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Continuity and
Differentiability

o

Let f(x) be a real valued function, then its

fla—h)— f(a)
—h

® Left Hand Derivative (L.H.D.) : Lf" (a) = F!jmu

® Right Hand Derivative (RH.D) : Rf” (a) = lim -”"”’;_f @

Also, a function f{x) is said to be differentiableat x=a ifits LH.D.and RHD.atx=a

exist and are equal.
|x—3] ,x=1

For the function f(x) = {,2 3, |3 . answer the following questions.

T—# T,I'ﬁi'

(i) RHD.off(x)atx=11is

(a) 1 (b) -1 (c) O (d) 2
(ii) LHD.off(x)atx=11is

(a) 1 (b) -1 (c) 0 (d) 2
(iii) f(x) is non-differentiable at

(a) x=1 (b) x=2 (c) x=3 (d) x=4
(iv) Find the value of (2).

(a) 1 (b) 2 (c) 3 (d) -1
(v) The value of f'(-1) is

(a) 2 (b) 1 (c) -2 (d) -1

Let x = f(f) and y = g(f) be parametric forms with f as a parameter, then
dy_dy i _g'()

& dt dx ()

, where f" (f) £ 0.

On the basis of above information, answer the following questions.



(i) The derivative of fltanx) w.r.t. g(sec x) at x= E, where (1) =

1

2and g'(J2)=4, is

@ — ®) V2 (© 1 (d o
. - .| 2x . 1 1-x" ).
(ii) The derivative of sin ( 5 ] with respect to cos { ] is
1+x 1+
(a) -1 (b) 1 () 2 (d) 4
(iii) The derivative of exj with respect to log x is
(a) Ex} (b) 3x2¢* ’ (c) 31‘3(:13 (d) 3.\:2'1113 +3x
(iv) The derivative of cos™ (2x* - 1) w.r.t. cos 'x is
-1 2
(a) 2 (b) () = (d) 1-x?
21— *
=1y =23 @ _
(v) Ify= 4u andu-ax +5,thcndx-
2 253 163 2 2053, 10y 2 a3y 2,3 1y
(a) 2?1' (2x” +15) (b) ?x (2x” +15) (c) ZTI{ZI +5) (d) ?[Ex +15)

o

Letf: A— Band g: B— C be two functions defined on non-empty sets A, B, C, then gof: A — Cbe is called the

composition of fand g defined as, gofix) = g{f(x)} ¥ x= A.

Consider the functions f(x)= {:m x x20

—cosx, x=0
(i) The function gofix) is defined as
@ gorw=l" "2 (b)
af (x) =
8 - | x<0
© gor={" . " ()
1-¢ ,x20
(i) L {gor(x)}=
@) lgof () = Icf’ii: o (b)
COS x-eﬂ“ ,x=0
© [/ @)= {sin x-(l-cosx) ,x=<0 @
(iii) R.H.D. of gof(x) at x =0 is
(a) 0 (b) 1 (c)
(iv) LH.D. of gofix) at x=01is
(a) 0 (b) 1 ()

, g(x) = €" and then answer the following questions.

sinx

e L Xx=0

gof{x)— IEI—ul:ui,t ,x20

sinx x>0
gam{em,,

cﬂsx-e“” ,x=0
[gof D=1 .

—sinx-e ,x<0
(gof ( )]’ msx-eﬁ" ,x20
gof (x)] =

{l—sin::t:ll-fl_":'JEEJr . x=0
-1 (d) 2
-1 (d) 2



(v) The value of f"(x) at x=g is
(a) 1/9 (b) 1/42 (©) 172 (d) not defined

9

The function f{x) will be discontinuous at x =a if f{x) has
¢ Discontinuity of first kind : ,]'1_1310 fla—h)and .iIIJ_I;nu fla+h) both exist but are not equal. If is also known as

irremovable discontinuity.
® Discontinuity of second kind : If none of the limits :]:jm f(a—h) and .rl:im fla+h) exist.
50 50

® Removable discontinuity : flujm fla—h) and}lim f(a+h) both exist and equal but not equal to f{a).
—>0 >0

Based on the above information, answer the following questions.

