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INTRODUCTION :

We are familiar with algebraic equations. In this chapter we will learn how to solve trigonometric
equations, their principal and general solutions, their properties. Trigonometric functions play an
important role in integral calculus.

%ﬁ; Let’s learn.

3.1 Trigonometric Equations and their solutions:
Trigonometric equation :

LDef inition : An equation involving trigonometric function (or functions) is called trigonometric}
equation.

1
For example : sing = —, tang = 2, cos3p = cos5¢ are all trignometric equations, x= asin (or+a )

is also a trigonometric equation.

Solution of Trigonometric equation :

Definition : A value of a variable in a trigonometric equation which satisfies the equation is called
a solution of the trigonometric equation.

(e )




A trigonometric equation can have more than one solutions.
T

For example, 9:% satisfies the equation, sinQ:%, Therefore 5

is a solution of the trigonometric

. . 1
equation sin 6 :5,

7 1
"4 s asolution of the trigonometric equation cos 6 =—\/§.
z . . . . 1

4 sa solution of the trigonometric equation cos6 =E.

Is  a solution of equation sin 6 — cos 6 = 1? Can you write one more solution of this equation?
Equation sin © = 3 has no solution. Can you justify it?

Because of periodicity of trigonometric functions, trigonometric equation may have infinite
number of solutions. Our interest is in finding solutions in the interval [0, 27).

Principal Solutions :

Definition : A solution o of a trigonometric equation is called a principal solution if 0 < a < 2.

T 5z
5 and "6 are the principal solutions of trigonometric equation sin 6 = %

137 . 1 13
Note that Ty is a solution but not principal solution of sm9=§, { TE ¢ [0, 277)}

0 is the principal solution of equation sin 6 = 0 but 27 is not a principal solution.

Trigonometric equation cos 6 = —1 has only one principal solution. 6 =t is the only principal
solution of this equation.

@) Solved Examples )

Ex. (1) Find the principal solutions of sinf =

1
J2
Solution :

: 1 . . ,
As sinT=—— and 0 < £<27r,£ is a principal solution.
4 4 4

By allied angle formula, sin 6 = sin (n — 6).

.'.sinzzsin n—z :sinS—ﬂand 0£3—ﬂ< 2
4 4 4 4

3r . .. .
T iIs also a principal solution.

I and 37 are the principal solutions of sin6 !
S, — — SINU =——.
4 4 brineip 2
(66)




Ex.(2) Find the principal solutions of 0050=%.

Solution : As cos%=% and 0<” < 2r, % is a principal solution.
By allied angle formula, cos 6 = cos(2rn—0).

.'.cos£=cos 27r—Z =c0s5—7r andOSS—ﬂ<27r
3 3 3 3

St - .
3 is also a principal solution.

5 o , 1
.'.%and ?ﬂ are the principal solutions of cos 9:5.

Ex. (3) Find the principal solutions of cos@:—%

1
Solution : We known that COS E

w|y

As cos(n—0) = cos(n+6) = — cos 0,

1
cos| 7 —Z | =~ cos = = —~ and cos | m+ = =—cos£=—l
3 3 2 3 3 2

2 1 4r 1
..c08S — = —— and cos — = ——
3 2 3 2

1
Also 0 < 2?” <27 and 0 < %” < 2r. Therefore 2?” and 4?” are principal solutions of cos 6 = 5
Ex.(4) Find the principal solutions of cot ¢ = -3
. . . 1
Solution : We know that cot 6 = — /3 if and only if tan QZ_E

T 1
We know that tan —=—+
6 3

Using identities, tan (r—0) = —tan 6 and tan (2r — 6) = — tan 0, we get

Sm 1 117z 1

tan — =——=and tan —=——F
6 NE) 6 NE)

St 117
An OS?<27T OfldOST<27T

St 1z . .. .
?and o are required principal solutions.




The General Solution :

Definition : The solution of a trigonometric equation which is generalized by using its periodicity
is called the general solution

n T n
generate all these solutions from the expression 77 +(~1) o neZ. Thesolution nz +(-1) %n eZ

. . . 1
is called the general solution of sm9=§.

Theorem 3.1 : The general solution of sin 6=sin o is 6 = nxt + (-1)"a, Where n € Z.
Proof : As sin 6 =sin a, o is a solution.
As sin (m—a) = sin o, n—a is also a solution. Using periodically, we get

sin 0 = sin a = sin(2n+a) = sin(4n + o) = ... and

sin 0 = sin(n—a) = sin(3n—a) = sin (5t—a) =...

sinf=sinaifandonly if 6 = o, 27 + 0, 4% +a, .... Or 6 = 1—a, 3n—a, 57 — a,...

0=..0,mT—0,2n+0, 3Tt — o, 4T+ o, ST—0,...

The general solution of sin 6 =sin a. is ® = nt + (-1)" a, where n € Z.
Theorem 3.2 : The general solution of cos 6 = cos a is 6 = 2nmt + a,, where n € Z.
Proof: As cos 0 = cos a, a Is a solution.

As cos (—a) = cos a, —a is also a solution.

Using periodically, we get

cos 6 = cos a = cos (2n+a) = cos(4n+a) = ... and

cos 6 = cos (-a) = cos (2n—a) = cos(4n—a) = ...

.cos 0 = cos a if and only if 6 =a., 21 + a, 4n+a,...0r 6 =—a, 21—, 4n—0, 671—0L,...
.. The general solution of cos 6 = cos a is 6 = 2nn+a, where n € Z.

Theorem 3.3 : The general solution of tan 6 = tan o is 6 = nm+a, where n € Z.
sinf _ sina

Proof : We know that tan 6 = tan o if and only if
If and only if sin 6 cos o = cos 6 sin a
If and only if sin 6 cos o - cos 6 sin o =0
If and only if sin (6—a) =sin 0
If and only if 6—a = nx + (-1)"% 0= nx, where n € Z.
If and only if © = nt + o, where n € Z.
The general solution of tan 6 =tan a is 6 = nwt + a, where n € Z.
Remark : For 6 € R, we have the following :
(1) sin6=0ifandonly if 6 = nm, wheren € Z.

cosf cosa

(i) cos®=0ifandonlyif 6= (2n+1) % wheren e Z.

(i) tan©®=0ifand only if 6 = nwt, where n € Z.

Fa)




Theorem 3.4 : The general solution of sin? 6 =sin? o is 6 = nwt + o, where n € Z.
Proof : sin? 6 =sin? o,

sin@=+sina

sin® =sinaorsin ®=-sina

sin 6 = sin o or sin 6 = sin (—a)

0=nn+(-1)"aor0=nn+(-1)"(—a), where n e Z.

0 =nn+ a, where n e Z

The general solution of sin? 6 =sin? a is © = nwt + a, where n € Z.
Alternative Proof : sin? 0 = sin? a

. 1=c0s20 1-cos 2a
o2 2
C0s 20 = cos 2a.
20 = 2% + 20, Wwhere n € Z.

0 =nn+ a,where n e Z
Theorem 3.5 : The general solution of cos? 6 = cos? a. is 6 = nwt + o, where n € Z.
Proof : c0s? 6= c0s? a
1+cos20 1+cos2a
2 2

€0s20 = cos2a
20 =2nt =+ 20, where n e Z.
O6=nn+ o,wheren e Z.
Theorem 3.6 : The general solution of tan? 6 = tan? . is 6= nn + o, where n € Z.
Proof : tan? 0 = tan? a
l+tan’6 1+tan’
1-tan’0 1-tan’«

by componendo and dividendo

S 1-tan’6  1-tan’a
"1+tan’0  1+tan’a
C0S 20 = cos 2a

20 = 2nwt + 20, where n € Z.
0 =nm + o, wheren e Z.

( Solved Examples )

Ex.(1) Find the general solution of

by invertendo

L B 1
(1)sin 9=7 (i) cos 9=$ (iii) tan 6=+/3
Solution : (i) We have sin@ = %




. T
sin ® = sin—
3

The general solution of sin 6 =sin o is© = nw + (-1)" o, wheren € Z.

T
The general solution of sin 6 = sin% is®=nm+(-1)" 3, wheren e Z

T
The general solution of sin 6 = g isO=nn+(-1)" 3 ,wheren e Z.

