I.

I1.

I11.

Trigonometry

(key FACTS )

The common systems of measuring angles are:

(a) Sexagesimal System: Here, one complete revolution is divided into 360 equal parts, each called a degree, a
degree is divided into sixty equal parts, each called a second. Thus,

One complete revolution = 360°
1°= 60" (minutes)
1'=60" (seconds)

(b) Circular System: The unit of measuring an angle in this system is radian. A radian is the measure of the
central angle subtended by an arc equal in length to the radius of the circle. 1 radian is written as 1¢.

nt radians = 180 degrees
(a) To convert an angle in radians to its equivalent in degrees, multiply the number of radians by
180°
. r
T

180°
T

", T radians = E>< = 60°
3 3

T
(b) To convert an angle in degrees to its equivalent in radians, multiply the number of degrees by 180°°

T X 45° = r rad.
180° 4 P

so45° =

Trigonometrical functions (or Ratios)
In a right angled triangle OMP, where r y
Z OMP =90°, ~ POM = o, base OM = x,
perpendicular PM = y and hypotenuse OP = r, - .
. Perpendicular y Base x o x M
(@) sino= ——— == () cosao= ———=—
Hypotenuse  r Hypotenuse r
(© tana- Perpendicular _ y () cosec - .l _ Hypotefluse _r
Base X sino.  Prependicular y
1 Hypotenuse r 1 Base X
(e) seco= — —YpOreTuse _ T (f) cota= = : ==
coso Base y tan o Perpendicular y
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Note: B
1. In the right Zd AABC, it can be easily seen that,
. a b . c
(@) sind=— =cosB (b) cosA=— =sinB a
G @
a b
() tanA=Z=cotB (d) tan B= — =cot 4 A b C
a
2. (sin 0)? = sin? 0, (cos 0)° = cos> 0 read as sine square 0 and cos cube 0 respectively.
IV. Fundamental relations between trigonometric functions
1. Reciprocal relations
1
(i) cosec = —— =>cosec O xsin O =1 (if) sec 6 = =secOxcos0=1
sin 0 cosO
1
(iiijycot0= —— = cotOxtanO =1
tan 0
2. Quotient relations
sin O cos9
(i) tan 6 = (if) cot 0 = —
cosO sin®
3. Square relations (Pythagorean Identities)
(i) sin?0 + cos?0 = 1
(ii) sec’0 = 1 + tan®0 or sec’0 —tan’0 =1 or sec’0 — 1 = tan%0
(iii) cosec?d = 1 + cot?@ or cosec?d — cot’0 =1 or cosec’0 — 1 = cot?0
V. Signs of trigonometric functions
The sign of a particular #-function is any quadrant can be remembered by
the phrase. “All — sin — tan — cos” (Add Sugar To Coffee). gmyq;: 03, AIIsfun(l:lt?ons
1 d d 1 coseco S V€| are+ve
Ist quad- 2nd quad- 3rd quad- 4th quad liird Quad. IVth Quad.
The ¢-function stated in the given phrase corresponding to the particular On'ytt%" 03 4ve| Only C%S 9}+Ve
quadrant along with its reciprocal is positive in that quadrant and the rest are negative. o see

VI. Values of trigonometric ratios of some standard angles

0 o T T T T o
t-function 0 30°or 3 45° or n 60° or o 90° or 5 180° or 1t
sin 0 0 1 € V3 I 0
2 V2 2
NG 1 I
cos 0 1 = — — 0 -1
2 2 2
1
tan O 0 — 1 undefined 0
NE V3
2
cosec 0 undefined 2 J2 —= 1 undefined
3
2
sec O 1 — \/5 2 undefined -1
3
1
cot 0 undefined NE) 1 ﬁ 0 undefined
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VII. Trigonometric functions of angles of any magnitude

The following formulae are helpful in reducing functions of any larger angle to function of smaller angles.

-0 90°—60 [90°+6 |180°—6 |180°+6 [270°—6 [270°+6 [360°—0 [360°+0
sin —sin cos 0 cos 0 sin O —sin O —cosO |[—-cosB® |[—sin0 sin 0
cos cos 0 sin 0 —sin 0 —cos 0 —cos 6 —sin 0 sin 6 cos 0 cos 0
tan —tan O cot O —cot O —tan O tan 0 cot O —cot© —tan 0 tan 0
cosec —cosec O |secH sec O cosec O [—cosec O |—secH —sec 0 —cosec O |cosec O
sec sec 0O cosecO |—cosecO |—secO —sec© —cosecO | cosecH sec 0 sec 0
cot —cot© tan O —tan O —cot© cot 0 tan O —tan 0 cot O cot 0
2nt—0orn.360°-0 [2nmt+0orn.360°+0

sin —sin 6 sin O

cos cos 0 cos 0

tan —tan 0 tan 0

VIII. Some important formulae

(@) Sum Formulae

(7) sin (4 + B) = sin 4 cos B + cos 4 sin B

tan 4 +tan B
(ii)tan (4 + B)= —————
1—tan A tan B

(if) cos (4 + B) = cos A cos B + sin 4 sin B
cot AcotB —1

] t(4+ B)=
(@) cot ( ) cot B + cot 4

tan 4 + tan B + tan C — tan A tan B tan C

(vtan(A+B+C)=

Difference formulae
(i) sin (4 — B) =sin A cos B — cos A sin B

®

tan 4 —tan B

(7ii) tan ( ) 1+ tan 4 tan B

(¢) sin(4+ B)sin (4 —B)=sin> 4 —sin’ B

cos (A + B) cos (A — B)=cos*> A —sin’> B
C+DJ [C—D]
cos
2
C+Dj (C—DJ
cos
2
Product formulae

2 sin A cos B=sin (4 + B) + sin (4 — B)
2 cos A sin B=sin (4 + B) + sin (4 — B)
2 cos A cos B=cos (4 + B) + cos (4 —B)
2 sin A sin B = cos (4 — B) — cos (4 + B)

(d) sinC+ sinD=2sin(

cos C+cosD—2cos(

(@

1—tan 4 tan B — tan B tan C — tan C tan 4

(if) cos (A — B) = cos A cos B + sin 4 sin B

cot Acot B+1

] t(4—-B)=
() cot ( ) cot B —cot 4

2

C+D D-C
cosC—cosD—Zsin( > Jsin( j

D -D
sin C —sin D =2 cos (C—; )sin [C )

2
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(f) Double angle formulae

® sin24=2sinAcos A4 ® c0s 24 = cos’4 — sin’4 7 tan A
o, 2tand cos 24 = 1 -2 sin’4 e

1+ tan® 4 cos 24 =2 cos?4 — 1

1—tan> 4

cos 24 = —

1+ tan” 4

. sin4 1-cos24
® 2sin?A4=1-cos?24 ® 2cos?4 =1+ cos24 ® tan’d = — =
cos“ A l+cos24
) 1—cos24 5 1+ cos24
= sin“Ad= ——— = co0s4d= ——
2 2
(g) Half angle formulae
2tan A/2
® sin 4 =2 sin A/2 cos A/2 ® cos A =cos?4/2 —sin? A/2 ® tan4 = —2/
2 tan 4)2 1—tan” 4/2
sind=————— cosd=1-2sin? A/2
1—tan” 4/2
cosA=2cos?A4/2—1

1—tan” 4/2
cos A4 = —2/

1+ tan” 4/2

= = e
® sind2 =t |— 28 o cosd2 =t |—22 o tanA2 =+ |— 2L
2 2 1+cos A4

(h) Triple-angle formulae
3tan A —tan’ 4

® sin34=3sin4 -4 sin’4 ® cos34=4cos’A—3cos A4 ® tan34 = >
1-3tan" 4
3
t> A—3cot 4
o cot3q= S A-3cotd
3cot” A—1
SOLVED EXAMPLES
x—1
Ex. 1. If a is an acute angle and sin a = «/2— , then what is tan a equal to? (CDS 2010)
X

P dicul Nx—=1 4B
Sol. In AABC where /B =90°, sin o = cipendiciiar _Nx=' _ 45 B
Hypotenuse J2x AC

. BCP=AC? - AB*=2x—(x—1)=x+1

’ x—1 J2x
= BC=+/x+1
Prependicular 4B +/x-1 B Y
tanqg= ————=——=

Base _E_\/x+1.

Ex. 2. What is the value of the expression

4 1 2 1
3tan2E+—coszﬁ——c0t3£——sin22+—sec“E?
6 3 6 2 4 R] 3 8 3
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Sol.

Ex. 3.

Sol.

Ex. 4.

Sol.

Ex. 5.

Sol.

4 1 2 1
3tan2£+—COSZE——cot3E——sinn 4 I
6 3 6 2 4 3 3 8 3

4 1 2 1
=3 tan?30° + 3 cos? 30° — — cot3 45° — 3 sin? 60° + 3 sec* 60°

2 2 2
=3 x L +i>< _3 _lx(1)3_g><£ +l><(2)4
J3 3 2 2 3 2 8
1 4 3 1 2 3 1
=3x-+- x————-— x—+—-xl6=1+1-——-—+2=3.
3 3 4 2 3 4 8

If A+ B =90°, then what is the value of \/sinA secB —sinAcos B ?