2

. -9 forx+3
(i) fix)=4 x—3° .thenatx=3
4, forx=3
(a) fhas removable discontinuity (b) fis continuous
(c) fhas irremovable discontinuity (d) none of these
. x+2, ifx=4
(ii) Let f(x)= {x+4, oot thenatx=4
(a) fis continuous (b) fhas removable discontinuity
(c) fhas irremovable discontinuity (d) none of these
ﬂ forx=2
(iii) Consider the function f{x) defined as f(x)=9 x—2~ » thenatx=2
5, forx=2
(a) fhas removable discontinuity (b) fhas irremovable discontinuity
(c) fis continuous (d) fiscontinuousiff(2)=3
x—|x|
(iv) If f(x)= x x=0 ,thenatx=0
2 , x=0
(a) fis continuous (b) fhas removable discontinuity
(c) fhas irremovable discontinuity (d) none of these
et —1 i
(v) If f(x)=1log(l1+2x) . xiu, thenatx=0
7 , ifx=0
(a) fis continuous if f(0) =2 (b) fis continuous
(c) fhas irremovable discontinuity (d) fhas removable discontinuity

o

If a real valued function f{x) is finitely derivable at any point of its domain, it is necessarily continuous at that
point. But its converse need not be true.

For example, every polynomial, constant function are both continuous as well as differentiable and inverse
trigonometric functions are continuous and differentiable in its domains etc.



Based on the above information, answer the following questions.

DI B x, for x=0 then at x— 0

M J0)= 0, for x>0 erat x=
(a) flx) is differentiable and continuous (b) f(x) is neither continuous nor differentiable
(c) flx) is continuous but not differentiable (d) none of these

(ii) Iffilx)=|x-1|, xR, thenatx=1
(a) flx) is not continuous (b) flx) is continuous but not differentiable
(c) flx) is continuous and differentiable (d) none of these

(iii) flx) =2 is
(a) continuous but not differentiable at x = 3 (b) continuous and differentiable at x = 3

(c) neither continuous nor differentiable at x=3 (d) none of these

(iv) If flx) = [sin x], then which of the following is true?
(a) flx) is continuous and differentiable at x = 0. (b) fix) is discontinuous at x = 0.
(c) flx) is continuous at x = 0 but not differentiable. (d) f{x) is differentiable but not continuous at x = 71/2.

(v) Iffix)=sin"'x,-1<x<1,then
(a) f(x) is both continuous and differentiable (b) f(x) is neither continuous nor differentiable.
(c) f(x)is continuous but not differentiable (d) None of these

Qo

Derivative of y = f(x) w.r.t. x (if exists) is denoted by % or f“(x)and is called the first order derivative of y.

wative of 2 acai i[ﬂ]_ &’y :
If we take derivative of 4 again, then we get b s or f”(x) and is called the second order derivative
o d[dhy . dy . . , -
of y. Similarly, —| —5- | is denoted and defined as —- or /" (x) and is known as third order derivative of y
and so on. del d® e’

Based on the above information, answer the following questions.

I log(e/ x*) _,[3+2103.t} diy
(i) If y=tan [—log{exlj ]‘Haﬂ T—6logx slogx then e is equal to

(a) 2 (b) 1 (c) O (d) -1

(ii) fu=x"+y"andx =5+ 3t, y =251, then % is equal to

(a) 12 (b) 32 (c) 36 (d) 10
(iii) If f(x) = 2 log sin x, then f"(x) is equal to

(a) 2cosec’x (b) 2 cot? x - 4x? cosec? x*

(c) 2xcotx? (d) -2 cosec’x
(iv) If flx) = e"sinx, then f" (x) =

(a) 2e*(sinx + cosx) (b) 2e*(cosx — sinx) (c) 2e*(sinx — cosx) (d) 2e*cosx
(v) Ify2= ax® + bx + ¢, then %(}"3)’2):

4ac—b*
(a) 1 (b) -1 (c) 2 (d) 0



\Z

® A function f(x) is said to be continuous in an open interval (a, b), if it is continuous at every point in this

interval.

® A function f(x) is said to be continuous in the closed interval [a, b], if f(x) is continuous in (a, b) and

lim f(a+h)= f(a) and lim f(b—h)= f(B)
h—0 - h—0

sin (a+1)x+sinx
( ) x=0

X

If function flx) ={c¢

Va+be® —Jx

| b2 X0

(i) Thevalueof ais

(a) -3/2 (b) 0
(ii) The value of b is

(a) 1 (b) -1
(iii) The value of c is

(a) 1 (b) 1/2
(iv) The valueof a + cis

(a) 1 (b) 0
(v) Thevalueofc—-ais

(a) 1 (b) 0

2

(c) 1/2

(c) 0

(c) -1

(c) -1

(c) -1

(d)

(d)

(d)

(d)

(d)

,x=0 is continuous at x = 0, then answer the following questions.

