20. INVERSE
TRIGONOMETRIC
FUNCTIONS

1. INTRODUCTION TO INVERSE TRIGONOMETRY

The inverse trigonometric functions are the inverse functions of the trigonometric functions. They are sometimes
referred to as cyclometric functions.

2. IMPORTANT DEFINITIONS

Given two non-empty sets X and Y, let f:X — Y be a function, such that y = f(x). The set X is called as the domain
of f while the set Y is called as the co-domain of f. The set {f(x): x € X} is called as range of fA map f: A>B is
said to be one-one or injective, if and only if, distinct elements of A have distinct images in B, i.e. if, and only if,
X, # X, = f(x;) # f(x,), forall x;,x,eA

Onto map or Surjective map: A map f: A— B is said to be an onto map or Surjective map if, and only if, each
element of B is the image of some element of A, i.e. if, and only if, Range of f = co-domain of f.

Objective map: A map f: A— B is an objective map if, and only if, it is both one — one and onto.

3. INVERSE FUNCTIONS

If f: X—> Y is one-to-one and onto (i.e. f is objective), then, we can define a unique function g : Y > X, such that
g(y) = x, where x € X is such that y = f (x). Thus, the domain of g = range of f and range of g = domain of f. The
function is called the inverse of f and is denoted by f2.

(a) Trigonometric functions are many-one functions but these become one-one, onto, if we restrict the domain of
trigonometric functions. Similarly, co-domain is equated to range to make it an onto function. We can say that
the inverse of trigonometric functions are defined within restricted domains of corresponding trigonometric
functions.

(b) Inverse of sin (sine functions) is denoted by sin™ (arc sine function). We also write it as sin™ x. Similarly, other
inverse trigonometric functions are given by cos x, tan' x, sec! x, cotx and cosec™ x.

(c) Note that sinx = L and (sin"1x)2# sin2x, Also sin! x # (sinx)™*
SinX

(d) Domain and Range of Inverse Trigonometric Functions:

Function Domain Range (Principal value branch)

v y=sin" x ~1<x<1
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Function Domain Range (Principal value branch)
(i) -1

y=cos "X -1<x<1 0<y<n
(i 1 —0<X< 00 T

y=tan ~x ——<y<—-

2

(iv) .

y=cosec x x2lorx<-1 —ESys y#0
v)

y=sec 'x x=lorx<-1 O<y<my=—
(vi) -1

y:cot X —00<X< 0 0<y<TE

(e) The principal value of an inverse trigonometric function is the value of that inverse trigonometric function

which lies in the range of principal branch.

PLANCESS CONCEPTS

If no branch of an inverse trigonometric function is mentioned, then it can be implied that the principal
value branch of that function.

You can remember range as set of angles that have the smallest absolute values satisfying for all the

values of domain.

4. TRANSFORMATION OF TRIGONOMETRIC FUNCTIONS TO INVERSE

TRIGONOMETRIC FUNCTIONS

4.1 sin x to sin'! x

The graph of an inverse trigonometric function can be obtained from the graph of the original by interchanging x

and y axes.

Note: It can be shown that the graph of an inverse function can be obtained from the corresponding graph of

original function as the mirror image in the line y = x.

(@) y=sinx x e Rand |y|£1 ; yzsin*l x,|x|£1, yel-n/2,n/2]

Vaibhav Gupta (JEE 2009 AIR 54)

Flgure 20.1
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4.2 cos x to cos ! x

(b) y=cosx,xeRand|y|<1 y=cos™x,xe[-1,1]andye[0, ]

y-sin x and y—sin'l(x)

Figure 20.2

Figure 20.3
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4.3 tan x to tan! x

(o) y:tanx,xeR—{x X = (2n+1)g,nez} and yeR y:tan‘1 x,XxeR and ye[—g,ﬁj

.0
) 24 |1
] P19 J io
NP E *2
- O T
> -1
i -2
Y’
y=tan x

Figure 20.4

4.4 cot x to cot! x

(d) y:cotx,xeR—{x:x:nn, neZ} and yeR y=cot™ x,xeR and ye(0,7)

Y
2 U
] 1/ 5
X b i 2
-7 O b1
W -1
-2
Y
y=tan x

Figure 20.5

4.5 sec x to sec! x

() y= SeCX,XER—{X X =02n+ l)g,n € z}andyeR—(—l,l) y=s.ec‘1 x,XER—(—l,l)andye[O,n]{g}
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4.6 cosec x to cosec! x

T
5} —{0}
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cosect X,XER—(—l,l)ahdy€|:—

nm,neZ} andyeR-(-1,1) y=
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Illustration 1: Find the domain of definition of the function f(x) = \/3cos™(4x) - . (JEE MAIN)

Sol: Use the condition that the expression inside the square root is > zero.

For domain of f(x) = 3cos‘1(4 X) — 1, we must have
4x>cos| | = 4le :le ..... (i)
3 2 8

Also -1<4x<1 = _—1£xsl .....
4 4

. From (i) and (i), we get xe[_ a

ENTAN

PLANCESS CONCEPTS

In case of confusion, try solving problems by replacing inverse functions with angles and applying
trigonometric identities.

Shrikant Nagori (JEE 2009 AIR 30)

Hlustration 2: If0 < cos ™ x < 1and 1 +sin(cos x) + sin?(cos x) +sin>(cos 1) + .....o0 = 2, then find the value of x.

(JEE MAIN)
Sol: Use summation of infinite GP series.
We have 1+sin(cos™x) + sin®(costx) + ......... 0 =2
= ;1 =2= l =1-sin(cos 'x)= sin(cos’lx):E —costx="2 =X = é
1—sin(cos™x) 2 2 6 2

Illustration 3: Let f(x) :g(sin_1 [X] + tan"1[x] + cot}[x]), where [x] denotes the greatest integer less than or equal to
T

x. If A and B denote the domain and range of f(x) respectively, find the number of integers in AUB.
(JEE ADVANCED)

Sol: Use tan™*[x] + cot™[x] =g and proceed.

For domain of f(x), we must have -1 <[x]<1=-1<x<2, sosetA =[-12)

f(x) = z(sinl [x] + EJ (As tan L [x] + cot 1[x] = E,VXEA]
T 2 2

So, set B = {0, 1, 2} = Range of f(x). Now, AuB=[-1,2)u{0,1,2}=[-1,2]

Hence, number of integers in (AUB)=4
5.PROPERTIES/IDENTITIES OF INVERSE TRIGONOMETRIC FUNCTIONS
5.1 Complementary Angles

(@ sintx+costx= g,VX e[-1,1]



(b)

(c)

tant x+cot ™' x :g,VX eR

sec ! x+cosecix = g,VXe(—oo,—l] U[1,0)

5.2 Negative Arguments

(a)
(b)
(0
(d)
(e)
)

sint(=x) = —sin"! x, Vxe[-1,1]
cos(=x) =t —cos ' x, Vxe[-1,1]
tan (—x) = —tan"! x, VxeR

cot™ (-x)=n-— cot™t x,VxeR

sect (-x)=mn-— sect X,V Xe(—o0,—1] U[1,0)

cosect (-x)= —cosect xvx e (=00, —1) U[L,00)

5.3 Reciprocal Arguments

(a)

(b)

(c)

.11 . . .
cosec'x =sin! |x| >1 (Both the functions are identical)

—
X

and sin"! x = cosec™ |x| <1,x %0 (Both the functions are not identical)

1
XI

sectx=cos™ |x| >1 (Both the functions are identical)

1
XI

and cos!x =sec™ 1;|x| <1 (Both the functions are not identical)

X

tan* x = cot™* (lj xe(0,00) =— n+cot™ [Ej xe(—0,0),
X X

andcot™ x = tan™! {Ej x €(0,0) = n+tan™t (1) x € (—o0,0)
X X

5.4 Forward Inverse Identities

(a)

y =sin(sintx) = x,x e [-1,1],y e [-1,1], Y is
aperiodic

AY

Mathematics | 20.7

(b) y=cos(cos'x)=xxe[-1,1]ye[-1,1], yis

aperiodic
AY
1
Xy
-1 45°
(0]
-1

Figure 20.8
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(c) y=tan (tan"!x)=x, x € R, y € R,y is aperiodic d) y= cot(cot‘lx) =X X € R,y € R, yis aperiodic

7' N y A y
X X
45° 45°
» X > X
@) O
Figure 20.9

(e) y = cosec (cosecx)=x, |X| 2 1,|y| >1yis aperiodic (f) y = sec(secx) = x, |x| > 1,|y| >1,yis aperiodic

4y %//+ 4y A//+ o
y| — y| I 5
-1 > X -1 > X
o 1 o 1
ﬁ;\‘ --------- -1 ﬁ/;\‘ --------- -1
Figure 20.10
Also,
cos(sin'x) =vV1—x° sin(cos™'x) = V1 -x°
1 2
cos(tan x| = 4 1-x
tan(cos X)) = ———
( ) V1+x° ( ) X
X X
sin(tant x] = tan(sin™ x) =
o) o)
5.5 Inverse Forward Identities
(@) y=sin?(sinx) = x,(x c R—‘,ye {—%%J , Periodic with period 2 =
/24 y
//+ : N\ 5
Vi y
45°! & 3n2 .
O =n/2 @ 2n > X
-1t/2

Figure 20.11
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(b) y=cos(cosx) =x,xeR,ye[0,n], Periodic with period 2 =

AY
T H
f'llé‘ ,}\ //+ E }\
+x R 1 /2* ; N
V. T 1
g < ; 3t
n T 22 0 w2 = 27 >
Figure 20.12

() y=tan*(tanx) =x,xeR—- {(2 n— l)gn € I},ye(—g,g], Periodic with period n

i i A
a ENL
i | 2 s b,
-3 -T ' O =i
2 : 2}
- /2
Figure 20.13

(d) y=cot?(cotx) =x,xeR—{nn}, y € (0,n), periodic with =

Figure 20.14
(e) y= cosec t(cosecx) =xeR—{nm,nel}, ye {—%,Oj U(O,§:| y is periodic with period 2n

/21

-nt/2
Figure 20.15
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U]

y =sec l(secx) = x, y is periodic,

A
y
T
270 N\& » /7 1\
//+ E \+ i %\
3 : : : : : PNt
-27 -3n ¢ n O = T 3n 2n
Figure 20.16

x € R— {(Zn— 1)§n e I},ye{o,gj u(g,n} with period 2

(i) tant (cotx):%n —x forxe[0,n]
. ) 1
(ii) sin (cosecx)=§7c—x forxe[0, ]

(iii) sec™ (cosx):%n -X forxe{o,%n} .

5.6 Sum of Angles

(a)

(b)

(c)

(d)

(e)

U]

(@

sin’l(x\/l—y2 +y\/1—x2j if x>0;y >0and x* +y* <1
sintx+sinty =

Tc—sin’l(x\/l—y2 +y\/1—x2) if x>0;y >0and x* +y? >1

sintx—sinty =sin’! (x\/l—y2 —y\/l—xz) x>0;y>0
costx+costy =costxy FVl-x21-y?] ifx,y >0and x* + y? <1

costx+costy =n—cos[xy FVl-x>\1-y?] ifx, y > 0 and x®+y?<1

tan’lli x>0y >0andxy <1=0<tan'x+tanty <g
tan‘lx+tan‘ly = -
n—tan‘lﬂx>0y >0andxy >1= g <tan'x+tanty <n
x>0&y>0then tan'x—tanty=tan" 1 -y (with no other restriction)
+ Xy

+y+z- -
tantx+tanty+tantz=tant| Y TETZ gl panly - tant| XY
1-xy-yz—2zx 1+xy
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PLANCESS CONCEPTS

The above results can be generalized as follows:

8 =8 58, s

tan™* Xq + tan™t Xy + .+ tan! X, = tan™* {

where S, denotes the sum of products of x,,x,,...,X, taken k at a time

Rohit Kumar (JEE 2012 AIR 78)

Illustration 4: Evaluate: sin (tan‘1 %j (JEE MAIN)

115 .
Sol: Convert tan 1? to sint.

We know that sin (sin"t x)=x, for all x e [-1, 1], So, will convert each expression in the

form sin (sin* x) by using h=17 p=15
cos™? 9 =sint E, tant P =sint E,cot’l P =sin! 9 etc.
h h b h b h b=8
Where b, p and h denote the base, perpendicular and hypotenuse of a right triangle. Figure 20.17
sin tan"ll—5 =sin sin‘IE :E
8 17 ) 17
. 113
Illustration 5: Evaluate: cos| cosec™ — (JEE MAIN)
12
h=13 p=12
Sol: Write cosec? in terms of cos™.
413 45) 5 5,13 45 b=5
cos| cosec™ — |=cos| cos — |=-— |- cosec  — =COoS = —
12 13 13 12 13 Figure 20.18
Illustration 6: Find the principal value of cot? (- \/§) (JEE MAIN)

Sol: The principal value of cot™ x lies in between O ton.
Letcot™ (—«@)=e

Then cotf=—3 =—cot%

Since principal value branch of cot! x is 0 < 0 < n. Therefore, we want to find the value of 8 such that 0 <06 < x.

Now, cot0 = —cotZ = cot| n— = | = cot5—7T
6 6 6

Therefore, principal value of cot_l(—\/g) = 5%[
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a1 1
Hlustration 7: sin™* (sm%) = % (JEE MAIN)
Sol: Write ]'OTnas n+37nand expand.
. 1 . 10%m .1 . [ 3m N 3n 3n
=sin | sin——= |=sin""| —sin| = | |=sin"" | sin| —— | | = —=
7 7 7 7
Illustration 8: cos™ (sin[—gn (JEE MAIN)
Sol: = cos | cos| Z+ 2| | = cos | cos| 22| | = 117
2 9 18 18
. .1 13n
Illustration 9: sin [cosﬁj (JEE MAIN)

Sol: Similar to previous example.
. 3¢ . 4 3n . . [5t 2m . LW L1l T T
=sin"" cos——=sin"" | —cos— | =sin"" | —sin| =——=—|| =sin"" | =sin— [=sin | sin| -— | |[=—=
10 10 10 10 5 5 5

Hlustration 10: Find the principal value of sin™ [ij (JEE MAIN)

V2

01 . 1 .1
Sol: Letsin| == |=y. Thensin y=—— = y=sin 1[—]
(\/Zj N2 V2

We know that, the range of the principal value branch of sin™ is (—ggj and sin[%] =

i+

Therefore, principal value of sin™ [LJ is—.

2) 4

Illustration 11: Find the integral solution of the inequality 3x% +8x < 25in71(sin4) —Cosfl(cos4).

(JEE ADVANCED)
Sol: Use inverse forward identities to simplify the equation.
3x° + 8x<—4 = 3x°+8x+4<0
= 32 46x+2x+4<0 = 3x(x+2)+2(x+2)<0 :
(x+2)(3x+2)<0 x=-1 -2 -1 -2/3
Figure 20.19

Illustration 12: Find the largest integral value of k, for which (k-2)x*> + 8x + k + 4 > sin"(sin12) +cos™(cos 12), for
allx e R. (JEE ADVANCED)

Sol: Use inverse forward identities.

sin" (sin 12)=sin"* (sin(12 - 4n)) =12 — 4n



Mathematics | 20.13

cos™t (cos12) =cost (cos(4n—-12)) =4n-12 < +—
o (k=2)x*+8x+k+4>0, VxeR -6 0 4

If k = 2, then 8x+4>0, (not possible) T
and if k #2,thenk-2>0 = k>2 2

and 64 -4(k-2)(k+4)<0 = 16<k’+2k-8 Figure 20.20

= kK +2%k-24>0 =  (k+6)k-4)>0

K=5

Illustration 13: Find domain of f(x) = ! (JEE MAIN)

Sol: Find the range of x for which |n(cot_1x) >0 = cotix>1 = x<cotl = xe (=00, cotl)

Illustration 14: Evaluate the following: (JEE MAIN)

T N . 1 T 1 n . 1 ﬁ n
(i) sin (smgj (i) tan [tanZJ (iii) cos (cos?] (iv) cos{cos [ > J+ 6}

T

5 ,cos *(cos0) =0, if0<0<nand

Sol: Recall that, sin"!(sin0)=0, if —g <0<

tan"t(tan0) = 0, if —% <B< g Therefore,
@) sin | sinZ =X i) tant| tanZ | = 2
3) 3 4) 4
(iii) cos™ (cos7—6n] # 7_6n because % does not lie between 0 and .