Given 4 + B=90°

\/sin AsecB—sinAcosB = \/sin Asec (90°— A) —sin A cos (90° — 4)

= \/sinA.cosec A—-sinA.sinA4d = \/l—sinzA = \/coszA = cos A.

1
Ifsin(4+B+C)=1,tan (4 - B) = ﬁ and sec (4 + C) =2, then find the values of the angles 4, B and

C in degrees.

sin(A+B+(C)=1 =sin(4d+B+C)=sin90°=4+B+C=90°

1
tan (4 —B) = E = tan (4 — B) =tan 30° => 4 - B=30°

sec(A+(C)=2 = sec(4d+(C)=sec60° = A4+ C=60°
Eq (i) — Eq (iii) = B =30°
. From eqn (ii), A — 30° =30° = 4 = 60°

. From eqn (i), 60° + 30° + C=90° = C=0° = 4 = 60°, B = 30°, C = 0°.

1+ tan O + cosec O
1+ cotO —cosec6

3n
If sec 0 = /2 and = <0< 2m, find the value of

1
sec@=\/5 =cos0=—

NG

C.osin@ = i\/1—00529 == 1—l = _L
2 \2

Since 0 lies in the fourth quadrant, so sin 0 is —ve and cos 0 is +ve.

1
sin 6 =——=, cosec 6 = 2
J2
in® 1 2
tan 6 = SV ——><£ =-1=cotb=-1
cosO \E 1

1+tan©+cosec 6 1-1-2 _
l+cot@—cosec® 1—1++2

Ex. 6. What is the value of cot (- 870°)?

Sol.

cot (— 870°) =—cot 870°
=—cot (720° + 150°) = —cot (2 x 360° + 150°)

...()
....(ii)
...(iii)

(~ cot(—0)=—rcot0)
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Ex. 7.
Sol.

Ex. 8.

Sol.

Ex. 9.
Sol.

=—cot 150° = — cot (90° + 60°) (* cot(n.360°+0)=cotO,n € N)
=—(—tan 60°) (. cot (90° +0) =—tan 0)
= tan 60° = /3.

What is the value of cos 480° sin 150° + sin 600° cos 390°? (Kerala PET 2006)

cos 480° sin 150° + sin 600° cos 390°

=c0s (360° + 120°) sin (180° — 30°) + sin (2 x 360° — 120°) cos (360° + 30°)

=cos 120° sin 30° —sin (120°) cos 30° -+ ¢0s (360° + ) = cos 0

=—cos 60° sin 30° — sin (180° — 60°) cos 30° sin (n.360° —0)=—sinB,ne N

=—cos 60° sin 30° — sin 60° cos 30° sin (180°—-6) =sin6

=—(sin 30° cos 60° + sin 60° cos 30°) sin (180° + 6) =—sin0

=—sin (30° + 60°) (" sin (4 + B) =sin A cos B + cos A4 sin B) c0s 120% = cos (180° ~60%) = —cos 60°

=—sin90°=-1.

If x =y cos (z?n] =7 CoS [4%], then what is xy + yz + zx equal to? (NDA/NA 2011)

x =y cos 120° =z cos 240°

= x=ycos (180°—60°) =z cos (180° + 60°)

= x=-—yc0s 60°=—zcos 60° (. cos (180°—0)=—cos 0 = cos (180° + 0))
1

:>x=—5y=f§ = 2xXx=-y=-z
k

= Y= =Tk o x=T,y=—kz=—k

L G VN GV 2

2

+yz + k (=k) + (—k) (=k) + (—k) k _k2+k2 K 0

X x=| = | (= —k) (— k)| = | = — -— =0

IXETETS 2)” 2 2
If A lies in the third quadrant and 3 tan 4 — 4 = 0, then what is the value of Ssin2 A +3 sin 4 + 4 cos 4?
3tan4A-4=0

4
= 3tanA=4:>tanA=§

4 BC 4 / C
jtanAZEDEZE = AC = ABZ+BC2=\/9+1 =\/g=5.

.. A being in the third quadrant, sin 4 and cos A are negative
. 4 3
So,sinA=—— andcos 4 = ——.
5 5

.. Given expression 5 sin 24 + 3 sin 4 + 4 cos A
= 5x2sinAcosA+3sinAd+4cosA

)

Il

—_

(@)

X
N\

| &
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Ex. 10.

Sol.

Ex. 11.

Sol.

Ex. 12.

Sol.

RI 3r
Show that cos [7+ x] cos (27 + x) {cot (7— x) +cot 2n +x)} = 1.

3 3
cos (7n+x] cos (2 + x) {cot [Tn_x] +cot (27 +x)}
=cos (270° + x) cos (360° + x) {cot (270° — x) + cot (360° + x)} - c0s (360° 4 8) = cos8
sin x cos x {tan x + cot x} cot (360°+80) =cotB
=sin x cos x X X .
cos (270°+6) =+sin6

cot(270°—0)=tan®

. sinx cosx . sin’ x +cos” x
=sin x cos x + =sinxcosx | —— | =1.

cosx sinx sin x cos x

cos15° + cos45°
cos15° + cos* 45°
cosl5°+cos45° cos15°+cos45°
c0s’15° + cos® 45° (cos15°+cos45°) (cos2 15° + cos? 45° — cos 45°cos15°)
(" @+ b= (a+b)(a*—ab+b?)

...(0)

What is the value of (NDA/NA 2013)

1
- (003215"+cos2 45°—c0s45°cos15°)
cos15°=cos (45°—30°) =cos45°cos30°+sin45°sin 30°
_ LB 11 B
L2272 272 a2

15°+cos45° 1
cos cos (From (1))

cos’ 15° + cos® 45° [\/§+1]2 [1J2 1 [\/g+1]
+

W2 )R e

1

1 8
3414243 1_(\B+1]_ 4+4+23-23-2 6
8

4
5

+
8 2 4
What is the value of \/5 cosec 20° —sec 20° ?

\/3 cosec 20° — sec 20°
\/5 3 1 \/g c0s20° —sin 20°

sin20°  cos20° sin 20° cos 20°

4 3 1.
= — £ c0s20° ——sin20° (Multiplying numerator and denominator by 4)
25in20° cos20°| 2 2

4
= — (sin 60° cos 20° — cos 60° sin 20°) (. sin 20 =2 sin O cos 0)
sin 40°
4
= — (sin (60° — 20°)) (. sin (4 — B) =sin A cos B — cos A4 sin B)
sin 40°
4

= — .sin 40° =4.
sin 40°
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Ex. 13. Given, 3 sin 0 + 4 cos 0 =5, then what is 3 cos 0 — 4 sin 0 equal to?
Sol. 3sin0+4cosB=5
= (3sin 0 +4 cos 0)>=25=95sin*0 + 16 cos?> O + 24 sin O cos O =25
= 9(1 — cos?0) + 16 (1 —sin? 0) + 24 sin O cos 0 = 25 (* sin?0 +cos’0=1)
=9-9¢cos?0+ 16— 16sin’0 + 24 sin 0 cos 0 =25
=9cos?0+16sin’0 —24sin 0 cos 0 =10
= (3cos0—-4sin0)>=0=3cosO—4sin0=0.

Ex. 14. If tan x = b/a, then what is the value of a cos 2x + b sin 2x? (UPSEAT 2007, AMU 2002)

Sol. Given tanx = b/a

_tan? )
4 cos 2x + b sin 2y = a(l tan x]+b( 2tanx ) a (1—tan” x) + b (2tan x)

1+ tan’x 1+ tan’ x 1+ tan? X)
a’-b* | 2b°
a SR E—
a(l-b*/a*)+b(2.bla) a a
1+bz/a2 a’ +b?
a2
a® —b? s 2% A’ —b* +2b°
B a a a _az+b2 a’ 4
a’ +b? a® +b° a at+pr
612 612

1 1
Ex. 15. If 6 and ¢ are angles in the first quadrant such that tan 0 = 5 and sin ¢ = ﬁ,
then show that 0 + 2¢ = 45°.

Sol. Since 0 and ¢ lie in the Ist quadrant, sin 0, sin ¢; cos 0, cos ¢ and tan 0, tan ¢ are all positive.

1 . 1 9 3
:>sin¢=ﬁz>cos¢=\/1—sm2¢= 1—E :\/%:ﬁ
1 1

2
. = 2X— =
1 2t 3
B S RO T S S
cosp 3 3 I-tan*¢ _1 8 4
J10 9
1
Also, given tan 6 = —
- tan (0+2¢) = tan 0 + tan 20 tan (A + B) = tan A + tan B
1—tan 0 tan 2¢ 1-tan 4 tan B
1.3 4+21 25
74 __ 28 _28 4
b33
7 4 28 28

= tan (0 + 2¢) = tan 45° = 0 + 2¢ = 45°.
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Ex. 16.

Sol.

Ex. 17.

Sol.

Ex. 18.