-1/2

any real number

-1/2

-2

2

Logarithmic differentiation is a powerful technique to differentiate functions of the form f{x) = [u{x}]‘{"}, where
both u(x) and v(x) are differentiable functions and fand u need to be positive functions.

Let function y = f(x) = (u(x))"™, then "= J’[

ﬁﬂ'(r}’r V(x)-log [H(I}]]

On the basis of above information, answer the following questions.

(i) Differentiate x* w.r.t. x
(a) x*(1+logx)

(ii) Differentiate x* + a* + x* + a"wrt. x
(a) (1+logx)+(a*loga+ax*"')
() x(1+logx)+x"logx+ ax*!

(iii) If x = ¢, then find j_i .

(x+y)
xlogx

(x-y
xlogx
(iv) If y = (2 - x)*(3 + 2x)°, then find %

(a) (b)

P sf_ 15 8
(@) @ y(3+2) [3+2x E—x]

(b) x(1 - log x)

(c) —x*(1+logx)

(d) x*logx

(b) x(1 + log x) + log a + ax®!
(d) x(1+logx)+a*loga+ ax®!

(x+y)

E)xmg

(b) 2-x*(3+2x)° [3

(

15 3
+
+2x 2—x

d)

X~y

xlogx




(c) {z—x)3{3+zx)5[ 10 —i] (d) (z—x]3(3+2x}5-[i+i]

3+2x 2—x 342x 2—x
(v) Ify=x".¢2*5 then find %
(a) x*e**3 (b) x*e&*3(3-logx) () e 3(1-logx) (d) xe**%(3 +logx)

9

If y = flu) is a differentiable function of u and u = g(x) is a differentiable function of x, then y = flg(x)] is a

differentiable function of x and di ? :: This rule is also known as CHAIN RULE.
u

Based on the above information, find the derivative of functions w.r.t. x in the following questions.

(i) cosvx
—sin \llr_

sin "u'.'_

(@) z,f_ (b) 2\," (c) sin/x (d) —sinx
N
(i) 7
-1).*; 2+1) . 1) 241) 5
(a) [ 5 ].? *-log7 5 ].'? *-log7 (c) [ 2 ].';r *.log7 (d) 2 7 *.log7
—COSX
(1) I+c
(a) Elmzf (b) -%seczf (c) secz% (d) —seczi
oo afx) 1 i«
(iv) btan (E)+ﬂtan (;]
=1 1 1 1 1 1
b + - d f th
W :ac2+£:-1-‘k.:c2+.:;z2 ®) 2+ X +a (© 21t 2 ral (d) none of these
(v) sec 'x+cosec”! :
o2 w2 © —— @ —f—
x -1 x2 -1 Ll V22 =1 lem

If a relation between x and y is such that y cannot be expressed in terms of x, then y is called an implicit function

of x. When a given relation expresses y as an implicit function of x and we want to find EE, then we differentiate

every term of the given relation w.r.t. x, remembering that a term in y is first differentiated w.r.t. y and then

multiplied b}’

Based on the abt:we information, find the value of E in each of the following questions.

(i) 13+x2y+xy2+y3:81

(3% +2xy + y2) ) —(3x +?.t}'+yz} © (3x* +2xy - y*) @ 3x* +xy + 5
x2+2.xy+3y2 X% +2_1y+3y x1—21y+3y2 x2+xy+3yz

(a)




(i) ¥ =¢

xX—y xX+y
(@ (1+logx) ®) (1+logx)
(iii) ™ = xy
—y y
(a) x(ycosy—1) ®) veos y—1
(iv) sin® x + cos’y = 1
sin2y _sin2x
(@ sin2x ®) sin2y
m r=6x
)2 7
(a) ﬁ (b) ST -
ylogx) 2+ ylogx

-y
© x(1+logx) @

() ycosy+1 (d)

sin2y

(c) (d)

sin2x

2
¥y

© x(2+ ylogx)

(d)

