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DIFFERENTIABILITY

Let f be a real-valued function defined on an open interval
containing a point x;,.
then f is said to be differentiable at x if
lim f(xo +Ax) - f(xo)
Ax—0 Ax

exists. If this limit exists we call it the derivative of f(x) at
X, and denote it by f” (x,) or by

If this limit does not exist, we say that fis not differenti-
able at x = x,.

J(x) = f(x)

X=X,

Equivalently lim

X=X,

exists. Graphically the

graph of fhas a non vertical tangent line at x = x,,
Using one-sided limits, we define the right-hand
derivative, denoted by f’(x,+), at x = x as

lim f(xo +Ax)— f(x())
Ax—0+ Ax

and the left-hand derivative, denoted by f” (x, - ), at

lim S(xg +Ax)— f(xy)
Ax—0- Ax

Thus, a function f(x) is derivable at x = x, if f* (xy+)
=f ’(xo—)-

Every differentiable function is continuous but the con-
verse may not be true. That is, a continuous function need
not be differentiable. e.g.

| Illustration | 1 ;

fix)y=Ixlatx=0,

fro0= gim LOXAIZTO)
Ax—0+ Ax

Il
—
5.

|
—_

Ax—0+ Ax
F1O9= tim A gy TA

Ax—0- Ax  A—0- Ax

(as Ax = 0 —, we have Ax< 0)
=-1
Thus fis not differentiable at x = 0.
44
=

[§8]

—_—

-3 -2 -1 (01 2 3

Fig. 10.1

The absolute value function is not differentiable at x = 0.
Clearly f is a continuous function. Similarly if f (x) =
Ix — al, then fis not differentiable at x = a, f" (a +) = 1 and
f'la-)=-1.
Geometrically, we interpret

F)= fim LD =S

h—0 h

as the slope of the graph at the point (x, f(x)). The line through
(x, f(x)) which has this slope is called the tangent line at
(x, f(x)). Thus, if there is
no tangent line at a certain
point or has a vertical
tangent line, the function
is not differentiable
at that point. In other
words, a function is not = > X
differentiable at a corner
point of a curve, i.e., a
point where the curve
suddenly changes direction (Fig. 10.2).

Vi

Fig. 10.2
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DIFFERENTIABILITY ON AN INTERVAL

A function f(x), defined on [a, b], is said to be differentiable
on [a, b] if it is differentiable at every c € (a, b) and both

g f@t = f@ o b+~ f(b)
h— 0+ h h—0- h

exist.
Continuously Differentiable

A function f'is said to be continuously differentiable if the
derivative f”(x) exists and is itself a continuous function. e.g.

| Illustration | 2 E

2

x“sin— , x#0
fx) = x
0 , x=0
FO+ h) fo) sy I
lim =lim =1lim Asin—=0.
h—0 h—0 h h—0 h

1 1
For x # 0 f(x) = 2x sin——cos—
X X

Since lirr(l) f’(x) does not exist. So fis differentiable but not
x—>
continuously differentiable. All polynomials are continu-

ously differentiable.

HIGHER ORDER DIFFERENTIATION

Let y = f(x) be a differentiable function such that z = f’(x) is
also differentiable. Then the second derivative of y = f(x) is
denoted by y,(x), f"(x) or d*y/dx?, and is defined by

d’y _d (dy (_@)
dx? " dx ldx dx

Similarly, we can define

&’y d(d% d*y
7 (iv)
dx®  dx [ ] =7 @ and f7T 00 = dx*
i  dy_d [dn b ] f N,n>1
or, in general, I oranyne€ N,n> 1.
dx"  dx\dx""

Many functions, like polynomial, trigonometric, expo-
nential and logarithmic functions, are differentiable at each
point of their domain.

SOME FORMULAE OF
DIFFERENTIATION

Let f(x) and g(x) be differentiable functions and o € R.

1. Sum and Difference Rule
4w Egm =L e L g
dx =8 T dx T dx §

2. Scalar Multiple Rule
d d
i (af(x) = Ef(X)
3. Product rule.
d d d
— (f()g (%) = g(x) — (f(x)) +f(x) — (8(x))
dx dx dx
4. Quotient rule
i(f(x)j g(x)
dx\ g(x)

provided g (x) #0

(f )= f (X)
(g(x))°

(g(X))

5. Chain rule If y = h(u) and u = f(x), then
dy dydu
dx  dudx
6. Test of constancy If at all points of a certain interval,

f'(x) =0, then the function f(x) has a constant value
within this interval.

DIFFERENTIATION OF SOME
ELEMENTARY FUNCTIONS

1. The trigonometric functions have the following de-
rivatives:

d d
— (sinx) = cos x — (cos x) =—sinx
dx dx

d d
— (tan x) = sec? x — (cot x) = — cosec’ x
dx dx

d
— (sec x) =sec x tan x
dx

d
— (cosec x) = — cosec x cot x
dx

2. If f(x) is a differentiable function
d

— O =nmx""

"and in general
dx

d
o @D =n e @
X
3. If f(x) is a differentiable function

d
— (log x) = 1 andin general
dx X

—( gf()))—mf()



d .
4. — (a") = a" log a. In particular,
dx

d

d s Ay w0
S (eD=¢ and dx(ef )= e/ f(x)

d . d o b
5. —(sin” ' x) =——(cos x) = for-1<x<1.
dx( ) dx( ) \ll—xz

Atthe points x =+ 1, sin”! x and cos~! x are not differenti-
able.

d 1 d 1
6. — (tan” x)=—— (cot” x) = ,forxe R
dx ( ) dx ( ) x?
1
7. i (sec"x)=— i (cosec’lx)= 5 forlx|>1.
X dx [xl4x” —1

DIFFERENTIATION OF IMPLICIT FUNCTIONS

To find dy/dx when a differentiable function y = y(x) satis-
fies the equation F(x, y) = 0, we differentiate F with respect
to x, considering y as a function of x, and solve the resulting
equation to obtain for dy/dx.

Illustration | 3 E

To find % if y satisfies X+ y3 -3 axy=0.

X
Differentiating w.r.t. x, we have
3% + 3>y2 Q—3a[xﬂ+y}20
dx dx
d
- [3y% = 3ax] 2 = 3ay - 342
dx
dy ay- x?
= _=

dx  y* —ax

DIFFERENTIATION OF FUNCTIONS
REPRESENTED PARAMETRICALLY

Let there be given two functions x = ¢(¢) and y = y (¢), where
t€ (a, B). If the function x = @ (¢) has an inverse, = (p’1 (x)
on the interval (o, ), then the new function defined by y(x)
= 1|l((p’1 (x)) is said to represent y parametrically. We find
its derivative by using the relation

dy dy dr @_i(dyj dr

dx E'dx an dx?  dt E E

Illustration | 4 E

x=¢€'sint,y=¢'cost

To find ﬂ , we compute first d_x and Q .
dx dt dt

Differentiability and Differentiation 10.3

dx _ ISR I

— =e cost+e sint=e (Sint+ cost)
dt

d . .
?y:—etsmt+etcost:e’(cost—smt)
1

So @ _ Q ﬁ_cost—sint
’ dx dt dx cost+sint

LOGARITHMIC DIFFERENTIATION

The process of taking logarithms of both sides and then
differentiating them is called logarithmic differentiation. It
is useful in the following cases:
1. If the given function consists of three or more
factors which are functions of x.
2. If the given function is of the form (f(x))"™
3. If the given function is of the form
h(X)hy(x)/hy(xX)hy (x).
If h(x) = (f, (x)) £ J3(x), then take logarithum of both the
sides. The right hand side will be take the form
f1(x0) log fr(x) + log f3(x)

The last expression can be differentiated easily.

| Illustration | 5 E

y =(sin x)°***

Taking logarithum of both the sides, we have
log y =cos x log sin x

Differentiating, we get

1
—ﬂ = cosxi(log sin x) + (logsin x)icosx
v dx dx dx
= COSX C?S X (logsin x)sin x
sin x

2

dy = (sinx)"* [Cos—x — (logsin x)sin x}
dx si

| Illustration | 6 E

_ 5 )c()c2 +1)
TNy

Taking logarithum, we obtain

logy= %[logx + log()c2 +1)— 210g()c2 - 1)]

Differentiating, we get
ldy _ 1[1 2x 4x }

y dx 3; 2+l x2-1

2
ﬂ =3M><l|:l+ 2x _ 4x :|
dx \l(xz—l)2 3Lx X241 X%-1
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LEIBNITZ THEOREM AND rth
DERIVATIVES

Let f(x) and g(x) be functions both possessing derivatives
up to nth order. Then,

n

Lo (@ 8@ =f"(x) ) +"Cy f" 7 () ') +

"Cof" ) )+ .+ "C ) g () .
"Cof () 8" ().

® Example 1: If x = k(+—sin £), y = k(1 — cos 1) (k # 0) then

2
Q attr = i
dx®
1 1
a) —— b) —
(a) P (b) %
1
© — (d) 2k
2
Ans. (a)
Solution:
ﬂ =k(1 —cos 1), Q =ksint
dt dt
2sin£cos£
SO Ll = ksint = 2 2 ol
dx  k(l—cost) 2sin2£ 2
2
d’y _ i(ﬂj _i(ﬂjﬁ
dx?  dx\dx/) dt\dx/dx
= l(—cosec2 (L)j;
2 2 k(25in2 (i))
2
= —icosec4 L
4k 2
d2
e oy
dx =7 4k k

® Example 2: If x = 27 + 3¢%, y = % + 2¢° then y”* + 2)”

(y’ = ﬂ) is equal to
dx

k
where for any k > 1, £*) =% ( (v)) i.e. kth derivative
dxk
of f(x)
d” 1" n!

dx" dx\ x xtt!
n

(sin x) = sin(x + nzj ,
dx" 2

n

n

(cos x) =cos (x + ng) :
dx 2

n

@ =m" ™.

dx"

SOLVED EXAMPLES
Concept-based

Straight Objective Type Questions

(a) 2y (b) ¥
(©) y (d) 3y+2
Ans. (c)

Solution: ax =2 + 6t, @ =2t + 61
dt dt

,_dy _2t+6r _,
dx  2+6t

So that

y’2+2y’3:t2+2t3:y

® Example 3: Iffunctiony= x=3 satisfies the relationship
X+
Ay”? = (y — 1)y” then A is equal to
(a) 1 (b) 3
(c) 4 (d 2
Ans. (d)
Solution: y=1- 7
x+4
14
= Y= > and y”=- 3
(x+4) (x+4)
49A
Therefore, the L.H.S. =A y* = 2 2
(x+4)
—3-x—4 14
and RH.S. = (y —1)y” = (" 3ox )(— 3)
x+4 (x+4)
98
(x+4)*

Hence A=2



3
® Example 4: Let f(x) =

)

(b) isequal to 2
(d) isequalto 0

+ sin’x, then f” (gj

(a) does not exist
(c) isequal to -2
Ans. (c)

(x—§j+sin2x ifng
Solution: f(x) =
s e
—|x—— ] +sin“x ifx<—
2 2

1] s
Let u(x) = 2 2
ﬂj T
—x—= x<—
2 2
T x\
(—+h——) -0
u’( +)= lim 2
2 h—0+ h
3
= lim = fim #? =0
h—0+ b h—0+

(c-2]. et
W) = 2 2
—3(x—£)z, x<Z
2 2
6( —z) x>z
u//(x): 2 2
—6(x—£) x<Z
2 2
T T 2
- 3(h+———) -0
u”(— +j =lim——2-2L___ 9
2 h

If v(x) = sin’x, then v/(x) = 2 sin x cos x = sin2x

) v”(x) =2cos 2x and v” (gj =2

Hence f”(gj =0-2=-2

® Example 5: If (x — a)2 +(y - b)? = ¢, for some ¢ > 0,

(1 + ” )3/2
then the value of y—” is equal to
y
a-b c+ta
(a) (b)
a+b c—a
(© 1 (d) -c

Differentiability and Differentiation 10.5

Ans. (d)
d
Solution: 2(x — a) + 2(y — b) d—y =0 ()
X
d —
- V= dy __x-—a
dx y—>b

Differentiating (i) again, we get
1+ -b)y +y*=0

,_ 167
= Y= -b)
—a 2]1/2 )
12:3/2 [1+( ) (1+y’ )
SO, —(1+y”) = y_b 3
y (1+y7)
y—>b
:_(y_b)((y—b)2+(x—a)2)l/2
(y=b)
=—c

® Example 6: If y = sin (n sin”'x) satisfies (1 — x?)y” — xy’
+ Ay = 0 then A is equal to

(a) 1 (b) 2
(c) n* (d) n
Ans. (¢)
Solution: y" = cos (nsin™! x) —2 -
1-x

Squaring both the sides, we have

)

(1 —=x%) y? = n? cos® (n sin”
=n? [1- sin’ (n sin”! x)]
=n’ [1-y"]
Differentiating again
2xy? + (1 -x%) 2y'y" = —n* 2yy’
= (1-x%) )" —xy ==n’y

Hence A=n’

® Example 7: If y = (x* + 1), then y'(0) is equal to

(a 0 (b) 1
(©) 2 (d -1
Ans. ()
Solution: Using logarithmic differentiation, we have
logy=sinx (log(x2 + 1))
o 1D sk (og( + 1)) + SN
ydx X +1

2xsin x 2
2—1 +cosx (log(x + 1))}

= Q - (x2+1)sinx|:
X"+

dx
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ay
dxly=0
=0

So,

1[0+ 11logl]

® Example 8: If x\1+y+yJl+x =0, for-1 <x < 1

d .
then o atx=01is

X
(a) 1 (b) -1
() 0 (@ 2
Ans. (b)

Solution: Differentiating the given relation implies

! ﬂ+ 1+y+@\/1+x+L=0

X
2\1+y dx dx 21+ x
= ( s + 1+Xjﬂ=_( /1+y+ Y )
2J1+y dx 2V1+x
Since y(0) = 0 So putting these values, we have

0+ L
dx

L =(i+0)

(a) 5¢% cos & (b) 3¢* cos &2
(©) &% cos €2 (d) cos é
Ans. (a)

Solution:
dy cos (ex2+3x72 ) d (exz +3x-2 )

dx dx
= cos ¥ #3572 g #3x-2 a4 (x% +3x-2)
dx
= cos(e¥352) ¥ 352 (2 1 3)
ﬂ =56 cos (ez)
dx x=1

@® Example 10: If x = 'Y then ¥

dxly=1
(a) -1 (b) 2
(c) 12 (d 1
Ans. (d)

Solution: x= ¢ 7 = logx = sin”' y
= y =sin (log x)

dy 1

d — = cos(logx)—,
N b e (log )x

dxly=0 d

p SO @ =cos (log1)=cos 0 =1
® Example 9: If y = sin (e"*352) then d_y is equal to dxlx=1
X Ix=1
LEVEL 1

2 2
® Example 11: Iff’ (3)=2, then Jim L) =/G=h")

h—0 242
is
(@) 1 (b) 2
(© 3 d) 172
Ans. (b)

f(3+h2)—f(3—h2)
2h?

Solution: }ir%

L SO f) L G- - f0)
h—0 h2 2 h—>0 W2

[\

[f'G)+/ ()] =2.

N | —

Straight Objective Type Questions

@®@ Example 12: The set of all points where the function

fx) = 41— e"‘2 is differentiable is

(@) (0, ) (b) (=0, o)
() (oo, 00)~ {0} (d) none of these.
Ans. ()

Solution: Forx #0, f/(x) = 1 = [- (- 2x)e_x2]

1
2 J_ o

Also [/ (0+)= hlim

-0+ h



h>0-| —p2

R 11/2
and  f(0-)=- lim [e ‘] =—1.

Hence the set of all points of differentiability is
(=00, 00) ~ {0}.
@® Example 13: If f (x) = llog,, x| then at x = 1
(a) fis not continuous
(b) f1is continuous but not differentiable
(c) fis differentiable
(d) the derivative is 1.
Ans. (b)
Solution: Since g(x) = Ixl is continuous but not differ-

entiable at x = 0, so fis continuous but not differentiable for
log;px=01i.e. forx=1.