1
iil) Wehavecos0= —
(i) 7

e T
CoS 0 = cos —
4

The general solution of cos 6 = cos a is 6 = 2nwt + o, where n € Z.

The general solution of cos 6 = cos % is0=2nm + % , Wheren € Z.

1
.. The general solution of cos 6 = E iIs0=2nw + i ,Wheren e Z.
(iii) tan 0= /3 4
tan 6 =tan z
3

The general solution of tan ® =tan o is 6 = nn + o, where n € Z.
The general solution of tan 6 = tan %is O=nn+ % where n € Z.

T
The general solution of tan 6 = J3 ise=nn+ 3 wheren € Z.

Ex. (2) Find the general solution of

(|)S|n6:—§ (||)cos(9:—% (|||)cot6:—\@
Solution : (i) sin 6 = — ?

. . 4rx . 4r . .

sin © =sin ?(As sin 53 T and sin (t+A) = —sin A)

The general solution of sin 6 = sin o is a=nx + (-1)"a, where n € Z.

. . . Ar 4
The general solution of sin 6 = sin ?ﬁ is0=nm+ (-1)" ?ﬂ , Wheren € Z.

3 dr
The general solution of sin 6 = ey iSO =nx+ (-1) 3 *wheren e Z.

(70 )




.. 1
i) cosO=——
(i) 5

cos 0 = cos 2Tﬂ(Ascosgzécmdcos(ﬂ—A)z—cosA)

The general solution of cos 6 = cos o is 6 = 2nmt + o, where n € Z.
The general solution of cos 6 = cos 3 isO=2nt = 3 wheren € Z.
. 1 . 2r
The general solution of cos 6 = ey iIsO=2nt + 3 where n € Z.
(iii) coto= —/3 . tan@= L

tan 6 = tan 5—7[(Astc1n£=ic1ndtan(7r—A)=—‘[anA)
6 6 3

The general solution of tan 6 = tan a is 6 = nn+a , where n € Z.
. 57 . 5
.. The general solution of tan 6 = tan Y ISO=nn+ e wheren € Z.

.. The general solution of cot 6 = /3 is6=nn+ £ , Where n € Z.
Ex. (3) Find the general solution of 6

(i) cosec © =2 (ii) sec 6 + V2 =0
Solultion : (i) We have cosec 6 =2 ..sin 6 = %

sin 6 = sin z
76

The general solution of sin 6 = sinais® =nn + (-1)"a, where n € Z.

The general solution of sin 6 = sin % isO=nm+ (-1) % , Wheren e Z.

The general solution of cosec 6 =2 is 6 = nx + (-1)" % wheren € Z.

.. 1
i) We have sec 6 + J2 =0 - cos=—-——
w 7

1
Ccos 0 = cos 3—ﬂ(Ascoszz—andcos(n—A)= —cos A)
4 4 2

The general solution of cos 6 =cos ais 6 = 2nmt + o, where n € Z.

. 37 . 37
The general solution of cos 6 = cos o iSO =2nm + K wheren e Z.

The general solution of sec 6 = V2 is 8 = 2nm + 377[ ,wheren e Z.

(71)




Ex. (4) Find the general solution of

(i) cos 20 =——= (ii) tan 30 = -1 (iii) sin 46 = ?

V2

1
Solution : (i) We have cos 20 = _3

(i)

(iii)

oS 260 = cos 3Tﬂ(Ascosgzicmdcos(ﬂ—A):cos A)

J2

The general solution of cos 6 = cos ais 6 = 2nmt + o, where n € Z.
. 37 . 3z
The general solution of cos 26 = cos " is20 =2nw + 7 wheren € Z.

. 1 .
The general solution of cos 20 =——= is6 =nn 13—”, wheren € Z.
V2 8

We have tan 30 = -1

tan 30 = tan 3Tﬂ(Astcm%= land tan (7 — A)=—tan A)

The general solution of tan6 =tan ot is6= nx + o, wheren € Z.

. 3r 3z
The general solution of tan 360 =tan ——is30=nn= +T where n € Z.

4
) ) nrt rx
The general solutionoftan 30 =—11is 6 = 5+ -, wheren € Z.
N 3 4
sin 40 = 73

sin 40 = sin —
3
The general solution of sin6 =sinais 6 =nn + (-1)"a, wheren € Z.

T

The general solution of sin 46=sin 3

is40=nmn +(—1)”%,wheren e”Z.

. . NEW nz T
The general solution of sin 40 = X~ is6 = a7 (=1)" Ewhere neZz
2

Ex. (5) Find the general solution of

(iY4cos?0=1(ii)4sin> 6 =3 (iii)tan> 6 =1

Solution : (i) We have 4 cos? 6 =1

2
cos? Gzl: 1
4 2

T
c0s? O = cos? 3




(i)

(iii)

The general solution of cos? 6 =cos?ais 6 =nn+ o , wheren € Z.

The general solution of cos? 6 = cos? % is 6 =nn i% , Where n e Z.

The general solution of 4 cos? 6 =1is6=nn + % wheren € Z.

We have 4sin? 6 =3
ﬁ 2
2

sinz 0 =sin2
3

sin? 0 = El
4

The general solution of sin?0 =sin> a is6=nm + o, wheren € Z.

The general solution of sin? 6 = sin” is0=nnx i% ,Wheren e Z.
3
The general solution of 4sin?6 =3is 6 =nx +

We have tan?9 =1

, Wheren e Z.

Wy

T
tan? 0 =tan? —
4

The general solution of tan?0 = a.is 6 =nn + o, where n € Z.

. T T
The general solution of tan? 6 = tan? 1 isO=nmn+ 7 wheren € Z.

The general solution oftan?> 6 =1is6=nn + —, wheren e Z.

E
4

Ex. (6) Find the general solution of cos 36 = cos 2 6
Solution : We have cos 36 = cos 20

cos30—-cos20 =0
-2 sin ﬁ sin Q=O
2 2

sin E:Oorsin Q:O
2 2

50 0
—=nnor —=nmn Wheren e Z.
2 2
2n
92%, neZz.

2nr
0= 5 where n € Z is the required general solution.




Alternative Method : We know that the general solution of cos 6 = cos o is © =2nm + o ,wheren € Z.

The general solution of cos36 =c0s20is36 =2nt+26 ,wheren € Z.

30=2nt—-26 or30=2nn + 20, wheren e Z.

50 =2nrnor 6 =2nm ,wheren € Z.

2nr . . .

0= 5 Ne Z where n € Z is the required general solution.
Ex. (7) Find the general solution of cos 56 =sin 30
Solution : We have cos 560 =sin 30

cos 50 = cos (2_39j
2
56 = 2nn i(%_wj

50= 2nn— (%_39] or 50= 2nm+ (%49}

n : .
0=n-2 oro= —ﬂ+% , Where n € Z are the required general solutions.

4

Ex. (8) Find the general solution of sec? 26 =1 - tan 26
Solution : Given equation is sec? 26= 1 — tan 20
1+tan?20=1-tan 20
tan?20 +tan 260 =0
tan 20 (tan20+1)=0
tan20=0ortan20 +1=0

3
tan 20 = tan 0 or tan 20 = tan Tﬁ

20=nn or 20=nn +3T7[ ,wheren e Z.

nz nt 3r ) ) )
0 = or 9 = —+— , where n € Z is the required general solution.

2
Ex. (9) Find the general solution of sin 6+sin 36 +sin 50 =0
Solution : We have sin 6 +sin 30 +sin50 =0
(sin 6+sin50) +sin30=0
2 sin 30 cos 26+ sin 30 =0
(2cos 20+ 1)sin36=0

sin 30=0 or cos 20 = _l

sin 30 = 0 or cos 20 = cos 2{




30=nr or 20=2nxw + 2?” , Wheren e Z.

nz . : :
0= 3 oro=nm+ % where n € Z is the required general solution.

Ex. (10) Find the general solution of cos6—sin6=1
Solution : We have cos 0 —-sin6=1

|
Lcos 0 ———=sino =

!
V2 J2 V2

T . .
cosOcos — —sinOsin — =
4 4

5l

T T
COS |@+— | =cCO0S —
[ 4J 4
0 +£=2nni z
4 4

0+ =2nm— " or 0+ —=2nn +
4 4 4 4

72'
0 =2nmt — - or 6 = 2nxw, where n € Z is the required general solution.