-

L HINTS & EXPLANATIONS 1

x+y

x(1+log x)

x(ycosy—1)

sin2x

sin2y

2
b4

x(2—ylogx)

x—3 ,xXx=3
— <

1. Wehave, f(x)=4>* 1<x<3
* 3x .13
T—?'i'? ,x<l1

(i) (b):RF(1)= lim ZUFA=SO
h—0

h
T el el e SN
h—0 h hs0 h
(i) (b): Lf(1) = tim 2= =S
h—0 —h
2
= lim __I[“_h} _3[|—h}+E_2]
. [I+h2—2h—6+6}1+]3—ﬂ.]
= lim
h—0 —4h
. [h2+4}r]
= lim =_1
hso\ —4h

(iii) (c): Since, RH.D.atx=3is1

and LH.D.atx=3is -1

= f(x) is non-differentiable at x = 3.

(iv) (d)

(v) (¢): From above, we have
S@)=3-3,x<1

en==1_3__
L= =2

2. (i) (a):Now,

df(tanx)  f'(tanx) sec” x

dg(secx) g'(secx)secxtanx

_ f'(tanx)secx
_g'(secx}tanx
) [df{tanx}] _ SN2 221
 ldglseen) |, gy g2 1 412

(ii) (b)

3
(iii) (c): Let y=¢" , z = logx
Differentiating w.r.t. x, we get

%:exjﬂjz}:SIZfHaﬂd E:l
ay
ﬂ _dx _ szexj
“a ()
dx X

dz

X

= 313.9‘3

(iv) (a): Let y = cos (2x" - 1) = 2cos'x

Differentiating w.r.t. cos™!

dy _ Ed(cus_] x) _5
d(cos'x) d(cos'x)

1 4

(v) (a): We have, y=qu= o=

du 2

2
and u25x3+5 = —=—.

dy dy du 5
—_ e —— 72,'(2:
dx dude
= ixl(zf +15)°
27

x, we get

g =—-4du =u
du
3x? =2
3
(%f’ + 5] (2x%)



3. () d) (i) (@) (i) (b)

(iv) (a) (v) (b)

4. (i) (@):f(3)=4

x? —9_ lim (x+3)(x—3)
x—33 x—=3 x—3 (x—3)

=lim (x+3)=6 l]m fix)=f(3)

x—3 x—
. f(x) has removable dj,scunt_mmty at x=3.
(ii) (€): lim f(x)=lim(x+2)=4+2=6
x—4"
lim f[x}— ]1m{x+ 4} 4+4=8

x4

lim f(x)= llm f (x)
x—4"
. f(x)hasan lrremnvnh]e discontinuity at x =4.

nmm - - [xz 4}
(iii) (a): Jlr;DII flx)= E}n (x—2)

- hrr;f (x)= f(2)
. flx) has removable discontinuity at x=2.
(iv) (€):f(0) =2

lim f(x)= lim

x—3

= lim(x+2)=4

x—2

and f(2) =5 (given)

lim f(x)=lim ——=2
x— 0" x—=0 X

lim f(x)= lim -0
x—=0° —=0 X

*lim f(x)# lim f(x)

x—=0 x—= 0"

. f(x) has an irremovable discontinuity at x = 0.

() (d):f(0)=7 )
)
et . U ) 1
xlfluf{x] x50 log (1+ 2x) " 550 logﬂ+£'x]_2 2
2
lim f (x)# f (0) )
x—0
. f(x) has removable discontinuity at x = 0.
5. (i) (o) (i) (b) (iii) (b)
(iv) (b) (v) (a)
[
6. (i) (¢): Given, y=tan™ fog ?z m-'[%]
logex

_ tan-1| 108X m_l[w}
1+logx’ 1-6logx

=tan (1) - tan‘l{Elﬂg x) +tan"'(3) + tan‘l{}llng x)

= y:tnn‘l[1}+tan‘1{3]
o Y, o 4,
dx dv?