[x—41

B2 -xr+3x+1/2 for x <1,

for x> 1
® Example 14: f(x) =
then
(a) f(x)is continuous atx=1and at x =4
(b) f(x)is differentiable at x = 4
(c) f(x)is continuous and differentiable at x = 1
(d) f(x)is only continuous at x = 1.
Ans. (a)
Solution: Since g(x) = Ixl is a continuous function and

lim f(x)=3= lim f(x)sofisacontinuous function. In
x—>1+ x—>1-

particular f is continuous at x = 1 and x = 4. fis clearly not
differentiable at x = 4. Since g(x) = Ixl is not differentiable
atx = 0. Now

£ =0, L0 =f0)

h
C g E3ERS3
h—0+ h
(=) = {im 172)(1+hY =1+ n)* +3(1+ h)+1/2-3
h—0- h

. (172) (h* +3h* +3h) = (K> +2h)+3h
h—0- h

5

T2
Hence f is not differentiable at x = 1.
® Example 15: If f(x)=lx—al+x+bl,xe R,b>a>0.
Then
(@ flav) =1
© f (=b+)=0

(b) fa+H)=0
@ f=b+H=1

Differentiability and Differentiation 10.7
Ans. (c)

Solution: f’ (a +)= lim

h—0+

flath - @
h

. |hl+|a+Db+h|—|a+b]|
= lim

h—0+ h

_ Jim MFAFbER=@ED) 0 gt b0
h—0+ h

=2

S (=b+h)- f(-b)
h
o b+ h—dl 4l b
h—0+ h

. |a+b—h|+|h|—|a+b|
= lim

"(cb4+)= i
frcb 0= lim,

h—0+ h
_ lim a+b—h+h—(a+b) o,
h—0+ h

® Example 16: The set of all points where the function
f (x) = 2x Ixl is differentiable is

(@) (= oo, ) (b) (=20, 0) U (0, o)
(¢) (0, ) (d) [0, =)
Ans. (a)
Soluti { 2%, x20
olution: f(x) = 22 x<0

Since x* and — x* are differentiable functions, f (x) is dif-
ferentiable except possible at x =0

0= lim LOFEW=fO) . fD)
Now f O+)= hll>r(l)]+ h _h1l>r(l)]+ h
2
= lim %zo
h—0+ h
and 17 (0= tim LOTNSO _ SR
h—0— h h—0- h
A2
h—0- h

Hence fis differentiable everywhere.

® Example 17: The function f (x) = sin”! (tan x) is not
differentiable at

(a) x=0 (b) x=-7/6
(¢c) x=m/6 (d) x=rn/4
Ans. (d)

Solution: The function f (x) = sin™' (tan x) (— /4 < x
< 7/4) is not differentiable for those x for which tan x = 1
or — 1. This happens if x = /4 or — 7/4.

® Example 18: Let [-] denote the greatest integer function
and f(x) = [tan2 x]. Then
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(a) lim f(x) does not exist
x—0

(b) f(x)is continuous at x =0

(c) f(x)is not differentiable at x = 0

(d f(0)=1.
Ans. (b)
Solution: For 0 < x < /4, 0 < tan” x < 1 = [tan® x]
=0 for 0 < x < m/4. As tan® x is an even function, so

lim f(x) = lim f(x)

= (0. So fis continuous at x = 0. Now

x—>0+ x—>0+
i FOFR=FO) _f)=(0) _ 0
h—>0 h >0 h h—>0h

Hence fis differentiable at x = 0 and f”(0) = 0.

® Example 19: If f(x) differentiable everywhere then
(a) If(x)lis differentiable everywhere
(b) IfI2 is differentiable everywhere
(c) f1flis not differentiable at some point
(d) none of these
Ans. (b)

Solution: If fis differentiable then |f1* (x) = f(x)* which
is differentiable. For f(x) = x, (a) and (c) do not hold.

® Example 20: Suppose f is differentiable at x = 1 and
1

lim— f(1+h)=5 then

h—0h

(@ f/(1)=4 () f/(1)=3
(c) f/(1)=6 (d) none of these
Ans. (d)

Solution: Since f is differentiable so it is continuous
also. Thus

F(y= Tim £A+h) = limh 2D~ 0520
h—0 h—0 h
Hence  f/(1)= f(l h) O g AW _ 5
h—0 h
@® Example 21: If f (a) = a, ¢(a) = b (a>0,b>0)and
f(x)—a .
f'(@) =3 ¢(a) then 11m is
o(x) —
(@) b’la® (b) bla
(c) 2bla (d) none of these
Ans. (d)

\/_—a
\/—b

Solution:

= hm ) : b
x—>a¢ ) \/—_}_

= lim ()= fla) Vo) +b
HMP( )- (a) \/ (x) +a

L (a) J¢<a)+b B
Cl \/f - a )
® Example 22: Let f and g be differentiable function

satisfying g’(a) =2, g(a) = b and g = f ' then f’ (b) is equal to
(a) 12 ®) 2
(c) 2/3 (d) none of these

Ans. (a)

Solution: Since g=f"sofo g (x) =x.
Therefore, f”(g(x)) g'(x) = 1. Thus, f’(g(a)) g'(a) = 1
= ffo=1 = fo=12.

® Example 23: Let f (x) = Ix — al ¢ (x), where @ is a
continuous function and ¢ (a) # 0. Then
(@ f (a+)=¢" (a)
(b) fis differentiable at x =a
© fa+)=¢ (a)
d f@a-)=-¢(a)
Ans. (d)
la+h—a|l@(a+h)-0
h
i L9 (@t 1)
h—0+ h

lim ¢ (a+h)=¢@(a)
h—0+

Solution: f’ (a +) = lim
h—0+

Similarly f(a -) = - ¢ (a).
® Example 24: If f’ (¢) exists and non-zero then
Lt fle=h)=2f(c).

h o h is equal to
(@) f(c) (b) 0
(c) 2f"(c) (d) none of these
Ans. (b)
Solution: lim fletm+ fle=h)=2f(c)
h—0 h
B f(C+h) f(©) f(C h)— f(c)
- h—>0 h
= f (C) w

= ()= f(c)=0

® Example 25: Letf: R — R be any function. Define g: R
— R by g (x) = Ifix)l for all x. Then g is

(a) g may be bounded even if f is unbounded

(b) one-one if fis one

(c) continuous if fis continuous

(d) differentiable if fis differentiable
Ans. (c)

Solution: Take f(x) = x. Since g: R — R given by g (x)
= Ixl is not one-one so (b) is violated. Also g is not differen-



tiable at x = 0. Let u (x) = Ix| then u is continuous function
and g (x) = u (fix)) = u o f (x). Hence g is continuous if fis
continuous. It is easy to see g is bounded if and only if fis
bounded.

® Example 26: The function f (x) = (x* — 1) Ix* = 3x + 2| +
cos lxl is not differentiable at

(@ -1 (b) 0
(© 1 (d) 2
Ans. (d)

Solution: f (x) = (x + 1) (x — 1) Ix — 1lx — 2| + cos x,
because

COoS X,
cos lxl =
cos (—x),

if x20
=Ccosx
if x<0

Since h(x) = xlxl is differentiable at x = 0, so (x—1) Ix—1|
is differentiable at x = 1. Also f(x) is not differentiable at
x=2.
® Example 27: Letf: R — R and g : R — R be defined
by g (x) = xf (x) then

(a) g is adifferentiable function
(b) g is differentiable at O if fis continuous at 0
(c) g is one-one if fis one-one
(d) none of these
Ans. (b)

Solution: Take f(x) = sgn x then g (x) = Ixl, hence g need
not be differentiable. Take f (x) = x, then g(x) = x* which is
not one-one.

Let fbe continuous at 0, then for 4 # 0.

80+m =g _ 2 _ ¢ Therefore, ¢ (0) = £(0).

h h
2 —
® Example 28: If y=tan™' [wj, then y” (0) is
x
(a) 172 (b) 0
() 1 (d) doesn’t exist.
Ans. (a)

Solution: Putting x = tan 0, we get

2 _ _
N1+x2 -1 secO 11 cos@ztan(ej

X " tanf

sin @ 2

1
Hence y = = tan! x so y (x) =

y (0) = 1/2. 2
® Example 29: If f’ (x) = g (x) and g’ (x) = — f (x) for all x
and f(2) = 4 = f7 (2) then (f(24))* + (g(24))* is

(a) 32 (b) 24

(c) 64 (d) 48
Ans. (a)

1
m and thus

Differentiability and Differentiation 10.9

Solution: % (FE)* + (gD =2[ F () f (x) +

g g @I=2[f(x) g -gxfX]=0.
Hence (f()c))2 + (g (x))2 is constant. Thus (}‘(24))2 +
(8 24)* = (f(2))* + (g (2))° =16 + 16 = 32.

@® Example 30: If f(x) =log,> (log x) then f'(x) at x = e is

(@ 0 (b) 1
©) e d e
Ans. (d)

log (1
Solution: f(x) = log(logx) _ 1 log (logx)

log x* 2 logx
1
log x- -~ log (log x)
xlogx x

Therefore f'(x) = —
Fe 2 (logx)2

and thus f'(e) = %[1 _ 0} = ey,

e
® Example 31: If x =2 sin ¢ —sin 2¢, y = 2 cos t — cos 2t,
2

then the value of Q atr = 2 is
dx? 2

(a) 2 (b) —1/2
(c) —3/4 (d) -3/2.
Ans. (b)

d . )
Solution: d—); =2cost—2cos2t=2 [2sin (31/2)sin t/2]

d
and Y
t

—— =-12si 2 si 2—2[5in2cos£}
Pl sin £ + 2 sin 2t = 5 5 |-

d d?

£y = cot (#/2) and —2) =—l cosec? (#/2) xﬂ
X dx 2 dx

Hence

2

1 1
Therefore, —g] = —— cosec? (#/2) x X — -
dx 2 4 sin (3¢/2) sin (¢/2)

4+ vt

t=m/2
® Example 32: Let f(x) = sin x, g(x) = x* and h(x) = log x.
If F(x) = h( f{g(x)), then F”(x) is
(a) 2 cosec’ x
(b) 2 cot x% — 4x* cosec? x°
(c) 2xcot X
(d -2 cosec” x.
Ans (b)
Solution: F(x) = h(f(g(x))) = h(f(x*)) = h(sin x*) =

log sin x°.

&y

and
dx?

Hence F’(x) = 2x cot x*. and F”(x) =2 cot x> —4 x* cosec? x°.
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dzy d*x
. _ 2 -7 e .
® Example 33: Let y = ¢*. Then (dxz][dyzj is
(a) 1 (b) e
(c) 2> d) -2
Ans. (d)
d d? 1
Solution: ﬁ =2¢* and ﬁ =4¢*. Alsox = ) log y,
d 1 d* x 1 1
o) SX -~ and — =T =—— ™
dy 2y dy 2y 2

d? d?
Hence —;j —;C =27,
dx dy

® Example 34: Let f(x + y) = f(x) f(y) for all x and y. If
f(5) =2 and f'(0) = 3 then f*(5) is equal to

(@ 5 (b) 8

(c) 0 (d) none of these
Ans. (d)
Solution: Putting x = 0, y = 5 in the given equation,
we get

JFO+5=fO)fG)= fO[f(D)-0]=0 = f(0)=1

5y = im, w _ lim %@)—1)

h— 0

=f(5) 1M M = (2)3) =6.

@® Example 35: If f”(x) is continuous at x = 0 and f”(0) =
4, then the value of

i 2100 =3 1)+ f(4) |

2

x—=0 X

(a) 4 (b) 8

(c) 12 (d) none of these
Ans. (¢)

Solution: Required limit
~ lim 2f’(x)—6f'(2x)+4f’(4x)(0 )

— form
x—0 2x 0

= lim 2f7 (x)=12f" (2x)+16 f” (4x)
x—0 2
=3f"(0) =12.
® Example 36: The solution set of f'(x) > g’(x) where f (x)
=(1/2) 5% " and g(x) = 5" + 4x log 5 is

(@) (1,00) (b) (O, 1)
(©) [0, ) (d) (0, )
Ans. (d)

Solution: f’(x) = (1/2) 5> *! (log5) (2) =log 5-(5**1)
also g’(x)=5"1og 5+ 4 log 5.

So {x:f (x)>g’ ()} ={x:1og5-5 "> 1log 55+ 4 log 5}
={x:5%%1> 5+ 4)
={t=5":5-1-4>0)}
={tr=5":(5t+4) (r-1) >0}
={r=5":1>1 ort<—4/5}
={t=5":11>1} = (0, ).

® Example 37: The values of a and b such that the function

fdefined as
2

ax“ —b, lxl<l . .

fx) = is differentiable are
—1/lxl, 1xI=1

(@ a=1,b=-1

(b) a=1/2,b=1/2

() a=12,b=3/2

(d) none of these
Ans. (¢)

Solution: Since every differentiable function is con-
tinuous, so we must have

lim f@)=f(1) = a-b=-1.

For f to be differentiable, f’(1 =) = f/ (1 +)

r 2 _
. lim a(1+h) —b+1 ~ lim |: 1/|1+h|+1}
B0 h = h—>0+ h
; La(2h+1?) ; b
= T = e @asb=-D

= 2a=1.Hencea=1/2 and b =3/2.

@® Example 38: For a whole number n, if f(x) = x" ~ !

sin (1/x), x # 0 and f(0) = O then in order that fis differentiable
at all x, the value of n can be

(a) 1 (b) 2
(c) 3 ) o
Ans. (c)

Solution: f is clearly differentiable except possibly
x=0.
n—=1 _:
FO= lim h"~ " sin (1/h)

h—0

lim A"~ 2 sin (1/h)
h—0

The last limit exists and is equalto O only if n -2 2> 1,1.e. n
> 3. [Using Sandwich Theorem]

® Example 39: di (log (ax)*), where a is a constant is
X

equal to
(@ 1 (b) log ax
(c) l/a (d) log (ax) +1

Ans. (d)



Solution: 4 (log (ax)*) = 4 (xlog ax)=logax+ 1.
dx dx

2 2
® Example 40: If cos™ (xz u 2] = log a then 9¥ is
X" +y dx
equal to
(a) y/x (b) x/y
(c) xz/y2 (d) yz/x2
Ans. (a)
2 _ .2 2 2
Solution: cosl(x2 yzj =log a = x2 y2 =cos
X" +y X" +y

log a = A (say)

Putting # = y/x and applying componendo and dividendo,
we have
o) =u?= (1-A) (1 +A)

(1-A)/(1+A)
= xdy/dx —-y=0

= y/Ax=

= dy/dx =y/x

® Example 41: If (sin x) (cos y) = 1/2 then d*y/dx* at
(7/4, 7/4) is equal to

(a) —4 (b) -2
(c) -6 d o
Ans. (a)

Solution: Differentiating the given equation, we have
cos x cos y — sin x sin y dy/dx = 0. Putting x = y = 7/4,

we have ﬂ

1 = 1. Differentiating again, we get
X

(m/4,m/4)
—sinx cos y—cosxsinydy/dx—cos xsinydy/dx—sinxsiny
(dy/dx)* — sin x sin y d*y/dx’= 0. Putting x = y = 71/4, we have

dy
dx?

(4,m4) = — 4.

® Example 42: The set onto which the derivative of the
function f (x) = x (log x — 1) maps the ray [1, o) is

(@) [1,00) (b) (0, )
(©) [0, =) (d) none of these
Ans. ()

X
Since log x is an increasing function so f’ maps [1, =) onto
[0, o).

@® Example 43: Let f (x) be a function satisfying f (x + y)
=fx f()forall x,ye Rand f(x) =1 + x g(x) where

lilr(l) g(x)=1 then f’(x) is equal to
(@) g'(x) () g )

©) fx) (d) none of these
Ans. (c)

Solution: f’(x) =logx—1 +x (lj =log x

Differentiability and Differentiation 10.11

Solution: 1’ (x)
= fim LIPS
h—0 h h—0

fh—-1
h

= f(x) lim g(h) = f(x)
h—0

Jx)f() - f(x)
h

1+hg(h)—1
h

f(x)lim = f(x) lim
h—0 h—0

® Example 44: Let g=f"andf’ (x) =
is equal to
@ (1+@gxH ™
© 1+ ()
Ans. (d)
Solution: Since g (f(x))=x so g @) f (x)=1

= g (f(x)) = 1 + x* Putting u = f (x) so that g (u) = x, we
have g (1)

o5 then g’ (x)

) (1+FenH™!
d 1+ (gx)*

=1+ (g w)".
® Example 45: Suppose for a differentiable function f,

FO=0,£(1)=1andf’0)=4=f(1). 1 g () =f (") e/
then g (0) is equal to

(a) 4 (b) 8
(c) 2 (d) none of these
Ans. (b)

Solution: g’ (x) =f'(¢") " e/ +f () W f/(x),

so g (O =)’V +f()e! O =f () +f"(0)=8
® Example 46: If the function f is differentiable and
strictly increasing in a neighbourhood of 0, then

()=
)}gno m is equal to
(a) -1 (b) 0
© 1 (d) 572
Ans. (a)
()= r)
Solution:
10
(&) -£0)-(f(x) - £(0)
f(x)=f(0)
S¥)-r0
~ f(x)-£(0)
fﬁﬁ—ﬂ@xﬁ
_ X =0 1
ORI
x—0
)W) L S0)
o lim f(x)-£(0) =0 ><f'(0) :

=0-1=-1.(70)>0)
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@® Example 47: Let fix) = [|x—1]-1] , then all the points
where f(x) is not differentiable is (are)

@ 1 (1.2
© =1 (d) 0,1,2
Ans. (d)
|x—1|-1 if |x—1]>1
Solution: =
© Solution: f(x) {1_|x_1| if |x-1]<1
—X XSO

X O0<x<l1
2—-x l<x<2
x—2 x=22

f1is not differentiable at 0, 1, 2 as these are corner points on
the graph.

