Continuity and
Differentiability

BASIC @

1. Continuity and Discontinuity of Function: A function y = f(x) is said to be continuous in an interval
if for every value of x in that interval y exist. If we plot the points, the graph is drawn without lifting
the pencil.

If we have to lift the pencil on drawing the curve, then the function is said to be a discontinuous
function.

2. Continuity and Discontinuity of a Function at a Point: A function f(x) is said to be continuous at a
point a of its domain if

limﬁ f(x), lim+ f(x), f(a) exist and limﬁ flx) = lim+ f(x) =f(a)

X—a X—a

A function f(x) is said to be discontinuous at x = 4 if it is not continuous at x = a.

There are three cases of discontinuity of a function which can be illustrated by fig. (diagram) as.
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(@) lim f(x)= lm f(x)#f(a) (i) lim f(x)# Lm f(x)
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X-axis X-axis

(iii) lim f(x)does notexistor lim f(x)does not exist (2nd type of discontinuity)
x—a~ x—a’
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. Properties of Continuous Function:
If fand g are two continuous functions at a point 4, then
(i) f+ gis continuous at a. (i) f-g1is continuous at a.
(iii) f. g is continuous at a. (iv) é is continuous at a4, provided g(a) # 0.
(v) c.fis continuous at a, where c is a constant.
(vi) |f| is continuous function at a.
® Every constant function is continuous function.
® Every polynomial function is continuous function.
® Identity function is continuous function.
® Every logarithmic and exponential function is a continuous function.
. Important Series which are Frequently Used in Limits:

g 3
(@) (1+x)”=1+nx+n(n_1)x +”(”—1)(n—2)x

2! 3!
2 .3 2 .3
.. X XX w_ 4, X X x
(i1) ex—1+1!+—2!+—3!+...oo and ex—1—1!+—2!——3!+,
2 2 .3
_ X 5 3 X x
(iil) a*= 1+x10gea+i(logea) +.. and log | 1+x | —x—7+?...
2 .3 3 5 7
(iv) 108|1—x|:—x——x2 __xg and sinx=x—%+%—%
2 4 6 3 5
Xt X
(v) cosx=1—2—!+4—!_a+... and tanx=x+§+§+...

. Differentiation from First Principle or Ab-initio Method or by Delta Method:
Given a function f(x) and if there is a small increment / in x, let their corresponding increment
is flx + h) in f(x) i.e.,
fath)-fx)

flx) > fx + h), then, lirré is called the differential coefficient of f(x) with respect to x.

h
List of Useful Formulae:
(i) %(x”)=nx”_l (if) %(ax+b)"=n(ax+b)”‘l.a
(iif) %(6") =e" (iv) %e“ =aq.e™
(v) ia" =a*log a (vi) iab" = ba™log a
dx 8e dx 8e
W d 1 d 1
(vid) Eloge X=7 and Eloge ax =
o d 1 d 1
(viii) ix log, x = T los 7 log, and ix log ,bx = xlog,a
() ——sinx = cosx and isin ax = acosax
dx dx
o d . d .
(1) g COSX = —sinx and ¢ COSAX = —asinax
o d 2 d 2
(i) Etanx =sec”x and Etanax = gsec”ax
(iv) acotx = —cosec’x and ;—xcotax = —gcosec’ax
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10.

11.

12.

13.

164

d d
(v) ——secx =secxtanx and ——secax = asecax.tanax

dx dx
N od d
(vi) ——cosecx = —cosecxcotx and ——cosecax = —acosecax. cotax
dx dx
. i 1 1 i | _ a
(1) gy SN X = and g SN ax 7m
(11) icos_lx —— and icos_l ax = -
dx 1= 2 dx 1-a’x®
d 1. _ 1 d -1 —
(i) Etan X = T+ 12 and Etan ax = L+ a2
. i 1. _ -1 i -1 — _
(1v) ix cot™ x 2 and It cotax L+ a2
(v) isec"lx S — and isec_lax S
dx xy/x? -1 dx xya*x* -1
(vi) icosec"lx S and icosec‘lax .
dx -1 dx xvax? -1
Product Rule: Let # and v be two functions of x, then i(u v) = u. Z—U +0v Zz
e., ; (Product of two functions)
d
= First function It (Second function) + Second function % (First function)
Quotient Rule: If # and v are functions of x then,
du  do ,AWNY) - d(D")
d(u)zvdx_udx Y d N’ D= Nk
dx\? v? o dx (D")?
Chain Rule: Chain rule is applied when the given function is the function of function i.e.,
o : dy _dy dy dy _dy du do
if y is a function of x, then T dude Of qr - dudv dx

Logarithmic Differentiation: Logarithmic differentiations are used for differentiation of functions which
consists of the product or quotients of a number of functions and/or the given function is of type [f(x)*®,
where f(x) and g(x) both are differentiable functions of x.

Therefore, in this method, we take the logarithm on both the sides of the function and then differentiate it with
respect to ‘x’. So, this process is called logarithmic differentiation.

General method: If y = [f(x)E®) then

L7 ORI B
ax ~Y|log f (1) () g(x)-f(x)-f (%)

Parametric Form: Sometimes we come across the function when both x and y are expressed in terms of
another variable say t i.e., x = ¢(t) and y = y(t). This form of a function is called parametric form and t is
called the parameter.

d
To obtain d—z in parametric type of functions we follow any one of the following two steps:

(i) Try to obtain a relationship between x and y by eliminating the parameter and then proceed to

get % which is already discussed.



(i7) If it is not convenient to obtain such a relation between x and y, then differentiate x and y both

d
with respect to parameter ¢ to get dx and d_y;‘ (treating ¢ as independent variable and x and

dt
. . Ay dx dy . dy _dy  dx
y as dependent variables). Finally, divide ar by ar to get e T T4
or sometimes —— il dl L ax where 6 is an independent variable
dx — d8 " do’ P '

14. Rolle’s Theorem: If f(x) be a real valued function, defined in a closed interval [a, b] such that:
(1) it is continuous in closed interval [a, b].
(ii) itis differentiable in open interval (g, b).
(iii) f(a) = f(b). Then there exists at least one value c € (g, b) such that f'(c) =
It is illustrated by diagram as
[Note: f'(c) = 0 means tangent at c is parallel to x-axis.]
y-axis/ y-axis |

Tangent
(c,f(0) #~ (¢,f(c)) .— Tangent

fla)=£b)

fa)=f)

]
1
1
]
1
1
b x-axis

QP
OfF=———=——

]

1

1

]

1

. >

b X-axis

|
|
I
|
|
c

Qfm————
[ Y A,

15. Lagrange’s Mean Value Theorem:
If f(x) is a real valued function defined in the closed interval [4, b] such that:
() itis continuous in the closed interval [g, b].
(ii) it is differentiable in the open interval (g, b).

(
Then there exists at least one real value c € (g, b) such that f'(c f ; - /@ . It is illustrated by
diagram. \
fb)
I
I
A i
fla) | 1
| i
a 0 b x-axis
f)-f@ ) f (@) .
[Note: f'(c) = means tangent at c is parallel to chord AB.
ie., Slope of tangent at ¢ = Slope of chord AB

16. Limits: Let f{x) be a function of x. Let a and I/ be two constants such that as x — a4, we have
f(x) > 1, i.e., the numerical difference between f(x) and [ can be made as small as we wish by taking x
sufficiently close to 4. In such a case, we say that the limit of function f(x) as x approaches a is [. We
write this as }Cm; fx)=1.
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17. Procedure to Find lim f(x):

xX—-a

(i) Putting x = a in the given function. If f(a) is a finite value, then }(m; f(x)=f(a).

(i1) To find LHL of flx) at x =a we putx =a—-h, h — 0 and find ’11i£1(1) f(a—h) after simplification.
(iii) To find RHL of f(x) atx =awe putx =a + h, h — 0 and find }li_r}?) f(a+ h)after simplification.
(iv) If LHL = RHL = k (say), then £13 flx)=k.

18. Fundamental Theorems on Limits: Some important theorems are given below which are frequently
used in limits:

(1) }Cin;c =c, i.e., the limit of a constant quantity is constant itself.
(i) Lim[f(x) +g (0] = im f(x) + lim g (x)
i.e., the limit of sum of two functions is equal to the sum of their limits.
(i) Hm[f(x) - g ()] = imf(x) - lim g (x)
i.e., the limit of difference of two functions is equal to the difference of their limits.
() lm[f(x). g (0] = limf(x).limg (x)
i.e., the limit of the product of two functions is equal to the product of their limits.

© lim [%] =lim f (x) / limg (x)

i.e., the limit of quotient of two functions is equal to quotient of their limits.
provided im ¢(x) finite value not equal to zero.

(vi) lim[cf(x)] = clim f(x), where c is a constant.

i.e., the limit of the product of a constant and the function is equal to the product of the constant
and the limit of the function.

(vil) limy/f(x) = /lim f (x)

(viii) lil‘% f(=x) = lim f(x)

x—0"

19. Evaluation of Limits:

(i) Direct substituting method: We substitute the value of the point in the given expression and if
we get a finite number, then this number is the limit of the given function.
(ii) Factorisation method: On substituting x = a in the given expression, if we get %, %,
form, then we factorize the numerator and denominator and take (x — 4) as a common factor
from numerator and denominator. After cancelling out (x — a), we put x = a. If we get a finite
number, then it is the required value otherwise repeat the step till we get a finite number.

..., etc.

(iii) Rationalisation method: Rationalisation method is applicable when
(2) numerator, denominator or both in square root or
(b) after substituting the value of limit if we get the negative number in square root. Hence,

after simplifying in both the cases, we get the required value.

()
(iv) L” HOSPITAL Rule: With the help of this rule, if we have to evaluate lim ;‘ @)

such that it
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. . .0 . . .
takes indeterminate form, i.e., o or %, then we differentiate numerator and denominator to
(x

2() if it is determinate form then it is required value, otherwise repeat the step till we

geta determmate form and thus required value.

get hm

[Note: According to L” HOSPITAL rule
lim /) =lim f )
x-c8(X)  x-c g (x)°

.where g'(x) #0 Vx € Zwithx =]

20. Some Standard Results:

x"—a" " =a"  m o,
1 — -1 li M m-n c
(@) (a) m; x—g —ma',a>0,neQ (b) xlg; N LA, mmneQ
. sinx _ . _ . tanx _
(c) 9151—1»% Y —1 (d) )1(1_{% cosx =1 (e) ll_% X 1

(if) Evaluation of limits of inverse trigonometric functions:

. 1 -1
. SIn X _ . ftan x _
(a) 11% y -1 (b) J1(131) ¥ -1
(iif) Evaluation of limits of exponential and logarithmic functions:
X
-1
lim e* = 1 b) limS——=1
(a) x1£1(1)e (b) xlilzl) X
_ log|1+x]| _ (1+0"-1
(c) 11% —x = 1 (d) }(151) — =
oat-1 _
(e) 3151—1»% y  —log,a

(iv) Limits at infinity: This method is applied when x — co.

Procedure to solve the infinite limits:
() Write the given expression in the form of rational function.

(b) Divide the numerator and denominator by highest power of x.

(¢) Use the result lim Ln =0, where n > 0.

x—oo X

(d) Simplify and get the required result.

Selected NCERT Questions

1.

Sol.

Sol.

Show that the function f defined by
@) = [1-x+ |x] |,
where x is any real number, is a continuous function.
Define ¢ by g(x) =1 -x +|x| and h by h(x) = | x| for all real x. Then
(hog)(¥) = h (g(x)) = (1 -x +|x|)
= [1-x+[x|| =ftx)
We know that & is a continuous function. Hence g being a sum of a polynomial function and the

modulus function is continuous. But then f being a composite of two continuous functions is
continuous.

