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Trigonometric Identities and Equations

TRIGONOMETRIC IDENTITIES AND EQUATIONS Section - 1

1.1

1.2.

INTRODUCTION

Trigonometric Ratios for acute angles :
For an acute angle 6, Trignometric Ratios (T-ratios) can be defined using a right angled triangle
with angles 6, 90° - 0, 90°.

o= 0= s ® :
sm—H COS—H an—B

coseco, secO, coto are reciprocals of sinf, coso and tan6 respectively. B
Some standard identities for above trignometric ratios are :
sin%0 + cos%0 = 1
1 + cot?0 = cosecd
1 +tan®0 =sec?0

For acute angles, all T-ratios are positive.

Angle :
An angle is the amount of rotation of a revolving line with respect to a fixed line:

There are three system of measuring an angle :
()  Sexagecimal system or English system
(i)  Centesimal or french system

(i) Circular System

(i) Sexagecimal System :

In this system a right angle is divided into 90 equal parts, called degrees. The symbol 1° is used to
denote one degree. Thus, one degree is one-ninetieth part of right angle. Each degree is divided into
60 equal parts, called minutes and one minute is divided into 60 equal parts, called seconds. The symbol
1"and 1" are used to denote one minute and one second, respectively.

Thus, 1 right angle = 90 degrees (= 90°)

1° = 60 minutes (60")
1’ = 60 second (60"")
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(i) Centesimal System :

In this system a right angle is divided into 100 equal parts, called grades; each grade is subdivided into
100 minutes each minute is divided into 100 seconds.

The symbol 19, 1" and 1" are used to denote a grade, a minute and a second respectively.
Thus, 1 right angle = 100 grades (= 1009)

1 grade = 100 minutes (= 100")

1 minute = 100 seconds (= 100"")

(iii) Circular System :

In this system the unit of measurement is radian as defined below

Radians : One radian, written as 1°, is the measure of an angle subtended at the centre of circle by an
arc of length equal to radius of the circle.

Consider an arc AB of a circle of radius r subtending an angle 6 at its centre. The ratio between length
of arc AB and the radius of circle represents the measure of angle 6 in the radians. i.e.

B

arc AB

0 (in radians) =

0] r \

One radian is the angle subtended at the centre of a circle by an arc
whose length is equal to the radius of circle.

Relation between degree and radians :

Let 6 be the angle subtended at centre by a semicircle = 180°.
From figure, 6 = 180°.
arc nr

Inradians: 0 = — =— =7
radius r

0
= 180° degrees = & radian m » X
Radian is an important unit for measuring angles. So the following conversions must be remembered

Degree 0 30 45 60 90 120 135 150 180 270
Radian 0 /6 /4 /3 /2 2n/3 | 3n/4 51/6 T 3n/2

Note : O radian is written as 6° or can be written simply as 0. When the unit ofangle is not mentioned. it must
be taken as radians.
z



Trigonometric Identities and Equations

Measuring of angle in various quadrants :

The perpendicular lines XOX' and YOY' divide the plane in four parts : Y
Ql : First Quadrant (all points have + X and +Y) 0l 0l
Qll: Second Quadrant (all points have — X and + Y)
X' X
Q IlI: Third Quadrant (all points have — X and - Y) 0
QI QIv
QIV: Fourth Quadrant (all points have + X and - Y) v
»  The angles in trigonometry can be positive or negative and can Y
have any magnitude. Every angle is represented by one position
of a revolving ray OP of length r. The starting position for ray r
OP is taken along +X axis. 0 P X
Y
» Ifanangle o (alpha) is positive, OP rotates through angle a in ! P
anticlockwise direction. 5
»X
0
Y
» Ifanangle a is negative, OP rotates through angle o in clockwise I
direction. 5 »X
(negative)
»  Anangle can lie in any of four quadrants according to the position
of revolving ray for the angle.
Y Y
P 4 A X \Y
120° °
X o 240/-8 X 5 N - X 5 ~X
300"&/ ~80°
P P
P
Qll Qlll Qlll QIv

;
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»  Two or more angles may correspond to same position of revolving ray OP

A

f :
\

o]
This position of OP represents +30°,

This position of OP represents —45° and +315°
+390° and —-330°

The position of revolving ray for angles 0°, 30°, 45°, 60°, 90°, 120°, 135°, 180°, 270°,
360° must be remembered.

>

Y
Y 3n X %ﬂ =
457 »X 50 »X
om n 4
4 7 5 5n
3

In a circle of diameter 40 cm the length of a chord is 20 cm. Find the length of minor

[llustration - 1
arc corresponding to the chord.
N 107 5 2 5 5 3
@ = ® S © 3 ®
SOLUTION : (B)
Let arc AB =S. It is given that OA =20 cm and chord AB =20 cm. B
Therefore, AOAB is an equilateral triangle. 20
: AB0° N\ 5
= ZAOB =60° = (60 X i) = (Ej (in radians)
180 3
arc S 207
= =— = S = T cm

T
= = —
We know that 0 radivs 3~ 20

USRS Find the radian measure corresponding to —37° 30,
5_71 D I
24 (®) 24

S Vs
Y8 (B) 1 ©

;

(A)



SOLUTION :(A)
In such kind of problems first of all we con
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vert minute into degree and then degree into radians

Therefore,
60’ = 1° N
l o
= 30" = (Ej
0 > X
51
10 75° 2
-37° = 31—=-
= 37° 30 > >
Now, 360° = 2x radians
—75° 2 75 . -5t ..
= — — radians = —— radians i o — i
= 5 360 X > 4 [using 1 radians]

This (-) sign indicates that measure of angl

e is the clockwise direction.

| FEE O EReEY |f the angles of a triangle are in the ratio 3 : 4 : 5, find he smallest angle in degrees

and the greatest angle in radians.

700, %

500
12

) '12

(B)

SOLUTION : (C)
Let the three angles be 3x, 4x and 5x degrees,

In triangle,
3X + 4x + 5x = 180
= 12x=180 = x =15

=  The smallest angle = 3x degrees
= 3 x 15 degree = 45°

850,

(D) "

and the greatest angle = 5x degree
=5 x 15 degree = 75°

= [75 X ij radians = 5—“ radians
180 12

;
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TRIGNOMETRIC FUNCTIONS OF AN ANGLE Section - 2

2.1

The six trigonometric ratios sine, cosine, tangent, cotangent, secant and cosecant of an angle 6, 0° <
0 < 90° are defined as the ratios of two sides of a right-angled triangle with 6 as one of acute angle.
However, we can also define these trignometric ratios through a unit circle.

Draw a unit circle (radius = 1 unit) and take any two diameters \‘(

at right angle as X and Y axes. Taking OX as the initial line,

let Op be the radius vector corresponding to an angle 6, where 0, y) F----- P(x,Y)
P lies on the unit circle. Let (X, y) be the coordinates of P.

Then by definition in Section 1.1. 0

o o X
. P_Yy .
sing = —= T the y-coordinate of P

h
b x .
coso = noT the x-coordinate of P
_P_Yy Y
tand = b X' Xx=0 o, 1)1;
h 1 P
secO = —=—, x =0,
b x
h - >
1 b x (-1,0) O\/-0 i
cosecO = — = 0 and coto= _=_- ’ (1,0)
py V7 Py
Angle measured anticlockwise from the initial line OX is positive P
and angles measured clockwise are considered to be negative. 0, -1)

As we can associate a unique radius vector gp for unique P

with each angle 0, we can say ratios of ‘x” and ‘y’ are functions
of 6. From this, we have an idea that we can study the Trignometric
ratios as trigonometric “function’ this holds for all angles.

Therefore, we can study y or f (x) = sinx as trignometric function.

e, X sin x Y
Input l Ouput
i.e.angle Operator ~ 1-€. ratio



2.2
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i.e., for every angle 6 there exists a unique corresponding ratio i.e. output.

Similarly, we can study other trignometric ratios as trignometric functions in the same manner.

Signs of Trigonometrical Functions

We have introduced six trigonometric functions. Signs of these ratios depend upon the quadrant in
which the terminal side of the angle lies. We always take the length of Qp vector is denoted by r which

is always positive.

X
Thus, sind = % has the sign of y and cos6 = T has the sign of x.

The sign of tan® depends on the signs of x and y and similarly the signs of other trignometric functions

can be observed by the signs of x and /or y.

Y
In First quadrant, we have 1
x>0,y>0
oy X Yy ©
sing= = >0 cos6 = — >0, tan6= = >0
r r X
r r X
cosecd = _ >0, secO0=— >0 and cotb=_ >0
y X y
Thus, in the first quadrant all trigonometric functions are positive. 0
In second quadrant, we have y
x<0,y>0 X
N _ X _y
sing= = >0 cos6 = — <0, tano= = <0
r r X
r r X
cosecd = _ >0, secO = — <0 and cotb =7 <0
y X y

Thus, in the second quadrant all trigonometric function are negative other than sine and cosecent.

In third quadrant, we have

x<0,y<0
X 9/
sing=2 <0 cose=5<0, tano=2>0
r r X y f
r r X P
cosecO =—<0 secO=—<0 gand cotO=—>0
y X y

Thus, in the third quadrant all trigonometric function are negative other than tangent and cotangent.

7
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In fourth quadrant, we have

x>0,y<0
sing=Y <0 cose=§>0, tano=2 <0
r r X
r
cosecO=—<0 secO = £>0 and cot0 = 5<
y X y

0.

Y
A
0™ X > X
O\ y
v
p

Thus, in the fourth quadrant all trigonometric functions are negative other than cosine and secant.
It follows from the above discussion that the signs of the trigopnometric ratios in different quadrants are

as follows:
2.3 Sign of T-ratios in four Quadrants: y
A
»  Ifrevolving ray lies in Q-1, x and y are positive, hence Il Quadrant | Quadrant
all T-ratios are positive. sin, COSEC are »
»  Ifrevolving ray lies in Q-I1, x is negative and y is positive positive & the Allpostie
g ] y ' g_ ) ysp ' rest are negative
hence only sin6 and coseco are positive.
. o . . . . X' » X
»  Ifrevolving ray lies in Q-I11, x is negative and y is negative, 0
hence only tan® and cot@ positive. [l Quadrant IV Quadrant
. . . . . . tan, cot are C0s, Sec are
> Ifrevolving ray lies in Q-1V, x is p(?s_ltlve and y is negative, positive & the positive & the
hence only cos6 and sec6 are positive. rest are negative rest are negtive
2.4. Graph and Properties of Trignometric Functions ‘;,!
1. y=sin6 or sinx
As we have explained all trignometric ratios are functions (i.e., relations between angle and ratio) which
implies that each trignometric function must possess pictorial representation i.e. graph.
Now, for graph of trignometric y = sinx, we have to observe nature of y = sinx in different quadrants.
In Ist quadrant :
As x varies from 0 to 5 then corresponding ratio of y = sinx is positive and increases from 0 to
1.
In 2nd quadrant :
T : : . .
As x varies from 5 to = then corresponding ratio of y = sinx is positive and decreases from
1to 0.
In 3rd quadrant :
3n . . . .
As x varies from rt to > then corresponding ratio of y = sinx is negative and decreases from
0 to -1.
s
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In 4th quadrant :
3n

> to 2z then corresponding ratio of y = sinx is negative and increases from

As 0 varies from
-1to 0.

Now, from the above discussion, we have the graph of y = sinx in 0 to 2z is

Nla T+

< >

If angle is increased further from 2x then we observe that its ratio i.e. output starts repeating.
Which implies y = sinx is periodic function with func?amental period = 27.

: : A
Properties of y = sinx :

() Domainofy=sinxisx € R 1

(i) Range ofy =sinxisy e [-1, 1] . ' b Y

(iii) It is periodic function with 0 g 4 3_2“ 2n j
fundamental period of 2. -1

(iv) variation of y = sinx is

Principle cycle
yel[-1,1]]=-1<sinx <1

= Ymax = 1 and Y = -1
(v) Variation of y = A sin (mx)
yel[-A Al=-A <Asin(mx) < A
= A sin (mx) can never be greater than A or less than —A
= Ymax = A and Ymin = —A

2
(vi) Period of Asinmxis T = ?ﬂ

;
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2. Yy =C0sO or cosx

In 1st quadrant :

T

As x varies from 0 to 5
to O.

In 2nd quadrant :

T

As X varies from 5

to -1.

In 3rd quadrant :
3n

As x varies from =« to >

-1to 0.
In 4th quadrant :

As x varies from %ﬂ to 2r then corresponding ratio of y = cosx is positive and increases from
0to 1.
Now, from the above discussion, we have the graph of y = cosx in 0 to 2w is
M
1 D@q e

If angle is increases further from 2z then we observe that its ratio i.e. output starts repeating.

Which implies y = cosx is periodic function with fundamental period = 2.

