying 'start at the number 3 and jump 2 every time' is fine, but it does not help to calculate the 10* term or 100®
term or n* term. Hence, we want a formula for the sequence with "n” in it (where n is any term number). What
would the rule for {3, 5, 7, 9......} be? First, we can see the sequence goes up 2 every time; hence, we can guess that
the rule will be something like ‘2 times n’ (where 'n’ is the term number). Let us test it out.

n Test Rule Term
1 2n=2x1=2 3
2 2n=2x2=4 5
3 2n=2x3=6 7

That nearly worked! But it is less by 1 every time. Let us try changing it to 2n+1.

n Test Rule Term
1 2n+1=2x1+1=3 3
2 2n+1=2x2+1=5 5
3 2n+1=2x3+1=7 7

That Works: Therefore, instead of saying ‘starts at the number 3 and jumps 2 every time, we write the expression
2n + 1. We can now calculate, e.g. the 100™ term as 2 x 100 + 1 = 201.

1.4 Notation

The notation T is used to represent the general term of the sequence. Here, the position of the term in the
sequence is represented by n. To mention for the "5 term, just write T..
Thus, the rule for {3, 5, 7, 9...} can be written as the following equation: T = 2n + 1.

To calculate the 10™ term, we can write T,=2n+1=2x10+1=21

Illustration 1: Find out the first 4 terms of the sequence, (T } = {~1/n}". (JEE MAIN)

Sol: By substituting n = 1, 2, 3 and 4 in{T } = {~1/n}", we will get the first 4 terms of given sequence.
T, =1/ =-1
T,=(-1/2?=1/4
T,=(-1/3)°=-1/27
T,= (-1/4)*= 1/256
= {T}={1 %-1/27,1/256 ..}
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Illustration 2: Write the sequence whose n*" term is (i) 2" and (ii) log(nx). (JEE MAIN)

Sol: By substitutingn =1, 2, 3....... , we will get the sequence.
(i) nt term = 2" (i) n" term = a_= log(nx)
a=2a=2.. a,=log(x)
a, = log(2x), a, = log(nx)

Sequence = 2%, 22........ 2" Sequence = log(x), 10g(2X),..c.ccrvvern. log(nx)

2. SERIES

Series is something that we get from a given sequence by adding all the terms. If we have a sequence as
T, T, ... T, then the series that we get from this sequence is T + T, +...+T . S_is used to represent the sum of n
terms. Hence, S =T, + T, +.... +T

3. SIGMA AND PI NOTATIONS

3.1 Sigma Notation

The meaning of the symbol X (sigma) is summation. To find the sum of any sequence, the symbol X (sigma) is used
before its n" term. For example:

9 n
() D n=1+2+3+... +9 (i)  Drford n® =1°42243+ .+
n=1 r=1

5 .
(il Z i+1 1+1 2+1 3+1 4+1 5+1

- = + + + +
2i+4 2x1+4 2x2+4 2x3+4 2x4+4 2x5+4

Properties of X (Sigma)

K K k

()  Dla=a+a+a. (ktimes) = ka, where a is a constant. (i) Dlai=a) i, where ais a constant.
s ol i

n n n . in jn jn in

(i) Dl(a £b)=>a +> b, (iv) ’ZZaiaj = .Z:Zaiaj
r=| r=l r=| |:|O J:JO J:JO |:|O

3.2 Pi Notation

The symbol [] denotes the product of similar terms. For example:
6

K
() JJn=1x2x3x4x5x6 (i) JJn™ =1mx2mx3mx4mx x km
n=1

n=1

k
(i) JJn=1x2x3x... x k = k!

n=1

4. ARITHMETIC PROGRESSION

The sequence in which the successive terms maintain a constant difference is known as an arithmetic progression
(AP). Consider the following sequences:

a,a+d,a+2d a+3d
T, T, T, T

1 2 3 4



3.4 | Sequences and Series

wT,-T,=T,-T,=T,-T, = constant (common difference)

The given sequence is an example of AP. The set of natural numbers is also an example of AP.

4.1 General Term

General term (n™ term) of an AP is given by T = a + (n — 1) d, where a is the first term of the sequence and d is the
common difference of the sequence.

Note:
(i) General term is also denoted by / (last term).
(i) n (number of terms) always belongs to the set of natural numbers.
(iii) Common difference can be zero, + ve or — ve.
If d > 0 = increasing AP and the sequence tends to +oo
If d < 0 = decreasing AP and the sequence tends to —co
If d = 0 = constant AP (all the terms remain same)

(iv) The nt" term from end is (m —n + 1) term from the beginning, where m is the total number of terms and is given
by the following expression:
T _..=T —(n-1)d

m-n+1

PLANCESS CONCEPTS

o If the mt" term is n and the nt term is m, then the (m + n)t term is 0.
e If m times the mt term is equal to n times the n® term, then the (m + n)* term is 0.

Vaibhav Krishnan (JEE 2009, AIR 54)

Illustration 3: If the 5" term of an AP is 17 and its 7th term is 15, then find the 22t term. (JEE MAIN)

Sol: Using the formula T = a + (n - 1) d, we can solve above problem.
Givena +4d =17anda + 6d =15

= 2d=-2=>d=-1,a=21
T,=21-21=0

Illustration 4: If 11 times the 11* term of an AP is equal to 9 times the 9" term, then find the 20* term. (JEE MAIN)

Sol: By solving 11 (a + 10d) = 9 (a + 8d), we will get the value of a and d.
. 2a=-38d=a=-19d
s 20thterm=a+19d =0

Illustration 5: Check whether the sequences given below are AP or not. (JEE MAIN)
()T =n? ()T =an+b

Sol: By taking the difference of two consecutive terms, we can check whether the sequences are in AP or not.

MHT =n3T  =(n-1)
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Difference =T -T . =n’~(n-1?=n’>-(n*>-2n +1) =2n-1
This difference varies with respect to the term. Hence, the sequence is not an AP.
(T =an+b;T =a(n-1)+b

Difference = (an + b) — (a (h— 1) + b) = a (constant)

Hence, the sequence is an AP.

Illustration 6: The 2", 31t and the last term of an AP are given as 7%% and —6%, respectively. Find the first term
and the number of terms. (JEE MAIN)

Sol: Using T = a + (n - 1) d, we can get the first term and common difference. Suppose a be the first term and d
be the common difference of the AP,

Given, T, _72 =a+d= 31 ()]
4 4
1 1 ..
T,,==—=a+30d== .
3175 5 (ii)
. .. 1 31 29 -1
Subtract f , t29d= =-—=-"2 d=—
ubtracting (i) from (ii), we ge 272 2 = 2
Putting the value of d in (i), we get a—lz2 = a =£+l=£= 8
4 4 4 4 4
Suppose the number of terms be n, so that T = —%

ieca+(n-1)d= 13 :>8+(n—1)[ 1j:_5
2 4 2

=32-n+1=-26=>n=59

Hence, the first term = 8 and the number of terms = 59.

Illustration 7: Prove that the square roots of three unequal prime numbers cannot be three terms of an AP.
(JEE ADVANCED)

Sol: Here by Considering \/5 \/a Jr to be the A™, u™ and vi" terms of an AP and solving them using T =a + (n - 1)
d, we prove the problem.

If possible let \/B, \/a, Jr be the three terms of an AP.a, a +d, a + 2d......., where p #q#rand they are prime numbers.
Let them be the Ath, uth and vt terms, respectively.

Jp =a+-1)d

\/a =a+u-1d

«/F =a+(v-1d

b - =a-wd

Also, \/> - \/F =(u-v)d

.MJ-M (( f)(ﬁ“[) )
ERN R

OF@JF\/FT—Q_ ar = _u(q—r Or\/7Q+\/7— r—quH_H(q—r)—ratlonalnumber

< |E
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Since p, g, r are unequal primes, 1/pq,\/a and 4/gr are unequal pure irrational numbers. Thus, LHS is irrational,
but irrational # rational.

Hence, the problem is proved.

Illustration 8: If x, y and z are real numbers satisfying the equation 25 (9x? + y2) + 92— 15 (5xy + yz + 3zx) = 0, then
prove that x, y and z are in AP. (JEE ADVANCED)

Sol: By solving the equation 25 (9x? + y?) + 9z2— 15 (5xy + yz + 3zx) = 0, we can prove that x, y and z are in AP.
We have
(15x)? + (5y)? + (32)>— (15x) (5y) — (5y) (32) - (32) (15x) = O
= (15x-5y)*+ (5y — 32)?+ (3z - 15x)? =0
15x-5y=0,5y-3z=0,3z-15x =0
= 15x=5y=3z= %zxz% (= k say)

3
x =k, y =3k, z=5k

U

Thus, x, y and z are in AP.

Illustration 9: Let a, a,, a,, ..., a, be in AP, where a, = 0 and the common difference # 0. Show that

a, a a a a
S4B 5 n —az[i+i+ ....... + L J =l 2 (JEE ADVANCED)
a a8 q a1

Sol: Givena,=0andd =a,-a, =a,-0=a,

By solving LHS and RHS separately, we can solve the problem.

IHs = 237% 2479 378 %1 79% &
a4 a3 a, a4 a1
R 7 I = B
a a3 4 -2 a1
a a, +(n-1)d -
YO P A G kL A Lt
a,_; a, +(n-2)d n-2
a, +(n-2)d a _
RHs = 1 t(N=2d 2 =(n—2)+i=(n—3)+1+i=(n—3)+“_1
a, a, +(n-2)d n-2 n-2 n-2
..LHS = RHS

PLANCESS CONCEPTS

A sequence obtained by multiplication or division of corresponding terms of two APs may not be in AP
For example, let the first AP be 2, 4, 6, 8,................ and the second AP be 1, 2, 3,4, 5.......
Multiplying these two, we get 2,8,18,32, ......... , Which is clearly not an AP

Vaibhav Gupta (JEE 2009, AIR 54)
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4.2 Series of an AP

Series of an AP can be obtained as
S,=a+(a+d)+(a+2d)... [a+(n —1)d]
S,=[a+ (n-1)d] + [a+(n-2)d] ... + a (writing in the reverse order)

525, =n(a + (n-1)d)

- Sum to n terms,S_ :g(2a+(n—1)d) = g(Tl +Tn)

Illustration 10: Find the sum of the first 19 terms of an AP when a, + a, + a,, + a = 224. (JEE MAIN)

Sol: We need to find out the sum of the first 19 terms of an AP, i.e. 19 (2a + 18d), and we can represent the given
equation as (a + 3d) + (a + 7d) + (a + 11d) + (a + 15d) = 224.

Given (a + 3d) + (a + 7d) + (a + 11d) + (a +15d) = 224
= 4a+36d=224=a+9d="56

Sum of the first 19 terms = S =% (2a + 18d) = §x2x56 =1064

Illustration 11: The sum of n terms of two arithmetic progressions is in the ratio of /n+l

yrgs X Find ratio of the 11t
terms? n+ (JEE MAIN)

Sol: Since we know the sum of n terms, i.e. S = g[Za +(n—1)d], we can write the equation as

n
n+l 5(2a1 +(n-1)d,)

4n+27 n
n 22, +(n-1)d,)

a+gd
n+l L2 )T

4n+27 n-1
al+[2 sz

10d -
s Hence, u:10 =n=21
a, +10d, 2

. Hence, by putting n = 11 in this equation, we can obtain the ratio of the 11t terms.

We want the ratio of

LA +10d, 148
a, +10d, 111

Illustration 12: In an AP of n terms, prove that the sum of the k" term from the beginning and the k" term from
the end is independent of k and equal to the sum of the first and last terms. (JEE MAIN)

Sol: Using the formula T, =a+(k-1)dand T, , =[a+(n-k)d], we can obtain the k™ term from the beginning
and end, respectively, and after that by adding these values we can prove the given problem.

Suppose a be the first term and d be the common difference of the AP.
k' term from the beginning = T, =a+(k-1)d . (i)

Let | be the last term of the APand |l =a + (n-1) d
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The k™ term from the end of the given AP is the (n — k + 1)* term from the beginning.

T =la+(n=kyd] (i)
Adding (i) and (ii), we get
. The required sum = T +T , , =[a+ (k—l)d]+[a+(n—k)d} 2a+(k-1+n-kd

=2a+(n-1)d .... (iii), which is independent of k
Moreover, the sum of the first and lastterms =a+l=a+[a+ (n-1)d]=2a+ (n-1) d. (iv)

Thus, the sum of the first and last terms is independent of k and (3) = (4). Hence proved.

Illustration 13:1Ifa , a,, a, ,.., a_is an AP of non-zero terms , then prove that (JEE ADVANCED)
1 1 1 n-1
+ ot =
8, a3 918, A4,

Sol: By considering a as the first term and d as the common difference, we can write a  as a + (n—1) d, where n =
1,23,..n

1 1 1 1 1 1
+ ot = + + o
a,a, a,a, a, ;a, a(a+d) (a+d)(a+2d) [a+(n=2)d][a+(n-1)d]
1(1 1 1( 1 1 1 1 1
R += - +o+= -
d(a a+dj d{a+d a+2dj d[a+(n—2)d a+(n—1)dJ
_E 1_ 1 _a+(h-1d-a (n-1)d 3 n-1 ~n-1
~dla a+(n-1)d _ad(a+(n—1)d)_ad(a+(n—1)d)_a(a+(n—1)d)_ a,a,

PLANCESS CONCEPTS

Facts:

e If each term of an AP is increased, decreased, multiplied or divided by the same non-zero number, the
resulting sequence is also an AP.

e The sum of the two terms of an AP equidistant from the beginning and end is constant and is equal
to the sum of the first and last terms.

a,+ta =a,+a ,=a; +a ,=..

Vaibhav Krishnan (JEE 2009, AIR 54

Illustration 14: Split 69 into three parts such that they are in AP and the product of the two smaller parts is 483.
(JEE MAIN)

Sol: By considering the three parts as a — d, a, and a + d and using the given conditions, we can solve the given
problem.

Sum of the threeterms =69 = (a-d)+a+ (a+d) =69

= 3a =69 = a=23 (i)
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Product of the two smaller parts = 483 = a (a—d) = 483
= 23(23-d) =483 = 23-d=21 =d=23-21=2
Hence, the three parts are 21, 23 and 25.

Illustration 15: Divide 32 into four parts that are in AP such that the ratio of the product of extremes to the product
of mean is 7: 15. (JEE MAIN)

Sol: We can consider the four parts as (a — 3d), (a—d), (a + d) and (a + 3d).
Sum of the four parts = 32

= (@-3d)+(@-d)+(@+d)+(a+3d)=32 = 4a=32=a=8
_ 2 o2 o2

And (a 3d)(a+3d):l:> a--9d :l:64 9d :l
(a-d)(@a+d) 15 a?-d?2 15 64—-d? 15

=128d?’=512=>d*=4=d=4%2

Thus, the required parts are 2, 6, 10 and 14.

Illustration 16:Ifa + b + ¢ # 0 and ﬂ,ﬁ,ﬂ are in AP, then prove that
a

are also in AP.
b

(JEE ADVANCED)
b+c c+a a+b

Sol: Here b ¢ are in AP; therefore, by adding 1 to each term and then by dividing each term by
a C

Q|

11
'b'c

. . b+c c+a a+b
a + b +c, we will get the required result ——,——,

are in AP
a b C

Adding 1 to each term, find that [b+c +l],(cga +1j,[a+b +lj are in AP
a C

a+b+c c+a+b a+b+c .
' , are in AP
a b C

Dividing each term by a + b + ¢, we find that are in AP

1 !

111
abc

T~

Illustration 17: If a (%+ljb(l+lJc(l+%j are in AP, then prove that a, b, c are in AP. (JEE ADVANCED)
C a ¢ a

abc
ab+bc+ac

a£+i,b E+£,c l+l arein AP = a b+c b arc ,C b+a are in AP
b ¢ a ¢ a b bc ac ab

Adding 1, we find that abb+ Ly 1, ab+be +1, be Lac +1 arein AP
c

ac a

Sol: By adding 1 and then multiplying by ( J to each term, we will get the result.

ab+ac+bc ab+bc+ac bc+ac+ab .
/ , are in AP
bc ac ab

abc

Multiplying by (m

] to all the terms, we find that a, b, c are in AP
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4.3 Arithmetic Mean

The arithmetic mean (AM) A of any two numbers a and b is given by the equation (a + b)/2. Please note that the
sequence a, A, bisin AP.Ifa , a, .., a_are n numbers, the (AM) A, of these numbers is given by:

Inserting ‘n” AMs between ‘a’ and ‘b’
Suppose A, A, As, ....... . A be the n means between aand b. Thus, a, A, A, ..., A, bisan AP and b is the (n + 2)"" term.

Thus,b=a+nh+1)d = d:ﬂ
n+1

Now,

A =a+d

A,=a+ 2

A =a+ nd

Zn:Ai =na+(1+2+3+...+n)d=na +(n(n2+1)]d:na+(n(n+1)j(b—aj

i=1 2 n+1

_ a+b

[2a+b-a]l=nA where, A =

NS

Note: The sum of the n AMs inserted between a and b is equal to n times A.M. between them.

Illustration 18: Insert 20 AMs between the numbers 4 and 67. (JEE MAIN)
Sol: Given, a = 4 and b = 67; therefore by using the formula d= b—_i, we can solve it.
n+
de 67-4 _ 3
20+1

A =a+d = A =7

A,=a+2d = A,=10

Aj=a+3d = A=13

A,=a+20d = A, =63

Thus, between 4 and 67, 20 AMs are 7, 10, 13, 16, ..., 63.

a" +b"

Illustration 19: If n—l—bn—l is the A.M. between a and b, find the value of n. (JEE ADVANCED)
amt+

. a+b . . . a"+b"

Sol: Since the AM. between aand b = — we can obtain the value of n by equating this to n—1—bn—1
av+
n n

= a_+b =a+b [Given] = 2a"+2b"=a"+ab™ +a"tb + b"

an—l +bn—1 2
= a"—a"'b=ab™-b" = aHa-b)=b"!(a-b)

n-1 0 0
= a"l=bl[ra=xb] = (i] =1= (EJ [ [i] = ]_J
b b b

= n-1=0 = n=1
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Illustration 20: Between 1 and 31, m arithmetic means are inserted in such a way that the ratio of the 7" and
(m = 1)*" means is 5: 9. Calculate the value of m. (JEE MAIN)

Sol: AMs inserted between 1 and 31 are in AP. Thus, by considering d to be the common difference of AP and
obtaining the 7" and (m — 1)*" means we can solve the problem.