<:> Exercise 3.1 )

Find the principal solutions of the following equations :

(i) cos 6 = % (ii) sec 6 = = (iii) cot 6 = J3 (iv)cot6=0

3

2)  Find the principal solutions of the following equations:

(1)sin6 = —% (if) tan6 = -1 (iii) J3 cosec 0 +2=0

Find the general solutions of the following equations :
3) (i) sin6 :% (i) cos 6 = % (i) tand = L (iv)cot6=0

V3
4) (i) seco = V2 (ii) cosec 6 = 2 (iii) tand = -1
5)  (i)sin26= % (ii) tan ? =3 (i) cot 40 =1

6) (i) 4 cos’6 =3 (ii)4sin0=1 (iii) cos 40 = cos 20
7) (i) sin © =tan® (ii) tan® 6 = 3tan6 (iii) cosB +sin6 =1
8)  Which of the following equations have solutions ?
(i)cos 20 =-1 (if) cos* 6 =-1 (i) 2sin6 =3 (iv)3tan6=5
(75)



3.2 Solution of triangle )

3.2.1 Polar co-ordinates : Let O be a fixed point in a plane. Let OX be P(r,0)
a fixed ray in the plane. O is called the pole and ray OX is called the r
polar axis. Let P be a point in the plane other than pole O.

Let OP =r and m £ XOP = 6. The ordered pair ( r, 6 ) determines the 6
position of P in the plane. They are called the polar co-ordinates of P . (fixefj) point)
'r" is called the radius vector and 0 is called the vectorial angle of point
P Fig 3.1
Remarks :

i) Vectorial angle 0 is the smallest non-negative angle made by OP with the ray OX.

i) 0<0<2xn

iii)  Pole has no polar co-ordinates.

3.2.2 Relation between the Cartesian and the Polar co-ordinates: Let O be the pole and OX be the
polar axis of polar co-ordinates system. We take line along OX as the X - axis and line perpendicular
to OX through O as the Y - axis.

Let P be any point in the plane other than origin. Let (x , y) and (r , ©) be Cartsian and polar

(fixed >r(ay)

co-ordinates of P. To find the relation between them. 'Y
By definition of trigonometric functions, we have sin 6 = 2 and
r P(x’y)

r

c0s 0 = ~ () 4

r < > X
o x M
Xx=rcosOandy=rsin0® v Fig 3.2

This is the relation between Cartesian and polar co-ordinates.
T
Ex. (1) Find the Cartesian co-ordinates of the point whose polar co-ordinates are (Z’ZJ

Solution: Givenr=2and 0 = %

Using x =rcosd andy =rsin 6, we get

The required Cartesian co-ordinates are(\/f A2 )
1 -1
Ex. (2) Find the polar co-ordinates of point whose Cartesian co-ordinates are | —=, —=
rndtep g &3

Solution : From the co-ordinates of the given point we observe that point lies in the fourth quadrant.

r2:x2+y2
1Y 1Y 11
P=|—=| +|-——f4| == +—- =1
[ﬁj (\/Ej 2 2

(76 )



r=1
X=rcos6 ,y=rsind

1 1
—==1x%xc0s0 and ——— =1xsin0
J2 NGB

1 1
cosO=—= and sinf= ———
V2 J2

The required polar co-ordinates are (l%j .

3.2.3 Solving a Triangle :

Three sides and three angles of a triangle are called the elements of the triangle. If we have
a certain set of three elements of a triangle, in which at least one element is a side, then we can de-
termine other three elements of the triangle. To solve a triangle means to find unkown elements of
the triangle. Using three angles of a triangle we can't solve it. At least one side should be known.
In AABC, we use the following notations : I(BC) = BC = a, I(CA) = AC = b, I(AB) = AB =c. This
notation is called as the usual notation. Following are some standard relations between elements of
triangle.

b ¢
sinA  sinB sinC
Proof : Let AD be perpendicular to BC.

AD=DbsinC

1
A (AABC) =  BC x AD

3.2.4 The Sine Rule: In  AABC,

= 2R, where R is the circumradius of AABC.
A

:laszinC
2 B

A (AABC) = % absinC

2A (AABC) =absinC

Similarly 2A (AABC) = ac sinB and 2A (AABC) = bc sin A
bcsin A=acsinB=absinC

Divide by abc,

bcsind  acsinB _ absinC

abc abc abc

sind _sinB _sinC

a b c

a b c

(D)

sin4 sinB sinC




To prove that each ratio is equal to 2R.

As the sum of three angles is 180°, at least one of the angle of the triangle is not right angle.
Suppose A is not right angle.

Draw diameter through A. Let it meet circle in P.

AP = 2R and AACP is a right angled triangle. £ ABC and £ APC are inscribed in the same

arc.
m ~Z ABC=m £ APC
sinB=sinP= i:i
AP 2R
—
sin = oR
b
=2R . (2
sin B )

From (1) and (2), we get

.a = .b - .c =2R
sin4 sinB sinC

Different forms of Sine rule : Following are the different forms of the Sine rule.
In AABC.

) a b ¢
M) sind sinB sinC
(i) a=2RsinA,b=2RsinB,c=2RsinC

=2R

sind sinB sinC
b c
(iv) bsinA=asinB,csinB=bsinC,csinA=asinC

k

(iii)

a sind b sinB
V) TSnB’C sinC
Ex.(1) In AABC if A =30° B = 60° then find the ratio of sides.
Solution: Tofinda:b:c
Given A =30° B = 60°.
As A, B, C are angles of the triangle, A+ B + C = 180°
C=090°
By Sine rule,
a b c

sind sinB sinC

a b c
sin30° sin60° sin90°
a_b _c
1 B3
2 2




a:b:c= l:—3:1
2 2
a:bic=1:/3:2
) . 2 )
Ex.(2) In AABCifa=2,b=3andsin A= 5 then find B.
Solution : By sine rule, a _ b
sind4 sinB
2 _ 3
2 ~ sinB
3
sinB=1
o
B=90°= 5

Ex. (3) In AABC, prove that a(sin B —sin C) + b(sin C —sin A) + ¢c(sin A-sinB) =0
Solution : L.H.S. =a(sin B —sin C) + b(sin C —sin A) + c(sin A - sin B)
asinB-asinC+bsinC-bsinA+csinA-csinB
(asinB-bsin A) + (bsin C-csin B) + (csin A—asin C)
0+0+0
0=R.H.S.
Ex.(4) In AABC, provethat (a—b)sinC+(b-c)sinA+(c—a)sinB=0
Solution: L.HS.=(a-b)sinC+(b-c)sinA+(c—-a)sinB
(@asinC-bsinC)+ (bsin A-csin A) + (csin B-asin B)
(@sinC-csinA)+ (bsinA-asinB) + (csinB-DbsinC)
0+0+0=0=R.H.S.
3.3.5 The Cosine Rule : In ABC,
(i) a*=b?+c?-2bccos A (i) b?=c?*+a?-2cacos B (iii)c?=a?+ h?—2ab cos C
Proof : Take A as the origin, X - axis along AB and the line perpendicular to AB through A as the
Y - axis. The co-ordinates of A, B and C are (0,0). (c, 0) and (b cos A, b sin A) respectively.
To prove that a? = b? + ¢2 - 2bc cos A
L.H.S.=a? =BC? rY
= (c—-Dbcos A)?+ (0-bsin A)? (by distance formula)
= c?+b%cos? A-2bccos A+b?sinz A
= c?+Db%cos® A+ b?sin? A-2bc cos A b a
= Cc*+b*-2bc cosA
= RHS.
a’?=b?+ c¢? - 2bc cosA A\ > X
Similarly, we can prove that (0,66)‘ ¢ B(c,0)
b?=c*+a*- 2cacosB
c?=a’+b%-2abcosC Fig 3.5

C(bcosA,bsinA)




Remark : The cosine rule can be stated as : In AABC,
A b+’ -a cos B c+a -b cosC o a+b’-c’
A e T e T 2w
Ex.(5) In AABC,ifa=2,b=3, c=4then prove that the triangle is obtuse angled.
Solution : We know that the angle opposite to largest side of a triangle is the largest angle of the
triangle.
Here side AB is the largest side. C is the largest angle of AABC. To show that C is obtuse angle.
a +b°—c° 2°+3 -4 3]
cosC= ——— = —/———— = ——=——
2ab 2(3)(4) 24 8
As cos C is negative, C is obtuse angle.
AABC is obtuse angled triangle.
Ex.(6) In AABC, if A=60° b =3 and c = 8 then find a. Also find the circumradius of the triangle.
Solution : By Cosine rule, a> = b?> + ¢ - 2bc cos A
a2 =32+ 82— 2(3)(8) cos(60°

= 9+64-48x 1
2
= 73-24=49
a?=49
a=7
Now by sine rule —— = 2R
ow by sine rule = = =
7
—_ =2R
sin 60
7
ﬁ =2R
2
no L_TV3
=53

The circumradius of the AABC is ?