Properties of y = cosx :
() Domainofy =cosxisx € R

(i) Range ofy =cosxisy e [-1, 1]

1
(i11) It is periodic function with fundamental -\ /

then corresponding ratio of y = cosx is positive and decreases from 1

to 7 then corresponding ratio of y = cosx is negative and decreases from 0

then corresponding ratio of y = cosx is negative and increases from

period of 2. 0 M on
-1

(iv) variation of y = cosx
y € [-1, 1] Principle cycle of

= -1 <cosx <1

= Ymax = 1 and Y = -1

o TP
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(v)  Variation of y = A cos (mx)
isye[-AA] = —-A < Acos (mx) < A
= A cos (mx) can never be greater than A or less than —A

= Ymax = A and yin = A

27
(vi) Period of Acos mxis T =~

3. y =tan0 or tanx
In Ist quadrant :
r

As x varies from 0 to >

then corresponding ratio of y = tanx is positive and increases from

Otoowoand at x = g y = tanx is not defined.

In 2nd quadrant :
s

As x varies from >

to = then corresponding ratio of y = tanx is negative and increases from

—oo 10 O.
Now, from the above discussion, we have the graph of y = tanx in 0 to  is

Y

A

o
N
+

NI
v
X

If angle is increased further from = then we observe that its ratio i.e. output starts repeating.
Which implies y = tanx is periodic function with fundamental period = .

Properties of y = tanx :
() Domainofy=tanxisx e R—(2n + 1) g

(i) Range ofy =tanxisy € (-, o)
(i11) It is periodic function with fundamental period of r.

AT
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(iv) variation of y = tanx

y € (-o0, )

= —oo<tan (mx) <o }: !

= Ymax = o and Yy = —o0 i
(v)  Variation of y = A tan (mx) is y € (—o, o) !

= —oo < A tan (mx) < oo 0 er T

= Ymax = o and Yy = —o0 g i
(vi) Period of Atan (mx) is T = n/m i

|

4. y=cot (X y =~ tanx
Properties of y = cot (x) -
(i)  Domain of the y = cot (X) isx € R — (nx)
(i) Range ofthey =cot (x) isy € (-, o) %
(iii) It is a periodic function with period of . S A
(Iv) Variation of y = tanx © 7 . _

y € (o, ) )

= -—o<cot(MX) <o = Yy =0 and Yy, = —© Principal cycle of Acotx
(v) Variation of y = A cot (mx)
as ye (-0, o) = -—wo<Acot(MX)<ow = Y= and Yy, =—©

(vi) Period of Acot (mx)is T =n/m

5. 'y =cosec (x)

Properties of y = cosec (x) 1 | ;

(i) Domain of the y = cosec (X) is x € R — (nn) B

(i) Range of the y = cosec (x) isy € (-, =1] U [1, ) A R *‘f_i

(iii) It is periodic function with period of 2 L

(iv) variation of y = cosec x _A 0 =2 , i 3,
y € (-0, =11 U [1, «) FCY

= Ymax = © and Yppiq = —o0 .
Principal cycle of Acosecx

(v)  Variation of y = A cosec (mx) asy € (-, —A] U [A, ©)
= A cosec (mx) can be greater than A or less than —A

= Ymax = © and Yy = —o0

D o2 Y
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(vi) Period of Acosec (mx) is T = 2n/m

6. y=sec (x)
Properties of y = sec (x) Ta
() Domainofthey =sec(x)isx e R—(2n+1) g | |
& %,

(i) Range of they =sec (x) isy € (-, =1] U [1, ) AL+ 4
(i11) It is periodic function with period of 2x 0 % i 3 -
(iv) variation of y = sec x -A i :

ye (-0, 1] UL ©) = Yyux=©and Yy, =—» i_-‘?' ‘:‘;g:

(iv) Variation of y = A sec (mx) asy € (-, —-A] U [A, x)
= A sec (mx) can be greater than A or less than —A

Principal cycle of A sac X

= Ymax = % and Yy = —o0
(vi) Period of Asec (mx) is T = 2n/m

2.5. Trigonometric Ratios of some Standard Acute Angles

The values or trigonometric ratios of standard acute angles are put in the following tabular form for
ready reference.

Trigonometric Ratios of Standard Angles

Degree | 0 | 30 45 60 90 120 135 150 180 | 270
Radian | 0 | =/6 n/4 n/3 n/2 2n/3 3n/4 5n/6 T 3n/2
Sin 0 | 12 /2] 3/2] 1 312 1742 1/2 0 -1
coso 1| 3712 1/4/2| 12 0 -1/2 “1/J2| —3/2| -1 |0
tan® 0| 1/4/3 | 1 V3 o -3 | 1 1/3 |0 |

2.6. Ratios of Allied Angles

T-ratios for 2nr+6:

Revolving ray assumes the same position for 6, 2n + 6, 47 + 0, 67 + 6.

AT -
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Y

Y Y Y
OLe/;X Lae/zgx b+ 4g, 0+6g,
| 9 0 0

Note:That T-ratios will be same for 0, 2z + 0, 47 + 6, 67t + 0, or one can say same for 6 and 6 +

2nm, n e |
= sin(2nt +0)=sin0O
cos (2nt + ©) = cos O

tan (2nmt + ) =tan 6

Hence adding and subtracting a multiple of 2% in an angle does not change the value of T-ratio.

T-Ratios for : T-Ratios for

sin(ﬁ—ej:cose cosec(ﬁ—e):sece sin(£+e):+cose
2 2 2

cos (g - e) =sind Sec (% - e) = cosecO cos (% + e) =—Sin0d

tan(g—e):cote cot(g—e):tane tan(gﬂaj:—cote

T-Ratios for © — 0 : T-Ratios for = + 0 :
sin(m—-6)=sin6 cos(m—0)=-cosO sin(m+06)=-sind
tan(r —-0)=—tan®6 cot(mr—-0)=-cotO tan(m +0O)=tand

sec (m —0) = —secO cosec (m —0) = cosecO sec (m + 0) = — secO

T-Ratios for : T-Ratios for
sin(%n—ej:—cose cos(%—ej:—sece sin(s?nﬂaj:—cose

tan (S—J—OJ:cote cot(s?n—ej:tane tan (3—2n+6j:—cot6

T

COSec (g + 6) =seco
T
Sec (E + e) = —coseco

cot Gﬂaj =—tan0

cos (m + 6) = - coso
cot (m +0)=cot©O

cosec (m + 0) = —cosecH

cos(s?n+ ej =+5sin0d

cot (%ﬂ + ej =—tanod
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sec(%—ej:—cosece cosec(%—ej:—sece sec(s?nﬂaj:cosece cosec(%nﬂaj:—sece

T-Ratios for 2w — 0 : T-Ratios for 2w + 0 :
sin (2n — 0) = —sin® cos (2r — 0) = cosO sin (2r +0) =sin®@  cos (2n + 6) = cosO
tan (2x — 6) = —tan6 cot (2n — 6) = —cotO tan (27 + 0) =tan® cot (2x + 6) = cot O

sec (2 — 0) = secO cosec (2m — 6) = —cosecO sec (2w + 0) = secO cosec (2m + 6) = cosecH

T-Ratios for negative 6 (-0) :

sin (-6) = —sind cos (—0) = coso
tan (-0) = —tan® cot (-0) = —cotd
cosec (-6) = —cosecH sec (-0) = secO

Illustrating the above concepts :

sin (1050°) = sin (1080° - 30°) = sin (67 — ©/6) = sin (—x/6) = — sinw/6 = -1/2
sin (120°) = sin 2n/3 = sin (r — n/3) =sin /3 = \/3/2

cos (120°) = cos 2n/3 = cos (n — ©/3) = - cos n/3 = -1/2

tan (120°) = tan 2x/3 = tan (r - n/3) = —tan n/3 = —/3

sin (135°) = sin 3n/4 = sin (n - w/4) =sinn/4 = 1.2

sin 9n/4 = sin (2 + n/4) =sin /4 = 1/.[2

sin 11n/3 = sin (4n — ©/3) = —sinn/3 = - /3 /2

cos 31n/6 = cos (5n + n/6) = cos (n + n/6) = —cos n/6 = _[3/2

Y V¥V VY Y VY VY VYV VvV Y

tan 417/6 = tan (7 — ©/6) = tan (n — n/6) = —tan n/6 = _1/./3

AT s
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STANDARD RESULTS IN TRIGONOMETRY Section - 3

3.1. Trigonometric Ratios for sum and difference of angles :
»  sin (A + B) =sinA cosB + cosA sinB
»  sin (A - B) =sinA cosB - cosA sinB
»  cos (A + B) = cosA cosB - sinA sinB
»  cos (A —-B) =cosA cosB + sinA sinB

tan A+tan B
tan(A+B) = ————— T r
. ( ) I_tnAtnp |WNere Axnn+Z Brnmto
tan (A-B) = enA-tnB | g A+Brmrsl
1+tan AtanB 2
cot(A+B) = cotA.-cotB -1
cotA+cotB |(where A%nmn,B#nn
>
‘ +
cot (A—B) = cotA-cotB+1| and AtB=mn

cotB —cot A

tanA+tanB +tanC —tan Atan B tanC
l1-tanAtanB —-tanBtanC —tanC tan A

» tan(A+B+C)=

cot A+ cotB +cotC —cot Acot BcotC
1-cotAcotB —cotB cotC —cotC cot A

» sin(A+ B+ C) =sinA cosB cosC + cosA sinB cosC + cosA cosB sinC — sinA sinB sinC

» cot(A+B+C)=

or,
sin (A + B + C) = cosA cosB cosC (tanA + tanB + tanC — tanA tanB tanC)

» cos (A + B+ C)=cosA cosB cosC - sinA sinB cosC — sinA cosB sinC — cosA sinB sinC

or,
cos (A + B + C) = cosA cosB cosC (1 - tanA tanB — tanB tanC — tanC tanA)

> sin (A + B) sin (A — B) = sin®A — sin’B = c0s?B — cos®A
> ¢os (A + B) cos (A — B) = cos? A — sin®B = cos® B — sin? A

81—83+85—S7+....
1—82+S4—86 + ...

> tan(Aj+A+ . +A)= » Where

S;=tan A, +tan A, + ..... + tan A, = the sum of the tangents of the separate angles,

T iy Y
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S, =tan A; tan A, + tan A, tan A5 + ..... = the sum of the tangents taken two at a time,

Sy =tan A; tan A, tan A; + tan A, tan Ay tan A, + ..... = the sum of the tangents taken three at
a time, and so on.

3.2. Trigonometric Ratios of Multiple and Submultiple Angles
(i)  sin 2A =2 sin A cosA
(i) cos2A =cos® A —sin® A
(i) cos2A=2cos? A—1 or, 1+cos2A=2cos?A
(iv) cos2A=1-2sin? A or, 1-cos2A =2sin’A
2tan A . . 2tan A
(v) tan2A = m (vi) sin2A= 1+tan2 A
y 1-tan? A . . . 3
(vil) cos2A = — 5~ (ix)  sin3A =3sinA-4sin°A
l1+tan® A
3 ) 3tan A—tan® A
(x) cos 3A =4 cos°A — 3 cosA (xi) tan3A= 5
1-3tan“ A
3.3 Tranformation Formulae
3.3A Expressing Product of Trigopnometric Functions as Sum or Difference
() 2sinAcosB=sin(A+B)+sin(A-B) (i) 2 cosAsinB =sin (A +B)-sin (A-B)
(i) 2cosAcosB=cos(A+B)+cos(A-B) (iv) 2sinAsinB=cos(A-B)-cos(A+B)
The above four formula can be obtained by expanding the right hand side and simplifying.