Now, cos (COSLGT[J =cos! [cos(2n —%)] { Ir _ 7 —%} =cos! (cos%} [-cos(2m—0) = cosf] = %ﬂ

o) ] el 5) ()]

Illustration 15: Evaluate the following:

0) sin(cos_l gj (ii)sin[g—sin‘l [—%B (iii) sin(cot™ x) (JEE MAIN)

Sol: (i) Let cos™*

Ul w

=0. Then, cosezg = sin9=i

~sin cos’li —sino=2
5 5
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0) sin[% —sin’t (-%D - sin(g - (-%H = sinz?n - g

(iii) Let cot™ x=6, Then, x=cot®

. sin(cot x)=sin® =

1 1
V1+x° V1 + %

Now, cot0=x = sin0=

Illustration 16: Evaluate the following:
(i) sin*(sin5) (i) cos™(cos10) (JEE MAIN)

Sol: Notice that the angle is in radians.
(i) Here, 6=5 radians. Clearly, it does not lie between —g and g But

2n—5 and 5-2xn both lie between —g and g such that

sin (5-2mn) =sin(—(2n —5)) = —sin(2x —5) =— (-sin5) = sin5
:>sin‘1(sin 5):sin‘1 (sin(5 —2m))=5-2m.

(ii) We know that cos‘l(cose)ze, if 0<0<n. Here, 8 =10 radians. Clearly, it does not lie between 0 and = such
that, (4n—10)=cos10 = cos*(cos 10) = cos*(cos(4n—10)) = 4n—10

Illustration 17: Evaluate the following:
(i) sint(2sint0.8) (ii) tan{Ztanlé—%] (JEE MAIN)

Sol: Write the term inside the brackets in (i) and (ii) as sin’ and tan™ respectively.
(i) We know that: 2sin™! x =sin™* (2xV1-x?)

. 2sint 0.8 =sin1(2x0.8x~/1-0.64)

= sin"t(2sin! 0.8) = sin{sin"*(0.96)} = 0.96
(ii) tan[Ztanll—E]
5 4

_tanftant 2T From (i) we have, 2tan L —tanl >
12 5 12

_tan| tan = —tan'1] |- tan"ix— tany =tan| 2= |if xy > ~1| =tan|tan™ il | A
12 1+xy 17 17

Illustration 18: Write the following in their simplest forms:

(i) tan™t /TCA (ii) sin [cot ™ {cos(tan"x)}] (JEE ADVANCED)
+ COSX

Sol: (i) Use the formula 1 -cosx = 2sin’x /2 and 1+cosx =2cos’x /2
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(i) Write the term inside the square bracket in terms of sin™™.

_ in? X
() tant [ 170K o [ 2sintx/2 i
1+ cosx 2(:052)(/2
1

(ii) sin[cot‘l{cos(tan‘1 X)

tan5
2

2

1
V1 +x?

J . — \]1+X2 li -1 .1
=sInssin o cot " x=sIn
V2 + %2

=sin| cot™ cos[cos:L ! J :sin[cot1 1
V1 +x? V1+x°
14
2+x%°
T T

Hlustration 19: Express tan™* [lcosix J -3 <X < 5 in the simplest form. (JEE ADVANCED)
—sinx

Sol: Convert the term inside the bracket in terms of tan g and proceed.

cos? X sin’ X

We write, = tan™* coij =tan! 2 2
1-sinx 2X . oX . X X
Cos® = +sin“ = —2sin-cos—
2 2 2 2

X . X X . X X . X X
cos§+sm§ COSE_SmE cos X +sin® 1 +tanX . o
= =tan! 2 2 =tan? — 2| —tan'!tan| 2+ 2 ||= 242
X % X . X 1 tan” 4 4 2
(cosz—sinzj cos5 —siny —tang

Alternatively,

. [m=2x
sin
1 2
- =tan | ———<— | =tan
1-sinx

1-cos| X —x 1-cos m-2X
2 2

. [ T—2x T —2X
2sin 2 cos 4 5 5
—tan!| cot| 22X || = tan? | tan| £ T2<X
. z[n—Zx] 4 2 4
2sin 2

Illustration 20: If sin[sin‘1 % +cost xj =1, find the value of x. (JEE MAIN)

. T
sin| ——x
tan‘l( CosX ] ] (2 j

=tan!

RERCEE

Sol: From the question, we have {sin‘1 %+ cos™t xj =g and proceed.

We have sin(sin1%+cos1 ]=1
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.11 _ . .11 R T
:>sm1§+coslx=sm1 1 = sm1§+coslx=5

-1 s o 1 -1 -1 1 1
= COS " X=—-SsIn " — — COS "X=CO0S "— = X=—
2 5 5 5

Ilustration 21: Find the value of cos (sec*x+ cosec‘lx),|x| >1. (JEE MAIN)
Sol: Use sec!x + cosectx :g

— — T
We have cos(sec ! X + cosec 1 X) = COS(EJ =0

2 2
Illustration 22: Find maximum & minimum values of (sec‘1 x) +(cosec‘1x) . (JEE ADVANCED)

Sol: Apply the identity sec™ x + cosec™ x :g and then use suitable substitution to form a quadratic.

y:(sec‘lx)2 + (cosec 1x)?

1 1

=(sec "x+co sec‘lx)2 —2sectx cosecx

_ _ _ T
put t=sectx ; sec™ x +cosec 1x:5

2 2
y=22t| ot |=2t? —mt+
4 2 4

2 2 2 2 2 2 2
yzz{tz_gu%}: 2 (t—ﬁj + :“_+2(t—%J nyo =t ymaxzs% att=n

Ilustration 23: Find the range of f(x) =sint x + tan* x +sec * x.. (JEE MAIN)

Sol: Find the domain of the given function and then find the range.
f(x)=sin"t x + tan* x + sec* x
Here domain is only x = lor -1;

So range will contain only 2 elements{3n /4, n/ 4}

Ilustration 24: Find the number of solutions of the equation tan™ x* + cot ™ (e*) = g (JEE ADVANCED)

Sol: Use tan ' A+cot™* A :g to simplify the given equation and then take

TN

the help of graph to find the number of solution. y=1 / \

cot () = %—tan‘:L ) = cot1(3) = € =x=x}e*=1 / 0 3

Plotting the graph ofy = land y = x’e” we can see that the line intersects
the curve at two points. Hence there are 2 solutions for the above equation.

Figure 20.21
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Illustration 25: Find the number of values of x satisfying the equation

X3 > X2 X3 T
tan | x— 4 . +cot™t b+ - for 0<|x| <2. (JEE ADVANCED)

Sol: Use tan ' A+cot ™ A = g

3 5 2 U3
We must have x—X—+X—— ...... =X+X—+X—+ ......
4 16 2 4
= x2: AN 4X2=2X = 2X°(x+2)=0
X2 lX Aext 2-x

1+Z 5

x=0, -2 (As O<|x| <2)

Clearly no value of x satisfies given equation.

Illustration 26: Prove that tan™' % +tan™? 7 tan™*

(JEE MAIN)
24

N

Sol: Use the formula tan x +tan 'y = tan™! (1)( ty J

2.7 ~tantx+tanly
1) 11 24

We have, :tan‘1£+tan‘ll=tan_ e e—— 1 X+Yy
11 24 2 7 =tan” If xy<1

_ﬁ 24 1-xy

Ctan 1 BT g1 ] (L
264 -14 250 2

Ilustration 27:If tan " 4 +tan15=cot (1) then find A. (JEE MAIN)

Sol: Write the L.H.S. in terms of cot® and compare.

We have tant4 +tan'5=tan ﬂ =n—tan* i =7 —cot‘lE
1-20 19 9

=cot™? B :}Lz—ﬁ
9 9

. 11-x 4 1- .
Ilustration 28: Prove that: tan* —= —tan! ==Y _ sint

y —X
1+x l+y 11+ x2 /1+y2

(JEE MAIN)

+y

Sol: Use the formula tan™ [1)( J= tanlx+tanly.

We have, LHS =tan™* 1-x —tan™ 1-y _ (tan! 1—-tan*x)—(tant 1—-tan'y) = tan 'y —tan'x
1+x l+y
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:tan_l[ly_x ]:Sin_l Y _sintl— Y =X |_RHs
+YX \/(1 +y0)? + (y—x)? Ja+x3) L +y?)

Illustration 29: Prove that: (i) ’can’lithan’1 iztan’1 g (i) tan’li+tan’1§—tan’1 i=E
7 13 9 4 5 19 4
(iii) tan? Litantlitantltantiln (JEE ADVANCED)
5 7 3 8 4
Sol: Same as above.
(i) LHS :tan’ll+tan’1i
7 13
1.1
= tant] 7 13 tantx+tanty =tant| XY Jifxy <1| =tan? 201 _tant 2 _RHs.
11 1-xy 90 9
1-—x—
7 13
(i) LH.S. = tan‘1§+tan‘1§—tan‘1 8
4 5 19
3,3
“ftant3 itant3 | —tant & _tant| 4 —tant S
4 5 19
1-=-x=
45
27 _ &
=tan?! tant 8 —tant| 1l 19 | _qn 1820 1 LT gy,
19 27 8
1+—x—
11 19
-1 -1 1 a1
(iii) LHS.=tan™™ =+tan = =+tan —+tan 3
1 1 1 1
=|tant=+tan 1= |+|tan T = +tant = =tan > 7 +tant 3 8
1 11
1-—x= 1-—x=
57 38
7+7
=tan"1£+ta "11—1 =tan! 17 23 =tan! 32—5 =tan! —E:R.H.S.
17 23 _EXE 325
17 23
Ilustration 30: Show that tan™ = + tan™* - tant % (JEE MAIN)
1.2
Sol: We have, LHS. = tan™! l+ tan! iztan‘1 2 11 _ tan! 1—5 =tan* i:R.H.S.
2 11 1.2 20
2 11
Hlustration 31: Simplify tan-L| 205X 7PSINX | @, o 1. (JEE MAIN)
bcosx+asinx b
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Sol: Divide the numerator and denominator inside the bracket by bcos x and expand.

acosx—bsinx

a

. ——tanx
We have, tan™ M =tan! LSX, =tan! —tan 2 _tan(tanx)=tant 2_x

bcosx+asinx bcosx—asinx a b b
= == 1+ ~tanx
bcosx
Illustration 32: Solve the following equations:
(i) tan‘lx—_;+tan‘1 ”; =% (i) 2tan™! (cosx) = tan"* (2cosec x) (JEE ADVANCED)
X — X +

Sol: Write % as tant 1 and simplify.

(i) tan™! x-1 +tant x+1 I
X—2 Xx+2 4
= tan’lx—_1+tan’1ﬂ:tan’11 = tan’lﬂ:tan’ll—tan’1 x+1
X—2 X+2 X—2 X+ 2
X+t
tant X et | x#2 | o gt XL XH2oxel
X — Xx+1 X—2 X+2+x+1
1+
X+2
= tan! x-1 =tan! 1 = x-1__1 =  (2x+3)(x-1)=x-2
X—2 2x+3 X—2 2Xx+3
=2 +x-3=x-2 = 2x2—1:0:>x:i%
2
(i) 2tan"t(cosx) = tan"* (2cosecx)
= tan! (2C—OS)2(J —tan!(2cosecx)
1-cos“x
2cosx . s
=2cosec Xx=>cosx=sinx=tanx=1=x= —
sin® x 4
Hlustration 33: Prove that; sin™! E —sin? izcos‘1ﬁ (JEE MAIN)
5 17 85
Sol: Covert the L.H.S. in terms of cos™.
. . 4 1 L _ . _
We have sin™* i —sint i =cos! = —cos™? —5 o sin 12: cos 1£ & sin 1i =Cos IE
5 17 5 17 5 5 17 17

_cost 2B 1[4 2x 1|1 2 —cos A2 35 Bl 051 00 2L (1 84
- 5717 5 17 5717 5717 85 85 85

Illustration 34: Prove that: sin’lg +sin™? 15—3+ sin™t % = (JEE MAIN)

N
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Sol: We have sin™ i —sint i +sint E =lsint = +sint —\l4sint—
5 13 65 5 13 65

2 2
=sint i 1- i +i 1- i +sin’1E
5 13 13 5 25

.14 12 5 3 .16 . 363 . ;16
=SiNT"{=X—+-—X—=p+ SN =— =sin " — +sin"" —
513 13 5 25 65 25

2
= cos‘lE+sin‘:lE sin‘lﬁ: cost,[1- 83\ _ cos‘:lE
25 65

s .1 -1 1Y
—|[SIn "X+ COS "X =—
2 2

6. SIMPLIFICATION OF INVERSE FUNCTIONS BY ELEMENTARY
SUBSTITUTION

(@ 2sin'x = sint2x V1-x%) if—1<x<1

(b) 2cos'x = cost(2x*-1) if-1<x<1

() 2tantx= sin‘l( ZXJ 0<x<1

2tan'x -1<x<1

(d) sin? x__ n-2tantx x>1

1+x°

—m—2tan'x x<-1

_y2 -1 >
© cos’ll X {Ztan x x20

1+x* |—2tantx x<0

n+2tantx  x<-1
-1 2X

1-x?