Ex. (7) In AABC prove thata( b cos C —c cos B) = b?-c?
Solution :

L.H.S. = a(b cos C - ¢ cos B)

ab cos C—accosB

= % (2ab cos C - 2ac cos B)

@) @ e -b))




l{a2+b2—c2—cz—a2+b2}
2

|
5 {207 -2c%}

= b*c*=R.H.S.
3.3.6 The projection Rule : In AABC,
(i) a=bcosC+ccos B
(i) b=ccos A+acosC
(iii) c=acos B + b cos A
Proof : Here we give proof of one of these three statements, by considering all possible cases.
To prove thata=b cos C + c cos B

Let altitude drawn from A meets BC in D. A

BD is called the peojection of AB on BC.

DC is called the projection of AC on BC. ¢ b

Projection of AB on BC =c cos B

And projection of ACon BC=DC =bcos C M

Case (i) B and C are acute angles. B D a C

Projection of AB on BC =BD =ccos B
And projection of ACon BC=DC =bcos C
From figure we have,
a =BC=BD+DC

=ccosB+bcosC
=bcosC+ccosB

.a =bcosC+ccosB

Case (ii) B is obtuse angle.

". Projection ABonBC=BD =ccos(n -B)=-ccosB A
And projection of ACon BC=DC =bcos C
From figure we have,

a =BC=DC-BD
=bcos C— (- ccosB)

=bcosC+ccosB
.a=bcosC+ccosB Fig 3.7
Case (iii) B is right angle. In this case D coincides with B.
R.HS.=bcosC+ccosB
= BC+0
= a=L.H.S.
a=bcosC+ccosB
Similarly we can prove the cases where C is obtuse angle and C right angle.
Therefore in all possible cases, a =b cos C + ¢ cos B

Similarly we can prove other statements.

81



Ex.(8) In AABC, provethat(a+b)cosC+ (b+c)cosA+(c+a)cosB=a+b+c
Solution :

L.H.S.=(a+b)cosC+ (b+c)cosA+(c+a)cosB

(acosC+bcosC)+ (bcosA+ ccosA)+(ccosB+acosB)

= (acosC+ccosA)+(bcosA+acosB)+(ccosB+bcosC)

= at+b+c=RH.S.

Ex.(9) In AABC, prove that a(cos C — cos B) = 2(b — ¢) cos? (?)

Solution : By Projection rule, we have acos C+ccos A=bandacos B+ bcosA=c
acosC=b-ccosAandacosB=c—-bcosA
L.H.S. = a(cos C - cos B)

acosC-acosB

(b-ccosA)—(c-bcosA)

= b-ccosA-c+bcosA

= (b-c)+(b-c)cosA

= (b-c)(1+cosA)

A
= (b -c) x 2cos? )

= 2(b - c) cos? A
= R.H.S.
Ex.(10) Prove the Cosine rule using the Projection rule.
Solution : Given: In AABC,a=bcosC +ccosB
b=ccos A+acosC
c=acosB+bcosA
Mulitiply these equations by a,b,c respectively.
a’=abcos C +accos B
b?=bccos A+abcosC
c2=accos B +bccos A
a?+b?-c?=(abcos C +ac cos B) + (bc cos A + ab cos C) - (ac cos B + bc cos A)
= abcosC+accosB+hccosA+abcosC-accosB -bccos A
= 2abcosC
a?+bh?>-c?=2abcosC .. c?=a?+bh?-2abcosC.
Similarly we can prove that
a?=Db?+ c?-2bc cos Aand b? = ¢ + a2 - 2ca cos B.
3.3.7 Applications of Sine rule, Cosine rule and Projection rule:
(1) Halfangle formulae: In AABC, ifa+ b +c=2sthen

. A [(s=b)(s—c) . A [s(s—a) A _ [s=D)(s—0)
(i) sin > TN e (ii) cos SN e (i) tan > - s(s—a)
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. . A
Proof : (i) We have, 1 — cos A = 2 sin? Pl

2 2 2
1- (M—_"J = 2sin? g [ by cosine rule ]
2bc
2bc=b* =’ +d* _ 5o A
2bc 2
@ (b +c*=2bc) _ oo A
2bc 2
2 )2 A
M =2sin? —
2bc 2
2bc 2
{a+b+c—2b}{a+b+c—20}:zsinzé
2bc
{25 —2b} {25 —2c} :2sin2£
2bc
(s=b)s=¢)_ 4
bc 2
inA_ [6=B)6=0)
2 bc

A
(i) We have, 1 + cosA = 2 cos? P

2, 2 2 A
1+ (M—a] =2cos? = by cosine rule

2bc 2
2bc+b* +c? - a* A
=2c0s8° —
2bc 2
2 2 2 A
(b"+c" +2bc)—a — 20082 =
2bc 2
2 2
(b+c)” —a — 2082 é
2bc 2

(btcta) b+c—a) —oeos ?
2bc




(b+c+a)b+c+a—2a) =peog 2
2

2bc
_ A
(25)(2s=20a) _ 2c0s2 2
2bc 2
A s(s—a)
COS —= - 4
2 bc
“in A (s—=b)(s—c)
i) tn & = 2 = be
2 cos s(s=a)
bc
s =b)(s—0)
- s(s—aq)

A (s—b)(s—c)
2\ so—a)

tan P

Similarly we can prove that

B_ |t=a)s=¢) o C_ [s-b)s-a)
2 ac ’ 2 ab
~ s(s—c)
cosE :N/S(S 5 , COS E = ab
2 ac 2

B (s—a)s—c) C (s—a)(s—b)
tanE: T sGs—b) ,tanE: T sG-0)

sin

(2) Heron's Formula : If a,b,c are sides of AABC and a+ b + ¢ =2s then

A (AABC) = \/s(s —a)(s—b)(s—c)

1 .
Proof : We know that A(AABC) = 5 absinC

A (AABC) = % abZSingcos%

—b)(s— s(s—c)
- ab,/% \ o = sGs—a)s—b)(s—0c)

. _ (B—Cj ~ (b—c) A
(3) Napier's Analogy : In AABC, tan | — | = (b+0) cot %
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Proof : By sine rule b = 2R sin B and ¢ =2Rsin C

(b—c) 2RsinB-2RsinC

(b+c) ~ 2RsinB+2RsinC

(b—c) sinB—sinC
(b+c) sin B+sin C

ZCOS(BJFC)sin(B_C)
(b-o0) 2 2

(b+c) 2sin(3+c)cos(3—cj
2 2

(-0 :cot(BJ“C]tan (B;Cj
(b+0) 2 2

(b—c) T A B-C
(b+C) = cot (E_EJ tan T
(b-¢o) _ A B-C
(b+c) = tan (2] tan (T]

an [B-C _(b-9) tﬁ
e e N N

Similarly we can prove that

C-4) _(c—a) B
tan [Tj = —(c+a) cot 2

@) Solved Examples )

Ex.(1) In AABC if a = 13, b = 14, ¢ = 15 then find the values of

: A A . A o
(i) cosA (||)smE (iii) cos (iv) tan ) (v) A(AABC) (vi) sinA

Solution :

= a+b+c _ 13+14+15 _
2 2

21




(s-a)=21-13=8
(s-b)=21-14=7
(s-c)=21-15=6

13*+157-14* 198 33
T35 T 390 7 65

A s=bs—o)

(i) sin 5 = be
_[7xe L
Viaxis 5

A _ [s(s—a)

(iii) cos 5 = ‘f »

~ 21x8 2
T V14x15 T /5
in .
(iv) tan?zS gzé
COS — ﬁ
(v) A(AABC)= \/S(S—CI) (s=b)(s—c)

= J21x8x7x6 =84 sq. unit

: : A A
(vi) sinA=2sin 5 C0S 5

ZL 2 4
= X —F/— = —
SN

A B
Ex.(2) In AABC prove that cot 5+cot5+cot_=

) B C
Solution : L.H.S. = cot + cot E + cot E

A
2
1




s(s—a) s(s—b)

(s—b)(s—c) T

(s—a)(s—c)

s(s—c)

(s—a)(s

\/ s(s—a)’ \/ s(s—
(s=b)(s—c)(s—a) (s—a)(s— c)(s

—b)

+\/(S

s(s—c)?