Find all points of discontinuity of f, where fis defined by the following function:
|x[+3, if x=<-3
fx)=7 —2x, if 3<x<3 [CBSE Delhi 2010]
6x+2, if x=>3
We know that | x| is a continuous function, so fis continuous V x < -3

Continuity and Differentiability 167



— 2x is continuous everywhere, so fis continuous V x, -3 <x < 3
and 6x + 2 is continuous everywhere, so fis continuous V x >3
Now we have to check the continuity of the function at x =-3 and x =3
Atx=-3,flx)=|x|+3
f(-3)=1]-3[+3=3+3=6

LHL = lim f(x)= lim |x |+3=|-3|+3=3+3=6
x—-3" x—--3"

RHL= lim f(x)= lim -2x=-2X-3=6

x—--3 x—--3
LHL = RHL = £(-3), so it is continuous at x = - 3.
Again at x = 3, f(x) = 6x + 2
Heref(3)=6x3+2=18+2=20
LHL = lim f(x) = lim -2x=-2X3=-6

x—3" x—3"

RHL = lim f(x) = lim6x+2=6X3+2=20
x—3" x—3"

LHL # RHL
So, it is discontinuous at x = 3.

3. Find all points of discontinuity of f where f is defined by the following function:

X
—,ifx<0
f)=1]x|
-1, ifx=0
Sol. Forx <0, f(x)= ﬁ is continuous and for x > 0, f(x) is a constant function so it is continuous.
Atx =0,
. . X . X
LHL = lim f(x)= lim () = lim —=-1, (* |x|=-x, when x < 0)
x—-0" x—0" |x | x—0 X
RHL = lim f(x) = lim(-1) =-1
x—0" x—0"
and f(0) = -1

lim f(x)= lim f(x) = f(0) = f(x) is continuous at x = 0.
x—0" x—0"

Hence, f(x) has no points of discontinuity.

4. For what value of 1 is the function defined by
_AG?-2v), ifx<0
f(x)_{ ax+1  ifx>0

continuous at x = 0?2 What about continuity at x = 1? [CBSE (F) 2011]
Sol. - f(x) to be continuous at x =0
LHL = RHL =£(0)
ie., lim f(x) = lim f(x) =f(0) (D)
x—0" x—0"
Now LHL = lim A(x*-2x) =A(0-0)=0 ...(if)
x—0"
RHL = lim f(x) = lim 4x+1)=4Xx0+1=1 ...(1ii)
x—0" x—0"
and f0)=0 ...(iv)

from (ii) and (iii), LHL = RHL
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Sol.

Sol.

So, f(x) is not continuous for any value of A.
For continuity atx =1,
fl)=4x1+1=4+1=5
and lirr} flx)= 1irr}(4x+1)=4><1+1=5
As  lim f(x) = f(1)
xX—

So, it is continuous at x = 1.

Show that the function defined by g(x) = x — [x] is discontinuous at all integral points. Here [x]

denotes the greatest integer less than or equal to x.

Let g(x) = x — [x] be the greatest integer function. Let n be any integer. Then

xliﬂrﬁlﬁg(x)=}’i£r5g(n—h)=}li_1€r(%(n—h)—[n—h]=}li£r(1)(n—h)—(n—1)=n—(n—1)=1

X—-n

" limig(x) # lim g(x)

X—n

LHL # RHL so, f is discontinuous at all integral points.

lim+g(x)=}11i£r(1)g(n+h)=}11i£r(1)(n+h)—[n+h]=}11i£r(1)(n+h)—n=n—n=0

Find the value of a and b such that the function f(x) defined by:

5 ifx=<2

f(x)=qax+b; if2<x<10 isa continuous function

21; ifx=>10
Since, f(x) is continuous.
= f(x) is continuous at x =2 and x = 10

= (LHL of f(x) at x = 2) = (RHL of f(x) at x =2) = f(x)

= lim f(x) = lim f(x) =£(2)
x—27 x—2"

Similarly, lim f(x)= lim f(x)=f(10)
x—10" x—10"

lim f(x) = 1in'21 5=5

x—2"

lim f(x)=lim (ax+b) =2a+Db
x—2* x-2

f2)=5

Putting these values in (i), we get
2a+b=5

lim f(x)= lim (ax+b) =10a+0b
x-10" x—-1071

lim f(x)= lim 21 =21
x—10" x—10"

£(10) =21
Putting these values in (ii), we get
10a + b =21
Subtracting (iii) from (iv), we get
10a + b =21
-2a+b=-5

Again

8 =16 = a=2

o b=5-2x2=1
Hence, the valueof a =2 and b=1.

[CBSE Delhi 2011]

...(0)
... (i)
[ flx)y=5 ifx<2]

[ flx)=ax+bif x> 2]

... (ifi)
[ flx)=ax+bif x <10]

[ flx) =21 if x> 10]

...(iv)
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7. Find the derivative of the function f(x) = sin(x?).
Sol. - f(x) = sin (x%)
f'(x) = cos x? . 2x = 2x cos x*
8. Prove that the function f given by f(x) = |[x - 1|, x € IR is not differentiable at x = 1.
x-1 ifx=>1

Sol. Heref(x)= |x-1]|= {1—x Fr<l

LHD atx =1
oL (O (€S S (CO N S VS
o1 x-1 -0 (1-h-=1) h=0 -h h—0 —h
RHDatx=1
o SO A=) AR p
ot x-1 -0 (1+h-1) h=0 h h-oh
LHD # RHD

Thus, fis not differentiable at x = 1.

d
9. Find —Z,ifx—y:rr.

Sol il 1
ol. = x-y=n =>y=x-n = o
. dy . -1 3x - x3 1 1
10. Find x if y =tan (1—39{2 ,—ﬁ<x<ﬁ.
.3
Sol. y=tan™ ( 1342 ), putting x = tan = 0 =tan™' x
- 3x
4| 3tan6 - tan> 0 4 4
y=tan" |— 5 —|=tan  [tan30] =30 =3tan" x
1-3tan“0
Differentiating both sides w.r.t x, we get
dy 1 3

= >< =
dx 1+x2 1+a2
1

. dy .. . 4 7). 1 -
11. Find dx if y =sin (Zx\/l—x),—ﬁ <x<\/E

Sol. Herey =sin"' (2xy1-x?), putting x = sin = 6=sin" x.
y =sin”! [2sin 0y/1-sin?6] = sin™ [2 sin6 cosb]

= y=sin"' (sin20) =20 =2 sin"' x
Differentiating both sides w.r.t. x, we get
dy _, 1 2
dx T 1-x2 J1-42

12. Differentiate the following with respect to x:

e, x>0
Sol. Let y= el™
d]/ d VX Jx i v
= ix d\x(\/e )xd\/—e X VX 5 e\xxe X T
dy e*
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13.

Sol.

14.

Sol.

Aliter: Let y =¥ e putu=4x and v ="

dy 1 1
= —3 — = =
y \/5 do 2\/; 24/ eV
v=e¢" = dl:e”=e”
du
du 1
e PN
A dodu 1 11 et e
dx dv du’dx WL 2Jx  4yx RETRW
1V (x+g
Differentiate with respectto x: y = (x + ;) + x( ")

Let u= <x + %)Xand v= x(M;>

dy du dv .
then y=u+v = E_dx+dx (1)
( 1 )x
Now, wu=|x+—
x
1Y 1 . . :
log u= log(x + ;) = xlog(x + ;) [Taking logarithm on both sides]

Differentiating both sides, w.r.t x, we get

1 1 1 1
fdfu=1.log<x+;)+x. 1 .(1——2)

u dx i b x
x
u AP S | W )
U log<x+;)+x.x2+1 . ={x+ x log| x + . + 21 ..(i)
1
Now, v=(@x)""x
1 1
log v=log (x)*"x = (x + ;)log x [Taking logarithm on both sides]

Differentiating both sides w.r.t. x, we get

Tdo (5 1) dfre2)L do _ (x+7]
vdx P e e R A

x?-1 x2+1

logx +
x? x?

...(ii)

From (i), (ii) and (iii), we get

d—y—< +l>x1 ( +l)+ x-1 +
dx Ty ) o8\ T 2+1

x2—11 +x2+1
og x
x? x?

e

Ify= x*¥ 4 (sin 2)°%%, find % . [CBSE Delhi 2009, (F) 2013]
OR

If y = X% + (cos V°, find ZLZ . [CBSE 2019 (65/4/1)]

In y=x""" 4 (sin x)°°%, let u = x*™%, v = (sin x)°>**

Now, y=u+v

dy  du  do .
and E—a‘*‘a ...(0)
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We have, u =x""*

Taking log on both sides, we get
log u = sin x log x
Differentiating both sides with respect to x, we get

ldl = Qi X l+1

u gy - Sinx X +logx.cosx
du sinx sinx | SINX ..
PP +logx.cosx | =x"""|— —+logx.cosx (i)

Again, v =(sinx)“®"

Taking log on both sides with respect to x, we get
log v = cos x log sin x
Differentiating both sides with respect to x, we get

1 do 1
———=cosx X —— X cosx + log sinx(-sinx
U dx sinx & ( )

=cos x . cot x + log sin x . (—sin x) = cos x . cot x —sin x . log sin x

do . .
—— =v[cosx.cotx —sinx.log sinx]

dx
dv — : CcOosx . . ooe
e (sinx)“***[cos x. cotx — sin x log sin x] ...(1ii)
From (i), (ii) and (iii), we get
dy sinx | SINX .\ cosx . .
e +log x.cosx |+ (sinx) “**[cos x cotx — sinxlog sin x]
OR
Solution is similar only values change.
Ans. x®* (% —sinx log x) + (cos x) "™ [-sin x tan x + cos xlog cos x]

15. Differentiate w.r.tx: y = (x cos x)* + (x sin x)*

Sol. We have i = (x cos x)* + (x sin x)!/*

1 1 .
— eloge(x cos x)* e log,,(x sin x) ¥ — exlog(xcosx) + 6;108 (x sin x)

y = ¥
dy — ,xlog(x cos x) d i1081‘““”‘ d <l . )
= qx e e [x log (x cos x)] + e~ ix xlog(xsmx)
= d—y=(xcosx)xllo (x cos x) +x (1.cos x — xsin x)
dx 108 "xcosx
+(x sin x )1* ilog(xsinx)+l (1.sin x + x cos x)
x? x xsinx
d x cotx+1-log (xsin x
= %=(xcosx)"‘[log(xcosx)+1—xtanx]+(xsinx)1/x 2 8 )
dy sin® t cos’t
16. Fi — if x= = .
6. Find e ¥ \/coszt'y Jcos 2t
.3
t
Sol. Given x = ‘/scl(r;@
Differentiating both sides w.r.t. f, we have
y/cos 2t (3sin’t cost) — si 3t<_2— ﬂ)
ax d sin’t | cos sin"t cost) —sin’t| -,
dt dt \/COS 2t cos 2t
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_ 3(cos2t) sin’f cos t + sin 2t sin®t

(cos 21‘)3/2
_3(1- 25in2t)sin2tcost +2sintcost.sin’t B 3sin’t cost — 4 sin*f cos t
- (cos 2t)3/2 - (cos 2t)3/2
_ sint cost(3sint -4 sin’t) _ sintcost(sin3t)  sintcostsin3t
- (cos2t)®/? - (cos2t)3/? - (cos2t)®/?
v/ cos 2t (-3 cos?tsin ) cos® t< —2sinaf >
Now dy=d< cos’t )= 2y/cos 2t
“dt o dt\ Jeos2t cos 2t
_ —3(cos2t) cos’tsint + cos®tsin 2t
- (cos 215)3/2
_3(2 cos’t —1)cos’tsint + cos’t(2sint cost)
- (cos 21?)3/2
_ —6cos’tsint +3cos’tsint +2cos*tsint _ 3cos’tsint - 4cos’tsint
- (cos 21?)3/2 - (cos ?_t)3/2
_ sintcost(3cost —4cos’t)  sintcost(—cos3t)
- (cos 2t)3/ 2 - (cos 2t)3/ 2
d dy dt sinfcost (cos 3t cos2t)%/?
= %:d_]:xﬁz_ (cosZt()3/2 )Xsin(tcost)sinSt = —cot3t
17. Ifx=v "'t and y=v a“’s_lt, show that Z—Z = —%. [CBSE (AI) 2012]
Sol. x=4¢ st ..(i)
y= st (i)

Multiplying, (i) and (ii) we get

sin”'t % acosflt N Xy = /asin71t+c057]t

xy=va
= xy =ya"? [sin”'t + cos™ !t = /2]
On differentiating both sides, we get
dy dy -y
XE +y X 1=0 = E =X
2y dy
18. If y = Ae™ + Be™, then show that F —(m+ n)a +mny =0 [CBSE (AI) 2007; (F) 2013]
x

