Conic sections

’%&V Let's Learn

® Conic sections : parabola, ellipse, hyperbola

Standard equation of conics

Equation of tangent to the conics

Condition for tangency

Ifﬁ% Let's Recall

® Section formulae Let A (X,y,) and
B(x,y,) be two points in a plane. If P
and Q divide seg AB in the ratio m:n
internally and externally respectively then

pP= (mszrnxl ,my2+ny1) and

m+n m+n
Q _ | mx, —nx, my, —ny,
m-—n ’ m-—n

Introduction:

The Greek mathematician Archimedes
and Apollonius studied the curves named conic
sections. These curves are intersections of a plane
with right circular cone. Conic sections have

a wide range of applications such as planetary
motions, in designs of telescopes and antennas,
reflection in flash light, automobile headlights,
construction of bridges, navigation, projectiles
etc.

A straight line, a circle, parabola, ellipse and
hyperbola are all conic sections. Of these we have
studied circle and straight line.

Earlier we have studied different forms of
equations of line, circle, and their properties. In
this chapter we shall study some more curves,
namely parabola, ellipse and hyperbola which are
conic sections.

Let's Learn

7.1.1 Double cone: n

Let | be a fixed
line and m another line
intersecting it at a fixed v
point V and inclined
at an acute angle 6
(fig 7.1.) Suppose we
rotate the line m around v
the line I in such a way

that the angle 6 remains Fig.7.1
intersecting
parabola
nappes hyperbola
\Y
circle
/5
ellipse ’

A

Fig.7.2 Fig.7.3(a) Fig.7.3(b) Fig.7.4




constant. Then the surface generated is a double-
napped right circular cone.

The point V is called the vertex, the line |
is called axis, and the rotating line m is called a
generator of the cone. The vertex V separates the
cone in to two parts called nappes (Fig.7.2).

7.1.2. Conic sections :
Let’s construct

Take a carrot or a cone made of drawing paper
and cut it with a plane satisfying the following
conditions.

1)  The plane is perpendicular to the axis and
does not contain vertex, the intersection is a
circle (studied earlier Fig. 7.3(a)).

ii))  The plane is parallel to one position of the
generator but does not pass through the
vertex, we get a parabola (Fig. 7.3(a)).

i) The plane is oblique to the axis and not
parallel to the generator we get an ellipse

(Fig. 7.3(a)).

iv) Ifa double cone is cut by a plane parallel to
axis, we get parts of the curve at two ends
called hyperbola (Fig. 7.3(b)).

v) A plane containing a generator and tangent
to the cone, intersects the cone in that
generator. We get pair to straight lines
(Fig. 7.4).

7.1.3. Definition of a conic section and its
equation:

A conic section or conic can be defined as
the locus of the point P in a plane such that the
ratio of the distance of P from a fixed point to its
distance from a fixed line is constant.

The fixed point is called the focus of the conic
section, denoted by S. The fixed straight line is
called the directrix of conic section, denoted by d.

If S is the focus, P is any point on the
conic section and segment PM is the length of
perpendicular from P on the directrix, then by

definition SP_ constant. (fig. 7.5)
PM

This constant ratio is
called the eccentricity of the
conic section, denoted by e. M P
Hence we write SPo_ e ;

PM S ™\

Focus

Ad

or SP = ¢ PM. This is called
Focus - Directrix property |
of the conic  section.

The nature of the conic section
depends upon the value of e.

Directrix

Fig. 7.5

1) Ife=1, the conic section is called parabola.

ii)) If 0 <e <1, the conic section is called an
ellipse.

i) If e > 1, the conic section is called
hyperbola.

7.1.4. Some useful terms of conic sections:

1)  Axis: A line about which a conic section
is symmetric is called an axis of the conic
section.

2)  Vertex : The point of intersection of a conic
section with its axis of symmetry is called a
vertex.

3)  Focal Distance : The distance of a point on
a conic section from the focus is called the
focal distance of the point.

4)  Focal chord : A chord of a conic section
passing through its focus is called a focal
chord.

5)  Latus-Rectum: A focal chord of a conic
section which is perpendicular to the axis of
symmetry is called the latus-rectum.

6)  Centre of a conic : The point which bisects
every chord of the conic passing through it,
is called the centre of the conic.

7)  Double ordinate : A chord passing through
any point on the conic and perpendicular to
the axis is called double ordinate.




7.1.5. Parabola

Definition: A parabola is the locus of the point\

in plane equidistant from a fixed point and a

fixed line in that plane. The fixed point is called

the focus and the fixed straight line is called
\ the directrix.

Standard equation of the parabola:

Equation of the parabola in the standard form
y2= 4ax.

Let S be the focus and d be the directrix of the
parabola.

Let Sz be
perpendicular
to the directrix. oM ’
Bisect SZ at
the point O. By | ¢
the definition | X'  Z| O
of parabola the
midpoint O is
on the parabola. A
Take O as the Fig. 7.6
origin, line OS as

the X - axis and the line through O perpendicular
to OS as the Y - axis.

LetSZ=2a,a>0.

P(x, y)

b\ 4

S(a, 0)

Then the coordinates of the focus S are (a, 0) and
the coordinates of Z are (—a, 0).

The equation of the directrix d is
X=-a,ie.x+a=0

Let P (X, y) be any point on the parabola. Draw
segment PM perpendicular to the directrix d.

L M=(-a,y)

By using distance formula we have

SP = J(x—a)’ +(y—0) ,

PM = \/(x+a)2 +(y—y)

By focus — directrix property of the parabola
SP=PM

Vx=ay +(v=0)" = [rra)+(y—y)
Squaring both sides (X —a )?+ y2= (X + a)?
thatis x?—2ax +a?+y?=x2+ 2ax + a?
thatis y?=4ax (a>0)

This is the equation of parabola in standard form.
Activity :

Trace the parabola using focus directrix
property.

1) find the equation of parabola with focus at
(2, 0) and directrix x +2=0.

2)  Find the equation of parabola with focus at
(—4,0) and directrix X =4.

7.1.6. Tracing of the parabola y> = 4 ax (a>0)

1) Symmetry : Equation of the parabola can
be written as y = + 2/, that is for every
value of X, there are two values of y which
are negatives of each other. Hence parabola
is symmetric about X- axis.

2) Region : For every X < 0,the value of y is
imaginary therefore entire part of the curve
lies to the right of Y-axis.

3) Intersection with the axes: For x=0we have
y = 0, therefore the curve meets the co
ordinate axes at the origin O(0, 0)

4) Shape of parabola: As X > o,y —> oo
Therefore the curve extends to infinity as x
grows large and opens in the right half plane
Shape of the parabola y*> = 4 ax (a > 0) is as

shown in figure 7.6.




7.1.7 Some results

LS=L'S =1 (say).

1) Focal So the coordinates of L are (a, I)
. . dn AY
distance - Let P (e, 1) Since L lies on y? =4 ax, 1> =4a (a)
P (Xl’yl) be TM Tt
any point on b f 2= 422
2 = >
the parabola x z| oNi |50 | =423
y2 =4 ax g y?=dax
@ As L is in the first quadrant, >0
Yl
Let segment M | =2a
PM 15 Fig.7.7 Length of latus rectum LSL' = 2| = 2(2a)
perpendicular
] ] =4a
to the directrix
d, then M is (-a,y,) The co-ordinates of ends points of the latus
rectum are L (a, 2a) and L' (a,—2a)
SP=PM= \/(x, +a)’ +(», -»)° =X +a
- focal distance SP =X, +a Activity :
= a + abscissa of point P. 1) Find the length and end points of latus
2) Length of latus-Rectum: rectum of the parabola x*= 8y
In figure 7.7 LSL' is the latus-rectum of the = 2)  Find the length and end points of latus
parabola y? =4 ax. By symmetry of the curve rectum of the parabola 5y?= 16x
7.1.8 Some other standard forms of parabola
y?=—4ax x2= 4by x2=—4by
YA Ad
d
L - < >
Il
E N pd S
/X' E J( X\ < 1 i
L' pd Y
b Z | y+b=0
Y'v W %
Fig.7.8 Fig.7.9

We summarize the properties of parabola in four standard forms




Equation of the
arabola|y?= 4ax |x?=4by
Terms
1 |Focus (a, 0) (0,b)
2 |Equation of
o x+a=0 |ytb=0
directrix
Vertex 0(0,0) 0(0,0)
4 |End points of latus
P (a.£2a) | (22b, b)
rectum
Length of latus
. 4al 14b|
S |rectum
6 |Axis of symmetry | X-axis Y-axis
7 |Equation of axis y=0 x=0
8 |Tangent at vertex | Y-axis X-axis
9 |Focal distance of a
) Ix, +al |y, + bl
point P(x, y,)

Parameter : If the co-ordinates of a point on
the curve are expressed as functions of a variable,

that variable is called the parameter for the curve.

7.1.9 Parametric expressions of standard

parabola y>= 4ax

X = at?, y = 2at are the expressions which
satisfies given equation y?= 4ax for any real value
of t that is y? = (2at)’ = 4 a2 t? = 4a (at?) = 4ax
where t is a parameter

P(x,, y) = (at, 2at) describes the parabola
y? = 4ax, where t is the parameter.

Activity :

1)  Forthe parabolay?>= 12x, find the parameter
for the point a) (3,—6) b) (27,18)

2) Find the parameter for the point (9, —12)
of the parabola y?= 16x

7.1.10 General forms of the equation of a

parabola

If the vertex is shifted to the point (h, k) we
get the following form

1) (y—k@?=4a(x—h)

This represents a parabola whose axis of
symmetry is y — k = 0 which is parallel to the
X-axis, vertex is at (h, k) and focus is at (h +a, k)

and directrix is X=h —a.