Note : In the fourth formula, there is a change in the pattern. Angle (A — B) comes first and (A + B) later. In
the first quadrant, the greater the angle, the less the cosine. Hence cosine of the smaller angle is written
first [to get a positive result]

3.3B Expressing Sum or Difference of Two Sines or Two Cosines as a Product

C+D
In the formulae derived in the earlier section if we put A+ B=Cand A-B =D, then A= >
and B= ; , these formulae can be rewritten as
. . . C+D C-D
sinC + sinD = 2 sin 5 cos >

AT
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}WhereA,B;tnrwg,neZ

}WhereA,B;tnn,neZ

] ) . C-D C+D
sinC —sinD =2 sin - COS
2 2
C+D C-D
cosC + cosD = 2cos - COS
2 2
. C+D . C-D
cosC — cosD = - 2sin - sin
2 2
3.4 General formulae
i +
» tanAttanB = MwhereA,B;ﬁnnJrE,neZ
cos AcosB 2
i +
» CotAxcotB = M}WhereA,B;&nn,neZ
sin AsinB
» lftanA-tanB = Cos(ATB)
cos AcosB
» ltcotA.-cotB = iw
sin AsinB
1-cos0 0 sin®
> - =tan—= where 6=nn
sin© 2 1+cos0
> 1+_Cose=cot9, where 6 # (2n+1) nnt
sin 0 2
> 1‘C°59=tan29, where 0 = (2n +1) &
1+cos6 2
> 1+cosd _ tZQ, where 0 # 2n &t
1-cos6 2
T 1+tan® cosO+sin® 1+sin20
> tan| —+0 |= = — =
4 1-tan® cosO-sin6 cos 20
(n j 1-tan® cosO—sin® 1-sin 260
» tan|—-0|= = — =
4 1+tan® cosO+sind cos 20
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3.5

3.6

Note :

Trigonometric Identities and Equations

Values of Trigonometrical Ratios of Some Important Angles and Some Important Results

\/5—1 \/§+1
> in 15° = €0S 75° = ——— > cos15° =
sin 15 2\/5 2\/5
>  tan15°=2— /3 =cot 75° > cot15° = 2 + /3 = tan 75°
> sin 2215=%(\/2—\/§) > cos 2215=%(\/2+\/§)
1° 1°
> tan225=\/§—1 > cot225=\/§+1
> sin 18°=$=cos 72° > c0318°=—“1022\/§=sin 72°
»  sin36° =—“10;2\/§ = C0s 54° > c0Ss 36° = \/§4+1 =sin 54°
> sin9°=\/3+\/§;\/5_\/§=00581° > cos9°=\/3+\/§z\/5_\/§=sin81°
1 1
> €0S 36° —c0s72° = E > €0S 36° c0s72° = Z

»  sinB sin (60° — 0) sin (60° + 6) = 1/4 sin 30

»  cosO cos (60° — 0) cos (60° + 0) = 1/4 cos 30

»  tanO tan (60° — 0) tan (60° + 0) = tan 30
Expressions of sin A/2 and cos A2 in terms of sin A

J1+sin A=

We must be careful while determining the square root of trigonometrical function e.g.

A A
SIN—+ COS—
2 2

Sin2 X =|sinx| not sin x

AT s
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lllustration - 4 ASRE

) 1—cos¢9_tang -
O sine 2 (i1
(i)  (cos @+ sin 6)> = 1 + sin 26 (iv)
T 1+tan@ cosé +sind
tan| —+0 |= = [
V) (4 ) 1-tan@ cos@ —sinbd i)

tan(” 0) 1-tand cos® —sin®

4 ") 1+tan® cosO +sind

SOLUTION : (Hints)

)

(i) LHS= .25|n 072 =tan0/2
2sin9/2cosO/2

i LHS:ZSIne/ZCOSG/Z:tane/Z
2c0s“0/2

(111) & (iv) expand LHS to get answer.

sin@ 0
=tan—
1+cosO 2

(cos O —sin 6)° =1 —sin 20

cot @ —tan 6@ = 2 cot 20

(v) expand using tan (A+B), tan (A-B) and tan %:1

cosO sin® _ cos? 6—sin® o 20820

=2cot20

(vi) LHS =

sin® cos®  sinBcos®  sin20

lllustration - 5 HeBILNEICE

) sin 15°, cos 15°, tan 15°, cot 15° (ii) tan 22.5°, cot 22.5° (iii)

SOLUTION :

(I)  sin 15° = sin (45° — 30°) = sin 45° cos 30° — cos 45° sin 30°

cos 15° = cos (45° — 30°) = cos 45° cos 30° + sin 45° sin 30° = cos 15° =

1-cos 30°
sin 30°

tan 15°=

= tanl15°=2- f3

N secton3

tan 7.5°, cot 7.5°

= sin15° =
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o J 1 p—
and also,  cot15°= ——— =2+ J3

1 1 1-cos 45°
i) tan22=° 1
(i) 2 " sin45° =V2-
cot 22%o - ;1= 241
tan 22 =°
2
| Y3+l
1, 1-cos15° 242 _2\/5—\/5—1
(i) tan7— =—— = =
2 sin 15° J3-1 J3-1
22
10
= fan 75 = (\/§_\/§) (\/5_1)
1
and also, ~ cot7-° = =(3+2) (2 +1)
tan7
2
Illustration - 6 i Y i
_ Show that : Sin 2X — sin 3X + sin 4x — e B
COS 2X — COS 3X + COoS 4X
SOLUTION :
sin 2x —sin 3x +sin 4x
LHS = COS 2X — COS 3X + €c0S 4Xx
sin 2X + sin 4x) — sin 3x
= ( ) [note that 2+ 4x =3x]

(cos 2x + cos 4x) — cos 3x

. [ 2X +4X 2X —4x ]
2sin cos —8in 3x
2 2 2 sin 3x cos (—x) — sin 3x

2C05(2x+4xj COS(ZX_A'XJ_COS 3x = 2c0s 3% cos (—=x) — cos 3x
2 2

sin 3x[2cosx —1]
cos 3x[2 cosx —1] [

cos (-6) = cos 0]

=tan 3x = RHS

JSIEV O EAY  sin300°tan330° sec 420°

SImpIy: S 11357 sin 210° sec 315°

ATy
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SOLUTION :  Given expression
_sin300°tan 330°sec420°  sin(360°—60°) tan(360 —30°) sec(360°+60°)

~ tan135°sin 210° sec315° tan(180° — 45°) sin(180° + 30°) sec(360° — 45°)

3oL

:(—sin60°)x(—tan30°)><se060°: 2 3 :i:ﬁ
(~tan45°)x (-sin30°) xsecds® ¢, 1 5 1
2 V2

llustationsie If cosO = cosa —cosfj , then show that tan §= J_rtan%cotg.

1-cosa cos
SOLUTION
) ) ) N 1 1-cosa cosf
Manipulating the given condition as follows : c0s® ~ cosa—cosp
1-cos0 (1—cosa cosp) — (cosa — cos )
= 1+cos0 ~ (L—cosa cosP) + (cosa — cosp) [Apply °C” and D’}
ran? 0 (1-cosa)+cosP(l-cosa) (1—cosa) (1+cosP)
= s “(L+cosa)—cosp(l+cosa) (L+cosa) (1—-cosP)
1-cosa
1+cosa tanZ%
20 = 20 200 2P 0 a p
tan® — 1— tan“ —=tan“ —-cot“ = tan— =+ tan— cot =
= g 1ocosp 2B = 2 = 2 2
1+cosP 2
[llustration - 9 - -
If tang= 1—etan£,ShOWthatCOS¢=L0e.
2 l+e 2 1-ecos@

SOLUTION :  We have to find cos¢ in terms of e and cos 6, so try to convert tan6/2 to cos¢.
0 1-
29 _17€n2

tan® — =
2 1+e 2
N tanzi :1+etan2§:1+e 1-cos6
2 1l-e 2 1-el{l+cos6
2¢
@~ 1+e—cos®—ecosd
= 1 1-e+cosO—ecosd

D iy
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2
1-tan“ ¢/2 1-e+cos6—ecosO)—(L+e—cosO—ecosd
2¢ :( )~ ) [Apply C and D]
1+tan“ /2 (1-e+cos6—ecosB)+ (L+e—cosd—ecosb)
- cos ¢ = —2e+2c0s0 cosO-e
2—2ecos® 1l-—ecosHO
[llustration - 10 n n . sin2a + sin2
If tan B = tano +1any , prove that : sin2p = - ?

l+tanatany 1+sin2asin2y

SOLUTION :  We have tan B in terms of o and y, so and we have to express sin 2f3 in terms of a, y. Hence
2tanp
1+ tanZB

does not contain tan o and tan vy, so express tanf} in terms of sine and cosine.
Sino. Cosy +cosysina  sin (o + )

we will start with sin 23 = and substitute for tan  in R.H.S. Also, as the final expression

tan B = - =
cosa CoSy +sina.siny  cos (a —y)
. 2 tan
Now smB:Lg
1+tan“
,8in (@+7)
) - 2sin (o + y) cos (o —
= sin 23 = C(.)Sg(a N__ 2 ) -z(a 2
1+w cos“ (o —y) +sin” (o +7)
COSZ(OL—y)
_sinfa+y+o—y]l+sinfa+y—a—y)
1+sin® (o +7) —sin® (a—7)
B sin 2o + sin 2y
l+sinfo+y+a—y]sinfo+y—o—1v]
- sin 2B = sin 2o + sin 2y

1+sin 2a.sin 2y

UPBTEENEREY 1f 2 tana = 3 tang, then show that :

sin 23
5-cos2B"

tan (o - p) =

SOLUTION :

We have to express tan (o — B) in terms of $ only. Starting with standard result of tan (o — ) and
substituting for tan o = 3/2 tan B in R.H.S. we have :

AT
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tano —tanf 3/2tanf —tanf
l+tantanB  1+3/2tan’p

= tan (o — B) =

tanp sin cosf3
2+3tanZB 200325+3sin2[3

= tan (o — B) =

__ 2sinfcosp  _ sin 23
4cos?B +6sin2p 2 (L+cos2p)+3(1—cos 2Pp)

sin 23

= tan(a—B)Zm

lllustration - 12 If ¢+ B =290"and B +y = « then prove that tana =tanB +2tany .

SOLUTION g+ B = 90°

Taking tan on both sides

tan o + tan o finite
Now tan (ot B) = TP ang0° - ~  tanatanf=1
l-tanatanp 0
T ot
Now Zh-c£x£—3 +2m ardZI“wH—3 Xx<Zr+dm
= tano— tano tanPBtany = tanp + tany
= tano—tany =tanp +tany (- tanatanp =1)
= tano =tanP + 2tany
[llustration - 13 . . a“
_ asm2 X +bcos2 X = c,bsm2 y+ acos2 y = dand a tanx = btany, then — is

b2

(b-c)(d-b) (a-d)(c-a) (d-a)(c-a) (b-c)(b-d)
B asd)(e-d) ®  (b-c)(d-b) ©  (b-c)(a-b) @  (a-c)(a-q)

SOLUTION : (B)

2

. a tan’ y
We have to find value of — e .
b tan” x

- [~ atanx =btan y]
. 2 2 2 2
Given that: asin® x+bcos”x=c¢ = asin x+b(1—sm x)=c

c-b
N sin®x(a-b)=c-b = sin2x=—b
a_

T iy
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2, _a—=¢C
cos’x =1-sin’x = cos X_a_
2 c-b b-c .
So, tan"x=—=—+ . (i)
a—cCc c—a
Similarly , we can find tan? y
a-d
— tan’y-= b [Replace c by d, b by a, a by b in (i)]
a tanzy a- c-a
= —_— = = X
b?>  tan®x -b b-c
MEREEEEREY If x = sin (a—p) - sin (y-5); y= sin (B-y) - sin («-5) andz =sin (y-a) - sin
(B-5), then

(A) x+y+z=0B) x+y-z=0(C) y+z-x=0(D) None of these
SOLUTION : (A)
Consider x = sin (o — B) sin (y — 8), multiply both side by ‘2’. We get :

2x = 2sin (a—p) sin (y-38)

2x = cos(a—pB—y+5)-cos(a—pB +y-5) ()
And similarly

2y=cos (B—y—a+5)-cos(B-y+a-3) (i)

2z =cos(y—a—pB+5)-cos(y—a+p-95) RN (11))

Now adding at (i), (ii) and (iii) to get :
2x+2y+2z=cos(a—P-y+d)—-cos(a—-PB+y-38)+cos(Pp-y—oa-29)
—cos(B-y-a+d)+cos(y—-a—-pP+3)—cos(y—a+p—-29)
As cos(a—pP-y+d)=cos(y—a+p-29)
cos(B-y—-a+d)=cos(a—P+7y-29)
cos(y—a—-pB+d)=cos(p-y—a-29)

= 2Xx+2y+2z=0 = x+y+z=0 [As cos (- 6) = cos 0]
lllustration - 15 The value of /3 cosec 20° — sec 20° is :
A 1 B) -1 € o0 (D) 4

ATV
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SOLUTION :

Consider  L.H.S.= V3 __ 1 _Bcos20°-sin20

T sin20° cos20°  sin 20°-cos 20°
Multiply and divided by

4 ﬁ cos 20° — 1 sin 20°
2 2

2 sin 20° cos 20°

4. (sin 60° - cos 20° — cos60° - sin 20°) _ 4 sin (60° —20°) 4. sin 40°
sin 40° - sin 40° sin 40°

=4=R.H.S.