Sol. Given, y=Ae™ + Be'™

On differentiating with respect to x, we have
dy

— = Ame™ + Bne™
dx

Again, differentiating with respect to x, we have
2
% = Am*e™ + Bn?e™
d*y dy

Now, LHS = ? —-(m+ n)a + mny

= Am*e™ + Bn?e™ — (m + n)(Ame™ + Bne™) + mn(Ae™ + Be™)

= Am’e™ + Bn?e™ — Am*e"™ — Amne™ — Bmne™ — Bn’e™ + Amne™ + Bmne™

=0=RHS
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19. Ify = (tan"' x)°, show that (* + 1%y, +2x(x*+ Dy, = 2. [CBSE (AI) 2012; Delhi 2012]
Sol. Wehave, y= (tan”" x)2 ..(7)
Differentiating with respect to x, we get
dy

——=2tan"'x.
i tan x1+x2

...(ii)

or (1+x%)y,=2tan"x

dy
where y, = T

Again differentiating with respect to x, we get

dy d
2 1 2y _
(1+x).dx +1, dx(1+x) 2'1+x2

2 =
= (l+x).y2+]/1.2x—1+x2

or A+ +2x(1+x7)y; =2

d’y dy
where y, = e and y, = dx‘

20. Verify mean value theorem if f(x) = x* —4x - 3 in the interval [a, b], where a=1and b = 4.
Sol. Given, fix)=x"—4x-3,x € [a,b] ie., [1,4]
Since f(x) is a polynomial so it is differentiable everywhere and so it is also continuous.
So, all conditions of mean value theorem are satisfied.
Now, fla)=f1)=(1)*~4(1)-3=-6
fib)=f4) = (4’ -4 x4-3=-3
Now, for any c € (g, b), we have

. fb)- f(a) . f@-f)

flo=—= " fO=—7F-1"

N 2c—4=_3%_6) = 2 - =_33+6=1
= 2c=5 = c=%e(1,4)

) V1+sinx +4/1-sinx

«/1+sinx—\/1—sinx

,0<x< Ethen find the value of l
2 dx

[CBSE Delhi 2008; (F) 2013]

21. If y=cot”

) \/1+sinx+\/1—sinx T
Sol. Consider L0<x <=
\/1+sinx—\/1—sinx 2

: /1 +sinx + Jl—sinx /1 +sinx + \/1—sinx

= X
/1 + sinx—\/l +sinx «/1 +sinx + /1—sinx

2
B (v1+sinx +y1-sinx) _ 1+sinx+1-sinx +2y 1-sin’x

1+sinx—(1-sinx) 1+sinx—-1+sinx
2c0s> >
_2+2cosx _1+cosx _ ) _ X
© 2sinx sinx 5 ¥ = cotly
sin 5 cos
1 V1 +sinx +41-sinx tl( tx> x X dy 1
= CO = CO cot=—|=— .. == ==
Y Y1+sinx — y/1-sinx 2) 2 L) dx 2

174 Xam idea Mathematics—XII



x2 sin

if
22. Determine if f defined by f(x) = ( ) 70 is a continuous function. [INCERT Exemplar]
0 ,Lifx=0

Sol. We note that domain of fis R. Let c be any real number then two cases arise.
Casel: Ifc#0then

hm f(x)—hmx sml—c sm( ) =f(c)

= fis continuous for ¢ €R, where ¢ # 0.
CaselIl: If c=0, thenf(c) =f(0) =

and liné X sin(%) = 0 x (a number oscillating between —1 and 1)
X —
=0=£0)
= fis continuous at x = 0.
Thus, f is a continuous function at every point of its domain.
23. Using mathematical induction, prove that %(x") =nx""1, for all positive integer n. [HOTS]
Sol. Let P(n) be statement such that

. i ny — n-1
P(n): ix (x") = nx
For P(1): Putting n = 1, we get

;—x(xl) =1xt"t=1 = P(1) is true.
Let P(m) be true = %(xm) = mx™ !
Now for P(m + 1):

;—x(x'””) = %(xm. x)=x".1 +x.£(xm)

=x"4x.m. A" =" m M =(m+ 1) "= (m+ 1) D]
= P(m+1)istrue
Here, by PMI P(n) is true.
. i ny — n-1
ie., It x")=nx
f) g) hx) dy fx) g h®
24. If y=| I m n | thenprovethat——=| [ m n | [HOTS]
dx
a b c a b c
f(x) g(x) h(x)
Sol. Given, y=| I m n
a b c

y = (mc —nb) f(x) — (Ic — na) g(x) + (Ib — ma) h(x)
d
= % = (mc —nb) f'(x) - (lc —na)g’ (x) + (Ib — ma) ' (x)
frx) g () h(x)
= 1

m n
a b c
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Multiple Choice Questions Y (11771

Choose and write the correct option in the following questions.

1.

10.

The function f: R — R given by f(x) = - |x-1] is [CBSE 2020 (65/2/1)]
(a) continuous as well as differentiable at x = 1

(b) not continuous but differentiable at x = 1

(¢) continuous but not differentiable at x = 1

(d) neither continuous nor differentiable at x = 1

The function f(x) = é*is [NCERT Exemplar]
(a) continuous everywhere but not differentiable at x = 0

(b) continuous and differentiable everywhere

(¢) not continuous atx =0

(d) none of these

The function f(x) = [x], where [x] denotes the greatest integer function, is continuous at

(a) 4 (b) 2 (01 (d) 15
The number of points at which the function f(x) = x+[x] is not continuous is

[NCERT Exemplar]
(@ 1 ) 2 (c) 3 (d) none of these

sinx

+cosx, ifx#0

The function f(x) =y ¥ is continuous at x = 0, then the value of k is
k , ifx=0
[NCERT Exemplar]

(@) 3 () 2 (01 (d) 1.5

sinl ifx#0
The value of k which makes the function defined by f(x) = x’ , continuous at
x=0is k, ifx=0
(a) 8 1 (c) -1 (d) none of these
The function f(x) = cot x is discontinuous on the set [NCERT Exemplar]
@ {(x=nmn:neZ b) x=2nn:ne 7}
(¢) {x =2n+ 1)%;;1 € Z} d) {x = nz—n;n € Z}
Let f(x) =|sinx|. Then [NCERT Exemplar]

(a) fis everywhere differentiable
(b) fis everywhere continuos but not differentiable atx=nn:n e Z
(c) fiseverywhere continuous but not differentiable at x = (2n + 1)% ,ne’z

(d) none of these

The function f(x) = ﬁ is discontinuous at [CBSE 2020 (65/2/2)]
x(x” -

(a) exactly one point (b) exactly two points

(c) exactly three points (d) no point

If f(x)=x" sin% , Where x # 0, then the value of the function f at x = 0, so that the function is

continuous at x =0, is [NCERT Exemplar]
(@) 0 (b) -1 ()1 (d) None of these
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11. The function f(x) = |x| + |x-1] is
(@) continuous atx =0aswellasatx=1. (b) continuous at x =1 but not at x =0.

(c) discontinuous atx=0aswellasatx=1. (d) continuous at x =0butnotatx=1.

12. The function f(x) = - x23 is
4x — x
(a) discontinuous at only one point (b) discontinuous at exactly two points
(c) discontinuous at exactly three points (d) none of these

13. The value of ¢ in Rolle’s Theorem for the function f(x) = ¢* sin x, in [0, 7] is [NCERT Exemplar]

T T T 3n
@ & ®) % © 5 d) 4
14. The value of ¢ in Mean Value Theorem for the function f(x) = x(x - 2), x € [1, 2] is
3 2 1 7
@ - ®) 3 © 7 @ 5
15. The value of c in Rolle’s theorem for the function f(x) = x* - 3x in the interval [0,//3] is
3 1
(@ 1 () -1 © 5 @ 3
16. The set of points where the functions f given by f (x) = |x - 3| cos x is differentiable is
(@) R (b) R—{3} (¢) (0, ) (d) none of these
17. Differential coefficient of sec (tan™'x) w.r.t. x is [NCERT Exemplar]
X X 5 1
b Vv1i+ d
@ ne O e © xyl+x @
a2 _ 1 X du .
18. If u =sin (1 2 and v = tan 1-22) then do 18
1 1-4°
@ ®) x © 40 @1
_ dy _T.
19. If y =logytanx, then the value of i at x =" is
@ 0 (®) 1 © 5 (@ =
d
20. If y=4/sinx+y, then d—z is equal to
cosx cosx sinx sinx
@ 2,5 ® 125, © 175 @ 5,77
Answers
1. () 2. (a) 3. (d) 4. (d) 5. (b) 6. (d)
7. (a) 8. (b) 9. (c) 10. (a) 11. (a) 12. (¢)
13. (d) 14. (a) 15. (a) 16. (b) 17. (a) 18. (d)
19. (b) 20. (a)

Solutions of Selected Multiple Choice Questions

1. We have,
x-1, if x<1
f(x)__|x_1|_{—(x—1), if x>1
Atx=1
LHL= 1 1-h=lim(1-h)-1=
lim f(1-h) = lim (1-1)=1=0
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10.

15.

19.

20.

178

RHL=

Now,

11m f(l+h)= hm

f)y=1- 1 =0
~ LHL=RHL =£(0) = f(x)is continuous every where.

atx=1

A+h-1)=

_i —_ . :i_ — =
LHD = -(x-1)=1; RHD = (-(x-1))

LHD = RHD

. f(x) is not differentiable of x = 1.

1
Indeed lim sm— does not exist.

x—0

We know that, f(x) = cot x is continuous in R —

Since,

f(x) =cotx =

cos X
sinx

[since, sin x = 0 at {nm, n € Z}]

nn:neZ.

Hence, f(x) = cot x is discontinuous on the set {x =nn:n € Z}.

We have,

flx) =

x-1

x(x?=1)

f(x) is discontinuous when x(x*-1) =

= X=

0,

X =

+1

f(x) is discontinuous at x =0, -1, 1

i.e., exactly at three points.

Cfx)=x sm(i) where x #0; .

lim f(x) =

Hence, value of the function fat x = 0, so that it is continuous at x = 0 is 0.

f©=0
2 2 3

= 3¢cc-3=0 :>c:§:1

=
We have,
dy
dx
dy
= a =
y
dy _
dx
dy
= dx
dy
= dx

[ f ()

c=+1, where1€(0, /3)

y =logy/tanx

1

1

ytanx

X
24/ tanx

=3x*-3]

X sec?x

sec’x dl _ (V2)? _
2tanx dxatx:% 2X1
= (sin x +y)1/2
2(smx+y) 72, d (smx+y)
d
2y<COSX+dz>
(1_L): cosx N
2y) 2y

=

1

c=1

G
(smx+y)1/2

dy _

dx ~

cosx 2y

dy
cosx + - dx )

_ COoSX

2y "2y -1

C2y-1

[...

(sinx +y)

1/2

=yl



Fill in the Blanks . (77

d
1. Ify= tan”' x + cot ' x, x € R, then % is equal to . [CBSE 2020 (65/3/1)]
dy
2. If cos (xy) = k, where k is a constant and xy # nw, n € Z, then . is equal to .
[CBSE 2020 (65/3/1)]
3. The number of points of discontinuity of f defined by f(x) = |x| - |x + 1] is .
[CBSE 2020 (65/4/1)]
.2
4. The function f(x) = 92 _x 5 1s discontinuous exactly at points.
Answers
1. 0 2. % 3.0 4. three
Solutions of Selected Fill in the Blanks
1. Wehave, y= tan x+cottx,xeR
n
= y= E
n
dy d( 2 ) )
dx  dx
2. Wehave, cos(xy)=k
Diff. w.r.t x, we get
: X{ dy } 0
—sin(xy) X typ=
dy XY £ N
— 4y =
= *gty=0 ( sin(xy) # 0)
W
dx X
Very Short Answer Questions N (T TT7]
x*-9 £3
1. If the function f defined as f(x)=9 x -3’ * is continuous at x = 3, find the value of k.
k, x=3 [CBSE 2020 (65/5/1)]

Sol. Itis given that f(x) is continuous at x = 3

lim f(x) = f(3)

2
~ lm~ 2=k
-3 Xx—=3
I (x-3)(x+3)
= xlfg (X—3) B

= 1irr;(x+3)=k = 3+3=k
X —

= k=6

Continuity and Differentiability ].79



sin5x
2. For what value of ‘K’ is the function f(x)=1 3x

+cosx, ifx#0 .
’ continuous at x = 0?

k, ifx=0 [CBSE (F) 2017]

Sol.  lim f(x) = lim f(0+ )
X 0+ —

. . (sin 5h
= %1{1(1) f(h)= }lgr(\)( 3, tcos h)

:;111%51?}15%%11%@311=1x%+1 [+ h—> 0= 5h— 0]

= lim f(x)=5
x—0"

Also, f(0)=k

Since, f (x) is continuous at x = 0.