Suppose A, A, A, A,..... A be the m AMs between 1 and 31.
Thus, 1, A, A,..A_, 3l arein AP

The total number of termsism + 2and T =31

30

l1+mMm+2-1)d=31 =(m+1)d=30=d=
m+1

30 m+1+210 m+211

A =T,=a+7d=1+7x = =
m+1 m+1 m+1

A =T =1+m-1)d=1+m-1x 30 :m+1+30m—30 _ 31m-29
m m m+1 m+1 m+1

A, (m+211)/(m+1) m+211

5 .
= = == [Given]
A, @BIm-29)/(m+1) 31lm-29 9
m+2ll 5 9m +1899 = 155m — 145
3Im-29 9
= 146m = 2044 m = 2104—464:14 ;Thus, m = 14

Illustration 21: Gate receipts at the show of “Baghbaan” amounted to Rs 9500 on the first night and showed a
drop of Rs 250 every succeeding night. If the operational expenses of the show are Rs 2000 a day, find out on which
night the show ceases to be profitable? (JEE MAIN)

Sol: Here, a = 9500 and d = —-250. The show ceases to be profitable on the night when the receipts are just Rs 2000.
Thus, by considering that it will happen at n' night and using T = a + (n - 1) d, we can solve this problem.
We have the cost of gate receipt on the first night (a) = 9500
Common difference (d) = =250
Suppose, it happens on the nth night, then
2000 = 9500 + (n—1) (-250) = 2000 -9500 = - 250n + 250

= —7500- 250 = -250n = —7750 = -250n = n= %: 31

PLANCESS CONCEPTS

(a) Ifthesumof ntermsS is given, then the generaltermT =S —S_, whereS_ issum of (n-1) terms of AP.
(b) Inaseries, if S _is a quadratic function of n or T is a linear function of n, the series is an AP.
(i) IfT =an + b, the series so formed is an AP and its common difference is a.

(ii) IfS_ =an?+ bn + ¢, the series so formed is an AP and its common difference is 2a.
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PLANCESS CONCEPTS

(c¢) Ifin a finite AP. the number of terms is odd, then its middle term is the A.M. between the first term and
last term and its sum is equal to the product of the middle term and number of terms.

(d) Itis found that the sum of infinite terms of an AP is o, if d > 0 and —oo, if d < 0.
(e) If for an AP, the pth term is q and the gth term is p, then the mth termis = p + g — m.
(f) If for an AP, the sum of p terms is q and sum of g terms is p, then the sum of (p + q) terms is — (p + Q).

(g) If for an AP, the sum of p terms is equal to the sum of g terms, then the sum of (p +q) terms is zero.

S, T f2n-1)
h) If for different APs, —=-", then == ———~.
( ) Sn d)n Tn ¢(2n_1)
T An+B s A[”f}”‘
(i) If for two APs, - = n+ , then we find that 2-=—~ — 2 |
T' Cn+D S' n+1
h n C ? +D

Shrikant Nagori (JEE 2009, AIR 54)

An Important Property of AP: A sequence is said to be an AP if the sum of its n terms is of the form An? + Bn,
where A and B are constants. Thus, the common difference of the AP is 2A.

Proof: Suppose, a and d be the first term and common difference of AP, respectively, and S_be the sum of n terms.

S, = g[Za +(n-1)d]

2
= S =an+1d-4g- d n? + a—g n
n 2 2 2 2
d

= S =An?+Bn, where A = g andB:a—E

Hence, the sum of n terms of an AP is of the form An? + Bn.

Conversely, suppose the sum S of n terms of a sequence a, a, a; ... a ... is of the form
An? + Bn. Then, we have to prove that the sequence is an AP.

We have S = An?-Bn

= S, ,=A(n-1)°+B(n-1) [On replacing n by n = 1]

Now, A =S -S |

= A, ={An? + Bn} - {A(n-1)’ - B(n-1)} = 2An + (B - A)

= A ., =2A(n+1) + (B-A) [On replacing n by (n + 1)]
A . —A ={2A(n + 1) +B-A} - {2An + (B-A)} = 2A

Since A, —A_ =2Aforalln e N, the sequence is an AP with a common difference 2A.

For example, if S = 3n? + 2n, we can say that it is the sum of the n terms of an AP with a common difference of 6.
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5. GEOMETRIC PROGRESSION

A sequence of non-zero numbers is called a geometric progression (GP) if the ratio of successive terms is constant.
In general, G.P. is written in the following form: a, ar, ar?, ..., ar"?,....

where a is the first term and r is the common ratio

5.1 General Term

If a is the first term and r is the common ratio, then T = ar"™.

Illustration 22: The 5%, 8" and 11" terms of a G.P. are given as p, g and, s respectively. Prove that g = ps.

(JEE MAIN)

Sol: By using T = ar"~'and solving it, we can prove the problem.
Given, T.=pT,=q,T,;=5s (1)
Now, T.=arr'=ar' = ar'=p ... (ii) [Using ()]

T,=ar*t=ar’ = ar =q ... (ii) [Using ()]

T,=a*=ar= ar=s (iv)
On squaring (iii), we get

g’ =a’r =a-ar*ri®= (ar*) (ar?)
= g’ =ps [Using (ii) and (iv)] proved.
5.2 Series of GP
Let us suppose S =a +ar +ar’ + ... +art .. (i)
Multiplying ‘r" on both the sides of (i) and shifting the RHS terms by one place, we get

Sr=0+ar+ar’+ .. +ar" ... (i)

By subtracting (ii) from (i), we get
S,A-n=a-arm=a(l-rm
_ n
S = M,where r-1
" 1-r

" - T.,-a
Thus, the sum of the first n terms of a G.P. is given by = S_ = [a(r 11)] :( n:l ]
r_

AndS =na whenr=1

Note: If r = 1, then the sequence is of both AP and GP, and its sum is equal to na, i.e. S = na.

If [r] < 1, the n* term of G.P. converges to zero and the sum becomes finite.

e . . ar"=1)
The sum to infinite terms of G.P. = limS_ = lim
n—o n—>wo [ —
As|rl<1lrm—->0asn—-o Swzli
—-r

5.3 Geometric Mean

If a, b and c are three positive numbers in GP, then b is called the geometrical mean (GM) between a and ¢, and
b2 = ac. If a and b are two real numbers of the same sign and G is the G.M. between them, G? = ab.
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Note: If a and b are two number of opposite signs, then the G.M. between them does not exist.

To Insert ‘n’ GMs Between a and b: If a and b are two positive numbers and we have to insert n GMs, G, G,, ......... .
G,, between the two numbers ‘a’ and ‘b’ then a, G, G,, ........... . G,, b will be in GP. The series consists of (n + 2) terms
and the last term is b and the first term isla.

b \n+1
Thus,b =arr*2-l=b=arm*l=r= (_
a

= G =aG,=ar ... G, =arorG, =a"t b= (ab)"t
Note: The product of n GMs inserted between ‘a’ and ‘b’ is equal to the n" power of the single G.M. between ‘a’

and ‘b, i.e.

n
[1G: = (G)" whereG = \Jab (GM between a and b)
r=1

5.4 Relation between A.M. and GM

For any two non-negative number A M. > G.M.

Proof: Let two non-negative numbers be Jaand+b .

2
Now, we can write (\/;—\/B) 20:>a—2\/£+ b>0 —=a+ b22x/£ = %2 \/% = AM.>GM
Note: (i) Equality for AM, G.M. (i.e. AM. = GM) exists when a = b.

(i) Since AM. 2 GM; (AM) = GM; (GM)__ = AM

Illustration 23: If x, y and z have the same sign, then prove that LS AESSY (JEE ADVANCED)
y z X
Sol: As we know that A.M. > G.M,, therefore by obtaining A.M. and G.M. of 5, Y and Zwe can prove the problem.
y z X
Leti :Xl;l :XZ; E :)(3
y z X
X y z

X, + X, +X vz x

LM TR TS 2()(1)(2)(3)1/3 - Y ; >1

Hence proved.

n+1 n+1
Illustration 24: Calculate the values of n so that a " may be the G.M. between a and b.(JEE ADVANCED)
a' +
an+1 +bn+1
Sol: We know that the G.M. betweenaand b = \/%, but here G.M. between a and b is n—bn
a' +
n+l n+l
. a +b :\/% = an+1+bn+1:(an+bn)(ab)1/2
a" +b"
i Lol 1 A v
—~ atl4pi*l=ga 2.p2+a32.p 2 —ag"l _3 2.p2=32.p 2-—p"?

11 1 11 1 1 1
n+=| = = n+=| = = n+= n+=
= a 2{a2—b2J=b Z[az—sz =a 2=b ?
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Illustration 25: Find the sum to n terms for the series 9 + 99 + 999 ...... n. (JEE ADVANCED)

Sol: The given series can be written as S = (10 — 1)+ (102-1) + (10*-1) .... +(10" —1).

_ N
Thus, by using S, = a(i ' ), we can find out the required sum.
—r
10N
S=(10+10?+10°+..+107-n; S= %_n

Illustration 26:If a, a, and a, are in G.P. with a common ratio r (r > 0 and a > 0), then values of r for which inequality

9a, + 5a, > 14a, hold good are? (JEE ADVANCED)
Sol: Since a, = a a, = a, a, = ar, by substituting these values to the given inequality we will get the result.
r
alzi,azza,agzar Now,%+5ar>14a
r r

= 5ar’-14ar+9a>0 = 5r2-14r+9>0
= 5r-5r-9r+9>0 = 5rr—-1)-9(r-1)>0
= (G(r=-9@r-1)>0 = reR—[l,gj

PLANCESS CONCEPTS

e The product of n geometric means between a and (1/a) is 1.

e Let the first term of a G.P. be negative; if r > 1, then it is a decreasing G.P. and if 0< r < 1, then it is an
increasing GP.

o Ifa,a,a,.. a arein AP al,a?,a,....a™ will be in G.P. whose common ratio is a’.

Nitish Jhawar JEE 2009, AIR 54

Illustration 27: On a certain date, the height of a plant is 1.6 m. If the height increases by 5 cm in the following year and
if the increase in each year is half of that in the preceding years, show that the height of the plant will never be 1.7 m.
(JEE MAIN)

Sol: Here, the sum of the increases in the height of the plant in the first, second, third, ... year is equal to (1.7 - 1.6) m
=01m=10cm.

According to the question, increases in the height of the plant in the first, second, third, ... year are 5, EE ... €m,
respectively. 24
Let it reach the height of 1.7 m (i.e. increases [1.7 — 1.6] m = 0.1 m = 10 cm).
Therefore, the sum of 5, gi ..tonterms = 10
5(1 . ﬂ] .
S NP T [ca=5r=Ys = 32-"),
1 " 1-r
1-=
2
= 10(1—%) =10 =>1- in =1l= ln =0, which does not hold for any n. Thus, the plant will never reach the
2 2 2

height of 1.7 m.
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Illustration 28: A manufacturer reckons that the value of a machine (price = Rs 15,625) will depreciate each year
by 20%. Calculate the estimated value at the end of 5 years. (JEE MAIN)

Sol: Here the value of the machine after 5 years= ar®, where a= 15,625. We will obtain the value of r using the given
condition.

The present value of the machine = Rs 15,625

The value of the machine in the next year = Rs 15,625 x 80
. 80 80
The value of the machine after 2 years = Rs 15,625 x ——x——
100 100

The values of the machine in the present year, after 1 year and after 2 years are

Rs 15,625, Rs 15,625 x 80 and Rs 15,625 x ﬂxﬂ respectively
100 100 100
These values form a GP.
. . ... 80 . 4

Here, the first term is Rs 15,625 and the common ratio is 100 Ji.e. T
5

Thus, thee value of the machine after 5 years = ar® = Rs 15,625 x[%} = % =1024 x5 = Rs 5120

X

5.5 Properties of GP

(a) If each term of a G.P. is multiplied or divided by the same non-zero quantity, then the resulting sequence is
also a GP.

(b) If in afinite GP, the number of terms is odd, then its middle term is the G.M. of the first and last terms.

(c) Ifa bandcarein GP then 9 = % — b? = ac (which is the condition of GP).
a

(d) The reciprocals of the terms of a given G.P. also give a G.P. with a common ratio of l
r

Proof: Leta, a, a, a,...., a..... be the terms of a G.P. with the common ratio .

a
Then, —™L = foralln e N . (i)
n

The sequence formed by the reciprocals of the terms of the above G.P. is given by

111 1
a1'32'33' ..... ,an, .....
1/a a
Now, ﬂ:—n:l [Using (i)]
1/a, a,, I

Hence, the new sequence is also a G.P. with the common ratio 1/r.

(e) If each term of a G.P is raised to the same power (say k), then the resulting sequence also forms a G.P. with
the common ratio as r*.

Proof: Leta, a, a, a,,..., a,... be the terms of a G.P. with the common ratio r.

a
Then, =L =r foralln e N (i)
a
n

Let k be a non-zero real number. Consider the sequence. a'{,ag,ag, ....... ,ak .
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a a “

Here, ”—k+1= |~k foralln e d [Using (i)]
a, a,

Thus, a'{,ag,a'_,f, ...... ,a‘;, ..... is a G.P. with a common ratio r.

(f) Ina GP the product of the terms equidistant from the beginning and the end is always the same and it is equal
to the product of the first and last terms (only for finite GP).

Proof: Let a,, a,, a,,...., a_be a finite G.P. with the common ratio r. Then,
k' term from the beginning = a_ = a r*
kth term from the end = (n — k + 1)*" term from the beginning

— — n—k
- an—k +1 alr

(k™ term from the beginning) (k™ term from the end)=aa_,

=artarm*=a’rt=a.ar'=aa forallk=23..,n-1

Thus, the product of the terms equidistant from the beginning and the end is always the same and is equal to
the product of the first and last terms.

(g) If the terms of a G.P. are chosen at regular intervals, the new sequence so formed also forms a G.P. with the
common ratio as P, where p is the size of interval.

For example:
2,4,8,16,32,64,128,.... (GP wherer = 2)
4,16, 64 ..... (also a GP. where r = 4)

(h) Ifa,a, a,,.., a..isaG.P of non-zero, non-negative terms, then log a,, log a,,..., log a,..... is an AP and vice
versa.

(i) IfT,T,T,.andt,t,t aretwoGPs, Tt, Tt

TR b, Tt Tt is also in GP.

Proof: Let the two GPs be T, T,, ..., T ,... with the common ratio R

T
:>n—+1:R .ee i
T (i)

n

and t, t ...t ... with common the ratio r

t ..
= = =7 (D)

T t
Multiplying each term of the sequence (i) by the corresponding term of (ii), we get [[‘r—“j(:—‘lj =Rr

n n

Thus, the resulting sequence is also in G.P. with the common ratio Rr.

(j) The resulting sequence thus formed by dividing the terms of a G.P. by the corresponding terms of another
G.P.is also a GP.

Proof: Let the two GPs be T,T,,..., T ,.... with the common ratio R

T
T (i)

n

and t,t,...,t ... with the common ratio r

t
= b=y (i)

t

n
Dividing each term of the sequence (i) by the corresponding term of (ii), we get
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J[n+ R
T, - (?] [Using (i) and (ii)]

Thus, the resulting sequence is also in G.P. with the common ratio (Ej
r

Illustration 29: If sum of infinite terms of G.P. is 15 and sum of squares of infinite terms of G.P. is 45, then find GP.
(JEE MAIN)

Sol: As the sum of infinite terms S = i, therefore by using this formula we can obtain the value of the common
i -r
ratio.

——=15
1-r
2 —_— —
Now, a? ar?, a’r,......; a__ 45 w =45
1-r? 1-n@+r)
225— 225r = 45 + 45r; 180 =270r Sooor=2/3

Illustration 30: If x = 1 + a + a2 + .. o0,y =1 + b + b?+.. w and |a| < 1, |b| < 1, then prove that

l+ab+ath? 4. =— (JEE MAIN)
Xx+y-1

Sol: By using the formula S_ = 11, we can solve problem.
-r

X=1+a+a12+....’£000=L (v ]al < 1)
1-a
= 1—a=l:a:1—l :>a:X—1 )
X X X
1
Also,y=1+b +b? +... toao=ﬁ (. |bl < 1)
~ 1-b=1top-1-1 oYt ... (ii)
y y y
l+ab+a%b?+..tow= o (v lal <1 |b] <1=|ab] < 1)
1-ab
S S [Using (i) and (ii)] = Xy .
1_x—l y-1 Xy—-xy+x+y-1 x+y-1
X oy
Hence proved.
Illustration 31:IfS , S, S, ....... . S, denote the sum of an infinite G.P. whose first terms are 1, 2, 3, ...... . p, respectively
and whose common ratios are l,l,l, ....... ) L respectively, show thatS, +S, + S, + ... +S = p(p_+3)
234 (p+1) P 2
(JEE ADVANCED)
Sol: By using S = % we can obtain S, S,, S, ... . S, and after that by adding them we can prove the given

equation.



ForS, we havea = 1, r=l SI:L=2
2 _1
2

For S, we have a=2 rzl szzizg
3 1
1-=
3

For S,, we have a=3, rzl 53=i:4
4 1
1-—
4

ForSp,wehave a=np, r= 1 S, = pl =p+1
p+ 11
p+1

Adding all these, we get S +S,+ S, + ... +Sp=2+3+4+ ........ +(p+1)

- P _P _ pp+3)
—2[2+(p+1)] 2[|O+3] 5

Hence proved.

6. ARITHMETIC GEOMETRIC PROGRESSION

Mathematics | 3.19

A series formed by multiplying the corresponding terms of AP and G.P. is called arithmetic geometric progression

(AGP).

Let a = first term of AP, b = first term of GP. d = common difference and r = common ratio of GP. then

AP:a,a+d, a+2d,a+3d,...,a+(n-1)d
GP: b, br, br?, br3,....., br!

AGP: ab, (a + d) br, (a + 2d) br? .... (a + (n — 1) d) br*(Standard appearance of AGP)

The general term (n™ term) of an AGP is given as T = [a + (n - 1)d] br™™.

6.1 Series of AGP

To find the sum of n terms of an AGP, we suppose that its sum as S_and then multiply both the sides by the
common ratio of the corresponding G.P. and then subtract as in the following way. Thus, we get a G.P. whose sum

can be easily obtained.

S, =ab+(a+d)br+(a+2d)br+ ... + (@ + (n—1)d) br!
rS, =0+ abr+ (a+d)br?+ ... + (@ + (n-1)d) br

After subtraction, we get

S,(1-r) =ab + [dbr + dbr*+....+ up to (n - 1) terms] - [ (@ + (n — 1)d)br" ]

_ 1
sa-n=ab+ 2T @l n-Ddbr
—r
n-1 n
S = ab +dbr(1—r )_(a+(n—1)d)br . This is the sum of n terms of AGP
"od-r 1-r) 1-r

For an infinite AGP, as n — o, then r" — 0 (Q|r| < 1)

ab dbr
= S =—+
1-r @-r?

(i)
(i)
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Illustration 32: If x| < 1, then find the sum S = 1 + 2x + 3x% + 4x° .....

Sol: The sum can be found out by calculating the value of Sx - S.

Sx =X+ 2x% + 3% + 4x3+.....0

1 1

SA-x)=1+x+x+ x>+ ... +o; S(1-x) = =S =
1-x) 1 -x)?