Sol.

i
IfA+B+C= E,thenﬁndsinZA+sin2B+sin2C.

sin 24 + sin 2B + sin 2C
=(sin 24 +sin 2B) + 2 sin C cos C

=2 sin [2A;23]c0s[2A;28]+25inCcosC (UsingsinC+sinD:2sin C;D cos CzD)

—2'sin (4 + B) cos (A — B) + 2 sin C cos C GivenA+B+C:g - A+B=§—C)

=2 sin (g—cj cos (A— B) + 2 sin C cos C

=2cos Ccos(4—B)+2sinCcos C (Using sin (90° — 0) = cos 0)
=2 cos C (cos (4 — B) + sin C)

=2 cos C(cos (4 — B) + sin {g—(A+B)}

=2 cos C (cos (4 —B) +cos (4 + B))

=ZcosC(ZCOS(A_B+A+B]COS[A_B_A_BD [UsingcosC+cosDchos C;Dcos C_Dj

2 2 2
=2cos C(2cosAd.cos(—B))=4cos Acos Bcos C (Using cos (—0) = cos 0)
T
Ifa+p= 2 and B + v = a, then show that tan a = tan p = 2tan y. (1IT 2003)

T T T
0(+B=E :>0L=5 — B = tan o = tan [E_B)

= tana=cotP =tanatan = 1. ...(1)
Now,B+y=a=y=a-f
tan o — tan 3

= tany=tan (o — = tany=—""—"—¥7““—-
! (=F) v 1+ tano tan B

tano.—tanf3  tano — tanf3
1+1 2

= 2tany=tanoa—tan3 — tan a=tan B+2tany.

= tany= (v tanotan f=1)

cos(A+C) .
If cos2B = ————, then show that tan 4, tan B and tan C are in G.P.
cos(A—-C)
A+C
cos 25 = S8+ O
cos(A—-C)

1—tan’ B _cosAcosC —sin Asin C
l+tan’ B cosAcosC +sinAsinC

1—tan’ B _l-tanAtanC
l+tan? B l+tanAtanC

= 1-+tan A4 tan C—tan? B—tan 4 tan? Btan C =1 + tan? B —tan 4 tan C — tan 4 tan? B tan C
= 2tan A4 tan C=2tan? B = tan 4 . tan C = tan? B = tan 4, tan B, tan C are in G.P.

(On dividing the numerator and denominator of RHS by cos 4 cos C)
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2cos y—1
Ex. 19. If cos x= z—y , where xe (0, ), then show that tan % cot % = 3. (Manipal Engineering 2010)
—cos y

2cosy—1

Sol. cosx =
2—cosy

5 1-tan® y/2 1
1-tan’x/2 | l+tan®y/2 1—tan? /2 2(1-tan® y/2) - (1+ tan® y/2)

2 - 2 = =
1+ tan” x/2 2—{1_“”2”2} 1+ tan® x/2 2(1+tan2 y/2)—(1—tan2y/2)
1+tan” y/2

I-tan®x/2 _1-3tan’ y/2
I1+tan®x/2 1+3tan® y/2
= 1+3tan? y/2 —tan? x/2 — 3 tan? x/2 tan? y/2 =1-3tan? y/2 +tan® x/2 — 3 tan® x/2 tan? y/2

1
——— =3 = tan x/2 .cot y/2 = 3.
tan” y/2

= 6tan® y/2 =2tan® x/2 = tan? x/2 .

Ex. 20. If A, B and C are the angles of a triangle such that sec (4 — B), sec 4 and sec (4 + B) are in arithmetic
B
progression then show that 2 sec? 4 = sec? 2 (UPSEEE 2011)

Sol. Since sec (4 — B), sec 4, sec (4 + B) are in A.P., therefore
sec(A—B)+sec(A+B):l[ 1 . 1 }
2 2| cos(A—B) cos(A+B)
cos (A+ B)+cos(4—B) 2 cos Acos B
- 2cos(A—B)cos(4A+B) B 2[(cos 4 cos B +sin A sin B) (cos A cos B —sin A sin B)]
_ cos A cos B _ cos A cos B
- (cos® A cos® B —sin® 4sin’ B) - (cos® A cos® B)—(1—cos® 4) (1—cos” B)

cos Acos B

=>secd=
[co2 0s B—1+coszA+coszB—W]

= ¢08%4 + cos’B — 1 = cos’4 cos B => c0s?4 (1 —cos B) =1 —cos* B

sec A=

B 1 B B
= c0s?4 =1+ cos B = cos? 4 =2 cos? B = sec?d = Esec2 EﬁZsecz A =sec2?.

Ex. 21. If tan 6 + sec 6 = 4, then what is the value of sin0? (NDA/NA 2012)
Sol. Given, tan 6 +sec 6 =4 Alternatively,
N sin9+ 1 - 1+sin6=4 Given, tan 0 +sec 0 =4 ..(i)
cos® cosO cos O sec20=1+tan2 0
sinzg + cos’ g +2sin6/2 cos 6/2 = sec’0—tan’0 =1 ..(ii)
=4 eq. (if) =+ eq. (i
(cos® 0/2 —sin? 0/2) q- (i) + eq. () ]
(Using the formulas sin? 0 + cos?0 = 1, sin 20 = 2sin 0 cos 0, cos 20 — see 9_ tan :Z (i)
= cos? — sin%0) eq. (i) + eq. (iii)
. 0 oY :>2sec(9:1—7:>sec9:1—7
sin — + cos — 4 8
= 8
- o .o 6 oy = c0s 0= —
(cosz+sm2)(cosz—sm 2) 17
Now, use sin 0 = /1 — cos’ 0
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=

(sin©/2 + cos 6/2) _4 - 1+ tan6/2 _4

c0s6/2 —sinB/2 1—tan6/2
l+tan 6/2 =4 -4 tan 6/2 = 5tan6/2 =3 = tan 6/2 = 3/5
~ 2tan@2 _ 2x3/5 _ 65 30_15

1+tan® /2 1+9/25 34/25 34 17.

sin 6

10
Ex. 22. Find the value of tan (7?) .

sin 7lo sin® 7lo 2sin? 7lo
Sol. tan 7—=° = % = 7 2 = ] 2 ]
2 cos7—° sin7—°cos7—° 2sin7—°cos7—°
2 2 2 2 2
1—cos15° ) Lo . .
= —— (Using 1 —co0s 20 =2 sin” 0, sin 20 = 2sin 0 cos 0)
sin15°
_ 1—co0s(45°-30°)  1—(cos45° cos 30°+sin 45°sin30°)
sin (45° —30°) sin45° cos 30° —sin 30° sin45°
[ LB, 1) (B
V22 22 N2 | 2231

RENNCER IV V3-1 3-1
V202 202 242

22-\3-1 V3+1  2J6-3-3+422-\3-1
B-1 B 3-1

W6-23-4-22 _ £ gz 5,
2

Ex. 23. If tan (% 4 9)+ tan [; = 9] = p sec 20, then find the value of p.

Sol. tan [§+9]+ tan (g—e):p sec 26

=

=

tanm/4+tan®  tanm/4—tan® sec20 tan (A + B) = tan A + tan B
l-tanm/4.tan® 1+tanm/4.tan6® P ' 1—tan A tan B
1+tan6+1—tan9= secB '.'tanE:tan45°:1
l-tan® 1+tan® 4
2 2
I1+tanO)” +(1—tan0
( ) (2 ) :psec26
I—tan" 0
1+2tan6+tan’ 0 +1— 2 tan® + tan O
3 = psec26
1—tan” 0
2 (1+ tan” . | tan?
Lge):psec% = = psec26 Usmgcos29:ta—nze
1—tan” 0 c0s26 1+ tan” 0

2sec20=psec20 =>p=2.
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sinA+sin3A4+sinSA+sin74
cosA+cos3A4+cos5A4A+cos7A

an4A4 .

Ex. 24. Prove that

(sin74 + sin A) + (sin 54 + sin34)
(cos7A4 + cos A) + (cos5A4 + cos 34)

. (7A+ A TA—- A . (54+34 54A-34
2sin cos + 2 sin cos
2 2 2 2

- TA+ A TA- A 54+34 54-34
2cos 5 cos 5 + 2 cos 5 cos

Sol. LHS =

2
L . . +D -D +D -D
Using sin C +sin D = 2sin ¢ cos ¢ ;cosC +cosD=2cos ¢ cos ¢
2 2 2 2
_ 2sin44cos34+2sin44cosA  2sin4A4(cos34+cosd) tan 4.4
~ 2cos4Acos3A+2cos4Acos A 2cos4A(cos3A+cos A) |
Ex. 25. If cos a + cos p + cos v = 0, then prove that cos 3a + cos 3p + cos 3y =12 cos a cos p cos 7.
Sol. cos 3o+ cos 3P + cos 3y = (4 cosa — 3 cosa ) + (4 cos® B — 3 cos B) + (4 cos®*y — 3 cos y)
= 4(cos> a. + cos® B + cos> y) — 3(cos o + cos B + cos y)
= 4(cos® o + cos> B + cos? ) —3 x 0 =4 (cos® o + cos’ B + cos? })
=4 % 3 cos a. cos B cos Y (catb+c=0=da+b>+c=3abc)
=12 cos a cos P cos 7.
41 ) 1-3tan” 4
Ex. 26. If A = ——, then what is the value of = o
12 3tan A —tan” 4
3tan 4 — tan® 4
Sol. "~ tan34 = ——————
1-3tan” 4
1-3tan*4 1 1 R
Stand—tan’ 4 tan34 . 4T 4ln
12 4
1 1 .
= = - 1. [Using tan (2nwt + 0) = tan 0]
tan | 107+~ tan —
4 4
Ex. 27. If sec a and cosec a are the roots of the equation x*> — px + ¢ = 0, then prove that p> = ¢ (¢ + 2).
(Kerala PET 2007)
Sol. Sum of roots = sec o + cosec o = p
1 1 sin o + cos O .
coso.  sina sin ¢ cos o
1
Product of roots =sec o . cosecaa=¢ = ——— =g ...(iD)
sin ¢ cos o
2
) sin o + cos O sin® 0.+ cos® oL+ 2sin 0. cos o
Now p? = | — = —
sin ¢ cos o sino” cos” o
1+ 2sinocoso 1 2
= p’= = + =¢*+2q=q(q+2).

sinotcos’ o0 sinZ o cos’ o SInCLcosO
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Ex. 28.