= lim f(x)= £(0) > B
x—0"

kx
3. Determine value of the constant ‘k’ so that the function f(x) = {|x|’ ifx<0
3, ifx=>0
atx =0. [CBSE Delhi 2017]
Sol. - f(x)is continuous atx =0
= lim f(x) = lim f(x) = f(0)
x—0" x—0"

Now, lim f(x) =lmf(0-h)
x—-0" h-0

is continuous

e i K R
~ i) = m S Ty T
Also, f(0)=3
Clim f(r) =f(0) = -k=3 = k=-3
x—0"

d
4. If y=2/sec(e®); then find <= [CBSE 2019 (65/5/3)]

dx
Sol. Given, y= ZM

dy _d

— 2x 2x 2x
I dx xsec(e”)tan(e™) x 2e

2%y ) = x
(2 sec(e )) 2 > Jeec (@)

= 24/sec(e®) tan (€% . e = 2% y/ sec (e*) tan (¢*)

d
5. If y = cosec (cot y'x ), then find d—z. [CBSE 2019 (65/4/2)]
Sol. y = cosec(cot Vx)
dy _d
dx - dx (cosec (coty/'x))
1
= —cosec (coty/x) cot(coty/x) x (—cosec2 (/x) XM)

_ cosec(cot Vx)cot(cotyx) x cosec? (vx)
= e
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6. Find the derivative of log;, x with respect to x. [NCERT Exemplar]

Sol. Let y=1log;,x=1loge.log,x

Cdy 1_logloe d 1
. E—logloex;— X . glogex—y
7x ~7x dzy
7. If y=5e" +6e"", show that —-=49y. [CBSE 2019 (65/5/1)]
dx
7x —7x d]/ 7x —7x
Sol. Yy =5e"" + 6e = o 35¢’" - 42¢
d2y 7x —7x 7x —-7x
= i = 245¢"" +294¢™" = 49(5¢" + 6¢7") = 49y
d
8. If y = log (cos ¢"), then find d—z. [CBSE 2019 (65/4/1)]
Sol. y =log (cos ¢€")
dy d . —e*sin(e")
=  ——=——(log(cose")) = x (—sin(e*))x " =—— > =—¢"tan(e*
dx = (0B(cose) = ox (sin(e) s e (e")
Y _ o
¢ tan(e”)
Short Answer Questions-| N Y.
.y _ 27 .
1. Find I at t= 3 when x = 10(¢ - sin #) and y = 12 (1 — cos #). [CBSE (F) 20171
Sol. Given, x=10(t-sint)and y =12 (1 - cos t)
x=10(t-sint) = Z—Jtc =10 (1-cost) (Differentiating w.r.t. t)
dy

Again y=12(1-cost) = - 12(0+sint)=12sint (Differentiating w.r.t. t)

dy
dy 4f _  12sint

Now, dx ~ dx ~ 10(1-cost)
dt
. n
dy 12 sin 2?7[ 6 sm(n— 3)
— = = — X
dx tzzTn 10<1— cos 2%) > (1—cos (n—%))
T V3
_6 SM3 6 2 _6/3_2y3
x n 5% .1 5x3 5
1 +cosy 1 +t5
. dy T .. .2 .
2. Find %atx=1,y=zlf sin“y +cosxy = K. [CBSE Delhi 2017]

Sol. sin®y + cos xy = K
Differentiating w.r.t. x, we get

o dy oy oy oy
smy.cosydx+(—smxy)(x. dx+y)—0 = sm2y.dx—xsmxy. dx—ysmxy—o
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dy y sin xy

= dx ~ (sin 2y — x sin xy)
L 1
- % I 47c.sm4n - ? (é 1)
=ly=y sini—sinz 1_ﬁ
3. If(1+%)"=Cy+ Cx + Cx* + ... + C, ", then prove that [HOTS]
(@) Cy +2Cy + . +1C, =1 . 2" 1 (ii) C;-2C, +3C; — o + (<1)"1nC, =0

Sol. Wehave, (1+x)"=Cy+ Cyx+ Cox* + ... + C,x"
Differentiating both sides with respect to x, we have
n(1+x)" 1= Cp +2Cx + 3C5x% + ... + nCpx"
Putting x = 1 and x = -1 successively, we have
(i) C; +2Cy+3C5+ ... +nC,=n.2""" and (i) C; —2C,+3C5—.... + (-<1)"nC, =0

dy _ y*tanx

_ (cosx) (cosx)™™ - J "
4. If y = (cosx) , then show that dx ~ ylogcosx—1'

[NCERT Exemplar]

Sol. Wehave, y=(cosx) (cos )59
= y = (cos x)Y
log y= log (cos X)y = log y= leg COS X

On differentiating w.r.t. x, we get

1 dy d dy 1 dy _ y dy

Y dx =Y i log cosx +log cos x - I = ?% cosx dx cosx +log cosx- Ir

dy|1 -y sinx

= a?—logcosx = Teosy -~ ytanx

dy _ —y*tanx 3 v tanx

x  (1-ylogcosx)  ylogcosx—1
d*y

5. Ifx=acos0; y=>bsin6, then find F [CBSE 2020 (65/5/1)]
x
Sol. We have,
x=acos® = %=—asin6

dy
and y=bsind = %=bcose

d_y:d_y dx _ bcos B =—2cot6
dx df/ d6 —asinf a

Again diff. w.r.t x, we have

<y dy\ b d b o
A2 dx(dx>_‘EE(C0t9)——gx(—cosec 0)- -
__b 2 B 1 )

- X (= cosec 6)><< o

d2

chZ: Ecosecse
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Short Answer Questions-1| Y LTS
| d CONTINUITY AND DIFFERENTIABILITY

1. Find the values of p and g, for which [CBSE Delhi 2016]
[ 1-sin®x .
2T ifx<—
3cos’x 2
flx) = p , ifx=% is continuous at x=%.
1—si
gdosing e n
| (7t -2x) 2
1-sin’x fr<k
3cos’x 2
Sol. Wehave, f(x)= p , ifx—% is continuous at x=%.
g(1-sinx) T
—— , ifx>+
(m—-2x)? 2
T T ull
Now, hr:} f(x)=}11_r.1;1)f<5+h> Letx=5+h,x—»7=>h—>0
T2
1-sin| 5 +h
7" ~5™ 2 g{1-cos h} q(1-cosh)
= lim 5 = lim 5 = lim 5
h—0 e h—0 {m — 1 — 2h} h—0 4h
r-alz )
2
2
g.2sin’ b g.sin’ b smﬂ
= lim 2=1i 2 lim 2 ><l a
=0 44> h=0 2K T35 h 8 8
2
in 1 =1 T _ T, T .
Again hnnlf(x)_}lli%f<2 h) Let x > h, x > =>h-0
T
2
. 3 E_
1-sin (2 h) 1-cos’h (1-cos h) (1 + cos h + cos?h)
= lim = lim 5 =lim 5
h—0 NE h-0 3gin’h h—0 3sin“h
3cos” |5 —-h
2
2sin2g.(l +1+1) 2sin? 3 2. sin2g
= lim 5 = lim 5 =lim 5
h—0 3sin“h h=0 3sin°h k-0 sin“h
Dividing N” and D" by I?, we get
ok ny
Lk sin” siny
sin® 2. lim
5 2 K by
i 2 FE ] G 1
=lim = -
h0 sin’h h-0 sin’h 2<1. sinh )’ 2
" " o h
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Also f (%) =p

f(x) is continuous at x =% = lim f(x) = Lim f(x) =f (%)
-t ="
= %=%=p = p=%andq=4

2. Show that the function f(x) = 2x — | x| is continuous but not differentiable at x = 0. [CBSE (F) 2013]
Sol. Here f(x) =2x— | x|

For continuity atx =0

lim £(x) = lim (0 + /1) = lim f() lim f(x) = im f(0 - 1) = lim f(~ h)
P h=0 h=0 s =0 h=0
= lim{2h~| b |} = lim (21~ h) = lim{2(-h) | =}t | } = lim{- 2h - hi}
= lim/ = Hm(=3h)
h—0
=0 ..(3) =0 (i)
Also, f(0)=2x0-]0| =0 .. (i)

(i), (ii)and (ii)) = lim f(x) = lim f(x) = f(0)
x—0" x—0"
Hence, f(x) is continuous at x = 0.

For differentiability atx =0
. fO-m-f0) f=h-f0)
m = lim

LHD = 1111ﬁo 7 lim .y
. @QEm=[=R)-2Xx0-[0} . —2h-h-0
= lim = lim
) -h h=0 -h
= lim_—?’h=lim3
heo —h n=o
LHD =3 ...(iv)
0+h)- f(O
Again RHD = lir%w
B limf(h)—f(()) =lim2h_ |h|[-2X0-1]0]| S ) )
Ch-0 h h—0 h -0 h n—oh
= lim1
=0
RHD =1 ...(0)

From (iv) and (v), we get
LHD = RHD .., function f(x) = 2x — | x| is not differentiable at x = 0.
Hence, f(x) is continuous but not differentiable at x = 0.
3. Find the value of ‘a’ for which the function f defined as

. T
asin—(x+1), x<0

2
f() =1 tanx —sinx is continuous at x = 0. [CBSE Delhi 2011; (South) 2016]
———— x>0
3
Sol. - f(x)is continuous at x = 0.

= (LHL of f{x) at x = 0) = (RHL of f(x) at x = 0) = f(0)
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= lim f(x)= lim f(x)=£(0) ..(0)
x—-0" x—-0"

Now, lim f(x) = lim asing(x+ 1)
x—0"

x—0"

L f)=a sin%(x +1),if x < o]

. . [m . m . I8 ..
= lim asin <—+—x)= lim acos~x=a.cos0=a ...(i0)
e 2 2 ‘o0 2

tan x — sin x tan x —sin x

Again, lim f(x) =lim 3 vf) =5 ifx>0
x—0" x=0 X X
sinx . .
. cosx SIMX  gsiny—sinx.cosx . sinx(l-cosx)
= lim 3 = lim 3 = lim 3
x=0 X x=0 CcosXx.x x=0 COsX.X
. 2sin2£
= li lim 2ot 2 ‘+ 1 cosx = 2sin? >
TMcosx M T 2 . 2
= x4
4
2
sm£ sinl
1.1.. 20 14, 211 .. _1
= T.l.lei% T | "o ém:) T |72 xX1= > .. (iii)
2 270 2
Also, f(0)= asin%(O +1) = asin% =a ...(iv)
"+ fis continuous at x = 0.
oo (0), (@), (i) and (lv) = a= %
sin(@+1) x+2sin x
X , x<0
4. If f(x) = 2 , x=0 is continuous at x = 0, then find the values of a and b.
Yy1+bx -1
x » x>0 [CBSE (North) 2016]
sin(a+1)x +2sinx
T , x<0
Sol. Wehave, f(x)= 2 , x=0 1iscontinuousatx =0
Y1+bx -1
— , x>0
Since, f(x) is continuous at x = 0
= lim f(x) = lim f(x) = f(0) (D)
x—0" x—0"
Now, lim f(x)= Il1in(1) f(O+h) [Let x = 0 + h, h is +ve small quantity x - 0" = h — 0]
X“0+ —
) . W1+bh-1  J1+bh-1 _ J1+bh+1
= lim f(h) = lim = lim X
h=0 h=0 h h=0 h V1+bh+1
1+bh-1 bh b b

:1111?511(«/1+bh+1) zilfr(l)h(«/1+bh+1) :},IE%J1+bh+1 "2
Again lim f(x) = %in}) f(0-h) [Letx=0-h, his +ve small quantity x - 0" = h — 0]
x—0" -

sin(a+1)(-h) +2sin(- h)
~h

- ) =

—sin(a+1)h—2sinh

sin(a+1)h . 2sin k
—h

h h

= Im
h—0

=lim
h=0
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Sol.

