CHAPTER - 10
VECTOR ALGEBRA

Miscellaneous Exercise

Question 1: Write down a unit vector in XY -plane, making an angle of
30° with the positive direction of x-axis.

Answer:

Given: A unit vector in XY- plane.

Let T is a unit vector in the given XY - plane then the value of T
Will be: ¥ = cos01+sin0]

0 is the angle given, which is made by unit vector with positive direction
of x-axis.

=~ for 6 = 30°

r = cos 30°1 + sin 30°j

: . . V3. 1,
Hence, the required unit vector is Bl + )

Question 2: Find the scalar components and magnitude of the vector
joining the points P (x1, y1, z1) and Q (x2, y2, 22).

Answer:
Given: points P (x1, y1, z1) and Q (x2, y2, z2) are given.

The vector obtained by joining the given points P and Q:

ﬁi = position vector of Q — position vector of P




=, —x )1+ (v, —y1)j+ (2, — z1)k
PQ = /(x; — x)2+ (2 — y1)? + (2, — 2,)?

Hence the scalar component of the vector obtained by joining the points
are

[Ce2=x1), (2 =21), (22— 21)]

And the magnitude of the vector obtained by joining the points is

\/(xz —x1)%+ (2 —y1)?* + (22 — 7)?

Question 3: A girl walks 4 km towards west, then she walks 3 km in a
direction 30° east of north and stops. Determine the girl’s displacement
from her initial point of departure.

Answer:

let O be the initial position and B be the final position of the girl.

Position of girl will be as shown in figure:

v
N

Hence, 0A = —4iand £BAO = 60°




AB = |ﬁ| cos 60°1 + |ﬁ| sin 60°J

Now, by using triangle law of vector addition,

OB =0A + AB

Question 4: If [d] = [b| + 2|, then is it true that || = [b| + [¢|? Justify
your anSwer.

Answer:

Let in given triangle CB=3CA=b,and AB = ¢
A

Fa
B = C

Now, by using triangle law of vector addition,




CB = CA + AB,

=a=b+ ¢

As we can see that |a], |B)| and |¢| represent the sides of triangle.

Also we know that sum of two sides of a triangle must be greater than its
third side.

= [b] + 8] > [3|
= (3] # |b| + [¢]

~|al = |B| + |¢| is not true.

Question 5: Find the value of x for which x(i +j+ E) is a unit vector.
Answer:

Given: x(i +j+ R) as a unit vector.

Now, if x(i +j+ R) is a unit vector then

Ix((+7+k)|=1

>y =02+(x-02+(x-02=1
=J@)2+ ()2 + (x)2=1

= .3x)%2 =1

= xV3 =1

1
2X—iﬁ




Question 6: Find a vector of magnitude 5 units, and parallel to the
resultant of the vectors @ = 21+ 3j —k,and b= 1 — 2§+ k

Answer:
Given: @ = (21 + 3§ — k), and b = (1-27+k)

Let the resultant of 3 and b is ¢

2+ Di+ B -2)j+ (-1+ 1Dk
3)i+ (1)j + (0)k

Now the vector of magnitude 5 units and parallel to € is:

31+]

+5¢C = +5. 7o

= +V/5V5.

31+
V25




Question 7: If3=1+§+k b=21—§+3k and ¢=1—2]+Kk, find a
unit vector parallel to the vector 23 — b + 3¢.

Answer:

Given: d = (i+i+lA<),l_))=(2i—j+3f<),andé’=(i—2i+f<)
Let the resultant of 3 and b is &

Then2a —b + 3¢ = 2(1+§+ k) — (21 —j + 3k) + 3(1 — 2] + k)
=2-2+3)i+(2+1-6)j+(2-3+3)k

=(3) 1+ (-3)+ Dk

=2a—b+3¢=31-3j+2k

Then

2a—b + 38 =/(3)% + (=3)2 + (2)2

> [2a-b+3¢ =V9+9+4

:~|ﬁ—g+36| =22

¢ 3i-3j+2k

Question 8: Show that the points A (1, —2, - 38), B (5,0, -2) and C (11,
3, 7) are collinear, and find the ratio in which B divides AC.

Answer:

Given: A (1,-2,-8),B(5,0,-2)and C (11, 3, 7)




Then
AB=(5-1i—(0-(=2)+(-2- (-8))k

= AB = (4)i— (2)] + (6)k
BC = (11 -5)i— (3 = 0)j + (7 — (=2))k

= BC = (6)1 — (3)j + (9)k
AC=(11-1i- (3-(=2)j+ (7 - -8k
= BC = 10 + 5] + 15k

Then

|AB| = J(4)7 + (2)? + (6)°
=16+ 4 + 36

= |AB| = V56 = 2V14

[BC| = V/(6)% + (3)% + (9)?
=36 +9 + 81

= |BC| = V126 = 3V14

|AC| = /(10)2 + (5)2 + (15)2
= v/100 + 25 + 225

= |AC| = V350 = 5V14

= |AC| = [BC| + |AB|

Thus the given points are collinear.