Sol.

Ex. 29.

Sol.

Ex. 30.
Sol.

1 1
If 6 and ¢ are acute angles such that sin 0 = > and cos ¢ = 3 than 0 + ¢ lies in

T T 2n Sm T 2W Sn
Ko b |—,— —,— —,T 1IT 2004
(a)}“{ ()}3 3[ (c)}2 3[ (d)}6 [ (LT 2004)
. 1 . LT T .. .
sin 0 = 5 =sinH= smg =0= 3 ("~ 0 and ¢ are acute angles lying in the first quadrant) ...(7)
1 1 T T T T
N =—=0< <—= —< < — —<bh<— (i
ow cos ¢ 3 cos ¢ 5 cos 5 cosd < cos 3 = > (0 3 (i)

From (7) and (if) g+g<9+¢<§+f

2 2
= §< 6+(1)<?7t = 0 + ¢ lies in the open interval }gj?n{

Hence (c) is the correct option.

The angle A lies in the third quadrant and it satisfies the equation 4 (sin’x + cos x) = 1. What is the
measure of angle 4? (NDA/NA 2010)

4sin>x +4 cosx =1
= 4sin’x+4cosx—1=0 = 4(1 -cos’x)+4cosx—1=0
—4cos>x+4cosx+3=0 = 4cos’x—4cosx—3=0

=
= 4cos’x—6cosx+2cosx—3=0 = 2cosx(2cosx—3)+1(2cosx—3)=0
= (2cosx+1)(2cosx—-3)=0

1
= cosx= Y and cosx = %(not possible)

1
Now cos x = ——
T

Since A4 lies in the third quadrant and cos 4 = —% , therefore,

cos A = cos (180° + 60°) = cos 240° = 4 = 240°.

Find the value of c0s*76 + c0s*16 — cos76° cos16°. (EAMCET)
cos? 76° + cos? 16° — cos? 76° cos16°

_ 1+cos(276 ><2)+1+cos(216 ><2)_%[COS(760_160)+Cos(760_16o)]

[ 2cos?0=1+cos20,cos(4+B)+(4—B)=2cos 4 cos B]
= 1 [1 +c0s152° +1+c0s32° —c0s92° + cos 600]

= l [[2 —%)+ c0s152° + c0s32° — cos 920} [ cos60° = %}

2
i+200s 1527+ 32 cos 152°-32 —€0s892°
2 2 2

{%+ 2 ¢c0s92° cos 60° — cos92°} ( cos C+cos D=2cos (C;D jcos [C;D D

= 1 §+cos92°—cos92° zz. '.'cos60°=l
202 4 2
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PRACTICE SHEET

10.

13
. If secO= ?, then what is the value of

2xy .
. If cot 6 = ———, then what is cos6 equal to?
X =y
2 2 2, .2
X" -y X +y
a b
@ 5 O
() =22 () =2 (CDS 2009)
c =
Xty X2+ 2

2sin® — 3cos0 0
4sin® —9cos0

(a)1 )3 ()2 (d)4
(CDS 2007)
sin A4
. If cosec 4 = 2, then the value of
tanA4A 1+4+cos4
@) V2 -1 () V3+2
(0 (d)2

. The value of 4 cot? 45° — sec260° + sin? 60° + cos? 90° is

[ 1 u
@5 B © @ 1o

. Evaluate i (cot4 30°—cosec” 60°)

+% (sec2 45° — tan 30°) —5c0s%60° .

@2 mE @l ()0
T 6 )y
. If 2x% cos 60° — 4 cot? 45° — 2 tan 60° = 0, what is the value
of x?
()2 (5)3 ©V3-1 (@ 3+1
(CDS 2007)

. The cotangent of the angles /3, /4 and 7/6 are in

(a)A.P (b) G.P. (c) H.P.

(d) None of these AMU)
. The value of cos1®, cos 2°... cos100° is

(a)-1 )0 (o)1

(d) None of these (AIEEE 2002)

. If © =22/7, then a unit radian is approximately equal to

(a) 57° 16' 22"

(c) 57° 16’ 20"

What is the value of

5sin75°sin 77° + 2cos13°cos15° 3 7sin81° o
cos15°sin77° cos90

(b) 57° 15’ 22"

(d)57° 15" 20" (CDS 2007)

(a)-1 (b0 ()1 (d)2

(CDS 2009)

11. What is the value of

sin?15° + sin? 20° + sin?25° + ........ + sin?75°?

(@) tan?15° + tan? 20° + tan?25° + ........ + tan?75°
(b) c0s215° + cos? 20° + cos225° + ........ + cos?75°
(c) cot?15° + cot? 20° + cot?25° + ........ + cot?75°
(d) sec?15° + sec? 20° + sec?25° + ........ + sec?75°.

12. If tan (x* — 8x + 60)° = cot (6x — 5)°, what is one of the
values of x?

(a)7 (b) 8 ©)?9 (d) 10.
(CDS 2005)
13. What is the value of sec (90 — 0)°. sin 0 sec 45°?
3
(@)1 (®) % @©V2 @3
(CDS 2012)
t .
14. If x + y = 90°, then what is the value of (1+ anx ) sin® y ?
tan y
(@) 0 (b) 1/2 (o)1 (d)2
‘DS 2
15. If tan26° + tan19° 60°. then th (lC Sf 0.06)
I tan26° tan19%) cos 60°, then the value of x is
(@1 B2 (@2 (@3
16. The value of cot 105° is
(@) 3 -2 () 2-3
(c) N2 +3 (d) 3+2  (Odisha JEE)
17. sin 120° cos 150° — cos 240° sin 330° is equal to
3+l
(a) —[ 2 (b) -1
2
(o)1 (d) 3 (EAMCET 2006)

18.If 4, B, C, D are the successive angles of a cyclic
quadrilateral, then what is cos 4 + cos B + cos C + cos D

equal to:
(a) 4 (b)2 (o)1 (d)0
(CDS 2011)
19. What is the value of tan (—1575°)?
(a) 1 (b) % (©)0 (d) -1
(NDA/NA 2009)
20. The value of sin 300° ta'1n330° sec420° is equal to
tan135°sin 210° sec315°
WF O @ @b
21. cos 1°+cos 2°+cos 3° +........ + cos180° is equal to
(a) -1 ()0 (o)1 (d)2

(KCET 2003)
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22,

23.

24.

25.

26.

27.

28.

29.

30.

~ sin®0—cos®0
Whatis ————

equal to?
sin” @ — cos’ O

(@) sin*0 — cos*0
(c) 1 + sin%0 cos’0

(b) 1 —sin?0 cos’0
(d) 1 -3 sin’0 cos*0

(CDS 2011)
cos X oS X

If + = 2, which one of the following
I+cosec x cosec x—1

is one of the values of x ?

(@) /2 (b) /3 (d) /6

(CDS 2009)

Ifx=a(l +cosBcos¢),y=>b(l+cos 6 sin ¢) and
z=c (1 + sin 0), then which of the following is correct?

x—a) y—b2 z—cY
o (5] (5] (5 -
2 2 2

X y z
b) 5 +—5+—=1
()a2 b P

(c) m/4

(X’ +)y? +22=a>+ b+ ?

(=P (-bf (= _
a b c

) (CDS 2005)

If sin*x + sin’x = 1 then what is 1 are the value of
cot* x + cot? x?
(@) cos’x (b) sin’x (c) tan%x (d) 1

(CDS 2006)
If a sin 6 + b cos 6 = ¢, what is/are the values of
(a cos 6 — b sin 0)?
(@y)c—a+b byc-b+a
(©) +a® +b* - ¢? (d) e +b% —d?

(CDS 2005)
What is the value of sin 4 cos 4 tan A + cos A sin 4 cot 4 ?
(@) sin%4 + cos A4 (b) sin?4 + tan® 4
(c) sin?4 + cot®> 4 (d) cosec?4 — cot* 4

cos a sin (f —y) + cos B sin (y — a) + cos vy sin (o — P) is
equal to
(@) 0 (b) 1/2
(o1 (d) 4 cos a cos B cos ¥
(EAMCET)
If sin 6, cos 6 and tan 0 are in geometric progression, then
cot®® — cot? is equal to
1
(@ 5 (b1 (c)2 (d)3
If tan (1 cos0) = cot (7 sinB), then the value of cos (9 - %)
is
W= B  © @ 5
a) —= — c) = —
22 2 2 4
(EAMCET 2013)

31.

32.

33.

34.

35.

36.

37.

38.

39.