Illustration 33: If x| < 1, then find the sum S =1 + 3x + 6x% + 10x® +

Sol: Similar to above illustration.
S=1+3x+6x+ 10+ ...0

Sx =X+ 3x2+6x° .......... o0

SA-x) =1+ 2x+ 32+ 4x% ... 0

S)(1-X) = X + 2X% + 3%3 ........ 0
SA-xP2=1+x+x>+ ... o0

S1-xp= 1 5= 2
1-x (1-x)?

7. MISCELLANEOUS SEQUENCES

Type 1: Some Standard Results

n
(i) Sum of the first n natural numbers = Zr = n(n2+ D
r=1
n
(ii) Sum of the first n odd natural numbers = Z(Zr ~1)=n’
r=1

n
(iii) Sum of the first n even natural numbers ZZr =n(n+1)
r=1

n
(iv) Sum of the squares of the first n natural numbers = Zrz = w

r=1

_ nn+1)(2n+1)

n
Proof: Z n’ c

n-1
Consider (x + 1) = x> + 1 + 3x% + 3x
x+1P-x*=3x+3x+1
Put x=1,23...n
22-13=312+431+1
3B-28=322+32+1
nN+12-n=3n’+3n+1
Adding all, we get
= M+1P-1=312+22+32+..+n?)+3 (1 + 2+ ... +n) + n

3n(n+1)
2

= (M+1>3-1=3Zn’+3 +n = 3¥n’=(+13°-1

+ oo,

...... 0.

6

3 3n(n+l)_n
2

(JEE MAIN)

(JEE ADVANCED)
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= 3¥n?= n3+1+3n2+3n—1—3n(n+1)—n

= 3Zn?=n®+3n’+2n- 3nn+1)

_ 2n’ +6n” +4n-3n’ -3n > 20’ +3n’+n

= 3Zn? = 3%n
2 2
3 2 2 5
gy oZnAdntantan oo 2n7(n+1)+nin+1)
2 2
= aw:w jxnz:w

2
n

(v) Sum of the cubes of first n natural numbers Zr3 = [_n(n2+ 1)}
r=1

Proof: Consider (x + 1)*—x* = 4x® + 6x* + 4x + 1

Put x=1,2 3. n
2-1"=41+612+41+1
3-20=422+622+42+1
44-34=4.32+622+43+1

n+1)'-n*=4n+6n2+4n+1
Adding all, we get
N+ 1) -1T"=401+ 22+ ...+ n)) + 6(1° + 22+ ..+ n°) + 41 + 2 + 3..... +n) +n

= 43n’ + 6[—n(n — 1)6(2n h DJ + 4[n[nT+lD +n

On simplification, we get

2
Sn3=1|n il

2
(vi) Sum of the fourth powers of the first n natural numbers (Zn?)

n(n+1)2n+1)(3n® +3n-1)

Tnt=1%+ 24+ ... +n*  n* =
30

[The result can be proved in the same manner as done for 2n?]

> i 1). (JEE MAIN)

n
Illustration 34: Find the value of
i=1 j=1k=1

n n
Sol: Using the formula Zr = n(n+1) and Zrz = w, we can solve the problem.

r=1 r=1

. Z : Z“:i(i+l):%[2n2+zn]:l{n(n+1)6(2n+l)+n(n2+1)}:n(n+1i(22n+4):n(n+1é(n+2)
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Illustration 35: Find the sum of 1.2.3 + 2.3.4 + 3.4.5...... n terms. (JEE MAIN)

Sol: The given series is in the form of T = n(n + 1) (n + 2) = n® + 3n” + 2n.

Therefore, by using Zr =n (n+1j Z r’ w nd Z n(n+ , we can solve the problem.

r=1
T=nin+1)(n+2)=n(n’+3n+2)

T =n*+3n”+2n

2
n+1j N 3n(n+1)@2n+1) nna 1)

3T =32n®+ 3%n? + 2¥n = nz[ 3

Type 2: Using Method of Difference: If T, T, T, T,, T, T..... is a sequence whose terms are sometimes in AP and

sometimes in GP, then for such series we first compute their nth term and then compute the sum to n terms using
sigma notation.

Illustration 36: FindS_ =6 + 13 + 22 ........ +T. (JEE ADVANCED)

Sol: By calculating [S_ + (- S )], we will get T . After that we will obtain X T and thus we will get the result.
L =6+13+22... T

= 0=6+7+9+11 ... (T -T )-T
= T=6+F7+9+11.(T-T )=6+(-1)(7+n-2=6+(n-1)(n+5)

= T=6+n"+4n-5=n’+4n+1

L =Xn*+4¥n+n-= w +2n(n+1) +n
. . 1 1 1
Illustration 37: Find S = 1+ [1 + gj + (1 +§+—2] o n terms. (JEE ADVANCED)
3

Sol: Given, T = 1+§+i2+ ..... +%; therefore by obtaining =T we will get the result.
3 3" ’

S=1+ 1+l 1+1+l .......
3 3 9

st 31 3 31 1 o33t
2 2 3 2 2\3 32 3 2 2 3"

Type 3: Splitting the n*" term as a difference of two: Here, S is a series in which each term is composed of the
reciprocal of the product of r factors in an AP.
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1 1

Illustration 38: Find the sum of n terms of the series + + + o (JEE ADVANCED)
1-2.3-4 2.3.4.5 3.4.5.6
Sol: Here n™ term of the series willbe T = L .
" nn+1)(n+2)(n+3)
By considering S = c — A, where A = 1 , we will get the result.
" 3n+1)(n+2)(n+3)
. 1
First calculate the n™ term, T_=
" nn+1)(n+2)(n+3)
Now, let the sum of the above series be given by:
S, = c— X, where ) is obtained by replacing the first factor by (last factor - first factor) o)
Hence,

) = 1 First factor=n (i)
3(n+1)(n+2)(n+3) |Last factor=n+3
Using (i)=> S =c- 1 (iii)
g n 3(n+1)(n+2)(n+3)

To calculate ‘c’, put n = 1 in (iii)
S, =c- ! = L =c—; = ¢=1/18
1-2-3-4 1.2-3-4 3.2-3-4

Put the value of ‘¢’ in (iii)

.1 1 _1[1 1
"T 18 3n+1)(n+2)n+3) " 3|6 (+1)(n+2)(n+3)

1 1
X 0= S = —
(n+1)(n+2)(n+3) * 18

Remark = If we want to calculate S , then n —

Note: The above method is applicable only when the series looks like as follows:

1 1 1
a(a+d)(a+2d) i (a+d)(a+2d)(a+ 3d) " (a+2d)(a+3d)(a+4d) e

Type 4: Vn Method: This is method of resolving the nth term into partial fraction and summation by telescopic
cancellation. First, find the n" term of the series and try to create a denominator part in the numerator by using
partial fraction whenever the series is in the form of fraction or T_is in the form of fraction.

For example, let us suppose a summation where the nt term is like the following:

Using the partial fraction, we can write the nthtermas T = BENN

n-1 n+1

Now, when we find the summation, there will be telescopic cancellation and thus we will get the sum of the given
series.

Type 5: Dealing with Sn*: This technique is valid for Zn? and Xn3. In this type, there is a series in which each term
is composed of factors in an AP, i.e. factors of several terms being in AP.
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T = %[(n+1)(n+2)(n+3)(n+4)[n— (n=1)]] =%(n(n+1)(n+2)(n+ 3)(n+4)-(n-1)(n+1)(n+2)(n+3)(n+4))

T, = %(1-2-3-4-5—0)

T, = %(2-3-4-5-6—1~2-3~4~5)

T, = %(3-4-56-7—2-3-4-5-6)
T = :%(n(n+1)(n+2)(n+3)(n+4)—(n—l)(n+1)(n+2)(n+3)(n+4))
Adding all, we have

1
S, = g(n(n+1)(n+2)(n+3)(n+4))

Note: This method will be applicable only when the series looks like the following:

al@+d)(a+2d)+(@a+d)(a+2d)(a+3d)+(a+2d)(a+3d)(a+4d)+...+ up to n term, where a = first term and
d = common difference

PLANCESS CONCEPTS
1 1 1 1 n

¢ ——t—+—t..+ =—
12 23 34 nn+1) n+1
SR S 1 1 1
123 234 7 nn+1)(M+2) 4 2(n+1)(n+2)

1 . 1 1 B 1 1 B 1

a,3,...8,  a,35..3 a2 A, -1@ -a)laa,.a_; a 3, 53,1

1

e aa,.a taa,.a,+..taa _
(r+1)@, -a;)

+1 n n+1""an+r—1 =

[aa,, -4, —28:34a,.a]

Where a a,...a areinAPanda =a, -d

Shivam Agarwal JEE 2009, AIR 54

8. HARMONIC PROGRESSION

A sequence will be in harmonic progression (HP) if the reciprocals of its terms are in AP, e.g. if a, a,, a,,

are in HP, then ii— ....... are in AP. For every AP, there will be a corresponding HP, and the standard H.P. is
a 3 3

1 1 1 1

AT F o +— .

a a+d a+2d a+(n-14d

The terms of a harmonic series are the outcomes of an AP.
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Note:
(i) 0 cannot be a term of H.P. because « is not a term of AP, but « can be a term of HP.

(i) There is no general formula for finding the sum to n terms of HP.

(i) If a, b and c are in HP, then E l l are in AP,
a b c
2 1 1 2ac
S—=—t= = b=—
b a c a+c
= a, b and c are in HP
1 1 1 . a-b b-c - a—
Moreover, — === ——-— ie. —= ——; e, —= ——
b a b ab bc C -C

Illustration 39: If the 3, 6t and last terms of a H.P. are %i, then find the number of terms. (JEE MAIN)

203

w|r

Sol: If n'" term of a H.P. is l then the nt" term of the corresponding AP will be a. Thus, by using
a

T =a+ (n-1)d, we will get the result.

Let a be the first term and d be the common difference of the corresponding AP.

If the 3 term of H.P. = % ; then the 3 term of the corresponding AP = 3
= a+2d=3 ()
If the 6" term of H.P. = %; then the 6" term of the corresponding AP = 5

= a+5d=5 (i)

From (i) and (ii), we get d = %: a= E

If the n™ term of H.P. = i; then nt" term of AP = ﬁ
203 3
a+(n—1)d=&; 5+(n—1)£=@
3 3 3 3
5+2n-2=203; n=100
Illustration 40:Ifa, a,, .......... a_are in H.P. then the expression a,a, + a,a, + ...... +a__,a_ isequal to.
(JEE ADVANCED)
Sol: As i,i, ...... iare in AP, taking L1 = 1 = l—i = d, we can obtain the values of a,a,, a,a, and
9 3 a, a 9 3 7 a 9
soon
I T a_are in HP
ii ...... i are in AP
a a,
= i_i:i_l:mi_izd(say)
QY I 7 a A
1 1 1

= aa2=a(al—az),a2a3=a(a2—a3), ....... ,a a =—(a
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1 1
a,= —la-a,+a,—a;+..+a _,-al=—(@

Hence, aa,+aa,+..+a .a g e iC a,)
1 1 a, —a
But —=— +(n-1)d = L+1—"=(n-1)d
a, 9 a3,
a,a, +a,a, + ... +a ,a =(n-1aa,

8.1 Harmonic Mean

If a, b and c are in HP, then the middle term is called the harmonic mean (HM) between them. If H is the HM

between a and b, then a, H, care in HP. and H = ﬁ.
a+c

To Insert n HMs Between aand b
LetH, H, e , H_be the n HMs between a and b.
Thus, a, H, H,, ......... ,H_ bareinHP.
lii .......... ii are in AP.
aH H H, b
= l:l+(n+1)d;l—E =(n+1)d;d= _a=hb

b a b a ab(n+1)
:i:£+d = izl+2d

H a H, a
3i:l + 3d = —:£+nd

H3 a , a

Adding all, we get

n(a+b): 1

= H a 2 a 2 ab(n+1)

a 2ab

=" 2b+a-b]=
2ab 2ab H

n
Zi:Qer(n)(nJrl) _n, nn+l) @-b) _ {1 a b}
H.

Note: The sum of the reciprocals of all the n HMs between a and b is equal to n times the reciprocal of the single
HM between a and b.

1 100 1
For example, between 1 and 100 if 100 HMs are inserted, then Z— = 5050.

i=1 i

8.2 Sum of the Reciprocal of ‘'n’ Harmonic Means

n(a+b)
2ab

The sum of reciprocal of n harmonic means =

To Insert n Harmonic Means Between a and b

aIH11H2,H3 ............ H,b%HP
llilili ........... i,l —>A.P.
aH H,H H, b
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_ a-b
(n+1)ab
Illustration 41: Find the sum of i+i+i ......... i
, Hy H H,

n
Sol: Using Hi = l+ nd, we can obtain the values of i, S and so on. Then, by obtaining the value of Zi, we
a 1 M -1
will get the result.

i=l+d i—1+2d
H a H, a
21 n nnh+1)
—=Z+nd — = d
) ~+n = EHi >
_ Q+n(n+1)x(a—b) _ Q(2b+a—b)= L(a+b)
a 2(n+1)ab a 2b 2ab

(i) For 3 numbers a, b and ¢, HM is defined as the reciprocals of the mean of the reciprocals of a, b and ¢, i.e. means

of reciprocal = 1 l+l+l : HM = 3
3la b ¢ 11 1
a b c
(i Ifa, a, ay ... ,a_are n numbers, then
AM:[lal+a2+a3+a3+ ........ +a, |]
n

HM = n
1 1 1 1
e
a a8 a n

Illustration 42: If a%, b? ¢? are in AP, then show that b + ¢, c + a, a + b are in HP.
Sol: Given that a2 b? and c? are in AP. Thus, by adding ab + ac + bc to each term and then dividing each term by
(@ + b)(b + ¢)(c + a), we will get the result.
By adding ab + ac + bc to each term, we find that a? + ab + ac + bc, b? + ba + bc + ac,c? + ca + cb + abarein AP i.e.
(@a+b)a+c),(b+c)(b+a)(c+a)c+ b)arein AP
.. Dividing each terms by (a + b)(b + c)(c + a), we find that

1 1

b+c'c+a’'a+b

arein AP i.e.

b+cc+a a+bareinHP

H, +a H_ +b
Illustration 43:If H,, H, ......, H_are n harmonic means between a and b (# a), then find the value of Hl + H” b
1~ a n
. 11 1 11 . . . .
Sol: Asa,H,H, ...,H barein HF —,—,—....—,— arein AP. By considering d as the common difference of this
aH H, H, b
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AP and using T = a + (n - 1) d we can solve this problem.

l:1+(n+1)dandi—i=(n—1)d

b a H, H

Now, Hl+a:1/a+1/H1:1/a+1/H1
H-a 1/a-1/H —d

and Hn+b_1/b+1/Hn_1/b+1/Hn

H,-b 1/b-1/H, d

b a

H+a H +b 1/a+1/H 1/b+1/H  1((1 1 1 1
+ = + = + =2n
H-a H -b —d d d

9. RELATION BETWEEN AM, G.M. AND HM

If a and b are two positive numbers, then it can be shown that A>G >H and A, G, H are in GP, i.e. G> = AH.

Proof: Given that, A = a;b,G :\/ﬁ and H = ZLZ
a+

A—Gz%—@

(Ja —ZJB)Z o

= A-G=
= A>G
G-H= vab-20

a+b

L GoH-= Japlatbe2ab| o Nab o o g
a+b a+b

= G=H

Using (i) and (ii), we find that

A>G>H

Please note that the equality holds only when a = b.

Proof of G2 = AH

Proof:Az%,G: @andeﬁ

a+b
Now, AH = ab = G? = A, G&HareinG.P.
Moreover, A = S; o A>G = G=>H

Therefore, A > G > H; in fact, RMS > A M. > G.M. > HM (where RMS is root mean square).
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PLANCESS CONCEPTS

If a and b are two positive quantities, then AM, G.M. and HM are always in GP, i.e. only for two numbers.

If there are three numbers. then AM, G.M. and HM are in G.P. only when the three numbers. are in GP.

For example, 2,4,8 —» GP

GM =4; AM. = E;HM = ﬁ
3 7

For two positive numbers, it has been shown that A > G > H, equality holding for equal numbers.

For n non-zero positive numbers, it has been shown that A > G > H, equality holding when all the
numbers are equal.

Girish Chandani (JEE 2009, AIR 54)

Illustration 44: If a, b and c are unequal positive numbers in HP, then prove that

a+b  c+b (JEE ADVANCED)
2a-b 2c-b
Sol: As a, b and c are in HP, therefore %z l+1 . Thus, by substituting this to LHS, we can prove the given problem.
a ¢
1111 11 11
S+ S4D 4D 4 s
IHs=0 a,;b c_b a b c 4
2.1 21 1 1
b a b c C a
_c,c,a,a_arcoa c
b a b ¢ b ¢ a
a ¢
a2 fac a ¢
Now, AM.>GM. = £ 23, [~ or —+=>2.
2 ca c a
2 2
a+C _a+c _(3+C) _(a—c) 2
b 2ac 2ac 2ac
a+c
.-.LHS:ﬂ[i+EJ>2+2:4
b (c a

10. PROPERTIES OF AM, G.M. AND HM

(i) The equation with a and b as its roots is x> - 2Ax + G = 0

Proof: The equation with a and b as its roots is x> — (@ + b) x + ab =0
= X-2Ax+G =0 (.'.A:#,G:@)
(i) If A, G and H are the arithmetic, geometric and harmonic means, respectively, between three given numbers a,

3
b and ¢, then the equation having a, b, c as its roots is x> -3 Ax? + %x -G =0
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1+1+1
at+tb+c SR
, G = (abc)*3 and l_ab c

3 H 3

3
= a+b+c=3A,abc:G3and%=ab+bc+ca

Proof: As given, A =

The equation having a, b and c as its roots is x*— (@ + b + ¢) x¥* + (ab +bc +ca) x—abc =0
3
= X -3A¥ + %x—@ =0

Illustration 45: The harmonic means between two numbers is given as 4, their AM. is A, and G.M. is G, satisfy the
relation 2A + G? = 27. Determine the two numbers. (JEE ADVANCED)

Sol: Let a and b be the two numbers and H = 4 be the harmonic mean between them. Therefore, by using AM. =
a+b

and G.M. = \/ab , we can obtain the values of a and b.

H = 4 (given)
As A, G and H are in GP, therefore G? = AH = G? = 4A
Also, 2A + G2 = 27 (given; ..G? = 4A)
6A =27
= A=g = a+b:g: a+b=9
2 2 2

We have, G =4Aand A=9/2= G>=18 = ab=18
The quadratic equation having a and b as its roots isx?—(a + b) x + ab=0o0r, x? -9x +18 = 0
=x=3,6

Thus, the two numbers are 3 and 6.

Illustration 46: If 2a + b + 3c=1anda > 0, b > 0, ¢ > O, then find the greatest value of a*bc? and obtain the
corresponding values of a, b and c. (JEE ADVANCED)

Sol: Since there is a*. take four equal parts of 2a; as there is b? take two equal parts of b; as there is c?, take two
equal parts of 3c. Since A.M. > G.M,, obtaining A.M. and G.M. of these numbers will help in solving this illustration.