WIETELNERTY The value of expression tan A + 2 tan 2A + 4 tan 4A + 8 cot 8A is :
A A
(A) tan A (B) cotA ©) tanE (D) COtE

SOLUTION : (B)

1—tan’ 4A By using cot 20 1-tan’0
L.H.S. =tanA + 2 tan 2A + 4 tan 4A + _— =
S an an an 8 SN AA 2 tan 0
4tan? 4A + 4 —4tan? 4A
=tanA + 2 tan 2A +
tan4A
=tanA + 2 tan 2A + 4 cot 4A
=tanA +2tan 2A + 4 | =_ @0 A By using cot29=| —— =
2tan2A
2tan? 2A + 2 — 2 tan? 2A
=tanA +
tan 2A

=tanA + 2 cot 2A

2
2 . 1-tan“ 0
_ 1-tan® A B t20=| ———
=tanA+2 | —— Y using co
[ 2tan A ] { 2tan0

B tan2 A+1—tan2 A
B tan A

S sections N

=cotA=R.H.S.
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Note : Students are advised to learn above result as formulae.
i.e., tanA + 2 cot 2A = cotA

Illustration - 17 1—sina
Find set of all possible values of « in [-7, 7] such that ey is equal to (sec a
\j +sina

- tan ).

n n n n
(A) 0<a<§ (B) S ©) —E<a<§'(m —-T<a<nm
SOLUTION : (C)

Clearly o # J_rg

1-sina _
. )

1-sina (d—sin 0c)2
and / — = > =
1+sina COS“ o

From (i) and (ii) two expressions are equal only ifcos a > 0, i.e., —n/2<a<nr/2

as, seco-—tana =

l1-sina
CoSsa

_1-sina
|cosa |

....(i) As  [1-sin o is always +ve]

1-sina
l+sina

mT T
and seca —tano are equal only where a:(_E’EJ

cos¢ cos (8 + 2”) cos(@ - 2”)
3 3

(A) -1 B) 1 < o (D) None of these

[llustration - 18 :
_If X y z , then x + y + z is equal to :

SOLUTION : (C)

Given —— = J = - =\ (say)
cos cos(e + 237[} cos(e - 237[)

= X+ty+z= x{cose+cos(e+2§j+cos(e—2§}:x{cose+ 2cosecosz—;}

AT
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DS il Match the column :

Column | Column i
@) cos?52L _sin2221 1. 1
2 2
2 31 2 4r 3-43
B)  €0S®—— +c0S” — 2 STNS
®) 5 5 a2
3
(C) sin 24° + cos 6° 3. "
. 1
(D) sin?50° + c0s2130° 4. \/—5: 3

SOLUTION : (A-Q] [B-R] [C-S] [D-P]

() cos2 52 ; sin 22% =C0s75°c0s30° =

2
(ii) cos? 35 +c052ﬂ=(—\/§_1j +( 5+1J

5 2
\/—

(ili) sin24° + cos6° = 2sin54 cos30 =

(iv) sin?50° + c0s2130° = 1

MAXIMUM & MINIMUM VALUES OF TRIGONOMETRICAL EXPRESSIONS Section - 4

In this section, we shall discuss problems on finding the maximum and minimum values of various
trigonometrical expresions.

As discussed that —1<sin x<1,-1<cosx<1, —o <tan x <o, |secx|>1 and |cosecx|>1
Consider the expression a cos6 +bsin6, where ¢ is a variable.

Lety = acosO+bsin6

b
Further, let a= rcosa and b = rsina. Then, r = /a2 + p2 and tano=—
urther, let a o and b = rsina en, ac +b% and a

Yy = rcosa cosO+rsinosing = y=rcos(0Fa)
We know that —-1<cos(6 Fa)<1 for all ¢
= -r<rcos(OFa)<r forall ¢

» Y
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= —Ja®+b? <y<qa®+b? forall o
= —Ja?+b%Z<acosO+bcos@<+aZ+b? forall ¢

It follows from the above discussion that —,/a2 + b2 and /a2 + b2 are minimum and maximum values

of acos®+bsind for varying values of 9.

Note : Above result can also be derived by taking a=rsing and rcosc .

Important : The maximum and minimum values of acos6 +bsin6 +care

c++/a2 +b2 and ¢ —./a? +b? , respectively.
Le., c—\/a2 +b? éacoseirbsin9+c£c+\/a2 +b2.

Illustrating the Concepts:
Find the maximum and minimum value of :

() sin@+ cos@ (i) \3 sin@ - cosé (ilf) 5sin@ +12cos @ + 7
Given expressions are in the form of : So maximum value of sind + cos0 is /3 and

ino+ : - , :
asin 6 +b cosf minimum value of sin® + cod is—./2 .

Express this in terms of one T-ratio by dividing -
and multiplying by (a2 + b%)Y2 (i)

() sin@+cos6=1-sinB +1-coso

= ﬁ(%sin 0+ %cos@}

= ﬁ(sin 0 cos% +€0s0 sinﬂ

V3 1 j

\/§sine—cose=2[7sine—§cose

[Multiplying and divide by ]

Z(Sin 0 cosE —cos0sin EJ
6 6

— \/§S|n(e+£J ZSIH(O—EJ

= 2 6
Now sine of an angle must be between -1 as —1< sin(e _EJ <1
and 1. 6

- T
= —1SSin(9+§J§1 = 2—25"‘(9 6}‘2

So maximum value is 2 and minimum value
is —2.

. _ﬁgﬁsin(e+gjgﬁ

AT
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(ilf) Consider 5 sin6 + 12 coso
=13 [5/13 sin6 + 12/13 cos0]
[Multiplying and divide by ]
Construct a triangle with sides, 5, 12, 13.
If o is an angle of triangle,
then cos6 = 5/13, sind = 12/13,
55in6 + 12 coso

=13[sin 6 cosa. + c0sO sina]

55sin0 + 12 cosO + 7
=13[sin(®@+a)] +7
as —1<sin (0+a) <1
= -13<13sin(0+a)<13
-13+7<13sin (0+a) +7<13+7

So maximum value is 20 and minimum value
is —6.

Note : Above questions can be solved using formula given in section -4.

UEELELIERAY The expression 5 cosx + 3 cos (x + 7/3) + 3 lies between
(A) 4and 10 (B) -4and 10 © (0,4)and (5, 10) (D)  None of these

SOLUTION : (B)

5cosx + 3 (Cosxcosg—sin xsin%}+3

= COSX (5+gj—sinx-¥+3

13 33

= —COSX———Sinx+3
2 2

169 27 13/2 NI o .
= =2 e ) ST C  coSX———— sinX Multiplying and divide b
Va4 T4 ee 27 fles 27 +3[Multiphying / |
4 4 4 4

=7 (cosa cosx — sina Sinx) + 3
=7cos(a+x)+3

As -1<cos (o +Xx)<1

e, —7+3<7cos(a+X)+3<7+3

e, —4<7cos(a+Xx)+3<10

o “CEEYI

[where tan o = ]
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TEEECEAN |f g < R |, the expression a sind + b sin6 cosd + ¢ cos?0 lies between

) b +(a-c)Pand Zyb? +(a-0)? (B) T and 22
1 5 L ac?
©) ﬂ__ b2+(a c) and —— a+c b2+(a c) (D) None of these

SOLUTION : (C)
Let f (8) = asin?0 + b sind cosd + ¢ cos?0

:—a(l €0 20) —sin260 + —C(1+C0826) = c. 2 cos26+95in26+3+E
2 2 2 2 2
:%{(a+ )+ \/b2 + (a—c)2 } (sin 26cos o — cos 26 sin )
b2 +(a-c)? .
%(a+c) +(2 ) sin (20 — a)

As —-1<sin(20-a)<1

{a+c}_ b? + (a-c)? < f(e)g{a+c}+ b? + (a—c)?
2 2 2 2

Note : Above questions can also be solved by directly applying result given in Section -4.

NEETEVOREWPY Find the maximum and minimum values of sin®x + cos®x.

1 3 1 3
land = land — 0 and = 0 and —
(A 7 ® 7 © 7 O "

SOLUTION : (C)

If the function contains only even powers of sine and cosine of the same angle, use the following propeties
2

(i) sin’x+cos>x =1 (i) 2 sinx cosx = sin2x.
Let f(x) =sin® + cos®x
= (sin®x)3 + (cos2x)®
= (sin®x + c0s?x)2 — 3 sin?x cosx (sin®x + cos?x)
=1 - sin®x cos®x

3
=1- 7 (sin 2x)?

AT
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When (sin 2x)2 is minimum i.e. 0, then y will be maximum and when (sin 2x)2 Is maximum i.e. 1, theny
will be minimum.

3 3 .1
Hence f(x)male—zx0=1 and f(x)male_ZXl:Z-

TRIGNOMETRIC SERIES IN WHICH ANGLES ARE IN A.P. Section - 5

5.1 TYPE-1

Problems based on finding the sum of series of sines or cosines whose angles are in A.P.

Following two results are very useful in solving such problems.

Result | : sina + sin (oo + B) +sin (o0 + 2B) + ........ +sin(a+ n-1p) =

-sin[oﬁ(n—l)%}.

np

sin —

Result |l : cosa + cos (o + B) + cos (o + 2B) + .......... +cos(a+ n-1B)=

-cos[ow(n—l)%}.

=N

sin =

N

Proof for Result | :
Let S =sina + sin (o + B) + sin (a0 + 2B) + ..... +sin(a+n_—1[3)

Here angles are in A.P. and common difference of angles = 3

Note : In a series of sine and cosine whenever angles are in A.P. and power of sine and cosine is one then we

Common difference of angles
2

multiply each term by Zsin( j , then express each term as a difference

of two terms and add.

So, multiplying both sides by 2sin % we get :
p p p

S.Zsin%:ZSinocsin§+25in (G+B)'Si”§+ ..... +2sin (o +n—-1p) sinE ()
Now, first term of above R.H.S. can be written as 2sin o - sinE = cos(a _EJ - cos(a + Ej

p 3B

Similarly, the second term R.H.S. can be written as 2sin(a + ) sin i cos(a + %j - cos(a + ?j

» O
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and also the last term of R.H.S. can be written as

2sin (o +n —1p) - sin%: cos[a +(2n - 3)%} - cos[a +(2n —1)%}
Now, adding above all terms, we get R.H.S. of (1) as cos(a - %j - cos[a +(2n-1) %} .
From (i), we get :

. np
sin—

Zs,in%-s:Zs,in[ow(n—l)%]sinn—2B — S = Siné -sm[ow(n—l)%}
2

Students are advised to prove the result — 2 themselves.

NITSHELIREY The value of expression : cos 27 /7 + €os 4z /7 + ¢os 67 /7 is :

1 1
A 5 ® -3 © 0 DO) 1
2 2
SOLUTION : (B)
. T 21 4r 61
2sIn =| cOS— + €COS— + COS —
LH.S B 7 7 7 7
S 25inE
7
1 K.Sn .nj (.515 .SRJ [.711 .SnH
= sin— —sin— |+| Sin— —sin— |+ | SiIh— —sih—
25in£ 7 7 7 7 7 7
7
. LT
_SInn—sm7_ 1
25inE 2
7

Alternative Method :

We can also use the relation :

sinnd /2 2a+n-1d

- cos
sind /2 2
[where d is common difference of .AP]

cosa+cos(a+d)+...cos(a+n-1d)=

AT
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sin 3(2“2/7J 47“+2(27“J
= LHS=————<coS| ———=

Sin27:/7 2
.3t 4n n 3n). (n 4rn T (—nj o
o % cos| =—=|sin| = —-— cos—sin| — n
_sm7 cos7 ) (2 7j (2 7}_ 14 14 :__1sm7:__1
sin & sin =~ sin =~ 2 sin * 2
7 7 7 7

5.2 TYPE-2

If angles are in A.P. and sum of the first and the last angles is = or /2. Then we will use the following
working rule and power of sine and cosine may or may not be one.

Working Rule

If angles are in A.P. and sum of the sum first and last angles is ©/2 or = etc., then group equidistant
terms from both ends, express last angle in terms of the first in each group and simplify.

Illustration - 24

43 457 alr

4 T R ©
—+C0S —+C0S — IS .
8 8 8

. T
The value of expression : cos B + COS

1 3 1 3
(A) > (B) > © 2 (D) 1
SOLUTION : (B)

L.H.S. = (0054 r + cos? 7—ﬂj + (0034 3—n + cos? S—WJ
8 8 8 8

cos* = + cos® (n - Ej +| cos? 3n +cos? (n - S—nj
8 8 8 8

= 20054E+ 2cos43—7t
8 8

I I
N |- N
P
—— I/
e 8
+ 7]
)
l\)"_‘ la
N ~
5 )
+ +
I/~ N
[N (@)
| o
»
)
l\)"_\ oo|§’
N )
I
1
N |-
— N
'—\
+ R
'—\
N-LI—‘ +
o
N
- 3
+ |
N |- N
L )
Il +
N | W VR
H
+
o
N o
773
~
)
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Trigonometric Identities and Equations

5.3 TYPE-3

If angles are in G.P. having common ratio 2 or 1/2, terms of sine or cosine are in power one and in
product.