It can be reduced to the form x = Ay? + By + C.
OR

Y?= 4aX,where X=X-h,Y=y-k

Activity :

1)  Obtain the equation of the parabola with its

axis parallel to Y— axis and vertex at (h, k)

2)  Find the coordinates of the vertex, focus
and equation of the directrix of the parabola

y2 = 4x+4y

SOLVED EXAMPLES

Ex. 1) Find the coordinates of the focus, equation
of the directrix, length of latus rectum and
coordinates of end points of latus rectum of

each of the following parabolas.

i) y? = 28X i) 3x? = 8y
Solution:
i) y? = 28x

Equation of the parabola is y? = 28x

comparing this equation with y? = 4ax, we get
4a=28 ..a=7

Coordinates of the focus are S(a,0) = (7,0)




Equation of the directrix is X + @ = 0 that is
X+7=0

Length of latus rectum =4a=4 x 7 =28

End points of latus rectum are (a,2a) and
(a,—2a). that is (7,14) and (7, —14)

i) 3x2 = 8y
Equation of the parabola is 3x* = 8y that is
8
XZ —
3 y
comparing this equation with x2 = 4by, we
8 2
tdb=—-b==
ST 3

Co-ordinates of the focus are S (0, b) =
0.2)

3
Equation of the directrix is y + b = 0 that is

2
y+§ =0thatis3y+2=0

2 8
Length of latus rectum = 4b =4 x (EJ = 5

Coordinates of end points of latus rectum are

4 2
(2b, b) and (-2b, b). that is (5, 3) and

4
3 1

w | N

- )

Ex. 2) Find the equation of the parabola with
vertex at the origin, axis along Y-axis and

passing through the point (6,-3)
Solution:

The vertex of the parabola is at the origin,
it’s axis is along Y-axis. Hence equation of the
parabola is of the form x*> = 4by.

Now the point (6,—3) lies on this parabola.
Hence the coordinates of the points satisfy the
equation of the parabola.

= (6)?=4bx-3)

#-12b=36 -~ b=-3

~ equation of parabolais x*= 4(-3)y
X2 = —12y thatis X2 + 12y = 0.

Ex. 3) Find the equation of the parabola whose
diretrix isX+3 =0

Solution:

Here equation of diretrixs is X + a = 0 that
IS X + 3 =0 comparing we get a = 3.

=~ Equation of the parabola y? = 4ax that is
y2 = 12X.

Ex. 4) Calculate the focal distance of point P on
the parabola y> = 20x whose ordinate is 10

Solution : Equation of parabola is y> = 20x
comparing this with y? = 4ax

weget 4a=20-~a=>5

Here ordinate =y — coordinate = 10

~ (10)>=20x = 20x =100
X= 100 5
20
Now focal distance = a + X
= a + abscissa of point

=5+ 5= 10 units

Ex. 5) Find the equation of the parabola having

(4,-8) as one of extremities of porabola.

Solution : Given that, one of the extrimities
of the latus rectum of the parabola is
(4, —8) therefore other must be (4,8).
End-coordinates of latus - rectum (a, + 2a) =
(4, £8).
sa=4
Equation of parabola is y? = 4ax

y2=4(4)x .. y>=16x
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Ex. 6) For the parabola 3y? =16x, find the
parameter of the point (3,—4)

Solution : Equation of parabola is 3y? =16x
, 16 ) .
“ ¥* ==X comparing this with y? = 4ax we get

16 4
= EY ~ a = — Parametric equations of the

4 , 8
parabola y? = 4ax are (at?, 2at) = (g tzagtj
(ﬂtz §tj = (3,4
3003 )76

Equating second components we get gt
=—4

4a

at=—4x

0| W

~ Parameter t = —

W W

Ex. 7) Find the coordinates of the vertex and
focus, the equation of the axis of symmetry,
diretrix and tangent at the vertex of the
parabola X2 +4X + 4y + 16 =0
Solution : Equation of parabola is
X*+4x+4y+16=0
X2+4x=—-4y - 16
X2+4x+4= —4y—12
(X+2)’=—4 (y+3)

Comparing this equation with X? = —4bY
Weget X=x+2,Y=y+3and 4b=-4
~b=-1

Coordinates of the vertex are X = 0 and
Y=0thatisx+2=0andy+3=0
~X=-2andy=-3

~ Vertex = (X, y) = (-2,-3)

Coordinates of focus are given by X =0 and
Y=+Db

thatis x+2 =0 and y+3 =-1

* X=-2 andy=-4

=~ Focus = (-2, —4)

Equation of axis is X =0thatisx+2=0
Equation of diretrix is Y + b = 0 that is
y+3—-1=0thatis y+2=0
Equation of tangent at vertex is Y = 0 that
isy+3=0

7.1.11 Tangent :

A straight line which intersects the parabola in
coinsident point is called a tangent of the parabola

A

v

)

Q2 Ql

o

Fig. 7.11

Point Q moves along the curve to the point
P. The limiting position of secant PQ is the tangent
at P.

A tangent to the curve is the limiting
position of a secant intersecting the curve in
two points and moving so that those points of
intersection come closer and finally coincide.

Tangent at a point on a parabola.

Let us find the equation of tangent to the
parabola at a point on it in cartesion form and in
parametrics form.

We find the equation of tangent to the
parabola y?= 4ax at the point P(x , y,) on it. Hence,
obtain the equation of tangent at P(t).

Equation of the tangent to the curve y = f(x)
at point (x, y,) on it is,

y-y, =1ff (X)](Xl,yl) (- X‘) [ (X)](Xl,yl)

We need to know the slope of the tangent at
P(X, y,). Fromthe theory of derivative ofa function,

the slope of the tangent is ? at (x, y,)
» ,




d 2
and here - ==

X | (x, y1) N
The equation of parabola is y?= 4ax, differentiate

both sides with respect to x

We get 2y Y- 4a (1)
dx

dy 2a
dx
i = 2a =slope of thetangentatP(x.,y,)
dx | (1, y1) Wi v
Equation of the tangent at P(x, y,) is
2a

y_y1: yl (X_Xl)

Yy, - Y =2a(x—x)

yy, —Y,>=2ax — 2ax,

Now P(x,y,) lies on the parabola .. y *= 4ax,
~ Yy, — 4ax = 2ax - 2ax,

S Yy, = 2ax + 2ax,
syy,=2a(x+Xx)
This is the equation of the tangent at P(x_,y,) on it
Now, t. is the parameter of point P

~P(x,y,) = (at? 2at) thatis x, = at? y, = 2at,
Substituting these values in equation (1), we get
y(2at) = 2a (x + at,?)

thatis yt =x+at?

This is the required equation of the tangent at P(t).

Thus, the equation of tangent to the parabola
y? = 4ax at point (x,y) on itisyy, = 2a(x +x,) or
yt, = x + at,> where t_ is the parameter.

7.1.12 Condition of tangency

To find the condition that the liney = mx + ¢
is tangent to the parabola y?= 4ax. Also to find the
point of contact.

Equation of the lineisy=mx + ¢
SmX=y+c=0....oiiiinnn()

equation of the tangent at P(x_,y,) to the parabola
y?=4axis yy, = 2a (X +X,)

L 2ax-y y+2ax=0............... (1

If the line given by equation (1) is a tangent to the
parabola at (x,,y,). Equation (I) and equation (I1)
represents the same line.
Comparing the co-efficients of like terms in
equations (I) and (1)
we get 2a_ “h_ 24y

m -1 c

2a

_c —
“X,=—and y = —
m m

But the point P(x,,y,) lies on the parabola
~ Y2 =4ax

2a c
(o) =dal)

m m

4a’ _ <
G

S C=—
m
this is the required condition of tangency.

Thus the line y = mx + c is tangent the parabola\
y?=4daxifc= % and the point of contact is

<c 2a>. <ma 2a>
—, —ie.|—, —
\\m - m 2 m

The equation of tangent in terms of slope is)

= mx + =
\y - m
7.1.13 Tangents from a point to a parabola

In general, two tangents can be drawn to a
parabola y? = 4ax from any point in its plane.

Let P (x,,y,) be any point in the plane of parabola.
Equation of tangent to the parabola y? = 4ax is

a
y=mx+ —
m
Since the tangent passes through P (x.y,), we

h _ a
ave y, =mx+ —
m
S my,;= m’x +a
2 —
mx, —my,+a=0..........ccoeiinn(l)
2 —_
xm>—y m+a=0
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This is quadratic equation in m and in general it
has two roots say, m, and m, which are the slopes
of two tangents.

Thus, in general, two tangents can been drawn to
a parabola from a given point in its plane.

If the tangent drawn from P are mutually
perpendicular we have

mm, = -1

From equation (1) m m, = a product of roots
1 2
X,

which is the equation of directrix.

Thus, the locus of the point, the tangents from
which to the parabola are perpendicular to each
other is the directrix of the parabola.

SOLVED EXAMPLES

Ex. 1) Find the equation of tangent to the parabola
y?2=9x at (1,-3).

Solution :
Equation of the parabola is y? = 9X;

comparing it with y? = 4ax

4da=9 = a—g
4

Tangent is drawn to the parabola at (1,-3) = (X,,y,)

Equation of tangent to the parabola y? = 4ax at
X,y isyy, =2a(x + X))

. Equation of tangent to the parabola

y2=4x at (1,-3) is y(-3) = 2[%) (x+1)

. 9
e —3y= (Ej(x +1)

ie.—6y=9x+9
i.e.3x+2y+3=0

Ex. 2) Find the equation to tangent to the parabola
y? = 12X from the point (2,5).
Solution :
Equation of the parabola is y? = 12X
comparing it with y> = 4ax = 4a = 12
sa=3
Tangents are drawn to the parabola from the
point (2,5).
We know, equation of tangent to the

a
parabola y? = 4ax having slopes misy = mx+—.

m
_ A
(S)=m@)+

5m=2m2+3
2m>-5m+3=0
2m?>—=2m-3m+3=0
@2m-3)(m-1)=0

m—E or m=1
2

These are the slopes of tangents.

Therefore the equations of tangents by slope
- point form are

3
(y=-5-= 5 (x=2) and (y—-5)=1(x-2)

2y—10=3x—-6and y-5=x-2
S3x—-2y+4 =0 and Xx—-y+3=0
Ex. 3) Show that the tangents drawn from the

point (—4,-9) to the parabola y?> = 16x are
perpendicular to each other.

Solution :

Equation of the parabola is y? = 16X.

comparing it with y> = 4ax = 4a =16
sa=4

Tangents are drawn to the parabola from
point (—4,-9).

Equation of tangent to the parabola y? = 4ax

a
having slope misy = mx+ .

4
(-9 =m(-4) + -




So=9m=—-4m? + 4
SAm2-9m+4=0
m, and m, be the slopes (roots)

constant

m.m) =+ ,
(m,.m,) co-efficient of m?
_ 4 _

m,.m, = 7 m,.m,=-1

hence tangents are perpendicular to each
other.

Activity :

1)  Find the equation of tangent to the parabola
y? = 9x at the point (4,-6)

2)  Find the equation of tangent to the parabola
y? = 24x having slope 3/2

3)  Show that the line y = x + 2 touches the
parabola y> = 8x. Find the coordinates of
point of contact.