Let us consider the positive numbers EIZ_a 2a2abb 3c3c

4'4"4°4'2'2"2"2°

2a _2a 2a 2a b b 3c 3c
For the numbers, A = 4 4 4 4 2 2 2 2_ 2a+b+3c:£
' 4+2+2 8 8

(. 2a+b+3c=1)

1
G_(2a2a2a2a bb3c3c]8_[
1
8

2 1
or —> —8a4b2c2 o ——> a*b%c? or —> a*b?c?.



1
Hence, the greatest value of a*b?c? = 9?

It has been found that when the equality holds, the greatest value takes place.
We know that A = G when all the numbers are equal, i.e.
2a_b _3c

fa_Z_ = a=b=3c
2 2

3 b=3kc=k

I}
~
Q

1

4
a_b
3 3

2a+b+3c=1 = 6k+3k+3k=1

1 3 3 1 . 1 1 1
k=— oa=-—b=-"—,c=—,ieea=>,b=>",c= =
12 12 12 12 4 4 12
Arithmetic Mean of the mt power
Suppose a,, a,, ....,a, be n positive real numbers (not all equal) and let m be a real number, then

3 m
“j ,ifm e R-[0, 1]

n n
a"+a™+..a™ (a +a,+..a )
Ifme (O, 1), then 1—2 " n 12 n
n n
. a™+a,"+..a™ (a +a,+..a |
Thus, if m € {0, 1}, then = n_— n
n n

PROBLEM-SOLVING TACTICS
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(a) When looking for a pattern in a sequence or series, writing out several terms will help you see the pattern, do
not simplify directly. If you do this way, it is often easier to spot the pattern (if you leave terms as products,

sums, etc.).

(b) If each term of an AP is multiplied by (or divided by a non-zero) fixed constant C, the resulting sequence is

also an AP, with a common difference C times (or ltimes] the previous.
C

(c) Tips for AP problems
(i) When the number of terms are three, then we take the termsasa—-d, a, a + d;
Fivetermsasa-2d,a-d, a,a+d, a+2d
Here, we take the middle term as ‘a’ and common difference as ‘d".
(ii) When the number of terms is even, then we take:
Fourtermsasa—-3d,a-d, a+d, a + 3d;
Sixtermsasa-5d,a-3d,a-d, a+d a+3d a+5d

Here, we take ‘a—d' and ‘a + d’ as the middle terms and common difference as '2d".

(iii) If the number of terms in an AP is even, then take the number of terms as 2n and if odd then take it as

@2n + 1).
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(d) Tips for G.P. problems

. . . a a
(i) When the number of terms is odd, then we take three terms as a/r, a, ar; five terms as —2,—,a,ar,ar2 .
r r
Here, we take the middle term as ‘a’ and common ratio as 'r’

.. . a a . aa a
(ii) When the number of terms is even, then we take four terms as —3,—,ar,ar3; six terms as =3
r-r rrr r
Here, we take — and ‘ar’ as the middle terms and common ratio as 'r.
r

,ar,ar3,ar5.

(e) Tips for H.P. problems

1.1

a'a+d

1 1 1
a-3d" a-d'a+d'a+3d

1
For three terms, we take as —d,
a —

For four terms, we take as

111 1
a-2d' a-d'a'a+d'a+2d

For five terms, we take as

FORMULAE SHEET

Arithmetic Progression: Here, a, d, A and S_ represent the first term, common difference, A M. and sum of the
numbers, respectively, and T _stands for the n™"term.

n
1L [T=a+(-1d 4. |S, = E[2a+(n—1)d]
5 . T4+T . A :(a1+ A+ .+ an)
n 2 . n
n Insertion of n arithmetic means between a and b is A_
3 S, = E(a+Tn) 6 n(b—a)

=a+
n+1

Geometric Progression: Here, a, 1, S and G represent the first term, common ratio, sum of the terms and
G.M,, respectively, and T stands for the nthterm.

n
1L [T =am I P Gt
" r—1
2. T, = Tn—l'Tn+1 5. S, = li (for—-1<r<1)
-r

Insertion of n geometric means between a and b is
3. g = ml ~ G, =arG,=ar’...G =arorG_ =b/r, where
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Arithmetic Geometric Progression: Here, a = the first term of AP, b = the first term of GP, d = common dif-

ference and r = common ratio of GP.

1. S, =ab + (a+dbr+(a+2d)br? + (a + 3d)br® + ...
2. -1 n
s = ab  dbrd-r" ) [a+(-1yd]br
"l-r @-r? 1-r
3. ab __dbr for-1<r<1)
= — or — r
[} 1_r (1_r)2

Harmonic Progression

L anZ;,wherea=iandd=i_l
a+(n-1)d a a, a
1 111 1 1
2. S=S 44+
H nla a, a,

3. Insertion of n harmonic means between a and b
1 1 a-b

- =
H a (n+1)ab

1 1 2a@-b) 1 1 n(@-b)
—=-4+——"andsoon = | —=—+———
H, a (n+1)ab H a (n+1l)ab

n

1. The sum of n natural numbers ir _ n(n+1)
r=1 2
n
2. The sum of n odd natural numbers Z(Zr -1)=n?
r=1
n
3. The sum of n even natural numbers er —nn+1)
r=1
4, The sum of squares of n natural numbers irz _ni+1)@n+1)
r=1 6
2 n(n+1) g
5. The sum of cubes of n natural numbers ng = { 5 }
r=1
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JEE Main/Boards

Example 1: Find the r'" term if the p™ term of an AP is
g and the g termis p .

Sol: Using T = a + (n - 1) d, we can obtain the p", g™
and r" terms.

Let the initial term and common difference of the given
AP be a and d, respectively.

As given,

g=a+(p-1d - (i)
p=a+(q-1)d (D)
Subtracting (i) by (ii), we find that

q-p=(P-ad

nd=-1

Putting d = -1 in (i), we get

a=q+p-1

~t=a+(r-1d

=@+p-1)-r+l=p+q-r

Example 2: Find out the number of terms in a given AP
20, 25, 30, 35, .... 100.
Sol: We know that T =a + (n—-1)d.

Given,a =20,d =5and T = 100. Therefore, by solving
the equation, we will get the number of terms.

Let the number of terms be n.

Given, T =100,a=20,d=5
T=a+(n-1)d
=100=20+(n-1)5=80=(n-1)5
=16=(n-1)=>n=17

Example 3: Solve the following series:

99 + 95 + 91 +87 + .... to 20 terms

Sol: Using S, = E[Za +(n- l)d] , we can solve the given
problem. 2

We know that the terms of the given series are in AP.
Given,

D=-4,a=99andn =20

. _ n(2a+(n—1)d)

S, i
Sy = 22—0[2x99 +(20-1)(-4)]

=10[198 + 19 x (-4)] = 10(198 - 76) = 1220

Example 4: Find out the G.P if the fifth and second
terms of a G.P. are 81 and 24, respectively.

Sol: We know that in GP the n® term is given by
T =a.r""L Thus, by using this formula, we can find the GP.
Given, T, =8land T, = 24

81 =ar - (i)
and 24 = ar ... (i)
Dividing (i) by (ii), we get

81 5 5 27 5 (3 3
— == r=—=r=\—|=r=—-
24 8 2 2

Substituting the value of r in (ii), we get, a = 16

Thus, the required G.P.is 16, 24, 36, 54 ,....

Example 5: If the sum of four numbers in AP is 50 and
the greatest of them is four times the least, then find
the numbers.

Sol: Let the four numbers in AP be a, a +d, a + 2d, a
+3d with d > 0.
As given, sum of the numbers is 50.
a+@+d)+(@a+2d)+(a+3d)=50

o 4a + 6d =50
= 2a+3d=25
a+3d=4a
=3d=3a
~d=a

.. Equation (i) becomes 5a = 25
Thus,a=5=d
Therefore, the four number are 5, 10, 15 and 20.

..(i) and

Example 6:If S, S, S,....., S, are the sum of p infinite
geometric progression whose first terms are 1, 2, 3,...,,

. 11 1
p and whose common ratios are = _

11
2'3'4""p+1’



respectively, then prove that S, +S, +...+ S = @

Sol: As we know S_ = 11, therefore by using this
-r

formula we can obtain the value of S, S, , ...S .

We know that S_ = 11

-r

S, = ——=2;§,= =3
-1 1-1
o 2 3
Sp= 1 =p+1
p+1

S+ S, +..4S, = %[2><2+(p—1)1] = %[P+3]

Example 7: Solve the series 1 +2:2+ 3:22 + 4.23 + ..
+100-2%.

Sol: Let S =1 + 22 + 3:22 + 422 + ..+ 100-2%.
Therefore, by multiplying 2 on both the sides and then
taking the difference, we can solve the given problem.

Given,

S=1+22+322+4.2%+ ..+100-2% . ()
Multiplying 2 on both the sides,
2S=1-2+2-22+43-23+.....+99-2%°+100- 21 . (i)
Subtracting (ii) from (i), we get
-S=1+12+122+1-2%+....+1-2% - 100-21°

_ 5100
S=1 2

-100.-2'%;

= $=99.210 + ]

Example 8: If (5n + 4) : (9n + 6) is the ratio of the sums
of the n" terms of two APs, then find out the ratio of
their 13t terms.

Sol: Let a, and a, be the first terms of the two APs and
d, and d, be their respective common difference.

Applying S = D[Za + (n —l)d] we can solve the given
problem. 2

Given,
2 1)d
E[ a +(n-1) 1]_5n+4

9n+6
g[2a2+(n—1)d2] nt
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n-1

& 2 dy 5n+4 .
= = . (i)
n-1 9n+6
a, +——d,
2
a, +12d
The ratio of the 13% terms is ————L [which is
obtained from (i) with n = 25] 2 +12d

a, +12d; 129
a,+12d, 231

Example 9: If the 7" and 8™ terms of an H.P. are 8 and
7, respectively, then find its 15" term.

Sol: We know that t, = . Therefore, by using

a+(n-1)d
this formula we can solve the given problem.

Given, T, =8 =and T, =7

1 =8= 8a+48d-1=0 .()
a+6d
! =7= 7a+49d-1=0 .(ii)
a+7d

By solving these two equations, we find that d = a

. From eq.(i), we get i =8
7a

:a:d:i
56
1 56

T = = —
5 a+14d 15

Example 10: Suppose x y and z are positive real
numbers, which are different from 1.

If xi¥ = y?* = 7%, then show that 3, 3log,(x). 3log,(y) and
7 log (2) are in AP.

Sol: By applying log on x*® = y?' = 7%, we can find the
values of log, x, log, y and log, z.

Given, x18 = y? = 728

Taking log, we find that

18logx=21logy =28logz

_logx _Z
logy 6

Iogyx

. ()

= 3log x = /

2
logy = Ioﬂ:i; Blogy =4 - (i)
z logz 3 z
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log 7 — logz _ 9
9= logx 14
= 7log, z =2 ... (i)

The numbers 3, % , 4 and % are in AP with common
difference = %
= 3,log,x, 3log,y and 7log,z are in AP.

Example 11: If Ya=b=%c and if a, b and c are
positive and in GP, then prove that x, y and z are in AP.

Sol: This problem can be solved by taking log on
al/x = bl/y - Cl/z

loga logb logc _
x oy oz

k

= loga =kx logb=ky,logc=kz ()
a, bandcarein GP
= b?=ac
2logb =loga + logc
= 2ky = kx + kz by (i)

U

2y =x+12

= xyandzareinAP

Example 12: Determine the relation between x, y and z
if 1, log x, log,y, — 15log,z are in AP.

Sol: By considering the common difference as d and
obtaining its value by log x = 1 + dand log y = 1 + 2d,
we can determine the required relation.

Suppose d be the common difference of the given AP,
then

Iogyx =1l+d=x=y ()
logy=1+2d=y=z"" - (i)
15log,z =- (1 + 3d)

1+3d
= z=x7b

... (i)
Elimination y and z from equations (i), (i) and (iii), we
get
(1-d)(1+2d)(1+3d)
X =X -15

(1 +d)(1+2d)(1+3d)
- -15

1

or(L+d)(l+2d)(1+3d)+15=0
or(d+2)(6d?+5d+8)=0

= d=-2

The other factors do not give any real solution.

wx=yhy=z3z=xor x=yl=2

Example 13: There are four numbers of which the
first three are in G.P. and the last there are in AP, with a
common difference of 6. If the first number and the last
number are equal, then find the numbers.

Sol: Let the four numbers be a, a - 2d, a — d, a, where
d=6

a,a—-12,a—-6arein GP

= a(@a-6)=(a-12)

= a’-6a=2a’-24a+ 144

= 18a =144

= a=38

The numbers are 8, — 4, 2 and 8.

Example 14: a, b and c are the p™, g and r*" terms
of both an AP and a GP, respectively, then prove that
ab< be2 c*® = 1 (both progressions have the same first
term.)

Sol: By using formulaT =a+ (n-1)dand T = ar?,
we can obtain the pt, g™ and r" terms of both an AP
and a GP.

Tp =a=a+(p-1)d, =a/()? ()
Tq =b=a +(q-1)d, =a(r)"" (1))
T=c=a +(-1)d, =a/()* ... (i)
From (i), (ii), (iii)

a-b=(p-q)d,
b-c=(q-nd,
c-a=(r-pd,

Therefore, a><. be2. ¢@®

— 1) b-— -1y c— ~1ya-b

- (alrlp ) ¢ (alrlq )C @ (a]_rlr )a

=2a b-c+c-a+a-b r (p-1)(b—c)+(g-1)(c-a)+(r-1)(a-b)
1 1

-, rl(p—l)(q—f)dl+(q—1)(f—p)d1+(f—1)(p—Q)d1
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JEE Advanced/Boards

Example 1: If the sum of first n terms of three arithmetic
progressions are S, S, and S,, the first term of each
being 1 and the common differences being 1, 2 and 3,
respectively, then prove thatS, + S, = 2S,

Sol: Using S_ = g[Za +(n —l)d] we can get the values
ofS,S,andSs,.

Given,a=1,d,=1d,=2,d,=3

S

. E[2a+(n—1)d]

>

g[2x1+(n—l)1] =1+

N

S, g[2a+(n—1)d]——[2><1+(n— 1) 2] = n?

g[2a+(n—l)d]——[2><1+(n—1)3]

S +83=g[1+n+3n—1]=2n2=28

Example 2: Calculate the sum to n terms of the series:
8 +88 + 888 + ........

Sol: We can solve this problem by taking 8 as common
from given series and applying various operations.

LetS =8 + 88 + 888 +....... tonterms = 8 [1 + 11 +

:§[9+99+999+ ....... ]=§[(10—1)+(100—1)
+(1000-1) + ......... to n terms]

= §[10+100+1000+...+tonterms]—§ n= §
9 9 9

(10"-1) &n
9 9
-8 [10"* - 9n - 10]
81
Example 3:Ifa , a, a,, ..., a_are in AP where a, > 0 for

all I, then show that

1 1
\/g+\/g+\/g+\/g+ ........
1 _ n-1

Sol: We can write x—y = p as

()5

Thus, by following this method we can represent
difference of a,, a,, a,, ......, a

A,y Ay e .

a,—-a, =a;—a,

-
- (o #4372 =)o
- ()=

METak Ot
b

LHS=

Vor o e s
- 5o -]

= LHS = = RHS

Example 4: A series of natural numbers is divided into
groups: (1); (2, 3, 4); (5,6, 7, 8, 9) and so on. Prove that
the sum of the numbers in the n" group is (n — 1) + n3.

Sol: In this problem, the last term of each group is the
square of the corresponding number of the group.
Thus, the first term of the n™ group is (n — 1)? + 1 = n?

-2n + 2. Hence, by using S_ = g[2a+(n—1)d] we can
solve the problem.

The number of terms in the first group = 1

The number of terms in the second group = 3

The number of terms in the third group = 5

.. The number of terms in the n group = 2n-1
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The common difference of the numbers in the n* group
=1

. 2n-1
The required sum = — [2n?=2n+2) + 2n-2) 1]

= % [2n2-2n+2] = 2n-1)[n’—n + 1]

=2 -3n’+3n-1=n*+ (n-1)°

Example 5: Find the sum of the series

1+i+i F o to o Thus, by multiplying % on both

the sides and subtracting, we can obtain the required
sum.

LetS :1+l+i+i+ ...... to ©
B 5 52 53
S, =1+S L (i)
Where
1Sl = i+i+i+ .......... to © ....(i)
5 52 53 5t

Subtracting, (ii) from (i)

ﬂsl_l+2 l+i+ ....... to o
5 52 51
s
2
:l+25 :14‘31:31
5 1_1 5 415 10
5

1

< .3
I

From (i), S_= 1+E U
” 8 8

Example 6:If n € N and n > 1, then prove that

n-1

(@n">135 ... (2n-1) () 2">1+n22

Sol: (a) Use the inequality AM. > GM.

+2+2% 4. 42"t
n
we can prove the given equation.

(b) By solving L > (1.2.2% ... 2 ),

(@) 1F3+o+ o+ @n-1) [135 ...(n - 1)]1’”

n
n
“[1+@n-1)] Y
2 _ n
A >[135 ..(2n - 1)]
=n = [1.3.5 ....(2n - 1)]1/n

~n"=135...(2n - 1)

1+2+2% 4. 42t

b) - >(1222....2 )"
1/n
n n(n-1)
= 2 _1 ><l > 2 2
2-1 n
N 2"-1 5 on-1/2
n

= 20> 2"t 41

Exercise 1

Q.1 In a G.P. sum of n terms is 364. First term is 1 and
common ratio is 3. Find n.

Q.2 The sum of an infinite geometric progression is 2
and the sum of the geometric progression made from
the cubes of this infinite series in 24. Then find the series.

Q.3 Sum of n terms of the series,

0.7 +077 +0.777 + ...(ii) 6 + 66 + 666 + ....

Q.4 If a, b, c are in AP, prove that
(b+c c+a a+barealsoin AP
1

iy L1

, are also in AP
bc ca ab

(iii) a’(b + ¢), b?(c + a), c?(a + b) are also in A.P.
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(1 1) (1 1) (11 .
(v)a g+ b Pl S I I 15 also in AP.

Q.5 The sum of three numbers in A.P.is 12 and the sum
of their cubes is 288. Find the numbers.

Q.6 Find the sum of the integers between 1 and 200
which are

(i) Multiple of 3
(i) Multiple of 3 and 7

(i) Multiple of 7

Q.7 The sum of first n terms of two A.P’s are in the ratio
(3n = 3): (5n + 21). Find the ratio of their 24t terms.

Q.8 If the p*" term of an A.P. is x and g™ term is y, show

that the sum first (p + q) terms is p*q X+Yy L X2y
2 P-q
Q.9 1If a, b, c are in H.P. prove that a b < are

L HP b+c'c+a a+b

Q.10 Find the sum of n terms of the series

Q.11 Let a, b, ¢, d, e be five real numbers such that a, b,
carein AP;b,c,darein GP;c, d, eareinHPIfa=2
and e = 18, find all possible values of b, c and d.