[llustrating the Concepts:

Prove that : cos A cos 2A cos 4A cos 8A ...... cos 2"~ 1A = N sin A sin(2" A)
i
Multiply above and below by 2" sin A
2n -1
LHS. = 11— [2 sin A cos A cos 2A cos 4A ... cos 2“‘1A]
27 sin A
2n -2
= ——— [2sin 2A cos 2A cos 4A ... cos 2" T A]
2" sin A
2n -3
= ——— [2sin4A cos 4A ... cos 2" "1 A]
2" sin A
1 in on—1 n-1
= [2 sin 2 A cos 2 Al
27 sin A
1 sin (2" A)
= sin(2.2"" 1Ay = ——,
2" sin A ( ) 2" sin A
UCBIENTIERZS The value of expression cos 20° cos 40° cos 60° cos 80° is:
A) 1/8 (B) 1/4 (C) 1/16 (D) None of these

SOLUTION : (C)
1
In given expression :  €0S 60° = > and n=3
by using Type 3 to get :

1 1 .3
_ o ——= |sin (28207

L1 sinte0° L ginaso-20) = — |22 )1
= —x .si - = . _ e -
16 sin 20° 16 sin 20° 16\ sin 20° ) 16

AT
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JIVSIEV AT The value of expression sin 10° sin 30° sin 50° sin 70° is:

A) 18 (B) 1/16 () 4 (D) 34
SOLUTION : (B)
By complementry rule
sin © = cos (90 - 0)
The given expression reduces to cos 20° cos 40° cos 60° cos 80°

which is same as above illustration.

5.4 TYPE-4

If angles are in A.P., terms in sine or cosine having power one, and in product and sum of the first and
last angles is not ©t/2 or &t etc. then

Working Rule :
(i)  Change the last angle using formula for = — 6 etc.
(i) rearrange the terms in ascending order of angles.

(i) group the terms in two parts: One part consisting of terms having angles in G.P. and the other
part consisting of remaining terms.

(iv) Simplify

Illustration - 27

Lo 2 4 6r . .
The value of expression : cosT- COS —- cos7 IS :
A 1 B 1 C = D 1
(A) B 3 ©) D) 15
SOLUTION : (C)
Let y= cos%-cosll—ﬂ-cosfs_ﬂ both sides by 2 sin /7 and simplify].
. T
2n 41 b8 2ysm7=
= COS—:COS—-COS| T ——
7 7 7
. T T 21 47t
o An —(25”17(:037} C057C057
= —cosE-cos—-cos—,
7 7 7

2ysinE =—sin Ecosz—ﬂ 0054—n
- 7 771 1

[Here there is only one group consisting of
terms having angles in G.P. So, we multiply

o CET
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LT . T Y 4n
4ysin—= 8ysin—=-2sin— - cos—
= y 7 = y F 7
o o An [Multiplying both side by 2]
—(Zsin—cos—)cos—
LT . 8n . ( n}
L . — 8ysin—=-sin—=-sin| 1+ —
[Multiplying both side by 2] 7 7 7
. T . 4r 4n LT LT 1
— =—-sin— cos— 8ysin—==+sin— = y==
= 4ysm7 sin 2 coS Z = y . . y 3

|FEEEGT N The value of expression is sin? 12° + sin? 21° + sin® 39° + sin? 48° - sin? 9° - sin? 18°

IS:

A 1 (B) 0 ©C) -1 (D)  None
SOLUTION : (A)

sin® 12° + sin? 21° + sin® 39° + sin? 48° — sin? 9° — sin® 18°
sin? 12° + sin? 21° + (sin? 39° — sin? 9°) + (sin® 48° — sin? 18°)
Multiplying and divide by 2,
1
L2 sin® 12° + 2 sin? 21° + 2 (sin® 39° — sin® 9°) + 2 (sin® 48° — sin? 18°)]
By using 2 sin® © = 1 — cos2 6 and sin? 6 — sin® ¢ = sin (0 + ¢) - sin (6 — ¢)

1
= 5 [1-cos24° + 1 —cos 42° + 2 sin 48° sin 30° + 2 sin 66° sin 30°] =1

1
As sin 30° = > and by complementary rule sin 66° = cos 24°; sin 48° = cos 42°.

TSI B The value of expression : sin 6° sin 42° sin 66° sin 78° s :

3 1 1 1
(A) 2 (B) 2 © 16 (D) >
SOLUTION :

Note that (66 + 6)/2 = 36 and (66 — 6)/2 = 30. Hence sin 6° and sin 66° should be combined.
L.H.S. = 1/4 [2 sin 6° sin 66°] [2 sin 42° sin 78°]

= 1/4 [cos (6° — 66°) — cos (6° + 66°)] [cos (42° — 78°) — cos (42° + 78°)]

= 1/4 [cos 60° — cos 72°] [cos 36° — cos 120°]

AT
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Substituting the values, we get :

1 3_\/3—1JLJ§+1+3J 3(2—\/§+1J[\/§+1+2J

L.H.S. Z(z 4 42 4 ‘.

4

1 1
a(3—ﬁ)(3+\/§):E:R.H.S.

USRI The value of expression : sin 20 sin 40 sin 80 is:  (where angles are in degrees)

1 1 1
A 3 ® 3 © i ©) ?

SOLUTION : (D)
Consider L.H.S. = sin 20 sin 40 sin 80
= sin 20 sin (60 — 20) sin (60 + 20)

_ Lsin320) = Lsineo = 3
4 4 8

Illustration - 31 5z . Ix

oo . 3m . . .
The value of expression : sin-— sin—- sin— sin— s :
14 14 14 14

N B) - o = D) =
O ® 5 © 3 © 1
SOLUTION : (A)
.. nm . (m 6xn 67 8n 8n
(|) SIN—=SIN| ——— |=C0S —=CO0S| T —— |=—C0S—
14 2 14 14 14 14
3n n A4n 4n
SIN—=S8IN| ——— |=C0S—
14 2 14 14
.5t . (m 2n 2n
SIN—=SIN| —— — | =C0S—
14 2 14 14
L.H.S. = —COSE COSE Cosg_n
1 14 14
_ 1 53
= - -sin (2° A) [where ]

23 sin A

W cions Y
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_ 1 . 8m
= - sin —
8sin
5
1 . 1 1
= - sm(n+£j=——(—1)=— [sin (m + ©) = —sin 0]
8sin ~ ! 8 8
7

[llustration - 32 _ 1+ cos 1+C053_7T 14005 % |14 cosg_” -
The value of expression : 10 10 10 10

1 1 1 3
A3 ® 7 © (D) %

SOLUTION : (C)
By supplementary rule : cos (r —A) =—-cos A

LH.S. = [1+cos~ 1+0033—n 1—0053—7t 1-cos~
10 10 10 10

2
= (1—cosz%j(l—cosz f—gj=sin218°sin2 54° — {E ‘/§+1J =i

4 4

NIFSHELIRRCEY The value of expression : cos 60° cos 36° cos 42° cos 78° is:
1 1 3

1
@ 3 ® 7 © 13 0)
SOLUTION : (C)
Consider L.H.S. :

1 V5 +1 . E - (2 cos 42° cos 78°) = —(\/3 +1) (cos120° + cos 36°)

~2 4

1 5 +1 _ _
E”g”)(‘z* B 1 gy Bt st

UCEEEUCINSERY For a positive integer n, let

fo(0) = (tan j(1+sec@)(1+se028)(1+sec46) (1+sec2"9). Then -

) f(l’;j 1 (8) fa(gzj 1 () f4[64j 1 (D) fs[mj 1

AT
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SOLUTION : (ABCD)

i : 2
We have (tangj L+ sec6) = S ©/2)[,, 1 |_sin(6/2) 2cos”(8/2)
2 cos (6/2) cosO | cos(6/2) cos 0

_ 2sin (0/2)cos (0/2) _ Sme:tane
coso cos o

Thus, f, (0) = (tan g} (1+secO) (1+sec20) (L+sec4o)....(L+sec 2" 0)
= (tan 0) (1 + sec 20) (1 + sec 40) .... (1 + sec 2" 9)
= (tan 20) (1 + sec 40) .... (1 + sec 2" 0)
= (tan 40) (1 + sec 80) .... (1 + sec 2" 0)

o[ )= tan zSLj:tan(ﬁjzl
and 15 128} ( 128 4

CONDITIONAL IDENTITIES %% Section - 6
TYPE-I

Problems based on transformation of the plus form of sine or cosine in product form :

Working Rule :

(i) Simplify the terms containing A and B using the formula of sinC + sinD and cosC + cosD whichever
is applicable.

(ir) ~ Simplify the term containing C by using sin 26 = 2 sin 6 cos 6 or cos 20 = 2 cos? © — 1 or cos

o CET




Trigonometric Identities and Equations

20 = 1 -2 sin® 0. and write A + B in terms of C and then take out the common factor (which
will be a term containing C).

(iif)  Then transform C in A + B (not in the factor which has been taken common).
(iv) Then simplify to get the desired result.

Illustrating the Concepts :

If A+ B + C = x, then show that :
(1) sin2A + sin 2B + sin 2C = 4 sin Asin B sin C

(11) cos2A + cos2B + c0s2C = -1 — 4 cosA cosB cosC
(1i1) cosA + cosB + cosC =1 + 4 sin A/2 sin B/2 sin C/2
(iv) sin A + sinB + sinC = 4 cosA/2 cos B/2 cos C/2

()  LHS =sin2A +sin2B +sin 2C
=2sin (A +B) cos (A-B) +sin 2C

=2sin (nr —C) cos (A -B) +sin 2C [Convert A+ B to n - C]
=2sinCcos(A-B)+2sinCcosC
= 2sin C [cos (A - B) + cos C] [Take the term involving C as factor]

Convert the expression with-in brackets in A and B only.
=2sin C[cos (A-B) +cos (n—-A-B)]
=2sin C [cos (A - B) —cos (A + B)]
=2 sin C (2 sinA sinB)
= 4 sinA sinB sinC = RHS

(i) LHS =cos2A + cos2B + cos2C
=2cos(A+B)cos(A-B) +cos 2C
=-2cosCcos (A—B)+2cos’C-1
=-2cosCJcos(A-B)-cosC]-1
=-2cosC[cos(A-B)+cos(A+B)]-1
= -2 cosC [2 cosA cosB] - 1
=-1 -4 cosA cosB cosC = RHS

AT
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(i) LHS CosA + cosB + cosC

2 cos AerBcos A;B+cosC

2 cos T C cosA_B+cosC
2 2 2

. C A-B . 2C . .
ZSInECOS > +|1-2sin > [Express cos C in terms of sin—-]

. Cl]l A-B . C
2sin —| cos —-sin—|+1
2| 2 2

. C[ A-B A+B
2sin —| cos —CO0S +1
2| 2 2

ZsinE Zs,inésinE +1
2| 2 2

1+ 4sin ésin EsinE:RHS
2 2 2

(iv) Try On The Same Pattern. (As in part 3 above)

TYPE-II
Problems involving squares of sines or cosines of angles.

Working Rule :
()  First, rearrange the terms in L.H.S. so that either sin? A — sin? B = sin (A+B)-sin(A-B)
or cos® A —sin® B = cos (A + B) - cos (A — B) can be applied.

(if)  Simplify the term containing C and then take out the common factor (which will be a term containing
C).

(iif)  Then transform C in A + B (not in the factor which has been taken common).

(iv) Then simplify to get the desired result.

Illustrating the Concepts :

If A+ B + C = 7, then show that :

(i)  sin?A + sinB — sin?C = 2sin A sin B cos C

(i) cos?® AJ2 + cos?® B/2 + cos? C/2 = 2 + 2 sin A/2 sin B/2 sin C/2
(iii) sin®A + sin?B + sin?C = 2 + 2 cos A cos B cos C

e I
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(i)  Starting fromL.H.S. :

= sin?A + sin®B — sin’C
= sin?A + sin (B + C) sin (B - C)
= sin?A + sin (x — A) sin (B - C)
=sin A [sin A + sin (B — C)]
=sinA {sin[x - (B + C)] +sin (B-C)}
=sin A [sin (B + C) +sin (B - C)]
=sinA[2sinBcosC]=2sinAsinBcosC

(ii) L.H.S. = cos? A/2 + (1 — sin? B/2) + cos? C/2
=1+ (cos? A/2 - sin? B/2) + cos? C/2
=1+ cos (A + B)/2 cos (A — B)/2 + cos? C/2
=1 +sin C/2 cos (A —B)/2 + 1 — sin® C/2
=2 +sin C/2 [cos (A — B)/2 —sin C/2]
=2 +sin C/2 [cos (A-B)/2 - cos (A + B)/2]
=2+ 2sin C/2 sin A/2 sin B/2

(iii) L.H.S. =sin?A + sinB + sin’C
=1 - (cos?A - sin?B) + sin’C
=1-cos (A + B) cos (A - B) +sin’C
=1 + cosC cos (A — B) + 1 — cos’C
=2 + cosC [cos (A - B) — cos C]
=2 + cosC [cos (A - B) + cos (A + B)]
=2+2cosCcosAcosB

TYPE 1l
Problems involving only tangents or cotangents of angles.