EXERCISE 7.1

1) Find co-ordinate of focus, equation of
directrix, length of latus rectum and the
co ordinate of end points of latus rectum
of the parabola i) 5y?= 24x ii) y?= -20x
iii) 3x? =8y iv) x*=-8y v) 3y*= -16x

2) Find the equation of the parabola with
vertex at the origin, axis along Y-axis and
passing through the point (-10,-5)

3) Find the equation of the parabola with
vertex at the origin, axis along X-axis and
passing through the point (3,4)

4)  Find the equation of the parabola whose
vertex is O (0,0) and focus at(-7,0).

5) Find the equation of the parabola with
vertex at the origin, axis along X-axis and
passing through the point i) (1,-6) ii) (2,3)

6)  Forthe parabola 3y?=16x, find the parameter
of the point a) (3,-4) b) (27,-12)

7)  Find the focal distance of a point on the
parabola y? = 16x whose ordinate is 2 times
the abscissa.

8)

9)
10)

11)

12)

13)

14)

15)

16)

17)

18)

19)

20)

Find coordinate of the point on the parabola.
Also find focal distance. i) y?>= 12x whose
parameter is 1/3 ii) 2y?=7x whose parameter
Is -2

For the parabola y? = 4x, find the coordinate
of the point whose focal distance is 17.

Find length of latus rectum of the parabola
y?= 4ax passing through the point (2.-6).

Find the area of the triangle formed by
the line joining the vertex of the parabola
x? =12y to the end points of latus rectum.

If a parabolic reflector is 20cm in diameter
and 5 cm deep, find its focus.

Find coordinate of focus, vertex and
equation of directrix and the axis of the
parabolay = x>—2x + 3

Find the equation of tangent to the parabola
i) y?2 = 12x from the point (2,5)
i) y?2 = 36x from the point (2,9)

If the tangent drawn from the point (-6,9)
to the parabola y> = kx are perpendicular to
each other, find k.

Two tangents to the parabola y? = 8x meet
the tangents at the vertex in the point P and
Q. If PQ = 4,prove that the equation of the
locus of the point of intersection of two
tangent is y? = 8(x + 2).

Find the equation of common tangent to the
parabola y? = 4x and x? = 32y.

Find the equation of the locus of a point, the
tangents from which to the parabola y? =
18x are such that some of their slopes is -3

The tower of a bridge, hung in the form of
a parabola have their tops 30 meters above
the road way and are 200 meters apart. If the
cable is 5meters above the road way at the
centre of the bridge, find the length of the
vertical supporting cable from the centre.

A circle whose centre is (4,-1)
passes through the focus of the parabola
x? + 16y = 0.

Show that the circle touches the diretrixs of
the parabola.




7.2 Ellipse

~—/ Let's Study

e Standard equation of the ellipse.
e Equation of tangent to the ellipse.
e Condition for tangency.

e Auxilary circle and director circle of the

If S is a fixed point is called focus and
directrix d is a fixed line not containing the focus

then by definition % =eand PS = e PM, where

PM is the perpendicular on the directrix and e is
the real number with 0 < e < 1 called eccentricity
of the ellipse.

ellipse
" Earth
 Eliptical Orbit *
' Sun
Fig. 7.12

The ellipse is the intersection of double

napped cone with an oblique plane.

[
2

Fig. 7.14

" An ellipse is the locus of a point in a plane
which moves so that its distance from a fixed
point bears a constant ratioe (0 <e<1)toits
distance from a fixed line. The fixed point is
called the focus S and the fixed line is called

the directrix d. W,

Y

d (fixed|line)

li‘: ......................... M,

< . 5 M
<t \‘fr . » X

/S(fixed point)
b v,
Fig. 7.13

7.2.1 Standard equation of ellipse
Let’s derive the standard equation of the ellipse

"""""

How to draw an ellipse
Fig. 7.15

Let S be the focus, d be the directrix and e be the
eccentricity of an ellipse.

Draw SZ perpendicular to directrix. let A and
A' divide the segment SZ internally as well as
externally in the ratio e : 1.




d? ﬂ‘ d directrix
A A
B L
/_ P
M M
— \
< = X / 5 o S A Z » X axis (y = 0)

B'
\ 4 v
\Iatus rectum (LSLY)
v

Fig. 7.16

let AA' = 2 a, midpoint O of segment AA' be the

. a
origin. Then O = (0,0) ,A=(a, 0)and A'=(-a,0)  'hatisx e 0

By definition of ellipse A and A’ lie on ellipse.
SA e S _—e

AZ 1 A'Z 1

Let P(x, y) be any point on the ellipse.

Since P is on the ellipse SP=ePM ... (1)

SP = focal distance

= J(x—ae)’ +(y-0) ....(4)

PM = distance of point P from directrix

a
therefore SA=eAZ. xX——
= == ]x =T . (5)
Let Z=(k,0) and S = (h,0) 12 + 02 e

By section formula
From (1), (4) and (5)

ek+1h ek—1h
a=— also—a= =) ,

‘ \/(x—ae)2+(y—0)2:ex——
ae+ta=ek+h ) €
—aet+ta=ek-h ... (3 \/(X—a€)2+(y—0)2=|ex—a|
Solving these equations , we get Squaring both sides
k=aleand h=ae (x — ae)? + (y — 0) = e3¢ — 2aex + &
Focus S = (ae, 0) and Z = (ale , 0) X2 — 2aeX + a%2 + y? = 62’ — 2aex + &

a X2 + aZeZ + yZ — eZXZ + a2

Equation of the directrix is x = —
e (1—e2)x2+y2:a2(1—e2)




Since (1 — e?) > 0, Dividing both sides by a?
(1-¢%)

2 2
X
T
a a((l-¢e)

2 2
x_2+;;_=1 whereb?=a?(1-e? anda>b
a

This is the standard equation of ellipse .

We also get for a point P(x,y) on the locus PS' = e
PM' ... (6) where PM' is the perpendicular on

directrix x=- ﬁ, from point P.
e

S'P = focal distance

:\/(x+ae)2+(y—0)2 e(7)

PM' = distance of point P from directrix

a
X+ 4

_ e |_|.,a

= T+02_x+€ ....... (8)

From (6) , (7) and (8)

\/()c+ae)2 +(y-0) =e

a
xX+—
e

\/(x+ae)2 +(y-0)" = |ex+a|
Squaring both sides

(x +ae)?+ (y—0) = exx? + 2aex + a?
X2 + 2aex + a%? + y? = e2X? + 2aex + a?
X2+ a%e? +y?=e’? + a2
1-e)x+y*=a’(1-¢)
Since (1-€?) >0,

Dividing both sides by a2 (1 — €?)

2 2

x Y

4+ —=
a  a‘(l-ée)

2 2
XY
_2+_

= Ilwhereb?=a%?(1-e?)anda>b
a

Thus for the ellipse (ae,0)and (—ae,0)are

. a a .
two foci and x = — and x =— — are corresponding
e e

two directrices.
2 2
.. Standard equation of Ellipse is x—2+2}—2 =1
a

Note:

2 2
Equation of the ellipse x—2+Z—2 =1 (a>Dh)
a

i)  The ellipse Intersects x-axis at A(a, 0), A’
(—a, 0) and y-axis at B(0, b), B'(0, —b), these
are the vertices of the ellipse.

i)  The line segment through the foci of the
ellipse is called the major axis and the line
segment through centre and perpendicular
to major axis is the minor axis. The major
axis and minor axis together are called
principal axis of the ellipse. In the standard
form X axis is the major axis and Y axis is
the minor axis.

i)  The segment AA' of length 2a is called the
major axis and the segment BB' of length 2b
is called the minor axis. Ellipse is symmetric
about both the axes.

iv)  The origin O bisects every chord through it
therefore origin O is called the centre of the
ellipse.

v) latus rectum is the chord through focus
which is perpendicular to major axis. It is
bisected at the focus. There are two latera
recta as there are two foci.

7.2.2 Some Results :
1) Distance between directrices

d (dd") is the same that of distance ZZ'
ie. d (22

Z (a/e,0)and Z' (— ale, 0)
= d(dd)=d(zz)=1]2 - (-ﬁ)
e e

=2

NEES




2) End co-ordinates of latera recta
Let LSL’ be the latus rectum of the ellipse.

2 2
2.0
a b
(SL and SL' are the semi latus rectum)
Let: L=(ae, )

@) () _,

2 2
a b

=la>b (refer fig. 7.16)

2= (1-e?)
%)
P=p?| 5| [.b=a(l-e)]

2
a

[=+

2 72
L= [ae,b—j and L= [ae,ij
a a

These are the co-ordinates of end points of latus
rectum.

bZ
a

3) Length of latus rectum

b b* 2
I (LSL) =1(SL) + I (SL") = —+—="—
a a a
4) SPand S'P are the focal distances of the point

P on the ellipse. (ref. Fig.7.17)

A

SP=ePMand SP=ePM'
Sum of focal distances of point P
SP+SP=ePM+ePM

=e (PM+PM)

=e (MM

e (distance between the directrix)

e(Zxﬁj: 2a
e

SP + S'P = 2a = constant

= length of major axis.

Sum of focal distances of point on the ellipse
is the length of major axis which is a constant.

Using this property one can define and draw
an ellipse. If S, and S, are two fixed points and a
point P moves in the plane such that PS, + PS, is
equal to constant K, where K > d(S,S,) , then the
locus of Pis an ellipse with S, and S, as foci. Here
in the standard form K = 2a.

5) A circle drawn with the major axis AA’ as a
diameter is called an auxiliary circle of the
ellipse.

6) Parametric form of an ellipse

P(x, y) be any point on the ellipse. Let Q

be a point on the on the auxiliary circle such that
QPN _L to the major axis.

Letm £ X0Q =60 .. Q= (acosb, asinb)

Let P(x,y)=(acos¥,y).

2

(acos@)2 +y_ _1 AY
a’ b’ Q
cos’0 + y—2 =1 . 0 R
b A 0 A X
y? = b? (1 - cos?0)
y? = b2 sin%0 J
y =+ bsinf Fig. 7.18

P(X,y) =(acosd, bsinb)=P(6H)




Thus x = a cos® and y = b sin0 is the parametric
2 2

form of the ellipse —2+)b}—2 =1 (a > b) where 6
a

is the parameter which is called as an eccentric

angle of the point P.

To find the eccentric angle of a point P(X,y) on
the ellipse in terms of X and Y.

If 6 is the eccentric angle of P, we know that

ay
bx

note that 0 is not the angle made by OP with X
axis.