(f) tan ={2tantx -1l<x<1

2tanix—n x>1

(g) sintx=cost (\/1 —x? ) —tant| =2 = ot X | et | L | = cosec (lj
}1 _ X2 X 1-— X2 X
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2
(h) coslx:sinl(\ll—xzj:tanl( 1-x J:cotl[ X ZJ:secl[E):cosecl[ ! J

1-x°

]:cos-l[ 1 ]U(fj[f ]

1+x X

(i) tanix=sint [

X
V1+%2

() f(x)=sin* +2tantx =1, if x>1

1+x

(k) fx)=sint +2tantx=—mif x<-1

1+x

—(n+3sintx) -1<x<1/2
) sintBx-4x’)={ 3sintx -1/2<x<1/2
n—3sintx 1/2<x<1

3costx-2n -1<x<-1/2

(m) cos'(4x>-3x)={2n-3cos'x -1/2<x<1/2

3costx 1/2<x<1

1 1

3tantx - < X—=

NERRNEY

3

(n) tan_lsx X2= —m+3tantx x>L
1-3x 3
n+3tantx x<—%

3

PLANCESS CONCEPTS
While writing inverse trigonometric functions in their simplest forms, we use the following substitutions.
e For va’ —x?, we substitute x =asin® or x = a cos 6
e For Va®+x? , we substitute x =a tan0 or x = a cot 0

Forvx? —a® , we substitute x = a sec 0 or x=a cosec 0

For va+x and va—x occurring together or separately, we substitute x = a cos 6

Rohit Kumar (JEE 2012 AIR 78)

Illustration 35: Solve for x: sin(2 cos™* (cot(2 tant x)) =0 (JEE ADVANCED)

Sol: The RH.S. is equal to zero implies cos™* (cot(Ztan’lx)) = n?n and proceed accordingly to find the value of x.
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if n=0

0 1
cos‘l(cot(Ztan‘lx))z n%z g if n=1 = cot(2tan‘l x)z 0
n if n=2 -1
T nmt w n  3n
nm+— -5 T3 P
4 2 8 8 8
= 2tanlx={nm+> = tanlx= n_n+E = tan'x = E,_E
2 2 4 4 4
P nt w n 3¢
nm—— i Uy
4 2 8 8 8

= x=+1,+ (2 -1),+ (2 +1)

Illustration 36: Solve the system of inequalities involving inverse circular functions arc tan? x—3 arc tanx + 2> 0
and [sin"!x] > [cos*x] where [ ] denotes the greatest integer function. (JEE ADVANCED)

Sol: Substitute tan™ x equal to t.
= (t-2)(t-1)>0
=>t>2 or t>1
=tan'x>2 or tantx>1
X € (—oo , tan 1) x > tanl
Again [sinx] > [cosX]
[sin"'x] can take the values {-2,-1,0,1}
And [cos Ix] can take the values {0,1,2,3}
Hence [sin’lx] can be greater than [cos’lx] only
If [sin"x]=1 and [cos'x]=1
Now,[sin'x]=1=1<sin'x<n/2  (1<sin'x<2)
sinl<x<1
And [cosx]=0=0<costx<1
cosl<x<1
Now, x must satisfy

From this x e[sin1,1]
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PROBLEM-SOLVING TACTICS

e Making a habit of writing angle values in radians rather in degrees makes the calculation of inverse trigonometric
functions easier.

e Try to remember graphs of inverse trigonometric functions. Sometimes it is easier to approximate answers
using graphical methods.

e Always verify whether the results are in the range or domain of the respective function.

e In some cases, constructing a right angled triangle for the given inverse function and then solving using
properties of triangle is much helpful.

e In case of identities in inverse circular functions, principal values should be taken. As such signs of x, y, etc,
will determine the quadrant in which the angles will fall. In order to bring the angles of both sides in the same
quadrant, one should make an adjustment by =.

FORMULAE SHEET

| 1. | If y = sin x, then x = sin!y, similarly for other inverse T-functions.
2. | Domain and Range of Inverse T-functions:
Function Domain(D) Range (R)
sin"! x -1 <x<1 T o9 < T
2 2
cosx -1 <x <1 006 <=
tan x RS X <o L
2
cot ™ x —®0 < X < ® 0<0 < =x
sec” x x < -Lxz=1 0<60 < 16=<
cosecx x £ -1, x >1 L A
2 2
3. Properties of Inverse T-functions:
(i) sin(sin©) =0 provided —g <0< g
cos (cos 0) =6 provided 0 <6 <=
tan"t(tan 0) =0 provided —g <0< g
cot(cot 6) =6 provided 0 <6 < n
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sec(sec 0) =0 provided Os6<g or §<9£n

a

cosec t(cosec ©) =0 provided —g <0<0 or 0<H < =

N

(i) sin (sin‘:l

X) =x provided -1 <x <1
cos (costx) =x provided -1 < x <1

1x) =x provided —o < x <
1

tan (tan

cot (cot™" x) =x provided —o < x < ®
sec (sec'x) =x provided —ow < x<-1or1<x<

cosec (cosec’l x) =x provided —ow < x<-lorl<x< w

(i) sint (—=x) =-sintx,

(iv) sintx+cosix=—, Vxe [-1, 1]

N3

cost (-x) =m — cos ! x

tan! (= x) =—tan'x tantx+cotix ==, VxeR

N a

cot? (=x) = n—cottx
cosect (- x) = - cosec ' x

sect (-x) = - sec !t x

sectx + cosectx = g, V X e (—o0,-1] U [1,)

4. Value of one inverse function in terms of another inverse function:

V1-%°

() sintx=costVl-x*=tan? =cot™?
2 X
1-x
-1 -1
=sec =cosec —, 0 <x <1
1-x
. 1 .12 N1-X 1
(i) cos " x=sin""VYl-x° =tan =cot™ ——
X 1 — 2
-1 -1
=seC - —= cosec ,0 < x <1

. _ 1 V14X
(i) tantx=sint X _ - cos™* 1 =cot™ 1. sect V1+x® = cosect ,
V1+x2 V1+x2 X X

(iv) sint (EJ = cosec™* X, V X € (—0,1] U [1,)
X

(v) cos™t (l] = sec?! X, V X e (—00,1] U [1,00)
X

wiy tan’? (E] | cot™tx for x>0
X —n+cottx forx<0

0
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Formulae for sum and difference of inverse trigonometric function:

() tan'x+tanly=tan (;i] ifx>0,y>0xy<1

(i) tanix+tanty=m+tan’t [1x+y j; if x>0, y>0,xy >1

(i) tantx-tanty =tan* (H—y] if xy>-1
1+xy
(iv) tantx-tanly=mn+tan’ (uj if x>0, y<0, xy <-1
1+xy

_ _ _ _ X+VY+Z—XyZ
v) tanlx+tanly+tanltz=tan? [#]

1-xy-yz—2zx

(vi) sintxxsinty=sin? [x\/l—y2 + y\/l—x2 };

Ifxy,>08&x*+y? <1

(vii) sintx+sinty=n-sin"t [x\/l —y? + y\/l —x? };

Ifxy,>08&x2+y?>1
(viii) cos™ x+cosy =cost [xyixll—xz Jl—yz};
Ifxy,>08&x*+y? <1

(ix) cos™x+cos™ y=m-— cos! [xy T J1-x2 /1 _ yz }

Ifxy,>08&x2+y?>1

Inverse trigonometric ratios of multiple angles

(i) 2sinix= sin‘l(ZX\ll—x2 ),if —1<x<1

(i) 2costx=cost(2x*-1),if —-1<x<1

2
(iii) 2tan‘1x=tan"1( 2 jzsin‘l[ 2 ]zcos‘1 1-x
1-%° 1+%x° 1+%x°

(iv) 3sinx=sin? B3x—4%°)

(v) 3costx=cost (4x3-3x)

3
(vi) 3tantx = tan! =X
1-3x?
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JEE Main/Boards

Example 1: Evaluate the following
(@) tan'(-1) (b) cot™(-1) (¢) sin* £_§}
Sol: Do it yourself.

1oy =" L
(@) tan " (-1) 2 as tan[ 4] 1
(b) cot™(-1) = %Tn as cot [%Tnj =-1

2 3

Example 2: Find the angle sin™ [sin[%j] .

Sol: Write the angle %ﬂ as n—g and proceed.
.1 [ 2r 27 2n T T
sin|sin| —||#—|as—¢g|-——,—
3 3 3 22
N 2n N T
= sin | sin|—||=sin""|sin| t——
3 3
= sin|sin| Z || =L
3 3

Example 3: Find the value of

. _ 1
cos [2sin lx+cos 1x] at x =§.

_ .o T
Sol: Use cos*x+sin™'x =3

cos[2sin x+ cos‘lx]

1 1

= cos[cos  x+ sin~tx+sin!x]

=cos[§ +sin™? x} =—sin(sin 1 (x))

= —X=——

5

Example 4: Prove that sin(2sinx) = 2xy1-x?
Sol: Use substitution.
Let 2 sin"t x =0, where 0 € [-m, 7] ;

then x =sin9
2

" sin(2sintx) = sin® = 2 sin g cos g

= 2sin g1fl—sinzg = 2x\/1 - x?

Example 5: Find the angle

(a) tan™t (tan%nj; (b) sin~*(sin5)

Sol: (a) Write 3—“ as n— =
4 4

(b) Write 5as5-2n

(a) tant tan=" | = tan"t| tan[ 7 - %
4 4

—tan!| —tanZ | =tan"!| tanZ |= - T
4 4)" %

(b) We know sin"L(sin@) = 0

0c {—gﬂ =[-1.57,1.57]

5¢[-=,Z| while5-2r e|-Z,Z
22 2'2
sin5 = sin(5 - 2n + 2x) = sin (5 - 2)

. sintsin5=5-2n

1 1

Example 6: If cos™ x+cos™y+cos™ z = prove that

X2 +y?+7% +2xyz = 1.

Sol: Take one of the term to the R.H.S. and take cosine
on both sides.

costx+costy+costz=n

costx+costy=n—-cos'z



Taking cosine on both sides we get

xy—\/l—x2 \ll—y2 =z
= xy+z:\/1—x2 \/l—y2

Squaring we get

X2y? +72 +2xyz = 1-x% —y? +X°y?

= Xry?+22+2xyz=1

Example 7: Prove that f(x)=2tan* x+sin! is a

1+x°

constant for all x >1. Find this constant.

Sol: Convert the sin"* function on the R.H.S. to tan* and
proceed.

If 0<x<1 then sint =2tantx

1+x

Hence If x>1(0 <1/x <1) then sin™*
1+x?

=sint| —X

1
=2tant ZFor x>1
X

1+—=
2

f(x) = 2tan™ x+sin* =2tan ! x+2tan!

X | =

1+x

= 2[tan‘1x+ cot‘lx] =2.n/2=mn=constant.

Example 8: Solve the equation: 2tan™*(cosx)

= tan! (2cosecx).

Sol: Substitute a variable in place of tan*(cosx) and
take tan on both sides.

If 2tan™t (cosx) = tant (2cosecx):sinx=0

tan[2ta nt (cosx)] =2cosecx ()

Assume tan‘l(cosx) =0:0¢ —E,E
44

- LHS. = tan[2tan"* (cos x)]

_ tan20 — 2tan0 B

1-tan’0 1-cos’x sin’x

2cosx  2cosx

Substituting this value (i) we get

2cosx

. =2cosecx; cosx=sinx; tanx=1;
sin” X

T
X=nn+—;nel
4
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Example 9: Solve cos ™ x+cosy=n/2 and

tantx—tanly =0

Sol: From the second of the given equations, we have
x=y= tan’-tanly=0=x=y
Substituting x = y in the first, we have
2costx=n/2 or costx=n/4

or X=COSn/4:1/\/§:y

It is clearly evident that these values satisfy the given
equations. Hence the solution set of the given equations

is(x=1/v2,y=1/2)

Example 10: If cos’lg +cos™ % =0 prove that

9x? —12xy cos6 + 4y? =36 sin’ 6.

Sol: Do it yourself.

1

=P

X B
Let cos 15 = and cos

w <

- cosa == and cos B Y
2 3
Given a+p=60 .. cos(a+p)=cos6

or cosa cosP —sina sinf =cos0

2 2
or —.X— X—. 1—y—=cose
23 4
/4_ 2 [g_\2
or,ﬁ— X c y = cos0

or (xy—6cos0)® = (4-x*)(9-y?)
or, x’y? +36c0s°0—12xy cos 0= 36 — 9x°* — 4y? + x%y?
or,9x? —12xy cos0 +4y? = 36(1 — cos6?)

JEE Advanced/Boards

1 X _
Example 1: If cos ™= + cos ™ % =a
a
2 2
2x .
prove that X 2 o5 g+ d =sin2a.
a2 ab b2

Sol: In the given equation take cosine on both sides
and proceed.
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1 X -1y
cos " —+cos - L= _
a b ¢ RHS.=2tan™! secH-1 =2tan™* tang
tano 2
cos[cos‘l ij cos[cos‘1 XJ - sin(cos‘l fj sin[cos‘1 XJ 0
a b a b - Z.E:tan’l x=LHS.
=Cos

2 2 Example 3: Prove that
=YX 1Y~ cosa
ab a’ b? 1

tant (EtanZAJ +tant (cotA) + ta nt (cot3A)

2 2
= ﬂ—cow: 1—X— 1—y— L T T
ab a2 b2 0 if Z<A<§

. s
Squaring both sides nif O<A<Z
X : X2 2 .. . . T T
X _cosal =|1-X 1Y Sol: Divide the solution in two cases when — <A <=
ab a’ b? 4 2
and 0 <A <Z and use the definition accordingly.
X2y , 2y 2y xy? 4
or " +cos a—;com = 1__2_b_2+ o>
a a @ Casel: <A<l
2 2 4 2
or X—+y——2ﬂcosa =1-cos’a
a’ b? ab 0<cotA<l and O<cot® A <1
X2 2xy y? . tan}(cotA) + tan L (cot’A)
2 osa+l=sin‘a
a’ a b? 3
_tan cotA+cot” A | tan| — sin2A
1-cot*A 2cos2A
Example 2: Prove
tant x=2tan! (cosec tan’lx—tancot’lx). —tan!| - sin2A = _tan! ltanzA
2cos2A 2

Sol: Use substitution. 1 L 3
L L L —tan? (—tanZAJHan1 (cotA) +tan*(cot’A) =0
RHS. =2tan " (cosec tan ~x—tancot "x) 2

\/1+XZJ or CaseII:O<A<%

cosec cos ec’l [

-1 X
=2tan 3 ;
1 cotA>1landcot”°’A>1 = cotA.cot”" A>1
—tan tan™* (—j
X Hence, tant(cotA) + tanl(cot’A)=
3
\/1+7 ) n+tan‘1(COtA+cft Aj
2tan™!| cosec cosec™ —tan {n+tan1 —} 1-cot*A
X X
[As tan'x+tanly = n+tant [;ij If
dependingonx >0orx <0 -y
x>0.y>0and xy >1]
2 2 _
- 2tan1[ 1+x _31 —2tan! {&} =n—tan?t (%tanZA] [From case 1]
X X X

T

(1 1 13y
Let tan1x=e:ee(—5,gj; thenx tane tan [EtanZA +tan"(cotA) +tant(cot’A) =1
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Example 4: Find the sum

cot?2+cot8+cot 18+ e, to Infinity.

Sol: Write the general term of the series and express it
as a difference of two terms (telescopic series).

Let T, denote the nth term of the series

2
T = cot™ (2 r2) =cot™ [%}

ot 1AL 1r@reD@e-l)
2 a r+1)-(2r-1)

_tan 2r+1)-(2r-1)
1+2r+1) (2r-1)

= tan '(2r+1)—tan (2r-1)

cot?2+cot 8+ cot 18+ ......... +
cot™2n’ =tan'(2n+1)—tant(1) As
n—w tant 2n+1)—>n/2

Hence, required sum =

ANla

rr
2 4

Example 5: If X, X,, X,, X, are the roots of the equation
X4 = X3 sin2B + X? cos 2B — X cosP —sinp =0

where sinf # % prove that tan' X, +tan

X, +tant X, +tan X, = nn+g—[3 forsome nel

Sol: Use theory of equations.
X, X

1,772
X =sin2B, > X X, = cos2p

X X X, X3 =cosB, X, X, X3,X, =—sinf

X, X, are the roots of the given equation

tan [tan‘l X, + tant X, + tan! X +tan! XJ

_ ZX]_ _ZX]_XZXS _ Sin ZB—COSB
1-3X,X, + X, X,X;X,  1-cos2B—sinp

cosB(ZsinB—l)
sinB(ZsinB—l)

tan [tan‘l X, + tant X, + tan! X +tan! XJ

= - T_
=cosP = tan{2 Bj

=cosf

. -1 -1 -1 -1
o tan X1+tan X2+tan X3+tan X4:

Y
nn+§—[3 forsomen el

Example 6: Find the value of
sin{] sin= |——————
3 (x2 +k? —kx)

-1 ( TC\J X
—Cos COS— |—ro—"o
6 (x2 +k? —kx)
k
Where [5 <x <2k k> 0]

Sol: We have
Sint (sinzj+
3 (x2 +k% - kx)
-1 ( TCJ X
—Cos COS— |—oro—
6 (x2 +k% - kx)
s -1 \/gX -1 \/gX
=sin " {————} —C0S " {———---
2Ux% +k? —kx 2Ux% +k? —kx

3x

\/(4x2 ~ akx+ 4K2)

~ T Jcost
2

2
=L _cos? 6+—1
2 4% — Akx + 4k?

gt 2X2 + 4kx—4k? | sin-1 X% + 2xk — 2k
4X? — dkx + 4k? 2X% — 2xk + 2k?