Q.12 Find the sum of first n terms of the series:
1.2.3+234+345+ ...

Q.13 Find the sum of first 2n terms of the series:
12+2+32+4+5+6+ ..

Q.14 The H.M of two numbers is 4 and their AM. (A)
and G.M. (G) satisfy the relation 2A + G? = 27. Find the
numbers.

Q.15 Find the sum of first 10 terms of the series:
(BF-25+(5*-4)+(7*-6% + .....

Q.16 Find the sum of first 20 terms of the series: 1-32 +
2524+ 372+ ..

Q.17 Find three numbers a, b, c between 2 and 18 such
that:

(i) Their sum is 25.

(i) The numbers 2, a, b are consecutive terms of an A.P.
and

(iii) The numbers b, ¢, 18 are consecutive terms of a G.P.

Q.181fa >0, b > 0and c > 0O, prove that:

(@+b+0 [£+£+£)29

a b ¢
Q19IfA,A,G,G,;andH H, betwo AMSs, GM’s
and H.M’s between two numbers, then prove that:

Gle 3 A1 + A2
HH, H, +H,

Q.20 Find the coefficient of x*® and x°® in the polynomial:

x=1) (x=2) (x=3) ... (x—100).

Q.21 The interior angles of a polygon are in A.P. The
smallest angle is 120° and the common difference is 5°.
Find the number of sides of the polygon

Q.22 A number consists of three digits in G.P. The sum
of the digits at units and hundreds place exceeds twice
the digit at tens place by 1 and the sum of the digits at
tens and hundreds place is two third of the sum of the
digits at tens and units place. Find the number.

Q.23 25 trees are planted in a straight line at intervals
of 5 meters. To water them the gardener must bring
water for each tree separately from a well 10 meters
from the first tree in line with the trees. How far he will
have to cover in order to water all the tree beginning
with the first if he starts from the well.

Q.24 Natural numbers have been grouped in the
following way 1; (2, 3); (4, 5, 6); (7, 8,9, 10) ; ......
Show that the sum of the numbers in the nth group is
n(n® +1)
—

Q.25 In three series of GP’s, the corresponding
numbers in G.P. are subtracted and the difference of
the numbers are also found to be in G.P. Prove that the
three sequences have the same common ratio.

Q26 If a, a, a, ,.. Are in AP such that
a, # 0, show that

1 1 1 n
S=—+—+...+ =

913, A3, A1 A

Also evaluate |lim S.

a—>xo
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Q.27 If 9 arithmetic means and 9 harmonic means be
inserted between 2 and 3, prove that A+S: 5, where

A is any arithmetic mean and H the corresponding
harmonic mean.

Q28 Ifx +y +z=1andx, Yy, z are positive numbers,
show that (1 -x) (L-y) (1 -2) > 8 xyz

Q.29 Show that any positive integral power (greater than
1) of a positive integer m, is the sum of m consecutive
odd positive integers. Find the first odd integer for
m'(r > 1).

Exercise 2

Single Correct Choice Type

Q.1 If a, b, c are distinct positive real in H.P, then the
b+c

value of the expression, b+a + is equal to
b-a b-c

(A1 (B) 2 @3 (D) 4

Q.2 The sum of infinity of the series

1 1 1 .

—+— + s is equal to

1 1+2 1+2+3

(A) 2 (B) 5/2 @3 (D) None

Q.3 Along a road lies an odd number of stones placed
at intervals of 10 m. These stones have to be assembled
around the middle stone. A person can carry only one
stone at a time. A man carried out the job starting with
the stone in the middle, carrying stones in succession,
thereby covering a distance of 4.8 km. Then the number
of stones is

(A) 15 (B) 29 (G 31 (D) 35

QA4IfS =12 +32 +52 + ... + (99)? then the value of the
sum 22 + 42 +62 +..... + (100)? is

(A)S + 2550 (B) 2S (C) 4S (D) S +5050

Q.5 In an A.P. with first term and the common difference
d (a, d #0), the ratio 'S’ of the sum of the first n terms to
sum of n terms succeeding them does not depend on
n. Then the ratio "a/d" and the ratio 'p’, respectively are

N
W

1 1 1
2 2,= 2
(A) > (B) 3 © (D) 5 2

1
4 1
Q.6 If x € R, the numbers (5 + 51-%), a/2 (25* + 257)
form an A.P. then ‘a’ must lie in the interval

(A) [1, 5] B)[2.5] (O[5 12] (D) [12, ]

Q.7 If the sum of the first 11 terms of an arithmetical
progression equals that of the first 19 terms, then the
sum of its first 30 terms, is

(A) Equal to 0 (B) Equal to -1

(C) Equalto 1 (D) Non unique

Q8 Lets, s, s, .. and t,t,t, ... are two arithmetic

0 15
sequence suchthats =t,#0;s,=2t,and Y s, = >t .
1 i

Then the value of -2—"L s
2 t1
(A) 8/3 (B) 3/2 (C) 19/8 (D) 2

Q9 Let a, n e I be the n" term an A.P. with common
difference ‘d’ and all whose terms are non-zero. If n
approaches infinity, then the sum

1 1 :
—_—F... + will approach
aa, a,a, adn,1
1 2 1
A) — B) — 0 — D) a,d
()ald ()ald ()Zald D)2,

Q.10 The sum of the first three terms of an increasing
G.P is 21 and the sum of their squares is 189. Then the

sum of its first n term is
(A) 32~ 1) ®) 12(1 _ij
2n

© 6(1 _Zi] (D) 62"~ 1)
Q.11The sum i[ 4n j is equal to
nl\n” +4
(A) 1/4 (8)1/3 () 3/8 (D) 1/2
Ql2Ifaz1and (Ina? + (Ina?? + (Ina?3 + ... =3 [Ina

+(Ina)+ (na)+ (Ina)*+ ... ], then ‘a’ is equal to

(A) e¥s (B) e2 (C) 312 (D) el



Previous Years' Questions

Q.11If a, b, cd and p are distinct real numbers such that
(az + b? + CZ)pZ — 2(ab + bc + Cd)p + (bz + 2+ dz) <0,

thena, b, c, d (1987)
(A) Are in A.P. (B) Are in G.P

(C) Are in H.P. (D) Satisfy ab = cd

Q.2 Sum of the first n terms of the series
1 3 7 15 .

—+—+—+—+... isequal to

2 4 8 16

(A)2"-—n-1 (B)1 -2

QOn+2"-1 (D)2r+1

Q3 If x > 1, y > 1 z > 1 are in GP then
1 1

: : (1998)
l1+Inx 1+Iny 1+Inz

are in

(A) AP (B) H.IL (C) GII. (D) None

Q4 If a, b, ¢, d are positive real number such that
a+b+c+d=2then M = (a + b) (c +d) satisfies the

relation (2000)
(A)0O<M<1 B)Yl1<M<?2
©2<M<3 (D)3<M<4

Q.5 Let the positive numbers a, b, ¢, d be in AP. then

abc, abd, acd, bcd are (2001)
(A) not in AP/GP/HP  (B) in AP
(©)inGP (D) in HP

Q.6 Suppose a, b, c are in AP and a? b? c¢? are in G.P.

Ifa<b<canda+b+c= %,thenthevalueofais

(2002)
1 1
(A) — (B) —=
242 23
11 11
€ 2-— ©) 2-—+
2 3 2 L

Q.7 An infinite G.P. has first term x and sum 5, then x

belongs to (2004)
(A)x <-10 (B)-10<x<0
O0<x<10 (D) x > 10
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Q.8 If the sum of first n terms of an AP is cn?, then the
sum of squares of these n terms is (2009)

A) n(4n® -1)c? ®) n(4n® +1)c?
6 3

© n(4n2 - 1)c2 D) n(4n2 +1)c2
3 6

Q.9 The first two terms of a geometric progression add
up to 12. The sum of the third and the fourth terms
is 48. If the terms of the geometric progression are
alternately positive and negative, then the first term is

(2008)
(A) -4 (B) -12 Q12 (D) 4
Q.10 The sum to the infinity of the series is
1+£+£+E+E+ ....... (2009)
3 .32 3 3¢
(A) 2 (B)3 © 4 (D)6

Q.11 If m is the A. M. of two distinct real numbers |
and n(l, n > 1) and G1, G2 and G3 are three geometric
means between | and n, then G +2G; +G; equals:

(2015)

(A) 4 I mm B)4Im?n (C)4Imn? (D)4 I°m?n?

Q.12 The sum of first 9 terms of the series is
P P+ P4+234+3
—+ +

1 1+3 1+3+5
(A) 71 (B) 96

+ e (2015)

(C) 142 (D) 192

Q.13 If the 2", 5" and 9" terms of a non-constant
AP are in G.P, then the common ratio of this G.P. is:

(2016)
8

D)

4
(A) 3 :

®1  ©1

Q.14 If the sum of the first ten terms of the series is 16,
5

2 2 2 2
. 3 2 1 2 [,4

m 1= +|2=| +]3=| +4°+]4—| +.
then m is equal to [ 5] [ 5] [ 5] [ 5]

(2016)

(A) 101 (B) 100 (©) 99 (D) 102

Q.15 Three positive numbers form an increasing G.P. If
the middle term in this G.P.is doubled, the new numbers
are in A.P. Then the common ratio of the G.P. is (2014)

A 2-v3 B2+ (OV2+3 D)3+2
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Assertion Reasoning Type

Q.16 Statement-I: The sum of the series 1 + (1 + 2 + 4) +
4+6+9+(9+12+16)+.... + (361 + 380 + 400) is 8000.
n

Statement-II: Z:(kg—(k—l)S):n3 for any natural
number n. k=1 (2012)

(A) Statement-I is false, statement-II is true

(B) Statement-1 is true, statement-II is true; statement-II
is a correct explanation for statement-I

(C) Statement-I is true, statement-II is true; statement-II
is not a correct explanation for statement-I

(D) Statement-I is true, statement-II is false

Q.17 Statement-I: The sum of the series 1 + (1 + 2 + 4) +

4+6+9+(9+12+16)+.... + (361 + 380 + 400) is 8000.
n

Statement-II: Z(k3 —(k-1%)=n’for any natural

number n. k=1

Q.18 If 100 times the 100th term of an AP with non zero
common difference equals the 50 times its 50th term,

then the 150th term of this AP is (2012)
(A) =150 (B) 150 times its 50th term
() 150 (D) Zero

Q.19 The real number k for which the equation, 2x3 +
3x + k = 0 has two distinct real roots in [0, 1] (2013)

(A) Lies between 1 and 2
(B) Lies between 2 and 3
(C) Lies between -1 and 0

(D) Does not exist.

Q.20 If the equations x> + 2x + 3 = 0 and ax? + bx +
c =0, ab,c € R, have a common root, thena:b:cis

(2013)
(A)1:2:3 (D)3:1:2

B)3:2:1 (O1:3:2

Q.21 The sum of first 20 terms of the sequence 0.7,
0.77,0.777,....., is (2013)

7

7 ~ _
A = _107%0 B 1020
(A) 81(179 1077) (B) 9(99 107)

7

7 -20 ! 20
© 81(179+10 ) (D) 9(99+10 )

Q.22 If x, y, z are in A.P. and tan-1x, tan-1y and tan-1z

are also in A.P, then (2013)
Ax=y=z (B) 2x =3y =6z
(C)bx=3y=2z (D) 6x = 4y = 3z

Exercise 1

Q.1 (i) The harmonic mean of two numbers is 4. The
arithmetic mean A & the geometric mean G satisfy the
relation 2A + G2 = 27. Find the two numbers.

(i) The A.M. of two numbers exceeds their G.M. by 15
and HM by 27. Find the numbers.

Q.2 If the 10" term of an H.P. is 21 and 21 term of the
same H.P is 10, then find the 210% term.

Q.3 If sinx, sin?2x and cosx.sindx form an increasing
geometric sequence, then find the numerical value
of cos2x. Also find the common ratio of geometric
sequence.

Q41Ifa b, c d, ebe5numbers such that a, b, c are in
AP; b, c,darein G.P. &, d, e are in H.P. then,

(i) Prove that a, ¢, e are in GP
(i) Prove that e = (2b — a)¥/a
(iii) If a = 2 & e = 18, find all possible values of b, ¢, d.

Q.5 Let a, and a, be two real values of a for which
the numbers 202, o 24 taken in that order form an
arithmetic progression. If B, and B, are two real values
of B for which the numbers 1, B2 6 — p? taken in that
order form a geometric progression, then find the value

of (a%+a§+[3%+[3§).

Q.6 Two distinct, real infinite geometric series each
have a sum of 1 and have the same second term. The

third term of one of the series is 18. If the second term

. . . m-n
of both the series can be written in the form -

where m, n and p are positive integers, and m is not
divisible by the square of any prime, find the value of
100m + 10n+p.



99 5100

7 letS= 2, ————+.
Q E (25)" + 510

Where [y] denotes largest integer less than or equal to y.

Find [s].

Q.8 Given that the cubic ax>* —ax? + 9bx —b = 0 (@ = 0)
has all three positive roots. Find the harmonic mean of
the roots independent of a and b, hence deduce that
the root are all equal. Find also the minimum value of
(@a+b),ifaandb e N.

Q.9 A computer solved several problems in succession.
The time it took the computer to solve each successive
problem was the same number of times smaller than
the time it took to solve the preceding problem. How
many problems were suggested to the computer if it
spent 63.5 min to solve all the problems except for the
first, 127 min to solve all the problems except for the
last one, an 31.5 min to solve all the problems except
for the first two?

Q.10 The sequence a,, a,, a,, ...... &, satisfies the relation
a, =a +1for123,.. 97 and has the sum equal to

49
4949. Evaluate D a,, .
k=1

Q.11 Let a and b be positive integers. The value of xyz
is 55 or % according as a, x, y, z, b are in arithmetic

progression or harmonic progression resp.. Find the
value of (a2 +b?).

Q.12 If the roots of 10x® — cx? — 54x — 27= 0 are in
harmonic progression, then find ¢ and all the roots.

Q13 Ifa b, c bein GP. & loga, log,c, log b be in AP
then find the common difference of the AP if log_c = 4.

Q.14 The first term of a geometric progression is equal
to b — 2, then third term is b + 6, and the arithmetic
mean of the first and third term to the second term is in
the ratio 5: 3. Find the positive integral value of b.

Q.15 In a G.P. the ratio of the sum of the first eleven
terms to the sum of the last eleven terms is 1/8 and the
ratio of the sum of all the terms without the first nine to
the sum of all the terms with out the last nine is 2. Find
the number of terms in the GP.

Q.16 If sum of first n terms of an AP (having positive
terms) is given by S =(1+2T) (1-T)
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Va-+b

4

where T is the nt term of series then T2 =
b € N). Find the value of (a + b).

(a

Q.17 Given a three digit number whose digits are
three successive terms of a G.P If we subtract 792
form it, we get a number written by the same digits
in the reverse order. Now if we subtract four from the
hundred's digit of the initial number and leave the
other digits unchanged, we get a number whose digits
are successive terms of an A.P. Find the number.

Q.18For0<9<%,IetS(e):1+(1+sine)cose+

(1 + sinB + sin?0) cos?0 + ..... o0,

Then find the value of E S(Ej .
NG 4

Q.19 If tan I _x|,tan-=, tan X 1 x| in order are
12 12 12

three consecutive terms of a G.P, then sum of all the

solutions in [0, 314] is kx. Find the value of k.

Exercise 2

Single Correct Choice Type

Q.1 The arithmetic mean of the nine numbers in the
give set {9, 99,999......999999999} is a 9 digit number
N, all whose digits are distinct. The number N does not
contain the digit

(A) O (B) 2 @5 (D)9

3‘2‘3 1

Q.2

o kvk +1 +(k+1\/E)
prime positive integers m and n. The value of (m + n)
is equal to

J is the ratio of two relative

(A) 43 (B) 41 (@) 39 (D) 37
100
Q.3 The sum is equal to
kZ:; k* +k%+1
A 4950 B) 5050
10101 10101
© EESEE (D) None of these
10101

Q.4 A circle of radius ris inscribed in a square. The mid
point of sides of the square have been connected by
line segment and a new square resulted. The sides of



3.44 | Sequences and Series

these square were also connected by segments so that
a new square was obtained and so on, then the radius
of the circle inscribed in the nth square is

[ 1-n 3-3n
(A) |22 }r (B) [2 2 }r

) 22]r

Assertion Reasoning Type

(A) Statement-I is true, statement-II is true and
statment-II is correct explanation for statment-1.

(B) Statement-I is true, statement-II is true and
statment-II is NOT the correct explanation for statment-1.

(C) Statement-1 is true, statement -1l is false.

(D) Statement-I is false, statement-II is true

Q.5 Statement-I: If 27 abc > (a + b + ¢)> and 3a + 4b + 5¢
= 12 then i+i+i =10, where a, b, c are positive
a? b o

real numbers.

Statement-II: For positive real numbers AM. > G.M.

Multiple Correct Choice Type

Q6 Llet a, a, a, ... and b, b, b, ... be arithmetic
progressions such thata, = 25, b =75and a,, + b, , =
100. Then,

(A) The difference between successive terms in progression
‘a’ is opposite of the difference in progression ‘b".

(B) a, + b, =100, for any n.

Q) (a, + b)), (@, + b)), (a, + b,),...are in AP
100

(D) Y. (a, +b,) =10000

r=1

Q.7 If sin (x —y), sin x and sin (x + y) are in H.P. then the

value of sin x.sec %z

(A) 2 (B) 22 Q-2 (D) -2

Q.8 The sum of the first three terms of the G.P. in which
the difference between the second and the first term is
6 and the difference between the fourth and the third
term 54, is

(A) 39 (B)-10.5 (Q) 27 (D) =27

Q.9 If the roots of the equation x> + px* + gx— 1 =0
form an increasing GP, where p and q are real, then

Ap+qg=0
(B)p € (-3, )
(C) One of the roots is unity

(D) One root is smaller than 1

Q.10 If the triplets log a, log b, log ¢ and (log a — log
2b), (log 2b - log3c), (log 3c - loga) are in arithmetic
progression then

(A)18 (a + b + ¢)2 = 18(a? + b? +c?) + ab

(B) a, b, c are in GP

(C) a, 2b, 2c are in HP

(D) a, b, c can be the lengths of the sides of a triangle.