7y S+l

2 Tz =1(b>a)is other standard form

is 0 = tan™

of the ellipse.

y It is called vertical ellipse. (Ref. figure 7.22)
Xx=acosO,y = Db sinf then tand = b _4r , that
X bx
a
2 2
1 | Standard equation x—+%—1’a>b x_ £ I,b>a
Centre 0(0,0) 0(0,0)

3 | Axes of symmetry

Both X axis and y axis

Both X axis and y axis

A(a,0) A'(—a,0)

A(a,0) A'(—a,0)

4 | Vertices B(0,b) B'(0.-b) B(0,b) B'(0.-b)
5 | Major axis and minor axis X axis and Y axis Y axis and X axis
6 | Length of major axis 2a 2b
7 | Length of minor axis 2b 2a
8 | Relation between a b and ¢ b>=a’(1 —¢? a2=b*(1-¢?)
9 | Foci S(ae, 0) S(—ae,0) S(0,be) S(0, —be)
10 | Distance between foci 2 ae 2 be
11 | Equation of directrix x = %’ ,and x = _-g- y= -g- and y = _-g-
12 | Distance between the directrix .2;_ .ZEQ

L:ée,% and L%,be)
13 | End points of latus rectum b 2

e ) i 3¢

14 | Length of latus rectum —Zabi —2Bai

15 | Parametric form

X =acosO and y = b sinb

X =a cosO and y = b sinf

16 | Equation of tangent at vertex

X=a,x=—aand

X=a,X=—aand

y=by=-b y=by=-b
Sum of Focal distance of a point 2a 2b
17 . : . . . .
P(x,, y,) is the length of it's major axis major axis
(124

154



Vo

B(0, b)

1 (0, be)

SY
T(0,~be

B'(0, —b)

N
N

A4

Fig. 7.19

SOLVED EXAMPLES

Ex. 1) Find the coordinates of the foci, the vertices,
the length of major axis, the eccentricity and the
length of the latus rectum of the ellipse

2 2

i) f—6+% -1
i) 4x2+3y?=1
i) 3x2+4y?=1
iv) 4x2+9y?-16x+54y+61=0
Solution :

i) Given equation of an ellipse is §+%2=1
Comparing with standard equation a—+)b}—2 =1
a?=16 ; b*=
a=4; b=3(@>h)

X-axis (y = 0) is the major axis and y-axis

(x=0) the minor axis.

Centre O (0, 0)

VerticesA(x a, 0)=(x4,0),B (0,£b)= (0, £3)
Length of major axis (2a) =2(4) =9

Length of minor axis (2b) =2(3) =6

By relation between a, b and e.

b2=a%(1-¢?
9=16(1-¢€?)

% =1-¢?

ezzl—%
e—%thatls g

7
but 0 <e<1 therefore e= e

Foci  S(ae, 0) = {4 o OJ (\/7 0)

S'(—ae, 0) = (—4% 0] ( -7, 0)

Distance between foc = 2 ae = 2+/7 ,

Equation of directrix x == a
e

16
X=% —— thatis x=
ke
4 16
distance between directrix = 2 a_ 2[—] =
e

End coordinates of latus rectum

£5(73)
b))

Length of latus rectum = — =2(
a




Parametric form X =acos0,y =Db sinf

Thatis x=4 cos0,y =3 sind

i) 3x*+4y*=1

LS}

+ 2o

*r Y
B!
3 4
Comparing with —+y—2 =1

a b

a’= b? =

1
4

1
a= b_E (@a>Dh)

. Majoraxisis[ ]

By the relation betweena, b & e

L J=[1(1-¢)

centre is at 0(0, 0)
vertices (<a, 0) = ( 7z, 0) and

(O,J_rb):(O,i%)
foc )

+— ,0
( 243 j
distance between foci =[___|= \%
Equationof [ Jisx=% %
: [ ]
leXxTt=—o
] L1

i . . a

Distance between directrices = 2 Y
=[]

. b?
End points of Latera recta = (ae; + =)

V3
2

Length of Latus rectum =[] =

Parametric form [x = |; ly=

i) 4x2+3y2=1

x2 2
+y =1

W6

Comparing with

x’ y
PR
1 1
a?=— , b= —
4 3
1 1
a=— b=— b>a
2"

therefore y-axis is major axis
Y-axis (ie x = 0) is the major axis

x-axis (ie. y = 0) is the minor axis
1
Length of major axis 2b =2 —+~=
g J 5
length of minor axis 2a = 25 =1
Centreisat O(0,0)

Vertices A(x a, 0) = (:I: —,0),

B (0, +b)= (Oi\/—

Relation between a, b, e
a?=b?(1-¢?)
1

1
—_ = — 1_e2
4 3( )

3
= =1-¢?
4
3 1
Le?z=l-— e’=-—
4 4

1
. - — X < < 1
e 2 (+0<e<l)




foci S (0, + be) and S’ (0, — be) =

oo oo

1 1 1
distance between foci = 2 be = 2(—)&) =—

(0, + be) =

3 V3
. . .. b
equation of directricesis y=+ —
e
(1
NE) 2
= +—Ly=+ —
y=1= (lj y==% 5
2
Dist betw directri 2b 4
stance between directrices 2— = —=
I i i . g
and coordinates of latus rectum.
L' = (= = ,be
(£ - . be)
BT
= |+
B
= i£
4
Length of latus rectum T = g

Parametric form
X =acosh, y=hsino

1 |
= = =—sinf
X=> cosO, Y \/3

iv) 4x2+9y?—-16x+54y+61=0

By the method of completing square the above
equation becomes 4 (x —2 )2+ 9 (y+3)? =36

That is

(=2 03 _,
9

4

2 2
Comparing with standard equation x_2 + 2’_2 =1
a

a?=9; b’=4

a=3; b=2(a>b)

Y =0 ie.y+3=0 isthe major axis and
X =0ie. X -2 =0 is the minor axis.

Centre (X =0,Y=0)=(Xx-2=0,y+3=0) =
(25_3)

VerticesA(x—2=43,y+3=0)=(2+3,-3)i.e.
A(5,-3) and A'(-1,-3)

B(x-2=0,y+3=+2)=(2,-3+2)

i.e. B(2,-1) and B'(2,-5)
A(5,-3),A(-1,-3). B2, -1)B'(2,-5)
Length of major axis (2a) =2(3) =6

Length of minor axis (2b) =2(2) =4

b?=2a2(1-¢?
L 4=9(1-¢) LA le =14
9 9
5
= — thatis e=i£
9 3
J5

but 0<e<1 thereforee= Y

J5

Foci S(x—2:3—
3

S'{x—2:—3§

Distance between foci =

’y+3=0j E(2+ \/59_3)

+3= 0] 2-+5,-3)
245

i

) ; ] 1
distance between directrix = 2 q_ 2[ij = —8

Equation of directrix x—2=4+

thatis x = 2+—
NG

e \V5) s

coordinates of end point of latera recta




2 4 9
Length of latus rectum = 26" _ (_j _2
a 3 2

Parametric form X =3 cosf, Y =2 sinf
Thatis x—2=3cos,y+3 =2sinf

i.e.Xx=2+3cosH, y=-3+2sind

\

A

-2 1 2 3 4 5 6

A
1/—\

G (2’-:3)/8
A\

Fig. 7.20

Ex. 2) Find the equation of an ellipse having
vertices (x 13, 0) and foci (= 5, 0)
Solution : Since vertices and foci are on the

x-axis, the equation of an ellipse will be of the

2 2
X
form ?+Z—2:1(a>b)

Vertices (£ 13,0)=(xa,0) =>a=13
Foci (£ 5,0) = (xae,0) > ae =5

5
L e=—
13

We know b?=a?(1-e?) = a?- a%?
= (13)2-(5)2 = 169 — 25 = 144

2 2

Equation of the ellipse is S A

169 144

Ex. 3) Find the eccentricity of an ellipse whose
length of the latus rectum is one third of its
minor axis.

Solution :

| .
Length of latus rectum = 3 (minor axis)

2
&:l(zb) thatis b= a
a 3 3
We know that b?=a? (1 -¢€?)
laZ:a2 (1-¢?)
9
l:1—e2 e2:1—l
9 9
8
e?= — thatis e:i&
9 3
butO<e<1 e:&
3
Activity :

Find the equation of an ellipse whose major axis
is on the X-axis and passes through the points
(4, 3) and (6, 2)

Solution :

2 2
Let equation an ellipse x—2+Z—2 =1
a

a > Db, since major axis is the X-axis.
Also ellipse passes through points (4, 3) and (6, 2)

" ﬁ (3)2 1 and ﬁ+(2)2 =1

ft= =
a’ b* a’ b*

Solve these equations simultaneous to set a? and
b2.

7.2.3 Special cases of an ellipse:

=1 where

2 2
Consider the standard ellipse x—2+Z—2
a

b’=a?(l-e?)anda>Dh.




As a — b (b > 0) then observe that e — 0 and
shape of the ellipse is more rounded. Thus when a
= b the ellipse reduces to a circle of radius a and
two foci coincides with the centre .

7.2.4 Tangent to an ellipse :

A straight line which intersects the curve ellipse
in two coincident point is called a tangent to the
ellipse

A
\Y

tangent

ellipse

A

S s

d
-

Fig. 7.21

To find the equation of tangent to the ellipse.

2 2
Xy : -
—+=5 =1 at the point P(x, y,) on it. Hence,

a b
to obtain the equation of tangent at P(0,).

We need to know the slope of the tangent at
P(x, y,). From the theory of derivative of a

function, the slope of the tangent is % at (x,y,)
» :
2 2
. . . xT 0y
The equation of ellipse is —2+b—2 =1
a

differentiate both sides with respect to x

2x 2y dy
Weget — + — — =0
J a b dx
d__bx
dx a*y

bz
" {Q} XY=~ 2 il slope of the tangent
dx ’ )

1

at P(x,.y,).
.. Equation of the tangent (by slope point form)

2

. b x
atP(x,y,)is y-y,= -z 7’- (x=x)
1

azyl(y_yl):_ble(x_xl)

a’y, y—aty =-b*x x+b*x?

b>x x + a’y, y = b*x?+a’y?
Dividing by a2 b?

2 2

R
x2 yZ
Now P(x,,y,) lies on the ellipse 71'2— + —b‘; =1
X X,
3 a—;+% =1 (D)

This is the equation of the tangent at P(x,,y,) on it
Now, 0, is the parameter of point P
o P(xpy,) = (acos0, , bsind, ) that is
X, = acosb, ,y, =bsinb,
Substituting these values in equation (1),
X a cosb,

y b sin0,
we get 2z T - 1

XcosO,  ysinf, 1
+ =

a b

is the required equation of the tangent at P(0,).