(s—b)(s— a)(S ) {\/(s—a)2+\/(S—b)2+\/(s—c)2}

(s— b)(s a)(s—c)

{3s—(a+b+c)}

{3s—2s}

(s b)(S a)(s—c)

J
J
\/(S b)(s a)(s—c)
J
(@

XS

b)(s a)(s —c)

’ N % S
( — —

s=b)(s—c) J(s—a)

s(s—a) s
Ve-bs-o X (-a)

2s s(s—a)
(2s-2a) © \(s—b)(s—c)
a+b+c » s(s—a)

(a+b+c—-2a) (s=b)(s—c)

at+b+c
b+c—a

A

cot 25 =R.H.S.

{(S—a)+(s—c)+(s—b)}

—b)(s—a)(s—c)




@ Exerecise 3.2)

1)  Find the Cartesian co-ordinates of the point whose polar co-ordinates are :
7T V4 3 3n 1 7n
i 25 Y i 4,_ T i P
0[v= %) (u)[ 2} (i) [4 4j (iv) [2 3j

2)  Find the of the polar co-ordinates point whose Cartesian co-ordinates are.

i (V2.42) (ii) (03 (i) (1,-3) (iv) (E ﬂ}

27 2

3) In AABC, if A=45° B =60° then find the ratio of its sides.

. (B-C b—c A
4)  In AABC, prove that sin B all oS >

., C ., A
5)  With usual notations prove that 2 {asm2 5 +csin’ 5} —a-b+c.

6) In AABC, prove that a®sin(B — C) + b3sin(C — A) + c%in(A-B) =0

7)  In AABC, if cot A, cot B, cot C are in A.P. then show that a2, b?, ¢? are also in A.P

8) InAABC,ifacos A=b cos B then prove that the triangle is right angled or an isosceles traingle.
9)  With usual notations prove that 2(bc cos A + ac cos B + ab cos C) = a? + b? + c2

10) In AABC, ifa=18, b =24, ¢ =30 then find the values of

: A A A -
(i) cosA @i)sin = (iii)cos —  (iv) tanE (v) A(AABC)  (vi) sinA

2 2
A _ B_ C
11) In AABC prove that (b + ¢ - a) tan > =(c+a-Db)tan E—(a+b—c)tan >
. A . B . 2
12) In AABC prove that sin Esm B sin % = [A(AABC)]

abcs

3.3 Inverse Trigonometric Function :

We know that if a functionf : A — B isone - one and onto then its inverse function, denoted
byf*: B — A,exists. Forx e Aandy € B if y =f (x) then x = f(y).
Clearly, the domain of f -* = the range of f and the range of f - = the domain of f . Trigonometric
ratios defines functions, called trigonometric functions or circular dunctions. Their inverse functions
are called inverse trigonometric functions or inverse cicular functions. Before finding inverse of
trigonometric (circular) function , let us revise domain , range and period of the trigonometric
function. We summarise them in the following table .

No trigonometric fuction is one-one. An equation of the type sin 6 = k, (]k|<1) has infinitely

many solutions given by 6 =nn +(-1)" o, where sina. =k, — % <a< .
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Function Domain Range Period
sin R [-1, 1] 21
coS R [-1, 1] 2n

(2n + 1)7r
tan R—- ‘ne Z R T
cot R—{mr:neZ} R T
(271 + 1)7r
sec R- ‘ne”Z R-(-1, 1) 27
cosec R—{nw:neZ} R—(-1, 1) 21

There are infinitely many elements in the domain for which the sine function takes the same

value. This is true for other trigonometric functions also.

We therefore arrive at the conclusion that inverse of trigonometric functions do not exist. However
from the graphs of these functions we see that there are some intervals of their domain, on which they
are one-one and onto. Therefore, on these intervals we can define their inverses.

3.3.1 Inverse sine function: Consider the function sin : {—%,E

}%[_1,1] . It can be verifide

from the graph that with this domain and range Y — g
it is one-one and onto function. Therefore inverse 1 Yoo
sine function exists. It is denoted by < | o | | -
int -1 1 T T 2m -3n/2§ E i—rr/Z imz WWZW
sint: [-1,1] —» 22 ‘ /
Forx e [-1,1] 0 € {—fﬁ] v
2,2 Fig 3.8(a)

we write sin"’x = 0 if sin 6 = x.
Here 6 is known as the principal value of sin x .
For example:

1) sin Ezl,wherele[—l, 1] and ZE{— Z,E}
6 2 2 6

272
1
sint — = —,
2 6
- N S 4
The principal value of sin™ 518 &

However, though sin ST

1

2
L 1 5z 57 T
we cannot write sin? 5 = ? as —¢¢ |~ =<

Fig 3.8(b)




. T 1 1 _r T
2) sin (—Z]— > , Where \Ee[—l,l]and 4 e[ 2,2}

i (_L] _.r
2)7 4
T
. RN N N
The principal value of sin [ \/Ej is 1
Note:
1. sin (sinx) = x, for x € [-1, 1]

7T
2. sin"(si =y, f -,
sini(siny) =y orye{ > 2}

3.3.2 Inverse cosine function: Consider the ‘ A
function cos : [0, ©] — [-1, 1]. It can be verified |

from the graph that it is a one-one and onto function. ! ; ; :
Therefore its inverse fuctions exsit. It is denoted be,\ / \ o /

_ ! | O ! ! | X
cos™. < : ‘ ‘ ‘ - X

2 -3m2 -T1/2 2, o
Thus, cos™: [-1, 1] — [0, x]. | | |
For xe [-1, 1] and 6 €[0, ], we write cos* x =0
is cos O = x. Here 0 is known as the principal value
of cos™x.

v

Fig 3.9(a)

V4 1 1 Vs
For example : cos Vi ﬁ , Where NG e [-1, 1] and 4 € [0, ]
cos* 1.z
J2oo 4

1 V4
- - _l -
The principal value of cos —\/5 is

1

Ty _ ]
Though, cos (—Zj =2

We cannot write cos™ 1_z as = ¢ 10, 1] B3
274 4 !
Note: 1. cos (cos'x) =xforx € [-1, 1]
2.cost (cosy) =y, fory e [0, n]

Y']-2m

Fig 3.9(b)




3.3.3 Inverse tangent function : Consider the function tan
the graph that it is a one-one and onto function .

(_E,Zj — R. It can be verified from
2°2

I I (R ‘a
: BTN & Iy
: : N s A SRR O SW2_
! ! 'y = tanx /
E - ;
| | | // _____ y=tanlx
X' 0 | X
3m2  Jam a2 /2 ™ ' ' o ' '
: : : X' -2 -1 1 2 X
! = A s SR S O w2
| N s
| | | — L lwme .
I l Yoo Y'
Fig 3.10(a) Fig 3.10(b)
Therefore, its inverse function exist. It is denoted by tan*
Thus, tan: R — —E,E
22
n . .
Forx e Rand 6 € (——,Ej , we writetan™ x= 0 iftan 0 = x
For example tan ZZ = 1, where 1e R and 7 e (_Z,ﬁj
4 4 2 2
Ly ”
tan™ (1) = 4 i
The principal value of tant 1 = is 7
VA