® Example 48: —- equals
4%y 2yY (dyY?
@ [ @ J ® (d—] )
2, -2 2 -3
oy w21
dx dx? dx

Ans. (d)
Solution: d_x = L
dy dyldx
o = iloia)awia)i
i 5 JE—

(@@ (&)

__dy (ﬂ)
o \dx
® Exampled9: 12+ =1+ ! andx*+y% =2+ =
P y y 5
2 t t
(ry > 0) then 42 is equal
dx*
(a) 1/x° (b) 2/x°
© 22753 @ 22/x*
Ans. (b)
2
Solution: (x* + %)’ = (z+lj =f* +l2+2 =xt+yt+2
t t
= 2x2y2=2 = x2y2=1 = xy=1
dy dy y 1
= Z4y=0 >—=—"=——
* dx o dx  x X2
3

dx*

® Example 50: If 2f(sin x) + f(cos x) = x for all x € R then
y = flx) satisfies

@ (1-x%)y" -

(b) x*y” = (1-x?)y =0

(©) (1+x%)y" +xy'=0

d (1-x)y +xy=0
Ans. (a)
Solution: Replacing x by /2 — x in the given equation,
we get

2f(cos x) + f(sin x) = W2 — x

Solving this equation with the given equation, we obtain

xy' =0

flcosx) =3 —x= y=f(x) = W3 —cos 'x

1 2 2
= y’ = = y’ (1 - X ) =1
N
Differentiating again we have
2y/ y//(l _x2) _ 2xy/2 - 0
= (1-x)y"—xy =0.

® Example 51: Let f{x) = (1 + sin x) (2 + sin’x) ..
sin"x) then f”(0) is equal to

A+ (n+

(a) 1 (b) n!
(c) n!2 (d) n
Ans. (b)
Solution: log fx) = 2., log (k +sin* x )
k=1
£ (x) iksink”xcosx
f(x) 20 k+sin®x
f(0)=f(0) . 1 (If k = 1, then at x = 0 the corre-
sponding term in summation is 1 otherwise it is 0)
f/0)=1.2....n=n!as f(0)=n!
@® Example 52: Let f, be a function defined by f,(x) =
x%sinl/x ,x#0
0 ,x=0

A value of o so that f, is differentiable on R and f’, is dif-
ferentiable on R is

(a) 2 (b) 5/2
(c) 7/2 @ 1
Ans. (¢)
Solution: For x # 0
f o) =x%" % sinl/x + ox® ' sin 1/x
Jo(¥) = 1, (0) =x*"lginl/x
x-=0
- f5 (0
lim M exists and is equal 0 if o> 1
x—=0 X —

= (a—2) x* ?sinl/x — x* % cos 1/x +

“3cos 1/x

For x # 0, fO:'(X)
a(or—1) x* % sin 1/x — o x“



i Lo ()= f7(0)  1im (x*~3sin1/x +ox®~?sin1/x)
50 X—O - x—0

The last limit exists if >3 So o= 7/2.
@® Example 53: If function f(x) is differentiable at x = a
2 _ 2
then lim X" fla)=a” f(x) is.
x—a xX—a
(a) —a*f’ (a)
(b) afla)-d*f'(a)
(c) 2afla)-a*f'(a)
(d) 2afla)+d f’ (a)

Ans. (c)
Solution: For x # a, X fla)-a f(x)
x—a
_ (P =d) f@+d® (f (@)-f(x)
x—a

:(x+a)f(a)_azw
X—a

2 2
Therefore, lim = fla)—a” f(x)

xX—a X—da

=2af(a)-da*f’ (a).

® Example 54: Let /2 (0, 1) — R be defined by fix) =

lb _bx where b is a constant such that 0 < b < 1. Then
—bx

(a) fis not invertible on (0,1)

1
(b) f#/™ on (0, ) and f" (b) = 7 o~
(¢) f=f"on (0, 1) and f'(b) = —
f=r f 710)
@@ f ~!is differentiable on O, 1).

Ans. (a)

Solution: As f{0) and hence f’(0) are not defined so (b)
and (c) are not possible. Note that 0 < bx < I, forO<x < 1.
Thus f(x) > 0, for 0 < x < b, fib) = 0 and f(x) < 0, for
b<x<l. Fory,y,e€ (0,1)

b—y, _ b-y,
1=by,  1=by,

fOD = =

= by =Dy, + by y,=b-by —y, + byy,
= -y (1-b)=0
Since 0 <b<1soy, =y,
Thus fis one — one, but fis not onto. The pre-image of any

ye (1,0 is 2= but 7Y € 0,1)if 0 < b< 1/y.
by  1-by

Differentiability and Differentiation 10.13

_ dy .
@® Example 55: If y = cosec (cot 1x), then d_ atx=11s
x

equal to

1
(@ —= (b) 1
V2
1
(©) —V2 d ——=
V2
Ans. (a)
Solution:
ﬂ =—cosec (cot_1 x)cot (cot_1 X) i (cot_1 X)
dx dx
= cosec(cot™! X)X >
1+x
dy =cosec£><l:\/§xlzi.
dxliy 472 2 2
L sz
® Example 56: Let f(x) = BY
A+Bx* if Ixl<2
then f(x) is differentiable at x = -2 for:
3 1
a) A=—, B=——
@ 4 16
1 1
b) A=——, B=—
®) 4 16
1 1
A=—, B=——
© A=y 16
3 1
d A=—, B=—
@ 4 16
Ans. (a)
1
-, x<-2
X
Solution: f(x)= A+ Bx*, —2<x<2
1
-, x>2
X
-2 - f(-2
(2= tim LE2ERIC2)
h—0+ h
. A+B(=2+h)> —(A+4B)
= lim
h—0+ h
2 f— p—
_ B lim G -4 -4
h—0+ h

=B lim(h—-4)=-4B
h—0+

fE2+h) - f(=2)
h

reo- jim

b (a+aB
—2+h
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— —lim 1+(A+4B)(2)+(A+4B)h
h—0- (—2+h)h
The last limit exists if 1 + (-2) (A +4B) =0 (1)
In case (i) is satisfied then the last limit is equal to

h0-(=2+h) 2 4

1
Hence B = —E. Putting this value in (i)

1+ (-2) (A—l)=0 SA=>
4 4

® Example 57: If f”(x) = — f(x), h(x) = f(x) and F(x) =
(F(x/2))* + (h(x/2))*. Given that F(2) = 4, the value F(1) is

(@) 2 (b) 4
(©) 1 (d 0
Ans. (b)

Solution: 7'(x) = f”(x) = — f(x).

rio- M)
Y rll)

Hence F is constant function. Therefore, F(1) = F(2) = 4.

® Example 58: Let fbe a differentiable function such that

8f(x) + 6f(1/x) — x = 5 (x # 0) and y = x” f(x), then Do
x=1is dx

15 17
(a) m (b) m
19 17
(© a (d) _ﬁ
Ans. (c)

Solution: Differentiating the given expression, we get

ool L) 1=

= 8 (H+6f (H(-H=1

- F(1)=172
Also Ll = 20f (x) + x> f/(x)
dx
dy ,
so, —| =2f(1)+f'(1)
Xlx=1

Putting x = 1 in the given equation, we obtain

8 +6f(1)—1=5

= 14f(1) =6
3
= = -
AL) -
Hence Gl = 2,§+l=9
dxlx=1 7 2 14

Ax , x<1
@® Example 59: Letf(x) = {Ax2 CBrt+d x>l
If fis differentiable for all x, then
() A=2,B=-2 (b) A=-4,B=4
(c) A=1,B=-1 (d A=4,B=-4
Ans. (d)

Solution:
lim f+h)— f(1)

h—0+ h

- tim A(+h) +B(+h)+4-(A+B+4)
0+ h

. A(h* +2h)+Bh
= hm _—

h—0+

f(1+)

=2A+B

o FU+I)= £
h—0— h

. Ad+h)—-(A+B+4)
= lim
h—0- h
Ah—(B+4
lim AP=(B+4)
h—0—
The last limit exist if B + 4 = 0 = B = —4. In this case, the
last limit is equal to A.

A=2A+B = A=4

Hence

® Example 60: A twice differentiable function f: R — R
satisfies sin x cos y (f(2x + 2y) — f(2x — 2y)) = cos x sin y
(f2x + 2y) + f(2x — 2y)) for all x, y € R then
@ ffx)=fx)=0  (b) 4" (x)+f(x)=0
© ffO+f)=0 (d) 4"x)-fx)=0
Ans. (b)
Solution:
f(2x + 2y) (sin x cos y — cos x sin y)
=f(2x — 2y) [sin x cos y + cos x sin y]
= fl2x+2y)sin(x—y)=f(2x-2y)sin (x +y)
fQx+y) _ fRx-2y)
sin(x+y) sin(x —y)
Putting 2(x + y) = u, 2(x —y) =v

- J@ _ T _forallu,ve R
sinE sinz
2 2
= f(u) =k sin =
2
- () = gcosg and f”(u) = _Tk sin g
50 4 f"(u) =k sin % = f(u)

= 4" (u) + flu) =0



® Example 61: Lety=./2,_ 2 ,0<x<2

Statement-1: y satisfies y* y” + 1 =0
Statement-1: y is a differentiable function of x on [0, 2]

Ans. (c)
1 2-2x _

Solution: y =5 T—— =—_*
Y=2 2x —x? y

= yy’=1-x. Differentiating again, we have
N y;2+yy//=_ 12 N y3y2//=_y2_(yy/)2
==y -(-x
=—Q2x-x)-(1+x>-2x)=-1
y is not differentiable at x = 0, 2.

forx#0, 2

® Example 62: Letx=logt,y=1>—1

dzy

Statement-1: —atx= Ois4
dx
4>
Statement-1: £ = 442
dx*
Ans. (a)
Solution: & =1 & _0; 0 —op
dt t drt dx
2
ﬂ:i(ﬂ)ﬂ =4t .t = 41‘2
dx?  dt\dx)dx

2
fx=0thens=1s0%Y atx=0is 4.
dx?

® Example 63: If ¢ + xy = e then

Statement-1: y” (0) = 1/¢*
Statement-2: y'(0) =1

Ans. (c)
Solution: &'y +xy' +y=0 (1)
= ey +e’y +y +xy" +y =0 2)

Forx=0,?+0y0)=¢ = y0)=1
Putting x = 0in (1) €(0) y? + y(0)=0 = y(0)=-1/e
Putting x = 0 in (2) & y”(0) + & (y/(0))* + 2y’(0) = 0
= ey”(0)+e.i2 2.9

e e
= y”(0) = 1/é%
® Example 64: Letx=r+1,y=r+1+1

Statement-l:ﬂ at (1, 1)is 1
dx

Differentiability and Differentiation 10.15

Assertion-Reason Type Questions

Statement-2: ﬂ is not defined at x = 1.

dx
Ans. (d)
Solution: & =32 D —2/41
dt dt

Ay 2t e thent=0

de 31
ﬁ is not defined at # = 0 and also ﬂ is not defined at r = 0.
dx dx

® Example 65: If y = log cos (tan_l %)

Statement-1: y’(0) =0

ex _e—x
Statement-2: y’(x) = —————
1+ x
Ans. (c)
Solution: y’(x)
. 1 eX _e*X
sin| tan = ——
2 y 1 « e*+e
- et e’ e —e Y 2
cos| tan 5 Y
2
X _ —X 2
= - tan(tan1 ¢ ¢ 5 X (ex +e”‘)
2 (ex +e
et —e”*
e +e

Y(0) =0.

@® Example 66: Consider the function
fx)=x-2l+Ix-5,xeR

Statement 1. //(4) =0

Statement 2. f is continuous on [2, 5], differentiable on

(2,5) and f(2) = f(5).

Ans. (b)
T-2x ifx<2
Solution: f(x)= <3 if 2<x<5
2x=T7 ifx>5

f’(4) =0 as fis a constant function on (2, 5). Also fis con-
tinuous on [2, 5] and differentiable on (2, 5) and f(2) = f(5)
= 0 but this is not correct explanation of statement-1.
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® Example 67: Statement 1 : f(x) = (sin 7x) (x — 2)"? is
differentiable at x = 2.

Statement 2: Pointwise product of two differentiable func-
tions in differentiable.

Ans. (b)
Solution:
, . Q2+h)-12)
ron= g SRS
- bm (sinm(2+h))(2+h—-2)""3
h—0+ h
- lim (sinzh) (h)'/3
h—0+ rth

(h is small but positive)

71.1.0=0
. /3
(2o = lim sint(2+h)2+h-2)
h—0~ h
o 1/3
7 lim (—sinmh)(h)

h—0— th
(h is small and negative)

=-rx1x0=0
Hence f1is differentiable at x = 2. Statement 2 is also correct
but since (x — 2)” 3 is not differentiable at x = 2, so state-
ment 2 does not imply Statement 1.

@® Example 68: Suppose that fis a differentiable function
and satisfies f(x) + f(x —4) =0 for all x € R. If f’(x) = u then
f'(x+800) = u.
Statement 2: f satisfies fix) = flx + 8)
Ans. (a)
Solution: Replacing x by x + 4 in the given equation of
statement 1, we have
fx+4)+f(x)=0 ...(@)
Again replacing x by x + 4
fx+8)+f(x+4)=0
=  f(x+8)—f(x) =0 using (i)
SO f(x)=f(x+8),forallxe R

® Example 71: If f(x) = p | sin x| + ge™ + Axl and if f(x)
is differentiable at x = 0, then

(@ g+r=0,pe R (b) p+gq=0;re R

(c) g=0;r=0;pe R(d) r=0;p=0;9€ R

F(x + 800) = lim L *800+M)= f(x+800)
h—0 h
— im SO D)
h—0 h

=f'(x)

® Example 69: Suppose that a differentiable function f
satisfies f(x + y°) = f(x) + /"), x, y € R.
Statement 1: If //(9) = 8 then f (-9) = 8
Statement 2: fis an odd function.
Ans. (a)
Solution: Putting x = y = 0 in the given equation, we
have f(0) = f(0) + f(0) = f(0) =0
Putting y = —x', we have 0 = f(0) = f(x + y°)

= f00 + )

= flx) + fl=x)
Hence fis an odd function.

£(9) = 1im LEOHD=SC9)
h—0 h

_ i =f 0=+ )

h—0 h
L SO=-n=fO) _
T T

® Example 70: Let f(x) =log (x+ \/ﬁ) +x° + sin’x

Statement 1: f’is an even function

Statement 2: fis an odd function

Ans. (a)

Solution: fi—x) = log (—x + Va2 +1) + (=) + (—sin’x)
—lo (—xz +x+1

g| ——
x+Vx? +1

= log

] + (=x2) + (=sin’x)

L X} —sin’x
x+Vx%+1

=-fx)
Hence f is an odd function. Morever f is a differentiable
function so f” is even.

LEVEL 2
Straight Objective Type Questions

Ans. (b)

Solution: For - 7/2 < x <0, f(x) = —p sin x + ge *
3
—rx’, 50

f(x) - f(0)

(0= lim ==

x—0—



=-p-gq.
For0<x<7m/2, f(x)=psinx+q e +rx,
n L= 1O)

x—0

. i -1
= lim {psmxﬁLq(e )—rxﬂ
x—0+ X X

=p+q.
For fto be differentiable at x = 0, we must have
ptq=-p-q=>p+q=0.

® Example 72: Let A(x) = min {x, xz} for x € R. Then
which of the following is not correct

(a) his continuous for all x

(b) h is differentiable for all x

(¢c) W(x)=1forall x> 1

(d) h is not a differentiable function at atleast two

£(04) = i

x>0+

points
Ans. (b)
X, x21
Solution: h(x)=4x", 0<x<l
X, x<0
y
5
3
472’ \
5 0 xl= 1 X
ﬂ
Fig. 10.3

From the graph it is clear that /4 is continuous. Also # is dif-
ferentiable except possibly at x = 0 and 1.

1, x>1
K(x)=12x, O0<x<l1

1 x<0
h(1+1t)—h(1)

Forx=1,n" (1 +)=t1_ig£r .

l+1—1
= lim 1o
t—0+ t
p— — p— 2 —
bt Wo = g HA=D=h) (=17 -1
t—0+ t t—0+ t
)

So A is not differentiable at 1. Similarly A°(0 +) = 0 but
nwo-)=1

Differentiability and Differentiation 10.17

sin | x? = 5x + 6|
¥ —5x+6
1 x=2or3

x#2,3
® Example 73: Let f(x) =

the set of all points where f is differentiable is

(@) (=00, ) (b) (=0, 00) ~ {2}
(€) (=oo,00) ~ {3} (d) (=o0,00) ~{2,3}.
Ans. (d)

Solution: The function is clearly differentiable except
possibly at x = 2, 3.

e tim T2EN-FQ)

h—0+ h
_ lim smh(12— h)+h(1-h)
h—0+ h* (—=1+h)

- _lim smh(l—h)_'_1 1
h—=0+\ h(1=h) h

The last limit doesn’t exist. If this limit then lim — exist,
h—0+ h

which is not true.
Thus f is not differentiable at x = 2. Similarly f is not dif-
ferentiable at x = 3. Hence the set of all points where f is
differentiable is (— oo, o0) ~ {2, 3}.
(al/x _

—I/X)
————,x#0(a>0),
al/x +a—1/x

® Example 74: If f(x) =x-
Sf(0) =0 then
(a) fis differentiable at x =0
(b) fis not differentiable at x =0
(c) fis not continuous at x =0
(d) none of these.
Ans. (b)

X(Cll/x _a—l/x)

ion: lim x) = lim ——=
Solution: x_>0+f( ) = RIERNpTE:

x— 0+
x(l_a72/x)
= lim ——
x—=0+ 1+a_2/x
2/x
. xla -1
also  lim f(x) = lim # =0.
x—0- x—=0- ¢ x—l

So fis continuous at x = 0.