7.2.5 Condition for tangency

To find the condition that the line y = mx + c is
2 2
tangent to the ellipse x—2+z—2 =1. Also to find
a

the point of contact.

Equation of the lineisy =mx + ¢

thatis mx-y+c=0... (1)




equation of the tangent at P(x,,y,) to the ellipse

2 2
x—+y =1is 2+)2/2—1.

a b
. X
thatlszﬁ_x+-b7_y 1=0...(

If the line given by equation (1) is a tangent to the
ellipse at P(x,,y,).

Comparing coefficients of like terms in equation
(1) and (2)

a =
m 1 c
) o, G
2
a “lang \07J —1
m c -1 c
1 —__1 and ﬁ —i
a’m c b2 c
azm 2
X = . and y, = —
2
P(x,.y,) lies on the ellipse —+y—2 =1
a b
x 2 2
L Zbg 1
a‘m b?
() (?)2
+ =1
a’ b?
atm’ b!
Cz (07)
+ =1
a’ b?
am* b’
+—=1
6'2 C2
S a2m? + p? =c?

ie.c2=a?m?+b?

. ¢ =+~a’*m®+b? isthe condition for tangency.

The equation of tangent to the ellipse in
terms of slope is

2 2
y=mxta’m’+b* P [‘a m,b_J

C C

Thus the liney =m x + c is tangent to the eIIipsD

2 2
Y Y 1 e=+Ja?m? +b? and the point

2 b2

a
2 b2
of contact is (—M , ).
N\ ©c €

7.2.6 Tangents from a point to the ellipse

Two tangents can be drawn to the ellipse from any
point outside the ellipse.

Let P(x,,y,) be any point in plane of the ellipse.

The equation of tangent, with slope m to the
ellipse is

y=mx+~a’m® +b°

This pass through (x,,y,)

Loy =Emx ENadm’ + b

o y—mx =%Na’m® +b*  we solve it for m.

Squaring on both sides and simplifying we get the
quadratic equation in m.

(x> -a’ym’ —2x1y1m+(y12 —b2)= 0

it has two roots say, m, and m, which are the
slopes of two tangents.

Thus, in general, two tangents can be drawn to a
ellipse from a given point in its plane.

_(_2x1y1)

(x12 - az)

_ QCxy)
- (x12_a2)

Sum of the roots =m_+m, =




Productof roots=m m, = —5——*

7.2.7 Locus of point of intersection of

perpendicular tangents

If the tangent drawn from P are mutually
perpendicular then we have m m, = -1
ylz_bz
L oxf-a

director 3e
circle

Fig. 7.22

(ylz_bz):_(xlz_az)
" x12+y]2 =a’ +b*

This isthe equation of standard circle with centre at
origin and radius va® +b> which is called the
director circle of the ellipse.

7.2.8 Auxiliary circle, director circle of the
ellipse

X2y

For the standard ellipse 2ty s 1(a > b) the

circle drawn with major axis as a diameter is
called the auxillary circle of the ellipse and it's
equation is x? +y?> = a?.

The locus of point of intersection of perpendicular
2

. X .
tangents to the ellipse Z % =1 is called the

director circle of the ellipse and its equation is
X2+y2:a2+b2.

director circle
X' +y'=34

auxiliary circle
X +y=25

ellipse 9x°

A

vY

Fig. 7.23

SOLVED EXAMPLE

Ex. 1) Find the equation of tangent to the ellipse

2 2

i) %+% =1 at the point (2, \/3).
x2 2
i) X Y 1 atthe point whose eccentric
25 9
angle is n/4.
Solution :
2 2
. . . .oXxXT oy
i) Equation of the ellipse is §+?:1
2
Xy _q

comparing it with 2t s
a’=8and b*=6.

Tangent is drawn to the ellipse at point

(2, /3)onit. Say (x,, y,) = (2, /3).

We know that,

the equation of tangent to the ellipse

yZ

X
2t s 1 at point (x, y,) onitis

xx

7+%: 1

x(2)  yN3)
+

8 6

=1




i.e. 6x+4./3y=24

ie. 3x+2,/3y=12

Thus required equation of tangent is
3x+2.3y=12.

2 2
Equation of ellipse is S A
25 9

compairing it with x—+y—2 =1
a b

a?=25and b®=09.

eccentric angle 6 = %

By parametric form equation of tangent is

x-cos@  y-sinf
a b
T . T
X-cos—  y-sin—
i.e. 4 . 4 _
5 3

=1

=1

I A
52 32
3x + 5y =15./2

Ex. 2) Show that the line 2x + 3y = 12 is tangent

to the ellipse 4x? + 9y? = 72,

Solution : Equation of the ellipse is 4x? + 9y? =72

2 2
- X
e X .Y
2 2

18 8
S XY
compairing it with —+=— =1
p g PR

a?=18and b*=8
Equation of line is 2x + 3y = 12
. 2
lLeey=—=-x+4

3

compairing itwithy=mx +c¢

mz—%and c=4

We know that,
if the line y = m x + ¢ is tangent to the ellipse

2 2
x—2+y—2 =1 then c®=a?m? + b2
a b

Here ¢? = (4)? = 16 and

a’m?+b? = (18) (——)2 +(8) = (18) ( )+8
= (2) (4) +8 =16

hence the given line is tangent to the given
ellipse.

Ex. 3) Find the equations of tangents to the ellipse

4x? + 9y? = 36 passing through the point
(2,-2).

Solution : Equation of the ellipse is 4x? + 9y? = 36

2 2

ie. 4+ Y
4
compairing it with —+y—2 =1
a b
a?=9and b?>=4

Equation of tangent in terms of slope m, to
the ellipse is

y=mx+a’m® +b*

Point (2, —2) lies on the tangent

L (DEM@E fomta
L=2m=2=% jom?+4

squaring both sides

dm?+8m+4=9m?+4

-5m?+8m=0

m(-5m+8)=0 = m=0 or m=8/5
Equation of tangent line having slope m and
passing through pt (2, -2) isy+2=m (x - 2)

8
iey+2=0(x-2) ory+2= 3 (x-2)
y+2=0 Sy +10=8x-16
8x-5y-26=0

Thus equation of tangents are y + 2 = 0 and
8x—-5y-26=0




EXERCISE 7.2

Find the (i) lengths of the principal axes.
(ii) co-ordinates of the focii (iii) equations
of directrics (iv) length of the latus rectum
(v) distance between focii (vi) distance
between directrices of the ellipse:

(@) x¥25+y?[9=1 (b) 3x2+ 4y2 =12
(c) 2x2+6y*=6 (d) 3x2+ 4y2=1.

Find the equation of the ellipse in standard
form if

1) eccentricity = 3/8 and distance between
its focii = 6.

i) the length of major axis 10 and the
distance between focii is 8.

iii) distance between directrix is 18 and
eccentricity is 1/3.

iv) minor axis is 16 and eccentricity is 1/3.

v) the distance between foci is 6 and the
distance between directrix is 50/3.

vi) The latus rectum has length 6 and foci
are (+2, 0).

vii) passing through the points (-3, 1) and
2 -2)

viii) the dist. between its directrix is 10 and
which passes through (=V5, 2)

iIX) eccentricity is 2/3 and passes through
(2, -5/3).

Find the eccentricity of an ellipse, if the
length of its latus rectum is one third of its
minor axis.

Find the eccentricity of an ellipse if the
distance between its directrix is three times
the distance between its focii.

10.

11.

12.

Show that the product of the lengths of
ht perpendicular segments drawn from
the foci to any tangent line to the ellipse
x?/25 +y?/16 = 1 is equal to 16.

A tangent having slop —1/2 to the ellipse
3x% + 4y? = 12 intersects the X and Y axes in
the points A and B respectively. If O is the

origin, find the area of the triangle.

Show that the line x —y = 5 is a tangent to
the ellipse 9x? + 16y? = 144. Find the point
of contact.

Show that the line 8y + x = 17 touches
the ellipse x? + 4y? = 17. Find the point of
contact.

Determine whether the line x + 3yv2 =9 is
atangentto the ellipse x%9 +y?/4=1. If so,

find the co-ordinates of the pt of contact.

Find k, if the line 3x + 4y + k = 0 touches 9x?
+16y2 = 144,

Find the equation of the tangent to the

ellipse (i) x?/5 + y?/4 = 1 passing through

the point (2, -2).

i) 4x%+ 7y? =28 from the pt (3, -2).

iii) 2x2 +y? = 6 from the point (2, 1).

iv) x2+4y2=9which are parallel to the line
2x+3y-5=0.

V) X425+ y%4 =1 which are parallel to
the linex +y + 1= 0.

vi) 5x?+ 9y?= 45 which are L to the line
3x+2y+y=0.

vii) X+ 4y>=20, 1 tothe line 4x+3y =7.

Find the equation of the locus of a point the
tangents form which to the ellipse 3x?+ 5y?
= 15 are at right angles.




13. Tangents are drawn through a point P to the
ellipse 4x>+ 5y?= 20 having inclinations 0,
and 0, such that tan 0, + tan 0, = 2. Find the
equation of the locus of P.

14. Show that the locus of the point of
intersection of tangents at two points on an
ellipse, whose eccentric angles differ by a
constant, is an ellipse.

15. P and Q are two points on the ellipse
2 2

e + P 1 with eccentric angles 0, and 0.,.

Find the equation of the locus of the point
of intersection of the tangents at P and Q if
0,+6,=m/2.

16. The eccentric angles of two points P and Q
the ellipse 4x?+ y?= 4 differ by 2n/3. Show
that the locus of the point of intersection
of the tangents at P and Q is the ellipse
4x2+ y?=16.

17. Find the equations of the tangents to the
ellipse x%/16 + y?/9 = 1, making equal
intercepts on co-ordinate axes.

18. A tangent having slope — %2 to the ellipse
3x%+ 4y? =12 intersects the X and Y axes in

the points A and B respectively. If O is the
origin, find the area of the triangle.

7.3 Hyperbola

—y Let's Study

e  Standard equation of the hyperbola.
e Equation of tangent to the hyperbola.
e condition for tangency.

e auxillary circle and director circle of the
hyperbola.

The hyperbola is the intersection of double
napped cone with plane parallel to the axis.

The hyperbola is the locus of a point in
a plane which moves so that its distance from

a fixed point bears a constant ratio e (e > 1) to
its distance from a fixed line. The fixed point is
called the focus S and the fixed line is called the
directrix d.