Sol.

sin(a+1)h sinh _ . sin(@+1h sin h

=lim ———— +21i = X (a+1)+21i
T 2T T @y @D 2lim
=lx@+1)+2=a+3

Also f0)=2

Nowfrom(i)g=a+3=2 = b=4,a=-1

Show that the function f(x) = |x -3, x € IR, is continuous but not differentiable at x = 3.

[CBSE Delhi 2013]
—(x-3) ,x<3
Here, f(x)=|x-3] = f(x)= 0 ,X=3
(x-3) ,x>3

For Continuity:
Now, lim f(x)=}lin(1)f(3+h) [Letx=3+hand x - 3" = h— 0]

X“3+ —

=lim(3+h-3)=1limh=0
h—0 h—0

lim f(x)=0 ..()

x—3"

limf(x)=}lin3f(3—h) [Letx=3-handx—>3 = h—0]

x—3" -

=lim-3-h-3)=limh=0
h—0 h—0

lim f(x)=0 ...(i0)

x—3"
Also, f3)=0 ..(iif)
From equation (i), (i1) and (iii), we get

lim f(x) = lim f(x) = f(3)

x—3" x—3"
Hence, f(x) is continuous at x = 3.
For Differentiability:

3+h)- f(3 3+h-3)-0
RHD =lim M = lim % = lim L lim1= ...(1v)
=0 h h=0 h he0h  h-o

. fB-m-f@  -B-h-3-0 p _

LHD = }11_% s = %1_1}5 s = }11_% T }11_{1(1) (-1)=-1 ..(0)

Equation (iv) and (v)
= RHD #LHD at x = 3.
Hence, f(x) is not differentiable at x = 3.
Therefore, f(x) = |x - 3|, x € R is continuous but not differentiable at x = 3.
Discuss the continuity and differentiability of the function
fx) = |x| + |x-1]| in the interval (-1, 2). [CBSE Ajmer 2015]
Given functionis f{x) = |x| + |x-1]

Function is also written as

—x—(x-1), if-1<x<0 -2x+1, ifx<0
flx) = 1, if0<x<l1 = flx) = 1, if0<x<l1
x+t(x-1), ifx=>1 2x-1, ifx>1

Obviously, in given function we need to discuss the continuity and differentiability of the function
flx)atx=0or1 only.
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For continuity atx =0

lim f(x)=}lirr(1)f(0+h) [Letx=0+hand x - 0" = h — 0]

xﬂ0+ —
= }lir% flh) = }11111(1) 1 [ his very small positive quantity]
=1 ...(1)

lim f(x)=%in(1)f(0—h) [Letx=0-handx - 0" = h—0]

x—0" -
= %1{1(1) f=h)= }Ex(l){— 2(=h)+1} = ]111{% (2h+1)

lim f(x) =1 ..(if)

x—-0"

Also, f0)=1 ... (iif)

(i), i) and (iii) = lim f(x) = lim f(x) = £(0)
x—0" x—07

Hence, f(x) is continuous at x = 0.

For differentiability atx =0
f(0+h) - f(0)

RHD =lim
h—0 h
h) - f(0
= hil‘%f()hf() [ hisvery small positive quantity]
— lim AL im 2 = R = _
—1111£I(1) 7 111111(1)}1 1111%0 [~ |k]|=h,]10]|=0]
RHD =0 ...(iv)
0-h)- f(O -h)— f(0
o _p S0P O fh) = f0)
-0 -h h=0 ~h
g 2EM - — lim( 2
T ~h Tao-h hlil?)(_ )
LHD =-2 ...(v)

(iv) and (v) = RHD = LHD atx =0.
Hence, f(x) is not differentiable at x = 0 but continuous at x = 0.
Similarly, we can prove f(x) is not differentiable at x = 1 but continuous at x = 1. (Do yourself)

ax?+b,ifx<1 .

7. Find ‘a’ and ‘V’, if the function given by f(x) = . is differentiable at x = 1.
2x+1,ifx>1

[CBSE Sample Paper 2018]

Sol. Since, fis differentiable at 1 = fis also continuous at 1.
Now  lim f(x)= 111111% f1+h) [Here £ is +ve and very small quantity]
x—-1" -

=£in’(1)2(1+h)+1 =2+1=3
lim f(x) = lim f(1-h) = }ling{a(l—h)2+b} =a+b
x—1" - -
Since f (x) is continuous at x =1

= a+b=3 ...(0)

Again, since fis differentiable

— LHD(atx=1)=RHD (atx = 1) - limw=lin})w

h—0 —h h
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a-2ah+ah*+b-3  2+2h+1-3
lim =lim————

Ca(1=h)’+b-3 . 2(1+h)+1-3
= lim = lim

=0 ~h h—0 h h=0 ~h h=0 h
. 2ah+ah*+(a+b)-3 2% . —2ah+ah*+3-3

= lim = lim—— = lim =2
h=0 —h h—o h h=0 —h

h(2-h
= }liné%) =2 = 20=2 = a=1 = b=2  [From equation (7)]
>
Ay 2, .2 dy _x+y
1. If tan (Y) =logy/x"+y~, prove that o x-y- [CBSE 2020 (65/2/1)]
Sol. Given, tan™ (%) =logy/x*+y*

a(y)_ 1
= tan’! (Y) = Elog(x2 +17)
Differentiating w.r.t x, we have
dy
— -y X
RN e % x

1+ (]/)2 x? xty
x

()
2 2x+2yE

< y )
2 X -y d
Y dx 1 ( y)

= + 1y —
= x2+y2 2 x2+y2 YTV oy
dy dy
= xgo-ysxtyo
dy dy x+y
- - = + _—=
= y)dx Ty = dx X—Y
.3
2. Differentiate tan™ 3 x2,|x|< = w.rt tanl—2——, [CBSE 2019 (65/5/1)]
1-3x «/§ 1-x2
3x - x° 3tan 0 - tan®0
Sol. Let =tan' " =tan™ <— utx =tan 6
Y 1—3x2 1-3tan0 P
y=tan" (tan30) = 30 = 3tan"'x
y= 3tan”'x
sin 6
and let t=tan™ = tan_l( — )put x =sinf
1-x2 1-sin“0
=tan! ( sin 0 ) = tan! (tan 0) = 0
cos 0
t=sin!x
3dtan'x 3X1
d_y:d3tan"1x: dx  _ 1+x° :3\/1—962
dt dsin'x dsin'x 1 1+x?

dx V1-x2
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3.

Sol.

Sol.

Sol.

dy (1+logy)?
If y* = ¢/ 77, then prove that . =——F———. [CBSE (AI) 2013]
dx logy

Given, y'=¢'""

Taking logarithm both sides, we get log y* = log ¢/ ~* (i) log,mn =log,m+log,n
= xlogy=(y-x).loge = x.logy=(Wy-x) (id) log, % = log, m - log,n
_ Y n_
= x(1+logy)=y = x_—l+logy (z'zz) log,m" = nlog,m
Differentiating both sides with respect to y, we get (i0)loge =1
1
d_x:(1+10gy).1—y.<0+?>:1+10gy_1: 10g]/
dy (1+1log y)* (1+logy)® (1+logy)?
dy _(1+logy)*
= o=
dx log y
dy
If (cos x)? = (cos y)*, then find I [CBSE Delhi 2012]
Given, (cos x)’ = (cos y)*
Taking logarithm both sides, we get log (cos x)” = log (cos y)*
= y . log (cos x) = x . log (cos y) [ logm" =nlogm]

Differentiating both sides with respect to x, we get

1 ‘l dy 1 Y
Y-cos x (-sin x) +log(cos x).—— . cosy‘(_smy)'dx og(cos v)

ysinx dy xsiny dy
= —cosx +log(cosx).E—— Sy " dx ——+log(cosy)
dy xsiny dy ysinx
= log (cosx) COS]/ ix =log(cosy) + ooy cosx
y xsi ysinx
= . log (cosx) + “cosy |~ =log(cosy) + —ooay COSx
ysinx
dy log(cosy) +“oo5x~  log(cosy) + ytanx
= xsiny  log(cosx) +xtany
log(cosx) + cosy
dy _ 0/ - 0(cs
Find the value of I at0= Z’ if x = ae’(sin 6 — cos 0) and y = ae’(sin 0 + cos 6)
[CBSE (AI) 2008, 2014]
Given, x = ae’(sin 0 — cos 0) and y= ae’(sin 0 + cos 0)

Taking x = ae®(sin 0 — cos 6)

Differentiating with respect to 6, we get

;l—g = a¢"(cos 0 + sin 0) +a(sin 0 — cos 0).e” = e’ (cos O + sin O + sin O — cos 0)
=2 ae%in 0 ()

Again, y = ae®(sin 6 + cos 0)
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6.
Sol.

7.

Sol.

Differentiating with respect to 6, we get

d
% = ae®(cos 0 - sin 0) + a(sin 0 + cos 0) .¢” = ae® (cos H — sin O + sin 6 + cos )
=2ae’. cos 0 ... (i)
dy
dy  an 0
—31=-59—=-2&%;9¥ﬂi [From (i) and (ii)]
dx  dx 2509 5in@
do
dy dy T
= dx—cote = ESZE_COtZ_l
Differentiate the following with respect to x: (sin x)* + (cos x)Sin * [CBSE (F) 2013]

Let u = (sin x)* and v = (cos x)*™*
Given differential equation becomes y = u + v

g%f=4§§f+f§% (i)
Now, u = (sin x)*
Taking log on both sides, we get

log u = x log sin x
Differentiating with respect to x, we get

1 du

S =x___.cosxtlogsinx = d—u=u(xcotx+logsinx)
U’ dy sinx

dx

= g—z = (sinx)*{x cotx +log sinx} ...(id)

Again v = (cos x)*"*
Taking log on both sides, we get
log v = sin x . log cos x

Differentiating both sides with respect to x, we get

1 do _ . .
gy SN osy (—sinx) + log(cosx).cosx
.2 .2
= % = v{— ilgsj + cos x.log cos x} = (cosx)®"* {cos x.log(cosx) - Sclcr;s;c }
= (cosx)' 5" {log (cos x) — tan’x] ....(ifd)
From (i), (if) and (iii), we get
% = (sinx)*{xcotx + log sinx} + (cos x)“smx{log(cos x) — tan’x}
dy cos’(a+y)
If cos y = x cos (a + y), with cos a # £1, then prove that — = —————_ Hence show that
dx sina
_dy dy
sin aﬁ +sin2(a + y)a =0. [CBSE (F) 2014; (North) 2016]
X

Given, cosy =xcos (a+y)
cosy

o cos(a+y)
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Differentiating with respect to y on both sides, we get
dx _ cos(a+y)X(=sin y)—cos y X [-sin(a +y)]
dy cos?(a+v)

dx cosysin(a+y)—siny cos(a+y) dx sin(@a+y-y)
_— 1 _—

=
dy cos?(a + Y) dy cos> (a+ Y)

N dx __ sina oy cos’(a+y)
dy  cos*(a+y) odx sina

Differentiating both sides w.r.t. x, we get

dy 1 dy
? = sina {—2cos(u +y).sin(a + y).E}
2 dy dZ y
Y oy L Y ey
= sina 12 sin2(a+y). ix = sina 2 sin2(a+y). Iy 0
: dy b ,
8. Ifx=asin2t(1+ cos 2t) and y = b cos 2t (1 - cos 2t), then show that Drarar Also find
X at t=z
d
the value of (dZ)at t= % [CBSE Delhi 2016; (AI) 2014; Panchkula 2015; (Central) 2016]
Sol. Given, x =asin 2t (1 + cos 2t) and y = b cos 2 (1 — cos 2t)
= %C = a[sin2t X (—2sin2t) + (1 + cos 2t) X 2 cos 2t] = a[- 2sin® 2t + 2 cos 2t + 2 cos® 2t]
=a(2 cos 4t + 2 cos 2t) = 2a (cos 4t + cos 2t)
d
Again, % =D [cos 2t X 2sin 2t + (1 — cos 2t)(— 2 sin 2t)]
= b[sin 4t — 2 sin 2t + sin 4t] = b[2 sin 4t — 2 sin 2¢] = 2b(sin 4f — sin 2t)
dy dy/dt  2b(sindt-sin2t)  p| sin4t —sin2t
dx  dx/dt  2a(cos4t+cos2t) @|cosdt+cos2t
d sin 7 — sin—
- -1
o (%) YT b8 g
X [y p-n COST + COS B
4 2
. 4n . 2¢; .M . T
(d]/) b sm7—sm7 b —smg—smg
dx “a ~a T
dx att=% Cos%+cosz?n —COS§—COS§
. T
b TGy n /30
= X|———|=_tany = ——
s 2cos 5 4 3 ¢
3
2 2 dy 1- y2
9. If y1-x"+4/1-y" =a(x-y), then show that I = P [CBSE (F) 2009, 2019 (65/5/3)]
-x