W(g 1 _a—l/h)

, _ Ik e —
fO+)= xin&_h(al/h +a—1/h)
N Y e
= lim ——— =
x>0+ 4 g 2/h

Similarly f’(0 —) =— 1. Hence, fis not differentiable at x =0.
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® Example 75: Suppose that f'is a differentiable function
with the property that f(x + y) = f(x) + f(y) + xy and

lim lf(h) = 3 then
h—0h

(a) fis alinear function
(b) f(x)=3x + x>
(©) f(x)=3x+x/2
(d) none of these.
Ans. (c)

Solution: f’(x) = hhinow

= L0 S+ 6k £ ()

h—0 h

1
lim — f(h)+x=3+x
0 h fh)+x

Hence f(x) = 3x + X2+ C. Putting x = y = 0 in the given
equation, we have f(0) =f(0 + 0) =f(0) + f(0) + 0 = f(0) =
0. Thus C =0 and f(x) = 3x + x*/2.

x2, if x<x,

@® Example 76: Let f(x) = {
ax+b,

x> X,

If f1is differentiable at x,, then
(@) a=xy5, b=—x, (b) a=2xy,b=—x}

(c) a=2xy, b= x(z) (d) none of these

Ans. (b)

Solution: Since f is differentiable so it is continuous

also, therefore

x(2)=f(x0)= xglg+f(x)=axo+b

Also lim fxg+h)— f(xg)
h—0+ h
_ pim 2o +h)+b—x3
h—0+ h

2 2
Xy +ah—x; —u

= lim
h—0+ h
: 2
(since x5 = axy + b)

(xg +h)* = x3

Thus a=f"(x-)= hhj&#: 2xg
Hence x5=2x3+b = b=-x}

® Example 77: Let f (x) be a polynomial of degree two
which is positive forall x e R.If g @) =f () + f (x) +
70+ x”(x)+ x> fV(x), then for any real x

(a) g(x)<0 (b) §(x)>0
() gx=0 (d gx)=0
Ans. (b)

Solution: Let f (x) = ax* + bx + c. As f(x) >0 for all x
€ R, we must have, a > 0 and b*> — dac < 0.

g(x):ax2+bx+c+(2ax+b)+2a+x.0+x2.0
=ax2+(b+2a)x+b+c+2a
Discriminant of g(x) = (b + 2a)* — 4a (b + ¢ + 2a)
=—4a* + (b* —4dac) <0
Thus g (x) >0 forall x € R.

® Example 78: The left-hand derivative of f(x) = [x] sin mx
at x = k, k is an integer is
@ D' k-Dn

Now

b D k- Dr

(© Dk ) Dk
Ans. (a)
Solution: Clearly f (k) = 0, so the left-hand derivative
flk+h)

is equal to 1im
h—0— h

_ .. lk+h]sintk+h)r
= lim

h—0— h
— lim (k—=1Dsin(km + hr)
h—0— h

k .
lim (k =1)(=1)" sin hr
h—0—- h

k-1) (- D

(since h < 0)

(1 =
@® Example 79: If y=tan I[Og—exzj
log ex

2
+ tan™! [Mj then d—f 1s

1-6logx dx
(a) 2 (b) 1
(© 0 (d) x
Ans. (¢)
. _1[loge—2log x
Solution: y=tan™ | —————=— | +
loge+2log x

! 3+2log x
1-6log x

1 1-2logx 1 3+2logx
=tan~ | ———— |+tan” | ——
1+2logx 1-6logx

% —tan"' (2 log x)+tan™"' 3 +tan"' (2 log x)

=" a3
4
d d*y
Thus Y_og = ZZ-0.
dx dx?
® Example 80: If f (x) = x'™ then f”’ (e) is equal to
(a) el/(€—3) (b) el/e
(c) e~ (d) none of these
Ans. (d)



1
© Solution: logf(x)=— 1ng Differentiating both sides
we have

f() 1 logx
f(x) xz x2
-1
= f=f ) L2108
x*
Differentiating again both the sides, we have
2
Fr=fx) L108x logx +f(x) [x (_1/)C)—(41 —logx) 2x
x
thus f” (e) = — f (36) —_ -3
e

® Example 81: If y* = P(x) is a polynomial of degree 3,

th df s dy), 1t
en | 1,2 | is cqual to

(a) P(x)+ P"(x)
(¢) P(x) P”"(x)
Ans. (¢)

Solution: From y* = P(x), we have 2yy,
=P’(x)ly

(b) P(x) P”(x)
(d) a constant.

=P’(x)ie. 2y,

YP"(x) = P'(x)y _ yP"(x)=P'(x) P’(x)/2y
y2 y2

2y P - (P ()
2y3

= 2y,=

1
= 2y,y° = 5 [2 P(x) P” (x) — (P'(x))*]

2
= 2i(y3 d—);] =1 [2{P’(x) P"(x) + P(x) P (x)}—
dx dx 2
2P’(x) P” (x)]

=1 2P P (1) = P(¥) P ().
2

® Example 82: If f(x) = (1 + x)", then the value of f(0) +

FO) + = f7(O) 441 £1(0) s

2! n!

(@) n (b) 2n

(c) 2"~! (d) none of these
Ans. (b)

Solution: f(0) =1, f’(x) =n(l +x)" ",
fr@=n@m-1)1+x)""7 ') =nn-1) -
x)n—n

So . O =n,f"0)=n{m-1),... f'(0)=n

the given expression is equals to
n(n—1 n!
ne=) o on!

n!

1(1+

1+n+ =2"

Differentiability and Differentiation 10.19

x? X2
® Example 83: If f(x) = x> + + +
p Sx) 1+ (+22)
2
+x—2+ ..thenatx=0
1+ x2)"

(a) f(x) has no limit
(b) f(x) is discontinuous
(c) f(x) is continuous but not differentiable
(d) f(x)is differentiable
Ans. (b)

Solution: For x =0, f(0) = 0 and for x # 0,

s 1 1
f)=x 1+1+x +(1+x )2+...
_ 2 1 =x2(1+x2)=1+x2’
1—1/(1+x2) x?

Thus, limo f(x) =1, Hence fis not continuous at x =0 ,
X —>

so fis also not differentiable at x = 0.

@® Example 84: Let f(x) = _[0 {1+11—¢1}dr if x>2

then 5x—17 if x<2,

(a) fis not continuous at x =2
(b) fis continuous but not differentiable at x = 2
(c) fis differentiable everywhere
(d) f’(2+) doesn’t exist
Ans. (b)

Solution: For x> 2,

J'x{l +1 —1}dr = J'I{l +|1—t|}dt+J‘X{1 + 11 —l}de
1

0 0

1 x 2
:j (2—z)dt+J rdr=1+%_.
0 1 2

x>2
x<2

1+ x2/2,

Thus,,.
S5x-17,

f(X)={

lim fx)=1+42=3=F2)=

X2+

lim f(x)
xX—2-

2
FR4)= lim 1+(1/2)(2+h)" -3
h—0+ h

2
lim (1/2)h +2h
h—0+ h

5(2+h)-7-3

=2,

f2-)= 1lim

h—0- h

=5

Hence fis continuous but not differentiable at x = 2.
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@® Example 85: Letf(x)= 7 (cos 2k—Dx+1isin (2k—1)
k=1

x) then (Re f(x))” +1i (Im f(x))” is equal to

(a) n*f(x) (b) —n'f(x)
(c) —n” f(x) (d) n*fx)
Ans. (b)

Solution: f(x) = kl:Il (cos (2k — Dx + i sin (2k — 1)x)

=Cos Z(Zk—l) X+ 1isin Z(Zk—l)x
k=1 k=1
= cos n’x + i sin n’x (Using De Movire’s
Theorem)
(Re f(x))” = — n* cos n’x and
Im f(x)” = — n* sin n°x. Thus
(Re f(x))” + i (Im f(x))” = — n* [cos n’x + i sin n*x] =

-t f().

® Example 86: Let f(x) be defined for all x > 0 and be
continuous. Let f(x) satisfy fix/y) = f(x) —f(y) for all x, y and
f(e) = 1. Then which of the following may be true

(a) f(x)is bounded

() f(1/x) > 0asx —> oo +

() xf(x) >lasx—>0+

(d) ff(x)=1/x
Ans. (d)
Solution: A function satisfying the given functional
equation is f (x) = log x. Clearly f(x) is not bounded and
f(/x)=-logx /> O0asx —> o. Also x f(x) =xlogx + 1
as x — 0. But f’(x) = 1/x.
In fact, it can be shown that any continuous function satisfy-
ing the given functional equation is of the form & log x, for
some k > 0. Since f(e) =1 so k =1.

2 2
® Example 87: If x=cos 6, y=sin’ 6, then (g) + yd_y

at 0= 12 is dx?
(@) 1 (b) 2
(c) -2 (d -3
Ans. (d)
. dx dy .2
Solution: — = —sin 6, — =3 sin“ B cos 8 =
de deé
d
d_y = — 3 sin 0 cos 6. Differentiating again, we have
X
d? 2
—g) =—3cos2t9ﬂ = 3C(,)S 9-
dx dx sin 6
2 2
d
dy +y—)2] =9sin2900520+sin3030(.)829
dx dx sin@

=9 sin® @ cos® 8+ 3 sin® O cos 26
So the value of the expression on L.H.S. at 8 = 7/2 is — 3.

1

® Example 88: If y = tan™' +tan ———
P Y 1+x+x° x2 +3x+3
1
+tan”! ————— + ... +upto nterms, then y’(0) is equal
x“+5x+7
to

(a) —1/(n*+1) (b) —n/n*+1)

(c) n*/(n*+1) (d) none of these

Ans. (b)
Soluti tan~ ! ! + tan™! ! +
olution: y = tan an R ——————
Y 1+ x+ x° x> +3x+3
... + upto n terms
- (x+1)—x
I+x(x+1)
tan™ ! (x+2)—(x+1) + ... nterms
I+(x+1)(x+2)

:tan’l(x+1)—tan’1x+tan*l x+2)-
tan ! x+1)+...

+tan " (x+n)—tan "' (x + (n =1))

=tan | (x+n)—tan’lx.

1 1

,x - —
') 1+(x+n) 1+x°
= Y O)= g
Y C1+n? o1+

® Example 89: If f(x) = Vx+2v2x—4 +x—22x— 4
then

(a) f is differentiable at all points of its domain

except x =4

(b) fis differentiable on (2, o)

(c) fis differentiable on (— eo, o)

(d) f"(x)=0forall x e [2,6)
Ans. (a)

Solution: The domain of fis [2, ). Put t =/2x — 4

fO=JRfar242 4+ 2+2-2

1
—Xx4 i 2
=%(t+2)+%|t—2|= «/EX i<
2 2 V2t ift=2
_{ 2 ifxe24)
2Vx=2 if xe(4,00)
0 if xe(2,4)
H T (x) =
ence f’(x) \/1—2 if x e (4.00)
e

and /' (4) does not exist.



® Example 90: If y = sec! (x+1) + sin”! (x—l)’
x—1 x+1

d
x € [0,00)~ {1} then d_y is equal to
X

(@ 1 by *=1
x+1
© 0 () **!
x—1
Ans. (¢)
Solution: y=cos’1x__1+sin" x—1 , since —1 <x-1
<1 x+1 x+1 x+1
d
y= zSO—yZO
2 dx

@® Example 91: The least value of n so that y, =y, ,; Where
y=x>+¢'is

(a) 4 (b) 3
(c) 5 (d) 2
Ans. (b)

Solution: y' = 2x +¢', y” =2+, y" =€, y" =¢".
Thus n = 3.

2

® Example 92: If y=cos! 9—x then y” (- 1) is equal to
9+ x?
(a) —3/5 (b) 3/5
(c) 2/7 (d) 3/8
Ans. (a)
9—x? 1= (x/3)?
Solution: cos™ xz =cos™! L)z =2 tan' 2 ,
9O+ x 1+(x/3) 3
if 0 < x < oo and is equal to — 2 tan™" x/3 if — o < x < 0. Hence
%.— if0<x<oo
, 1+(x/3)" 3
Y (=

2 1
1+(x/3) '3
Hence y' (-1) =-3/5.

® Example 93: If y = (x> + 1)*"*, then y’(0) is equal to

if —o<x<0

(a) 12 (b) &
(© 0 (d) 32
Ans. (¢)
Solution: log y = sin x log (x* + 1).
y 2x

+ cos x log (x2 +1)

Differentiating we get— = (sin x)
y x“+1
soy’ (0)=y(0).0=0.

® Example 94: If f (x) = x"+ 4 then the value of f(1) +

&4_&4_”_4_& is
1! 2! n!

Differentiability and Differentiation 10.21

(a) 2n71
(b) 2" +4

© T+t t+

(d) none of these
Ans. (b)
Solution: f(1)=5,f'(x)=nx""'sof’(1)=n
f"M=nn-1),...,f"(1)=1.2...n. Thus

f(1)+& +...+fn(1)
1! n!
= 5+% @+...+n—:=(l+l)n+4=2"+4.
! n!

@® Example 95: Let a function y = y (x) be defined
parametrically by x =2¢—Itl, y = 7 + tl7l. Then Yy (x), x>0

(@ 0 (b) 4x
(c) 2x (d) does not exist
Ans. (b)
t, t=20 s >0
Solution: x=2¢—Ifl = sor=4 7
3t, t<0 x/3, x<0
5 202, 120
Therefore, we can express y =1+l =
0 <0
2x2, x20 , 4x, x>0
= . Hence y" (x) =
0 x<0 0, x<0

Note that we cannot find @ as the derivative does not exist
dt
att=0.

d*x
@® Example 96: el equals
y

) -1
o (2)&) o (5
dx* )\ dx dx’
1 _ B
© (ﬂj (@)3 (@j{@)z
5 2
dx dx dx x
Ans (a)
42 d (dx d (dx)dx
l . et e e E
© Solution 4’y (dy) dx(dy)dy
_df 1 N
" dx dyldx ) dy
2 2 -1
:<_1>(ﬂ) ﬂ(ﬂ)
dx dx? \dx

()]
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® Example97: Lety=f(x)= 10g(1+smx) x¢(2n+1)—
n e Ithen f”(x) + 2¢™'? is equal to

@ 0 (®) 1+sinx
1
©  isinay? @ T i
Ans. (a)
Solution: y =2 log (1 + sin x)
, 2cosx
Y = l+sinx
N V" = 2—(1+sinx)sinx—coszx
(1+sin x)?
_ 9 1+sinx _ 2
(1+sinx)? 1+sinx
f7(x) + 272 =f"(x) + 2¢ log(1 + sin x)
=f"(x) + ——=0.
1+sinx

® Example 98: Let f(x) = x + cot x and f is the inverse of
g, then g’(x) is equal to

(a) —= (b) 1
o v
x—g(x) (x - g(x))?
©-——1 @ —
(x—g(x)) (x—g(x))
Ans. (c)

Solution: f(g(x))=x
= gx)+cotgx)=x
Differentiating both sides, we get

g'(x) — (cosec” g(x)) g'(x) = 1
1

1- coseczg(x)
_ 1 __ 1
1-(+cot’g(x))  (x—g(x))*

= g =

, x#0 thenfis

11
® Example 99: If f(x) = < xe {\x\+x}
0 , x=0

=
oy

2 —5t-1 (1Y,
L. Iff(t)= ——— then f’| — | is given by
t a

(@) 3a*+10a° +a*>  (b) 3a*+10a° - a°
() a*+54° - (d) a*+5d*-a

(a) discontinuous everywhere

(b) continuously differentiable at x = 0
(c) differentiable everywhere

(d) continuous but not differentiable

Ans. (d)
x x<0
Solution: f(x)=4 . ..
0 x=0
fis clearly a continuous function
1 , x<0
f=2-2 22
e *+—e* |, x>0
X
SO —fO) _ Lk
h—>0’ h h—0" h
2 )
h 2
m LSOO ke P i o
h—>0+ h h—0"  h h—0*

fis not differentiable at x = 0.