. X 2 X .
If 3sin x + 4cos x = 5, then 6 tanz -9 tan Y is equal to
(@) 0 (b1 (c)3 (d) 4
(EAMCET 2012)
cos? o+ cos? (oL — 120°) + cos? (a. + 120°) is equal to
(@) 0 (b) . (o)1 (d) 2
. 2 ‘ 2
(MPPET)
. tan A4 cot A .
The expression can be written as
l—cot4 1—tan 4

(a)sinA cosA4+1
(c)tan 4 + cot 4

(b)sec A cosec 4 + 1
(d) sec A + cosec 4

(IIT 2013)
The value of tan 50 is

tan® 0 + 10 tan> 0 — 5tan O
5tan* 0 —10tan’ 0 +1

5tan® + 10 tan> 6 — tan> 0
1+10tan’ 6 — 5tan* 0
tan> 0 — 10 tan® 6 — 5tan ©
5tan* @ +10tan’ O +1

(b)

tan® 0 — 10 tan> 0 + 5tan O
1-10tan’> 0 + 5tan* 0

@)

If o and B are such that tan o = 2 tanf3, then what is
sin (o + ) equal to?

(a) 1
(c) sin (o - B)

(b) 2 sin (o — P)
(d) 3 sin (o — P)

(NDA/NA 2007)
If sin x + cosec x = 2, then sin” x + cosec” x is equal to
(a)2 (b)2" (02! (d)2"?
AMU 2008)
2n 4n &r 161 |
The value of cos —.cos —.cos —.—— is equal to:
15 15 15 15
1 1 1
@ 16 b) 35 © <z @ 3
(Manipal Engineering 2010)
If o + B + v =, then the value of sina + sin’f — sin?y is

equal to
(a)2sina () 2 sin o cos P sin 'y
(¢) 2 sin a sin B cos y (d) 2 sin o sin B sin y
(Manipal Engineering 2012)

What is the value of cos15°?
(a) %(\/2—6) (b) %(\/2+ﬁ)
(©) 2+3 (d) N2-+3

(NDA/NA 2008)



Ch 10-16

IIT FOUNDATION MATHEMATICS CLASS - IX

2ab 2ab
40. What is \/2 ++2++/2+cos44 equal to? (a) e j 5 (b) e i 5
(@) cos A (b) cos (24) (c) 2cos A2 (d) +J2 cos 4 2o JERp)
(NDA/NA 2008) © 2 2 @ 77
41. If cos x # 1, then what is 7 j = equal to? 46. The Vlalue of sinl6° + cos16° is |
COS X
a) — (/2 cos1° +sin1°) (b) — (cos1°++/3sin1®
(a) cot = (b)cotx ()tanx (d) tan = ()\/g( )()\E( )
a) —cot— - c - — tan —
2 2 2 2 1 . 1 .
¢) —— (cos1°++/2sin1° — (V3 cos1°+sin1®
(NDA/NA 2010) © NE) ( ) @ V2 ( )
sin 70° + cos 40° . T 31T STt 71T
42. The value of —— = o=~ 5 18 equal to 47. [1 + 0055} {1 + cos?} [1 + cos?} {1 + cos?} is
1 NE) equal to
(@ (5)0 () V3 @ = | . 143 i
(a) 5 b = () — 7= (d)cos—
3cos2p -1 8 2 22 8
43. If cos2o = m, then tan o is equal to (AIEEE 2002, DCE 2003)
5 48. Evaluate:
(a) t?/n_B (b) tan B (c) taj_ﬁ (d) 2 tan B cos 2 (0 + ¢) + 4 cos (0 + ¢) sin O sin ¢ + 2 sin? ¢
2 2 (@)sin20  (b)cos20  (c)sin30  (d)cos 30
(Odtsha JEE 2006) (Odisha CET 2004)
sin 56 s equal to 49. If tan 4 — tan B = x and cot B — cot A = y, then what is
sin d cot (4 — B) equal to?
a) 16 cos*0 — 12 cos?0 — 1 1 1 1 1 1 1 1 1
(@16 cos’ 2 @—-~ B ——— @+ @-——
(b) 16 cos"0 — 12 cos“0 + 1 y X Xy Xy Xy
(¢) 16 cos*® + 12 cos?0 — 1 (NDA/NA 2011)
(d) 16 cos*0 + 12 cos®0 + 1 (EAMCET 2001) 50. tan o, + 2 tan 20 + 4 tan 4o + 8cot 8o is equal to
45, If sind + sinB = a, cosd — cosB = b, then the value of (@0 (b)2tana  (c) cota (d) tan 16a
cos (4—B)is (IT)
1. (o) 2. (b) 3. 4. (b) 5. (a) 6. (d) 7. (b) 8. (b) 9. (a)
10. (b) 11. (b) 12. (a) 13. (o) 14. (o) 15. (¢ 16. (a) 17. (b) 18. (d)
19. (a) 20. (o) 21. (a) 22. (b) 23. (¢) 24. (a) 25. (d) 26. (c) 27. (d)
28. (a) 29. (b) 30. (@) 31. (b) 32. (d) 33. (b) 34. (d) 35. (d) 36. (a)
37. (a) 38. (¢) 39. (b) 40. (¢) 41. (o) 42. (c) 43. (d) 44. (b) 45. (¢)
46. (d) 47. (a) 48. (b) 49. (o) 50. (o)
HINTS AND SOLUTIONS
1. cot0 = Ls_e _BC (where ZACB = 6) cos 0= Base _ BC _ 22xy 5
Perpendicular 4B Hyp. AC x*+y
BC=Q2xy) k . 13 5 169
AB=(2— )k £m ) 2. Given, sec6=?:>sec 0=—-+
= AC?>=AB>+ BC* 169
d 20— ——~ .. 20 _ 20 =
=2 (24122 + 20)) & 5 5 = 1+tan°0 25 (- sec’® —tan“B=1)
— 12Ty A 9y 2.2
k[x +y ny +4xy] . 29_169 1_144 . 9_12
:k2[x4+y4+2x2y2]:k2(x2+y2)2 = an —E— fgﬁ an —?
= AC=kx*+)?)
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2sin6_

2sin®—3cos®  ¢os0 3
4sin6—9cos®  4sin®
cos 0
(On dividing each term of numerator and denominator by cos 0)
12
_ 2tan®-3 ZX?_3
4tan®-9  , % _9
_24-15 9 3 ¢
48-45 3 7
Hypotenuse 2 2K k
3.cosecA= —m— = —
Perpendicular 1
= AC =2k,BC=k A B

= 4B = \JAC? — BC? = \ak? — k7 =32 = k3

tan 4 = =—=—F=—F
& Base AB k3 3
. 1 1
sin 4 = ==
cosec4 2
4 Base _ﬁ_k«/g_ﬁ
o8 Hypotenuse AC 2k 2
1 N sind 1 N 1/2
tan4 14 cos4 1/\/3 1+3/2
B2 B
= — 4+ =" 4+
1 2443 1 2443
2
- 2\/§+3+1_2ﬁ+4_2(\/§+2)_2
2443 2443 2+3

4. 4 cot? 45° — sec? 60° + sin? 60° + cos? 90°
= 4 (cot 45°)% — (sec 60°)? + (sin 60°)? + (cos 90°)?

2
=4x12-(2)+ (g] +(0)?

3 3
=444+ —-4+0=—.
4 4
5. i (cot* 30° — cosec” 60°)
+%(sec2 45° —tan* 30°)-5 cos? 60°
= % [(cot30°)4 - (cosec60°)4]

+

N | W

[(sec 45°)’ —(tan 30°)2] —5(cos 60°)°

Aot a1

= l(g_ﬁ)_’_é(z_l)_sxl
4 9 2 3 4

B 1[81—16}_2{6—1}_2
4] 9 21 3 4
1 65 3 5 5 65 5 5
= —X—+—X———=—+———
479 273 4 36 2 4
65+90-45 110 _55
36 36 18"

6. 2x2 cos 60° — 4 cot? 45° — 2 tan 60° = 0
= 2x2><%—4><(1)2—2><\/§=0
= xX2-4-23=0 = x?=4+23
= X*=3+14+23 = =B +1*+243

N x2=(\/§+1)2:x= 3+1.