MY
N ' N
S (M
ol P(x, )
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S JA"|1Z' O Z
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Fig. 7.24

A((ae, 0) g
N

If S is the focus and d is the directrix not
containing the focus and P is the moving point,

P . .
then Fﬁ = e, where PM is the perpendicular

on the directrix. e > 1 called eccentricity of the

khyperbola. (Fig. 7.24)

7.3.1 Standard equation of the hyperbola

Let S be the focus, d be the directrix and e be the
eccentricity of a hyperbola.

Draw SZ perpendicular to directrix. Let A and A’
divide the segment SZ internally and externally in
the ratio e : 1. By definition of hyperbola A and A'
lie on hyperbola.

Let AA' =2 a, midpoint O of segment AA' be the
origin. Then O = (0,0) , A= (a,0) and A'= (- a,0)
ﬁ _¢ ( SA" _—e )

AZ 1 ‘a4z 1

therefore SA=eAZ.

Let Z= (k,0) and S = (h,0)

By section formula for internal and external di-
vision.

ek+1h ek—1h
a= also —a=

e+1 e-1




ae+ta=ek+h ...(2)
—ae+a=ek-h ... (3
Solving these equations , we get

k = ale and h=ae

Focus S=(ae,0)and Z = (ale, 0)

: : o a
Equation of the directrix is x = A

Thatisx— — =0
e
Let P(x,y) be a point on the hyperbola.

SP = focal distance

= \/(x—ae)2+(y—0)2 ..... (4)

PM = distance of point P from the directrix

a
T a

= e =|X——] «eviuun 5
1> +0? e ©

From (1), (4) and (5)

a
x__
e

\/(x—ae)2 +(y—0) =e

=\/(x—ae)2+(y—0)2 :|ex—a|
Squaring both sides
(x—ae)’+ (y-0)2?=e’x>-2 aex + a?
X2—2aex + a’e? +y?=ex*—2aex + a2
X2+ a%?+y?=eX?+ a?
(1-e)x*+y?= a2 (1-¢?
Sincee>1
(e2=1)x? —y?= a?(e*-1)
Dividing both sides by a? (e?-1)
)CZ y2

at a(e’-))

Xy

2
5 —b—2=lwhere b2= a2 (e?-1)

N}

This is the standard equation of hyperbola .

Let S' be (—ae,0) and d' be the line x = — g .

For

any point P on the hyperbola, PM' is per-

pendicular on d' then it can be verified that
PS'=ePM"

Thus for the hyperbola (ae,0)and (—ae,0)

.. a a
are two focii and x = — and x = — — are
e e
corresponding two directrices.
AY
N d

M' M
P(x, y)
X

S'(-ae,0)/A' [z O  z| A\ S(ae, 0)
a a
e

vY'

Fig. 7.25

7.3.2 Some useful terms of the hyperbola

2 2

Equation of the hyperbola 2y =1

b2
The hyperbola intersects x-axis at A(a, 0),
A’ (—a, 0).
It does not intersects the y-axis.
The segment AA’ of length 2a is called the

transverse axis and the segment BB’ of length
2b is called the conjugate axis.

i) The line segment through the foci of the

hyperbola is called the transverse axis and the
line segmentthrough centre and perpendicular
to transverse axis is the conjugate axis. The
transverse axis and conjugate axis together
are called principal axes of the hyperbola.
In the standard form X axis is the transverse
axis and Y axis is the conjugate axis.




iv) latus rectum is the chord passing through the
focus which is perpendicular to transverse
axis. It is bisected at the focus. There are two
latera recta as there are two focii.

7.3.3 Some Results :
1) Distance between directricesi.e. d (dd") is the
same that of distance ZZ' ie. d (ZZ')

Z=(ale,0)and Z' (- ale, 0)

= d@dd)=d@)=|2+ 2|
e e

:22
e
2) Let LSL’' be the latus rectum of the
hyperbola.
xz yZ
— =1

a b
(SL and SL’ are the semi latus rectum)

LetL=(ae, )

ae)> P

2
e2+? =1
?:I—e2

2= b2 (1-e?)

2
- [b_j
a2

b? >
L= (ae,—j and L'= (ae,—j
a a

These are the co-ordinates of end points of latus
rectum.

3) Length of latus rectum =1 (LL")

I (SL) + 1 (SL _b2 +_b2 _2b2
= + "y = =
(SL)+1(sL) = =+ ==

4) SP and S'P are the focal distances of the point
P on the hyperbola.

SP=ePMand S'’P=e PM’

Difference between the focal distances of
point P

SP-SP=ePM-ePM

=e (PM-PM)

=e (MM

= e (distance between the directrices)
=e(2ale)

SP — S'P = 2a = constant

= length of major axis ie. transverse axis.

Difference between the focal distances of point
on the hyperbola is the length of transverse
axis which is a constant.

5) Acircle drawn with the transverse axis AA’ as
a diameter is called an auxiliary circle of the
hyperbola and its equation is x* +y? =a?.

e Parametric Equation of the Hyperbola

2 2

XY

2 2
a b

Taking the transverse axis AA' as diameter.
Draw a circle with centre at origin and radius

'a’ so that its equation is x>+y2 = a2, It is called the
2 2

auxiliary circle of the hyperbola x—z—Z—Z:l ()]
a
AY
S AP
a
X 0 M X
N A (a, 0) i




Let P(x,y) be any point on the hyperbola. Draw .. for any value of 6, the point (a sec6, b tan)
PM perpendicular to OX. Draw the tangent MQ  always lies on the hyperbola.
touching auxiliary circle at Q. Point Q is called the

i 4 n ’ Let us denote this point by P(6) = P (a seco,
corresponding point of P on the auxiliary circle.

b tan6) where 0 is called parameter also called the
Let m£XOQ = 6. Then by trigonometry  eccentric angle of point P.

co-ordinates of Q are (a cos 6, a sino). The equations X = a secb, y = b tan 6 are called

Further, parametric equations of the hyperbola.
X =OM = oM .0Q =sech. a=asec 7)  Other standard form of hyperbola.
2 x2 . .
The point P(x,y) = P(a sec 0, y) .. P lies on the Z—z abri 1 is called the conjugate hyperbola
hyperbola-(I) therefore. 2y
of the hyperbola — —=5 =1
a’sec’0 y’ _ a b
a’ b’
2 Y
- L =sec?0 — 1 = tan?0
b? 1S 0.50)
Yoy tano
b B(OJb) yzg
Since P lies in the first quadrant and angle < >
0 < 90°, y and tan6 both are positive. < >
X A O A X
- y=Dbtan6 < >
B'(0,|-b) __b
. P=P (aseco, b tand) T
Substituting these co-ordinates in the LHS of /Q
equation of hyperbola (I), we get Y"
\4
[x—2:3§,y+320] =sec’0—tan’0=1 Fig. 2.27
2 2 2 2
1 | Standard equation % - % =1 ;:—2 - % =l
Centre 0(0,0) 0(0,0)
3 | Axes of symmetry Both x axis and y axis Both x axis and y axis
A(a,0)A'(—a,0 A(a,0) A'(-a,0
4 | Vertices (8.0)A'a0) (8,0)A'-a0)
B(0,b) B'(0,—b) B(0,b) B’(0,-b)
5 ;’;?Snsverse B el (e X axis and Y axis Y axis and X axis
Length of transverse axis 2a 2b
Length of conjugate axis 2b 2a
167




8 | Foci S(ae, 0) S(- ae,0) S(0,be) S(0, — be)
Distance between foci 2 ae 2 be
10 | Equation of directrix w= and x=_2 y=+ b andy:—é
e @ e
11 | Distance between the directrics 2a 2_b
e
b’ 2
L= (ae,—j and L= (i , be) and
12 | end points of latus rectum da b
72 o —-a?
LE(W#QJ L= be)
a
2 2
13 | Length of latus rectum 208 2o
a b
14 | Parametric form X =asech and y = b tan6 X =atanf and y = b sech
15 | Equation of tangent at vertex X=a,Xx=—-a y=b,y=-D
2a 2b
16 | Sum of Focal distance of a point | (length of major axis ie. trans- | (length of minor axis ie.
P(x,y,) verse axis) conjugate axis)

Ex. 1) Find the length of transverse axis, length of

SOLVED EXAMPLE

Eccentricity b? = a? (e? - 1)

\/a 24 p? \/H \/__i_

2
conjugate axis, the eccentricity, the co-ordi- 60
nates of foci, equations of directrices and the (-e>0)
length of latus rectum of the hyperbola ae=2(2)=4
2 ) 2 2 .. foci (x ae, 0) are (£4,0)
O™ W 5T a_2_,
Solution : ¢ 2 a
_ _ Xy .. the equations of directrices x = + L are
(i) The equation of the hyperbolais —-—~=1. X = +1.
26 _2(12)
Xy Length of latus rectum = — 5 =12
Comparing this with equation Pl _b_2 =1 a
2 2
.. : .y

EARN |
We have a2 = 4, b? = 12 (i) The equf'mon 9f th.e hyperbola.ls 9 16
a=2.b=2.3 Comparing this with the equation

, 2 2
Length of transverse axis = 2a = 2(2) = 4 LY
b a

Length of conjugate axis = 2b = 2(2./3)

:4\/5

We have a? =16, b*=9




a=4,b=3

Length of transverse axis =2b =2(3) =6
Length of conjugate axis = 2a =2(4) =8
Eccentricity a? = b? (e? - 1)

Ja'+b _J16+9 25 5

b 3 3 3

(- e>0)
be:S(éj =5
3

.. focii (0, £ be) are (0,+5)
b 3 9

e 5/3 5

S e=

. : : b
.. the equations of directricesy = +— are
e

W | O

y=+

2a° 2(16) 32
Length of latus rectum = %:%:?

Ex. 2) Find the equation of the hyperbola with the
centre at the origin, transverse axis 12 and

one of the foci at (3./5 ,0)
Solution :
Let the equation of the required hyperbola be
2 2

X y_l

PRI (1)

Length of transverse axis = 2a = 12
.a=6 ..a’=36

Since focus (ae, 0) is (3+/5, 0)

- ae=3.5

oo ate?=45

saz+b?=45

.36 +b>=45

S b?2=9

Then from (1), the equation of the required
hyperbola is

Ex. 3) Find the equation of the hyperbola referred
to its principal axes whose distance between

directrices is % and eccentricity is g

Solution :
The equation of the hyperbola referred to its prin-
cipal axes be
X2 B y2 _1
2 DL e 1)
: . 5 :
Since eccentricity =e = 3 and distance between
) ) 2a 18
directrices= — = _—
e 5
La_?
e S
IR B
Lasge=gxy3,as
Lat=9
25
Now b?=a2 (e?-1)=9 ?—1
1
=9 x 16 =16
9

Then from (1), the equation of the required

2 2

. X y
h b I e
YPEernola IS 9 16

7.3.4 Tangent to a hyperbola:

Astraight line which intersects the curve hyperbola
in two coincident points is called a tangent of the
hyperbola

A
4




Tangent at a point on a hyperbola.