® Example 100: Let f and g be twice differentiable
functions such that fog(x) = x> and gH=2,¢g(1)=1,g"(1)

=4 then f”(2) is equal to
(a 0 (b) 2
(c) 4 (d) -6
Ans. (d)

Solution: Since f(g(x)) = X, differentiating both the
sides, we get

f(gx) &) =
= f(g() (g(0))* + £ (gx)) g"(x) = 6x

2
g"(x) = 6x

= f7(8() (€'(0)) + ( )

Putting x = 1, we have

) 17+ % 4=6

= F1(@) =~

EXERCISE

Concept-based
Straight Objective Type Questions

1 1
+
J2x—1 (‘/(x2+2)3

2
(b) 3

2. Ify= then y’(0) is given by

1
(a) 3



2 1
(c) 3 (d) 3

3. Let f(x) = llog x| then
(@) f/(1+)=-1 (d) f(+)=f(1-)
@ fa+) =1

© f(1-)=1
4. For f(x) = sin"lz—xz, if A= {x e dom f: fis not
+x

differentiable at x} then number of points in A is
(@ 0 (b) 1
(©) 2 (d 3

5. Let y = V1-+1—x? . The set of all points of non
differentiability of y is

Differentiability and Differentiation 10.23
(@ 0 (b) 1

1
-1 d) —
(c) (d N

8. If x=3 cos ¢, y =4 sin ¢ then ﬂ at (3/\/5, 2\/5)
is equal to dx

1 2
(a) 3 (b) 3
2 4
(© 3 (d) 3

dy . .
9. If x* + y* = %” then d—i: is given by

(@) {0, 1} () {1,-1} 2_ 2 2 5.2
© (0.-1) @ {0.-1.1) @ 2T g LA
6. If y = log, (log;(logs x)) then y’(125) is equal to y o2y -x roy-x
1 1 2 2 2 2
a) —— b x y —2x y y —2x
@ 3751log2 125log2 log3 log5 © ; 22— 12 (d) x 2,2 — 32
© L @ ! 10. Let f(x) = b® — 4l + 31, then A = {x : f is not
375log3 log3 375log2 log3log5 differentiable at x} is equal to
_ 2 (a) {_1’ 1’_3’3} (b) {1’3}
71 x= 0 2T then 4V =1 © (1.-1) @ {3,-3)
t t dx?
r.1 LEVEL 1
LJ Straight Objective Type Questions

11. The function
x4+ x?—x+2, forx<li

f(X)={

3x3—x2+x, for x>1

is
(a) continuous everywhere
(b) differentiable everywhere
(c) differentiable at x = 1
(d) such that f’ exists everywhere but f” is not con-
tinuous at x = 1.
12. If

xsin(1/x), forx#0
fx) = {
0, for x=0
then
(a) fis a continuous function
(b) f’ (0+) exists but f” (0—) does not exist
(©) f7(0+)=f"(0-)
(d) f’ (0-) exists but f” (0+) does not exist.
13. If y=logex (x — 2)2 for x #0, 2, then y’(3) is equal to
(a) 1/3 (b) 2/3
(c) 4/3 (d) none of these

14. The function f defined by
.2
S X , forx#0 .
fx) = X is
0, forx=0
(a) continuous and derivable at x =0
(b) neither continuous nor derivable at x =0
(c) continuous but not derivable at x = 0

(d) none of these.
1+ X2 =1
| wrt

15. The derivative of tanl[ X

1 [2x\11—x2J
tan” | ————— | at

1-2x°
x=01is
(a) 1/4 (b) 1/8
) 12 @ 1

16. Let f(x) = x", n being a non-negative integer. The
value of n for which the equality f’(a + b) = f'(a)
+ f'(b) is valid for all a, b > 0 is
(a) 3 (b) 1
(c) 2 (d) none of these
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18.

19.

20.

21.

22.

23.

24.

25.
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. The function f(x) = x| is
(a) differentiable everywhere
(b) continuous but not differentiable at x =0
(c) not a continuous function
(d) a function with range (0, )

The set of all points of differentiability of the func-
tion f(x) = ¢ ™ is

(@) (0, ) (b) (=00, )

(c) [0, ) (d) (=0, )~ {0}
Ifx=1logtand y =7 — 1, then y’(1) at r = 1 is
(a) 2 (b) 4

(c) 3 (d) none of these

For a differentiable function f on R there is an x,

with
«M%F%W@+ﬂm

(a) only if fis constant

(b) only if fis increasing

(c) if fis decreasing

(d) if fis continuously differentiable

Let f be defined by f (x) = Ix — 2| + Ixl + Ix + 2I
for x € R then

(@) f’ (-2 +) doesn’t exist

(b) f’(2 -) doesn’t exist

© f2+)=3

(d ffOo+)=2

Let f be defined on R by f (x) = x* sin (1/x), if x
# 0 and f (0) = O then

(a) /' (0) doesn't exist

(b) f” (2-) doesn't exist

(¢) f”is not continous at x = 0

(d) f” (0) exist but f” is not continuous at x = Q

If ¥ = ¢ 77 then

(a) ﬂ doesn’t exist at x = 1
dx

® @ =0whenx=1
dx

(c) ﬂ:l when x = ¢
dx 2

(d) none of these
If f is one-one and satisfies f "(x) =

then (f 'Y (x)
1
(a) is equal to
V1-x2

(b) may not exist for every x eR
(c) may not be known explicitly
(d) is equal to sin™" (f(x))

The function y = sin”! x satisfies

(a) (l—xz)y”:xy” (b) (l—xz)y”:xy’
(©) (l—xz)y":xzy' (d) (l—xz)y':zxy’

V1= (f(x))

26. Let f be a one-one function satisfying f” (x) = f (x)
then (f™")” (x) is equal to

(@) —1/x° (b) — 1/x*
(©) f(x) @ £
27. If y = cos”'(x”!) then y’ (- 2) is equal to
1 1
(@) —— (b) ——=
243 243
1 1
() — @ ———
NG NG
28. Ifx=sin (Z=1),y=cos (2) then ¥ atr=0is
dx
1
(a) —2 (b) ——=
V2
1
d -
© V2 (d NG
-1 dzy .
29. Iftan” y—y +x =0 then —5 s equal to
dx
2 2
(a) L*S'Y) by F 5y
y y
21+ %) 2(1+y%)
© —— @ ——
y y
X X2 x3

2
30. If F(x) = I 2x 3x then F ’(x) is equal to

0 2 6x
(a) 6x° (b) x° +6x7
(c) 3x (d) 6x*
) 2
31. Ify= X ¥ then Y'(x) is equal to
l+cotx 1+tanx
(a) cos2x (b) —cos 2x

(c) 2 cos x (d) cos’ x

32. If z() = \/;3 41 - then 2" (2) is equal to

(a) 12 (b) -1
(©) 2 (d) -1
_1{ 4cosx—S5sinx dy .
33. If y = cos 1(—), then — is equal to
Va1 dx
(@ 0 () 1
(c) -1 (d) none of these
34. If y = log cos (tan' - J then y” (0) is equal
to
(a) e+ ¢! (b) e— ¢!
-1
(c) etre (d) none of these

2



1
1+x
+ 1 =f(y) then f(y) is equal to

(@ y (b) ¥y +1
(c) e’ (d) e”

35. If the function y = log satisfies the relation xy”

sin”! x . . ",
36. If y = \/1—2 satisfies the relation (1 — x°)y" — xy
—-Xx

= k then the value of k is
(@ 1 (b) 0
(c) -1 @ 2

37.1f x si in (v + ) and 2 A
. X Sin = Sin + a) an — s
Y Y dx 1+x*—-2xcosa

then the value of A is
(a) 2 (b) cosa

(c) sina (d) none of these
.3 )
38.If f(x) = cot™! 3x x2 and g (x) = sin”! Lk then
1-3x 1+ x?
i SO =)
x>t g(x)— g(1)
-5
21+1%) 2(1+1%)
© 2 @ 3
2 2

39.Let f be a function defined for every x, such that f”
=—71,f(0)=0,f’(0) =1 then f (x) is equal to
(a) tanx (b) -1
(c) sinx (d) 2sinx

40.1f y = sin”! (cos x) and ¥’ (x) is identically equal to
g (x)on R ~ {kp, k €1} then g (x) is equal to
(a) Isin xl (b) —sgn (sin x)
(c) sgn (sin x) (d) none of these

41.If f (x) = cos (x> — 4[x]) for 0 < x < 1, where [x]

denotes the greatest integer < x, then f ’(\/E /2) is

equal
(a) _ \/E ®) [T
2 2
() 0 (d) ﬁ
4
42
42. If x =a cos 2t, y = b sin® ¢ then —z is equal to
dx
(a) Lcos2t (b) 0
b .
(© 1 (d) Zsin2t
a
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43, Iff(x) = tan~! \/(1 +sinx)/(1-sinx),0<x< /2, then

F/(l6) is
(a) —1/4 (b) —1/2
(c) 1/4 @ 12
44, If 2* + 2 = 2* ", then the value of D oarx = y
=1is dx
(@ 0 (b) -1
© 1 ) 2
45.1f 1 = sin”' 2% then ¥ is equal to
dt
log 2 sint
(a) (b)
1-7* log 2
tr
(©) co (d) none of these
log 2

46. Let (x, y) be any point on the unit circle with centre
at the origin, then
(@) 3" =20 +1=0
b yw +y*+1=0
© y”’+y*=1=0
d y +2y7+1=0

47. Let fix) = log sin % 0 < x < 72 then f” (7 /2) is

equal to
(a) 2@ (b) 2(1 +m)
(©) 2(1-m) (d 41-nm
48. Let g(x) be the inverse of f{(x) and f'(x) = o then
x
2
%(g(x)) is equal to
- 4 5
(a) 1+ (g() (b) 5(g(x)" (1 + (g(x))
g'(x) 5(8'(x))"
R S A— d —_—
ey Y ey

49. The derivative of f(tan x) with respect to g(sec x) at x
=T wheref'(1)=2and &'(v2) =4, is:
4

(@ 1/¥2 b 2
(© 1 (d 0
' 2x
50. Ify = (10gcosx Slnx) (lognx COS)C) + sin -1 1+ )C2 s
then & atx = z is equal to:
dx 2
8
@ Grm) (b) 0
8

© ") @ 1
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53.

, then dy is equal to:

Sx+12 1—x2]
dx

—gin-!
51. If y=sin [ 13

1 1
J——— b —_—
(a) 2 (b) /1—x2
3 X
T d
© e 9 e

52. Letf: (-1, 1) = R be a differentiable function with
f0) = — 1 and f7(0) = 1. Let g(x) = [f2f(x) + 2)1%

54.

Then g’(0) =
(@ 0 (b) -2
(c) 4 d -4

g

Let y be an implicit function of x defined by x** — 2x*
coty—1=0. Then y’(1) equals

(a) log2 (b) —log2

(c) -1 @ 1

Let fi) = (x—l)s.mx_1 if x#1
0 if x=1

Then which one of the following is true
(a) fis neither differentiable at x =0 noratx =1
(b) fis differentiable at x =0 and at x = 1
(c) fis differentiable at x = O but not at x = 1
(d) fis differentiable at x = 1 but not at x = 0.

I I Assertion-Reason Type Questions
1 x+1 1 ,12x—1 d 2t—3t2
- —log——=+—=tan” —— 2. Y
55. Let y 3 \/m J3 NE) Statement-2: o 1_af
e |
Statement-1: % atx = 0is 1 39 If y = sin (3 SH}, %)
dx Statement-1: y”(0) = 0
2 Statement-2: y’(0) = 3.
Statement-2: % =
: Ir R 60. Statement-1: Let f: R — R be a real valued func-
. tion satisfying [f(x) — f(y)| < Alx — y|% for some
56. Let y = log constant A anc_l a > 1, for every x, y € R then fis
1+ x constant function.

Statement-1: y’(1) = — 1/2
Statement-2: xy’ + 1 = ¢’.
57. Suppose that cos (xy) = x
Statement-1: & = Lm(xy)
dx x sin(xy)

d
Statement-2: < < 0 for x, y > 0 such that 0 <

dx 62.

Xy < T
58. Suppose that x = ¢ — 4, y= 21
Statement-1: ﬂ at (0, 0) is equal to 1 or 0
dx 3

1 LEVEL 2

r
L

63. Let f(x) be defined by
sin2x if0<x<7/6

fx) = .
ax+b ifr/6<x<1

The values of a and b such that f and f* are
continuous, are

61.

Statement-2: f'(x) = 0 for all x € R then fis a
constant function.

Suppose that y = tan”! (cot x) + cot™! (tan x), /2
<x<T7

Statement-1: d—2 =0

dx

Statement-2: y is a linear function of x.

Let f is a twice differentiable function satisfying
f(x)=f(1 —x) forx e R. f(m/2) =1

cosl
1+sinl
Statement-2: f satisfies f”(x) — fix) = 0.

Statement-1: f(x) = (— ) COS X + sin x

Straight Objective Type Questions

@ a=1,b=1/\2+n/6
() a=1/N2,b=1/\2
) a=1,b=+3/2-7/6

(d) none of these



64.

65.

66.

67.

68.

69.

70.

71.

Let forxI>1

1/1xl
x) =
S ax* +b forlxl<1
The coefficients @ and b so that f is continuous and
differentiable at any point, are equal to
@ a=-112,b=3/2 () a=1/2,b=-3/2
(c) a=1,b=-1 (d) none of these.
For a real number y, let [y] denote the greatest integer
less than or equal to y. Then
tan (7w [x — «])
X)=—""7>F—
Jfx) Lt P

72.

) 73.
is
(a) discontinuous at some x
(b) continuous at all x, but the derivative f’(x) does
not exist for some x
(¢) f'(x) exists for all x but the second derivative
f”(x) does not exist
(d) f’(x) exists for all x.
If

(cosx)S"*  for x#0

X) =

) {k for x=0

the value of k, so that fis differentiable at x = 0 is
(@ 0 (b) 1
(c) 12 (d) none of these.

74.

. in ¢ si :
If y=sin”! (M), then y’(0) is
1 —cosa sin x

(a) 1 (b) 2tan o
(¢c) (1/2) tan o (d) sin a.
The set of all points of differentiability of the function

=\/x 1-1
Jx) i

for x # 0 and f(0) = 0 is 76.
(@) (=00, ) (b) [0, )
(¢) (0, ) (d) (=eo,00) ~ {0}

&y

If x = sin”' # and y=log (1 - tz); then dx? 18

r=1/2
(a) - 8/3 (b) 8/3

(c) 3/4 (d) - 3/4
If y2 +x*=R*and k = 1/R, then k is equal to

1.
ly”l ly”l
L e
21y”I Iy
Ot Yy 7.

Let f: R — R. Then fis differentiable on R if

@ If(x)—f Ol <k (x-y)forall x,y e R and some
k>0

75.
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(®) 1f(x)—f I <klx—yl" forall x, y e R and some
k>0

© Ifx)-fl<k (x—y)2 for all x, y € R and some
k>0

(d) f?is differentiable on R

f:R —>Rbesuchthatlf (x) -f(y)I<Ix - yl3 for all x,

v € R then the value of f* (x) is

(a) f(x)

(b) constant possibly different from zero

© (f)?

(@ 0

Let f be the function on [0, 1] given by f(x) =

xsin = for x # 0 and £ (0)= 0. Then fis
X

(a) discontinuous but bounded
(b) differentiable

(c) continuous but not bounded
(d) continuous and bounded

|x] (36”"“ +4
2 el/\x\
(a) fis not continuous
(b) f1is continuous but not differentiable at x = 0
(¢) f’(0) exist
(d f 0+ =2
Let { x* -1,
et f (x) = k(x—1),
(a) fis continuous for only finitely many values of k
(b) fis discontinuous at x = 1
(c) fis differentiable only when k =2
(d) there are infinitely many values of k for which f
is differentiable
Let f be a function defined on [0, c) by

Letf(x)= >,x¢0andf(0)=0then

x<1
then
x>1

0 x=0

(x+a/N2)1/N2) 0<x<a

FO=1 nraund  x2a
then

(a) f’ (x) is discontinuous at x =0, a

(b) fis a continuous function

(c) fis discontinuous at x = a

(d) none of these

The number of times the function y = (x2 + 1)80 to
be differentiated to result in a polynomial of degree
50 is
(a) 70
(c) 110

(b) 80
(d) 30

The derivative of the function y = sin™' ( 2x2)
doesn’t exist for 1+x

(a) all values of x for which Ixl < 1
b) x=-1,1
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(c) all values of x for which Ixl > 1 1 1
(d) none of these @ - R (b) JEREY
79. If 0 < ox< 1 and fis defined as ! 1
x* ifx>0 (C) n 2n (d) TTa 2n
fx) = 0 ifxe0 then x"+x x"+x
if x=
- . _ SR B dy _
@ fisiemitiont =0 A imy® =i =
(c) fis not differentiable at x =0 1—y°

(d) fis bounded then the value of f (x, y) is

1-x
2 . . . 2,.2
f tional
80. Let f (x) = X -1 x.ls.ra 1f)na (a) y/x2 . (b) yz/x2
0 if x is irrational (c) 2y“/x (d) xy
then 85. If f(x) = x> + tan x and fis inverse of g, then g’ (x) is
(a) fis continuous on R equal to
(b) fis differentiable on R ~ Q @) 1 ) 1
. . . ) I ——
(c) fis differentiable only at one point 2+[g(x)- x]2 2¢(x)+(g(x)— x)?
(d) fis continuous at infinitely many points of R !
81. A value of k such that f (x)= s (n—1) times differen- (c) >
tiable at 0 but not n- times differentiable at 0 is 2g(x)— (g(x)— x)
(a) 2n-3 (b) 3n-2 @ 1
3 3 _ 212
28(x)+1+(x—(g(x)")
(©) 4n-—3 (d) none of these ) . o
3 86. Number of points of non-differentiability of f (x)
82. The domain of the derivative of the function = sin 7o(x — [x]) in (- 72, 7/2), where [.] denotes great-
» ) est integer function is
tan " x 1f|x|£1 ) (a) 4 (b) 5
1= Lid=n if>1 N © 3 (d) 2
2 87. Suppose that f is differentiable function with the
(a) R~ {0} (b) R~ {1} ropert +y) = + + x>y? and lim S
© R~{_1) @ R~{—1.1) property f (x +y) =f (x) +f (y) + X7y am
e = 100 then f’(x) is equal to
83. The derivative of sin™ ( — xzn) with respect to X" () 100 (b) 20
is I+x (c) 30 (d) none of these

l l Previous Years' AIEEE/JEE Main Questions

1. f(x) and g(x) are two differential function on [0, 2] (a) 2 (b) 4
h that f”(x) - g”’(x) =0, f/(1)=2¢g"(1)=4,f(2) =
such that f”'(x) — g"(x) S )3 g()=4,1(2) © 1 @ 1 2002]
3g(2) =9 then f(x) — g(x) at x = E is 2
n d2y dy .
(@ 0 (b) 2 3. Ify= / 2}, then )22 4 s
© 10 W 5 [2002] r= (et (+2) 5 +xy,
Jfw-1 . (a) n’y (b) —ny