Working Rule :

() Write the given relation between angles keeping two angles on one side and remaining on the
other side.
(i)  Take tangent or cotangent of both sides and simplify to get the desired result.

Illustrating the Concepts :
() Ina AABC, prove that tanA + tanB + tanC = tanA tanB tanC

(i) IfA+B+ C=nx, prove that : tanétanEHanEtanE+tan9tanézl.
2 2 2 2 2 2

AT -
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(i) If A+ B+ C =z, prove that cotB cotC + cotC cotA + cotA cotB = 1.

()  InAABC, +A+B+C=n . A+B=n-C
= tan (A + B) =tan (= - C) [By taking tan on both side]
N tan A+tan B —_tanC
1-tanAtanB

= tanA + tanB = —tanC + tanA tanB tanC
= tanA + tanB + tanC = tanA tanB tanC

(“) °c A + B + C =T
A B C T T C
Stoto =5 or B
2 2 2 2 ’ 2 9 2 9
tan é+E =tan E—E —CO'[E : .
2 2 2 9 2 [By taking tan on both side]
tan > + tan ©
2 2 1
= A B C

1-tan—tan— tan—

2 2 2
= tanétan9+tanEtanE:1—tanétanE
2 2 2 2 2 2

= tanétanE+tanEtanE+tanEtanA:1.
2 2 2 2 2 2

(i) .- A+B+C=mn . A+B=n-C
= cot (A +B)=cot (x-C) [By taking cot on both side]
tA-cotB-1
N cotA-co _cotC
cotB +cotA

= cotA cotB — 1 = — cotB cotC - cotC cotA

= cotA cotB + cotB cotC + cotC cotA =1

TYPE IV
Miscellaneous Type

Working Rule :

() Ifitisgiventhatx+y+z=xyzor,xy+yz+zx=1putx =tan A,y =tanB and z = tanC in
it and simplify it to find the value of A + B + C.
(if)  Then put tanA, tanB, tanC in place of x, y, z respectively in the L.H.S. of the given question and
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simplify it to get the desired identify using the value of A+ B + C.

Illustrating the Concepts :

x+y+z 4xyz

1-x2 1—y2 1- 72 _(1—x2)(1—y2)(1—22)

If xy + yz + zx = 1, prove that

Let x = tanA, y = tanB, z = tanC
Given, xy +yz+ zx =1

tanA tanB + tanB tanC + tanC tanA = 1
= tanC (tanA + tanB) = 1 — tanA tanB

tanA+tanB 1
l1-tanAtanB tanC

=cotC :tan(g—cj

T
= tan(A+B)=tan (——CJ

2
T . ..
A+B= ri C [Taking principal value]
T .
= A+B+C:§ ()
X y z
Now,L.H.S. = + +

1-x? 1—y2 1-72
tan A tan B tanC 1{ 2tan A 2tan B 2tanC
+ + = + +

1-tan?A 1-tan’B 1-tan?C ~2/1-tan’A 1-tan?’B 1-tan?C

%(tan 2A+tan2B +tan 2C) (1)

Nowfrom(i),A+B+C:g —  2A+2B+2C=n

o, 2A+2B=n-2C = tan (2A + 2B) =tan (n — 2C)

or, @N2A+1an2B _ . oc or,  tan2A+tan 2B = —tan 2C + tan 2A tan 2B tan 2C

1-tan2Atan 2B

or, tan2A +tan 2C + tan 2B = tan 2A tan 2B tan 2C. 1))

1
From (ii), L.H.S. = > (tan 2A + tan 2B + tan 2C)

= % (tan2Atan 2B tan 2C) [From (iii)]

AT
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_ 2tan A _ 2tan B . 2tanC
1—tan2A 1—tanZB 1—tan2C

N | =

2x 2y 2z 4xyz
1-x2 1-y? 1-22 7~ @a-x®)-vy3)(-73)

_L
2

UEREECNEELY 1f ¢+ B+ y= 7, then i tan (B+ y— ) +tan (y+ a— B) +tan (a+ B—7) is :
(A) tan(f-y-a)tan(y+a-pB)tan(a+p-y)
(B) cot(B+y—a).cotf(a+y—pB).cot(a+pB-y)
(C) cot(B+y—a).cot(a+y—pB)tan(a+pB-y)
(D) None of these
SOLUTION : (A)
Let B+y—a=A, v+ a-B =B, and atpP-y=C
Now,A+B+C=B+y-a+y+a-B+a+p-y
o, A+B+C=a+pB+y=mn
o, A+B=n-C
tan (A + B) = tan (= - C)

tan A+tan B - _tanC
o I tanAtnp A"

or, tanA + tanB =-tanC + tanA tanB tanC or, tanA + tanB + tanC = tanA tanB tanC

Putting the values of A, B and C, we get :
tan(B+y—-a)+ttan(y+a—-B) +tan (a + B —y)
=tan(B+y—a)tan(y + a —B) tan (a0 + B —y).

TRIGONOMETRIC EQUATIONS Section - 7

7.1 Some Basic Results

() Ifsin6=0,then 6=0,+ 7w, + 27, ........ = 0=(2n+1)wn/2 wheren e I.
= 0 =nn wheren e l. (i) Iftan6 =0then, 6=0, &, + 2%, ........
(i) 1fcos6=0,then 6=+n/2,+3n/2 ....... = 0=nmt wherenel.
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(iv) Ifsind=1then, =~ 2% 9%
2'2' 2
=3 9=(4n+1)g wheren e . (vi)

(v) Ifcosb =1then, 6=0,2x, 4x, .....

Some More Basic Results
()  IfsinB = sina (i)

then® =nm + (-1)"a, wheren e |

(i) If tand = tana (iv)
then® =nn + a, wheren e |

(V) If cos?0 = cos?a (vi)
then® =nn £ o, wheren e |

Illustrating the Concepts :
(i)  Find the values of @ satisfying sin@ = sina

Trigonometric Identities and Equations

= 0 =2ntr wheren e I.

Iftand = 1 then, 6=

T
4

= e:(4n+l)% wheren € I.

If cosO = cosa

then 6 =2nt £ o, wheren e |
If tan®0 = tan’a.

then® =nmt £ a, wheren e |
If sin%0 = sina.

then® =nmt £ a, wheren e |

(i)  Find the values of 0 satisfying cos@ = cose in the interval 0 < 0 < 7

(i)  Find the values of @ satisfying the equation : tan@ = tanc.

(I)  sinB = sina

= sin® — sina =0

O+a . 06—«
2 cos sin =0
- 2 2
Either:COSe+a=0 or sine;azo
0+ T 00—
=(21+1)— or ——=n
= ( )2 > T
0=Ql+1)n-o or 0=2nm + o

0 =(oddno.) Tt —a or

O0=nt+(-D)"a,nel

[where I, n are integers]

0 =(evenno.) © + a

[where, n € 1]
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(i) c0sO = cosa O+a
=  c0sO — cosa = 0 = 2
_ 0—-a
= —23ine+asin62a:0 or 5 =N [where,n e 1]
. 0+a 0 = 0=2nm -«
i sin =
Either or 0=2nn+a [where, nel]
or  sin O-a_ 0 Combining the two values, we get :
0=2n7 + a nel
(i) tand = tana ()  sin® = sina
N sinb _ sina = 0=nn+(-1)"a, nel
cosd  cosa (i)  cosO = cosa
= sSind cosa — cosO sina = 0
= 0=2nt + o, n el
= sin(0-a)=0
(i) tan® = tana
= O-a=nmnel

= O=nnm+a,nel

= O=nn+a,nel

Important : Every trigonometric equation
should be manipulated so that it reduces to
any of the above results.

Note :  The following results should be committed to
memory before proceeding further.

lllustration - 36 The number of value of x lying between 0 and 2r satisfying the equation : sin x +
sin 3x = 0 is are:
A 2 B) 3 € 4 (D) 5

SOLUTION : (B)
The given equation is sinx +sin3x =0

2sin X+3Xcosx_3x =0
2 2

= 2sin2xcosx =0

Either sin2x=0 or cosx=0

= 2X=nrx or x=(2n+1)z /2, [where, n €1]
= X=nx/?2 or x=(2n+1)z /2, [where, n €1]

This is the general solution of the equation. To get particular solution satisfying 0 < x <27, we will
substitute integral values of n.

o I
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() n=0 = x=0,7/2 (i) n=1 = X=rl2,3n12

@iy n=2 = X=m,5712 (iv) n=3 = Xx=3n12,7Tn12

Hence for 0 < x < 25, the solutionis x=7/2, 7,371 2.

HOW TO SOLVE TRIGONOMETRIC EQUATIONS Section - 8
8.1 While solving equations following points must be kept in mind.

() Squaring should be avoided as far as possible, If squaring is done check for the extraneous roots.

(if)  Never cancel equal terms containing ‘unknown or variable’ on two sides which are in product. It
may cause root loss.
(iif)  The answer should not contain such values of 6 which make any of the terms underfined.

(iv) Domain should not change. If it changes, necessary corrections must be made.
(v)  Check that denominator is not zero at any stage while solving equations.
TYPE-I

Problems based on method of factorisation :

Working Rule :

Step |. Take all the terms to L.H.S. i.e. make R.H.S. zero, then factorise L.H.S.
Step 11. Equate each factor to zero and solve.

Step 111. Check for root loss and extraneous roots.

Illustrating the Concepts :

(i)  Solve : tan@ + tan20 + tan36 = 0 for general values of 6.

(i)  Find the values of x satisfying 3 — 2 cosx — 4 sin x — cos2x + sin 2x = 0.

(i)  Using tan (A + B), tan0 + tan20 =  30=nn or 2tan%0 = 2 (1 - tan’0)
= tan30 (1 — tano tan20) = 0=naf3,
Hence the equation can be written as : or tand = + % [where, n e 1]
tan30 (1 — tan® tan20) + tan36 = 0 — 0 = nu/3,
tan30 (2 — tan6b tan26) = 0

1
or  O=nm+tant 77 [where,n € 1]
= tan30 = 0 ortan6 tan20 = 2

ATy
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(i) Putcos2x =2 cos?x — 1

— 3 —2c0sX — 4sinx — (2 cos®x — 1) + sin 2x = 0

— (4 -4 sinx) — 2 cos?x — 2 cosx + sin 2x = 0

= 4 (1-sinx) — 2 (1 — sin®) — 2 cosx (1 — sinx) = 0

= (1-sinx) (2-2sinx —2cosx) =0

Either sinx = 1 or sinx + cosx = 1

= sinx = sin /2 or  N2cos(x-md)=1

= x=nn+ (1" n/2 or X — n/4 = 2nm + w/4 [where, n e 1]
= x=nn+ (1" n/2 or X =2nm * /4 + n/d [where, n e 1]
= x=nn+ (1" n/2 or X = 2nm, 2nm + m/2 [where, n e 1]

Combining the two, we get :

X = 2nm, 2nw + w/2.

USTENTNERTY The number of solution of cosx + cos2x + cosdx = 0, where O< X < 7.
A 2 B) 3 <© 4 (D) None of these

SOLUTION : (C)

cosx + (cos2x + cos4x) =0 This is the general solution of the equation.
To get particular solution satisfying 0 < x <
7, we will substitute integral values of n.

() n=0 = x=mn/2 + 2n/9

= COSX + 2 cos3x cosx = 0
= cosx (1 +2cos3x)=0

= cosx =0

of 142 cosdx =0 (i) n=1 = x=3n/2, 8n/9, 4n/9
~ cosx = 0 (i) n=2 = x=5m/2, 1479, 107/9
or cos3x =-1/2 = cos 2n/3 (greater than n)

(V) n=-1 = x=-n/2, -27/3 + 2n/9
= x=(2n+ /2 (less than 0)
or 3x=2nm + 2n/3  [where,n e ] Hence the values for 0 < x < mare x = /2,
—~ x=(@n+1) /2, 2719, 47/9, 879,

or x=2nn/3 + 2n/9, [where, n e ]
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WIETEHIESEEY Number of solution of the equation sinx = cosdx for 0 < x < .
A 3 B) 2 <© 4 (D) None of these

SOLUTION : (C)

SinX = c0s4x ()

n=0 = X = n/10, -n/6
—  0s4x = cos (/2 — X) (i) n=1 = x=n/2
(ii) n=2 =  x=9n/10, 7n/6

(V) n=3 =  x=137/10, 11n/6

= 4X=2nmt + (n/2 - X)
Either 4x = 2nnt + ©/2 — X

(greater than )
4x = 2nm — n/2 +
or X =em—mle+ X () n=-1=  x=-3/10, -5n/6
= x=2nxn/5+ n/10 (less than 0)

or X =2nn/3 — n/6 _ _ _
Hence the required solution for 0 < x < & is

This is the general solution of the equation. X = 7/10. 1/2, 9n/10.