7. cot%: cot 60° =L, + cotgz cot45°=1,

V3
T
cot g =cot 30° = \/§
We can see that

(Yo 2] oo =1 (e

.. cot /3, cot /4, cot /6 are in G.P
8. v cos90°=0
cos 1°. cot 2°. ....... .c0s 90° . cos 91° ..... . cos 100° = 0.
9. 7 radians = 180°

= 1 radian = 180 degree = @X 7 degree
T 22

630 3
= —— degree = 57— degree
11 & 11 &
= 57°+i><60min=57°+@min
11 11
= 57°+16imin
11

= 57°+16’+Iil><60s

=57°+16"+21.8"
= 57°16’ 22" (approx).
5sin 75°sin 77° + 2 cos 13° cos 15° a 7 sin 81°

10 :
cos 15°sin 77°

cos 9°

_55in (90° —15°) sin 77° + 2 cos (90° — 77°) cos 15°

cos 15°sin 77°

_ 7sin (90°-9°)
cos 9°
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5cos 15°sin 77° + 2 sin 77° cos 15° 7 sin 9°
B cos 15°sin 77° " cos 9°
_ 7coslS°.sm77°_7cos9°=7_7=0.
cos 15°sin 77° cos 9°
11. sin? 15° + sin? 20° + sin% 25° + ........ + sin? 75°
= sin? (90° — 75°) + sin? (90° — 70°) + ... + sin” (90° —

= cos® 75° + cos> 70° + ........ + cos? 15°
12. tan (x2 — 8x + 60)° = cot (6x — 5)°
= tan (x2 — 8x + 60)° = tan [90 — (6x — 5)]°
— (22— 8x + 60)° = 90° — (6x—5)°
= xX2-8+60=90-6x+5 = x*-2x-35=0
= x-7x+5=0 = x=7,-5=>x=T1T.
13. sec (90 — 0)° sin O sec 45°
= cosec 0'sin 0. (+/2) =

tan x .2
14. (l+ j.sm y
tan y
= (I+M].sinz)} (- x+y=90°
= (I+cot y.cot y).sin’y

.sin@.2 =+/2.

tan y

= (1 + cot?y) . sin’y = cosec?y . sin’y = 1.

tan 26° + tan19°
15. =cos 60°
x(1—tan26° tan19°)

tan 26° + tan19°
= = x cos 60°
1 —tan26° tan19°

1
= tan (26°+ 19°) = x X~

~tan (A + B) =

=tan45°= x/2 = x/2=1 = x=2.
16. cot 105° =cot (90° + 15°) =—tan 15°

15°)

tan A +tan B
1—tan A tan B

[ tan 45° — tan 30°
=—tan (45°-30°) = —
| 1+ tan 45° tan30°
- tan (4 — B) = tan 4 —tan B
1+ tan 4 tan B
- L
o 3 | W3-l
PRI BRVERS
NE)

=J3-2.

(ﬁ NE3-1)  4-2f
Brl)(3-1) 2
17. sin 120° cos 150° — cos 240° sin 330°
= sin (180° — 60°) cos (180° — 30°)
—cos (180° + 60°) sin (360° —

30°)

= (sin 60°) . (- cos 30°) — (— cos 60°) (- sin 30°)

e

18. In a cyclic quadrilateral, the sum of the opposite angles is
180°.
= A+ C=180°and B+ D =180°
cos A+ cos B+ cos C+cosD
=co0s A +cos B+ cos (180°— C) + cos (180° — B)

=cosA+cosB—cosAd—cosB

=0.
19. tan (— 1575°)
=—tan (1575°) (- tan (—0) = —tan0)
=—tan (4 x 360° + 135°)
=—tan (135°) (v tan (n.360° + 0) = tan 0)
=—tan (90° +45°) (- tan (90° + 0) =—cot 0)

—(—cot45°) =cot45°=1.

sin 300° tan 330° sec 420°
tan135°sin210° sec 315°

_ sin(360° — 60°) tan (360° — 30°) sec
- tan (180° — 45°) sin (180° + 30°) sec
B (—sin60°) (- tan30°) (sec 60°)

- (—tan45°) (—sin30°) (sec45°)

sin 60° X tan 30° X sec 60°

tan 45° x sin 30° x sec 45°

V3/2x1/\B3x2 A
1x1/2x~2
21. cos 1°+cos 2° + cos 3° + ........ + cos 180°
= (cos 1° + cos 179°) + (cos 2° + cos 178°) +
........ + (cos 89° + cos 91°) + cos 90° + cos 180°
=[cos 1° + cos (180° — 1°)] + [cos 2° + cos (180° —2°)] +
....... +[cos 89° + cos (180° —91°)] + cos 90° + cos 180°

=(cos 1°—cos 1°) + (cos 2° — cos 2°) +

20.

(360° + 60°)
(360° — 45°)

....... +(cos 89° —cos +89°) +0 + (- 1)=—1.

(" cos (180° — 0) =—cos 0)
EIAN 20}
sin69—cos69_(sln 6) _(COS 6)

22,

sin” 0 — cos” 0 sin” 0 — cos’ O

(sin2 0 — cos> 9) (sin4 0 + cos* 0 + sin’ 0 cos’ 9)

- (sin2 0 — cos’ 9)
(Using a® — b = (a — b) (a* + b + ab))
= sin* 0 + cos* 0 + 2 sin? O cos? O — sin? O cos’ O
(sin? O + cos? 0)% — sin® O cos? O

= 1—sin? 0 cos? 0 (-

sin? 0 + cos> 0 = 1)
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23.

24.

25.

26.

27.

COS x COS x

=2
cosec x — 1

1+ cosec x

cosx (cosec x — 1) + cos x (I + cosec x) )

cosec® x —1

2 COS X COSEC X )

cot® x

cosx  sin’x
X =

1

sinx  cos” x
T T
=tanx=1= tanx=tan —=> x=—.
4 4
Given, x =a (1 + cos 0 cos ¢)

x X
= —=Il+4+cosBcos¢p = ——1=cosBcoso
a a

—2 —cos® cos ¢ ..(0)
a

Similarly, y=5b (1 + cos 0 sin ¢ )

=

= y—_bzcosesinq)

(i)
. z—cC .
z=c(l+sin®) > —— =sin 0O (7))
c
Squaring eqns (i), (if) and (iii) and adding, we get
x—aV —b Y} z—cY
+ 222 +
a b c
= cos? 0 cos? ¢ + cos? O sin? ¢ + sin® O
= cos? 0 (cos? ¢ + sin? ¢) + sin? O
=cos”> 0 +sin” 0 = 1.
sin*x +sin®x =1
= sin*x=1-sin’x
= sin*x =cos® x (D)
cot* x + cot? x
=cot? x (1 + cot?x) = cot? x . cosec’x
~ cos’x _cos’x
sin® x.sin’ x  sin®x
2
cos” x L
= = 1. [Using (7)]
cos” x

Given, asin@—bcos 0 =c

(a cos O — b sin 0)?

= a? cos?0 — 2ab cos 0 sin 0 + H? sin’0

=a? (1 —sin®0) — 2 (a sin 0) (b cos B) + b? (1 — cos?0)
=a® — a* sin*0 — 2 (a sin 0) (b cos 0) + b — b* cos’0
=a’+ b? — [a* sin*0 + 2 (a sin 0) (b cos 0) + b? cos?0]
=a’>+b*>—(asin 0+ b cos 0)> =a*>+ b>— 2

= (acosB®—bsinb)= +Ja? +b% - .

sin A cos A tan A + cos A sin A cot A

sin A . cos A
+cosAdsind——
cos A sin A

=sin? 4 + cos? 4 =1 = cosec? A — cot? A.

=sinAcosA.

28. cos a sin (B —y) + cos B sin (y — o) + cos v sin (o — f3)
=cos o [sin 3 cos y — cos [ sin ¥]
+ cos 3 [siny cos o — cos a sin P
+ cos y [sin o cos B — cos a sin B]
=cos o sin 3 cos Y —cos a cos 3 sin y
+ cos B siny cos o —cos B cos a sin 'y
+ cos y sin o cosf3 — cos y cos a sin 3
=0.

29. sin 0, cos 0 and tan O are in G.P.

. sin 6
= $in 0 x tan O = cos?O = sin H. —— =cos” O
cos
= sin’ 0 =cos’ 0 ()
6 2
cos 0 cos“ 0O
Now, cot®6 —cot? 0= ——————
sin°® sin“ 0
2
3
- (cos 9) ~ cos2 0
sin® @ sin’ @
.4 2
sin"® cos” O .
== 3. By®
sin"® sin“ 0
1 B cos> 0
sin’@ sin’ @
_ l—cosze_sinze_1
sin’ @ sin@

30. tan (7 cos B) = cot ( sin 0)
= tan (w cos 0) = tan (/2 — 7 sin )

T .
= nc0s9=5—nsm6

= m(cosB—sin6)= :cose+sin9=%

2
= LcosG+LsinG——
2 V2
1

N

(Multiplying both sides by —)

T . T 1
= coszcose+smzsm9=—

22

= cos (1t/4—9)=L

22

(. cos (A—B) = cos A cos B + sin A sin B)
31. 3sinx+4cosx=35
2
3 2tan2x/2 L4 1 tanzx/2 _s
1+ tan” x/2 1+ tan” x/2
1 tan? x/2]

1+ tan’ x/2

. 2tan x/2
" sinx =————cos
1+ tan” x/2
6tan x/2 + 4 — 4tan” x/2 _s
1+ tan® x/2

= 6tanx/2+4—4tan?x/2 =5+ 5 tan? x/2
= 6tanx/2 -9 tan?x/2 = 1.
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32. cos?a + cos? (o — 120°) + cos? (o + 120°)
= cos’a + {cos o cos 120° + sin o sin 120°}2
+ {cos o cos 120° —sin o sin 120°}2
(" cos(4+B)=cosAcosB—sinA sinB)

2
20, + 1COSOL+ 3sinoc
= cos’a —-— —
2 2
2
1 NEO
+<——cosOl ———sin o
2 2
1
co0s120° = cos (180° — 60°) = — cos 6O°:—E
2 1 2 3. 2 3 .
= c0s” 0L+ — cos” Ol + — sin“ oL — —— sin 0L cos O
4 4 2
1 2 3. 2 3.
+— cos” 0L +— sin” oL +—— sin 0L COS O
4 4 2
= cos? 0L+lCOSZ oc+lcos2 (X+§Sin2 0c+§sin20c
4 4 4 4