(ii) (d): Given, x= 5+3t}= 25—t=>_: E_
" ds

dx ds
Now, u= ::‘-!+y2 — H¢ 2x+4y

du__(dx dy du _ _
= E_E(E]H(E] =, F_2|[1}+4{2)_1u

(iii) (d): We have, flx) =
= f'{x]:

(iv) (b): We have, f(x) = ¢"sinx
= f'(x) = e*cosx + e*sinx = e"(cosx + sinx)

2_}-—

2logsin x

-2 cosec’x

1
2-——-cosx=2cotx = f"(x)=
sinx

= f"(x) =e"(cosx - sinx) + e"(cosx + sinx) = 2e* cosx
= f"(x) = 2[e*cosx - e'sinx] = 2e*[cosx - sinx]

(v) (d): li_"..i'.lfeny2 —ax’ +bx+c

= 2yy,=2ax+b .0

= 2y, +y,(2y)=2a

2
= yp=a—yi = ﬁz=ﬂ—{2ﬂ;;b] (Using (i)

4 yza — [hzxz +b% +4abx)
N 2

4y
3 4alax® +bx+c)—(4a’x? + b + 4abx)
= ¥y in= 1
_4:1:—!12
=

d
= —(r'y)=0

7. LHL (atx=0)= lim Sn(@*Dx+sinx

[E fnrm]
0

x—30 X
Using L’ Hospital rule, we get
LHL. (atx=0)
= lim (@a+1)cos(a+1)x+cosx=a+2 (i)
x—0 ﬁ J_
RH.L (atx=0)= XAbxt Nx g, NIHbx ol
x—>l] bx 2 x—+0 bx
i 1 ...(ii)

x—0+J1+bx+1 2

Since, f(x) is continuous at x = 0.
From (i) and (ii), we get
1 3 1
atl=c=—=a=——,c=—
2 2 2
Also, value of b does not affect the continuity of f(x),

so b can be any real number.

() (@) (ii) (d)

(iv] (l:] @+ cCc= _§+%=—1

(iii) (b)

':Y] (d}:(—ﬂ: %1_%:2



8. (i) (a):Lety= f:}logy x log x
ldy d

= ;E dx( logx) = ——x [lxlogx+xx%]

=x"[1+ log x]

(i) (d)

(iii) (d): Given x = € = logx =§Ioge = ylogx=x

(V) (¢):y =2 ~x)* (3 +2%)°
= logy =log(2-x)"+log(3+2x)°
=3log(2-x)+5log(3+2x)
1dy _3xCV, 5
ydx 2-x 3+2x
dy s s[ 10 3
= E—(Z x) (3+2x) [3

(v) (d):y=x"e>*?
= logy=xlogx+(2x+5)

= l-:_:fz [x —+]ugx]+2

d_}'_ x _JIx+5
dx_x €

9. (i) (a):Let y=cos/x
Q—i{cmﬂ} =—sin£-i{£}
dx  dx dx

(3+logx)

231-‘ 2]1
|
X+= d d 1
(ii) (a):Let y=7 * . Ey=£ o
! |
X+= d l) A
=7 X.log7 -— 21 =7

+2x 2-x

1,
bBP+x a’+x
(v) (d):Let y=sec ' x +cosec”" :‘

x -1

2

Put x = sec 8 =5 0 = sec 'x

- y=sec_l{secﬂ}+msec_l[ sech ]
;scczﬂ—l
='B+sin_l[\t‘]—cnszﬂ]

=B +sin”! (sinB)=0+0=20=2sec’' x

dy . d 12

=2—(sec 'x)=2x =

dr dx lVa? -1 [ax? -1
10. (i) (b):x’ + ¥y + x° + =81

d d d

= 3x1+x1£y+2xy+2@ﬁ+y2+3y2%=ﬂ
= {x2+2xy+3y1}%=-3xz—2xy-}'2
o, dy G +2y+y7)

dx .':cz+.‘!,tj.r+‘;':;,|ar2
(ii) (c):x¥=¢"""= ylogx=x-y

= yxi+logx+%=l—g£

— ﬁ[[.ngx-]—]l:]—z = dl:L
dx x dx x[1+logx]

(ii) (d): €™ = xy = sin y=log x + log y

dx x ydx dx
dy___
dx  x(ycosy-—1)

(iv) (d): sin’x + cos’y = 1
= 2sinxcosx+2cosy(-sin y%)=ﬂ
dy —sin2x _sin2x
dx -sin2y siny

® @y = y(EY

1
= log y=y(logy/x) = log y=5(y log x)

1dy 1] 1 d

- 2 fon2)
ydx 2 x dx
d

_ f{__lhgx}ziz
dx |y 2 2x
dy_y 2 y?

i 2 (- ylogx) x(2—y log x)