To find the equation of tangent to the hyperbola.

2 2
X

2
a b

to obtain the equation of tangent at P(0,).

=1 at the point P(x,, y,) on it. Hence,

We need to know the slope of the tangent at
P(x, y,). Fromthe theory of derivative of a function

the slope of the tangent is ? at (X, y,)
» ,

d
and here d_ic) Xy, ¥y~ M
2 yZ
The equation of hyperbola is PR =1
a

differentiate both sides with respect to X

2x_2y Q:O

We get — — ——
g a® b? dx
Cdy (_Ej(_ﬁj_ b® x
o » - a2 zy - azy
dy _ b*x

o dy _bx,
TV ) T a2y slope of the tangent at

P(Xl,yl)

1

~ Equation of the tangent to the hyperbola
b? x,
a’y,
%y, (y-y,) =0, (x-x,)

a%y, y-a%y,>=bx x-bx?

atP(x,y)is y-y= (X=x,)

2 2 = bh2x 2 2y 2
b, X + a%, y = b2+ a?%,

Dividing by a? b?

is the equation of the tangent at P(x,,y,) on it
Now, 0, is the parameter of point P

~ P(x,y,) = (asecO, , b tan0,) that is

X, = asecH, ,y, =btanb,

Substituting these values in equation (1),

xasecO, ybtan6, ~

we get 2 b?
X secO, ytand,
a b

: (sec 0, j (tan 0, j
1.e. xX— y=1
a b

is the required equation of the tangent at P(0,).

7.3.5 Condition for tangency

To find the condition that the line y = mx + ¢
2 2

x
is tangent to the hyperbola —z—b—z =1. Also to
a

find the point of contact.

Equation of the line isy =mX + ¢
thatis mx—-y+c=0 (1)
equation of the tangent at P(x,,y,) to the hyperbola

2 2

LD A S N &

is =1.
a® b’ a’ b*

thatis “Lx—2Ly—1=0...(2)
a b

If the line given by equation (1) is a tangent to the
hyperbola at (x,,y,).

Comparing similar terms in equation (1) and (2)

xx, yy_xEy2 S I
@ T g2 p a’ b’ -1
2 y2 we get = 1 = ?
Now P(x,,y,) lies on the hyperbola P 1 m
X Y
NES S (ij -1 (_béj -1
a b AL e and e
" _
xx
Bt I )
T




X -1 1
+— = — and y—; =- -
am C b C
a’m —b?
X == B and y, = T

am’ b’
=l
c c

2= a?m? = b2

c = + Ja’m*-b> is called the condition of

tangency.

e)

Thus the line y = m x + ¢ is tangent to th
hyperbola
x_y

o lifc==+ \/a?m? —p? and the point of

a’m —b*
contact is (— , ——j.
C ©

The equation of tangent in terms slope is
d=mxidfm%ﬁ%

7.3.6 Tangents from a point to the hyperbola

Two tangents can be drawn to a hyperbola from
any point outside the hyperbola in its plane.

Let P(x,,y,) be any pointin plane of the hyperbola.
The equation of tangent to the hyperbola is

y=mx= ,/azmz—bz .

If the tangent passes through (x,,y,).

Y, EmxE Jam b

ay —mx, =% Jatm’ = b7 .

Squaring on both sides and simplifying we get the
quadratic equation in m which is found to be,
(x2—a)m>=2x y, m+(y?+b>)=0

it has two roots say, m, and m, which are the
slopes of two tangents.

Thus, in general, two tangents can be drawn to a
hyperbola from a given point in its plane.

—(-2
Sum of the roots =m_ +m, = w
(x,"—a’)

(2x,,)

- (x12 _az)

(yl2 +b2)
Product of roots=m m, = _(xz _az)
1

7.3.7 Locus of point of intersection of perpen-
dicular tangents :

If the tangent drawn from P are mutually perpen-
dicular then we have m m, = -1

- (y12 + b2) == (Xlz - aZ)
LxPryR=at-b?

Which is the equation of standard circle with Cen-
tre at origin and radius \/,2 _p? (a > D). This is
called the director circle of the hyperbola.

7.3.8 Auxiliary Circle, Director Circle

The director circle of the given hyperbola is
the locus of a point, the tangents from which to
the hyperbola are at right angles.




hyperbola
9x’ - 16y°=144

Y

v

Fig. 7.29

A

auxiliary circle[x’ + y’= 25

hyperbola
9x’ - 16y’=]44

director circle

"Y
Fig. 7.30
x2 y2
For the standard hyperbola Pt 1, the

circle drawn with transverse axis as a diameter is
called the auxillary circle of the hyperbola and its
equation is x*> + y? = a2,

The locus of point of intersection of perpen-
2 2
dicular tangents to the hyperbola % - % =1is
called the director circle of the hyperbola and its
equationisx?+y?=a?-b%.(a>h).

auxillary circle x2 + y? = 25;

director circle x? + y? = 16 of the

hyperbola 9x? — 16y? = 144. (Refer fig 7.30)

7.3.9 Asymptote:

Consider the lines X=+2, they pass through
origin O. a b

Consider the point P moving along the line so that
distance OP goes on increasing, then the distance
between P and hyperbola goes on decreasing but
does not become zero. Here the distance between
the point P and hyperbola is tending to zero,
such a straight line is called an asymptote for the
hyperbola

- 0w & wr

SOLVED EXAMPLES

Ex.1 : Find the equation of the tangent to the
hyperbola 2x? — 3y? = 5 at a point in the third
quadrant whose abscissa is —2.

Solution : Let P(-2, y,) be the point on the
hyperbola

5o 2(-2)?=3y?=5

o 8-5=3y?

o 3=3y?

Lyr=l

Ly=41

But P lies in the third quadrant.

L P=(E2,-1)

The equation of the hyperbola is

2 2
A A Comparing this with the
5/2 5/3




x2 y2
equation — — =5 =1, we have
q JERNY
2 — é b2— é
=5 =y

The equation of tangent at
P(x,y)=P(=2.-1)is

oW
a b

SO 2XK = 3Yy, =9
oo2X(-2) - 3y(-1) =5
So=4X+3y=5

S Ax=3y+5=0

Ex. 2 : Show that the line 4x — 3y = 16 touches
the hyperbola 16x2 — 25y? = 400. Find the co-ordi-
nates of the point of contact.

Solution : The equation of the hyperbola is

2 2

X Y

25 16

[38)

)=

<=

Comparing it with the equation

we have a2 =25, b?2=16

The equation of the line is 3y = 4x — 16
4 16

L y=—x——
Y=3Y3

.. Comparing it with the equation

y=mx+c

4 -16
Wegetng, CZT
Now

a’m?-h%?=25 (%) - 16

@(ﬁjc
9 3

Thus the condition of tangency is satisfied.

.. the given line touches the hyperbola.

Let P(x,, y,) be the point of contact.

Y s
-a'm _ 3 _é

X E . _(_16j 4
3

.. the point of contact is P <%TS 3>

Ex. 3 : If the line 2x + y + k = 0 is tangent to the

Xy
hyperbola 5 "8~ 1 then find the value of k.

Solution : The equation of the hyperbola is
£y
6 "8 =1.

The equation of the lineis2x+y+k=0
Sy==-2x-k

Putting this value of y in the equation of hyperbo-
la, we get

2 (2x-kP

6 8

CoAx? - 3(4x% + dkx + K*) =24

o Ax7 — 12(4x7 - 12kx - 3K?) = 24

2o 8x7 + 12kx + (B3k2 +24) =0 ... (1)
Since given line touches the hyperbola
.. the quadratic equation (1) in x has equal roots.
... its discriminant = 0 i.e. b*—4ac=0
- (12k)2 = 4(8) (3k2 + 24) = 0

. 144K* - 32(3k* +24) =0

9K —203k2+24)=0

L9k -6k*-48=0

o3k =48

k=16

k=14




Another Method :

Herec=-k m=-2,a°=bb*=8
S =atm? - b

Sk =[(-2)*,6] =8

S kP=16

Lk=x4

Ex.4 : The line x—y + 3 = 0 touches the hyperbola
whose foci are (+,/41, 0). Find the equation of
the hyperbola.

Solution : Let the equation of the hyperbola be

oy

Gl pE e (@8]

Its foci (+ae, 0) are (+,/41, 0)

Soae= 41

Later=41

Lat+bi=41. (2) (a%?=a%+bh?)

The given lineisy =x+3

Comparing this with y = mx + ¢, we get
m=1c¢c=3

Since the given line touches the hyperbola
.. It satisfies the condition of tangency.

S aim?—b? = ¢?

soa3(1)?2—-b?=(3)?

By adding (2) and (3), we get
2a*=50 .. a*=25

from (2), we get

25+b’=41 . b*=16

From (1), the equation of the required hyper-
bola is

2 2

X Y

25 16

EXERCISE 7.3

1) Find the length of transverse axis, length of
conjugate axis, the eccentricity, the co-ordi-
nates of foci, equations of directrices and the
length of latus rectum of the hyperbola.

2)

3)

4)

5)

i)

)

16x2 - 9y? = 144
21x2 — 4y? = 84
3x2 — yz -

x=2sect, y=2/3 tan6

Find the equation of the hyperbola with cen-
tre at the origin, length of conjugate axis 10
and one of the foci (-7,0).

Find the eccentricity of the hyperbola, which
is conjugate to the hyperbola x? — 3y? = 3.