3 3. 3 .
= Zcos? o.+=sin” 0. = =(cos” 0. +sin” or) =§.
2 2 2 2

tan A cot A4
33. +

l-cot4 1-tan 4
_ sin A « 1 cos A 1

cosd | _cosd sing | _sind

sin A cos 4

_ sin 4 sin A cos 4 cos A
~cosA sinA-cosA sinAd  cos A—sin A
_ sin’4 cos’4
 cos A (sin A —cos A) "~ sin 4 (sin 4 —cos A)
B 1 {sin3A —cos’ A4 }
B (sin A —cos A) cos Asin 4

_ (sin 4 —cos A) (sinzA +sin 4 cos A+ coszA)

(sin A —cos A) cos Asin 4
1+ sin A cos 4
= Tcos Asin A (" sin?4 + cos?4 = 1)
cos A4 sin
=sec A cosec A+ 1.

tan 20 + tan 30
34. tan 50 = tan (20 +3) = - ans T en

— tan 20 tan 30
A+ B
"'tan(AJr_B):M
1—tan A tan B
2tan 0 3tan® —tan’ O
a T 2
1—tan“0O 1-3tan" 0

71_ 2tan 0 3tan® — tan> 0
l1-tan®0 || 1-3tan’0

2tan9(1—3 tan® 9) + (3tan9 — tan’ 9) (1—tan2 9)

(1 — tan? 9) (1—3 tan> 9) —(2tan®) (3 tan O — tan> 6)

35.

36.

2tan® — 6tan’ O + 3tan O — tan> 0 — 3 tan> O + tan> O
l1-tan’0—3tan’0+3tan* O — 6 tan’> O + 2 tan* O

tan> 0 —10tan’ 0 + 5tan 0
1-10tan’6+5tan*0

sin o

cosSQL _ o

Given, tan o =2 tan f = —
sin3

cosP
sino. cosf 2

cosa sinf 1
Using componendo and dividendo, we get
sinacosP +cososin 2 +1

sinacosP — cosasinp  2-1

= S%H(L-i_lz))=§:>sin (a0 + B) =3 sin (o0 — B).
sin(—f) 1
sin x + cosec x = 2 ()

Squaring both the sides, we have
sin? x + cosec’x +2 =4 ()
= sin?x + cosec?x =2, i.e., forn =2, sin” x + cos” x =2
Cubing both the sides of (i), we have

sin® x + cosec® x + 3 sin x cosec x (sin x + cosec x) = 8

= sin*x+cosec®+3x2=8

= sin®x + cosec’ =8 - 6=2,
ie,forn=23,sin"x+cos" x=2

Squaring both the sides of (ii), we have

sin* x + cosec* x +2 =4

= sin* x + cosec* x =2, i.e., for n =4, sin” x + cos” x =2
Proceeding in the same way, we see that

sin” x + cosec” x =2 for all n € N.

15 15° 15

(On multiplying and dividing the expression by 2 sin ?—g)

16n
15

1 . 4n 4r 8
= .Sin— . c0Ss — CcOS — . COS
2n 15 15 15

(" sin24 =2 sin 4 cos A)

1 . 4m 4r 8 167
= .| 2sin—.cos — |cos — .cos —
4si 271 15 15 15 15
sin —
15
1 . 8 8 167
= .Sin—.coS—.cos —
4si 27 15 15 15
sin ——
15
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gsi 2n 15 15
sin——
15
1 . l6m
= .sin —— . cos —
. 2. 15
8sin—
15
1 .32
= sin ——
16sin =" 13
1 . 2
= —.(s1n2n+—n) (Note the step)
. 15
16sin—
U in2® (- sin (360° + 6) = sin©)
. 15
16sin—
_ 1
16

38. sin® o + sin? B —sin? y
= sin? o + sin (B +y) sin (B —7)
[Using sin> 4 — sin? B = sin (4 + B) sin (4 — B)]
=sino +sin (t—o)sin (B-7) (. o+ P+y=mn)
=sin? o + sina sin (B —y) (" sin (180° — 0) = sind)
=sina [sin o+ sin (B — )]
= sina [sin (t — (B +7) + sin (B—7)]
= sina [sin (B +7) + sin (8 )]
=sin o [sin B cos y + cos B sin y + sin B cos y — cos P sin y]
(= sin (4 + B) =sin 4 cos B + cos 4 sin B)
=2 sin a sin p cos 7.
39. We know that cos 20 = 2 cos?0 — 1
Putting 0 = 15° in the above expression,
cos 30° =2 cos? 15° -1

3

= 7+1=2005215°

\/§+2
4

— cos’15°= = cos15°=

J3+2 .

1
2

40. \/2+\/2+\/m
— 2+ 2+ 20+ cosdd
= \/2+\/2+\/m
= \/2+\/m
= 2+ 2 (1 +cos24)

=2(+cosd) = /2><2coszg

= \4cos’4/2 =2 cos /2.

or 1+ cos2A4=2cos> 4

rc0s2A=2cos’ A1 ]

sinx _ 2sinx/2 cosx/2
I+cosx 1+2cos’x/2—1
(" sin 20 =2 sin 0 cos 0 and cos 20 =2 cos® — 1)
_ 2sinx/2cosx/2  sinx/2
© 2cos? x/2 -

sin 70° + cos 40°

41.

=tan x/2.
cos x/2 /

sin 70° + cos (90° — 50°)
" c0s70° + sin 40° cos 70° + sin (90° — 50°)
sin 70° + sin 50° { sin (90° - 0) = cose}

cos 70° + cos 50° cos (90° —0) =sin0O

. (70°+50° 70° —50°

2sin| ———|cos| —————
2 2

70° + 50° 70° - 50°

2cos| ——|cos| ————
2 2

'.'sinA+sinB:2sin(A;B)cos(A_B)

2
cosA+cosB=2cos(A+Bjcos(ﬂ)
2 2
_ 2sin60°cos 10 — tan 60° = /3.
2 cos 60° cos10°

sin” o B 2sin20c_1—00520c

coslo.  2coso 1+ cos 20

(v 1 —cos20=25in?0, 1 + cos 20 = 2 cos?0)

1_3cos2[3—1
3—cos2B  3-cos2B—3cos2B+1

+300523—1 © 3-cos2B+3cos2B—1

3 —cos2pB

4—4cos2B 4 (1-cos2pB)

2+2c0s2B  2(1+cos2pB)

B sin’B) )
= 2[—20052B)J_2tan B

tan?o, = 2 tan’p = tan a. = v/2 tanp.

43. tan’ o =

sin50  sin (20 +30)
sin© sin®

_ ! {sin 26 cos36 + cos 26 sin 36}

sin O

44.

= L{2 sin© cos 6 (4cos3 0- 3cos9)
sin

+ (2 cos’ 0 — l) (3 sin® — 4sin’ 6)}
(* cos34 = 4cos’4 — 3cosA, sin 34 = 3sind — 4sin’4)
= {2c0s 0 (4 cos’0 — 3 cos0) + (2 cos?0 — 1) (3 — 4 sin?0)}.
(Note the step)
=8 cos*0 — 6 cos?0 + 6 cos?0 — 3 — 8 cos?0 sin?0 + 4 sin’0
=8 ¢0s*0 — 3 — 8 c0s?0 (1 — cos?0) + 4 (1 — cos?0)
(~ sin?0 + cos?0 = 1)
=8 c0s*0 — 3 — 8 cos?0 + 8 cos*0 + 4 — 4 cos?0
=16 cos*0 — 12 cos?0 + 1.
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45. sin4A+sinB=a

= 2sin(

cosA—-cosB=b
= 2sin[ ) (B
)sm[

): b ..(iD)

= —2sm(A B]i (
2
(*. sin (— 0) =—sin 0)

Dividing eqn (if) by eqn (i), we get

—sin A-B
L2 ) b
(A—Bj a
COS
2

= —tan| 228 o pfa = tan [ 2B )= pya
(5o

= 2sin

Ih/ﬁm
h;
b::
N—
| —
II

2 2
1 - tan?
cos(4—B)= 2[/1 B
1+ tan 2

1+ tan’ 0

( cos2e—l_tan 6]

- o
1402 dE AR HbE
46. sin 16° + cos 16° = sin (15° 4+ 1°) + cos (15° + 1°)
= (sin 15° cos 1° + cos 15° sin 1°)

+ (cos 15° cos 1° —sin 15° sin 1°)
=sin 1° (cos 15° —sin 15°) + cos 1° (sin 15° + cos 15°)
Now, cos 15° = cos (45° —30°)
= cos 45° cos 30° + sin 45° sin 30°

_ LB 11 B
22 TR

and sin 15° = sin (45° — 30°)

= sin 45° cos 30° — cos 45° sin 30°

R ERS ) O E e

\/—2\/—22ﬁ

. sin 16° + cos 16°

= sinlo[@—ﬁ]+cosl°[£+@j
22 22 W2 222

|
w2
@
=
=
o
‘
N—
+
o
[}
w
2,

o
VR
N[N
SIS
N—

(sm 1° + \/3 cos 1°)

T 3r 5w T

47. |1+cos— || 1+ cos— || 1+ cos— || 1+ cos—

8 8 8 8
T 3r 3r
1+cos— ||1+cos— || 1+ cos| m——
8 8 8

=5
)1
|

3nj( n)
1—cos—
8 8

(" cos (m—0)=—cos 0)