Example 7: Find the number of real solutions of the
equation /1 +cos2x =+/2sin™* (sinx)-m<x<m

Sol: Divide the solution into three cases when

T

Tex<E Zox<nand -n<X<-Z and proceed.
2 22 2

Here |cos x| =sint (sinx).
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If - <X <X, then cos'cos x= x
2 2
In the case there is one solution obtained graphically.
If Z<X<n then—cosx =sin’? {sin(n —x)}: T—X
2
S.COSX=X—T
In the case there is one solution obtained graphically.

If -n<X< —gthen

—cosx =sint {sin(—n - x)}= —X—T

ji.e. COSX=X+T7

This gives no solution as can be seen from their graphs.

Example 8: Find the integral values of p at which the
2
system of equations cos™ x+(sin’1 y) —pn® / 4; and
2
(cos‘1 x)(sin‘:L y) =7? /16 possess solutions. Also

find these solutions.

Sol: Start with the range of cos™ x and sin y and use it
in the two given equations.

The given system of the equation is
2

cos tx+ (sin‘1 y) —pn® /4 ()
2

(cos‘1 x)(sin‘:L y) =r*/16 (D)

It is clear that

O<costx<m:-m/2<sinty<m/2.

2
So 0< (sin‘1 y) <n? /4sin"ty =0 [From ii]

2
~0<cost x+(sin’1 y) <n+n’/4

2

i.e. 0<ESn+n—
4 4

....(iii)
From (i) and (ii) we get p £ 0

_p

cost x + —
16costx 4

2
Or16 (cos‘1 x) —4pr?costx+n* =0 (V)
Ascos ™ xis real 16p°n® > 0

Or p2 >4ie. p<-2 (V)

From (iii) and (v)

p’ <(n/4)+1,p=20

p is integer so p = 2 for p = 2 (4) gives
16(cos‘l x)2 —8n°cos 'x+n* =0or
[4cos‘1 X — 72 ]2 =0 or
costx—n?/4ie x= cos(n2 / 4) ....(vii)
Then (ii) gives (sin_1 y)2 =n’/4

(Vi)

Orsinty=+n?/2ie+1

Hence p=2 and (x,y)= [cos(n2 / 4),11]

Exercise 1

Q.1 Evaluate: sin™* (sinm/ 4)

Q.2 Evaluate: tan™! (tan(—6))

Q.3 Evaluate:sin T sint 1
2 2

Q.4 Prove that: tan ' 2+tan!3 = %Tn

Q.5 Evaluate: cos{cos‘l [—gJ + E}

6

Q.6 Evaluate: sin(cos‘1 3/ 5)

.7 Prove that: tan! 1 +tan! i =tan! 3
Q
7 13 9
Q.8 Prove that: Atan™t 1 +tant i +tant 1 _I
5 70 99 4



Q.9 Solve for x: (tan‘1 x)2 + (cot‘l x)2 - %

Q.10 Solve for x:tan* (x + 1) +tantx+tan?t

(x—l) =tan*3

Q.11 Find the value of

2
tan! l sin”t & +cost l_y
2 1+x 1+y?

Q.12 Prove that: tan! i+ tan! 7 —tan! 1
11 24 2
.13 Differentiate tan™* 1__COSX W.LEX.
Q
sin x
1 1-=sinx \n
. xpress — |z Zin the simples
Q.14 Expresstan™ <X < th plest
form. cosx )2 2

Q.15 Find the principle value cos™* [—%j

Q.16 Write the following functions in the simplest

form: cot™ (\/1+x2 —x).

Q.17 Find the principle value of cot™ (—\/g)

Q.18 Prove that 3cos™ x = cos™ (4 x3— 3x)(—\/§)
X € {l,l}
2

Q.19 Write the following function in the simplest form:

_1] COSX—SinX
tan” | ——— |, x<=
COSX +Sinx

Q.20 If tan! X—_1+ tan™? x+#l_m then find the value
X—2 X+2

of x.

Q.21 Write the following function in the simplest form:

(3% x-x3
tan! |
a” —3ax
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14 163

12
—+ COS

Q.22 Prove that: sin” —+tan =7
5 16
Q.23 Solve tan™ 2x+tan™'3x = %
Q24 Prove that: 2tan” 11 tantlgant3l
2 7 17

Q25 If cos* (ij +cos! (%] =0 prove that
a

ﬁ 2xy

y _
2 abcose 2 =sin’ 0

Q.26 Find the value of the following:
tan*(1) + cos ! (—EJ +sint (—1]
2 2
Q.27 Prove that: o _9 sin’?t 1 gsin’1 ZQ
8 4 3) 4 3
Q.28 The value of

s

Q.29 The number of roots of the equation

Jsinx = cos™ (cosx) is

Exercise 2

Single Correct Choice Type

Q.1 tan cos*

V1-x°
X

x is equal to

(A) (B)

X
V1 +x?
(D) xv1+x2

(@)

V1+x2
X
P L BT B P | P |
Q.2 ‘sm‘ x‘ +‘sm‘ y‘ +2‘sm‘ stm‘ y‘:
then x° +y?is equal to
(A1 (B) 3/2

Q2 (D) ¥2
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Q.3 Number of solution(s) of the equation

cot™ 4/ x? +3x+2+cos 4 x? —3x—3:§ is

(A) 2 (B) 1
Q4 (D) Infinite

Q.4 If cos (tan’l X ) =X, then x? is equal to

w B+ (B)Q
4
© ﬁ;l (D) Q

Q.5 The value of a for which x? +ax+sin*

(xz —4x+5)+cos‘l(x2 —4x+5) =0,is

T T
(A) 7 +2 ®) 5 +1
T T
© _Z+1 (D) _(Z+2)

Q.6 Domain of the function
f(x) = \/sin‘1 (sin x)+ \/cos‘:L (cos x) is

(A)

nel

2nT, 2nT + I
2

(B) 2n+1 2n+2) ]neI

I
) [2nn (2n+1) ]nel
(D)

2nn+g,2nn+3—n,nel

Q.7 If 0=sin 1 x+costx—tan x,xe [0,1]

Then the interval in which 6 lies is given by

s T T
® o3 @[55l

e T 37
ofi] el

Q.8 tan' 2+tan"' 3 = cosec ! x then x is equal to

A4  (B)V2  (©-+v2  (D)None of these

Q. 9 The function
x) =cot™? 1/(x+3)x +costx? +3x+1

is defined on the set S where S=

A {03}  ®(03) (©{0-3 (D) (-30)
Q.10a =sint (cos(sin’l x)) and

B=cos™? (sin(cos‘l x)) then

(A) tana = cotp
(C) tana =tanp

(B) tana = —cotf
(D) tana = —tanp

_ a1y, ol 1
Q.11 If x =2cos (Ej+sm [Ej+tan (\/5)

and y = cos(%sin (smij] then which of

the following statements hold good?

3n 5n
A) y =cos— B) y= —
(A y= cos16 B) y= cos16
(C) x=4cos™* y (D) None of these

Q.12 The set values of x satisfying the equation

tan? (sin‘1 x) >1is

A [-11] (8) {—i i}

©(- 11)_{_£ £} © [_1,1}(_%’%]

Q.13 The equation sin'x =2 sin"a has a solution for

(A) All real values of a (B) a<-1

Qa>1 (D)%gag%

Q.14 If (sin‘1 X+sint W)(sin"l y+sint z) =’
NNy

yN4 ; (NN, NS N, EN) -

X
then
Z3

(A) Has a maximum value 2.

(B) Has a minimum value 2.

() Is independent of N;,N,,N;,N,
(D) None of these



Q.15 If 8=cot'7+cot’8+cot?18 then cot 0 is
equal to

(A1 (B) 2 Q3 (D)4

Q.16 Which of the following function(s) is/are periodic?
(A) f(x)=x-[x], [x] denotes integral part of x

(B) g(x)=sin(1/x) x =0 and g(0) =0

(©) h(x)=x cosx

(D) sin (sin"x)

Q.17 cos[Ztan - (%Dequals

(A) sin(4cot!3) (B) sin(3 cot'4)
(C) cos (3cott4) (D) cos (4cot'4)

Q.18sin™* (2 xV1-x? )z 2sin7 x is true if: x €

(A) [01]

1
B R
®-%

X
(D){7
k=n

_ 2k 1 6
Q.191Ifthesum Y'tan!—— —tan! =
kZ:::L 2+k* +k* 7

then the value of nis equal to :

(A) 2 (B)3 Q4 (D)5

Q.20 The domain of definition of the function

2 —
f(x) =arc cos{w} where [x]

1+x

denotes the greatest integer function is:
(A) (1, 6) (B) [1, 6]
@10, 1] (D) (-2,5)

Q.21 Consider two geometric progressions
8,,8,,8,...3, 8b,,byb,...b with & :bizzrfl

;
and another sequence t;,t,,t;.....t, such that

t =cot’1(2ar +b ) Then lim Zt is

n4>oc

(A0 (B) n/4 (C) tan12 (D) n/2
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Q.22 Number of point(s) where f(x) =sin? (3x-4x%) is not
differentiable is

(A1 (B) 2 3 (D) 4

Q.23 Solution of the equation

w3 3

18 18
A) ——= (B) —
3-6 6-3
© /6+3 (D) None of these

8

Q-24 The value of

|

Where (0<a<b) is

b
(A) % (B) %

b% —a’ b? -a’
) ——— D) ——
(@)} b (D) a

1]

Q.25If x=tan*1-cos * (—%j-ﬁ- sin !

y=COs lcos’1 1 then:
2 8

(A) x=ny

N |~

(B) y = nx

(O) tanx=—(4/3)y  (D)tanx=(4/3)y

Q.26 Which of the following satisfy the equation?

2cos™ x=cot? [M—_lj
Vax? — 4x?
(A) (-1, 0) (B)(0, 1)
11
Q| -—=—F= (D) [-1, 1]
[ 2’2 j

Q.27 Find values of xif sin* x = cos ™ x+sin ™" (3x-2)?

1 1
(A) {51} (B) {51}
1 1



20.34 | Inverse Trigonometric Functions

2
28 f(x) = sin L L
Q (x) sin Lix

and

g(x) = cot ™t x—tan"* xare identical for:

(A x € [0,1]
@ xe[-1 1]

(B) x e (~,0]
(D) x e (—o0,~1]UIL,0)

Q.29 tan[cos’l {sin(Z tan 2 )H is equal to

4 4 3 3
(A) 3 (B) T © S (D) 2

- 1"
SINT"X+COSX | . . .
- = === = | isfinite.

Q.30 i

X e [—1,1] and r>0.then the possible values of r'is.
1

(A) ‘E,oo‘ (B) (2,)

(D) (O,oo)

Q31ly= sin‘l(sinx), x is the element of [0 «] divides
the region bounded by coordinate axes

x=mn andy= g into 3 region whose areas are
A A, A with A) <A, <A, then
(A) AL +A, +2A, = 1°
2
T
(B) A, +A; A, =
© A +A,-A; =0

(D) 2(A; +A,)-A, =0

Q32 The sum Y tan™

is equal to:
n-1 n* —2n® +2
(A) tant2+tant3 (B) 4ta nt1
(@) g (D) sect (1 —\/5)

Previous Years’ Questions

Q.1 The value of tan{cos‘1 [éj +tant (%H is (1983)

6 17
A ET] (B) 3

© % (D) None of above

Q.2 The principle value of sin™ [sinz?nj is (1986)

) —2?“ ®Z  (©

T 5n
-z D) 2=
3 3 ()3

Q.3 The number of real solutions of
tant Jx(x+1) +sintVx@ +x+1="Tis
) sin .

(A) Zero
() Two

2 3 4 6
Q4 If sinI(X—X—+X?—...j+cos1[x2—x—+x——]

(1999)

(B) One
(D) Infinite

2 2 4

= g for 0< |x| < \/5 then x equals (2001)

(A) 1/2 (B) 1 ©) -1/2 (D) -1

Q.5 The value of x for which
sin[cos‘1 (1 + x)} = cos(tan‘1 X )is (2004)

1

1
(A)E (B)1 (O} (D) 5

Q.6 If 0<x<1, then
) 1/2
1+x? {{xcos(cot - x)+sin(cot -1 x)} —1} is equal

to (2008)

X

V1+ e
€ xW1+x°

(A) (B) x

(D) V1 +x2



Q.7 Let a, b, c be positive real number

a+b+c+ 1 b(a+b+c+)
0=tan" ,/ ,/—
ca

1 a+b+c+
+tan” —.
ab
Then tan 6 equal ......... (1981)
Q.8 The numerical value of
-1 1 T .
tan{Z tan (gj _Z} is equal to.... (1984)

Q.9 The greater of the two angle A = 2tan™! (2\/5 —1)

B= 3sin! l +sint E -
3 5

Q.10 AB is a vertical pole with B at the ground level and
A at the top. A man finds that the angle of elevation
of the point A from a certain point c on the ground is
60°. He moves away from the pole along the line BC
to a point D such that CD = 7m. From D the angle of
elevation of the point A is 45°. Then the height of the

(1989)

pole is (2008)
) i 0@ i W3 +1)m
3-1
© i W3-Dm ) i .
NEW]

Q.11 The value of cot[cosec‘1§+ tan™* gj is (2008)

6 3 4 5
A) — B) — C) — D) —
()17 ()17 ()17 ()17
4 5
Q.12 Let cos(a+p)=— and let sin(a—B) = 3 where
(2010)

OS(X,BSZ, then tan 2a =

56 19 20 25
(A) 3 (B) IR © = (D) 6
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Q.13 For a regular polygon, let r and R be the radii
of the inscribed and the circumscribed circles. A false

statement among the following is (2010)
. aor 1
(A) There is a regular polygon with — =—
R 2
(B) There is a regular polygon with% :g
(C) There is a regular polygon with %: g
(D) There is a regular polygon with — ! %

Q.14 A line AB in three-dimensional space makes angle
45°¢ and 120° with the positive x-axis and the positive
y-axis respectively. If AB makes an acute angle 6 with

the positive z-axis, then 0 equals (2010)
(A) 45° (B) 60° (@ 75° (D) 30°
Q.15 Let tan 'y =tan ' x+tan! ( 2 5 ] where
1-x
| x|< i Then the value of y is (2015)
3
3 3
A) 3x x2 B) 3x+x2
1-3x 1-3x
3 3
© 3x x2 D) 3x+x2
1+3x 1+3x

Q.16 If 0 < x < 2x, then the number of real values of
X, which satisfy the equation cosx + cos2x + cos3x +
cosdx =0, is (2016)

(A5 (B)7 ©9

1+sinx T
- ,xe|0,—=1.
1-sinx 2

:g also passes through the point:

(2016)
T
(B) [E’ Oj

(D) (0, 0)

(D) 3

Q.17 Considerf(x) = tan‘l[

A normal to y = f(x)
27
(A) [ 3 j
T
o 3]
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Exercise 1

2
Q.1If o.=2tan™ 1+x & p=sint 1+X
1-x 2

1-x

For 0<x<1 then prove that o+ =m what is the value
of a+pwill be if x>1?