Now to find the ratio in which B divides AC. Letitbe A :1




A.0C + 1.0A
A+1

__ A0C+1.0A
o A+1

A (111 +35+7K) + 1.(1-2j-8Kk)
A+1

= 51+ 2k(A + 1) = A. (111 + 3§ + 7k) + 1.(I — 2§ — 8k)
=> (51 + Di—2(1+ Dk) = (11A+ DI + Br—2)]+ (7A - 8)k

= 5{ + 2k =

On equating the terms, we get:

S5+ 1)=11A+1

> 5 +5=11r+1

= 4 = 6A

=>A=4/6=2/3

Hence, B divides AC in the ratio 2:3.

Question 9: Find the position vector of a point R which divides the line

joining two points P and Q whose position vectors are (25\> + B) and

(5 — SB) externally in the ratio 1 : 2. Also, show that P is the midpoint of
the line segment RQ.

Answer:

Given: pointsP(23 + E) and Q(3 — BE) are given.
Point R is given which divides P and Q in the ratio 1:2.
Then

2.(2d+b)-1.(3-3b)
2-1

OR =




_ (4@+2b)-(3-3b)
1

= OR
= OR = (35 + SE)
. position vector of R is (35 + SB)

(0Q+0R)

And position vector of mid-point of RQ = >

((5—3E)+(35+ SE))
2

= (43 +2b) = (2d+b) = OP

Hence, P is mid-point of the line segment RQ.

Question 10: The two adjacent sides of a parallelogram are 27 — 4j + 5k

and 1 — 2] — 3k. Find the unit vector parallel to its diagonal. Also, find its
area.

Given: Two adjacent sides of a parallelogram are
a=(21—4j+5k)and b = (1—2j - 3k)

Then the diagonal of parallelogram is given by the resultant of a and b.
Let the diagonal is ¢

Then¢=3+b

=>¢= 2+ Di+(-4-2)+G-3)k

=>¢= )i+ (-6)]+ Dk

= ¢= 31— 6]+ 2k




=8 =49 =7

~ ¢ 3i-6j+2k
o.c C = T =

<] 7

: o . A 3. 6, 2
= unit vector parallel to its diagonal is € = S1—-] k

And area of parallelogram ABCD is & X E|
O L S B
dxb=12 -4 5
1 —2 -3
=1(12 4+ 10) —j(—=6 —5) + k(—4 + 4)
=221+ 11j
= 11021 +9)
»|axb|=11/(2)2 + (1)2 = 11V5

Hence, area of parallelogram ABCD is 11vV5

Question 11: Show that the direction cosines of a vector equally inclined
to the axes OX, OY and OZ are - :

Answer:

let the vector equally inclined to OX, OY and OZ at angle a.
Then the direction cosine of the vectors is cos a, cos o and cos a.
Because,

Cos?a + Cos?a + Cos?a =1

= 3 Cos?a = 1

= Cos20 = 1/3




1
= cosa=—=
V3

Hence, the direction cosines of the vector which are equally inclined to
the axis are

(i L i)

V3’43’43

Question 3: Let 3 = 1 + 4 + 2k, b = 31 — 2] + 7k, and ¢ = 21 — j + 4k.
Find a vector d which is perpendicular to both @ and b, and &.d = 15

Answer:

Given: @ =1+ 4j + 2k, b=31— 2] + 7k, and ¢ = 21 — } + 4k.
Letd = (d1+ dpj + dsk)

Because d is perpendicular to both a and b.
=>d3=0andd.b=0

Then d.3 = (dii + dyj + d3k). (i + 4§+ 2k) = 0

di +4d,+2d3=0

3d;-2d, +7d3=0
And2.d = 15(given)

= ¢.d = (dyi + dpf + d3k). (20 - + 4k) = 15
2d;-dy+4d3; =15

So we have the equations to solve as,d; + 4dx+ 2d; =0
3d,-2d, +7d3=0

2d;-dry+4d3 =15

From equation (1),d; = - 4d> - 2d3




Putting this value in equation 2 we get,-12d; - 6d3 - 2d, + 7d3 =0
Therefore,14d; = d3

Now putting the value of d3 in equation 4 we get,

d1 = —4d2 - 28d2

d; =-32d; (6)

Putting (5) and (6) in equation (3) we get,-64d, - d, + 56d, = 15
-9d, =15

dr=-5/3

Now we can find other values as well,

160 5 70
dy=—,d, =—-andd; = ——
1= 502 3 3 3

- (160, 5, 704
Hence d = (—1 — =] ——k)
3 3 3

d = - (1601 — 5] — 70K)

Hence, the required vector isg (160i — 5] — 70E)

Question 13: The scalar product of the vector T + j + k a unit vector

along the sum of vectors 21 + 4] — 5k and A1 + 2j + 3k is equal to one.
Find the value of A.