(Assume all logarithmic terms to be defined)

Ql1ll x, x, are the roots of the equation

x?=3x + A = 0; x, x, are roots of the equation x* - 12x +
B =0, such that x,, x,, x,, x, form an increasing G.P. then

1 R Ry
(A)A=2

(B) B =32
(O x, +x,=5 (D) x, +x,=10

Previous Years’ Question

Q.1 If the first and the (2n — 1) term of an AP, G.P.
and H.P. are equal and their nt" terms are a, b, and ¢

respectively, then (1988)
(AJa=b=c Bya=b=>c
(©a+c=b (D)yac-b?=0

Q.2 Let S, S,.... be squares such that for each n > 1 the
length of a side of S_ equals the length of a diagonal of
S, .,- If the length of a side of S, is 10 cm, then for which
of the following values of n is the area of S_ less than
l1sg.cm? (1999)

(A) 7 (B) 8 @9 (D) 10

Q3 Let S, k = 1,2,...., 100, denotes the sum of the
infinite geometric series whose first term is kk;|1

and the common ratio is % Then the value of

oot > (k* -3k +1)S, | is (2010)
© k=1



- I

Q4 Let a, a a,, be real numbers satisfying

a, =15 27 -2a,>0and a = 2a , for k = 3,

k1 9k

2, .2
a] +a5 +...+ap;

4., 11 If =90, then the value of
& 78 Ty is equal to (2010)
11
Q.5Llea,a, a,...a,, be an arithmetic progression with
=3and S, Za ,1<p<100. For any integer n

with 1 <n <20, let m = 5n. If ™ does not depend on

n, thena,is ...... (2011)

Paragraph 1: Let A, G, H, denote the arithmetic,
geometric and harmonic means, respectively, of two
distinct positive numbers. For n > 2, let A and H_,
have arithmetic, geometric and harmonic means as
A, G, H_ respectively.

Q.6 Which one of the following statements is correct?
(A) G, >G,>G,>....

(B)G, <G, <G, <...

G, =G,=G,=...

(D)G,< G, <G, <....and G, > G, > G, >.....

Q.7 Which one of the following statements is correct?
A)A >A>A > ...

B)YA <A, <A <.

OA>A>A >..andA <A <A <...

D)A <A, <A <...andA,>A >A >..

Q.8 Which one of the following statements is correct?
(A)H, >H,>H, > ..

B)H, <H,<H, <.

(OH, >H,>H, >...andH, <H, <H, <...

(D)H, <H,<H,<...andH,>H, >H >...

Paragraph 2: Let V, denote the sum of the first 'r' terms
of an arithmetic progression (A.P), whose first term is 'r’
and the common difference is (2r - 1). Let T =V -

r+1
V. ,andQ =T  -Tforr=12, .. (2007)

+1
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Q9 ThesumV, +V, + ...+ V is

1 2
(A) o n(in + 1)3n?—n + 1)
(B) %n(n + 11BN’ +n+2)
1
© > n2n?-n+ 1)

1
D) 3

3 (2n*=2n + 3)

Q.10 T, is always
(A) An odd number (B) An even number

(C) A prime number (D) A composite number

Q.11 Which one of the following is a correct statement?
(A) Q. Q, Q,....... are in A.P. with common difference 5.
(B) Q. Q, Q,...... are in A.P. with common difference 6.
(@ Q, Q, Q,...... are in AP. with common difference 11.

n n n—.
Ql2letS = —— and T
|<Z::1n2+kn+k2 Zc:)n 2 1 kn+k?
forn=1, 2,3, ... Then, (2008)
A S, <——= (B)S, > ——=
3\@

3xf
T )T, >——
343 3J_

OT, <

Q.13 Suppose four distinct positive numbers a,, a,, a,,
a,areinGP letbl=a,b,=b +a,b,=b,+a,and
b,=b, + a,. (2008)

Statement-I: The numbers b, b,, b,, b, are neither in
A.P. Nor in G.P.

Statement-II: The numbers b, b,, b,, b, are in H.P.

(A) Statement-I is true, statement-II is true; statement-II
is a correct explanation for statement-I

(B) Statement-T is true, statement-II is true; statement-II
is not a correct explanation for statement-L

(C) Statement-I is true, statement-II is false

(D) Statement-1 is false, statement-II is true
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Q.14 If the sum of first n terms of an A.P. is cn? then the

sum of squares of these n terms is (2009)
) n(4n? —1)c? ®) n(4n? +1)c?
6 3
2 2 2 2
© n(4n‘ —1)c D) n(4n® +1)c
3
Q15 Let S, k = 1, 2., 100, denote the sum of the

infinite geometric series whose first term is kk—_ll

o1
and the common ratio is —. Then the value of

1002 199 .
100!+k221‘(k —3k+1S,| is

(2010)

Q.16 Let a, a, a, .., all be real numbers satisfying
al = 15,27 - 2a, > 0 and ak = 2a,-1 - a -2 for k

2 2 2

a; +a5 +...+a
=3,4,..11. If 2—2_""11_90, then the value of
G tdH Ay equal to

11

(2010)

Q.17 Let b = 6, with a and c satisfying (E). If ac and B are
the roots of the quadratic equation ax? + bx + ¢ = 0, then

(1 1)

1,10 (2011)
55+3)
(A) 6 ()7 € g (D) w

Q.18 Let a,, a, a,, ..... be in harmonic progression with
a, = 5 and a,, = 25. The least positive integer n for

which an< 0 is (2012)

(A) 22 (B) 23 (©) 24 (D) 25
an k(k+1)

Q.19 Let S, = Z(_l) 2 k% Then S can take value(s)
k=1 (2013)

(A) 1056 (B) 1088 (©) 1120 (D) 1332

Q.20 Let a, b, ¢ be positive integers such that Eis an
a

integer. If a, b, c are in geometric progression and the
arithmetic mean of a, b, c is b + 2, then the value of

2
a’+a-14 js (2014)
a+l

Q.21 Suppose that all the terms of an arithmetic
progression (A.P) are natural numbers. If the ratio
of the sum of the first seven terms to the sum of the
first eleven terms is 6 : 11 and the seventh term lies in
between 130 and 140, then the common difference of
this A.P.is (2015)

Q.22 letb, > 1fori=1,2, .., 101 Suppose loge bl loge
b, ... loge b, , are in Arithmetic Progression (A.P) with
the common difference loge 2. Suppose a,, a,, ..., a,,,
arein AP suchthata, =b anda, =b .Ift=b +b, +

..+bgands=a +a,+..+a,,then (2016)
(A)s>tanda, >b, (B)s>tanda, <b,

(Qs<tanday,, >b, (D)s<tanda, <b,,
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PlancEssential Questions

JEE Main/Boards

Exercise 1

Q3 Q11 Q14
Q17 Q21 Q25
Q27

Exercise 2

Q2 Q4 Q10
Q13

Previous Years’' Questions

Q2 Q5 Q8

JEE Advanced/Boards

Exercise 1

Q6 Q9 Q.12

Q.15 Q17

Exercise 2

Q1 Q4 Q.5 Q.12

Previous Years' Questions

Q1 Q3 Q4
Q.6 Q7 Q8

JEE Main/Boards

Exercise 1
Qln=6
Q.2 3,—5,2,—i ...... is the series.
2'4" 8
n 7 1Y 2 L
3@ —-— [1-| =] |; (B)=[10"" -9n-10
Q3@ 81{ (10]] b5t n-10]

Q.5(2,4,6)or(6,4, 2)
Q.6 (i) 6633 (ii) 2842 (iii) 945
Q.7 69: 128

35 3 (3n-2)
16 16(5"2%) 43"

Q.10

Qllc=6b=4d=9 b=-2c=-6d=-18

Q.12 %n(n+1)(n+2)(n+3)
Q.13 %n(4nz +3n+2)

Q.14 6,3

Q.15 4960

Q.16 188090
Ql7a=5b=8 c=12

Q.20 -5050, %[(5050)2 —338350]

Q219
Q.22 469

Q.23 3370 m
1

.26 ——————
< a(a,-a)
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Exercise 2

Single Correct Choice Type

Q1B Q2A Q3C Q4D
Q7A Q8C Q9A Q10 A

Previous Years’' Questions

Q1B Q2cC Q3B Q4 A
Q7C Q8C Q9B Q108
Q13 A Q14 A Q15B Q16 B
Q19 A Q20C Q21A

JEE Advanced/Boards

Exercise 1

f 1

Q.1 ()6, 3; (i) 120, 30 Q21 Q3 12—~

Q4 (i)b=4,c=6,d=90orb=-2,c=-6,d=-18 Q.512

Q.8 28 Q.9 8 problems, 127.5 minutes
Q.12C=29; (3,-3/2,-3/5) Q.13 13/4

Q.16 6 Q.17 931

Exercise 2

Single Correct Choice Type

Q1A Q2D Q3B Q4 A

Assertion Reasoning Type

Q5D

Multiple Correct Choice Type

Q6A B, CD Q78B,C Q8A B Q9ACD

Previous Years’' Questions

Q1A,B D Q2B,CD Q34 Q40
Q7A Q8B Q9B Q10D
Q13C Q14C Q153 Q160

Q19 A, D Q206 Q219 Q228

N

Q5C
Q11cC

Q5D
Q11B
Q17D

Q.6 518
Q.10 2499
Q143
Q182

Q10B,D

Q53o0r9
Q.118B
Q.178B

Q6D
Q12D

Q6D
Q128
Q18D

Q749
Q1150
Q15n =38
Q.19 4950

Q11ABCD

Q6C
Q12A,D
Q18D
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JEE Main/Boards
Exercise 1

Sol 1: Sum of n terms is 364
a+ar+ard...... arn-1 =364

a(r" -1)
r-1

= 364

givenr=3,a=1

G"-1)
B3-1

= =364 =3"-1=728

=3" =729

=|n=6

Sol 2: Sum of infinite G.P.is 2 =

-r+1
=a=-2(r-1)
Series is a, ar, ar? ....... (Ir] < 1)
=a3 (ar)?, (@r?)? ..o .. 2)

First term of this infinite series is a®and ratio is r?

3
Hence sum of this infinite series is ?
- +1
3

Given =24

-’ +1

3 2
Be1P gy, (-1
(—r3+1) (re+r+1)

=rP+1-2r=3r+3r+3
=2 +5r+2=0=2r +4r+r+2=0

=>Q2r+1)(r+2)=0

Sol 3: (a) Sum upto n terms

S,=07+0.77 +0.777 ........... n terms

=7[01+011+0111+ .]= %[0.9 +0.99 + 0.999 ..]

= g[l ~01+1-001+1-0001.]
- g[n - (0.1 + 0.01 + 0.001 ...)]

; {M} 7 {n_l(l_«n)n)}
1-0.1 9

9
_n 7|, (1Y
9 81 10

(b) 6 + 66 + 666 =6[1 + 11 + 111 ..]

_ ; {10(10n -1) _n} 2

10 2n
10-1 I Y

1(10"+1 —10) -

_ 2nx9 _ 2
27

e = E[lo”“ —9n- 10}

Sol 4: a, b, care in AP
(b +c c+a a+barealsoin AP
a,b,careinAP=2b=a+c

=b-a=c-b

- [s=b=b=c]

Difference between term of given AP = a-b, b - ¢
which are equal by equation (i)

Henceb + ¢, c+a,a + bisan AP

(i) i l L are also in AP
bc ac ab
Common difference = M, (c-b)
cab abc

By equation (i) b —a = c — b ie difference between terms
is same

Hence the given series is in AP
(i) a%(b + ¢), b?(c + a), c?(a + b)

Difference = b’c+b’a-a’b-a’c, c’a+c’b—b%c—b?%a
dq dy
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d, = c(b’-a? + ab(b-a) = (ca + ab + cb) (b -a)
= (ca + ab + bc) (c — b) [from eq.(i)

d, = a(c? - b? + bc (c-b) = (ac + ab + bc) (c - b)
dl = dZ

Hence given series is an AP

(iv) a[£+l} b(EJrlj c[l+lJ
b ¢ c a a b

1 b a 1 c b
d ==(b- ——— =d, ==(c-b)+=—-=
— % c( a)+a b2 2 a(C )+b C
:b—a+(b—a)(b+a)
oo¢ ab

d :C—b +(C—b)(C+b) = (b-a) E_,_l_;_l
2775 bc c a b

= (b_a)|:l+l+l:| = (C—b)|:1+l+l:|
c ab c ab

d

Fromeq" () =d, =d,

Hence given series is also an AP

Sol 5: Sum of first 3 numbers in AP is 12

Leta—r, a, a + r be the first 3 numbers
3a=12=a=4

=((@-r*+a*+(@+r)?=288

= 2a® + 6ar? + a® = 288 = 3a® + 6ar? = 288

=6 x4 xr>=288-3(4°) = 24r> =96

=>r=1%2

So numbers are, 4-2,4,4 + 2 = (2,4, 6) (forr = 2)
(4+24,4-2) for(r=-2)

= (6,4, 2)

Sol 6: (i) Sum of integers between 1 & 200 which are
multiple of 3

3,6,9,..198 = n =166

Hence sum = g[a +1]

_ (66)
2

(i) Multiple of 7

7,14,21 ...196 = n = 28

[3 + 198] = 33 [201] = 6633

Now sum = g[a+l] - % [7 + 196] = 14[203] = 2842

(iii) Multiple of 3 and 7
21,42,63..189 =>n=9

Sum = 2[21 +189] = 2 .210 = 945
2 2
Sol 7: Sum of first n terms of 2 AP’s are in ratio

_ 3n-3
5n+21

= letthe APbea,a, +d, ..

2" APbea,,a,+d,..

g[za1 +(n-1)d,]

_ 3n-3
n 5n+21
E[2a2 +(n-1)d,]
(n-1)
At 4 33 0
o, (0=Ddy  Snw21
2 2
a, +23d;

Ratio of 24t term well be
a, +23d,

Putting n = 47 in equation (i), we well get desired ratio

a, +23d;  3(47)-3 _ 138 _ 69

a,+23d, 5(47)+21 256 128

Sol 8: given

a+(p-1)d=x ..(0)
a+(g-ld=y (1))

sum of first (p + q) terms
- p—;q[2a+(p+q—1)d] D)

Subtracting (ii) from (i)

(p-q)d=x-y

—d=22Y and putting this value in equation (i)
P—-q

a4+ P-DX=Y)
pP-q

—a= X_(PX—Py—X+y) _ T9xtpy+x-y

P-q P-q

Putting values of a and d in equation (iii)

s -P*q 2x -2y -29x+2py+(p+q-1)(x—y)
pP+q 2 p_q



_ p+q{x—y—q><+py+px—qy}
p-q

_ p+q{(x+y)(p—q)+(x—y)}: p+q{x+y+x—y}
2 (P-a) p-q 2 P-q

Sol 9: 3, b, care in HP

|.eZ=l+l:>b:£ ..(0)
b a ¢ a+c
2a,¢; . .
[where a, & c, are 1 & 3 terms of given series]
a, +¢
2ac
_ (a+b)b+c) _ 2ac _ 2ac
a c a’+ab+c?+bc  a’+c?+b@a+o)
b+c a+b
2ac

=——""—"  (from equation (i)
a’ +c? +(2ac)
2ac b

= = :b
(@a+c)a+c) a+c

1

2a,c
Middle term of given series, hence —X-1- = b_ ie given

Series is H.P & t+G
SoI10:1+i +l +E
5 52 53

Sum of first n terms

1 4 7 10 1+(h-1)3 _
" + T + 5_2 + 5—3 ! (1)
S_n=l+i . 7 , 10 1+(n-1)3 (ii)
5 5 55 55 553 g

Subtracting (ii) from (i)

3 3 3 3n-2
=1+ + =+ = .-
5 52 5

36" -1)x5
5 5n—1 x 4

1 (Sn—ZJ .\
5n
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4s, (3n—2j 155" -1)
=1- + —
5 5I’1 4 5n

s .5 _6n=2 75(1 1
"4 45t 1e(5 5N

_5x4 15 3 —(3n-2)
T 4x4 16 16x5"2 4x5t

_35 3 -(3n-2
16 16(5"2) 435"

Sol 11: a, b, c are in AP

=>2b=a+c (i)

b, c,dinGP

c? = bd (D)

¢, d, eareinHP

d= 2 N0
c+e

Giventhata=2,e =18

(2b - 2)?

We have (2b - 2) = ¢ from (i) and = d from (ii)

(2b - 2)? _ 2x(2b-2)18
b (2b-2)+18
36b
2b+16

and also

from (iii)

=@2b-2)= =>b-1)(b+8 =9

=>b?+7b-8=9b = b?-2b-8=0
=b=4-2

=>Cc=6,-6

=d=9-18

b,c,d=1[4,6 9] and [-2, -6, — 18]

Sol12:S =123 +234+345..
T=nn+1)(n+2)=n(n*+3n+2)
=n*+3n’+2n=n3+3n?+ 2n

L =21 = >nd + 3%n? + 2%n

_ {n(rwl)}2 . 3(n)(n+1)(2n+1) 42 n(n+1)
2 2

_ n(n+1) n(n+1)+3(2n+1)+2
2 2 3
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_ n(n+l){n2 +n+4n+2+4}

2 2
_ n(n:l) (N2 +5n + 6) = n(n+l)(n;r2)(n+3)

Sol13:S =12+2+32+4+5°+6

(first 2n numbers)

1+ 32+ 52..nterms + 2 + 4 + 6... n terms
=2l +2+3...+n)+1%2+32+52 .

- 2n@ 12422432 2n—1)2-22

-42-62 ... (2n = 2)?

@2n-1)2n-1+1)(4n-2+1)
6

=n(n+1)+

2412+ 22+ .. (n-1)%)

—n(n+ 1)+ 2n-=1)n(4n-1)
3
P, (n=1)n(2n-1)
6
2n-1)(n)(4n-1)

=n(n +1) +
( ) 3

~ 2’(n-1)n@2n-1)

o=

=n(n+1)+ g [(2n-1)(4n-1)-2(n - 1)(2n - 1)]

=nin+1)+ 2(2n -1) [2n + 1]
(4n2 —1)n

=n(n +1) + 3

= g[4n2 +3n + 2]

2ab
a+b

Sol 14: HM of 2 numbers is 4 ie =4

AM = % and GM. = vab

We have 2A + G2 =27 = a+b +ab =27
a+b+2a+2b =27 [from (i)]
—a+b=9and ab=18
[a=6,b=3];[a=3b=2¢6]

Sol 15: (3= 2%) + (5°-4) + (7~ €) + ..

=33 +53+ 73+ . +213

(1)

-251+22+33..10+1-1
=13 +22+33+43 . 213-24(1+23..109 -1

_ {21x(21+1)}2 ) 24{(10)(10+1)}2 .
2 2

=(21.11)*-16(5.11)*-1
=11%(21.21-16.25)-1
=121 x 41-1=4961-1 = 4960

Sol16:S =1.3%+25+37%+ ..
T =n(@2n+ 1) =4n° + n + 4n?