2. If f(1)=1,f’(1) =2 then lim ~—=—— is () —y (d) 2x% [2002]
x—1 \/;_1



4. If f(x)=x", then the value of
SO OO DO G

f-

1! 2! 3! n!
(@) 2" (b) 0
(© 1 (d) 2" [2003]
,(L+l)
S If fy=4x e U x#£0 then f(x)is
0 , x=0
(a) continuous for all x, but not differentially at x =
0

(b) neither differential nor continuous at x =0
(c) discontinuous everywhere
(d) continuous as well as differentiable for all x.
[2003]
6. Let f (a) = g(a) = k and their nth derivatives f"(a),
g"(a) exist and are not equal for some n. Further if

fl@gx)—fl@-gafx)+gla)

lim = 4 then
x—a gx)—f(x)
the value of k is
(a) 2 () 1
c© 0 d) 4 [2003]
7. Ifx= ¢ $ O x>0, then ﬂ is
dx

(a) 1=% b 1

X X
©) — @ Ltx [2004]

I+x X

8. If fis a real valued differentiable function satisfying
| f(x) — f(») | < (x — y)%, x, y € R and f(0) = 0, then
f(1) equals

(a) 2 (b) 1

(c) -1 (d 0 [2005]
9. Suppose f(x) is differentiable at x = 1 and

lim lf(] +h) =5, then f’ (1) equals

h—0h

(@ 5 (b) 6

(c) 3 (d) 4 [2005]
10. The set of points where f(x) = ] -:CI | is differentiable

: X

is

(@) (0, )

(b) (=20, 0) U (0, o)

(©) (oo, =D U(=1,00)

(d) (=oo, ) [2006]

LI x™ " = (x + »)™*" then D is
dx
X
(@ = b 2

y X
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xX+y

© (d) xy [2006]

Xy

12. Let f: R — R be a function defined by f (x) = min
{x+ 1, Ixl + 1}. Then which of the following is true.

(a) fx)=1forxe R

(b) f(x) is not differentiable at x = 1
(c) f(x) is differentiable everywhere
(d) f(x)is not differentiable at x =0

1
(x-=1) Sin( J if x#1
. TV e e=t

Then which one of the following is true

[2007]

13. Letf(x) =

(a) fis neither differentiable at x =0 noratx =1
(b) fis differentiable at x =0 and at x = 1

(c) fis differentiable at x = 0 but not at x = 1

(d) fis differentiable at x = 1 but not at x = 0[2008]

14. Let y be an implicit function of x defined by x** — 2x*
coty—1=0. Then y’(1) equals
(a) log2 (b) —log?2
(c) -1 @ 1 [2009]
15. Letf: (-1, 1) = R be a differentiable function with
f0)=-1andf'(0)=1. Let g(x) = [f(2f(x) + 2)]2.

Then g’(0) =
(@ 0 (b) -2
(c) 4 (d) -4 [2010]

16 —2 qual
. equals
dy*

2. \! -3 2 !
(2] (%) (2
dx dx dx

2. \! -3 2 2
oL (%) ©-{2))
dx? dx dx? )\dx
[2011]
17. If function f(x) is differentiable at x = a than
2 2
lim‘x f(a)_a f(x) iS
x—a xXxX—a
(@) —d’f'(a)
(©) 2afla)-d’f(a)

(b) o f’(a)
(d) 2afla)+d’f (a)
[2011]
18. Consider the function , f(x) = lx=2I+Ix-5I,
xe R
Statement 1: /* (4) = 0

Statement 2: f is continuous is [2,5], differentiable
in (2,5)and f(2) = f(5) [2012]
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19.

20.

21.

22.

23.

24,

Let f be a differentiable function such that 8f(x) +
1

6f(—) —x=5(x#0)and y = x> f(x), then D oo
X dx

x=-1is
15 15
= b) ——>
@ 14 ®) 14
(c) _L (d) L [2013, online]
14 14 ’

T - .
Fora>0,te (O, E)’ let x = \/asmlt,y:\/acoslt.

dv )2
Then 1+ (_y) equals
dx

2 2

i Y
(@ — b)) =
¥y x?
2 + 2 2 2
(©) 32 (@ T2 12013, online]
y X
—1 dy .
If y=sec (tan"" x), then —| isequal to
Xlx=1
@ = b 1
2
© 2 @ — [2013]
c -
V2
x*—x d
Letf(x)= ———,x#0,-2.Then = (f™'(x)) (wher-
x°+2x dx

ever defined) is equal to

(a) (b)

(1-x)? (1-x)?
-3 .
(©) 1-x)? (d) U——x)z [2013, online]
If g is the inverse of a function f and f'(x) = ! =
then g’(x) is equal to I+x
(@) 1+2° (b) 5x*
1

— 1 > 2014

(©) 1+ (2 (d) 1+ (gx) [2014]

Let fix) = xlxl, g(x) = sin x and A(x) = go f(x). Then

(a) h(x) is not differentiable at x = 0

(b) h(x) is differentiable at x = 0, but 4’(x) is not
continuous at x =0

(¢c) HK'(x) continuous at x = 0 but it is not differenti-
able at x=0

(d) A'(x)is differentiable at x =0
[2014, online]

26.

27.

28.

29.

30.

31.

L) =X —x+5, x>

1
E’ and g(x) is its inverse
function, then g’(7) equals

1 1
(a) 3 (b) 3

1 1 .

(©) 3 (d) 13 [2014, online]
Letf: R — R be function such that |[f(x)l < x* for all
xe€ R. Thanatx =0, fis

(a) continuous but not differentiable

(b) continuous as well as differentiable

(c) neither continuous nor differentiable

(d) differentiable but not continuous [2014, online]

2 2
If y = €™, then d—;j d—f is equal to
dx” ) dy
(a) ne™ (b) ne™
(© 1 (d) —ne™ [2014]
J <x<
If the function g(x) = kvx+l, 0<x<3 is differ-
mx+2, 3<x<5
entiable, then the value of k + m is:
16
a) 2 b) —
(a) (b) 5
10
() Y (d) 4 [2015]

For x € R, f(x) = llog2 — sin x| and g(x) = f{(f(x)), then
(a) g is not differentiable at x =0
(b) ¢'(0) = cos(log 2)
() £(0) = —cos(log 2)
(d) g is differentiable at x = 0 and g’(0) = —sin(log2)
[2016]
If f(x) is differentiability function in the internal (0, o)

2 )
such that f{1) = 1 and limM =1 for
t—x r—Xx

each x > 0, then f(%j is equal to

23 13

(a) = (b) —
18 6
(©) 23 (d) 31 [2016, online]
9 8
—-X, x<l1

If the function f(x) = . is
a+cos (x+b) 1<x<2

differentiable at x = 1, then % is equal to

T—2

T+2 b T2
2

(a) ——
2

-t—2

(c) (d) -1-cos™'(2)
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Previous Years' B-Architecture Entrance

Examination Questions

x<?2
x=2

If f is differentiable for all x, then the value of (a,
b) is equal to

ax ,

. Let f(x) = {

ax’ +bx+3,

39
(@) (1,2) (b) (5, 5)
3 9 3 9
©G-3)  @f-3)  mem
. Let f: [0, o) — [0, o0) be given by
10 i
CEDRES
i=l
If f'(-) denotes the derivative of f(-), then the value
. ff(x)-10
of im———— is
- x-1
(a) 35 (b) 40
(c) 45 (d) 55 [2008]

. Let f: (—oo, 00) — (—oo, o) be given by

Fo) =xbxl + b — 1= Ix = 21 + Ix = 31°
If A denotes the set of points where f(-) is not dif-
ferentiable, then A =
(a) {3} (b) {1}
(c) {0} (d) {2} [2008]
. Let f(-) and g(-) be differentiable functions on (—oo,
oo) and let f7(-) and g’(-) denote derivatives of f(-)

and g(-) respectively. If f(0) = % ,8(0) = % fO)=1

2
and g’(0) = 2, then the value of lim 2f@x"+3x)-1

is x=0 38()6)—1
1
(@ 1 (b) 3
1 1
(©) 3 (d) 2 [2008]

. Let f: (—oo, 00) — (—oo, o) be defined by
3 .

x7, ifx>0
f&x) = _

0, ifx<0
and let f’(-) denote the derivative of f(-)
Statement-1: lirr(l) f'(x)=f(0)

X—>

Statement-2: f’(x) exists, for each x € (—oo, )
and f’(x) is continuous at x = 0 [2008]

6.

10.

11.

Letf: R > Rand g : R — R be functions defined
by f(x) = sgn (sin x), g(x) = sin (sgn x) where
1 ifa>0
sgna=4-1 ifa>0
0 ifa=0
If A = f’(n) and B = g'(7@), then
(a) A does not exist and B=0
(c) A=0and B=0
(c) both A and B do not exist

(d) A =0 and B does not exist [2010]

2
. Let fix) = 2tan”! GJF—XJ+sin_l[1 a ) x € R,

- X 1+ x2

x#1
Statement-1: f”(x) =0

Statement-2: The range of f(x) is {x} [2010]

2
CIFfix) = {1 =X X<=lgen the derivative of f(x)

2x+2, x>-1
at x = -1 1s
(a) 2 (b) 0
(©) % d 3 [2011]

. Amongst the following functions, a function that is

differentiable at x = 0 is
(a) cos (IxI) — Ixl (c) cos (Ixl) + Ixl
(c) sin (Ixl) + Ixl (d) sin (Ixl) — Ixl [2012]

Let f be a differentiable function such that 8f(x) +
1 d

6f(—)—x =5 x#0) and y = 2 f(x) then 2
by dx

at x = -1 is
15 15
(a) a (©) _ﬁ
© -+ @ - 2013]
14 14
L a2
If fix) = I x]
a+bx* iflxl<2
then f(x) is differentiable at x = — 2 for
3 1
a) a=—and b=——
(@ a T

(b) az—landbzi
4 16
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1 Level 2
(c) a=—and b=——
16 63. () 64. (a) 65. (d) 66. (b)
@ a=>andb=— [2014] 67 (@) 68. () 69. () 70. (b)
4 16 71. (c) 72. (d) 73. (d) 74. (b)
12. Let y(x) = (1 + x)(1 + )1+ x* ...(1 + x*?). Then 75. (¢) 76. (a) 77. (c) 78. (b)
D=L 79. (¢) 80. (¢) 81. (b) 82. (d)
dx 2 83. (a) 84. (d) 85. (d) 86. (c)
62 64
(a) 1—65(lj (b) 1—63(1) 87. (@)
2 2 Previous Years' AIEEE/JEE Main Questions
62 64
(©) 4_65(lj (d) 4—63(1) [2015] 1. (d) 2. (3 3. (a) 4. (b)
2 2 5. (a) 6. (d) 7. (a) 8. (d)
sinx cosx sinx+cosx+1 9. (a) 10. (d) 11. (b) 12. (¢)
13. If y(x) = | 23 17 13 ,x € R, then 13. (a) 14. (d) 15. (d) 16. (a)
1 1 1 17. () 18. (b) 19. (¢) 20. (d)
2y | 21. (d) 22. (b) 23. (d) 24. (c)
o2 Ty seawtio 25. (¢) 26. (b) 27. @) 28. (a)
(a) 4 (b) -10 29. (b) 30. (¢ 31. (a)
© 0 @ 6 [2016] Previous Years' B-Architecture Entrance
- " . o .
héﬁ' ANnswers Examination Questions
Concept-based L (d) 2. (¢) 3. (b) 4. (a)
5. (a) 6. (a) 7. (a) 8. (a)
1.(®) 2. © 3. @) 4. © 9. (d) 10. (d) 11. (a) 12. (¢)
5. (d) 6. (d) 7. (a) 8. (d) -
9. (c) 10. (a) - @
Orm: .- .
Level 1 *éﬁi Hints and Solutions
11. (a) 12. (a) 13. (b) 14. (a) Concept-based
15. (a) 16. (c) 17. (a) 18. (d) 15 1 o1 10 3
19. (b) 20. (d) 21. (o) 22. (d) LI = -3-5 = JO=-—F+3+7
23. (b) 24. (a) 25. (b) 26. (b) S f,( 1 j o 10a 4 3
27. (a) 28. (a) 29. (a) 30. (d) a
31. (b) 32. (¢) 33. (b) 34. (d) 2.y=02x - 1P 45067+
35. (c) 36. (a) 37. (¢) 38. (d) V) = — 2 1 _ I5x
39. () 40. (b) 41. (a) 42. (b) 3x-D*7 2 +2)7"*
43. (d) 44. (b) 45. (c) 46. (b) N . 2
47. () 48. (b) 49. (a) 50. (a) 3
51. (b) 52. (d) 53. (d) 54. (c) 3. (14 = lim LEDZSD o JogH) ~logl
55. (c) 56. () 57. (d) 58. (a) h0+ h ho0+ h
59. (b) 60. (a) 61. (a) 62. (¢) = lim 110g(1+h): lim log(1+h)""
h—=0+h h—0+
£ = i fA+hy_ . log(l+h)

h h—0—- h



h— 0—,
—1/h(-1)

11%17 log(1+ h) (1/h N _oo)

= -1

4. Since sin”! x is not differentiable at x = =1, so f is
2x
7 =1

=loge

not differentiable at all x for which

1+ x
= 2kl=1+x2=>Wxl-1)%=0
= Ixl =1

Hence f is not differentiable at x = 1, —1.

. The domain of definition of the function is
-1<x<1

, 1

y
2\/1 J_e -2
As x = 1-or x—>—1+, we have y/ — . At x = 0,

(—2x) at x # 0, =1

2

i SO _ o N1V«
x—0 x—0 x—0 X
Since (1 — A1 = —lx +0(x ) SO
/ / asx —> 0+
x—)O x—)O X 1 50
—— asx -
V2
1 d
/ = — log, (lo
Y () Tog? log, (logs 1 - (log; (log; x))
1 1
= —(log5 x)
log, log; (logs x) log logs x dx
_ 1
~ x(log2log3log5)log;(logs x)logs x
(125) = y(5) = 1
Y =Y T 125302 10g310g5)3
3 1
375log2log3log5
LXx = 1+1:>@=—i andﬂzi
t dr £ dt ¢
d d’
So D - for all ¢. Hence —g =0
dx dx
. @ = — 3 sin ¢, Q = 4 cos t so that
dt
dy 4
— = —— cot t. For x = —,
dx 3 V2
1
we have cos t = — —2\/§,sint:—.
f v V2

9. 4x° +4y

Differentiability and Differentiation 10.33
d 4
Hence cot t = 1. So, L A
dx 3

il —2xy +2yx 2 &
X dx

= (4y3 - 2yx2) % = 2)cy2 — 45
y2 P

y'2yz—x2

ﬂ_ 2x(y2 —2x%) X
= dx 2y(2y2 —x%)

10. f(x) = I(Ixl — 1) (Ixl — 3)I. Hence f is not differenti-

able at Ixl =1, Ixl =3 1e. atx =1, -1, 3, -3

Level 1

11. f being represented by polynomials is differentiable

12. f is continuous, (0 +) =

everywhere except possibly x = 1

3 2
(1 +)= lim 3(1+h)y —(1+h) +(1+h)-3
h— 0+ h
3 3 2 (1.2 h
. [n® +3h% +3n] - (K +2h) + g
h—=0 h
1+h) +(1+h) -(1+h)+2-3
PR (B R () et (E2)
h—>0 h
4 3 2 2 —h
- i [n* +4h® + 6h% + 4h]+ (h* +2h) _s
h—0 h

xllrr;+f(x) =3 = x11_>H11 F&) = £ .
So fis continuous everywhere.

. ! .
lim sin— which does
x— 0+ X

not exist. Similarly f’(0 -) does not exist.

13.y = 2 log (x — 2), y'(x)
X
1 1 2
= 2 —_10 x—2 , ’ 3 = —.
ey = 3
. . . 1' _ _
14. f is continuous, since xl_I)nOf(X) = 0 = £(0),
. fx) - f(O) sinx? _
lim ——————= |lim = 1.
x—=0 x-0 x—0 x2
\ 2 _ -1
15. Putting x = tan 0, yl+x7-1 _ secf-1
X tan 0
1-cos@
= ————=tan—.
sin 6 2
/ 2
Thus X = tan_lM = Q = ltan_]x'
X 2 2
if 2xy1- 22
Putting x = sin 0, we obtain v = tan 1[%]
=2sin x 1-2x
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5
21+ x2

du 2 du

5_ 1-x? E

x=0 4

16. n(a + bY" ' = n(@" - 1 + b" = 1) is valid if n = 2.
3

X ,x2
17.f(x)={

o e SOD=0= 700

e, x=20 , ,
18. f(x) = B ,f7O0+H)=-1,f0-) =1.
et ,x<0
19. & _2 27, y”'(x) = i(ztz)ﬂ =41t
dx 1/t dt dx
So y”(1) = 4.