Q.21f y =tan! V1+x -V1-x
V1+x2 +41-%°

X’=sin 2.

} prove that

Q.3 Find the sum of following series upto n terms
where x > 0.

(i) tant % +tan™t é +.ttan

(ii) tan! _
X2 +x+1 X +3x+3

1

+tant——
X% +7x+13

+tan™t
X +5x+7

Q4lfxe [—l,—%} then express the function

f(x) =sint (3x — 453 ) +cos™t (4x3 - 3x) in the form of a
cos ! x+bn where a and b are rational numbers.

Q.5 Solve the following equations:

(i) sintx+sint2x = g

(ii) tan™! (x—1)+tan™ (x) +tan™ (x +1) = tan™" (3x)

(i) tant =——% +tan‘1M =tan_1§
1+x 2X+X 36

(iv) cos‘l—_1+’can‘1 22X _ 2
x?+1 x?-1 3

Q.6 Find all the positive integral solution of

tan™ x + cos™*

Q.7 If o and B are the roots of the equation
X2 —4x+1= 0(0( > [3) then find the value of

f(apB)= B3 _cosec [2 tan? B] - sec (; tan? gj

o
2X j
1+x°

af1-%2 o 2x
g(x) = cos 1(1+X2Jand h(x) = tan 1(1—x2j

(i) If x € (-1, 1) then the find the solution of the
Equation f(x) + g(x) + h(x) =n/2
(i) Find the value of f(2) +g(2)=h(2).

Q.8 Consider the functions f(x) = sin‘l(

Q.9 Solve the following inequalities
(i) arc cot’ x—5arc cotx+6 >0
(ii) arc sin x>arc cos x

(iii) tan? (arc sin x)>1

Q.10 Show that roots r, s and t of the cubic
X(x-2)(3x-7)=2 are real and positive.

Also compute the value of tan™ (r)+tan’1(s)tan’l(t).

Q.11Letfx=£+cos‘1[ X J—tan‘lx
R W

and a. (a <a ,VvVi=123,..

1 n) be the
positive integral values of x for which

sgn (f(x)) =1, where sgn (y) denotes signum

n
function of y. Find > a’.
i1

2
Q.12 Solve for x: sin” {sin(zx hi 4}] <n-3.

1+x°

Q.13 Let f(x) =tan! (cotx —2cot 2x)and

5
Zf(r) =a—bn where a, b E N. Find the value of (a+b).
r=1



Q.14 Let f(x) = (Za + b)cos‘l X+ (a + 2b)sin_1 X

Where a, b € R and a>b.
If domain of and range of f are the same

set then find the value ofn(a - b) .

Q.15 Identify the pairs(s) of functions which are
identical. Also plot the graphs in each case.

1-x°

X

Yy = tan(cosx); y =

(i) y = tan(cot™x); y = 1
X

(i) y = sin (arc tan x); y= X

V1-x?

(iv) y = cos (arc tan x); y= sin (arc cot x)

Q.16 Find the domain and the following functions.

(i) f(x) = cot™ (Zx - x2)

(i) f(x)=sec™* (Iog3 tanx+log tanx3)

(iii) f(x) =cos* 5
x“+1

(v) £ = tan™* (log, (5x° - 8x+ 4))

Q.17 Let y = sin™t (sin8)5 —tan™* (tan 1)+ cos

(cos 12) - sec(sec 9) +cot™? (cot6) —cosec! - (cosec 7).
If y simplifies to ar + b then find (a-b).

. _1( 36 (4
.18 Let o =sint| 2= | B =cos*| — |and

1 8 ),
=tan'| — |find (o +pB+7)and hence
o=tant ] find ap)
Prove that (i) Zcota =[Icota (ii) Ztana.tanf =1
Q.19 Show that:
e 33rn -1 467
sin" | sin—— |+ cos " | cos—— |+
7 7
tan! (—tanlg—n] +cot™ (cot(—lg—nn
8 8
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Q.20 Prove that:

(i) cos™ 2 Jicost| L |esint 28 o n
13 25 325
(i) arc cong— arc cos\/g+1 _I
3 2\/§ 6

Q.21 If a>b>c>0 then find the value of:
cot L ab+1 + ot bc+1 + ot ca+1l
a-b b-c c-a

Q.22 If o and B are the roots of the equation

x° +5x — 49 = 0 then find the value of

co’c(cot’1 o+cot™t [3).

Q.23 Find all value of k for which there is a triangle

Whose angles have measure tan”t [%j
tan™* l+k andtan™ l+2k
2 2

Q.24 1Ina AABC if ZA=_/B

- %[sinl [‘/25\/%1} sin! (%H and

L
C=6.3%

then find the area of AABC .

Q.25 Find the simplest value of

(i) f (x) =arc cos x +arc

cos x, 1 3-3x° |,xe 1,1
2 2 2

2
(i) f) = tant [MJ xe R—{0}
X
Q.26 Let f(x) =cot! (x2 +4x + o —cx) be a function

defined R — (0, / 2] then find the complete set of real

values of a for which f(x) is onto.

Q.27 Prove that: tan™ L +tan! 2 = 1 cost
4 9 2

Ul w

:Esin’li.
2 5
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Q.28 Prove that

t_1{\/1+sinx+\/1—sinx} X T
co

\/1+sinx+\/1—sinx :_<X<E

2

Q.29 Find the domain of definition the following
functions.

(Real the symbols [*] and {*} as greatest integers and
fractional part functions respectively.)

(i) f(x)=arc cosz—x
1+x

11+x2

(i) f(x)= cos(smx)+sm’ o

(iii) f(x)=sin* (%3]—'0910(44)

(iv) f(x)=sin? (2x + x2)

V1-sin"tx

V) f(x)= o, (1_4X2) +cos (1—{x})

where {x} is the fractional part of x.

(vi) f(x)=~/3=x +cos™* [3 _52)(]

+log, (2|x| - 3) +sin’t (Iog2 x)
(vii) f(x)=log,, (1 ~log, (x2 —5x + 13))

- 3
+cos ™t

2+sin%
2

X

(viii) f(x)= esm_l[ij +tan?t (;- 1} + In(\/x - [x])

Exercise 2

Single Correct Choice Type

Q.1 Solution set of the inequality x* —4x+5
>sin™* (sin3)+cos ™ (cos2) - is.

(A)R
Q) R-{2}

(B) R-{1}
(D) R-{-2}

Q.2 If x, x,, x,, X, are roots of the equation x* — x* sin
4
2B + x* cos 2B - x cos B - sin B = 0 then >’ tan-1x,

. i=1
is equal to

(A)x-pB (B)n-2B
T Y
ofFr ol

Q.3 Range of the function,

f(x) = cot™ (Iog4/5 (5x2 —8x+ 4)) is.

) (0,7) (B) [%,n)

T T
of  wby

Q.4 Domain of the explicit form of the function y
represented implicitly by the equation.

(1+x) cosy —x* =0

A (1, 1] (B)[—l,#}
- {1—\@’1“@} o) [0’1“@]
2 2 2

Q.5 Number of integral value(s) of x satisfying
2
4(tan"1 x) - (tan‘1 x) -3<0is-

A1 (B) 2 3 (D)4

Q.6 The area of the region bounded by the curves y=x2
and sec[-sin? x] (where [.] denotes greatest integer
function) is

(&) iz ® Sl
© Znl () Tnix
3 3
Q.71 tant 2 4 tan? b, tant £ 4 tan? d_=x
X X X X 2

Then x* — x? Yab + abcd is equal to

(A) -1 (B)O 1 (D) 2



Q.8 The solution set of the equation

/ 2
sintV1-x% +costx =cot™ [iJ —sin"tx

X

(A) [-1, 1] 0}
QI[1,0U({1}

(B) (0, 1] U {-1}
(D) [-1, 1]

Q.9 The domain and range of the function

3 - 4secx’

f(x) = cosec™, [log T eoc x

|_r T
) R’( 2’2)

ifqm
(B) R ,(0,2]
(€) (2n—§,2nn+gj—{2nn};(0,gj
(D) [2n—§,2nn+gj—{2nn};(—

are respectively

1

|-t}

N a
N a

Q.10 Solution set of equation [sin? x] = [cos™ x] where
[*] represents integral part function is

(A) (cos 1sinl) (B) [cos 1sinl]
(©) (sin1cos1) (D) [sin 1 cos 1]

Multiple Correct Choice Type

Q.11 Which of the following statement (s) is/ are
meaningless?

1 2e+4 alm
(A) cos (In( 3 D (B) cos ec (4]
1|
(C) cot [Ej

Q.12 If the numerical value of tan

cos™* 4 tan™ 21]is 2 then
5 2 b

(A)a+b =23
QO3b=a+1

(D) sec™* ()

(B)a-b =11
(D) 2a = 3b
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Q.13 Which of the following equation represents a
circle

(A) y2 = sin(cos‘1 x) B) y= sin(cos‘1 (1 —x))

© y2 =sin’ (cos‘l x) D) y= sint (cos2 x)]

Q.14 If cos tx+cost y+ costz=n then
(A) X*+y? +7% +2xyz =1

(B) 2(sin’1 x+sint y+ sint z)

=cos tx+costy+costz

(C) xy+yz+zx=x+y+z-1
(D) (x+ij+(x+l)+{x+lj26
X y z

Match the Columns

Q.15 Column I contains functions and column II
contains their range. Match the entries of column I with
the entries of column IL

Columnl Column Il
A
" fx)=sin| — 7o
- 1+|x|
(8) A x (@) (5 3_75]
g(X)—COS r|x| 4' 4
(@) A X (n ( T nj
—tan?! - =
A P~ 4'4
(D) y | x (s) ( n n]
= t S
()=co 1+|x| 22
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Previous Years’ Questions

Q.1 Match the conditions/expressions in column I with
statement in column IL

Let (x, y) be such that sin"(ax)+cos?(y) +cos™ (bxy)=g

Columnl Column Il

(A) | Ifa=1and b=0, then | (P) | lies on the circle
x,y) x2+y?=1

(B) | Ifa=1and b=1,then | (q) | lies on (x*-1) (y>-1)=0
xy)

(C) | Ifa=1land b=2,then | () | liesony=x
(xy)

(D) | Ifa=2 and b=2, then | (s) | lies on(4x?-1)(y*-1)=0
xy)

Q.2 Solve the following equation for x

tant 2x +tan* 3x = % (1978, 3M)

_ . 1
Q.3 Find the value of cos(2cos Ly +sint x) atx = <

where 0<cos*x<mand-n/2<sin‘x<m/2.
(1981)

X2 +1

Q.4 Prove that cos tan*[sin(cot™* x)] = (2002)

X +2

Q.5 If the angle A, B and C of a triangle are in arithmetic
progression and if a, b and c denote the length of the
sides opposite to A, B and C respectively, then the value

. a.. C . .
of the expression —sin 2C+—sin 2A is
C a

(2010)

Q6If o =3sin? [%) and p=3cos™* (g] where the

inverse trigonometric functions take only the principal
values, then the correct option(s) is(are) (2015)
(A) cosp>0 (B) sinf>0

(C) cos(a+pB)>0 (D) cosa <0

PlancEssential Questions

JEE Main/Boards

Exercise 1

Q5 Q.10 Q13
Q16 Q.22 Q.29
Exercise 2

Q3 Q.10 Q18
Q21 Q.24 Q.29
Q.30 Q. 32

Previous Years’' Questions

Q3 Q4 Q5
Q7

JEE Advanced/Boards

Exercise 1

Q3 Q11 Q.15
Q17 Q21 Q.24
Q.29 Q30

Exercise 2

Q3 Q4 Q.6
Q9 Q10 Q12

Previous Years' Questions

Q1 Q3
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JEE Main/Boards

Exercise 1
Ql /4 Q2 27-6 Q3 g
Q5 -1 Q.6 % Q9 -1
Q.10 -1; 5++19 Qll z= 1X_+X); Q.13 1/2
Q.14 y=£—5 Q.15 2n Q.16 y=£+ltan‘1x
4 2 3 4 2

51
Q17 =~ Q.19 %—x Q.20 i%
Q.21 3tan‘1§ Q23x=1/6 Q.26 %ﬁ
Q.28 = cos™ (%J Q.29 «
Exercise 2
Single Correct Choice Type
Q1A Q.2C Q3A Q4D Q5D Q.6C
Q78 Q8D Q9C Q.10 A QllA Q12C
Q13D Q14C Q15C Q.16 A Q1l7A Q188
Q.19B Q20 A Q218 Q.22B Q.23 D Q.24 C
Q.25C Q.26 B Q27A Q.28 A Q29D Q30A
Q31C Q.32A
Previous Years’' Questions
Q1B Q2C Q3C Q4B Q5D Q.6C
Q70 Q8 —% Q9A Q.10B QllA Ql12A

Q13 B Q14B Q15A Q16 B Q17 A
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JEE Advanced/Boards

Exercise 1

Q10

Q.3 (i) % (ii ) arc tan (x+n) —arc tanx

Q.5 () X:%\/; (i) x =0, % —%; (iii) x:g; (iv)x:2—«/§ or \/§

Q.7 56
Q.9 (i) (cot2, =) (-0, cot3) (ii) g,l (iif) (
Q115

Q14 -2

Q16 () D:xeR R :[7'5/4,TE) (i) D:e (nn.nn+gj_{x

(i) D:x eRR :{o,g) (iv) D:x eRR :(_

T
4

N a

Q.17 53

11
.23 k==
Q 4

14417

2

Q.26

Q29 () -1/3<x<1; (i) {1, ~1}; (i) L<x <4; () [-1+32),(2,- 1)1 v) xe(-1/2,1/2),x=0; (vi) (3/2.2];

(vii) {7 /3,25/ 9} (viii) (-2, 2)-{-1, 0,1}

Exercise 2

Single Correct Choice Type

2 2tany

_1+tan2y

Q.2 X =sin2y

Q4 6cos’1x—977E soa=6 b:_g

Q.8 (i) 2—+/3; (ii) cot™ [‘73}

\/5 3n
7,1} U(—l,T Q.lOT
Q12 xe(-1,1) Q.13 20

Q.15 (i), (ii), (iii) and (iv) all are identical
x+£}nel: R:{E,Z—n}—{z}
2 33 2

Q210

Q.22 10

Q.24 27 Q.25 (i) g : (i)

1._14 X
.27 —sin - — = RHS .28 —
Q27 3sin g Q28 5

Ql1lC Q2C Q3B Q4cC Q.58
Q.78 Q8C Q9cC Q10 A

Multiple Correct Choice Type

Q.11A,B Q.12 A,B,C Q.13B,C Q14 A B

tan! x
2

Q.6 x=1; y=2 & x=2;y=7

Q6B
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Match the Columns

Ql5A—>s;B>p,C—>r,D—>q

Previous Years' Questions

QlA—>p;B>qgC—op,D—>s Q.2x=%

Q.3 —i Q.5 43 Q6B,CD

JEE Main/Boards

Exercise 1

Sol 1: sin—l[sinﬁj = sin (LJ
4 V2

Sol 2: tan”'(tan (-6)) = tan"'tan(2n - 6) = 2 — 6

N

-1 1 T

SIn " — = —
2 6
SinE = ﬁ
3 2

Sol 4:tan'2 + tan*3 =1 + tan‘l%xp 1

:7't:+tan’1i=rt—£=3—7E
N 44

Sol 5: cos {cos™! £ +z
2 6

cos {n} = -1

Sol 6: 5
4

= sin cos™ E = i

- 5) 5

Sol 7: tan™! 1 + tan™ l
7 13

1 1
= tant| L1213 |- tan 2
1 9

" 13x7

Sol 8: 4 tan 1 —tan! i +tan™ i
5 70 99
=2tan| 2 tant — 1 tan‘1i
12 70 99

= tan™

11 239

s
(

= tan™ @ —tan‘l( 1 ]