To get particular solution satisfying 0 < x < r,
we will substitute integral values of n.

WY Number of solution of the equation are secdx — sec2x = 2 ; in -z <X < .
A 8 ®) 10 © 12 D) 14

SOLUTION : (C)

sec 4x — sec2x = 2 or X=2nmxn/2 [where, n € 1]
1 1 _o This is the general solution of the equation.
= cos4x COS 2X To get particular solution satisfying — < X

< m, we will substitute integral values of n.

=  COS 2X — C0S 4x = 2 c0S 2X Cc0sS 4x Consider x = 2n1t/5 + /10

=  CO0S 2X — C0S 4X = C0S 6x + c0S 2x -0 — x =+ /10

= COs6x +cos4x =0 n=+1 = x=4+n/2 —3n/10
= 2cosb5xcosx=0 n=+2 = x=%9x/10, + 7n/10
Either cos 5x =0 or cosx=20 Consider x = 2nm + /2 -

= bx=2nm % n/2 n=20 = X=%*n/2

or X=2nmxn/2 [where, n € 1]

These are the only values of x in [-m, nt].
= X =2nn/5 % n/10

P ion s
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NIFSHEL RN The solution of the given equation cos@ cos26cos30=1/4are @ =(2n+1)A and nz+B,
then ‘A and B’ are :

A 7= ® ==z © =0 (D) None of these
3 83 2

SOLUTION : (B)
1 2n
4 cosH co0s26 cos30 =1 or C0s20= 5 = CO0S 3
or, (2 cos 36 cos0) (2 cos20) =1

= 0=2n+)r
or, (cos46 +co0s20) (2cos20)-1=0 8

or, 2 cos 40 cos20 + 2c0s?20 -1 = 0 or  20=2nm+ 2n
or, 2co0s 460 cos20 +cos40=0
TU
or, Cos40[2cos20+1]=0 0=nn J—“g [where, n e 1]
Either cos460 =0, Hence, 0=

or 2cos26+1=0. (2n+1)g,nni%wheren:O,il,irZ,...

46:(2n+1)g

TYPE-II
Equations of the form acos6 + bsind = ¢
Working Rule :
. . . a b . C
(i) Divide by /42 ; p2 on both sides and get ———= €080 + ————=5iIN0=—— .
a® +b? a2 +b? \/az +b?
(i) Write L.H.S. as /a? + b? cos(0 - o) [where and

(i) Simplify the equation.

LB EREY The number of solution of the equation V3 sinx + cosx = 1 in the interval 0 < X <
27

A 3 B) 2 <© 4 (D) None of these

SOLUTION : (A
() 2 (cosmt/3 cosx + sinmt/3 sinx) = 1

V3 sinx + cosx = 1

2cos(x-m/3)=1
= 2 (V3/2 sinx + 1/2 cosx) = 1

cos (x — n/3) = cosn/3

U U Ul

[Multiplying and divide by ]

e T

X —7l/3 =2nw + w/3
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— X=2nm + 2n/3, X = 2n=n (i) n=2 = X =4n + 2n/3
[where, n € 1] or 4t (greater than )
This is the general solution of the equation. (iv) n=-1= X = —47/3

To get particular solution satisfying 0 < x < 2x
we will substitute integral values of n.
) n=0 = x=0 or 2n/3

(i) n=1 = x=2n+2n/3o0r2n

or —27 (less than 0)

Hence the required values of x are 0, 2r/3,
27.

Illustration - 42 ) ) )
Solve the equation : sinx + cosx = sin2x — 1.
SOLUTION :

Let t = sinx + cosx ~ 00s (X — n/d) = V2

= t2 =1+ 2 sinx cosx .

= sin2x=t?-1 or  cos(x-m/d)=- 7

Hence the given equation is t = (2 - 1) - 1 As -1 < cos0 < 1, cos (x — n/4) = V2 is

— t£_t-2=0 impossible.

Solving the equation, to get :
t-2)(t+1)=0

= t=2 or t=-1

1
= c0s (X — m/d) = - ﬁ is the only
possibiilty.
= ¢0S (X — m/4) = cos (n — n/4)
= sinx + cosx =2
= X-n/4=2nn + 3n/4
or sinx + cosx = -1 [where, n e 1]
= 2cos (x — w/4) = 2 — X =2nm * 3n/4 + 7/4 is the general

or V2 cos (x — m/4) = -1 solution.

TYPE-III
Trigonometric Inequality

Working Rule :
While solving inequations involving trigonometric functions, it is best to use graphs of trigopnometric functions.

Illustrating the Concepts :

Solve cos x 2%

AT
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1

We construct the graph y; = cosx, y, = + >

Y
Now, on this graph we want those values of x for A
which graph of y = cosx is more than the graph

1
== which i 1

of ¥ > which is shown by color part of the graph. " \ e

We get solution as [0, E} U [S—n 271} or general 0 T br  2n
INE S 3 2
solution is

2nn£x£g+2nn and 2nn+%£x£2n+2nn.

[llustration - 43 ) ) - )
The solution of the inequality sin x + cos 2x > 1 if 0 <x <7 /2.

A) 0<x<E (B) E<x<E (©) 0<x<E (D) E<x<E
4 3 2 6 4 2

SOLUTION : (C)
Letsinx=t = cos2x =1 - 2t2 = 0<t<1/2
— Theinequalityis: t+1-2t*>1 —  0<sinx<1/2
2 _
= 2°-1<0 In 0 < x < w/2, this means that 0 < X < /6
= t(2t-1)<0 is the solution.
— (t-0)(t-1/2)<0

- =

TYPE-IV
Simultaneous Equations
()  Two equations in one variable.

Working Rule :

(i)  If two equations in one unknown (say x) are given, then solve given equations separately for x
lying between 0 and 2.

(i) Select the value of x for which both the equations are satisfied.

(i) Add 2nr to get general solution.

o T
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Illustrating the Concepts :

1
Solve cosx=——,and tanx=-1

V2
1 7
COSX = N = X= % Tn in (0, 2) Now for general solution add a factor of np.
3n n
tanx=-1 = x= 7 in (0, 2n) . General solution is x =2nmw + %ﬂ .

T
Common value of x = "

*
TYPE-IV

(if) Two equations in two variable.

Working Rule :

Step 1. Find A + B and A — B between 0 and 2 from the two given equations. Impose the
condition that A and B must be smallest and positive, since A and B are positive angles,
A+B>A-B.Find A+ BandA - B accordingly.

Step 11. Solve the two equation to get A and B.
Step I1l.  Then generalised it with the help of common period. i.e. adding a factor of np.
Illustrating the Concepts :

If tan (A — B) = 1, sec (A + B) = 2/4/3, calculate the smallest positive values and the most general
values of A and B.

Smallest Positive Values
Let A, B e (0, 2n)
= (A+B)>(A-B)

Nowtan (A-B)=1 = (A -B) =n/4, 5n/4
sec (A + B) = 2/43 — (A +B)=n/6,11n/6
As (A + B) > (A - B), there are two possibilities :

() A-B=mn/4 and A+B=11n/6

() A-B=5n/4 and A+B=11~x/6

From (i), we get :

25m 197
A=—" B="V0
24 and 24

AT
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From (ii), we get: A=—" and B=1"
rom (i), we get : Y an 4
General Values
tan(A-B)=1 = A-B=nn+n/4
2 ) T
= = = +—
sec (A +B) NG = A+B=2 miy
. T T
Taking A—B:nn+z and A+B:2kn+€ we get :
A:(2k+n)n+5_n and B:(Zk—n)n_i
2 24 2 24
. T T
Taking A—B:nn+z and A+B:2kn—€weget:
A:(2k+n)+£ and B:(2k—n)+5_n
" 2 24 2 24
TYPE-V

Miscellaneous Type

(I)  Whenever the terms on the two sides (L.H.S. and R.H.S.) of the equation are of different nature,
We use inequality method for testing whether the equation has any real solution or not.

Working Rule :

() Lety = each side of the equation and break the equation in two parts.

(i) Form the inequality for y taking L.H.S. of the equation and also for R.H.S. of the equation. If
there is any value of y satisfying both the inequalities, then the equation will have real solution
and if there is no such y, the equation will have no real solution.

Illustrating the Concepts :

Show tht the equation 2 cos? (gj sin® x = x% + x2 for 0 < x s% has no real solution.

X .
Let yy = 2c0s? (Ejsmz X 0

and Y, = X2 + X2 ()
2

X .
From (i), y1:20052§-sm2x

= (1 + cosx) - sin®x
=(<2)x (<))

s T
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<2
ie. y<2 .. (i)

2
_ 1 1
From (ii), y, = x2 + x 2 =x? +—2:(x—;J +222  [-x>0]
X
. Yo> 2 co(iv)
No value of y can be obtained satisfying (iii) and (iv) simultaneously,

= no real solution of the equation exists.

(if) Whenever the equation cotains power terms.

Working Rule :

()% Equate the base if possible.
(if)  If not possible to equate the base then take log of both side

UPETENEREY Find the values of x in (-7, 7) which satisfy the equation

gl +[cosx|+ |cos?x| + | cos®x | + ... to infinity = 43,
A) 2 (B) 4 (®) 6 D) 8
SOLUTION : (B)

81 +| cosx |+ |coszx| +| cos®x | + ... to infinity =82
= 1+|cosx|+|cos? |+ ]|cosx |+ ... to infinity = 2

This is an infinite geometric series with first term 1 and common ratio | cosx |.

1 i ini 1 1 H 1 - -
= 1 |cos X | =2 [by using sum of infinite geometric series with first term a and common ration r is

a -
1-r if| r|<1]
1 1 1
1-|cosx|== COSX|=— COSX =1 —
or, I I 5 = I I , = 5
1 s T
COSX=—=C0S—, X=2nm + —
When > 3 3

Wh COSX_—E_COSE X_2n1t+ﬁ
en 2 3" 3

AT
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The value of x in the given interval (-x, ) =+

TYPE-VI

Whenever terms are in sin, cos in power 1, all terms connected with plus sign and number of terms
in L.H.S. is equal to the number in R.H.S. [with (+) or (=) sign] then each term must have its exteremum
value.

Working Rule :

In such problems each term will be (+1) when the number in R.H.S. is (+)ve and each term will be
(-1) when the number in R.H.S. is (-)ve.

Illustrating the Concepts :
Solve the equation sin6x + cos4x + 2 = 0.

sin6x + cos4x + 2 = 0 or sin6x + cos4x = -2 ()
= sin6x = -1 and cos4x = -1 both satisfied simultaneously
. . 3m 3n nm =«
Now, S|n6x:—1:sm7 = 6x:2nn+7 = X=?+Z, where n e I.

= Values of x between 0 and 2r are 57_“&5_“19_“@
412 12 4 12 12

Also, cosdx =-1=cost = 4x=2nm+ =

X= U = heren € |
> T wheren e l.
— Values of x between 0 and 2 are & 3% 5% 7n
4 4 4 4
. e ) T 57w
Hence, values of x lying between 0 and 2 satisfying both the equations are 1
General solution will be given by
5T
X:2nﬂ+% or, 2n7t+7 [Where ne |]
s T
i X=2nm+ — 2n+1) m+—
ie. 2 o ( ) 2

Combining these two results, to get :

s
X=m7t+z, [where n € 1]

o T
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THINGS TO REMEMBER

Some standard identities for trignometric ratios are :
sin%0 + cos?0 = 1
1+cot?® = cosec®0
1+tan’0 = sec®0
For acute angles, all T-ratios are positive.

Relation between degree and radians :

Let 6 be the angle subtended at centre by a semicircle = 180°.
From figure, 6 = 180°
arc nr

o _nr_ 0
Inradians: 0 = adics - 1 " f\ » X

= 180° degrees = & radian

Signs of Trigonometrical Functions
In First quadrant, we have

x>0,y>0
NS _ X _y
sing== >0 cosf = — >0, tan6= = >0
r r X
r r X
cosecO = — >0, secO=—>0 and coto=_" >0
y X y
Thus, in the first quadrant all trigonometric functions are positive.
In second quadrant, we have
x<0,y>0
NS _ X _y
sing== >0 cosb = — <0, tan6= = <0
r r X
r X X
coseco = ; >0, secO = . <0 and cotb = ; <0

Thus, in the second quadrant all trigonometric function are negative other than sine and cosecent.
In third quadrant, we have

x<0,y<0
sine=%<0 cose=§<0, tand=Y >0
X
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cosec6:£<0, secO=—<0 and cotf=2>0
y X y

Thus, in the third quadrant all trigonometric function are negative other than tangent and contangent.
In fourth quadrant, we have

x>0,y<0
sing=2 <0 0059:5>O, tan0=Y <0
r r X
_r r X
Cosece—§<0 secO= —>0 and cotd= —<0.
X y

Thus, in the fourth quadrant all trigonometric functions are negative other than cosine and secant.