Note: 1.tan(tan x) =x, forx e R 2.tan (tany) =y, fory e (

2

n]_

3.3.4 Inverse cosecant function : Consider the function cosec : (—5,5

)

{0} > R-(-1,1). Itcan

"2

be verified from the graph that it is a one-one and onto function. Therefore, its inverse function ex-

ists. It is denoted by cosec™




Thus, cosec™™: R-(-1,1) - {_%%} - {0}

Forx e R-(-1,1) and

0c {—%ﬂ ~ {0},

we write cosec™ x = 0 if cosec 0 = x

T
For example cosec 5 =2,

r |.rz
WhereZER—(—l,l)and6e 22 - {0}

T
cosec? (2) = 6

T
The principal value of cosec™ 2 is 6 -
Note: 1. cosec (cosecx) =x, forx e R— (-1, 1)
T

2. cosect (cosecy) =y, fory e [—%5} - {0}

3.3.5 Inverse secant function : consider the function
sec: [0, ] - {%} —->R-(-1,1)

It can be verified from the graph that it is a
one-one and onto function. Therefore its inverse
function exists. It is denoted by sec™

Thus, sec *: R- (-1, 1)— [0, n] - {%}

Forx e R-(-1, 1) and 0 e [0, 1] - {1}
we write sec? x = 0 if sec 0 = x 2
For example sec t=-1,where -1 € R—(-1, 1)

andnt e [0,t]— {%}

sect(-1)=n

The principal value of sec*(-1) is 7 .
Note: 1. sec(sec’x) = x, forx e R- (-1, 1)

2.sec’(secty) =y, fory € [0,n] —{%}

Y

y=cosec ! x

Fig 3.12(a)




1 1

I 1

T I

! : ,| | Y=cotx !
____________________ 2n_ Y i I
I I

; 15 ;

1

1

a H I

I

I

I

I

1

X' I 0

(
I
: 1 1
X' : 0 K’—; 3m2 -m/2 /2 T 3m2
2 = '2\3' : 05 :
1 1 I I
: ey : -1 :
! 1 1
! I !
e 1 1.5 1
""""""" I"""Y’"' TTTTTrTTTTTR 1 1
1 1
Fig 3.12(b) : 2 :
1 1

YV

J

3.4.6 Inverse cotangent function : Consider the function
cot: (0, ©) — R. It can be verifide from the graph that Fig 3.13(a)
it is a one-one and onto function. Therefore, its
inverse exists. It is denoted by cot™.

Thus, cot!: R — (0, n)

Forx € Rand 0 « (0, nt), we write N 312

cot'x = Oifcotd=x
1

1
For example: cot = = — ,Where —= e R
p 3 \/g

3

V4 _
and 3 € 0, m) \ y=cot'x
2
1 i \
cot* (—j = - X' 0

B s —
The principal value of cot (Lj = \ 2
€ principal value or co \/§ IS 3" \

Note: 1. cot(cot?x) = x, for xe R
2. cot(coty) =y, fory e (0, n) \ o
Yl -

Fig 3.13(b)

3.4.7 Principal Values of Inverse Trigonometric Functions :

The following table shows domain and range of all inverse trigonometic functions. The value
of function in the range is called the principal value of the function.




T

sec” :R—(-L1) > [0, 7] - {5}

3.4.8 Properties of inverse trigonometric functions :

i . 1
) If -1 <x< 1andx=0thensin?x= cosec™ [;j

1
Proof : By the conditions on X, sin"* x and cosec™ (;j are defined.

1
As —1<x<landx=0, % eR-(-1,1)..(2)
Letsinix=6

T
0 e 5 and 6 =0 (as x = 0)

T
0 e 55 | {0} ...(2)

[EEN

cosec 0 = X ..(3)

From (1), (2) and (3) we get

cosec™ (lj =0
X
1
0 = cosec™ (—j
X

sinlx = cosec-l(lj
X

Similarly we can prove the following result.

1
(i) costx=sect (;) if -1<x<landx=0




(i) tantx = cot? (lj if x>0
X

Proof : Lettan™'x =0

, Where 1 eR...(1
X

AsO e (o,gjand (o, ’;] < (0, 1) ..(2)

1
From (1) and (2) we get cot™ (;) =0

1
0= cot (—J
X

tan~ x = cot™ 1
X

(iii) Similarly we can prove that : tan™ x = — t + cot™ (lj if x<0.
Activity : Verify the above result for x = - /3 X
iv) if =1 <x <1 then sin}(—x) = —sin(x)
Proof : As-1<x<1,x e [-1, 1]

-xe[-1,1] ..(2)
Let sin"}(—x) = 0

T .

0 e [—5,5} and sin 6 = x
Now sin(—0) = —sinf = —x

sin(-0) = —x ...(2)

Also from (1) -~ <0< z
-7 )

From (1), (2) and (3) we can write




sin(—x) = -0

sin(—x) = —sin"}(x)
Similarly we can prove the following results.
v) If =1 <x<1then cos*(—x) = n— cos*(x)
vi) Forall x € R, tan’(—x) = -tan™(x)
vii) If |x| > 1 then cosec!(—x) = —cosec(x)
viii)  If [x| > 1 then sec}(—x) = © —sec™(x)
ix) Forallx e R, cot?(—x) = n—cot™(x)

. T
x) If =1<x<1thensin?x+cos'x = Py

Proof : Letsintx=6,wherex e [-1,1]and 6 € {—%,%}

_0 e{_z Z}
272

%— 0 € [0,%], the principal domain of the cosine fuction.
cos (z—ej =sin6
2
cos (Z—Gj = X
2
T
costx=— -0
2
T
0+ costx=—
¥ 2

. T
sintx +costx= 5

Similarly we can prove the following results.

xi) Forx e R, tan'x + cot'x =

xii) Forx>1, cosec'x +sec!x =

oy NN

xiii) Ifx>0,y>0andxy <1then
tan?x +tan'y =tan? ( Xy j
1-xy
Proof : Lettan™ x =0 and tany = ¢
tan® = xandtan ¢ =y

Asx>0andy>0,wehave0<e<% and 0 < ¢<%
0<0+ ¢<m (1)




tanf+tang _ X+

Also tan(0+ = - — 7
() 1—tan O tan ¢ 1-xy

Asx>0,y>0andxy <1, x,yand 1-xy are all positive.
R R positive.
1-xy

tan (0+ o) is positive. ....(2)

From (1) and (2) we get (6+¢) [o, %) , the part of the principal domain of the tangent function.

+
6+¢=tan'1(x yj
1-xy

+
tanx +tanty = tan? ( = j
1-xy

Similarly we can prove the following results.
xiv) Ifx>0,y>0andxy > 1 then

X+
tan x + tan! y = n+tan! ( Y j
1-xy

Xxv) Ifx>0,y>0andxy =1then

T
tantx+tanty= >

xvi) Ifx>0,y>0then

tan?!x-tanty=tan? Al
1+ xy

Ex.(1) Find the principal values of the following :

() sint [—%) (ii) cos* (%] (iii) cot* [_%j
R |

Solution : (i) sin ( 2}

. 1 V4
We have, sin (—Ej= —% , Where —% e[-1,1]and — = € [—E,E}

6 2°2
1 b8
TR B I
SIn ( 2) 6

1
The principal value of sin™ (‘5] is ——




(A
(ll) Ccos [Tj
3

T \/5 T
We have, cosE =7 , Where P [-1,1] and 5 €[0, n]

cos™ [%J = %

The principal value of cos (%J is % .
(iii) cot™ (—Lj
NE)
We h ¢ 2L here —k cRand Z < (0
e have, cot = = ,Were\/g e Ran 5 e (0,m)

1 2r
o P 2
The principal value of cos [ ﬁj Is —

Ex.(2) Find the values of the following
i in?t (sins—nj i) tan™? (tcmzj
(i) sin 3 (i) tan .
(i) sin [cosl{—in

V2

4 5
i in lcos'=+tan"' —
(iv) sin ( 5 B

Solution = (i) sin (sin( 5?” D = sin™? (sin(%r—%j]
= sint (sin(—%n = —% , as —% € [—%,%}




(ili)) We have cos™ (-x) = n-cos™x

oo ) oot
(ool -

o (o (5%

5
—eandtanl—: )

(iv) Letcos™
cos® = 4 and tan¢ = %)
5
3 S 12
sin® = = andsing = 75, coOso= —
5 *= 1 "=

. 4 5 .
sin (cos1 g+tan*l Ej =sin(0+ ¢)

= sinBcos ¢ +cosOsin ¢

— +tan”' =
12) 65

Ex.(3) Find the values of the following :

(i) sin {sin1 (Ej+cos1 (Eﬂ
5 5

(i) oS {cos_1 (—%j + tan™ \/5}

Solution : (i) We have if -1 < x < 1 then

( L, 4 15} 56
Sin | COS

. T
sin”! x + cos! X:E

Here —1 <% <1




(i)

-1

cos™

1 2 r Vs
—— =22 and tan" 3 = =
( 2} 3 3

cos {cosl (—%j+tanl ﬁ}

COosS (

COS T

2w
_+_
3 3]

Ex.(4) If |x| < 1, show that
sin (cos™x) = cos(sin~x).
Solution :
We have for |x| < 1.