120 1

120 1
= tan1J119 239 =~ tan7(1)
119239
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2

51
Sol 9: (tan"'x) 2 + (cot™x) 2 = ry
tanx + cotx = =~
2
2 2

b8 T 5n
tanx) 2 + — + (tan™x) 2— 2= (tanx) = —
( ) ) ( ) 2( ) 3

2
2(tan™x) 2 — w(tan™x) — 3% =0

ni\/nz +3r° n+2n

tanx = =
4 4

tanx = 3_7: or= —
4 4

x=-1

Sol 10: tan'!(x + 1) + tan"x + tan (x — 1)

= tan™(3)

L D)+ x+ (x=1) = x(x* ~1)

tan
1-x(x+1)—(x* -1)—x(x-1)

= tan(3)

3x—x2 +x

=3

1-x° —x—x°+1-x° +x
4x —x3

2-3x%°

=>4x-x}=6-9x°
=>x-9%-4x+6=0
=Xx+1)(x*-10x+6)=0
:>x=—1,51\/5

Sol 11: tan 1 sint 2—X+cos'1 i
2 1+x? 1+y2

:tanl sint 2x +sin’t 2y
2 1+x° 1+y?

tan[lsin‘1 2 2j+tan lsin"l 2y >
2 1+x 2 1+y
1—tan[lsin1 2 jtan lsin’l 2y

2 1+x%° 2 1+y?

sin‘l[ 2 ] = 2 tanx

1+x

X+y
1-xy

2 7

2 PR
Sol 12: tan'— + tan‘ll = tant| 1124
11 24 14

264

= tan?! M = tan—ll
250 2

Sol 13: f(x) = tan™ (l_cﬂj = tan‘l(taniJ
sinx 2

) = L
fi(x) = 5

X .
. cos— —sin—
Sol 14: tan! (l_ﬂj =tan Q

COSX 2 X .2 X

cos‘ = —sin” =

2 2
X . X X
COS— —Sin— 1-tan=
=tanl| —2 2 |=tan| — 2
X . X X
cos§+sm§ 1+tan—

T X
tan— —tan— T X
—tanl|— 4 2 |_tanltan [Z—Ej
1+tanE.tan5
4 2

Sol 15: cos*{—%): 24 222

Sol 16: cot* (W1 + x% —x)

Putx =tany
= cotl(secy —tany)
Y oY
; cosZ —sinZ
= cot™? (lﬂj = COt—l#
cosy cosx+sinx
2 2
= COt’l tan E—X = E-{—X: £+Etanflx
4 2 4 2 4 2
Sol 17: cot(-3) = n - % - %’T

Sol 18: 3 cos™x = cos™(4x® — 3x)
put x = cos X
L.H.S. = 3x

R. H. S. = cos(4cos®x — 3cosx)=costcos3x = 3x



COSX —SinXx 1-tanx
Sol 19: tan!| ———— | = tan!
COSX + SinX 1+tanx

Sol 20: 'can*lx—_1 + tan*lx—+1 =2
X—2 X+ 2 4
x—-1 x+1
+
tant| X=2 x+2 | _ T
1_x2—1 4
X2 —4
3 24 X-2-x+2¢ T
= tan = =
-4+1 4
2
jtan-lu = r
-3 4
2_
= x4 =1:>2x2=1:>x=ii

-3 2

2

3x (
2, 3 -
Sol 21: tan™ ?@x—x = tan™ 2 \a
a’ —3ax %
1-3 J
a

X
— =tany
a

3tany —tan®
= tan™! [#] = tantan3y = 3tan X

1-3tan’y a

63

Sol 22: sin‘12 + c05‘1i + tant—
13 16

= tan*lE +tan*13 +tan*1§
5 4 16

12 3

7+7

=7 + tan? + tant—

Sol 23: tan™2x + tan™'3x = %

tan1(2x+3xj _ T
1-6x° 4

5x
1-6x°

=1=6x2-1+5x=0

(6x=1) (x + 1) = 0=x =1/6,-1

(-1) does not satisfy,

. 1
SO answer is x = 5

Sol 24: 2tan™ 1 + tan™ i
2 7

2 2
Sol ZS:ﬁ— X 1_y_ = cos0O
ab a2 b2

Xy - /az _ 2 /bz _y?
ab

= cosO
1-sin%0 =
x2y2 +(@ —x) (b2 —y2)—2xy /az 2 /bz —y2
a’b?
1-sin%0

2x°y? —a’y? —b?x? — 2xy(xy—abcos)
a2b2 *

1

a’y? +b*x? — 2xyabcos @

= sin%0 =
a’b?
22
= sin%0 = y—+X——2ﬂcose
b2 a? ab

Sol 26: tan’}(1) + cosl[—lj + sinl(_lj
2 2
T 3n

Tt r_mm
4 3 6 4 2 4

Sol27:L.H.S. = %—gsin’l 1
8 4

3
_ gy sint (L
_4{sm (1) -sin [3]}

So LHS =2F gntlk
4|2 3
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_ 2 COS_ll - 2 sin’l _2\/5
4 34 3

Sol 28: cos™* \/i —cos ™ \/i +cos J10-1
3 6 3\/5

= cos! [L+££] +cos \/E -1
NN s

1++10 14101
———F+C0S " —F—
J18 J18

st {(@—1)(@4) ) J(7—J%)(7+J%)]

18 18
= cos™ 1
3

Sol 29: +/sinx = coscosx=0 <+/sinx <1

= cos™*

nl/Z T 2n

x = 2n7 always satisfy

so infinite roots.
Exercise 2
Single Correct Choice Type

V1-%°

X

Sol 1: (A) = tan cos'x =

Sol 2: (C) (|Sin’lx| + |Sin71y|2) = 12
= (|sinx| + |sinly]) = &

T

= |sinix| = = = [sin"ly|

+ N

1

=>X=1zy

>x+yr=2

Sol 3: (A)

3 3
cotly(x-1)(x-2) +cost, [ x-=| += =L
4] 4 2

Domain for cott+/(x =1)(x=2) is

xe (—oo, 1] U [2, »)

2
while cos™ (x—%j +% is defined for x = [1,2]

Atx=1
= cot?(0) + cos (1) = g
Atx =2
— cot(0) + cot(1) = g

Hence two solutions.

1

V1+%°

=x2 =x+x*-1=0

Sol 4: (D) cos(tan™x) =

=X

1

1+x°

X2 =t =>t+t-1=0

2
=l -2
2

= positive

Sol5: (D) x*—4x +5=(x—-2)*+1

X = 2, to define sin"}(x>-4x+5)

So4+2a+ L +0=0=a=-2-2
2 4

Sol 6: (C) f(x) = \/sin'l sinx + \/cos'1 CcosX

sin x must not be negative to define f(x). So the domain is

xe [2nm, 2n+ 1) ], n e

Sol 7: (B) 6 = sin"x + cos™'x — tan™x = g —tan7x

xe [0, 1]=>F =o< X
4 2



Mathematics | 20.47

Sol 8: (D) tan™'(2) + tan™(3)

2
Sol 12: (C) [tan(sin"x) |? = [ X } >1

2
—n-tant|3F2)2 37 cosec(x) 5 1-x
1-6 4 X
= >1
- T 1-x*
— < cosect(x) <=
2 2 1+2¢
So none of these. 12
Sol 9: (C) f(x) = cot+/(x +3)x + cosIVx? +3x+1 - (\/E(X _1;2‘/5)(1; Do
X —1)(x +

2
= cott/X(x+3) + cos™! (X+§J _E \/5 «/5
\Wo2) 4 S

X(X + 3)>20=x e (-0, -3] U [0, )

X+=

2 Sol 13: (D) sin’x = 2 sin"!a
( 3j ;
> 2 =0

T . T
= ——<2sinla<—
2 2

:Xe[_w —_s_ﬁH—_aﬁ oo}
= =,

2 2 - Tosinta<l
4 4

3V 5
[x+—j -—<1=xe[-30] :—i Daﬁi
2) 4 2 2

So the answer x < {0, -3} Sol 14: (C) (sin"’x + sin> w) (sin"ly + sin"'z) = n* for this

to satisfy

. — cin-1 in-1
Sol 10: (A) o = sin™! cos sin~x x=w=y=z=1

— ~lcy -1
= N X
B = cos™sin cos orx=w=y=z=-1

tana = tan sin~lcos sinx

11 -1 -1
i 1-x 1 1] 700y 4] 70
= tan sinlW1—x% = T
X
tanp = tan cos™sin cos”lx = tan cos Y1 —x2 = —> independent of N, N, N, N,
1-%°
cotf = tan o Sol 15: (C) 6 = cot'7 + cot'8 + cot?18
L1 (-1 _ a1 11 a1
Sol 11: (A) x = 2cos™| = | +sin™!| — | +tan 1\/5 = tan " =+tan " =+tan " —
2 2 7 8 18
2t T 0« 5w l 1
X= —+—+—; X=— 7+8 L1
3 4 3 4 = tant| LS |+ tant—
1-=x=
y = COS Lsint[sinX]] = cosisinsin>® 78
2 2 2 8
=0 = tan 1[ij+tan‘l—
5n 3n 1 18
= cos=| m——|= cos—
8 16
3.1
=0= tan‘lﬁ = tan’li: tan’13
195 3

1-
11x8
=coto =3
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Sol 16 : (A) (A) f(x) = {x} (Periodic) 2
-1 3 -1 13
1 = tan n+=| +—| =t =
(B) g(x) = x sin= (not periodic) 4 1
X
- 2
(C) h(x) = x cos x (not periodic) (n+lj _ 49 =3
(D) sin(sin™*x) (not periodic) 2
2 f—
. 1.1 , Sol 20: (A) f(x) = cos™ Hwﬂ
Sol 17: (A) 2tan= = 2tant L7 = tant L L+x
7 1_i 24 1+x2>1
Acot'3 = 4tant “ B =Tx+8=30¢+1)-7x+5
3 2 2
7 49 7 23
3 6/4 24 =3[ x—-——=| +8——|=3||x——| +—=
= 2tan?> =tan?t—— =tanl 6 36 6) 36
4 1.9 7
, 16 3x* —7x+8 _ g Tx=5
3cot?4 = 3tan‘1z = 11 -0 W2 11
=tan‘1£+tan‘1l =tan‘1ﬂ —-1<3- 7x=5 <2
2
15 4 52 21
4cot4 = tan-1£ +tanil= tan‘lﬂ < 7X=5) 4
52 4 173 o 11)
Checking all options one by one
(7x-5)
=4>——~>1
x° +1
Sol 18: (B) sin! (2xV1-x?) = 2 sin"x
Put x = siny A —Tx+9>20&x*-7x+6<0
sinsin2y = 2sin-isiny cos y always true & (x —6) (x —1) < 0=x € (1, 6)
=-1< sin2y <1 Sol 21: (B) a = 21 = bi
= -L< 2y < r r
2 4 2a+l=2f+21*r:22+£
1 T 4
= —<Xx<—
ﬁ ﬁ t =cot'(2a +b) = tan™ 2
i . 1 1 2% 42
Soitistrueifx e| ——,—=
\/5 \/5 r-1 2r 2r—1
— -1 — -1 -
= tan = tan ———
. 1 + 22r—1 1 + 2I’ 22r—1
Sol19: (B) S tan!— X — tan 18
ol 1%:(®) kzl o 24k2 +Kk4 ng = tan™(2") — tan™(2)
LH.S. = Ytan® 2k >t =tan?(2”) - tan}(21Y) = g—% = %
1+ (k* +k? +1) r=1

Sol 22: (B) f(x) = sin"}(3x — 4x3)

2 2
_ Ztan‘l ke +k+1-(k*-k+1)

, T
1+(2 —k+1)(k? +k+1) Let's put x = sin y = sin"'sin3y

T T .
w ——<3y<—=f(x) = 3sin™!
= Y (tant(k* +k+1)—tan”" (k* —k +1) g === 3
k=1
3n b8 .
— >3y> —f(x) = - 3sin™?
=tan(n? + n + 1) —tan(1) = tan’lg 2 -5 () = = 3sinx



—%ﬂ :Byg—g f(x) = - — 3sin"x

It's not differentiable 2 times.

Sol 23: (D) sec’x = COS'l(—%j + sin‘1i

343
N

1
sec(x) = T —cos™? (—J +cost——
2 3V3

ﬁLLEJ

secx =m + cosl(

X = sec {n+cos‘1 #J 18

" 15446

1
Sol 24: (C) | tan £+lsin‘1i +tan E—lsin‘13
4 2 b 4 2 b

1-tan’ lsin’l a
2 b

2| 1+tan’ lsin’l a
2 b

1 a1
= —Ccossin— = —
2 2

Sol 25: (C) x = tan™}(1) — cos‘l[—%] + sin™t [%]

T 2t T T

4 3 6 4

1+ coscos™* E
1 a1 8
y = cos| =cos | = ||=
2 8

2
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2%° -1

Vax? - 4x*
b =4’ = cosV4x? — 4x*

4x* +1-4x% + 4x% — 4x*

Sol 26: (B) RHS = cot™

= C0571

Putx = cosy

f(x) = cos?| sin2y |

RHS = g - sinsin 2y|

Since |sin2y| > 0, so RHS will always be greater than

Zero.

Then x can be (0, 1)

Sol 27: (A) sin’x = cosx + sin(3x — 2)
xe [-1, 1]
(B3x-2) e [-1,1]
=X € [El}
3
= sin"x — cosx = sin}(3x — 2)
= 2sin7x = g +sin?(3x - 2)

Taking cosine of both sides
= cos(2sin7x) = —-(3x — 2)
=1-2x*=-3x+2
=>2x-3x+1=0

1
=x-1 -=1=0
(x-1) [x 2)

x=1,

N |-

Y2
Sol 28: (A) f(x) = sint|——
1+ x°

g(x) = cotx —tanx = g— 2tanx

Put x = tany in f(x)

f(x) = sin™ |cos2y|

TE -1

r_ 2

5 cos|cos2y|

f(x) = g(x) when x € [0, 1]

Sol 29: (D) tan[cos{sin(2tan!2) }]

= tan[cos™{2sin(tan™2) cos(tan™2) }]
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= tan l:COS1 (

Mw

ZXZXLJ = tan COS‘li—
N 5

sintx —cos ™t x

Sol 30: (A) D>’ is finite
n
o | F—2costx
=y 2
n_1 mr
> 2cos 1X2_3_TC
2 2 2
o > —
1
=>r>—
2

Sol 31: (C) y = sin"I(sin x), x € [0, x]

T
O<x<=y=x
5y
T /2
E<x:>ny=rr—x
A <A <A ///
1 2 3 0 /2
A3
Arheg
2
A=l E I
2°2°2 8
2
T
A = —
o4
& 4n
Sol 32: (A) > tan™
n; n* —2n% +2

4n
1+(n° -1)(n° -1)

0
= Y tan™
n=1

_ itan‘l (n+1)> —(n-1)°
n—1 1+(n-1)%(n+1)

= Y tan (n+1)* —tan "(n-1)°
n=1

= 2[tan™(0)] — tan™}(1) — tan'0= n —

tan™(2) +tan™'(3) = n+tan™(-1) :%T“

4tan™(1) -«

sec’(1- +2) =cos™ [Lj =—cos(2 +1)
1-42

Previous Years’ Questions

Sol 1: (B) tan {Cos_l (gj wtan @H
]
o]

2
3

,_.
Alw

= tan| tan
1-

Sol 2: (C) sin! (sinz—nJ =sin! {sin(n —Eﬂ
3 3

+
3.2
4 3

Sol 3: (C) Given function is tan/x(x+1) + sin™

\/x2+x+1:g

Function is defined, if

(i) x (x + 1) > 0 = Domain of square root function.