20. For continuously differentiable function, apply in-
termediate value theorem to f~ for the inequality

f/O) s — (f/O)+f )< f/A)if £/0) <f (1),

—

)< = (fO)+ (1) < fO)if f/(1) < f(0).

N = N

—3x x<=2
21.f(x) = y—x+4 -2<x<0
x+4 0<x<2

3x x>2
f/E2H)=-1Lf2)=Lf0+H=1Lf2+
= 3.
4x° sin(l) -x? cos(l) , x#0
22. f'(x) = X X
0 x=0

1 1 1
1242 sin(l)—4xsin—+sin——2xcos— , x#0
X X X X

0 x=0

[ =

.1 1
453 sin— — x? cos—
X X

1 7 = 1. =
Since f”(0) xl_IflO . 0.
Clearly lim f”(y) doesn’t exist.

x—0
23. ylogx=x-y = X+(1ng)ﬂ = l_ﬂ
X dx dx
d
& Y o 2 oy
dx x(1+logx) dxly=1
=0.
2. Letu=F'0) = fw=x = fw ™ =1
dx
L i 1 _
-y 1-2

25 y=sin'x = D= -
dx I-x

= YAl -x)=1

Differentiating w.r.t. x, we get
2 y/ y//(l _ x2) _ 2xy72 =0

= y”d - X = xy’.
2. Letu=Ff"u) = fuy=x = fw ™ =1
dx

2
= f”(u)(@)z +rad <o
dx

dx

, 1y, ~
f(u)(f(u)) + [ =

27.y(0) = T x7s0y ()= —.
X

2 2t
S :_\/1_4t2/\/1—(t2—1)2
_\/2t2—t4 :_\/2—t2
Ji—are 1o
i RN

dxli=o
1 dy dy+ _

29.

1 2x 3232 |x 2 & |x 2 &
30. 7)) = |1 2x 3x2+|0 2 6x*|1 2x 3x2

0 2 6x| |0 2 6x |0 0 6
=0+ 0+ 6x* = 6x°.
31. y=(tanxsin2x+coszx)
1+tanx

sin® x + cos® x .
= ———— =1-sinxcosx
sinx + cosx

1

=1- — sin2x
2
ﬂ =—CoS 2x.
dx
1 37
32. /() = ~——— ., @)= L34 2,
2(F +1) 23



33, y=cos (cos (B+x),4=rcos 6 5=rsin0

=9+xsoﬂ = 1.
dx

] X —X
34, Y- Fa— (— sin(tan_l(e —¢ D)x
dx cos(tan—ll) 2
2
£(ow()
dx 2

d
2 2o,
dxlx=0
35. y =—log(l +x) so xﬂ.ﬂ:— +1 =
dx 1+x 1+x
=e’.
36. (1 —xH)y* = (sin™ x)* = (1 —xD)2yy" + (-2x)
2sin”! x

YT e T

= (1—x2)y'—xy=1

37 dy sin” y _ sina sin® y
" 4x  sina  —sin® y+sin®a+sin’y
B sina sinzy
~ sin(a+ y)sin(a—y)+sin’y
B sina sinzy
 sin(a+ y)[sin(a +y)—2sinycosa + sin” y]
3 sina
= — -
|4 Sin .(c;+ y) _zcosasm(.a+ y)
sin” y sy
B sina
1+ x> —2xcosa
3
38. x) =cot ™! =7 +3tan'x
/&) 1-3x* 2
o= and g = & —cos ! 120
x) = and g(x) = ——
1+x? 8 2 1+x°
=2tanx
2
s0 g'(x) = S@
1+ x? g ()
=3
2

39. Verify the answers or consider g(x) = Lx) show
sin x

that g”(x) = — 2cot x g'(x) = g'(x) = ¢ cosec x.

Differentiability and Differentiation 10.35

Thus sin x f’(x) — cos x f(x) = C but f(0) = 0,
f(0) =1 so const =0. g(x) =const = f(x)=C
sin x but f/(0) = 1so C = 1.

, sinx sinx
40. y'(x) = - —m—= = -
\/1 —cos® x Isin x|

41. f(x) = cos x? as [x] =0 for 0 < x <1 so f'(x) =

— 2x sin x* hence f’(ﬁ) = —ﬁ

=—sgn (sinx).

2 V2
2b si 2

ap, dy _ 2bsinicost b dy_,
dx —2a sin2t a dx?

43. f(x)

T 1( (7[ x)) T ox

— —cotT|cot|=—= || = —+=

2 4 2 4 2
, 1

Thusf(x)=5.

44, 2% log 2 + 27 log 2 Y 2%V log 2(1+ﬂ]
dx dx

Putting x = y = 1, we obtain

(2—22)ﬂ =22_2
dx
= il =-1
dx

) ds
45.2° =sint = 2°log2 P t

ds cost 1  cott

dr sintlogZ_logZ'

46. >+’ =1=2x+2)y =0=x+yy =0
Differentiating again 1 + y”* + yy”’ = 0
47. f'(x) = 2x cotx®, f(x) = 2[cot x* — 2x> cosec® x’]

1 (\/;/2) =2 [cot /4 — %Tﬂ cosec? 717/4}

=2(1-n.
48. flgx) =x = ' (gx)) g’(x) =1
’ 1 5
W= ———= =1+Wk)
8 M) e

= g’(x) = 5(g())* &) =5(g)* (1 + (g(x)))
49. u = f(tan x), v = g(sec x)

@ = f’(tan x) sec’x, ﬂ =g’ (sec x) sec x tan x
dx dx

du _ duldx

dv dv/dx

du

- Y T
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2x
50. y = (Iog,,, sin x) (log,, cos x) + sin™' ( 2)
I+x

logsi
_ ( logsin x (logcos x)+2tan_lx
logcos x log nx

logsin x _
:g—+2tan Tx

log (nx)

log (nx) (cot x) — llog sin x ’
a _ X +
dx (log nx)* 1+x

@i| :O+ 22 = 8 >
dx x=7/2 1+7n°/4 4+r1

2

51. Put x = sin 0 and 5/13 = cos «, so that
y =sin! [sin OB+x)]=0+0
y= sin”! x + cos™! (5/13)
Q 1
dx 1—x2

52. g'(x) = 2[f2 fx) + 2] [f'Q2 fx) +2) 2 f'(x))
g'0) =4[f2 f(0) + )] [f"(2 £(0) +2) (2 £7(0))
=41(0) f7(0) f'(0) = - 4.
53. Putx=11inx* - 2x" cot y — 1 = 0, we have 1 — 2
coty—-1=0=coty=0=y=m2.

Differenting the given expression

2x . x* +2logx K= 2. X7 L+ (log x) ]
cot y + 2x* (cosec? y) y'(x) = 0
Putting x = 1, y = /2, we have y'(1) = -
1 (x=1) 1
54. For x # 1, f/(x) = sin - cos

(x=1) (x-1% x-1

fis differentiable at x =0
f’(1) doesn’t exist.

55.9:1{ I 1 3=% }

dx 3lx+1 2x%2—x+1
L2
\/§1+(2x—1)2 X +1
V3
1

56.y=-log(1l+x) = y =-
= (1+x)y =-1

1
=—1-y'=-1+
1+ x

=—1+ ¢’ Since y(1)

=-log 2, so putting x = 1 in xy" + 1 = ¢”, we get

: I
yih+1=1 = yay=--.
2 2

57 dy _ 1+ ysin(xy)

dx x sin (xy)

dy _ 21— 3t? _ )
58. &L = 5~ but (x, y) = (0, 0) if and only if 7

dx 1-4¢

=0Qort=1
3
59. y'(x) = cos 3 sin"'x) TT—— = y(0)=3
y'(x) ( X)m y(0)

(1 -x% y? =9 cos* 3sin” x) =91 - y?)

2(1 = x) Yy - 2)cy’2 =— 18yy’
= 1-x)"-x+9=0
Putting x =0, y” (0)=-9y0) =0

60 ‘f(x) f(y) <A|x_y|a—1
Since ot — 1 > 0 so lim|x—y[*" = 0.
yox
) x)—
Therefore hmm =
yox  X—Yy

= f'(x)=0forxe R.
= fis a constant function

61. For n/2 < x < m, tan x < 0, so
y= tan”! (cotx) + cot™! (tan x)
=tan™! (cotx) + tan™! (cotx)+ 1w
=2 tan™! (cotx)+m

-1 1-cot? x
—cos | ———|+7
1+cot” x

—cos™! (sin2 x — cos? xX)+ 7

— (- cos™! (cos2x)+nm
2x

2
Hence d—f = 0 and y is a linear function of x.

dx
62. Differentiating f'(x) = f{1 — x), we get
J@)=~"1-x)=~(1-(1-x)=-flx)
= fix) =A cos x + B sin x
f(r/2)=1 = B=1

’ PR T )esin B -
Also f(77:/2)—f(1 2) Acos.(2 1)+sm(2 1)

=Asinl+cos1

But  f’(x) =—A sin x + B cos x, so f’(%): -A

1
= Al +sinl)+cosl =0 ie A=——>
1+sinl
1
Hence f(x) = — COS. cos X + sin x.
1+sinl



Level 2
63. For f to be continuous f(7r/6) = xln:/ o J)
sin T =al thie B0
6 2 6
n/6+h)— f(m/6
Flor) - lim LE 6+ D= 116
h—0+ h
. a(m/6+h)+b—sinm/3
= lim
h—0+ h
_ lim a(r/6+h)+b—(am/6+b)
h—0+ h
= a.
16+ h)— /6
;w6 = im f(x ;, f(x/6)
. sin2(m/6+h)—sinm/3
= lim
h—0— h
—2cs2 =2l o,
6 2

64.

65.

66.

3

soa=1,b= 5_% For these values of a and b,

, 2cos2x 0<x<7
fx) = 1 77 cx<] which is continuous.
f)=1= linll_f(x) = 111111_ ax>* +b=a+b
71 +)= 11m fA+h) - f(Q1) m (1/Q+h)-1

h T oS0+ h
RTINS ol G L) R

noor h(L+h)

m LA+ - 7D
0 h

a(1+h)2+b—1

fa-)=

lim

h—0-

. a+b-1+ah*+2ah
= lim

h—0— h

= 2a.
soa=-1/2,b=3/2

Since [x — 7] is an integer, so tan (x [x — 7]) = 0
for all x. Hence f (x) = 0 for all x, so f’(x) exists
for all x.

Since differentiability implies continuity so

fQ) = 1133) f(x)

67.

Differentiability and Differentiation 10.37

1 —2sin? x/2

—l+cosx 2sinx/2cosx/2

lim (1+ (= 1+ cosx))
x—0

————X—tanx/2
—1+cosx

lim (1+ (= 1+ cosx))
x—0

= =1.

y(0) = sin”! 0 = 0. Also

. . sin x
siny=sihn o ————
1—cosa sinx

cos yii—‘l);

(1 - cosa sin x) cos x + sin” x cos o

=sin o

(1 —cosa sin x)2

Atx=0,ﬁ = sin .

x=0

68. f is defined on [0, oo).

69.

70.

f(0+h) f©) o Jhrl-1

h—>0+ 0+ Jhh
= lim S
n—0+\h Wh+1+1)

which does not exist. f is clearly differentiable on
(0, o).

a1 A Ay D2
da — fi_p d  1-£ dx f1-p
dy _ df ¢ at
di’? de\ fi_ 2 |dx
2
NP S o
__, 11
(-7
=-2 1
1-¢
d2
I
x| _y 3 3
2yy" +2x=0 =y =—xly
Y2+ +1=0=y" =— (1 +x7y)
2, 2
so Iyl = al +3y
y
A x* 4 y? x4yt
[ 72\3 T
(1+y ) y3\/(1+x2/y2) (x +y )3/2
1 1
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71.

72.

73.

74.

Complete Mathematics—JEE Main

For (a), let f(x) = Ixl then llx| — Iyll < |x — yl for all
x, y €R so l[f(x) — f(»I < Ix — yl but fis not dif-
ferentiable at x = 0

1/2
* 1
For (b), let h(vy =1~ * €101
0, otherwise

172 yl/2| < |X1/2

Since for x € [0, 1] Ix + y”2l SO

k"2 = y!22 < Ix = yl. Thus 1h(x) — h(y)l < Ix —

but /£ is not differentiable.

y|1/2

If f satisfies Ifix) — fy)l < k Ix— yl2 then

f) -7 X — ]
xX=y
lim L=/ lim [x—y|=0
y—)x x—y y—)x

= f is differentiable and f'(x) = 0
For (d) Let f(x) = Ixl, f(x) = x” is differentiable

on R but fis not differentiable.

W= f(x) =0

xX=y

xsin —| < Ixl so fis continuous and

X

bounded on [0, 1]

Since

xsin®, — 0 . _
1111(1) —0 = hm sin 7i/x which does not exist
x— X —
so fis not dlfferentlable
Ukl | g4
1 _ | x| (Be™ +4)
lm f(x) xl~>0+ —el/lx‘
. x(Sel/‘X|+4) . x(3+4.e—1/JC)
Coas0r 2P o 2 VA
=0. 3 =0
-1
. —x(Be VT +4)
lim f(x) = lim ——~
x—0- x—0— — e—l/x

x(3+4e7M)

=0
26—1/)( _1

= - lim

x—0—
Thus f is continuous at x = 0

lim L=/ _ . x(e+4)
=0+ X — X0+ x(2 el/")

-1/x
_ i BFde D)

x—0+ Zefl/x—l =-3

75.

p SG= 1) _
x—-0

_ 1/x
lim (B+4e’)

vl (2 I _1) =3

x—0-
lim fix)=k lim (x—1)=0
x—1+ x—l1+
lim fix) = lim (> -1)=0

x—1- x—1-

f is continuous for any value of k

f(1+h) @ k(l+h-1) B
h—>0+ - h—>r{)1+ h -
lim M gy D7D
h—0~ h h—0- h

f is differentiable only when k = 2.

76. lim f(x) = 1im_(1/J§)(x+a/J§)

7.

78.

79.

80.

=%(a+a/\/§)
V2 +1
lim f(x) = lim (1/\/—)( ) ;—a\/z

fis clearly not conttnuous at x = 0,

so f” is not defined at 0 and a, hence not continu-
ous.

Given function is a polynomial of degree 160. Dif-
ferentiation one-time reduces a polynomial by one
degree. Thus to obtain polynomial of degree 50, we
has to differentiate 110 times.

2
The derivative of y = sin”! ( x2

doesn’t exist
1+ x

2x

=1.S0 2 Ixl =x* + 1. For x > 0,
1+x

for

2

(x-1P%=0=x=1,ifx <0, then (x + 1)> =0

so x =— 1.
lim f(x) = hm x% =0, fis continuous at x = 0
x—0+ —0+
o
fim LD=SO o gy ]
h—0+ h—-0 h—0+ h h—0+ pl—o

which does not exist.

i = £(0)

0 = 0 when x approach through
X—

x—0

rational or irrational so f is differentiable at



81.

82.

83.

x=0.If a # 0 then
i =S (@

X—a

does not exist. Morever f is
xX—a

continuous at x = 0 only.
fx) = X s (n — 1) times differentiable at x = 0

if Kk — (n — 1) = 0 and not n-times differentiable

ifk—-n<0son-1<k<n k=

this inequality.

satisfy

We have
(=) (x+1D if  x<-1
fx) = tan~! x if —<x<1
(B (x=1) if >1

Since f (= 1) =%, f(1) == and lim fix) = - 1,
4 4 x—1-

lim f(x) = 0 so fis not continuous at x = — 1, 1
x—1+

and hence not differentiable at —1, 1. Also

oif x<-l1
Py = 1 o if —l<x<l
I+x
Voot x>l
Thus the domain of /" is R ~ {- 1, 1}
_2n
Let y = sin”' - | and u = x*", then
1+ x™"
b _ b &
du dx du
_ 1 d(1-x" 1
22 dx 1+x* ) 2nx*!
1-
(l+x2”]
o =) 2m T = (1= xP)2n P!
Varr (1+27)?
y 1
2” x2n—1
1 —4nx™' 1
= X 2n -1
2 x" A+x") 2nx
3 1 B 1
X" (1+x7") X+

84.

85.

86.

87.

Differentiability and Differentiation 10.39

Put x° = cos 6, y3 = cos ¢ so that given equation
reduces to sin 6 + sin ¢ = a (cos 6 — cos ¢)

=2 sinmcosu:—a2sin9_¢ 0+9¢
2 2 2 2

sin

= — a sin

2COSG_¢ 6_¢
2 2
= 0-¢=2tan" (-1/a)

do d¢
= — — — =
dx dx

0

-1 3

i (cos™ x7) — i (cos_1 y3) =0
dx

dx
3 3x? N 32 dy _
\/l—x6 \/1—y6 dx

a4 2 _ .6
oy _x =y
dx y2 1—x°

flgx) = x = f(gx) g'(x)

=

1

Also f(x) = 2x + sec’x = 2x + 1 + tan’x

=2+ 1+ (f(x) - xH?