Sol. Given, y1-x*+/1-y*=a(x-y)

Putting x =sino = a=sin' xand y =sin p = p =sin"' y, we get

V1-sin?a +4/1-sin’p = a(sina —sinB) = cos a + cos B = a(sin o — sin p)
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= 2cos(a+B) ( ) a2cos(a+8>sm(a;B>

2 2

= sin! x—sin" y=2cot ™ a

a-B a- 5
= cot =q = —cot 7 = a-B=2cota

Differentiating both sides with respect to x, we get

11 Ay Ay J1-y
2 1_y2dx dx 1— 2

1-x
2 . .2 . dy T
10. Ifx=cos 3 -2cos"t) and y =sin t (3 —2sin" #), then find the value of i att=-. [CBSE (AI) 2014]
Sol. Given, x=cost3- 2cos’ f)

Differentiating both sides with respect to ¢, we get

fl—jf = cost{0 +4cost.sint} + (3 — 2cos’t). (-sint)

=4sint.cos®t—3sin t +2cos’ t. sin t
=6sintcos’t—3sint=3sint (2 cos’t—1)=3sint.cos 2t
Again, " y=sint(3-2sin’f)
Differentiating both sides with respect to ¢, we get

dy )
it =sint.{0 — 4sintcost} + (3 — 2sin“t}.cost
=—4sin’t.cost+3cost—2sin’t.cost=3cost—6sin’t.cost
=3cos t (1-2sin’f) = 3cos t . cos 2t
dy
Now dlzﬂz 3cost.cos2t - dl:cott
" dx dx 3sint.cos2t dx
dt
dy T
i n—cotz—l

2
x
) with respect to cos™ (2xy/1 - x?) , when x # 0. [CBSE Delhi 2014]

11. Differentiate tan‘1<

V1-x?
Sol. Letu-= tanl( X ) and v = cos™ (2xy/1 - x?)

. d
We have to determine au

dv
Putx=sin® = 0=sin"x
1-sin’f
Now, u= tan™! —_— = u=tan™" (cos@)
sin 0 sin 0
= u=tan" (cot 0) = u=tan’! tan(% - 0)]
- _ LS|
= U= 0 = u=5-sin"x
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12.

Sol.

13.

= dl=0— ! au !
dx f1_ .2 dx .2
o o 1
Again, v =cos ' (2xy/1-x?) V2 V2
: x=sin6 . T . .=
= sin 1 <sinf < sin 1
v =cos (2sin04y/1-sin’0) = v=cos™” (2sin 0. cos 0) - -
- = _Z<6<Z
= v =cos ! (sin 260) = v=cos_1<cos<2—26>>
T T
= ——<20<—
= v=%—29 = v=%—25in_1x 2 2
T s
do 2 do 2 = 5 >-20>-7
= - =0- = ——=-
dx 1- 42 dx 1- 2 T
1 = 1> 5—29 >0
du - 2
du _dx _ v1-x" 1 = (%-ze)e(o,n)c[o,n]
do do 2 2 |
dx 1-x?

1 1
———<x<——]

20

Differentiate the following function with respect to x:

y = (sinx)™ + sin”'y/x

[Note: Here the range of x is taken as

Given, y=(sinx)"+sin™yx

y=u+0v, whereu=(sinx)", v=sin"yx

d
& _du do ()
dx dx dx

Now, u = (sin x)*

Taking log both sides, we get
log u = log (sin x)* =

Differentiating both sides with respect to x, we get

L d—u=x x+logsinx =
udy  Ysing 8T TI08S dx
= e (sinx)*{x cotx + log sin x}
Also, ov=sin!yx
dv _ 1 NV 1
dx  1-(/x)? 2Vx  2/x(1-%)
From (i), (ii) and (iii), we get
1
—— = (sinx)*{xcotx + log sinx} + ————
Y
13,7 _ 20 -~ _J
If x“y’ = (x + y)~, then prove that i x
OR
o dy _y
If x"y" = (x + y)™"", then prove that o x-

[CBSE Delhi 2009, 2013, 2017]

log u = x . log (sin x)

L. u{xcotx +log sin x}

...(ii)

....(ii)

[CBSE (F) 2012]

[CBSE (F) 2014]
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Sol. Given x"y" = (x+y)*

Taking logarithm on both sides, we get
") = log (x+y)*
= log ¥ +log ¥ = 20 log (x + ) =

log (x

Differentiating both sides with respect to x, we get
13 .7 dy 20 ( dy )

XY dx xty’ dx =
13x+13y - 20x  [20y —-7x -7y \dy
= = - =
x(x+y) @ty)y Jdx
dy 13y-7x y(x+y)
= X
- dx  x(x+y) 13y-7x =
OR

Do yourself (similar question)

14. Differentiate with respect to x :

sin-! 2¥*1 3y
1+(36)*

x+1 X X
3x 2.2°.3 2.
Sol. Let y=sin!|{——=—|=sin?|—">—|=sin"' | ——
o et v =sin (1+(36)x> sin (1+(62)") sin 1+ 6

Let 6" =tan0 = f=tan(6")
. 1 2tan® ) . 1.
=sin" |———— = =sin~ (sin20
Y ( 1+ tan?0 Y ( )
= y=20 = y=2.tan' (6%
dy ) low 6.6 dy 2.6".1og,6
=" log,66" = =
= x 1+(6%)? 8 dx 1+36*

15. If x sin (a + y) + sin a cos (a + y) = 0, then prove that

Sol. Given xsin(a+y)+sinacos(@+y)=0

sina.cos(a +y)
= X=——

sin(a +y)
Differentiating with respect to y, we get
dx . sin a
== =+sin a.cosec*(a + y) =

dy sin®(a + y)

dl _ sinz(a+y)

- .
dx sina

d
16. Ife* + e’ =¢""Y, then prove that %+ey_x= 0.

Sol. Given, ¢ +¢é/=¢""Y

Differentiating both sides with respect to x, we get

dy dy
X4y L xty A
e re “dx ¢ {1+dx}
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13log x + 7 log y = 20 log (x + )

13 20 _(20 7>d_y

x Tx+y \x+y  ¥)ax
13y -7x [(13y-7x\ dy
x(+y) \y@+y) ) dx
v _y
dx X
[CBSE (AI) 2013]
sin®(a + y)
—_—= [CBSE (AI) 2013]
X sina

x=-sina.cot (a +y)

[CBSE (F) 2014]



dy dy dy
Yyl L= oty gty L XY _ oYy L = X _ XY
= e+e.dxe +e ix = (e e)dxe e
dy +
=  (eF+e¥- ey)a =¢'—e"—¢Y [ e"+eV =e" " (given)]
dy dy e
X _ 2 —_ LY Y = _
= e = PR
= _ Y — oY =
= i e = ix +e 0
ot i 2t dy ylogx
17. Ifx=e“""andy =e""~, prove that —— = - . [CBSE (East) 2016]
dx xlogy
Sol. Wehave x=¢%
Z—f = ¢%2 (— 2sin 2t) = — 2xsin 2¢ [Differentiating w.r.t. t]
Again y= esin 2t
d .
d_]j = 5" 2 cos 2t = 2y cos 2t [Differentiating w.r.t. t]
dy
dy gy  2ycos2t dy —ycos2t
Now, ¢~ dx ~ 2xsin2t  ©  dx xsinaf
dt
d]/ ¥ log x cos 2t sin 2t :
= E__xlogy [-x=e = logx=cos2t; y=e¢ = logy = sin 2t]

Hence proved.

18. Ifx € R-[-1,1] then prove that the derivative of sec 'x with respect to x is ll*\/z_ . [HOTS]
x|vx -1
Sol. Let y=sec x
Then, secy = sec (sec” x) = x If x> 1, then y € (0,;[)
Differentiating both sides with respect to x, we have secy >0, tany > 0
d 4
= isecy = i(x) = i(secy)—y =1 = |[secy | .| tany | =secytany
dx dx dy dx
p If x < -1, then
Y
— = 1 1 T
= secytany . 1 [Using chain rule] ye (E’n) . secy<0,tany <0
. A 1 = | secy | | tany |
dx  secytany  [secy | .| tany | = (-secy)(-tany) = secytany
Lo

_ 1 _ 1
dx |secy | ytan’y |secy | ysec?y—1 |x|VxP-1
| 4 SECOND ORDER DERIVATIVES
d’y  dy

1. Ifx=acos6+bsin0andy=asin0O-b cos 6, then show that yzﬁ—xa+y=0.
X

[CBSE (F) 2014; Delhi 2015]

Sol. Given, x=acos 0 + bsin 0 = Z—g=—asin6+bcosﬁ ...(0)
. v _ . ..
Also, y=asin®-bcos6 = %—acosﬂﬂasmﬂ ... (i)
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dy

d In .
& _ 40 _ acosB+bsin [From (i) and ()]

dx dx  —asin0+bcos0
do
4y gcos®+bsinf dy
- MLAP L AR L —=_= ...(1f0)
dx  bcosO—asinb dx Y
Differentiating again with respect to x, we get
dy
dzy y - x.a
de yz
2 2
T N L Ny
dx2 dx dx2 dx
) d*y dy
2. Ify = Pe™ + Qe™, then show that P (a+ b)a +aby=0 [CBSE (AI) 2014]
x
Sol. Given, y=Pe™ + Qe™
On differentiating with respect to x, we have
d_y = Pae™ + Qbeb"
dx
Again, differentiating with respect to x, we have
d*y
7 _ Pa2eax+ bZbe
dx? <
S = Ly b il b
Now, LH —dxz—(a+ )dx+ay

= Pa?e™ + Qb%™ — (a + b)(Pae™ + Qbe™) + ab (Pe™ + Qe™™)

= Pa%e™ + Qb%™ — Pa%e™ — Pabe™ — Qabe™ — Qb%"™ + Pabe™ + Qabe™

=0=RHS
4 ) d*y dy
3. If y=¢"® ¥, -1<x<1,thenshow that (1-x )F —x o -ay= 0. [CBSE 2020 (65/2/1)]
X
Sol. Given, y=¢" Cos_l", -1<x<1

Differentiating w.r.t x, we have

dl=eﬂ605’]xxﬂx_ 1 - tly
dx 1-x2 1-x2
d
= 1—x2%=—ay

Squaring both sides, we have
dy .
1- 42 ) - 2.2

Again differentiating w.r.t. x, we have

dy dzy dy . dy
2 w7 . -2 7
(1—x)><2dx><dx2+(dx)><(2x) 5 Xzydx
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d’y  dy
N A A

= (1-x 2 x oo Tay

Ay dy
= (1-x9 2 Xy 0 Proved

,dy  dy
4. If y = sin (log x), then prove that x e tao oty =0. [CBSE (F) 2013]
x

Sol. Given, y =sin (log x)

cos(logx)
= %=cos(logx)><%=#g

. 1
dzy x|—sin(logx) X - |-cos(log x) ) —cos(log x) - sin (log x)

Again, —5 = =
8 dx? x? x?
dy dy
= 2 — _—
Now, LHS x 02 +x I +y
x*{—cos (logx)-sin(logx)} xcos(logx)
= 2 + X + sin(log x)
= —cos (log x) — sin (log x) + cos (log x) + sin (log x) = 0 = RHS
1 2 dzy 2 dy
5. If y = cosec x, x> 1, then show that x(x —1)7 + (2x —1)3 =0 [CBSE (AI) 2010]
x
Sol. '~ y=cosecx
Differentiating with respect to x, we get
dy -1
dx  xyx*-1
Again differentiating with respect to x, we get
2x
x/x*=1.0+1. x.7+\/x2—1}
&y _ { 2v/x% -1
dx? x*(x*-1)
N dz_y_ Pt -1 B 2x* -1
dr (-1 -1 Va-142(:%-1)
Py 2% -1 dy
2 2
= x(x -1)—5=————=(2x —1(——)
( )dx2 xyx?-1 ( ) dx
d’y dy
2 *J 2 1\
= x(x*=1) 12 +(2x°-1) i 0
6. If y =3 cos (logx) + 4 sin (log x), show that
'y dy
X —+x——+y=0. [CBSE Delhi 2009, 2012]
de dx

Sol. Given, y =23 cos (logx) +4 sin (log x)
Differentiating with respect to x, we get
dy _ 3sin (logx) N 4 cos(logx)

1 .
= ; p; = B=7 [-3sin(logx) +4cos(logx)]
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Again differentiating with respect to x, we get

- 1 4sin(1
Py X 3(:0535 ng)— sm(xogx) —[-3sin(logx) + 4 cos(logx)]

dx? x?