Given: given vectors are a = (ZT + 4] — SR) and b = (Ai + 2] + SR),
Then sum of vector is given by the resultant of @ and b.

Let the sum is C.

Then¢=3 +b

=>¢= 24+DI+@A+2)j+(-5+3)k

=¢= 2+ Di+(6)]+ (=2)k

=>¢= 2+ 1i+6]—2k




Then
18l =2+ D2+ (6)? + (—2)?
> =y4+ )2 +41+36+4

= ¢ = V(D)2 + 41 + 44

¢ (2+Ai+6j-2k

./\
S C=E=

Il J(A)2+42+44
Scalar product of 1 + § + k and ¢ is 1.

(2+A)i+6j—2k

= (i it k)' JZ+aA+44

(2+A1)+6-2

JA)2+41+44
> Q2+ +4= ()2 + 41+ 44

=>A+6)= J(A)?2+41+44
Square on both sides:

=> A+ 6)2=0N)>+40+ 44

= (M) + 120+ 36 =(L)* + 4L + 44
= 8L =8

>A=1

Question 14: If 3, b,¢ are mutually perpendicular vectors of equal

magnitudes, show that the vector 3 + b + ¢ is equally inclined to 3, b,
and ¢

Answer:




Given: vectors a, b, and ¢ are mutually perpendicular to each other and
are of equal magnitude.

—

>3db=bi=2¢d=0
Let the vector @ + b + ¢ be inclined to 3, b, and ¢ at angles o, B and y

respectively.

Then, we have

(A+b+¢)3
CoOSU = =—=——=
|a+b+c|.|a|

_ (Ia1*+0+0)
|a+b+c|@l  [G+b+c|

(+b+¢).b

Cos B = el b

(§.E+b.ﬁ+c.ﬁ)

~ [a+b+dlp]




From (1), (2) and (3)
As |3 = |b| = [¢|
Hence, cosa = cos 3 = cosy
=a=p=y
Hence, the vector @ + b + € are equal inclined to 3, b, and ¢.
R R )
Question 15: Prove that (3 + b). (2 + b) = [3]? + |b| ,ifand only if are
perpendicular, given3 # 0,b # 0.
Answer:
IR R 2
given: (3+b).(3+b) = |3|*> + |b|

To prove: vectors a and b are mutually perpendicular to each other.

-

» (33+3b+b.a+b.b) = &7 +|p|

= (5. b =b. 5) scalar product is commutative.

= (112 + (6| +24.5) = [&12 + [b]

Hence, a and b are mutually perpendicular to each other.as @ # 0,b =
0 is given.




Question 16: If 0 is the angle between two vectors @ and b, thena.b = 0
only when

T

A0<0<-
2

T

B.0<0<-
2

C.0<0<m
D.0<O<m

Answer:

let 0 is the angle between two vectors 3 and b.

Then 3 and b are non-zero vectors so that |a]and |B|are positive.
As we know 3.b = |3 |B| cos 0

Fora.b > 0

= |5||B| cos® > 0

As |d |and |E| are positive.

= cos6 >0

:0§9<§

Hence, 3.b > OwhenO§9<§

The correct answer is (B).

Question 17: Let d and b be two unit vectors and q is the angle between
them. Then & + b is a unit vector if

Ao=Z
4




B.6 =
C.0=

D.6 =

Answer:

let the two unit vectors are 3 and b and 0 is the angle between.
Then [3] = [b| =1

Then this is (3 + b) is unit vector if [3 + b| = 1

E+b|=1

> [d+b| = 1)?

= (3+Db).(A+b) =1

> (33d+db+bd+b.b) =1

= (5. b =b. 5) scalar product is commutative.

= (1812 + b + 24.b) =1

=(1+1+2db)=1
=2+2 (|5|2|B|2cos 8) =1

1
= cos0O = -3

2m
=0=—
3

— >\ . . . 2
Hence, (a + b) 1S unit vector if 6 = ?n

The correct answer is (D).




Question 18: The value of 1(j x k) +j@ x k) + k(@ x §)is
A.0

B.-1

C.1

D.3

Answer:

given: i(§ X k) + @ x k) + k@i x 7)
iGxk)+jdxk)+kd@x)=11+5.(-) +kk
=1—-4.74+1

=1-1+1

=1

The correct answer is (C).

Question 19: If 0 is the angle between any two vectors d and B, then
|§.E| = |3 x E|when 0 is equal to

A.0

B. n/4

C.n/2

D.=n

Answer:
let 0 is the angle between two vectors @ and b.

Then d and b are non-zero vectors so that are positive.




3.5] = |7 x|
= |5||E| cos0 = |3||E| sin©

= cosO =sin0

sin @
=1==
cos O

>tan 0 =1

>0="1
4

Thus |5.B| = |§ X B| when 6 = Z’

The correct answer is (B).