F(8) = 28() + 1 + (f(g) - (g(x)))?

=2 g(x) + 1+ (x — (g%’

Thus g’(x) = m
1

T 2g@ 1+ (- (g(x))

[x] is not continuous at integral points.

The number of integers lying in (-7/2, m/2)

is 3.

i L) = ()

h—0 h

i @+ )+ R~ f(x)
h—0 h

= lim f(h)+x2 lim 7 = 10
h—0 h h—0

Previous Years' AIEEE/JEE Main Questions

1.

f(x) — g”°(x) = 0 = f’(x) — g’(x) = constant. Putting
x=1,wegetf/(1)-g'(H=C=C=2¢'(1)-g'(1)
=g(1) = 2.
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So f'(x) — g'(x) =2 = fix) — glx) = 2x + C’. Put-
ting x = 2 we have f2) — g(2) =4 + C' = 4 +
C'=3g2)-g2)=2¢g2)=6=>C=6-4=2.

Hence fx) — g(x) = 2x + 2. At x =

3 3 3
f(g)—g(gj = 2E+2 =5.

N | W

o o SO =1 SO SO Jx+]
1y fx -1 =l x—1 JF) +1
2
- )X = 2x 2 =2
f)+1 1+1
n-1 n
3. LI n(x+\jl+x2) 1+—= = 4 >
dx \/1+x2 \/1+x
dy ? 2.2
1+x%) | =| =
(I +x9) (dx] ny
= 1+ 2@&+2x(@)2 =iy Y
dx dx a) -V

2
= (1+ xz)%+2x% = nzy.

4. Fx) ="' = /() =n
Also f7(x) = n(n — Dx"2 = f”(1) = n(n — 1)
S D =n-1) ... (n—k+1)

Sofi1y— LW /7 DD

1! 21 n!
_ _1\Y'n!
=1_£+n(n 1)+...+( D" n!
1! 2! n!
=1 -D"=0.
X x<0
5. f(x) = xe_Z/x x>0
0 x=0
lim f(x) =0and lim f(x) = lim xe>* =0
x—0- x—=0+ x—0+
_ —2/x
lim LSOy T 2 = 0
x>0+ x—0 =0+ X X0+
lim LSO _ oy 220
x—0— x—=0 x—=0- X

So fis not differentiable at x = O but is continuous

for all x.
6 lim S@)g(x) - f(a)—gla)f(x)+g(a)
x—a g(x)= f(x)

e 8D == /(@) +1
e g()= /()

=k, sok=4

7. We have x = &'+~

1 d
=logx=y+x= — =2
x dx

Q—ll 1-x

dx X X

8. For x # y,

S-S
y <yl

. ‘f(x+h2—f(x) )

Taking limit as &7 — 0, we get
(ol <0

But |[f’(x)l = 0

S Ol=0=f(x) =0V x
Thus, f(x) is a constant function.
Now, fl0) =0 = f(1) =0

9. As fis differentiable at x = 1, f is continuous at x
= 1. Therefore,

' h
A1) = lim £(1+1) = %lféh{m; )}

= (1imh)(limwj =(0)(B)=0

h—0 h—0 h

Now,
. 1+h)— f(

i) = hm—f( )= /) = 1imf(1+h) =5
h—0 h h—0 h

10. We have

li if x<0

foy=1""%
X )
— if x20



11.

The function f is differentiable at all points except
possibly at x = 0.

We have

Lf'(0) = lim M = limL =1

x—0- X — x—01—x

and RF(0) = fim £~/

x—0+ x—-0

= lim L =1
x—=0+ 1+ x

As Lf'(0) = Rf’(0) = 1, we get f is differentiable at
x = 0. Thus f is differentiable for all x € (—oo, o0).

mlog x + nlogy=(m+ n)log (x +y)

- ﬂ_i_ﬁQ _ m+n(1+ﬂ)
X+y dx

(ﬁ_m+njﬂ m+n m

y x+y)dx T x+y y
nx—my dy  nx—my
y(x+y) dx B (x+y)x
d

-2 _ 72
dx X

12. fix) = min {x + 1, Ixl + 1} = x + 1, so is differenti-

13.

able everywhere.

y=1+Ixl

For x # 1,
1 1 1
"(x) = sin - cos
/ (x - 1) x—1 (x - 1]
~. fis differentiable at x = 0

limM = limsin L which does not
x—l x—1 x—1 x—1

exist.

- f is differentiable at x = O but not at x = 1.

14. Putting x = 1 in x* — 2x" cot y — 1 = 0,

15.

16.

17.

18.

Differentiability and Differentiation 10.41
wegetl —2coty—-1=0
=coty=0=y=m?2.

Using the formula,

f(x)) fx)*Y, we have

2xx™ 7 (1) + (2 log x)x™ = 2[xx*" (1) + (log x)
x'] cot y + 2x* (cosec” y) y'(x) = 0

Putting x = 1, y = m/2, we get
24+ 0-2(1)(0) + 2 cosec® (m2) y'(1) = 0
= y/(1) =-1.
g'(x) = 2[f2f(x) + D' (2fx) + 2) 2f'(x))

= g'(0) = 2[f(2A0) + 2)If" (2f(0) + 2) (2f"(0))

= 4(f0)) £(0)* = 4(-1)(1)* = —4
dx _dfde)_df 1 ) _df 1 |
d?  dy\dv) dy\dv/de)  ay\dy/dx)ay

L [dy)a
(dy/ dx)*\ dx* )dy

_d’ylax’

~ (dy/dx)’

i XS (@ = (x)

X—a

(x* —a*)f (a)+a’ (f(a)— f(x))

X—a

zf(X)—f(a)}
X—a

x—a

= lim
xX—a

= 1im[(x+a)f(a)—a

=2a f (a) - d’f'(a)

We have
2-x)+(5-x) ifx<2
flo) = J(x=2)+(5-x) if2<x<5
(x=2)+(x-5) ifx>5
7-2x ifx<2
= 3 if 2<x<5
2x-17 if x>5

Note that f’(4) = 0 as f is a constant function in
the interval (2, 5).



10.42

19.

20.
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Thus, the statement-1 is true.

Statement-2 is also true. But it is not the correct
explanation for the statement-1.

8flx) + 6f(i) -x=25. @)

Replace x by l, we have 8f(l)+6f(x)—l =5
X X X
(1)
Solving (i) and (ii) for f{x) and f{(1/x), we have

14f(x) = 5 - 3 + 4x
X

= 14f'(x) = %+4
X

1 2
Sofi-1)= — [S+3-4]=Z=
f 14 7
and f/(-) = L3+41= 1L
14 2
. o L. 2 dy
Differentiating y = x7f(x), we have == = 2xf(x) +
Xf ) b
dy 4 1 1
= D =)= 2el = o
dx|.__, 4 f 7 2 14
1
@ — l(asin'lt) 2 .asin_lt 1 10g a
d 2 1-¢
1
sin”'7 )2
1(” ) 1
= ————Lloga=— log a
2 J1-¢2 21-1

y = sec (tan"'x) = \/1+(tan(tan_1 x))2
=>y= 1+ x°
= ﬂ = *

22.

23.

24.

* Q =L
dxeI 2
Lty =ftyy = 225 o1 2y 3
x> +2x x(x+2) x+2

= - sofl(x) = ——— -2
y—1 by

d . R
E(f (x)) = =172

g(fx) = x = g'(fl))f'(x) = 1

= g(f) =1+x

=g =1+("'@ =1+ @w)

h(x) = (gof) (x) = g(ftx)) = sin (xlx])
—sin(x?); if x<0

) {sin(xz); if x>0

We have

W) = {—2 xcos(x?); if x<0

2xcos(x2); if x>0

Also, Lh'(0) = lim h(x) = h(0)

x—0— x—0

- sin(x2 ) _

= lim 0

x—0— X
and RAW'(0) =0
— 2 1
Thus, 7(x) = 2cos (x°) if x<0
2xcos(x*) if x20

Note that A’(x) is continuous at all points except
possibly at x = 0.

Now, lim #’(x) = lim [-2x cos (x))] = 0 = /'(0)

x—0— x—0—
and lim #’(x) = lim [2x cos (x)] = 0 = (0)
x—0+ x—0+

This shows that 4" is continuous at x = 0.

Also, i’ is differentiable at all points except possibly
at x = 0.

Now, LA”(0) = lim Hx)-n©) _ _,
x—0- x—0
and Rh”(0) = 2

This shows that A" is differentiable at all points
except at x = 0.



25.

26.

27.

28.

We have g(f(x)) = x
= g'(flx) fx) =1

Now, flx) =7 = x> —x+5=17

S @x-Dx+1)=0=x=2asx> /2
Thus, g'(7) f'(2) = 1

1 1
() = = —.
= g(7) -1 3

For x € R 0 < [fix)l < x*

= 1im0 < lim |/ (x)[< lim(x?)
x—0 x—0 x—0

= lim|f(x) =0 =
x—0

lim f(x)‘ =0
= lim f(x) = 0.
x—0
Also, 0 < If0)l < 0% = f(0) = 0
» lim f(x) =0 = f0)
= fis continuous at x = 0.

Also, for x # 0,

. SIf(x)—f(O)I Slxz —OI

= |xl
X X

. lim f(x)—f(o)‘ =0
x—0 x—-0

= f(0) = 0

y=€¥"=Iny=nx

2
d
Now, —;} = n%™ = nzy

dx

; d’x 1
and —=—
dy2 ny2

v\ o
Tl a? dy* y

As g is differentiable at x = 3, g is continuous at

x = 3.

+ lim g(x) = lim g(x) = g(3)
x—3- x—=3+

= k3+1 =3m+2= [ f3+1

=2k=3m+ 2

Differentiability and Differentiation

Also, as g is differentiable at x = 3,

lim &0 -8Q) _ . &gx)-gB)
>3-  x-3 -3+ x-3

ﬁ%:m$k=4m.

som=2/5and k = 8/5

=>k+m=2

29. fix) = llog 2 —sin xl, x € R

30.

Let a = sin”'(log 2)

For —a < x < a, fix) =log 2 — sin x

= g(x) = fiflx)) = log 2 — sin(f(x))

= log 2 - sin(log 2 — sin x)

= g’'(x) = (—cos(log 2 — sin x)) (—cos x)

s g'(0) = (—cos(log 2 )) (1) = cos(log 2)

i /@)=

t—>x r—x

o - O- ) -y

t—x r—x

2 f(t)—f(x)} _
r—x

= lim[(t +x)f(x)—x

= 2xf(x) — X*f'(x) = 1
= Xf(x) - 2xf(x) = -1

, 2 1
= ff)-—f(x) = =
X x
1 2 1
= S/ ()-=/f(x) =7
X X X
d| 1 1
1 -4 |
= /() = [xde = ——x7+C
X 3
1 2
= flx) = ——+Cx
3x
1 4
Now, 1 = f(1) = —§+C = C= E
4 5

1
Thus, f(x) = —+—x
JSx) 3

10.43
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31.
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.f@:_m.z:é
" o\2 9 34 9

As fis continuous at x = 1,
lim f(x) = lim f(x)
x—l- x—1+

= -1 =a+ cos\(1 + b)

Also, as f is differentiable at x = 1, (D)
p S@=fO) L f0) = f()
x—l- x—1 x—l+ x—1
ey —1 = _—1

J1I-(1+b)
S1-(1+b>=1=1+b=0 ()

From (1) and (2)

-1 =a + cos™’ ) = a+%
=a=-1-n2

Thus, & = 257
b 2

Previous Years' B-Architecture Entrance
Examination Questions

1.

lim f(x) = lim ax =2a and lim f(x) = lim
x—2— x—2- x—2+ x—2+
(ax* + bx +3) =4a +2b + 3
Since f is differentiable so continuous, hence
2a +2b+3=0 ®
Also lim PACAIOIAC)]

h—0+ h

o AR b2+ h)+3 - (4a+2b+3)

h—0+ h
. ah*+4ah+bh
= lim ——
h—0+ h
=4a+ b
i L2ED 1)
h—0— h
.oa+h)—(4a+2b+3)
= lim
h—0— h

= a (using (1))

So a = 4a + b = —3a = b. Putting this in (i),

3
wegeta= —,b=——.
g 4 4

2. f'(x) = ﬁx"‘l = f’(1)=10 and f"(x) = g(i—l)x"‘2 .
i=1

i=2

Therefore,
’ _1 ’ _ ’ 1
PNA(C5 ol 65 S o ) BN
=l x—1 x—1 x—1
10
.-
i=2
i+ +0= 20y
2
x2, x20 . . )
. h(x) = xlxl = is a differentiable func-
—x°, x<0
tion

u(x) = Ix — 2> = (x — 2)* is a differentiable function

(x—3)3, x=3
—(x=3)%, x<3

is a differenti-

vx) = Ix - 3P = {

able function
w(x) = Ix — 1l is not differentiable at x = 1.

f is differentiable everywhere except at x = 1.

Hence A = {1}
2 —
. lim —2f(2x +3%) 1(gform
x>0 3g(x)—1 0
’ 2
_ lim 2(4x+3) f'(2x° +3x)
0 3¢'(x)
_2043/0) 231 _
3g’(0) 32
2 —
W = {3x 0 i [0SO
0, x<0 =0+ x—0
3
= lim > = 0.
x—0+ X
hmw - limﬂ =0.
x—0— x—0 x—0- X

f'(x) exists for all x and is continuous so

lim /7(x) = £(0)



1 if sinx>0
6. fix) = 3—1 if sinx<0 so
0 if sinx=0
1 if xe(0,mn)
fix) = -1 if xe(m,2nm)
0 if X=7

iy @D~ f (m)

-1
lim — which doesn’t
h—0+ h

h—0+

exist
So A doesnot exist.

sinl, x>0

. n+h)—g(m
g(x) =<sin(=1), x<0 so lim Gl it ()
h—0+

h
0 x=0
lim sinl —sinl -0
h—0+ h o
and lim wz lim Mzo_
h—0— h x—0—
Thus B = 0.
1+
Ju= 2tan” % = 2(£+tan_1 x) and
1-x 4
T -1 1_X2
= ——cos 3
2 I+x

Hence f(x) = u + v = & for all x
fx)=0=f"(x)=0.

o SEERD—FED 1-(=1+h)* -0
h—0- h h—0—

2

- lim 1-(1+h" -2h) _
h—0— h

lim f(=1+h)— f(-1) - lim 2(-1+h)+2-0

h—0+ h h—0+ h

=2.

So f'(-1) = 2.

. cos Ixl — Ixl = cos x — Ix| which is not differentiable
at x = 0.

cos Ixl + Ixl = cos x + x|l which is not differentiable
atx =0

if x>0

if x<O0

u(x) = sin (Ixl) + Ixl = { sinx +x

—(sinx + x)

10.

11.

Differentiability and Differentiation 10.45
lim u(h)—u(0) ~ lim sinh+h _ 5
h—0+ h h—0+ h
lim u(h) —u(0) — _lim sinh+h _ 5
h—0— h h—0— h
So u is not differentiable at x = 0
. sinx—x, ifx=>0
Let v(x) = sin (Ixl) — Ixl = . .
—sinx+x, if x<O0
lim v(h) —v(0) _ lim sinh—h _ 0
h—0+ h h—0+ h
lim v(h) —v(0) _ lim —sinh+h _ 0
h—0— h h—0— h

v is a differentiable function.

Same as Q.19 in AIEEE/JEE Question.

Lo 2
X
1
fy=14 —— if  x<-=2
X
a+bx® if —2<x<2
11
li = lim —— = =
x—1>1—2— f(X) x—1>r—r;— X 2
lim f(x) = lim (a+bx*) =a + 4b
x—>—2+ x—>-2+

Since f is differentiable so continuous, hence a +

4p = l
2
i SC2HN = /()
h—0+ h
2
- im a+b(-2+h)" —(a+4b)
h—0+ h
2
_ i D4R,
h—0+ h
_ e —————(a+4b)
lim LC2EW D) 24k
h—0~ h h—0— h
_ b1
- fim —=2th 2 _ o 272+h
h—0- h h—0-2h(=2+h)
1

- lim —
h—0-2(=2+h)
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- {-olif ]

So b = ;_61 and a = %Jri _ 3, 13. Using C, = C, — Cp, C5 = Cs — C,, we get
12.For0<x < 1 sinx cosx—sinx cosx+1
(x) = | 23 -6 -10
A-0)yxX)=0-x 1 +x 1 +xD)...(1+x? Y | 0 0

— (1 _ 42 2 32
A=)+ A +x7) = —10(cos x — sin x) + 6 cos x + 6

4 4 2
I =x) A +x) ... (d+x7) =10sinx -4 cosx+6
64

=...=1-x .
& =10 cos x + 4 sin x
(x) -2 dx
:>y_x =
—x )
64 64 d_;}z—lOSinx+4COSx=—y+6
Yy = Lm0E64x7) — (DA —x™) dx
(1-x) 7y

Ly e ()
S
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