If e and e' are the eccentricities of a hyperbo-
la and its conjugate hyperbola respectively,

prove that elﬁ

12:1
(e"

Find the equation of the hyperbola referred to
its principal axes.

i)

whose distance between foci is 10 and

eccentricity % :

whose distance between foci is 10 and
length of conjugate axis 6.

whose distance between directrices is

8 and eccentricity is E_
3 2




iv)  whose length of conjugate axis = 12 Xy . b o i
and passing through (1, -2). v) 16 9 ! atthe pointin a first
v)  which passes through the points (6,9) quadratures whose ordinate is 3.
and (3,0). V) 9x? —16y? = 144 at the point L of latus
vi) whose vertices are (+7,0) and end rectum in the first quadrant.
points of conjugate axis are (0, £3). 7) Show that the line 3x — 4y + 10 = 0 is tangent
vii) whose foci are at (+2,0) and till the hyperbola x? — 4y? = 20. Also find the
eccentricity . . point of contact.
2
: 8) If the 3x — 4y = k touches the hyperbola
viii) whose length of transverse and conju- ) , , y yp
gate axis are 6 and 9 respectively. % _A 1 then find the value of K.
. . 5
iX) whose length of transverse axis is 8
and distance between foci is 10. 9) Find the equations of the tangents to the
2
6) Find the equation of the tangent to the hyperbola RA % = 1 making equal
hyperbola. intercepts
i) 3¢ -y?=4atthe point (2,2\2). on the co-ordinate axes.
i) 3x?-4y? =12 at the point (4,3).
XY . . 10) Find the equations of the tangents to the
i) 144 25 ;1 atthe pointwhose eccentric hyperbola 5x? — 4y? = 20 which are parallel to
angle is 3 the line 3x + 2y + 12 = 0.
Conic Eccen- | Equation of | Equation of tan- | Point of contact Condition for
section | tricity the curve gent at point of the target tangency
(x, f(x)) (x,,y,) onit
circle - X2 +y? = a? XX, +yy, = a’ - c? = a’m? + a?
parabola e=1 y? = dax yy, = 2a(x, -y, <r: 2a> a
— c=—_
Z'm m
ellipse O<e<l x_j N iz ., x—)iu)ll i <a2m .|._bz> c2 = a?m? + b?
a b a ’
c ¢
(a>b)
hyperbola | e>1 Xy xx, Yy, a2m —b c2 = a’m? — b?
Z Y| 2wl T
c ¢
Curve Equation of auxillary circle Equation of director circle

X2 +y? = a?(circle)

x2 X2+ 2=a2 X2+ 2=a2+b2
?+%=l(a>b) Y y
xZ X2+ 2:a2 X2+ 2:a2_b2
?—%zl(c»b) J v




W Let's Remember

A conic section or a conic can be defined as
the locus of the point P in a plane such that
the ratio of the distance of P, from a fixed
point to its distance from a fixed line is con-
stant.

The constant ratio is called the eccentricity of
the conic section, denoted by 'e".

If e = 1 the conic section is called parabola if
0 <e < 1the conic section is called ellipse. if
e > 1 the conic section is called hyperbola.

eccentricity of rectangular hyperbola is N2
standard equations of curve.
parabola y? = 4ax , x? = 4by

X x?
elllpse?+%:1, (a>b)?+§:l (b>a)
X
hyperbola?—%:1a>b,
yox

?—?-1b>a

focal distance of a point P on the parabola
y? = 4ax is a abscissa of point P.

sum of focal distances of point on the ellipse
is the length of major axis.

Difference between the focal distances
of point on the hyperbola is the length of
transverse axis.

MISCELLANEOUS EXERCISE - 7

)

1)

Select the correct option from the given
alternatives.

The liney =mx + 1 is tangent to the parabola
y2 = Axifmis .............

A) 1 B) 2 D) 4

2)

3)

4)

5)

6)

7)

8)

The length of latus rectum of the parabola
X2—4x -8y +12=0is.........

A) 4 B) 6 C)8 D) 10

If the focus of the parabola is (0,-3) its
directrix is y = 3 then its equation is

A) x2= =12y B) x2 = 12y
C)y?= 12x D) y2= —12x

The coordinates of a point on the parabola
y? = 8x whose focal distance is 4 are ........

A) (172, +2) B) (1, £2V2)

C) (2, +4) D) none of these

The end points of latus rectum of the
parabola y’= 24xare............

A) (6, +12) B) (12, +6)

C) (6, £6) D) none of these

Equation of the parabola with vertex at the
origin and diretrixx + 8 =01iS...............
A) y? = 8x B) y? = 32x

C) y? = 16x D) x2 = 32y

The area of the triangle formed by the
line joining the vertex of the parabola
x2 = 12y to the end points of its latus rectum

A) 22 sg.units
C) 18 sq.units

B) 20 sq.units
D) 14 sqg.units

If P[%) is any point on he ellipse

Ox? + 25y? = 225. S and S* are its foci then
SP.S'P =
A) 13 B) 14

C)17 D) 19

The equation of the parabola having (2, 4)
and (2, —4) as end points of its latus rectum

A) y? = 4x
C) y? =-16x

B) y? = 8x
D) x? = 8y




10)

11)

12)

13)

14)

15)

16)

17)

If the parabola y?> = 4ax passes through
( 3, 2) then the length of its latus rectum

D) 4

The eccentricity of rectangular hyperbola is
A) Y B)1/(2%)
C) 2% D)1/(3%)

The equation of the ellipse having foci
(+ 4, 0) and eccentricity %is,

A) 9x2 + 16y% = 144

B) 144x? + 9y? = 1296

C) 128x? + 144y? = 18432

D) 144x% + 128y? = 18432

The equation of the ellipse having

eccentricity ﬁ and passing through
(-8,3)is
A)dxc+y?=4 B) x* + 4y? = 100

C)ax2+y2=100 C)x2+4y?=4

If the line 4x — 3y + k = 0 touches the ellipse
5x2 + 9y2 = 45 then the value of k is

A)+ 21 B)*+3,21C)+3 D)+3 (21)
The equation of the ellipse is 16 x* + 25 y? =

400. The equations of the tangents making
an angle of 180° with the major axis are

A)x=4 B)y=+4C) x=—4 D)x=45
The equation of the tangent to the ellipse
4x? + 9y? = 36 which is perpendicular to the
3x+4y=171s,
A)y=4x+6

C) 3y = 4x + 6+/5

B)3y+4x=6
C)3y=x+25

Eccentricity of the hyperbola 16x? — 3y? —
32x— 12y —44=01is

A)\/E B)\/E ) Y19 py V17
3 3 3 3

18)

19)

20)

Centre of the ellipse 9x? + 5y? — 36x — 50y
—164 =0isat

A) (2,5) B)(1,-2) C)(-2,1) D) (0, 0)
If the line 2x — y = 4 touches the hyperbola
4x? — 3y? = 24, the point of contact is
A)(1,2) B)(2,3) C)(3,2) D)(-2,-3)

The foci of hyperbola 4x? — 9y? — 36 = 0 are
A) (413, 0) B) (+411,0)
C) (V12 0) S) (0, +J12)

(II) Answer the following.

1)

2)

3)

4)

5)

6)

7)

8)

9)

10)

For each of the following parabolas, find
focus, equation of the directrix, length of the
latus rectum, and ends of the latus rectum.
(i) 2y? = 17x  (ii) bx? = 24y.

Find the Cartesian co-ordinates of the points
on the parabola y? = 12x whose parameters
are (i) 2, (ii) =3.

Find the co-ordinates of a point of the
parabola y? = 8x having focal distance 10.

Find the equation of the tangent to the
parabola y? = 9x at the point (4, —6) on it.

Find the equation of the tangent to the
parabolay?=8xatt=1onit.

Find the equations of the tangents to the
parabola y? = 9x through the point (4,10).

Show that the two tangents drawn to the
parabola y? = 24x from the point (-6,9) are
at the right angle.

Find the equation of the tangent to the
parabola y? = 8x which is parallel to the line
2x + 2y + 5= 0. Find its point of contact.

A line touches the circle x*> + y?> = 2 and the
parabola y? = 8x. Show that its equation is
y =+ (x+2).

Two tangents to the parabola y?> = 8x
meet the tangent at the vertex in P and Q.
If PQ = 4, prove that the locus of the point
of intersection of the two tangents is
y2=8(x + 2).




11) The slopes of the tangents drawn
from P to the parabola y> = 4ax are
m, and m,, show that (i) m, — m, = k
(i) (m,/m,) = k, where K is a constant.

12) The tangent at point P on the parabola
y? = 4ax meets the y — axis in Q. If S is the
focus, show that SP subtends a right angle

at Q.

13) Find the (i) lengths of the principal axes
(ii) co-ordinates of the foci (iii) equations
of directrices (iv) length of the latus rectum
(v) Distance between foci (vi) distance
between  directrices of the curve
(@) x425 + y?2/9 = 1 (b) 16x? + 25y = 400
(c) x3/144 —y?25 =1 (d) X2 —y? =16

14) Find the equation of the ellipse in standard
form if (i) eccentricity = 3/8 and distance
between its foci=6. (ii) the length of major
axis 10 and the distance between foci is 8.
(iii) passing through the points (-3, 1) and
(2,-2).

15) Find the eccentricity of an ellipse if the
distance between its directrices is three times
the distance between its foci.

16) For the hyperbola x?/100-y%25 = 1, prove
that SA. S'A =25, where S and S' are the foci
and A is the vertex.

17) Find the equation of the tangent to the ellipse
X?/5-y?/4 = 1 passing through the point
(2,-2).

18) Find the equation of the tangent to the ellipse
X%+ 4y? = 100 at (8,3).

19) Show that the line 8y + x = 17 touches the
ellipse x2 + 4y? = 17. Find the point of contact.

20) Tangents are drawn through a point P to the
ellipse 4x* + 5y> = 20 having inclinations 6,
and 0, such that tan 6, + tan 6, = 2. Find the
equation of the locus of P.

21) Show that the product of the lengths of its
perpendicular segments drawn from the foci
to any tangent line to the ellipse x%/25 + y?/16
= 1lisequal to 16.

22) Find the equation of the hyperbola in the
standard form if (i) Length of conjugate
axis is 5 and distance between foci is 13.
(i) eccentricity is 3/2 and distance between
foci is 12. (iii) length of the conjugate axis is
3 and distance between the foci is 5.

23) Find the equation of the tangent to
the hyperbola, (i) 7x? — 3y? = 51 at (-3, -2)
(if) x =3 secO, y =5 tand at 6 = «/3 (iii) x4/25
—y?/16 = 1 at P(30°).

24) Show that the line 2x — y = 4 touches the hy-
perbola 4x? — 3y? = 24. Find the point of con-
tact.

25) Find the equations of the tangents to the hy-
perbola 3x? — y? = 48 which are perpendicular
to the linex+2y—-7=0

2 2
26) Two tangents to the hyperbola ?_ly)_z =1
make angles 0, 0,, with the transverse axis.
Find the locus of their point of intersection if
tano, + tano, = k.