_ -3cos(logx)—4sin(logx)+ 3sin(logx) — 4 cos(logx)
N 2

x
d*y  —sin(logx)—7cos(logx) —sin(logx) -7 cos(logx)
o 2 - 27 22
Now, LHS = x%y, + xy; +y
,( —sin(logx) -7 cos(logx) 1 . .
=x 2 )+x X ;[—SSln(logx)+4cos(logx)] +3cos(logx)+4sin(logx)

= —sin (log x) — 7 cos (log x) — 3 sin (log x) + 4 cos (log x) + 3 cos (log x) + 4 sin (log x)

=0=RHS
d’x d° d
7. Ifx=a(cost+tsint)andy=a(sint-tcost),0<t< E,ﬁnd Y z and Z .
2 dt” dt dx
[CBSE (AI) 2012]
Sol. Given, x=a(cost+tsint)
Differentiating both sides with respect to ¢, we get
9X _ o(osint +tcost +sint IX_ rcost (i)
it =qa(-sin cost+sint) = gy~ atcos (1
Differentiating again with respect to t, we get
d*x . .
R =q(—tsint + cost) =a(cost —tsint)
Again, y=a(sint—tcost)
Differentiating with respect to t, we get
= t+tsint t dl =atsint i
t = a(cos sin t — cost) = gy~ atsin ...(if)
Differentiating again with respect to t we get
dzy
—=a(tcost +sint)
dr*
dy _ dy/dt L
Now, dv - dx Jdt [From (i) and (if)]
dy _ atsint dy
= dx  atcost = dx tant
Differentiating again with respect to x, we get
d*y 5, df . 1 sec’t sec’t .
P sec t.E—sec t. dx/dt = dteost - at [From (7)]
2 2 dZ 3t
Hence, ;C =a(cost —tsint), 73 =q(tcost+sint)and % = 5£€
dt dt dx at

198 Xam idea Mathematics—XII



2

d
8. If y =log[x+y/x*+a?] show that (x* +a2)—y+xdz 0. [CBSE Delhi 2013]
Sol. Given y=log[x+\/x2+a2]
N dy _ 1 [1+ 2x _ x+yx*+a?
dx x+x/x2+a2. 2x/x2+a2 (x+«/x2+a2)(\/x2+a2)
dy 1

= E—ﬁ (l)

Differentiating again with respect to x, we get
3

d*y 1 2 —X
P —5(x?+a?) "2x= 7%
(x2+a?)

d*y - 2, 24y x
= i = = X +ag)—%=—r—r7——

dx? (& +a?) . Jx2+a? ( )dx2 x*+a?

d? d
= 2+ az)d—x{ +x dz 0 [From (i)]
’y q1(dy\ y _ .
9. If y=x", then prove that F “yla ]~ x " 0. [CBSE Delhi 2014, 2016]
x

Sol. Given, y=x"
Taking logarithm on both sides, we get
logy=x.logx
Differentiating both sides, we get
ldy 1 dy ,
y =X +logx = I y(1+logx) (1)

Again differentiating both sides, we get

Py 1 dy iy . 1 dy dy )
E—y.;+(1+logx).a = 2 x y T dy [From (i)]
4 1/dy\? dy 1/d
S
de>  x oy ldx dx* Y x
n &y dy _
10. If y=(x+1+x?)", then show that (1+x )?-an =ny. [CBSE (F) 2015]
x
Sol. Given y=(x+\/1+x2)n
Differentiating with respect to x, we get
dl_ 5\n-1 2x dl_ 5\n-1 V1+x
= dx—n(x+v1+x) '{1+2/—1+x2} = dx—n(x+vl+x) : 1+ 2

d_y:n(x+,/1+x2)n - d_y: ny
dx V1+a? dx /1 + 2

d
= \/1+x2.%=ny

Again differentiating with respect to x, we get

dzy 2x  dy _ dy dy dy dy
2 2 _ 2
1+x". m ar -y = (1+x )dx2 +x.dx n.yl+x e
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d? d n d d
= (1+x)—y+xy n.y/1+x? Y 227 A

dx J1+2

1\
11. Ify= log(\/; + \/;) , then prove that x(x + 1%y, + (x + )%y, =2.  [CBSE Sample Paper 2018]

Sol. - y:log(ﬁ+%)2 = y=210g(x/§+ ;;) 210g( x}l)

y=2log(x+1))-2logyx = y=2log(x+1)-logx

- __2 1 _2x-x-1 - _ x-1
N T T x@+1) B+ 1)
Cx(e+1)—(x-1)(2x+1) _x2+x—2x2—x+2x+1
= Yo = ) 2 = Yo = ) 2
x“(x+1) x“(x+1)
N v, = 7+ 2x+1
? x2(x+1)2
2 +2x+1 -1
Now, x(x+1) y2+(x+1) yl—x(x+1) 7x2+(x+1)2. (x-1)
x2(x+1) x(x+1)
_ 42+l (et 1)(x-1)
B X X
2 2
—x“+2x+1+x"-1 2x
= =—=2 Hence proved.
X X
c . dz]/ dy 2
12. If y = sin (sin x), prove that F+tan x g tycosx= 0. [CBSE 2018]
X
Sol. y =sin (sin x)
dy i d . dy i
o cos (sinx) ix (sinx) = o cos(311nx) cgsx

Again differentiating w.r.t x on both sides, we get
2
Y _ cos (sinn) - 4 os(si
P cos (sin x) e (cosx) + (cosx)——cos(sinx)

dx
%y
= F = cos(sin x) (- sin x) — (cos x) {(sin (sin x)} (cos x)
X
= TZ = —sin x cos (sin x) — cos>x sin (sin x)

Putting these values in LHS, we get
4 d
% + tanxl + ycoszx
dx dx
= |- sin x cos (sin x) — cos® x sin(sin x)} + tan x {cos x cos(sin x)} + y cos? x
= — sinx cos (sinx) — cos’x sin(sinx) + tan x cos x cos(sin x) + y cos®x

2

sinx
= —sin x cos (sin x) — cos“x sin(sin x) + cosy COSXcos (sin x) + sin(sin x) cos?x = 0

Hence proved.
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d’ d
13. If x = sint and y = sin pt, then prove that (1-x%)——5 ™ y dz +p*y=0. [NCERT Exemplar]

Sol. We have, x = sint and y = sin pt
d
Z—f = cost and d—z = cospt.p

dy dy/dt p.cospt )
dx ~ dx/dt ~  cost (1)

Again, differentiating both sides w.r.t. x, we get

d dt d dt
dl _ cos t.ﬁ(p. cospt)% —pcospt.rcost. -

dx? cos’t

[cost.p.(—sinpt).p — pcospt.(—sin t)]c% [ p?sinpt.cost + psint.cospt]

_ cost
cos’t cos’t
d*y  —p*sinpt.cost+pcospt.sint (i)
—- = (1
dx? cos’t
Since, we have to prove
dy  dy
2 ay . 2 _
(1-x )dx2 x4 try=0
2 . .
— p“sinpt.cost + pcospt.sint cospt
LHS = (1—sin2t)[ P =np 3}7 4 ] _sint. LE2P + p?sin pt
cos’t cost
1 |a- sin’t) (- pz sinpt.cost + pcospt.sint)
 cos’t|- pcospt. sint. cos’t +pzsinpt.cosgt
2. 3 . 2
— p~sinpt.cos”t + pcospt.sint.cos"t
= 13 poemp . g ]92 . 3 [ 1-sin®t = cos*t]
cos’t |- pcospt.sint.cos“t + p~sinpt.cos’t
1
= 0=0 H d.
os’t ence prove
Rolle’s and Mean Value Theorem
1. Verify Rolle’s theorem for the function f(x) = " cos x in [— %, g] . [CBSE 2020 (65/4/1)]

Sol. Given function, f(x) = ¢* cos x in [— %’ g]

' — X : : E E
flx)=e (cosx—smx),m( 2,2>
T T
Clearly, f(x) is differentiable in ( 29 )
L . [ T
Thus, f(x) is differentiable in (— ) )

f(x) must be continuous in [

Because every differentiable functlon must be continuous.
T\ T T\ _
Now, f — 5 )=e2cos| =5 =0

and, f (%) = e%cos(%) =0
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12)=rG)

Therefore, Rolle’s theorem is applicable.

So, there exists a real number ¢ such that
fic)=0 = ¢ (cosc—sinc)=0
= cosc-sinc=0 (e 20)
= cosc=sinc
T
=

_ s -t
tanc—l—tan4 = 1

_T <_££>
c=1€\722

Hence, Rolle’s theorem is verified.
2. Verify Mean Value theorem for the function f(x) = 2 sin x + sin 2x on [0, ©]. [CBSE (North) 2016]
Sol. Wehave, f(x)=2sinx + sin 2x
f(x) is continuous in [0, n] being trigonometric function and it is differentiable on (0, 7).
Hence, condition of Mean Value Theorem is satisfied.
Therefore, Mean Value Theorem is applicable.

So, there exist a real number ¢ such that

Fey= 1O -0

T
Now f(0)=2sin0+sin0=0; filn)=2sinn+sin2r=0 and f’(x) =2 cos x + 2 cos 2x
f'(c)=2cos c+2cos 2c

From (i)

0-0
2cosc+2cos2c = T

= 2cosc+2cos2c=0 = 2cosc+22cos’c-1)=0

= cosc+2cos’c—1=0 = 2cos’c+cosc—1=0

= 2cos’c+2cosc—cosc—-1=0 = 2cosc(cosc+1)—1(cosc+1)=0
= (cosc+1)(2cosc-1)=0 = cosc=—1andcosc=%

= c=nandc=%e(0,rc) = c=%e(0,n)

Hence, Mean Value Theorem is verified.
3. Discuss the applicability of Rolle’s theorem on the function given by [NCERT Exemplar]
2 .
x*+1,if0<x=<1
x) =
e {S—x, ifl<x<2
2+1,if0<x<1
Sol. We have, flx) = Ty 1 *
3-x, if1<x=<2
We know that, polynomial function is everywhere continuous and differentiable.
So, f(x) is continuous and differentiable at all points except possibly at x = 1.
Now, check the differentiability at x =1,
Atx=1,
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fl) - f(1)

LHD = lim ———

MR x-1

(2+1)-(1+1) 5
=lim——F"—F—— [V fx)=x"+1,0<Vx <1]
x—1 x-1

2 _ x+1)(x-1
 fim Bl gy EEDEED
—1 x—1 x—1 x-1

x)— f(1 3-x)-(1+1
gt x-1 x—1 (x-1)

oy — —(x-1
im 32822 g ZOD
-1 x-1 -1 x-1

LHD # RHD

So, f(x) is not differentiable at x = 1.
Hence, Rolle’s theorem is not applicable on the interval [0, 2].

4. Find a point on the curve y = (x — 3)>, where the tangent is parallel to the chord joining the
points (3, 0) and (4, 1). [NCERT Exemplar]

Sol. Wehave, y = (x - 3)2, which is continuous in x; =3 and x, =4 i.e., [3, 4].

Also, y’ =2(x — 3) x 1 = 2(x — 3) which exists in (3, 4).
Hence, by mean value theorem there exists a point on the curve at which tangent drawn is parallel
to the chord joining the points (3, 0) and (4, 1).