. T
sin™! x+ cos™ X:E

T .o
cost X:E —sin' X,

Now using sin (%—9) =cos 0

T .
We have sin (cosx) = sin (5 —sin”' Xj

Solution :

; 2tant (lj =tan”' (l}rtan"l [lj — l % !
0] tan 3 3 3 ’asxy—3 3

tan?

= ¢0s (sin*x)
sin (cos?x) = cos(sin-x)
Ex.(5) Prove the following

(i) 2tan? (—%} cos* Gj = %

I 1
i_l’_i
3 3

1

33

tan ™!

1)2

(i) 2tan? Gj+ tan™ (;

AW

NG




T
w0<0< 7

tan 6 =— 2
H 0= E 0= iRl —
sin = ¢ SO =sint ¢
2t -11_:[ -12_ '-12
an' —=tan’ =sin? g
2tant l +cos™ E =sin™ 2 +cos™ E T
5 5 5 2
.. 1 713 . .
(i) 2tan? gztm 4 asseenin 0]
| 230 1 3,1.3
2tan'1§+t0ln ;Ztﬂn —+tan ;andxy:4 77978 <1
3 1
- T
= tant| 4 7 | =tanil=—
=31 4
47

Ex.(6) Prove thattan® 1 + tan? 2 +tan* 3 ==
Solution: We use the result:

+

tantx +tanty =t + tan™! (f y] ifxy>1
—X

Herexy=1%x2=2>1 Y

1+2
tan*l +tan' 2 = + tan?! (—j

1-(1)(2)
m +tan? (ij
1-2

7+ tan-! (=3)
n—tan3 (As, tan(-x) = —tan™ x)
tantl+tant2+tan?t3=n

4 12 33
Ex.(7) Prove that cos® —+cos™' — =cos™' —
5 13 65
) .4
Solution: Letcos™ — =0
5
P 4
Then0<H6< = andcosb=—
2 5
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sin @ =

| W

12
Let cos 13—¢

12

T
Theno<q><2 and cos ¢ = 3

, 5
sing = —
¢ 13

cos(O+¢)=cos0Ocosd-sinbsin ¢

SR

8 _1s 3
65 65 65
33
cos(0+¢)= 65 (1)
T T
AIsoO<9<E and0<¢< o
0<0 +¢<m.
from (1) 6+¢-cos4£
’ 65
cos™ 4 + cos? 2 = cos? 33
5 13 65

@ Exereise 3.3 )

1)  Find the principal values of the following :

(i) sin?t (%} (i) cosec™(2) (i) tan"(-1)

wan (5w (5] st ()

2)  Evaluate the following :

(i) tan”(1) +cos™ (%j +sin (%)
(ii) cos® (%) +2sint (%)

(iii) tan /3 —sec? (-2)




(iv) cosect (—\/E ) + cot? (\/5)

3) Prove the following :

0  sin (%}-3 sin L?) - —37”
(i)  sin? (—%j + cos’t (—?] = cos? (—%)
(i) sin® @j + cos’ (_ij = sint ( j

(iv) cosl( =5
1 1 V4
1 12 = =
tan- (2j+tan (3) 2
(vi) 2tan? (l) =tan? [gj
3 4
(vii) tan? {—“’59”?“9}:5% if0 c (—1,5]
cosf—sinf | 4 4 4
1-cos6 6
i) tans| if 6 < (0,
(viii) tan\Toop T 2" € (0, 7)

* An equation involving trigonometric function (or functions) is called a trigonometric equation.

* A value of o variable in a trigonometric equation which satisfies the equation is called a solution
of the trigonometric equation.

* Asolution o of a trigonometric equation is called a principal solution if 0 < a < 2.

* The solution of a trigonometric equation which is generalized by using its periodicity is called the
general solution.

* The general solution of sin6 =sinaisO=nmn+ (-1)" o, wheren € Z.

* The general solution of cosd = cos a is 6 =2nnt + o, where n € Z.

* The general solution of tan 6 =tan a is ® = nn + o, wheren € Z.

* The general solution of sin? 6 =sina is® = nn + a, where n € Z.

* The general solution of cos?0 =cos? ais® =nm + o, wheren € Z.

* The general solution of tan?6 =tan? o is® =nn + o, wheren e Z.

Let’s remember!
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a b c

* The Sine Rule : In AABC, — =— =—
sinA sinB sinC

= 2R, where R is the circumradius of AABC.

Following are the different forms of the Sine rule.
_ a b ¢
(0 sinA sinB sinC

=2R

(i) a=2RsinA,b=2RsinB, ¢ =2RsinC
i sinA_sinB _sinC
(i) a b C

=k

(iv) bsinA=asinB, csinB=bsinC, csinA=asinC
W) a_sinA b _sinB

b sinB'c sinC

* The Cosine Rule : In AABC,
a?=Db?+c?-2bccos A
b?=c?+a?- 2cacos B
c2=a?+b?-2abcosC

*  The Projection Rule : In AABC.
a=bcosC+ccosB
b=ccos A+acosC
c=acosB+bcosA
* Half angle formulae : In AABC , ifa+ b + ¢ = 2s then

(1) sin §= %ﬁs_c),sin%: /Wﬁin%: %t()s_b)

(i) cos A [S6=8) o B_ [S(7b) (, C_ [s(=C)
2 bc =2 ac = 2 ab

i) tan Ao [6=D)G-0) B _ [(s-a)s—c) ,,.C_ |(s-a)(s—b)
2 s(s—a) = 2 s(s-b) 2 s(s—c)

* Heron's Formula : If a,b,c are sides of AABC and a+ b + ¢ =2s then

A(AABC) = |/s(s—a)(s —b)(s —c)

«  Napier's Analogy : In AABC , tan (B_Cj— (b=¢) . A

2 ) (b+c) 2

* Inverse Trigonometric functions :
(1) sin(sinx) = x, for x € [-1,1]




(i) sin}(siny) =y, fory e [_Z,E}
2 2

(iii) cos(cos?x) =x, for x € [-1, 1]

(iv) cos?(cosy) =y, fory e [0, n]

(v) tan(tanix)=x,forx e R

(vi) tan-i(tany) =y, fory e (—%%)

(vii) cosec(cosec x) = x, forx eR —(-1,1)

(viii) cosec*(cosecy) =y, fory e [—%%} — {0}

(ix) sec(sec*x) =x, forx e R— (-1, 1)

(x) sec*(secy) =y, fory € [0, n] — {%}
(xi) cot(cot* x) =x, forx e R
(xii) cot*(coty) =y, fory e (0, =)

* Properties of inverse trigonometric functions :

1
(i) sin" x = cosec * (;) if-1<x<landx=0

. 1) .
(ii) cos ! x = sec? (;) if-1< x<landx=0

(iii) tan* x = cot™ (%) ifx>0

(iv) If =1 <x<1thensin?(-x) =-sin? (x)
(v) If =1 < x<1then cos*(—x) =t —cos*(x)
(vi) For all x € R, tan’}(x) = -tan *(x)

(vii) If |x| > 1 then cosec™(—x) = —cosec™(x)
(viii) If |x| > 1 then sec*(x) = = —sec(x)

(ix) For all x € R, cot*(—x) = m —cot*(x)

T
(X) If =1 <x<1thensinx +cos'x= )

T
(xi) Forx € R, tan* x + cot® x = )

(xii) Forx>1, cosec' x +sec' x = %
X+y
(xiii) Ifx >0,y >0andxy <1thentan®x+tan'y =tan? 1—xy
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X+
(xiv) Ifx >0,y >0and xy >1thentan’x +tanty=r+tan? - le

(xv) Ifx> 0,y >0andxy =1 then tan'1x+tan'ly:%

(xvi) If x >0,y >0thentan’ x-tan'y = tan’ (X—yj
1+xy

Miscellaneous Exercise 3

I)  Select the correct option from the given alternatives.