X =ZXT =4Zn’+Xn +4Zn’

:4{n(n+1)}2+n(n+l) N 4n(n+1)(2n+1)
2 2 6

=n?n + 1)? +n(nT+l)+§n(n + 1) (2n +1)

= n(n+1) n2+n+l+ﬂ+E
2 3 3

= n(n+1) n2+ﬁ+Z
3 6

S, = 20 x 21{202 +§><20+%:|

_ 420

c [2400 +280+ 7] = 70(2687) = 188090

Sol 17:a, b, c € (2, 18)

a+b+c=25 ..(0)
2a=2+Db (i)
c?=18b (i)
b=2a-2

c=25-a-2a+2=27-3a

= (27 -3a)* = 18(2a-2)
=(9-aP=4@-1)=>a?+8l-18a=4a-4
=a’-22a+85=0

a=17,5

b=3228

c=2412

Numbers are (5, 8, 12)



Sol18:a>0,b>0,c>0

To prove (a + b + ¢) (E+l+lj >9
a C

We know that AM. > G.M. > HM
Therefore, AM. > HM

For 3 numbers a, b, ¢

AM=a+b+C,HM= 3
1 1
a b

a+b+c 3

3 B 1

=@+b+q (l+l+£)29
a b ¢

Sol 19: Let the 2 number be a, b

a,A, A, bareinAP (a G, G, b)areinGP,
(a, H, H, b)arein HP

A +A,=a+b

G, G,=ab

By properties of respective series

H1H2 - ab
H +H, a+b
HH, _ G,G,
H, +H, A, +A,

GG, _ Al +A,
H,H, H, +H,

Hence proved

Sol 20: (x -1) (x = 2) (x = 3) ... (x— 100)

Coefficient of x = —
a

We canseethata =1

andb=1+2+3. 100 = 00x101

-, Coefficient of x*° = -5050

Coefficient of x%8

= 5050

(1)
(i)

=1x24+1x3+...+1x100+2%x3+2%x4 +...+99%x100

:%{(1 +2+..+100) —(12 +22 41002 )}

=% {(5050)2 —338350}

Sol 21: Given that,for a polygon of "n" sides, we have

a=120%d=5
Sum of interior angle

(n-2)180° = a + (n - 1)d
n n
= E[2(120)+(n—1)5] = E[5n+235]

5n? + 235n = 360n - 720
=5n?-125n+720=0
=>n-25n+144=0=>n=16,9

If n = 16, then interior angle will be greater than 180°.

Hence the answer is 9.

Sol 22: Let the number be a, b, ¢
b2=ac,a+c=2b+1,b+a=%(b+c)
=a=2b+1-c

2
=3b+1-c= E(b+c)

=2b+2c=9b +3-3c

=7b=5c-3

7b+3
Cc= /b+3 :a=2b+1—( c )
a= 3b+2 3b2=%
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= 25b%?=21b*+ 23b + 6 =>4b?-23b-6=0

=4b2-24b+b-6=0
=b=6c=9
= a = 4 Number is 469

Sol 23: o—]o- % °

10 m

—_—

5m 5m
Sn=10+10+ 15+ 15+ 20+ 20
..85+85+ ...+ 125+ 125+ 130
= 2[10 + 15 + 20 ... 130] - 130
=10[2+3 +4..26]-130

= 10[26227—1} ~130 = 10 x 350 - 130

=3500-130=3370m
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Sol 24: Number of elements in nth group = n
nn-1)+2

First number in the group will be >

S

n

g[n(n—1)+2+(n—1)1]

=—[n-n+2+n-1] = g[n2+1]

Sol 25: Let the 3 number in G.P. be a, ar, ar? & other 3
numbers be a, a,r, a,r’
(a,r,—ar)* = (a,r®-ar’) (a, - a)
a’r’ +a’r’—2aaprr =aj’r?’-aar —aar +ar
2rr, = r+r?
=(r-nN=0
=>r=r,
a,r, —ar

Ratio for third G.P. = =
a,-a

(a, —ayr .
(a -a)
Hence ratio of the three G.P. is same

1 1 1
Sol 26:S = +
18, a3 ndna
1 a,—a, a,-—a
= 2 1,3 2 .
=3 | 4% ay33
Asa,-a =a,-a,=..a, —-a

1 { 1 1 } a ., -a
979 |3 A (a, —a;)aa,

nd __n
d@@a,,;) aa

n+1

- n n
aa,,, a(a +nd)
. . . 1 1
limS = lim n . = lim :—d
n—»o n—>eoal(al+n ) n—mal (d+a1) a;
n

Sol 27: 2, AM, AM, ... AM,, 3

2,HM,, HM, ... HM,, 3

o
9!

Suppose we take AM_and HM_

:>2+10d:3:>d=i
10

AM =2+nd=2+ -
" 10

1 1

. Linap
M HM

3

]

N

1

o

+10d= L 5g= "L
60

H
1
= —
2

Wl

HM, = &0
" 30-n

A+ 80Dy 8300
10 60

=2+ — +3-— =5

Hence proved

Sol28:x+y+z=1
Forx,y, z. AM. > HM

Therefore, xy + yz + zx —9xyz >0
Hence proved.

Sol 29: We must prove that for some m and p;
Mp = % [2a + (m =1)2], for some odd a

=mla+m-1]

Let us prove this by induction
Taking, P = 2

m?= ml[a+m -1] = a = 1 is the required a.
mP*l = mP.m
=m[a+m-11m=m[ma + m?-m]
=m[ma+m?-2m+ 1+ m-1]
=m[ma+ (Mm-172+m-1]
=mI[A+m-1]

We must prove that A is odd.

A'is odd

For even m, ma is even and (m — 1)? is odd = A is odd
for odd m, mais odd and (m — 1)? is even = A is odd

.. By induction hypothesis,
MP = % [2a + (m -1)2], with odd a.

Hence proved
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Exercise 2
Single Correct Choice Type

Soll:(B) b = 2ac [a, b, c are in HP] (1)
a+c

2ac 2ac
a

_b+a b+c _a+c = a+c
b-a b-c 2ac e 2ac
a+c a+c
_3ac+a2 3ac+c2_3c+a . (Ba+0¢)
ac—a’ ac—c? c-a a-c
_3c+a  (3a+c¢) _2c—2a:2
c-a c-a c-a
Sol 2: (A) Given summation is,l + 1 + 1
1 1+2 1+2+3
2 1 1
T = =T =2|2—-——_
" nh+l) " {n n+1}
S =ST =2 l—l-i‘i—l-f-l 1 =2
" 8 1 2 2 3 3 o
Sol 3: (C)
«~10m— «middle—> n stones
n stones

= 2[20 + 40 + 60 ...n terms] = 4800
=120=1+2..nterms

nin+1)

=120 = =n?+n =240

=n=15

Total no of stone = 2n+1 = 31 [C]

Sol 4: (D) S =12+ 32 + 52 .., 992

S, =22+4%+6%..(100)

S, -S=22-12+4>-32+62-5 ..
= 2+1+443+6+5+ ... +100+99

= %[1+100] = 50 [101] = 5050

Sol5:(C)a,a+d,..a+(n-1)d,a+nd, ..a+(2n-1)d

S, = g[Za +(n-1)d]

S, = g[Za +2nd + (n-1)d]

S 2a+(n-1)d
S, 2a+2nd+(n-1)d

2+(n—1)g
:>—a =S

2+(3n—1)g
a

:2+(n—1)9 =2$+(3n—1)95
a a

=2s-2 = g[n—3ns+s—1]
a

(25—2)3 =n(1-3s)+s-1

This is independent of n ie coefficient of n will be zero

a 1
=s= =, => - = =
3 d 2

Sol 6: (D) a = 5™ + 51 + 25 + 25

= a=55+ ix + (592 + (57)?

5 1
LetSX:t:a:5t+?+t2+—

12
1
5t+% P+

2
—25;—tzlhencea210+2
2 2

ax12
Sol7: (A)S,, =S,
12—1[2a +10d] = % [2a + 18d]

l6a=-232d= 2 =2
d 2

S

3

0= % [2a + 29d] = 30{a+¥}=0

Sol 8: (C) S, = 2t,
S, +d =2t +d)
d =t +2d

10 15
= - [25,+9d] = 2(2t; +14d,)

=18d, =2t +42d, = 18d = 2d_-4d, + 42d,

— 16d, = 38d,
$ = E
d 8
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Sol 9: (A) The given expression is equal to

1,1 1 1 1 1

(e ) =—

da a, a, a a,d

Sol 10: (A) a + ar + ar? =21 (1)
a? + a%r? + a’r* = 189 (i)

Squaring equation (i) & then dividing by (ii)

N a2(1+r+r2)2 _ 441
a’(L+r?+rt) 189

N (1+r+r2)(1+r+r2) _ ﬂ
A+r+r¥)@-r+r?) 189

=2rr-5r+2=0
1
=>r=2 -—=a=3,12

(2"-1)

GPis3,6,12..S =3 = 3(2"-1) Hence, (A) is
the correct choice 2-1
1
Sol 11: (C) Z = p
win’ +4 n(n2++4—4j
2

Zm : Zn[mi_zj{miu}

=2

(n +2- 2n)(n +2n+2)

1
ZL -2n+2 n? +2n+2}

sl L]
45 n-1)% +1 (n+1)2+1

= l 1+l+i|: 1 — 1 :| =
4 2 SHln+1)?+1 (+1)P%+1

Sol 12: (D) In a%? + (In a?)? + (In a%)® .....

=3{na+(na}’+(na)+ ..}

oo |w

2Ilna 3lna

1-2Ina -

1-1Ina
=2-2lna=3-6Ina
=1=41Ina

= a=e¥

Previous Years' Questions

Sol 1: (B) Here, (@®> + b? + c?) p? — 2(ab + bc + cd)p +
b2+ c2+d) <0

= (a%p? — 2abp + b?) + (b%p?
(c?p? —2cdp +d?) <0

=(@ap-b)?+(bp-c)?+ (cp-d)2<0

- 2bcp + &) +

(Since, sum of squares is never less than zero)
= Each of the squares is zero
S(ap-b)P=(bp-c?=(p-d)?=0

b
a

=p= =—=

Nl

<
b

c.a, b, carein GP

Sol 2: (C) Sum of the n terms of the series

... upto n terms can be written as

2
1 1 1 1
(1_EJJ{l—Zj+[l—§]+(l—ﬁj...- upto n terms

1 1 1
=nN—-|—+—+—+...+nterms
53 |

NDlw
+

00

=

o

Sol 3: (B) Let the common ratio of the G.P. be r. Then,
Y = xr and z = xr?
=Iny=Inx+Inrandinz=Inx+2Inr

letA=1+Inx,D=Inr

Then,;:l,
1+Inx A
111
1+Iny 1+Inx+Inr A+D
1 1 1
and = =
l+lnz 1+Inx+2Inr A+2D
Therefore, L arein H.P

1+Inx'1+Iny 1+Inz

Sol 4: (A) Since AM. > G.M,, then

MZ [(a+b)(c+d)

2
=>M<1



Also,(a+ b) + (c+d)>0( a, b, c,d>0)
0<M<1

Sol 5: (D) Since a, b, ¢, d are in A.P.

- a b C d
abcd " abcd abed ' abced

1 1 1 LareinA.P.

= T 1 1T

bcd cda abd abc
= bcd, cda, abd, abc are in HP.
= abc, abd, cda, bcd are in HP.

are in AP

Sol 6: (D) Since a, b, c are in AP.
leta=A-D,b=A,c=A+D

Given,a+b+c=§

:>(A—D)+A+(A+D)=§:>3A=i a-l
2 2 2

. The numbers are %—D,£,£+D

22

2 2
Also, E—D l l+D are in GP.
2 4\ 2

So, out of the given values, a = 11 is the right
choice 2 {2

Sol 7: (C) We know that, the sum of infinite term of G.P. is

a
—, |rlk1
s < o Il
o, |r|g1

) =1L—5 (thus |r| < 1)

0 _r_
X 5-x .
or 1—r:§:>r:T exists only when |r] < 1

e, -1 <5;X< 1
5

or-10<-x<0=0<x<10

Sol 8: (C) Let S, = cn?

S, ,=c(n-1=cn*+c-2cn
“T =2in-c(-Th=S -S )
T2 =(2cn-c)?=4cn? + 2 -4c’n
. Sum = ST?

: 4c2n(n +1)(2n+1) N

5 nc? - 2c2n(n +1)

: 2c2n(n +1)(2n+1) + 3nc? - 6c2n(n +1)

3
_nc?(4n’ +6n+2+3-6n-6) nc’(4n’-1)
- 3 - 3

Sol 9: (B) Let a, ar, ar?, ...
a+ar=12

ar? + ar> =48

Dividing (ii) by (i), we have

ar’(l+r)
ar+1)

=>r=4ifrz-1
Lr=-=2
Also, a = — 12 (using (i)).
2 6 10 14

Sol10: (B) Let S=1+—+—+—+—+....
® 3 32 3 3

1.1 2 6 10
“S=t—+—+—+....

Dividing (i) and (ii)

Sol 11: (B) M = “T”

¢ Gl,G2,G3,narein G.P
1

26
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- (1)
- (i)

- (i)

- (i)
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I
()]
N
Il
S
VR
~ |
N—
N =

ol

G, +2G;‘ +Gj

2 n3

£_2+Z X£—3
= Pn+20%n% +In°

= nf(ﬁz +2n/ + n2)

+2£
Z

=nl(l+n)?
= 4Am’n/
n’ (n+ 1)2
Sol 12: (B) T, =—%+—
n

1 2
T, = Z(n+1)

T :1[n2 +2n+1]

e

Dlw

384

"4
n
Sn:ZTn
n=1
S =l w+n(n+l)+n
no4 6
411{9“0”9 9><10+9} 112854 90+9= = 0

Sol13:(A) a+d,a+4d,a+8d—- GP
o (a +4d)? = a% + 9ad + 8d2

= 8d? = ad
-.9d, 12d, 16d - G.P.

= a=28d

Common ratio r :E:i
9 3

Sol 14: (A)

HEGRGRGRGR

82 122 16° 20° 242
— Attt —F—+....
52 52 52 52 52
10
T = M 216( 16Z(n2+2n+1)
5 25n:l
_16 1O><11><21+2><10><11+10 16 g0 16
25 6 2 25 5

= m =101

Sol 15: (B) a, ar, ar* — G.P
a, 2ar, ar’ - AP

2 x 2ar = a + ar?
4r=1+r
=>rr-4r+1=0
_A4£vl6-4 “;6_4=2i\/§

r=2+13

r=2 —\/5 is rejected
S(r>1)

G.P.is increasing.

Sol 16: (B) Statement-I has 20 terms whose sum is 8000
and statement-II is true and supporting statement-L

okt bracketis (k= 1)? + k(k = 1) + k? = 3k? -3k + 1.

Sol 17: (D) 100(T,,)) = 50(T,)) = 2[a + 99d] = a + 49d
=a+149d=0=T,,=0

Sol 18: (D) f(x) = 2x® + 3x + k

ffx)=6x2+3>0 VxeR

= f(x) is strictly increasing function

= f(x) = 0 has only one real root, so two roots are not
possible

Sol19: (A) x> +2x +3 =0 . (1)
ax’+bx+c=0 (1))

Since equation (i) has imaginary roots
So equation (ii) will also have both roots same as (i).
Thus

2 3

1
Hencel:2:3
Sol 20: (C) — 1+E+ ....... + up to 20 terms
10 100 103
= i+£+E+ ....... +up to 20 terms
10 100 103
:Z i+£ ﬁ+ ....... +up to 20 terms
9/10 100 1000



9

i 20
_7 @Jrl 1 =l[179+(10)-2°J
9] 9 9l10 81

Sol 21: (A) 2y =x + z
2tan-1y =tan-1x + tan-1 (2)

tant 2_y = tan‘l( X+z
1-y? 1-xz

X+z X+Z

1-y? l-xz

=>y2=xzorx+z=0=x=y=1z2

JEE Advanced/Boards

Exercise 1

Sol 1: (i) Let 2 numbers be a, b
2ab ab

GivenHM. = — =4=a+b= —
a+b 2

We have AM. = % and G.M. = \/5

(GM.)? =ab
2AM.=a+b
2A + G2 =27
a+b+ab=27

% =27 =ab =18

using (i) and (ii)

a+b=9
=ab=3,6

(i) AM. = GM. + 15 = HM. + 27

a+b 2ab

2 a+b

+27=x/£+15

1o 2] -3t

1
10

I

. (i)
()

G2
HM = AM (we know this)
= (A-27) (A) = (A-15)?

= 27A=225-30A

A=75
G.M. =60

HM. = 48
a+b =150 using (i) and (ii)
ab = 3600
a=120

b =30
Sol2:H  =21,H, =10

11 gg L

Hio H, 21

Ho H 10
~11d = L 1

210 210

1 9 10

_t — = —

H, 210 21

1_1

H, 210

_1 :i+209d:i+@:&:
H H 210 210 210

Sol 3: sin x, sin?2x, cos x sin 4x are in GP.
sin“2x = sin x cos X sin 4x

(2 sin x cos x)*= sin x cos x 2 sin 2x cos 2X
16 sin* x cos* x = 4 sin? x cos? x cos 2x

4 sin?x cos?x = cos 2x

Sin?2x = cos 2x

1 - cos?2x = cos 2x

cos?2x + cos2x—-1=0

“1+45
Cos 2x = >
.. cos 0 can never be equal to -1 ;\/g i.e
—l+\/§
. COS 2X =
2
sin2x  4sin? xcos? x

Common ratio = =

sinx sinx
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=4 cos? x sin X = 2 cos X sin 2x

= 2, /@\/1 - cos® 2x
2B

Sol 4: a3, b, ¢, d, e be 5 numbers
abcinAPbcdinGP cdeinHP

db=a+c,c=bdd= 2 letbbeb
c+e
c be br, d be br?
2

br? = Zbre =brr+er=2e =e= _br

r+e 2—-r
a=2b-br=b(2-r)
ae = b%r? = c? hence a,c,e are in GP ()

(2b-ay _ & _ b’ br’

= a b2-r) 2-r
Hence proved.
(ila=2e=18=>c=%6

bc, d, e = (4, 6,9); (-2, -6, -18)

=>b=4-2=d=9-18

Sol 5: 202 a* 24 form AP

at=a?+ 12 ()
ot—a? =12

2a=2-2(,a,=2-2

(B?)? = 1(6 - B

B*+p2=6
B*+p*-6=0
B*+3p°-2p*-6=0
=2

B, B, = V2,-2

a’+ol+B’+B=4+4+2+2=12

Sol 6: 2G.Ps

9

=l=a =1-r
1-r ! !