(i) X2 + x + 1> 0 = Domain of square root function.

(iii) Vx? +x+1 <1 = Domain of sin function.
From (ii) and (iii)
0<x2+x+1<1nx+x20

=20 +x+1<1lnx+x+121
=>x+x+1=1

=>x2+x=0

=>x(x+1)=0

=x=0,x=-1

Sol 4: (B) We know that, sin}(a) + cos*(a) = g

Therefore, o should be equal in both functions.

X X , x x°
X —t— = = X ———..
2 4 2 4
X x°
= = 5
X X
1+= 2
2 1+ >
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N X X
24X 24x
2 2
2x 2x°
- =

2+x  24%°
= 2X(2 + x?) = 2X*(2 + X)
=4x + 23 = 4x% + 2¢3
= X4 +2x*-4x-2x) =0
= Eitherx=00r4-4x=0
=>x=0o0orx=1
w0 < |x <2,

~x=1landx#0

Sol 5: (D) Given, sin [cot(1+x)] = cos(tan™x)...(i)

and we know,

cottO = sin‘l[

1
\/1+62J'

and tan™0 = COS'I[

")

-. From Eq. (i),

sin| sint _cos cos™ 1 j
1+(1+x N

\/l+(l+x) \/1+x

=>1+x+2x+1=x*+1

1
oD x=-=
2
Sol 6: (C) We have, 0 < x <1

Letcot'x = 0

C
1 'Jl+x2
0
B X A

= coth =x

1
V1+x°

=sin0 = = sin (cot™x)

and cosQ =

X = cos (cotx)
V1+x°
Now
1

V1+x° [{xcos( cot +S|n(cot x)} —1]E

[
X + -1
1+%° 1+%°

=v1+x°

2
1+x2 1tx ] -1
(\/1+x2
= N1+x? [1+x%- ]2 = xvV1+x2

Sol 7: Given,
9=ta”1\/@+ta 1 [blatb+o)
bc ac
tan? [@*D+O
ab
{ tan'x+tanly + tan"'z = tan (MH
1-xy—yz—2zx
=tan
a+b+c[\/7 \/7 \/7] (@+b+0) a+b+c
ca
1
1—(a+b+c)[++J
a c
a+b+c( 1b+c)—(atb+q) a+b+c
=tan!

(a+b+c) (ab+bc+ca)
abc

= 0 =tan'0 = tanO =0

Sol 8: tan| 2tant| L |- ™| - tan| tan't| —5_|_ T
5) 4
e i .
12) 4
tan| tan"t| > ||~ tan| ® 5
_ 12 4 _ 12 B 7

- 5 . 17
1+tan|tan™* El tan™ 1+ =1
12 4 12
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Sol 9: (A) Given, A = 2 tan! (2+4/2-1) and

B = 3sin! l + sin™t E
3 5

Here, A = 2tan (2+/2-1)

= 2tan™(2 x 1.414 - 1) = 2tan"(1.828)
o A>2tani(3) = 2,2 - 2_3“

To find the value of B, we first say

sin*1l < sin*1~l = —
3 2 6

So that, 0< 3sin-li <X
3 2

Now, 3 sin‘li = sin™ 3~l—4-i =sin? é
3 3 27 27

V3

= sin(0.851) < sint| X2 | = X
2 3
sin™t 3= sin"}(0.6) < sin™! ﬁ =T
5 5 3
. B <E + T E
3 3 3

Thus, A> 2—“ and B< Z—ﬂ
3 3

Hence, greater angle is A.

Sol 10: (B
(B) A
45° 60°
D 7 C X B
BD=AB=7+x
Also AB = x tan 60° = x+/3
x\/§=7+x
7
NEW ]
73

AB =T3(ﬁ+1)

Sol 11: (A) Let cot [cosec"l g +tan™? Ej

3
= E=cot|tan? i +tant z
4 3

= E=cot| tan

= E= cot(tan‘1 1?7) =

Sol 12: (A) cos(a + ) :é = tan(a+p) =%

sin(a.—P) =15—3 = tan(a—p) _2

12
3,5
4 12 _56
tan 2a =tan(a+p+a—B) = ——% = —
o (a+B+a—pP) 35 33
412
Sol 13: (B) r= 2cot ™
2 n
‘a’ is side of polygon.
R=2cosec™
2 n
cot™
T
= =Cos—
T n
cosec—
n
cosE;zr&z for anyneN
n 3
o 1
Sol 14: (B) ¢ =cos45° =—
V2

m = cos 120° = —%

n=cos 0

Where 6 is the angle which line makes with positive

Z-axis.
Now /+m?+n’ =1 — E+l+cosze=l
= cosO=

cos’ 0 = (6 being acute)

N

= 0=

WA e
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-1 1 JEE Advanced/Boards
Sol 15: (A) = <x<

BB

X =tan 0 Exercise 1
-7 b 2
?<e<g Soll:oc=2tan‘1(1+xj;[3=sin‘1 1-x
1-x 1+%°
-1, _ -1 _ _ '
tan"y=0+tan " tan 20 =0+26 =36 Put x = tan y
3
y =tan 362—3tan6—tan 0 a=2tan‘1tan[y+£]
1-3tan’0 4
_ 3= B = sincos2y = g—cos*1c052y
1-3x?
If0<tanx<1;0<y<%
Sol 16: (B) 0<x<2n n 7
0<2y<—:>—<y — <=
COSX + COS2x 4+ cos3x + cos4x =0 4 4 2
(cosx +cos4x)+(cos2x +cos3x) =0 o= 2(y+%} =2y + g
2 cos 5—Xcosz+2c055—xc055=0 - 5
2 2 2 2 p= 5~
2COSS?|:2COSXCOS§:|=0 =oa+tp=m
Ifx>1lstany > 1
5x X
cos—=0 or cosx=0o0r cos==0 . n n
2 2 = =>y>—=n> 2y >—
2 4 2
=Mor x=(2n+1)£orx=(2n+1)n :>3_“>y+£>ﬁ
5 2 4 42
_[m3n  Tn 9n 3 ;
5’5" 552" 2 u=2[—n+%+tanlx}=Tn+2tan‘1x

Number of solution is 7 T 3n
B = > [2 + 2tan?] = +7 -2 tan™x

SoI17:(A)Atx=% = y=§ —a+B=0

Ccos—+sin— R N1+ —A1-%2
o 2 2 . T Sol 2:y = tan
f(x)=tan | |—=——% xel0, = / /
X . X ) ) 1+x2 +V1-x

cos— —sin—
2 —_—
tany = [\/1+x ]

2 2
\/1+x +\/1 x°

=tan!| tan E+i
4 2

_ 2

f(x):£+5 f'(x):l :>1 tany _ 1-x
4 2 2 1+tany 1+x°

Slope of normal = -

1+tan y - 2tany 1-x°
Equationofnormaly—gz—z(x—ﬁj 1+tan y+2tany 1+x°

6

y——2X+2—TC szzﬂzsinZy

3 1+tan’y
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n-1
Sol 3: (i) ™" term = tan*12— = x = ﬁ cos sin-12x — l(zx)
1+2%1 2 2
2n _ 2n—1 2
_ - 3 16
—tan11+2n(22X_1) = 2x = g 1-4x° = 3X =1-4x?
nt term = tan(2n) — tan1(2"?) 282 NE) 1 3
= 13)( = — = —  [—

Sum of infinite series 3 \/% 2\7
= tanL(w0) — tan-}(1) = % (i) tan}(x — 1) + tan}(x) + tan(x+1) = tan3x
(i) tan- (x+1)—x L (x+2)—(x+1) = tan}(x — 1) + tan}(x+1) = tan™}(3x) — tan"(x)

L+x(x+1) 1+(x+2)(x+1) (x-1)+(x+1)  3x—x

- =

=tan7(x+1)-tan(x)+tant(x+2)-tan(x+1) +... 1-(x*-1) 1+3x°
= tan’}(x + 2) — tan}(x) + .... 2x 2x

= =4x2=1;x=0

2 - 2
= tan™}(x + n) — tan"}(x) 2-X 1+3x

(iii) tan™ (X__ﬂ + tan‘l[;x - x]
SoI4:xe{_1l__1} o o
x-1 N 2x-1
f(x) = sin(3x — 4%%) + cos™(4x* - 3x) —tanl_X+1 2x+1
(x-1)(@2x-1)
_ e
f(x) = g(x) + h(x) (D@D

g(x) = sin'sin3y where y = sin"x

h(x) = coscos3z where z = cos™'x = tan™

-1
X _1[ = 2 _ 2
e[ 2 } = tan™ =2 tan™ 2x -1
6x 3x

y =sin“x e {—g,—ﬁ} =3ye {—3—75,—2}

6 2 2

= 24x*-12 = 23x
=24x*-23x-12=0

23++/529+1152 oy

48

Z = Ccosx e {Z?nn} = 3z € [2m, 37]

g(x) = - — 3sin"x

=n-3L_cosix| = —S—n + 3 cos™x X =
2 2

h(x) = —=2n + 3 cos™x

2_
(iv) cos-{x2 1] + tan?! X _2n

f(x)=6c05‘1x—977t x“+1 -1 3
9 2 12 (2 112
a=6b=-= LHS = tan™? ‘/(X Hl - -]) + tan™ 2
2 x2 —1) x* -1
Sol 5: (i) sin"’x + sin12x = g = tan?! | 2x] + tant 2
2
x° -1 x° -1

. T .
= sin"x = — —sin™2x
3 2X

x> -1

Ifx <0LHS = =2tan™*

. T A
= X =sIn [——sm ZXJ 2x
3 If x > 0= 2tan™
x> -1
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2 3
T s tanl == Be-1) S
x- -1 3 1- o B
A2 =3(x*+1-2x) =3x*-10x+3=0 Ja? +p? a? +p?
1
=>x-3)3x*-1)=0 :>x=i\/§,i— — 3 3
¥ = ol +p 2 . 2 " 2 - 2
x = +— does not satisfy. \/a +p° —a \/a +B° B
NE]
By putting all value, we get = 56
Sol 6: tan"'x + cos™ y - sin™? 3
V1+y? V1o 2 1-x2
Sol 8: f(x) = sin™? ; g(x) = cos™
( 1} 1+X2 1+X2
", 2X
— -1
LHS = tanx + tan‘l = tan? Y)_ =tan1(3) h(x) = tan 1_x
X
; putx =tany
x+l f(x) = sin"lsin2y; g(x) = coscos2y
y—3:>x+l —3—3X -1
v ; = 7 h(x) = tan™tan2y
y (i) xe (-1, 1)
1 1+3x T
—1+3x)=3-x=y = ey <E L Ty <
y e Y= 35 4554755
Atx=1;y=2 f(x) = 2y = 2tan™x
Atx=2;y=7 2tantx ;x>0
g0 = .
—2tan""x ; x<0
Sol7:x*-4x+1=0
h(x) = 2 tan"'x
x-=2)2=3
1, .
a:2+\/§;B:2—\/§;a+ﬁ:4;aB:1 f(X)+g(X)+h(X)= 2tan " x ,XSO
6tan'x ;x>0
(2-+3)° 12-43
f , = — 7 t T
(o, B) 5 cosec? an 2+\/_ x=tanE=2—x/§
3 ..
L @3 1t 12443 (i) f2) + 9(2) + h(2)
2 2_ \/_
f(2) = sm‘l(sj
-V3P 1 @+’ 1
2 [sing, /21 2 [cosh, /21 9(2) = cos (?j
(2-+37 (2++3) h(2) = tan™. (ij = cot? (_—3)
-3 4
1-costan (2= \f) 1-costan (2+\/§)
2-3) 2-3) f(2) = -9(2)
-3
— —1
_ (2_\/5)3 . (2+\/_)3 f(2) + 9(2) + h(2) = cot [Tj
[ 2+3 L 2-B)
V14 A7 Sol 9: (i) (cotx) 2 - 5(cotx) + 6 > 0

(cot*x —3) (cot'x—-2) >0
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cotxe (-0, 2) U (3, )
cotxe (0, 2) U (3, n)

xe (cot 2, ©) U (-, cot 3)

(i) sin"’x > cosx

cos™x =n n/4fs

—

x
m
1
S
-
| I |
2|
N

(iii) tan?(sin"x) > 1

T
Tx<=

—Egsin’
2 2

tan(sin™x) =

Sol 10: x(x — 2) (3x — 7) = 2 are real and positive at x =

0, +2, g it has (-2) value.

At x = 4f(4) = 38

A‘t)(:ifl :1_7
2 \2 8

1 1
One root between 0 to > one between > to 2, one

between % to 4.

tan=i(r) + tan(s) + tan=i(t)

_ tan {M} ,,,,, 0

1—(rs+st+tr)

equation is
= 3x*-13x?> + 14x -2 =0
r+s+t= B
3
rst = —_(_2) = z
3 3
rs + st + tr = +4 tani(-1) = —~
3 4

. o . T
since r, s, t are always positive so value will be & - 2

_3n

4

Sol 11: f(x) = E+cos‘1£ X ]—tan‘lx
4 V1+x2

sgn(f(x) ) = 1 when f(x) > 0

forany x >0

f(x) = KL tan‘ll —tanx
4 X

f(x) = 3 _ 2 tan~x
4

3—“— 2tan*x > 0
4

0 < tan™x <3—7t
4

03x<tan(3n/4j
2
:0<x<\/§ +1

OSX<\/§+1
x=0,12

2
Sol 12: sin™* (sin[zx +24]J <n—3
1+x

4
2X +24:2+ 2

2

1+x 1+x

2X° + 4
>
1+x°

2
_[ZX +4J t n<n—3 43,“/2/

1+x? /22

4> 2

2x° +4
>

1+x°

3

1-x?

1+x°

>0

xe (-1, 1)

Sol 13: f(x) = tan™'(cot x — 2 cot 2x)
5

> f(r) =a-bn

r=1

1 2(1-tan’x)
tanx 2tanx

f(x) = tan_{ } = tan(tan x)



SN =1+(-n+2)+(@+3) +(@+4)+ 2 +5)
=15-5n
a=15b=5a+b=20

Sol 14: f(x) = (2a + b) cos™x + (a + 2b) sin"'x
Domain-1<x<1
Then range should be -1 <f(x) <1

f(x) = a[2cos™x + sin"x] + b[cos™x + 2sin~x]

= a{£+cos1 x} + b[£+sin1 x}
2 2

= g(a + b) + (acos™x + bsinx)

= g(a + b) + a(cosx + sin"x) + (b — a) sin"x

==gQa+b)+m—aHm4x

gem<ﬂm<gm+2m

TBRay=-1>a-= _—2;b= 4
2 3n 3n
n(@a-b) =-2

V1-%°

X

Sol 15: (i) y = tan(cos™x) =

-2
y = 1-x identical
X

exceptx =0

0.5 1 15

(i) y = tan(cot?x) = lexcept x = 0 identical
X

Mathematics | 20.57

-1.25 0.25 0.5 0.75 1 125

X
(iii) y = sin(tan™x) = \/— identical
1+x

1071

-2 2 1 32

-1.0+4

-20T

(iv) y = cos(tan™x)
T -1 . 1
= COS (E—cot x] = —sin(—cot™x)

= sin(cot™x) identical

10t

-TE'/Z -n'/ 2

Sol 16: (i) f(x) = cot™(2x — x?)
2x = x? = X(2 - x)

Domainx € R

Range 2x-x’< 1= x e {%n]
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(i) f(x) = sec’(log,tan x + log,_ 3)

Domaintanx > 0, tanx = 1

log, tan x + ;> 2
log, tanx

1
orlog, tan x + ——— < -2
log, tanx

w55

\/2x2 +1

X2 +1

V2x2 +1

Domain ———<1
X% +1

(iii) f(x) = cos™

2%+ 1<xr+2¢ + 1

x>0

Always true xe R

(iv) f(x) = tan‘l(log%(Sx2 —-8x +4))
5x2-8x+4>0

Domainx € R
Range x € _—Tc, r
2 4

Sol 17:y = sin"'sin8 — tan-'tan 1

+ coslcosl2 —seclsec9 + cotlcotb — coseclcosec?