Thus, f'(c)=%§(3)

2 2
= 2(c-3) = (4‘3)4:(33—3)
= 2c—-6 =ﬁ = czg

7 7 2 1 2 1
- -3

So, (%, %) is the point on the curve at which tangent drawn is parallel to the chord joining the

points (3, 0) and (4, 1).
I, PROFICIENCY EXERCISE
B Objective Type Questions: [1 mark each]

1. Choose and write the correct option in each of the following questions.

2
(i) If fix) = 2x and g(x) = x7 +1, then which of the following can be a discontinuous function?

@ +s0) B0 © 05w @ 43
(if) The set of points where the function f given by f(x) =|2x —1|sinx is differentiable is
[NCERT Exemplar]
(@) R (b) R - {%} (c) (0, ) (d) none of these
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(iii) Let fix)= | cos x|. Then,
(a) fis everywhere differentiable.

(b) fis everywhere continuous but not differentiable at x = nm, n € Z.

(c) fis everywhere continuous but not differentiable at x = 2n + 1) % ,ne’Z.

(d) none of these.
2

(iv) Ify = A ™ + Be™, then el is equal to
x
(a) 25y )5y
d
(v) For the curve vx +/y =1, % at <%’ %) s

@ 5 ®)1

d
(vi) If f'(1) =2 and y = f (log ,x), then % atx=eis

d
(@) 0 )1
2. Fill in the blanks.

(i) If f(x) =lcosx], then f’(%) -
(ii) If flx) = (x + 1), then ;Lx fof(x) =

0} %sec(tan_lx) =

(iv) The number of points at which the function f(x) = %
08

B Very Short Answer Questions:

sin”'x

3. If f(x)= { x o+ x#0 , is continuous at x = 0, then write the value of k.

k, x=0

[CBSE 2020 (65/5/1)]

(d) 15y

is discontinuous is

[1 mark each]

4. Determine the value of ‘k” for which the following function is continuous at x = 3:

(x+3)*-36
flx) = x-3 7 x#3
k, x=3
2 d
Nein® 4 cos | fng Yy &
5. Ify—[s1nz+cos2 , find i atx=-.
. dy 41 +tanx T T
6. Find E,lfy—tan m,xe[— 4,4]
dy

7. Ify =log (¢"), then find e

B Short Answer Questions—I:

8. Examine the continuity at the indicated points.

flx)=|x|+|x-1] atx=1
9. Find kif f(x) is continuous at x = 0.

flx) = S+ cosx, if x #0

x
k, ifx=0
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10. Find the value of c in Rolle’s theorem for the function f(x) = x>=3xin[-3,0]. [CBSE (AI) 2017]
11. If flx) = |cos x —sin x|, find f'(n/6).
%y
12. Ify =5 cos x — 3 sin x, prove that F+y= 0.
X
B Short Answer Questions—II: [3 marks each]
3x-2, 0<x=<1
13. Show that the function ’f” defined by f(x) =12x?—x, 1 <x <2 is continuous at x = 2, but not
. . S5x—-4, «x>2 .
differentiable. [CBSE Delhi 2010]
14. Show that the function f{x) = |[x-1| + |x + 1|, for all x € R, but is not differentiable at the points
x=-land x=1. [CBSE Allahabad 2015]
d
15. Ify= x> (cos x)* + sin"!y/x, find % [CBSE 2020 (65/3/1)]
V1+x? —y/1-2?
16. Differentiate tan™ ( iriis ) with respect to cos™ x%.
L+ai+yl-x [CBSE (South) 2016, 2019 (65/4/1)]
. . Lviea) o
17. Differentiate tan — with respect to x. [CBSE (Al 2012]
18. Differentiate tan™ — with respect to sin”! (2xy/1-x%) . [CBSE Delhi 2014]
1-x
19. 1 y = cos [ 2} then find 2 CBSE (F) 2010
9. If y=cos 1+ ) thenfind == [ (F) ]
dy dy
20. Ify=e" (sin x + cos x), then show that e -2 o 2y =0 [CBSE (AI) 2009]
X
21. Verify Lagrange’s Mean Value Theorem for the following function:
flx) = x* + 2x + 3, for [4, 6]. [CBSE (AI) 2008]
d
22, T y=vx?+1- log<% v 1+ %) then find %. [CBSE Delhi 2008]
X
2x-1,x< % 1
23. Discuss the differentiability of the function f(x) = 1 atx=-5.
3-6x,x= 5
[CBSE Sample Paper 2017]
24. For what value of k is the following function continuous at x =— % ? [CBSE Sample Paper 2017]
3sin x +
J/3sin x ncosxl x#—%
f@=1 *Te
k, x = —%
d
25. If x/1+y+yy1+x=0,-1<x<1,x+#y, then prove that % = —ﬁ . [CBSE (F) 2012]
+x
26. Differentiate the following function with respect to x : (x)*** + (sin x)*“"* [CBSE Delhi 2009]
d
27. If y=sin" (6xy/1-9x%),- 3}6 <x< 3}6 then find %. [CBSE Delhi 2017]
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28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

2

-1 2 d y dy 2

If y=e"" %, -1<x <1, show that (1-x")—— -x——-a"y=0. [CBSE (F) 2012]
dx dx
m_ 1n m+n dzy .
If x™y" = (x + y)" 7", prove that 2 =0. [CBSE Delhi 2017]
x
d 2
T X Y Y T
= —+ —_—= i —_— =—
If y = log tan ( 475 ), show that gy secx. Also find the value of 02 at x=7-.
[CBSE (F) 2010]
If x = tan (%log y), show that: [CBSE (Al) 2011]
2
y dy
2 — _— =
(1+x )dx2 + (2x a)dx 0
B d (x=1)
_x-y) ay _y&x—1)
Ifxy=e , then show that ix x+l) [CBSE (F) 2017]
V1i+x2+4/1-x2 d
If y = tan_l( * o ) 2 <1, then find 2. [CBSE Delhi 2015]
V1+x2—y1- dx

/ [y _( Ay Y

If (ax + b)e"™ = x, then show that x 2T\ Y [CBSE Ajmer 2015]
x

If f(x)=1v X%+ 1,¢(x)= x2+ 11 and h(x) = 2x - 3, then find f'[h'{g"(x)}]. [CBSE Allahabad 2015]
x-+

Let flx) =x—|x- ¥ |, x € [-1, 1]. Find the point of discontinuity, (if any), of this function on [-1, 1].

[CBSE Bhubaneshwar 2015]

If —— =log—2— then prove that dl =2 % [CBSE Guwahati 2015]
x—y T OB x—y TenP x Ty
dy
Let y = (log x)* + x*“***, then findE . [CBSE Sample Paper 2016]
dzy dy .
If ¢¥(x+1) =1, then show that —-=(—"| . [CBSE (AI) 2017]
dx dx
%y
If x=a(0-sin0), y=a(1+ cos0),then find FER [CBSE Delhi 2011]
X
Ay dy
If y = 2cos (log x) + 3sin (log x), prove that x P tao oty s 0. [CBSE (Central) 2016]
x
Show that the function f given by [CBSE (East) 2016]
e% -1 .
i , ifx#0
=141
-1 ifx=0
is discontinuous at x = 0.
d 6x — 44y/1 - 4x?
Find % if = sin |2 |. [CBSE (North) 2016]
Differentiate (sin 2x)* +sin™ y/3x with respect to x. [CBSE (South) 2016]
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T+x°-1
45. Differentiate tan™' (Tx) wrt. sin —— ifx e (-1,1). [CBSE (F) 2016]
dzy
46. If x = a(cos 2t + 2t sin 2t) and y = a(sin 2t — 2t cos 2t), then find ﬁ . [CBSE (Ajmer) 2015]
x
47. Find the values of 4 and b, if the function f is defined by [CBSE (F) 2016]
2
_Jx"+3x+a, x=<1
f(x)—{ bx+2, x>1
is differentiable at x = 1.
Answers
1. (1) (d) (ii) (b) (i) (C) (iv) (a) () (c) (vi) ()
. 1 .. )
2. (i) ——= (i) 1 (iv) three
J2 1/
@ . .
3. k=1 4. k=12 5. B 6.1 7.1 8. Discontinuous
1
9. k=2 10. c=-1 11. ——(1++/3) 15. x%(cos x)x — xtanx + log (cos x)]
2 & /73(
16. -1 17, —1 18. 19. — 2" log,2 i
T2 T 21+4)) "2 Y
23. Not differentiable 24. k=2
26. x%* (% - sin x log x) + (sin x)™™[1 + sec®xlog sin x] 27. % 30. 2
1-9x
d 1+y1-x2
33. AN ; [Hint: At first simplify as y = tan™' | ————— | by multiplying with y/1 + x% + /1 - x*.
dx 14 x?

34.

35.

36.

37.

38.

40.

45.

Then let x* = sin 0 and then solve.]

oo oy X Y _ x _ x|\
Hint: ¢ ax+b = x 10g< x+b) = Y log( x+b>

2/5
5

-2x+1
x?+1

; Hint: At first find f “(x), g’(x) and /' (x) and then find f ‘[1'{g'(x)}] = f’ [ {

No point of dlscontmulty
2x-x%, -1<x<0
Hint: f(x) = 0, x=0
¥ 0<x<1

X f v log a —log (x — y) then differentiate.
(log x)x{ 101 ot log (log x)} +x"**{cos x + cos x (log x) — xsin xlog x}
- cotg 43 S 44. (sin 2x)*{2x cot 2x + log (sin 2x)} + S S
2 V142 2¢/3x - 912
3
% 46. > tZt 47.a=3,b=5
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I, SELF-ASSESSMENT TEST A

Time allowed: 1 hour Max. marks: 30
1. Choose and write the correct option in the following questions. @4x1=4)
log (1 +ax)—-log (1-bx), ifx#0
(i) If the function f(x) defined by f(x) = X is continuous at
k , ifx=0
x =0, then value of k is
(a) a b) b (c)a+b @ 0
d
(i) If x = a sec’® andy=a tan® 0, then %atﬂ =% is
2 1 V3
N _ d A
(a) 73 () 73 (© V3 @ -
(iif) Derivatives of x> w.r.t. x° is
5 7x 2
@ 5 ® 5 © 5 @ 0
) . 2 Y
(iv) If y = (sinx +cosx)”, then —— equals to
ax aex =%
(@) 0 ()1 (0 -1 @) 2
2. Fill in the blanks. 2x1=2)

(7)) Derivative of sin x w.r.t cos x is

ax+1, ifx>1

. is continuous, then 4 should be equal to
x+2, ifx<l1

(id) 1 f(x) ={

B Solve the following questions. 2x1=2)
X
3. Find the derivative of 'e .
sinx
X ifx <0
4. Find the value of the constant ‘k” so that the function f(x) =y|x|’ ! is continuous at x =0.
3, ifx=0
B Solve the following questions. 4x2=8)
5. Write the derivative of f(x) = |*| atx = 0.
6. Differentiate sin (cos (xy)) with respect to x.
7. Find kif f(x) is continuous at x = 0.
sinx .
flx) = —x Tcosx, %f x#0
k, ifx=0
8. Iff{x) = |cos x —sin x|, find f'(1/6).
m Solve the following questions. (3x3=9)

9. For what value of k, the following function is continuous at x = 0?

1- 4
COZS x, £%0
flx)=7 8
k , x=0
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10. Examine the continuity of the following function:

27« ¥
fw=1""

> ,x=0

atx=0

11. If the function f, as defined below is continuous at x = 0, find the values of 4, b and c.

sin(a + 1) x + sinx
o ,

flx) = ¢ ,

Jx+b® —yx

bx3/?

4

+log (log x)} + o

X
12. (logx) { Togx

x<0

x=0

x>0

B Solve the following question. (1x5=5)
12. Differentiate the following function with respect to x: (log x)* + x'°8*,
Answers
1. (i) (c) (i) (d) (iii) (c) (iv) (a)
2. (i) —cotx (il) a=2
3 e*(sinx — cosx) i 3 5. 0 —y sin (xy) cos (cos xy)
) sin®x ' ' " 1+ xsin(xy)cos(cos xy)
7. k=2 8. -%(1+f3)
s . 3 1 .
9.1 10. fis discontinuous 11. a= YR and bis any real number
2log x.xlogx
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