Il
/N
—_
|
(@]

S
w2

[\
| a
VR

L

|

o

S

w

[
N—

|

2]

2

=)

[

2]

2

=)

38

|w

a

(Using, 2 sin 0 cos 0 = sin 20)
48. cos 2 (0 + ¢) + 4 cos (0 + ¢) sin O sin ¢ + 2sin’}p
= {cos 26 cos 2¢ — sin 20 sin 2¢}
+4 {(cos 0 cos ¢ — sin 0 sin ¢) sin O sin ¢} + 2 sin’¢
={(1-2sin?0) (1 -2 sin’p) — 2 sin O cos 0 . 2 sin ¢ cos ¢}
+[4 cos 0 cos ¢ sin 0 sin ¢ — 4 sin?0 sin’p] + 2 sin’¢
=1-2sin?0 — 2 sin’p + 4 sin%0 sin? ¢
—4 sin 0 sin ¢ cos O cos ¢ + 4 cos 0 cos ¢ sin O sin ¢
— 4 sin0 sin?¢ + 2 sin%)
=1 -2 sin’0 = cos 20.
49. tanA4 —tan B =x
sind sinB

cosd cosB
sinA4 cosB —sinBcosA4d

cos A cos B
sin(A-B)
cos A cosB

1 cosAcosB )
= % sin(4-B) ()
cotB—cotd=y
cosB  cosd

sinB sinA4
cos Bsin A — cos Asin B
= : : =y
sin Bsin 4
sin(4-B) 1 _ sindsinB

~sin(4-B)

sndsnB > ¥ ()
Adding (7) and (i), we get
l+ l cos A cos B +sin 4sin B

sin (4 — B)

X oy
=cot (4 - B).

cos(4 — B)
sin(4 — B)



TRIGONOMETRY

Ch 10-23

50. tan oo + 2 tan 2a0 + 4 tan 4o + 8 cot 8a

=tan o0 + 2 tan 20 + 4 tan 4o +

an 80
= + + + —_—
tan o + 2 tan 2o + 4 tan 4o 2 tan 4o
1 - tan? 40
2t
- tan 20 = L‘j
1—tan" 0

4 (1 - tan” 400)

=tan o0 + 2 tan 20 + 4 tan 4o +
tan 4o

=tem0c+2tan20c+4tan40c+t —4 tan 4o

an 4o

=tan o0 + 2 tan 200 +

tan 40

=tano+2tan 200 + ——=——
* « 2tan 20

1 - tan® 20
2(1-tan’ 200)
tan 200

=tan o0 + 2 tan 200 +

= tan o + =tano +

tan 20 2tan o

1 - tan’ ot

l—tanz(x_ 1

tan o + =cot Q.

tan o tan o

SELF ASSESSMENT SHEET

1

. If g cosec 6 = p and 6 is acute, then what is the value of

\/pz - q2 tan©?

(@p (b)q (©)pq @ P+’
If 0 <x <45° and 45° <y < 90°, then which one of the

following is correct?
(a)sinx =siny (b)sinx <siny

(c) sinx >sin y (d) sinx <siny

. If tan®> y cosec? x — 1 = tan? y, then which one of the

following is correct?

(a)x—y=0 (byx =2y
()y=2x (d)x-y=1°
. If o and B the complementary angles, then what is
sino,  coso | 2
\Jcosec .. cosec B | —— + equal to
sinfB cosP
(@) 0 (b)1
()2 (d) None of there
(CDS 2011)
) sec18° cosec 18°
. What is + equal to?
sec144°  cosec 144°
(a) sec 18° (b) cosec 18°
(c) —sec 18° (d) — cosec 18°

. If an angle o is divided into two parts 4 and B such that

A—B=xand tan 4 : tan B = 2:1, then what is sin x equal
to?

2sinq
(a) 3 sina

3

(b)

CIf

10.

sin o
3

() (d)2 sino.  (NDA/NA 2011)

8
. Ifcos 0= 17 and 0 lies in the first quadrant, then the value

of cos (30° + 0) + cos (45° — 0) + cos (120° - 0) is

23(V3-1 1 bgﬁﬂ_i

@Fl" A DTl T

23(3-1 1 23(B+1 1

3R] wH
(DCE 2008)

. Let 4, B, C be the angles of a plain triangle

1 BY 2
tan (4/2) = 3 tan (3) =3 Then tan (C/2) is equal to
@  ®»r @ @ >
Dy 3 “9 3
l+cosd m’ .
————=—5, then tan 4 is equal to
l—cosd n
2mn 2mn
(@) T——— (b)) £———
m —n m- +n
()m2+n2 @ m* — n?
c
m* — n? m* + n’
(J&K CET 2007)
. sino—siny |
If a, B, v, are in A.P, then . is equal to
COS Y — cos ol
(a) sin o (b) cos a (c) tan B (d) cot B

1. (b)

2. (b) 3. (a) 4. (b) 5. (a)

6. (¢)

7. (c) 8. (¢) 9. (@ 10. (d)
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HINTS AND SOLUTIONS

1. gcosec O =p

\/p2 — q2 tan©
= «/qz cosecze—qz.tane = «/qz (cosec’® —1). tan ®
= \Jq* cot®8. tan® = gcotB.tan 6 =gq.

2. Since sin 0 in cosec from 0 = 0° to 6 = 90°, i.e., where
0°<0<90°then0<sinO<1. ..

3. tan?y cosec?x — 1 =tan®y

sin x <sin y.

= tan’y cosec’x —tan’ y =1
= tan’y (cosec’x—1)=1 = tan’y.cot> x =1
=cot?x=cot’y =>x=y=>x-y=0.

4. Given o. + 3 =90°

. 12
sin. cosa )
s.4Jcosec a.cosec B | —— +

sinff cosP

_ 1 sin o cosP + cos o sin B 2
(sino sinB)]/2 sinf cosP

_ 1 sin (ot + B) e
(sino sin[_’))l/2 sin P cosf

_ I sin 90° s
(sino sin[_%)l/2 sin B cos (90° — o)

L
_ 1 1 2
L\ sinBsino

(sin o sin [3)2

1

N\—-

X (sin o sin 3)
(sin o sin [3) 2

sec18°
" secl44e

cosec 18°

cosec 144°

cosec 18°
cosec (180° —36°)

sec18°
sec (180° —36°)

_ secl8® . cosec 18° [ sec (180° —0) =—secH ]

sec 36° cosec (180° — 0) = cosecH

B sin36° _ cos 36° B sin36° cos18° — c0s36° sin18°

sin18°  cos 18° sin18° cos 18°

(" sin (4 — B) =sin 4 cos B — cos 4 sin B)

_ 51.n (36°—18 )= . sinl8 _ 1 — sec 18°.

sin18° cos18° sin18°cos18° cos18°

6.0=4+B

x=A-B

o+
= A=

cosec 36°

xandB:a_

Given,

tan
tand 2 ( 2 j

—_— =
tanB 1 (Oc—x
tan

().
cos(OH-x) Sm(oc;x)
il il el
o)

sino+sinx
o T 2
sino, —sinx 1

2sin(C;D) cos (C_D) =sin C +sin D

2
and 2COS(C;D) sin (CEDJ =sinC —sinD

= sina+sinx=2sina—2sinx

sin o
3
7. cos (30° + 0) + cos (45° — 0) + cos (120° — 0)
= c0s 30° cos 0 — sin 30° sin O + cos 45° cos O
+ sin 45° sin 6 + cos 120° cos O + sin 120° sin O

8 . 8Y [280—-64 [225 15
cosf=—=snb=,/1-| — | =, [— =, |— =2
17 17 289 289 17
8 115 1 8 1 15
—X———X—+—=X—+—=X—
2 17 217 217 2 17
+[—_1)X§+£X1_5

2 17 2 17

1
* c0s120° = cos (180° — 60°) = — cos 60° = ——

V3
2

= 3sinx=sino = sinx=

sin 120° = sin (180° — 60°) = sin 60° =
_8(3, 11 +1_5ﬁ L1
17 ﬁ 2] 17 N

8 (V-1 1) 1s(N3-1,
_ﬁzT_zf

| |5
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8. 4+ B+ C=180° (Angle sum property of a triangle)

=

=

=

l+cosd m
"1-cosd =g

A+B=180°-C

A
+B:900_£
2 2
tan £+£ = tan 90°—£
2 2 2
tan 4/2 + tan B/2 T
1 — tan 4/2 tan B/2
1 2
33 1
L=cot€/2 = ——=cotC/2
1 2 2
1-—x= 1-=
3 3 9

%: cot C/2 = tanC/2=17/9.

2

2

2cos> 42 m?
2sin® 4/2  n?

("o 1+ cos 24 =2 cos’4, 1 —cos’4 =2 sin?4)

2
2 n n
= tan A/Zz—m2 =tan 4/2=+—

m
2
2tan A/2 "
sotan A4 = 2/ =t m2
1—tan” 4/2 "
m2
2n
_im 2nm
2 —n2 m? —n?
2
10. Since a, B and y are in A.P.
at+y=2p
o+
=>pB= Y

()

" cosY —cosa

2sin

( an( 37

+v
= t| —— [=cotp.
co( 5 j cotB
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