8~5?n+h;12~4n—h;6~2n—h

1~F h:9~31-h:7~2"_h
2 2

y=0@Brn-8-1+4x-12-(9-2n)
+6-n)-(7-2n) =-31+ 10n

14
5

Sol 18: o = sin! (%} B = cos

8
= tan!| —
- on()
a+B+y=sint 300 ot 2 s tant[ 2
85 5 15

= tan! 36 +tant 3 +tan™? 8
77 4 15
3.8

60

= tan™ 36 + tan™ 7). 1
77 36 2

(i) Zcot o = cot a + cotP + coty

. T
smcea+[3+y=5

1 = tan a. tanp + tan Btany + tan ytano
cota cotf coty = cota + cotP + coty

Hence prove.
(i) Sincea + B +y = n/2
Hence, X(tan atanp) = 1

Sol 19: sin™t (sin%} +cost cos@

+ tant [—tanBTn] +cot™ cot(%gnj

LHs = 3T _5p 4 75 - 208
7 7

- 13—“—271 + T+ 19—“—211
8 8

-13x 137 13x=
= +2TE+TC—T= _—

4

Sol 20: (i) cos’li+cos’1 -/ +sint 36
13 25 325

= tan! E —tan‘12—4+sin‘1 i
5 7 325
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(ii) LHS = cos‘l\/g cos™ [

T

I £+1j+\/5—2£
32 ) 3242

\/ﬁ+ﬁ+\/5-2\£J
6

= cos™

= cos™

3 _m

= COS~ =cost— = —

6

Sol 21:

cot! ab+1 + ot bc+1 + cot! ca+1
a-b b-c c-a

=tan! a-b +tant b-c +tant| 228
l+ab 1+bc 1l+ca

= tan(a) — tan7'(b) + tan(b)

—tan(c) + tan'(c) — tan™\(a) =

Sol 22: x> + 5x-49 = 0 =0, B

cot(cot™a + cot™p)

_ (cot cot™? a)(cot cot™? B)-1
(cot cot™? a) + (cot cot™ B)
ap-1  _1-49

:a—-|-[3: — =10

Sol23:0,+0,+0,=n

tan™ 1 + tan™ l+k + tan™ E+2k =
2 2 2

= Use the formula

_ _ _ X+y+z
wn1x+mn1y+mnz=mn1(———JL———J

1-xy-yz—2zx

(e (o) 5o

2k +1)(4k +1)
4

=1+2k+1+4k+1-=

=24k + 12 = 8k? + 1 + 6k
=8k?-18k-11=0

:>sz
4
Sol 24 :
C
b a
A B
C

Area (AABC) = % x ¢ x (b sinA)

ZA = /B =

o (B30 (3]
o o3

/A=sB=Z, «c=L
3 3
Area AABC = Cx
2 sinC
2 2 2 .2 2
_C_smA_C_>< sin® A :C—tanA

2 sinC 2 sin(180°-2A) 4

2 1/2
OGN

Sol 25: (i) f(x) = c05‘1x+c05‘1(§

f(x) = cos™x + cos{ (x)+—\/(1 x? }

1

_ 41
= cosx + |cos ™t x —cos 15

Xe E 1 |cosx < cos*ll
2 2

1 1 T
= cosx + cost= —cosx = cost= = —
2 2 6
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(i) fx) = tan™ [—“Xz —1]

X
Putx =tany
1-cos 25in21
f(x) = tan‘l.—y —tanl— 2
siny ZsinxcosX
2 2
- tanY = Ltanx
2 2

Sol 26 : f(x) = cot*(x*> + 4x + 0® — o)
= f(x) is onto function so
S>X+dx+0f-a>0
>x+2)2+02-0-4>0

= (0> — o — 4) should be zero

>at-a-4=0

14417

2

= o =

Sol 27 : LHS = tan*Ll + tan‘lz
4 9

1.2
= tan™ 4 9 = tan™ 1 = tan™ y
2 2 2
1-%
36
1+1
= =| 2ta a1) 1tan’12 2
2 1
1-—
4
= ltan’1£= lcos’12
2 3 2 5
= lsm’liz RHS
2 5
Sol 28 : LHS =

.2 X 2 X . X X .2 X 2 X . X X
sin® =+ cos® =+ 2sin=Ccos—= +,/sin” = + cos* = —2sin=cos—
cot! 2 2 2

2 2 2

o X X . X X X X o . X X
5|n25+c052§+25|n7cosf—\/sm27+coszf—25|n7cosf

2 2 2 2

. X X X . X
Sin—=+cos—+cos——sin=
2 2 2 2

= cot™
. X X X . X

SIN—+ COS——COS—+SIN—

2 2 2 2

= cot‘lcoti - X
2 2

Sol 29 : (i) fx) = cos? 2
1+x

We know that -1 £2_x <1
1+x

2X +1>0and 2

1+x 1+x

-1<0

3x+1> x—-1
x+1 x+1

xe (—o0,—1) u(%l,oo} and xe (-1, 1]

So xe [_?1,1}
(i) 0 = Jcos(sinx) + sm—llzxx

cos(1) < cos(sinx) <1

2
and1+x =1 E+x >1
2X 2 x

2

forx >0

or = l[E+xjsl forx <0
2\ x

(iii) f(x) = sin™® (XT_BJ —log,,(4 - x)

thenx =1, -1.

X—3
2
=>x<4soxell, 4]

-1< <1=1<x<54-x>0

(iv) f(x) = sin[x(x + 2)]
We can write here that -1 <x? + 2x<1

xe [[1++2), (N2 -1)]
V1 —-sinx

(v) f(x) = ———"— + cos'[1 - {x}]
log, (1 - 4x°)

l1-sinx>0=sinx<1

and 1 —4x%= 1. Also x# 0 and1l — 4x?>> 0

1 1 11
=S | x—=||x+=|<0=>xe|-—=,=

So domain x (—Elj - {0}
22

(vi) f(x) = V3 -x + c05‘1(3_52)(j
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+log,(2|x| = 3) + sin"(logx) Sol 2: (C) We have
S, =2x =sin2p
S, = XXX, =cos 2B

2

:—1£Iogzx£1:>%£x£2

3
and2|x|—3>0:>|x|>§ S, = X XXX, =cosp
B S, = X XXX, =-sinf
So now xe (—oo,_—a]u(i,ooJ and -1< 3-2x <1 4 S. _§
2 2 > Sothat ), tanlx =tan-1 —L -3
-1 ' 1-5,+5,
=-8<-2x<2=4>x>1
Now we have xe [1,4]and 3-x>0 —tan! SiIN2B—cosP _ 4oyt CésB (25.|n p-1
1-cos2p —sinP sinB(2sinB-1)
=>x< 3
So domain will be x € (% 2} =tan*(cotp) = tan? (tan(%—ﬁj}
(vii) f(x) = log, (1 -log,(x*~5x + 13) + cos™ .3 o T B
2+sin——x 2
ite h 1< 3 <+1
We can write here - - + Sol 3: (B) f(x) = cot™ log, ((5x* — 8x + 4)
2+sin——x 4
In 2 5x2—8x + 4 >—
= sin?x =+1 5
Iog4/5(5x2 -8 +4)<1
9 b8 4n+1
= —X=2Nnt+ — =>X= -
2 2 9 f(x) e{—, n]
2 2
=>x?-5x+ 13 = x—E +13—§: x—E +2—7<7
2 4 2 4
Sol 4: (C) (1 +x) cosy-x>=0
This gives xe (2, 3) 5
X
. y = cos™
So the domain would be x = % % 1+x
2
sinfl(ij X =-1<—<1
wii) f) = e %+ tanl[E—lj + Inx =[x] 1+x
2 <1 X +x+1 0
Now x — [x] # 0=x ¢ I 1+x 1+x
and-1<X<1=2<x<2 xz—x—1<
> AP Y)
1+x
So the Domain will be (-2, 2) - {-1, 0, 1} ,
1 5
X_i _——
3,
Exercise 2 x+1
Single Correct Choice Type e 1-v5 14455
2 2
Sol 1: (C) x? —4x + 5 > sin"}(sin 3) + 2cos™(cos2) — &t
x-2)?+1>r-3+4-n Sol 5: (B) 4(tan™x) 2 — (tan’x) -3 <0

(x-2)2+121 1

(tan™x) -2 ltan_lx + i_ 1 3 -0
8 4

Always true except {2} 64 64
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(tan"'x — 1) [tan‘1 X + %J <0

—é <tanx <1
4

—tan™ [Ej <x<
4

Sol 6: (B) sec*[-sin?x] is defined only if
[-sin’x] = 1, -1

N

[-sin’x] = -1whenx ¢nn
secl(-1) ==

So area bounded

-n \n
b 3 \/;
= ‘[ (n—x*)dx = {nx—%}
Jr _Jr
= nn - +nn—§=inn

Sol 7: (B) We have from the given equation

tan 1 (@a+b)x T and (c + d)x
x> —ab 2 x° — cd
= tan! (a+ b)x =cot’1w
x?> — ab x* — cd

o x> — cd

a (c + d)x

= (x* —ab) (x* —cd)=(a +b) (c + d)x*

= x* x> Y ab+abcd=0

2
Sol 8: (C) sinV1—x? + cosx = cotl( 1-x J— sin~1x
X
sinV1—x 4 g = cot™

xe [-1, 1] - {0}

1-x?

X

1

T -1 2
cos[5+sm 1-x J= cos cot™?
X

/ 2
. A 2 9 1-—x
—=sin sin"ty1—-x“ = cos cot! ——

X

1-x?

X

-vJ1-x* = coscot?

If x > 0 then it won't satisfy except 1.
If x < 0 then it will satisfy.
xe [-1, 0) u {1}

Sol 9: (C) f(x) = cosec™ \/m

3—-4secx
> " >1
1-2secx

=Xe| 2nxw —E,Znn +I- {2nm}
2 2

T
Range €| 0,—

Sol 10: (A) [sin"x] = [cos™X]

Iosintx<X
2 2

1~X. %16
32

[sin’x] =-2,-1,0,1
0<cos™ = n=[cosx] =0,1,2
so[sin'x] = [cos™*x] =0or1l

xe [cos 1, sin 1]

Multiple Correct Choice Type
2e+4
3

Sol 11: (A, B) (A) cos™ (In
2e+4 .

3>e> In(2e+4]> 1
3 3

meaning less because

cos! [|n2e3+4j is not defined.
(B) In cosec™ i , a1
4) 4

cosec™ [%j not defined

—X

2




(C) cot? [g] defined

(D) sec™(r) defined

(4
Sol 12: (A, B, C) Let cos ! [gj =0, that is, cos a = %

2
oz
4 4

so that tan o = 0 < o < mand

cos a > 0)
tanoc+g
And tan cos_liﬂan’13 = 3
5 2
1-tano-—
3
3 . 2
4 3 17 a )
-4 233 =E= E (given)
1-%2.>2
34

So,a=17,b=6,a+b=23,a-b=11and3b=a+1

Sol 13: (B, ) (A)y2 = V1-x*
>ytexe=1

Not circle

(B) y = sin(cos™*(1 - x))

y = \J1-(1-x)?

Half circle fory > 0

(C) y? = (sin cosx) 2
V=1-x)=y+x*=1
Which is a circle

(D) y = sincos?y

Not a circle

Sol 14: (A, B) cos™x + cosly + cosz =
cos(xy — ﬁ 1- y2 ) =71 —cos'z
Taking cosine of both sides

(xy +2)2=(1-x)(1-y)
X2y + 72 4+ 2xyz= 1 - x> —y? + x%y?

XX +y2+2722=1-2xyz

(B) sin’x + sin"ly + sin7z = g

Mathematics | 20.63

L. H.S
T ~1 T ~1 n -1
= — —COS !X+ — —C0S y+§—cos z

T
— (cosx + cosly + cos'z) = 5

3n

Match the Columns

Sol15: A—>s;Bo>p;C—o>r;D—oq

o1 X
(A) f(x) = sin [—1+|X|j

R f _rrT
ange f(x) e( > 2]
X

(B) g(x) = cos™. Tt x|

ifx>0=0< <1

1+ x| 1+x

x<0=02> > -1

—X

the Range f(x) € (0, x)

= -1 X
(©) h(x) = tan TrIx]

Range f _rr
ange f(x) e( 2 4}

,]_ X
(D) k(x) = cot (1+ Ix J

Previous Years’ Questions

Soll: A»p,B—>qgC—o>p;D—>s
(A)Ifa=1b=0,thensin?x + cosly =0
= sin"x = —cosly

=>x+y’=1

(B)YIfa=1andb =1, then

. I
sinIx + cos™ly + cosxy = 5

= cosx — cosly = cosxy

:>xy+\/1—x2 wll—yz =Xy
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=-1(Ky*-1)=0
OIfa=1b=2then
T

sin’x + cosly + cos™(2xy) = 5

= cosx — cos™ly = cos?(2xy)
=xy +V1-x% \1-y? =2xy

=>x+y’=1
(D)Ifa =2 b =2, then
s

sin}(2x) + cos™\(y) + cos(2xy) = 5

= cos(2x) — cosH(y) = cos?(2xy)

= 2xy +V1—4x% \1-y? =2xy

= @x-1)(?-1)=0

Sol 2: Given than, tan™ 2x + tan™ 3x :%

1[2x+3xj i

= tan =

1-6x°) 4
5x

= =1= 6x+5x-1=0
1-6x2

=x+1)(6x-1) =0:>x:—1or%
But x = —1 does not satisfy the given equation.

. We take x= l
6

Sol 3: Let f(x) cos(2cos™x + sin™x)
= cos [cos1 X + g) { cos tx+sintx= g}

= —sin(cos™x)

= f(x) = —sin(sin’1 1—x2]

= [ 1] = sin| sin 1—i
5 52

= —sin(sin1 &J = —ﬁ
5

5

Sol 4: LHS = cos tan™[sin(cotx)]

= cos tan‘{sin{sin1

=)

X2 +1
= > = RHS
X°+2

= COS [ta nt

1
V1 + x?
a . c . 2
Sol 5: =sin2C+—=sin 2A=— (acos C + c cos A)
C a 2R

:g:ZSinB:ZSin60°:\/§

SolG:(B,C,D)£<a<n,n<B<3—n:3—n<a+B<5—n
2 2 2 2

= sinf>0; cosa <0

= cos(a+fB)>0