1) The principal of solutions equation sinf = _71 are

St & Tr 1lx 7 I iz

)?'E b)6'6 C) 5' 6 d) 56
2) The principal solution of equation cot 6 =+/3

T 1 T 57w

—, — b) —, —

6 6 6 6

r 8rx T x
9% 6 V%%

3) The general solution of sec x = V2 s
a) 2n7ri%, neZ b Znﬂ'i%, neZz

C) nﬂi%,nez, d) Znﬁi%,nez

4) If cos p 6 =cosg0, p = q rhen

_ 20z B
a)o= Eq b)6=2nn
c)b=2nm+p dnr +q

5) If polar co-ordinates of a point are (2, %j then its cartesian co-ordinates are

a) (2, v/2) b) (v2 ,2)
c) (2,2) d) (v2, v2)
6) If \/3 cosx —sin x = 1, then general value of x is
a) 2nz J_r% b) 2nz i%
¢) 2nr +2-2 d) nz +(-1)'Z
3 6 3
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7) In AABC if ZA=45° ~B =60° then the ratio of its sides are

a) 2:42:4/3+1 b) V2:2:3+1
c) 242:42:\3 d)2:242:3+1

8) INnAABC, ifc?+a?-b?=ac,then £ B=
T T T T
a)— b= ¢)= d)=
)4 )3 )2 )6

9) InABC,accosB-bccosA=

a) a?-b? b) b? - ¢?
c) c?-a? d) a?-b?-c?
10) Ifinatriangle, the arein A.P.and b :c = /3:,/2 then
a) 30° b) 60°
c) 75° d) 45°
14
11)  cos? [COS —j =
6
14 S
a) o b) 5
3z
72- E—
c) 5 d -
11) The value of cot (tan™ 2x + cot? 2x) is
a)0 b) 2x
C) m+ 2X d) m - 2x

12) The principal value of sin* (—?J is

_2r 4
2 ( 3) Ly
51 T
c) — d) ——
) 3 ) 3
13 If"1£+ P th =
) If sin s CcoS 13 =sin? a, then a =
a) 63 b) 62
65 65
61 60
%) &5 9 &5

14) Iftan (2x) + tan (3x) = %  then x =
1 2

a)-1 b) = c) — d

) ) 5 ) 5 )

Alis equal to




1 (1
15) 2tant |=|+tan"| = |= .
) 2tan (3] (7) e

A4 z
a) tan (5) b) >

T
c) 1 d)
16) tan (Ztan1 (Ej—ﬁjz :
5) 4
17 17
a) — b) - —
) 7 ) 7
7 7
c) — ) -
) 17 ) 17

17) The principal value branch of sec? x is

NEEETe

c) (O, d —1, z
) (07) )[(-2.2]
18) cos tan’11+tan*13 =
3 2
a) 1 b)ﬁ C)i )
J2 2 2 4
19) Iftan 6 + tan 20 + tan 36 = tanO tan 20 tan36, then the general value of the 0 is
a)n by
- -
6
7 nz
C) nﬂ'iz d) 2

20)  Ifany AABC, if a cos B = b cos A, then the triangle is
a) Equilateral triangle b) Isosceles triangle
c) Scalene d) Right angled

I1: Solve the following

1) Find the principal solutions of the following equations :

(i)sin206= —% (i) tan36 =-1 (iii)cotO6 =0

2) Find the principal solutions of the following equations :

(i) sin2 0 = —% (ii) tan5 0 = -1 (iii) cot20 = 0
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3) Which of the following equations have no solutions ?

1
(i)cos26 = 3 (if) cos?0=-1 (iii)2sin®=3 (iv)3sin6=5

4) Find the general solutions of the following equations :

i) tan 6 =3 ii) tan?6 =3 iii) sin 6 - cos 6 = 1 iv) sin?6 - cos? 6 =1

5) In AABC prove that cos (A;sz (a:bj sin %

. . sin(A-B)  a?-b?
6) With usual notations prove that — =—
sin (A+B) c

7) In AABC prove that (a—b)2 cos? %+(a+b)zsin2% =c?
8) In AABC if cosA = sin B — cos C then show that it is a right angled triangle.

sinA _sin(A-B) o .
sinC_ sin (B_C)then show that a?, b?, c?, are in A.P.

9) If

10) Solve the triangle in which a = V3+1-b=+/3-1and C =60°
11) In AABC prove the following :
()asin A-bsinB =csin (A-B)

c—bcosA cosB
b—-ccosA cosC

(i)
(iif) a?sin (B - C) = (b?>-c?) sinA

(iv) ac cos B - bc cos A = (a2 - b?)
cosA  cosB  cos C _ a’+b’+c’

v
V) a b C 2abc
_ C0s2A cos2B 1 1
M) e e e
B tanB—tancz:
(vii) . =

tan—+tan9
2 2
) . A B C .
12) In AABC ifa?, b?, c?, are in A.P. then cotE, cotE, cotE are also in A.P.

2 K2
13) In AABC if C = 90° then prove that sin(A - B) = :2 b
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cos A cos B

14) In AABC if then show that it is an isosceles triangle.

15) In AABC if sin2 A + sin2 B = sin2 C then prove that the triangle is a right angled triangle.
16) In AABC prove that a? (cos? B - cos? C) + b? (cos? C - cos? A) + ¢2 (cos? A-cos?B) =0

17) With usual notations show that (c? - a> + b?) tan A= (a?-b?>+c?) tan B = (b*-c?+a?) tan C

18) In AABC if ac052%+c coszgz% then prove thata , b ,c are in A.P.

. 13
19) Show that 25|n‘1g_tan =

20) Show that tan™' 1 + tan”' 1 + tan”' l+tcm‘1 1z
5 7 3 8 4
-1 l -1 1_ X -
21) Prove that tan™ +/x ZECOS Ty if xe[0,1]
_l_

22) Show that gl_gsin—llz_y - 2\/_
5 4 3 4 3

\/1+—x—\/1——xJ 7 1

=cos X, for——<x 1
V1+x+/1-x

7S

23) Show that tan‘l(

24) If sin(sin‘1%+ cos*x)=1 then find the value of x.

25) If tan™ Xl [ XL then find the value of x .
X—2 X+2) 4

26) If 2 tan (cos x ) = tan(cosec x) then find the value of x.
e (IEXY 1
27) Solve: tan™'| —— |=—tan™ X,forx >0
I+x) 2

28) If sin™'(1—x) —2sin" x :% then find the value of x .

29) If tan™ 2x +tan"* 3x =% then find the value of x.

30) Show that tan*11 —tanfll = tan*lg
2 4 9
31) Show that cot™ 1 tan* 1 =cot™ 3
3 3 4
32) Show that tgnt= 1 1tan’111
2 3 2



33) Show that cos™ £+ 2sin™! ﬁ _o7
2 2 6
34) Show that 2cot™ 3 +sec™t B_z
2 12 2
35) Prove the following :
[ 2 2
(i) cos'x = tan* 1-X ifx<0. (ii) cos'x = + tan* 1-x ifx<0
X X
g2
36) If |x| < 1, then prove that 2tan™ x = tan™ 2X2 =sin™ 2X2 =cos™ . Xz
1-x 1+x 1+x
X— —Z Z—X
37) If x, y, z, are positive then prove that tan A X2y +tan™ y-z +tan™! =0
1+ xy 1+yz 1+ 2zx

38)If tan~' x+tan y+tan~ z :% then, show that xy + yz + zx =1

39) If cos™ x + cos'y + cos z = m then show that x* + y* + 2% + 2xyz = 1.
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