CHAPTER 5

TWO DIMENSIONAL ANALYTICAL GEOMETRY

THEOREM 1

The circle passing through the points of intersection of the line Ix + my + n = 0 and the circle
X% + y? + 2gx + 2fy + ¢ = 0 the circle of the form x? + y2+ 2gx + 2fy + c+A (Ix + my +n) =0, A € R!

THEOREM 2

The equation of a circle with (x1, y1) and ( x2, y2) as extremities of one of the diameters of
the circle is (x = x1)( x=x2) + (y =y1) (y—vy2) =0

THEOREM 3

The position of a point P( x1, y1) with respect to a given circle x> + y> + 2gx + 2fy + c =0 in
the plane containing the circle is outside or on or inside the circle according as

>0, or
X12+ Y12+ 2gx1+ 2fy1+c is {=0, or
<0,

THEOREM 4 From any point outside the circle x2 + y 2 = a2 two tangent can be drawn.

THEOREM 5 The sum of the focal distances of any points on the ellipse is equal to length of the
major axis.

THEOREM 6 Three normal can be drawn to a parabola y* = 4ax from a given point, one of which is
always real.

TANGENT AND NORMAL

CURVE EQUATION EQUATION OF EQUATION OF NORMAL
TANGENT
CIRCLE X% + y* = a* (1) Cartesian form (1) Cartesian form
XX1 + yy1 = a? Xy1—yx; =0
ii) parametric form il) parametric from
(i) p o f (i) p o f
X cosB +y sinB = a XsinB—-ycosB =0
PARABOLA y? = 4ax (i) yy1=2a (x+x1) (i) xy1 + 2y = 2ay1+ x1y1
(ii) yt = x + at? (ii) y+ xt = at® + 2at
2 2 XX1 YV1q . 2 bE
ELLIPSE E_l_i’_z_:l ()a_2.|.b_2_1 (I)Z_I-l- 2V — 42 — p2
(ii)x‘{:{)sﬂ +y5in6' _ 1 ) axl g; , ,
A b (“)cﬂsﬂ - sinf =a"—b
2 2 XX yy 2 2
HYPERBOLA s y - (,)_21__21:1 (i) E_'_ u:az_l_bz
2 p2 a b X1 Y1
a (ii) x secH _ ytan6 _1 i by : 5
& 9 (“) sect T tanf =a"+b




CONDITION FOR THE SINE y=mx+c TO BE A TANGENT TO THE CONICS

CONIC EQUATION CONDITION TO BE | POINT OF CONTACT EQUATION OF TANGENT
TANGENT
CIRCLE X2 +y2 = a2 c2 = a2( | + m?) ( Fam +a ) y =mx +1+ m?
V1+ m? V1 + m?
T a a
PARABOLA Y? = 4ax e ( a Za) y=mx+ —
m mz : m m
ELLIPSE ¥e g5 c? = a’m? + b? —a’m b? _ BaisB 4 30
_2+y_2=1 ( , ) y =mx +ya*m?+b
a b c C
2 2 — 2 2
HYPERBOLA | x° y° ¥ c? = a’*m?® — b? —a m’—b y = mx ++/a?2m? — b2
a* b+ C C
PARAMETRIC FORMS
CONIC PARAMETRIC PARAMETER RANGE OF ANY POINT ON THE CONIC
EQUATIONS PARAMETER
CIRCLE X=acos0 S 0<B6<2n ‘O’or(acos0, bsinB)
y=asin®
PARABOLA X = at? t —0 <t < © ‘t “or( at?, 2at)
y = 2at
ELLIPSE X=acosH6 0 0<B6<2n ‘O‘or(acosB, bsinB)
y=bsinB
HYPERBOLA X=asechHB S, -m<0<n ‘O‘or{asecB, btan8)
y=btan® Except8=ig
PARABOLA
EQUATION VERTICES FOCUS AXIS OF EQUATION OF LENGTH OF
SYMMETRY DIRECTRIX LATUS
RECTUM
(y —k )* =4a(x—-h) (h, k) (h+a, 0+Kk) y =k Xx=h-a 43
(y—k)*=-4a(x - h) ( h, k) (h-a, 0+Kk) y=kK x=h+a 43
(x— h )% =4a(y - k) (h, k) (0O+h,a+k) Xx=h y =k -a 43
(x =h)? = - 4a(y — k) (h, k) (0 +h, -a +k) X=h y=k+a 43




PARAMETRIC FORMS
Identifying the conic from the general equation of conic
Ax?+Bxy+Cy?+Dx+Ey+F=0

The graph of the second degree equation is one of a circle, parabola, an ellipse, a hyperbola, a point,
an empty set, a single line or a pair of lines. When,

1)A=C=1,B=0,D=-2h,E=-2k, F=h?+k?-r? the general equation reduces to
(x=h)?+ (y—-h)?=r?, whichis acircle .

2) B=0and either A or C =0, the general equation yields a parabola under study, at this level
3) A# Cand A and C are of the same sign the general equation yields an ellipse.

4) A # Cand A and C are of the opposite signs the general equation yields a hyperbola

ELLIPSE
EQUATION CENTRE MAJOR AXIS VERTICES FOCI
(x—h)?* —-k?* (h, k) Parallel to the (h-a, k) (h=c, k)
Q2 s h2 1 X - axis (h+a,k) (h+c,k)
a? > b?

a) Major axis parallel to the
X — axis foci are c units right
and c units left of centre,
where ¢ = a® - b?

(x—h)* (y—k)* (h, k) Parallel to the (h, k-a) (h, k-c)
+ =1 .
h2 Q2 Yy - axis ( h, k+ a) (h,k+c)
a’ > b?
a) Major axis parallel to the
y — axis foci are c units right
and c units left of centre ,

where c? = a?2 = b?




HYPERBOLA

a) Transverse axis parallel to the x — axis

a) Transverse axis parallel to the x- axis
The equation of a hyperbola with centre C

(h, k) and transverse axis parallel to the x- axis is
(x-h)?  (y-k)* _ 1
a2 hZ2 )
The coordinates of the vertices are A(h+a, k) and
A'(h—a, k). the coordinates of the foci are
S(h+c, k)and S’( h—c, k) where ¢? = a? + b?

The eqguations of directrices are x = + S

given by

b) Transverse axis parallel to the y — axis

b) Transverse axis parallel to the y- axis
The equation of a hyperbola with centre C

(h, k) and transverse axis parallel to the y- axis is

1,32 Y2
given by(ya? (xb? = 1.

The coordinates of the vertices are A(h, k+a) and

A’(h, k - a) . the coordinates of the foci are
S( h, k+c) and S’( h, k-c) where ¢? = a? + b?
The equations of directrices arey =+ S