It follows from the above discussion that the signs of the trigonometric ratios in different quadrants are
as follows:
y

. . .. Il Quadrant | Quadrant
»  Ifrevolving ray lies in Q-1, x and y are positive, hence sin. cosec are

all T-ratios are positive. positive & the All positive
rest are negative

Sign of T-ratios in four Quadrants :

> Ifrevolving ray lies in Q-I1, X is negative and y is positive,

hence only sin6 and coseco are positive. X' o > X

> Ifrevolving ray lies in Q-l11, x is negative and y is negative, [11 Quadrant IV Quadrant
hence only tan6 and cot6 positive. tan, cot are COS, Sec are

> Ifrevolving ray lies in Q-1V, x is positive and y is negative, rgsotsétr'evﬁjé attr:\e,e rzgts ';:\e/enfazrvee
hence only cosO and sec6 are positive. (

Graph and Properties of Trignometric Functions ’

l. Properties of y = sinx :

() Domainofy=sinxisx € R %

(i) Range ofy =sinxisy e [-1, 1] i

(i11) It is periodic function with 1
fundamental period of 27. 0 n - . o > X

(iv) variation of y = sinx 1 2 2
yel[-1,1]=-1<sinx <1

Principle cycle
= Ymax = 1 and Ypin = -1

(v)  Variation of y = A sin (mx)
asy e [-A Al = -A < Asin(mx) < A
= A sin (mx) can never be greater than A or less than —A
= Ymax = A and Y i = —A
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Properties of y = cosx :

(i)
(i)
(iii)

(iv)

(v)

Domain of y = cosx isx € R
Range of y = cosx isy € [-1, 1] n
It is periodic function with fundamental

period of 2m.
variation of y = cosx -0
y € [-1, 1] = -1 <cosx <1 ~

= Ymax = 1 and ypin = -1
Variation of y = A cos (mx)

asye[-A Al = -A < Acos (mx) < A

Principle cycle

= A cos (mx) can never be greater than A or less than -A = y,., = A and Y, = A

Properties of y = tanx :

() Domainofy=tanxisx € R—(2n + 1) g

(i) Range ofy =tanxisy € (-0, )

(1) It is periodic function with fundamental period of =.

(iv) variation of y = tanx
y e (-0, 0) = —oo<tan (mx) <o
= Ymax =  and Y = —o0

(v) Variation of y = A tan (mx) as y € (—o0, )
= —oo < A tan (mx) < oo
= A tan (mx) can take any positive or negative value.
= Ymax = © and Y, =—© = Not defined.

y = A cot (mx)

Properties of y = A cot (mx)

()  Domain of the y = A cot (mx) is x € R — (n=)

(i) Range of the y = A cot (mx) isy € (-, )

(1) It is a periodic function with period of  and it is Denoted by
‘T’ and Period of y = A cot (mx) is T = /m

(iv) Variation of y = cot (mx)

as  ye (o, ) = -wo<cot(mx) <o
= cot (mx) can take any positive or negative value
= Ymax = ©and Y, =—© = Not defined
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\Y%

Vi

y = A cosec (mx)

Properties of y = A cosec (mx) Yy
() Domain of the y = A cosec (mx) is x € R — (n=) i !
(i) Range of the y = A cosec (mx) is Y e (~o0, —-A] U [A, «) %
+\ +! !
(iii) It is periodic function with period of 2x and it is denoted A i ]
by ‘T’ and Period of y = A cosec (mx) is T = 2z/m. o 2 TR m X
(iv) Variation of y = A cosec (mx) asy € (-0, —A] U [A, ) -A i i
€ O\
= A cosec (mx) can be greater than A or less than —A ! ﬂ
= Ymax = © and Ypin = —© = Not defined T —— ' '
Principle cycle
y = A sec (mx)
Properties of y = A sec (mx)
i YA
() Domainofthey =Asec (mx)isx e R—(2n+ 1) 5 i !
(i) Range ofthey = A sec (mx) isy € (-, —A] U [A, ) N 2
A + : ! +%
(ili) It is periodic function with period of 2x and it is denoted I BV
by ‘T and Period of y = A sec (mx) is T = 2xt/m. o 2 T 37” 2
(iv) Variation of y = A sec (mx) asy e (-0, —=A] U [A, =) A Lz O
VS AW
—  Asec (mx) can be greater than A or less than —A ! “\i
= Ymax = © and Ypin = —© y=Asecx
l. Trigonometric Ratios for sum and difference of angles:
»  sin (A + B) =sinA cosB + cosA sinB
»  sin (A - B) = sinA cosB - cosA sinB
»  cos (A + B) = cosA cosB - sinA sinB
»  cos (A - B) =cosA cosB + sinA sinB
tan A+tanB
tan (A+B) = ———— T T
( ) I_tnAtnp |WNere Aznm+Z Brnmto
> _
tan(A-B) = tenA-tanB and A+Bzmu+o
l1+tan Atan B 2
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cot (A+B) = cotA-cotB-1
cotA+cotB |where A#nn, B=nn
> : +
cot (A—B) = cotA-cotB+1|and A+B=mn
cotB —cot A
tanA+tanB +tanC —tan AtanB tanC
> wn(A+B+C)= 1-tanAtanB —tanBtanC —tanC tan A
cot A+ cotB + cotC —cot Acot B cotC
> Ccot(A+B+C)= 1-cot AcotB —cotB cotC —cotC cot A
» sin(A+ B+ C) =sinA cosB cosC + cosA sinB cosC + cosA cosB sinC — sinA sinB sinC
or,
sin (A + B + C) = cosA cosB cosC (tanA + tanB + tanC — tanA tanB tanC)
» cos (A + B+ C)=cosA cosB cosC - sinA sinB cosC — sinA cosB sinC — cosA sinB sinC
or,
cos (A + B + C) = cosA cosB cosC (1 - tanA tanB — tanB tanC — tanC tanA)
> sin (A + B) sin (A — B) = sin®A — sin’B = c0s?B — cos®A
> ¢os (A + B) cos (A — B) = cos? A — sin®B = cos® B — sin? A
> ¢ A+ A+ LA _81—83+S5—S7+.... h
an(Aj+ A, + ... +A)= 1-S,+84 -Sg+..." where
S;=tanA; +tan A, + ..... + tan A, = the sum of the tangents of the separate angles,
S, =tan A; tan A, + tan A, tan A5 + ..... = the sum of the tangents taken two at a time,
S;=tan A; tan A, tan A5 + tan A, tan Ajtan A, + ..... = the sum of the tangents taken three at
a time, and so on.
II.  Trigonometric Ratios of Multiple and Submultiple Angles
()  sin 2A =2 sin A cosA
(i) cos2A =cos® A —sin® A
(i) cos2A=2cos? A—1 or, 1+cos2A=2cos®A
(iv) cos2A=1-2sin® A or, 1-cos2A=2sin’>A
2tan A ) . 2tan A
(v) tan2A= ———— (vi) sin2A=—"—5—
1-tan” A 1+tan® A
y 1-tan? A . . . 3
(vil) cos 2A = (ix)  sin 3A =3 sinA -4 sin°A

1+tan2A
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3tan A—tan3 A
l—3tan2A

() cos 3A =4 cos®A — 3 cosA (xi) tan3A=

7. Tranformation Formulae

Expressing Product of Trigopnometric Functions as Sum or Difference
() 2 sin A cos B =sin (A + B) +sin (A-B)

(i) 2 cos AsinB =sin (A + B) —sin (A-B)

(i) 2cosAcosB =cos (A+B)+cos(A-B)

(iv)  2sinAsin B =cos (A-B)-cos (A +B)

Expressing Sum or Difference of Two Sines or Two Cosines as a Product
In the formulae derived in the earlier section if we put A+ B=Cand A-B =D,

C+D C-D .
then A = > and B = o these formulae can be rewritten as
. . . C+D C-D
sSinC + sinD = 2 sin - CO0S
2 2
) . . C-D C+D
sinC —sinD = 2 sin * COS
2 2
C+D C-D
cosC + cosD = 2cos - COS
2 2
C - cosD = 2sin =2 jn E=P At 22 o 2=
cosC — cosD = - 2sin > - sin > or > >
8. General formulae
i +
> tan At tanB MwhereA,B;ﬁnTHE,neZ
cos AcosB 2
i +
» CotAtcotB = M}whereA,B;ﬁnn,neZ
sin Asin B
> l+tanA-tanB = wwhereA,B;&mHE,neZ
cos AcosB 2
l+cotA-cotB = +w}whereA,B¢nn,neZ

~ sinAsinB
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Trigonometric Identities and Equations

> 170050 _n9_ SN0\ here 020
sin O 2 1+cos0
> 1+_Cose=cot9, where 0 # (2n+1) n
sin 0 2
> l_Cos’e=tan29, where 6 = (2n +1) &
1+cos6 2
> 1+cosezcot29’ where 0 # 2n &t
1-cos6 2
(n ) 1+tan® cosO+sin® 1+sin 20
> tan| —+0 |= = — =
4 1-tan® cosO-sin6 cos 20
(n ) 1-tan® cosO—sin® 1-sin 20
> tan| ——0 | = = — =
4 1+tan® cosO+sin6 cos 20

Values of Trigonometrical Ratios of Some Important Angles and Some Important Results

\/5—1 \/§+1
> in 15° = €0S 75° = —— > cos15° =
sin 15 2\/5 2\/5
>  tan15°=2— /3 =cot 75° > cot15° = 2 + /3 = tan 75°
> sin 22%:%(42—\/5) > cos 22%:%(,/2+\/§)
1° 1°
> tan225=\/§—1 > cot225=\/§+1
> sin 18°=$=cos 72° > c0318°=—“1022\/§=sin 72°
»  sin36° =—“10;2\/§ = Cos 54° > c0S 36° = \/§4+1 =sin 54°
> sin9°=\/3+\/§;\/5_\/§=00581° > cos9°=\/3+\/§z\/5_\/§=sin81°
1 1
> €0S 36° —Cc0s 72° = E > €0S 36° c0s72° = Z

»  sin0 sin (60° — 0) sin (60° + 6) = 1/4 sin 30
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Trigonometric Identities and Equations

10.

11.

12.

13.

»  c0s6 cos (60° — 0) cos (60° + 0) = 1/4 cos 36
»  tano tan (60° - 0) tan (60° + 6) = tan 36

Maximum and minimum value of acos0+bsin0

—Ja? +b% <acos@+bcosh<a®+b2 forallg

It follows that —,/a2 + b2 and /a2 + b2 are minimum and maximum values of a cos® +bsin® for
varying values of ¢.

The maximum and minimum values of acos@=+bsind+care

c++/aZ +b2 and ¢ —./a? +b? , respectively.
C_

ie., JaZ +b% <acos@+bsin0+c<c+ya’+b?.
Result | :
sinn—B B
sina. + sin (o + B) + sin (o + 2B) + .......... +sin (o + n—1B) = é 'Sin[(l+(n—1)5:|.
sin™
2
Result I :
sinn—B B
cosa + ¢cos (o + B) + cos (o + 2B) + .......... +cos(a+n__1[3): E -cos[ow(n—l)ﬂ.
sin =
2

Some Basic Results

() Ifsin6=0,then 6=0,+ =, +2m, ........ (i) IfcosO=0,then 6=+7n/2,£3n/2 .......
= 0 =nmt wheren e I. = 06=(2n+1)wn/2 wheren e I.
(i) Iftan® =0 then, 6=0, £ &, £ 27, ........ (iv)  Ifsin@ =1 then, 6:25797% .....
= O=nm wherenel. = 9=(4n+1)g wheren e .
(v) Ifcos® =1 then, 6=0, 2, 4, ..... (vi)  Iftan® = 1 then, 92515_“,9_“, _____
4 4 4
—  0=2nt wheren e l. = 9=(4n+1)§ wheren e I.
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14.

Some More Basic Results
(1)  Ifsin® = sina

then® =nr + (-1)" o, wheren e |

(i) If tand = tana
then® =nw + o, wheren e |

(V)  Ifsec?0 = sec®a

then® =nw + a, wheren e |
(vii) Ifsin?0 = sin’a

then® =nw + a, wheren e |

(i)

(iv)

(vi)

Trigonometric Identities and Equations

If cosO = cosa

then @ = 2nt + o, wheren e |

If tan0 = tana.
then® =nw + a, wheren e |

If cos20 = cosa.

then® =nw + a, wheren e |
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