9
1-r,

=l=a,=1-r,

ar =a,n=>>L-r)r,=0-r)r,
=== () +r)
=r+r,=1
ar’=18=@1-r)r?=1/8

= @r-1)@r?-2r-1)=0
Ifr, =% thenr =r,

=4r?-2r-1=0

) 1445

=T

! 4
Ifr = & then, r, > 1.
4
1+\/§
=r, =

o (14_ - [1 ) (1 +4\/§D(1 +4\/§J

(35 128) - -1 men

4 4 8 P
. 100m + 10n +p = 500 + 10 + 8 = 518

99 5l00
Sol 7:S = Z—
o} 25n + 5100
100
T, = R
52, 5100
5100 5100 52
99~ 52:99 | 5100 - 5200 L5100 - 52, 5100
52
T,+T =1
S=T,+T,+..+Ty=1+1..T,
5100
— — — 1
=49 +T,,=49 + W =49+1/2
[S] = 49

Sol 8:ax*—ax?* + 9bx-b =0

3 _ 3aPy
B £+1+1 af + By +yo
a+P+y=1¢g B vy

HM roots =

9,
af + By +ya=—
a;
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b, 127 S
-1 127 - =25 =s-
afy Y r (-1
HM = 1 1 635
=3 127 |1-=| =32r-r| ——-31.5
r r

atf+y 1 127- 127 _635r-635

3 3 r
a+B+y>l @y =re2
Its given a+p+y=1 s =64
Equality of equation (i) holds only if o =B =y ns—l = %

r
. 1
i.e all the roots are 3 2 = 6a
3

b =03 = 1 =>n=8
a 3
b = 27a Sol10:a +1=a +1forn=1..97
b+a=28a =a,=a +1
. ais an integer, min (a + b) = 28 —a,=a,+1l=a +2

=a,=a +3

Sol 9: Let time taken to solve 1% problem be S time to a =a +(n-1)

. S
solve second problem will be T =a, +a,. a,=4949 = % [2a, + 97.1]
S S .
— +.. +—71 =635 (1) 101 =2a. +97=>a, =2
r rn 1 1
S S Now, we can write here Xa,
S, =127=S+ — . ..(i)
ro "2 =a,+a,+a,..az=a +1+a +3..a +97
s s
315 = r_2 + ... = (1)) = % [2a, + 2 + 48x 2] = 49[a, + 49] = 49 x 51
33 L(v) = 2499
r
s Sol 11: xyz = 55 or -2 acct b in AP/HP
127+n_—:63'5+5 ol 11: xyz = orﬁacc 0a, XY,z binAP/
r Fora, x,y,z bin AP
S
63.5+rn—_1=5 x=a+d;y=a+2dz=a+ 3d
s s 1 b=a+4d:>d=—b_a
- =63.5(1——J 4
ror ' (@+d)(@+2d)(a+3d) =55 0!
32—%=63.5—@ Fora, x,y,z binHP
r r
1 1 1 1 111 1
—=Z+d,; —==+4d,=>d == =-=
635 S 35 v x a "b a A 4{b a}
r rn
s[q1- 1 l = 1 +2d,
rn—1 y a
127= —— 2 1
[1—1] 1.1 3d,
r Z a
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Equation (i) can be written as

(a+E] [a+(b_a)2j (a+(b_a)3] =55
4 4 4

(Ba+b)(2a+2b)(a+3b) _ 5
64

5

Equation (ii) can be written as

3 1 1 1 1 3 55

—t | | =t | =+ = ==

(4a 4bj (Za 2b] [4a 4bj 343
(Bb+a)(2b+2a)b+3a) _ 55
64a’b%ab 343

= a’b® = 343

=ab=7

a & b are integers
iea=1,b=70ra=7b=1

iea?+ b?2=50

Sol 12: 10x* —cx? - 54x-27 =0
Let o, B, y be the roots

o(+[3+'y=i

10
54
ap + by +yo = - —
p+by+y 10
27
aby = ==
T
o B &y are in harmonic progression
i_e B = ﬂ
o+y
ba + by = 2ay

Putting this in equation (iii)
B = - 3/2 this in equation (iv)

(a+v)G§j=_36

2 10
o + :E
L
-3
:}a:3’ = —
! 5
The 3 roots are 3, _—3 _—3
2 5
£ :a+B+y:£ _E:ijC:g

10 5 2 10

1 1 1 1 55
XyZ = [g+dH](g+2dH] (g+3de = %

(i)

()
(i)
...(iii)

..(iv)

Sol 13: We have b? = ac
Also, log a, log,c and log b are in AP
We can write log_b = log a + (3 - 1)d

_log,b —log_ a
- 2

=d

_log, Jac - log. a
- 2

~1+3log,c
- 4

Given that log.c = 4

1+3x4 13

s.d = =2
4 4
Soll4:a=Db-2
arr=b +6

a+ar’
2ar

£l
3

2b+4
2ar

£l
3
3
=(b+2)=ar
5( )

%(b+2)2:(b+6)(b—2)

= 9(b? + 4 + 4b) = 25 (b? + 4b - 12)
16b% + 64b-336 =0
b2+4b-21=0
b2+7b-3b-21=0

b =7, 3 = +ve integral value of b is 3.

S
Sol1s: ~ti1 - 1 ()
n-10-n 8
S
0 =2 ... (ii)
S(n—S)—n
(™ -1) (1)
51—11_ a r—1 S1o-n =ar T
11 n-9
r--1 -1
n-10-n r-1 r-1

Putting these values in equation (i) and equation (ii)

1

rn—11

1
8



1
P=2=r=29

— 11 = 3
n-11
=29 =23

=n=11+27 =38

Sol16:S =(1+2T)(1-T)
S = g[Za + (n=1)d]

=[1+2a+(n-1)2d][1-a-(n-1)d]
T =a+(n-1)d

S, =1+T —-2T2

S =1+T -2T?2=T,

1
T, = =

2
S,=1+T,-2T2=T,+T,

1
1- — =2T72

\/E 2

V2-1) o, 2.2 _Ja-\2

22 ) 4 4
=a=4andb =2
a+b=6

Sol 17: Let number be abc (a > b > ¢)

a a
a=zab=—-,c= =
r r2
1008+ 292, 2 _jpo @ _102-a
r rz r2 r
992~ 222 _ 790 54— 2 -3
r2 r2

. New number = 100(a—4)+10b+c

2
—2b=a-4+cm 2=a-44+2
r r
2
:>—a=a—4+a—8
r
=2a-12=25a=2,6=-2 13
r r r2
:>r——a
"~ a-6
2

=792
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—a@-8 =@-62=a=9r=3

So the number is 931

Sol 18:S0) =1 + (1 + sin0) cos O
+ (1 +sin© + sin?0) cos? 0 ...
=1+ cos0+cos?0..

+sin 0 (cos 0 + cos?0..) +sin?0

_ 1. sin® sin® 0cos® 0
1-cos® 1-cos6 1-cos6
1 . .
= [1+ sin B cos O + sin?0 cos?0 ...]
1-cosO

1
(L-sinBcos0)(1-cosh)
1 [I_Lj _ 22

) (V2-1)

5(0) =

Sol 19: tan I ,tani,tan I o x| areinGP
12 12 12

tan21 = tan L—x tan £+x
12 12 12

sin| =~ +x |sin| ~ —x T
12 12 cost—cosg -
= = = tan® —

cos[n+xjcos[n—xj c052x+cosg 12

12 12

T, 2T T cos™|tan? ~ 41
cos—tan E+COSE _ 6{ 12

COS 2X =

1-t 2T 1—tan2£
an 12 12
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Solutions are O, &, 2w, 3w ... 997
99
7[2ﬁ+98ﬁ] =50mr.99=4950x

K =4950

Exercise 2
Single Correct Choice Type

Sol 1: (A) AM. =9 + 99 ... 999999999/9
=9[1+11+111+...111111111]/9
= 123456789

This does not contain 0

Sol 2: (D) Gi 3 1 m

[o} : ven = __
kZ:l kk+1+k+Dvk N

X 1 kri-vk

k=1 \/k+1\/E \/E+\/k+1«/k+l—\/E

¥ Jkri-vk

k=1 \/k+1\/E

w
D

ks

360 1 1 1 1 1

..'éTzﬁ_EﬁLﬁ_\@m N

1 18 m .
= 1 _— = — = —
19 19 - (given)

k

=>m+n=18 + 19 = 37

100 k k
Sol 3: (B) ém = (2 +1) — K2
k
k? +1+k)(k? +1-k)

:ZL{ 1,1 }
k| k% +k+1 kZ-k+1
O .
T2k -k +1 KP4kl

=Z%[Li+l 1 1 }

1 3 3 771002+100+1

_1/100° +100 | _ 5050
2| 10101 10101

Sol 4: (A)

Circle inscribed in 15t circle = r = a/2

. a
In2™circle =r, = —
1 2\/5
In 3 circle = a this is G.P. with common ratio L
X 2 \/E
49
a=21—| =¢=2|" =22/ p
22 2
Assertion Reasoning Type
Sol 5: (D) Statement-I: If (a + b + ¢)3> < 27 abc
3a+4b + 5¢c =12
Statement-II: = A.M. > G.M. (True)
We Know A.M. > G.M.
For three numbersa + b + ¢
atb+c . opows
=@+ b+ c)3=>27abc
Given (a + b + ¢)* < 27 abc
Da=b=c&(@+b+c)3=27abc
3a+4a+ba=12=a=b=c=1
i i+i:l+l+l:3¢10
a? b b 1 1 1
So statement-II is false.
Multiple Correct Choice Type
Sol6: (A, B,C,D)a, =25b, =75 a,+b,, =100

a, +99d_+ b, +99d, =100
=d +d =0
=d =-d,

(a) Hence a is correct



(b)a +b =a +(n-1)d +b, +(n-1)d,
=a, +b +(n-1)(d +d)=a +b =100
Hence, correct

(¢ (a, +b)(a,+b)(a+b)..

=100, 100, 100 is in AP

100 100

(d) > (a +b,) = >(100) = 10000
r=1 r=1

Sol 7: (B, C) sin (x —y), sin x, sin (x + y) are in HP

2sin(x—y)sin(x +y)
sin(x —y)+sin(x+y)

sinx =

= 2 sin?x cosy = 2cos?y — 2cos’x
= sin’x (cosy—1) = cos’y -1

=sin>x =1+ cosy = 2 cos?y/2

= sin x sec (%} = \/5

Sol 8: (A, B) Given series is a ar ar? ar’...
Given thatar—a =6 and ar’—ar?> = 54
=arXr-1)=54=a(r-1)=6
Dividing these (2)

rr=9
r=+3
a=3,forr=3
ar=9

ar? =27
a=3
sum = 39 [A]

forr:—3;a:_—3

9 ., =27
ar= —;arl= —
2 2
. -3 9 27 27 21
sum=— + - - — =3-— = —
2 2 2 2 2

Sol9: (A,C, D) x> + px* + gx—1

Roots form increasing GP

a
Roots be —, a, ar
r

a
—+a+ar=-p
r
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2
— +ar+a’=q
r

ad=1=a=1

(r+1+%) =-p - (1)

(l+r+1j =q=>q=-p=>p+q=0
;

r+1+1

L >1[AM = GM]

1
r+1+?23

pe (-, 3) [Bis incorrect]

one root (a) is unity

1 . . .
one root is — & otheris r, so if 1 root is greater than 1
r

and other less than [ACD]

Sol 10: (B, D) log a, log b, log ¢, log i, log—,
2b 3c

log 3¢ are in AP
a

a,a,a,a,a,a,

2a,=a, + a,

4b° _ 3c
9c2 2b
E=§:b=£
C 2 2
3b 9c
a=— = —
2 4
a b=E>C
l§c 3c

a+c:T> Z(b)

b+c=5—c>%(a)
2 4

Hence a, b, ¢ can form A
logb—-loga=logc-logb
2logb =loga +logc

b? = acie a, b, c are in GP[B]
a=ab=arc=ar

18 (a + b + ¢)?—18a? — 18b? — 18c¢?
=18 (2ab + 2bc + 2ac)

= 36 (ab + bc +ac) > ab so A is incorrect
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Soll11l: (A,B,C,D)x*-3x+A=0
X, +X,=3

XX, = A

x?—12x+B =0

X; X, =B

X, + X, =12

_ . - . — 2 . —_ 3
X, =a;x,=ar;x,=ar’;x, = ar

arr=A
all+r =3
a’r =B

ar’(l +r) =12
r=+2

a=1-3
A=ar=1x2=2
alr=2°=32=8
X, +x,=a(l+r)=5

X, +x,=ar(l+r)=25=10

Previous Years’ Questions

Sol 1: (A, B, D) Since, first and (2n — 1)the terms are
equal. Let first term be x and (2n — 1)*" term by y. whose
middle term is t .

L . . X+
Thus in arithmetic progression ; t = > Y —a
In geometric progression : 4/xy =b

. . 2xy
In harmonic progression ; t = =C
X+y

=b?=acanda > b > c(using AM. > G.M. > HM)

Here, equality holds (ie, a = b = ¢) only if all terms are
same.

Sol 2: (B, C, D) Let a_ denotes the length of side of the
square S .

We are given a_ = length of diagonal of S__ ..

a
= a, = \/Ean+l:>an+l :T;
This show that a,, a,, a,... Form a G.P. with common

ratio 1/ \/E

1 n-1
Therefore, a, =a, [—J

N

n-1
=a, = 10[%] (Qa, = 10 given)

1 2(n-1)
:>a§=100[ ]

2

100 < aﬁ <1lgiven)

= 1 S 1(-

=100 < 2!

This is possible for n > 8. So (b), (c), (d) are the answer.

1
ERNCES
k

Now, (k? =3k + 1) S, = {(k=2) (k=1)-1} x S,

k-1
Sol 3: (4) We have S, = -

1 1 ug ,
= - = Y |k?-3k+1)S, |
k-3 k-1 7 & k
2
141401 1), 1007
99! 98! 100!
1002 100 2
k? =3k +1)S, |= 4
1001+k§|( US|

Sol4:(0)a =2a _ —a

k-2

—>a,a

1 @y @y, @re in AP

Caj+aj+..+ay  1la’ +35x11d? +10ad
- 11 11

= 225 + 35d2 +150d = 90

= 3502 +150d + 135 = 0

=>d=-3, 2
7

90

Given a, < E .-.d=—3andd¢—2
2 7

:%[30—10x3]20

Sol 5:a, a, a, ....

A, isan AP
P

a,=3Sp= Z;al,1£p£100
i=

5

S_mzsi _ 3”<G+(5n—1)d)
S S E(6 —-d+ nd)
2



Smis independentof nof 6-d=0=d =6
a, =3

a,=3+6=9

a,=9

Sol 6: (C) Let a and b are two numbers. Then,

a+b 2ab
A ="370G, —Jab;H, =

a+b
A . +H
An =— 12 L ’Gn = An—lHn—l’
H = 2An—lHn—l
" An—l + Hn—l
Clearly, G, = G, = G, = .... = \Jab

Sol 7: (A) A,is AM.of A, and H and A > H,
=>A >A,>H,

A,is AM.of A,and H,and A, > H,
=>A,>A,>A,

LA A A >

Sol 8: (B) Asabove A, > H,>H,A >H, >H,

Sol 9: (B) Here, V,= - [2r +(r - 1)(2r - 1] = %(ng EI

TV, = %[22r3 -3r? +3r]

_i ? nin+1) 2_n(n+l)(2n+1)+n(n+1)
- 2 6 2

_n(n+1) _
T [Bn(n+1)

@2n+1)+3]

= izn(n + 1)(3n2 +n+2)

Sol10:(D)V -V =

L (r+132-r-

1 2 2, 1
=[r+1) -r]+=(1
2[( ) ] 2()
=3rr+2r-1

T=3r+2r-1=(r+1)(3r-1)

Which is a composite number.
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Sol 11: (B) Since,
T=37+2r-1
T,=3(+ 1242 (r+1)-1

Q=T . -T =3[2r+1] + 2[1]
Q =6r+5
Sol12:(A,D) S, <I|mS = lim 1 1
>0 n—o 5N 1+k/n+(k/n)

S .
01 4x+x2 343

-1 n
Now, T.>-"_as hn f(kh) > 1f(x)dx >h» f(kh)
n 3\/5 I;) .[O kzzl

Sol 13: (C) b, = a,
b,=a +a,+a,+a,

b,=a +a,b,=a +a,+a,

Hence b, b, b,, b, are neither in A.P. nor in G.P. nor in
H.P.

Sol14: ()t =c{n’-(n-1)}=c(2n-1)

=t =c’(4n* —4n+1)

:>Zt _ {4nn+16)(2n+1) 4n(r12+1)+n}

czn
= ?{4(n+1)(2n+1)—12(n+1)+ 6}

2 2
:Q{4n2 +6n+2—6n—6+3}:c—n(4n2 -1)
3 3

100
Sol 15: (3) Z‘ ~3k+15,)

fork=2[k?-3k+1)S|=1

k-1 k-1+1

z|k 2! (k-1

g 1 1 1
Z;(k—?,)!+(k—2)!_(k—2)!_(k—1)!

100 1 1
Z;((k—a)!_(k—l)lj
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A A 3

1 1) (1 1) (1 1)(1 1
| — | ——— || = — |+ =———
[94! 96!] [95! 97!) [96! 98!] [97! 99!]

100? 1 1
E= +3
100! 98! 99.98!

1002 100 1007 100
= +—3-— = +'3‘_ = 3
100! 99!  100.99! 99!

Sol16:(0)a, =2a_,-a _, = a,a

- 1@y - @ arein AP

Caltad .. tal _ 11a? +35x11d? +10ad _
11 11

= 225 + 35d2 + 150d = 90

35d2 + 150d + 135=0=d = -3, - 9/7

Givena2<g.'.d= -3andd# -9/7=

90

a +a, .. tay

11
o ?[30—10x3:|:0

Soll7:(B)ax? + bx +c=0=x*+6x-7=0
a=1p=-7
=1 1) &1 1Y

n=0\ & B n=0

Sol 18: (D) Corresponding A.P.

l, .......................... i(zoth term)
5
i:l+19d :>d:i __4 E— 4
19\ 25 19x25
a <0
E— 4 x(n-1)<0
5 19x25
19><5<n_1
n>24.75
an k(k+1)
Sol19: (A, D) S, =Y (-1) 2 k?
k=1

= ((4r +4)% +(4r +3)% — (4r +2)> —(4r +1)?)

(n-=1) (n=1)
= Z (2(8r+6)+2(8r+4)) = Z (32r+20)
r=0 r=0

1056 for n=8

=16(n-1)n + 20n =4n@n + 1) =
1332 forn=9

b

Sol 20: (6) — = — = (integer)
a

o0

b2
b’=ac=c=—
a

a+b+c:b+2

a+b+c=3b+6=>a-2b+c=6

2 2
a—2b+b—:6:>1—&+b—:E
a a 2 a
2
(9—1j :§:>a:60nly
a a

Sol 21: (9) Let seventh term be ‘a’ and common
difference be 'd’
S, 6
i —+ =—=a=15d
Given, s, 11
Hence, 130 < 15d < 140

= d=9

Sol 22: (B) log (b,) - log (b,) = log (2)

= E—z =2= b, b, ...arein G.P. with common ratio 2
1

~t=b +2b + .. +250 b, = b, (251 -1)

51 51
tag) =Sby+by)  ==wby(e 2%%)

S—t:bl[%+51x249 -2t +1J:b1(5—23+249><47)

=S>t

bygy = 2460 0y

a,, =a, +100d =2(a, +50d) - a,
=2a,-a,=2b, ,-b =2%x2,-1)b =(2,-1)b

~b

1

> a

101 101



