Differential Equations

e An equation is called a differential equation, if it involves variables as well as derivatives of dependent
variable with respect to independent variable.
For example'
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d‘}? +y(d‘}?) —E.TEyd‘F +3=10
ffl dx d is a differential equation.

dy d dy dy
Sometimes, we may write @ ax?’ ax> dr*ete.as ¥ Y0 ete. respectively. Also, note that we
cannot say that tan (") + x = 0 g a differential equation.

e Order of a differential equation is defined as the order of the highest order derivative of dependent variable
with respect to independent variable involved in the given differential equation.
For example: The highest order derivative present in the differential equation
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ay Ty =3yt ayy’ = 5=015y"""" Therefore, the order of this differential equation is 4.

e Degree of a differential equation 1s the highest power of the highest order derivative 1n it.
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For example: The degree of the differential equation (¥' )" —2x(¥"")” —xp(¥"")" +»" =0 s 2, since the
highest power of the highest order derivative, ¥', is 2.
dz‘}? + cc-q(d"w )
Note: The degree of the differential equation dx dx is not defined since it is not a polynomial
dar
equation in 4x . However, its order is 2.

o [f a differential equation is defined, then its order and degree are always positive integers.



e A function that satisfies the given differential equation is called a solution of a given differential equation.

Example: Verify whether y = sin x + cos x — 5 is a solution of the differential equation ¥"* *¥" = U or not.

Solution:
We have, y =sinx +cosx—5
Uy =cosxy—sinx
¥ = —sinxy—cosx= —i(sinx+cosx)
yv'= —(cosx—sinx)= —y
=y +y' =)
Therefore, y = sin x + cos x — 5 is a solution of the differential equation ¥ +»' =0

e An equation is called a differential equation, if it involves variables as well as derivatives of dependent
variable with respect to independent variable.
For example:
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dx dx is a differential equation.
dy dy dy dy

Sometimes, we may write ¥ dx 2 axtete.as ¥ YLV ete. respectively. Also, note that we
cannot say that tan(¥") + x = 0 g a differential equation.

e Order of a differential equation 1s defined as the order of the highest order derivative of dependent variable
with respect to independent variable involved in the given differential equation.
For example: The highest order derivative present in the differential

"

equation x3y5y"" - 3X2y +xyy -5 =01sy . Therefore, the order of this differential equation is 4.

e Degree of a differential equation is the highest power of the highest order derivative in it.
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For example: The degree of the differential equation (¥'')™ —2x(y"" )" —ay(¥"")" +»" =0 i5 2, since the
highest power of the highest order derivative, ¥ ', is 2.
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dx is not defined since it is not a polynomial

Note: The degree of the differential equation dx
dy
equation in 4x . However, its order is 2.

o [f a differential equation is defined, then its order and degree are always positive integers.

e A function that satisfies the given differential equation is called a solution of a given differential equation.

Example: Verify whether y = sin x + cos x — 5 is a solution of the differential equation ¥"* *¥" = 0 or not.

Solution:
We have, y=sinx + cosx—5
Uy =cosxy—sinx

¥ = —sinx—cosx= —i(sinx+cosx)
y'= —(cosx—sinx)= —y
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Therefore, y = sin x + cos x — 5 is a solution of the differential equation »"" +»' =0

e To form a differential equation from a given function, we differentiate the function successively as many
times as the number of arbitrary constants in the given function and then eliminate the arbitrary constants.

Example: Form the differential equation, representing the family of circle

(x — a)2 + (- b)2 = r2, where a and b are arbitrary constants.

Solution:
We have (x — )2 + (y — b)2 = 12 (1)
Differentiating with respect to x, we obtain
25 —a) +2(y — )L =0 e



Again differentiating with respect to x, we obtain
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Substituting F¥*  inequation (2), we obtain
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Substituting the values of (x — a) and (y — b) in equation (1), we obtain
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This 1s the required differential equation of the given circle.

e The three methods of solving first order, first degree differential equations are given as follows:
o Variable separable method: This method is used to solve such an equation in which variables can be
separated completely 1.e., terms containing y should remain with dy and terms containing x should
remain with dx.

2 2
Example: Solve the differential equation: ¥(1+y")dx + (4 +x")dy =0

Solution:



Y1+ 3D dx+y(4 +3x9dy =0

-2 _dx+—Ldy =0

4+4x 14y
- 2
=;,%. 2"2.:15'_1'+%- ‘}?2 dy =10
4+x 1+p
- .2
= | 2'1'2-:f.1.': — | ‘}?2 dy
d+x 1+p

=log(4+x3) = —log(1+y?) +log C

=log(4+x3)(1+ %) =log C

=@+ eyt =0

This is the required solution of the given differential equation.

e Homogeneous differential equation:

L= f(xy) o =g(x)

A differential equation which can be expressed as dx , where f(x, y) and g
(x, y) are homogenous functions of degree zero is called a homogenous differential equation. To solve
such an equation, we have to substitute y = vx in the given differential equation and then solve it by
variable separable method.
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Example: Solve the differential equation: *ydy — (x" — 3y )dx =0

Solution:

xvdy — {J.'E — Eyzjdjr =0
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Now,
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FiAx Ay) = A ;A L= » e
Axp *F

=A f(xy)

F is homogeneous function of degree zero. Therefore, the given differential equation is a homogeneous
differential equation.

Lety =wx
dy dv
C Ay _ oy dv
A T

Now, equation' (1) becomes
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= Yo dv=[a
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= — IE,II —31:2 dv = [
1w

= —lglc-g[l—filvzjl =log(x) —log C}
1
=1log [_1-{1 —4‘”2)5] =log Cy
g 1
= x(1—4v")8 ="
= S(1-4v%) =Cf = C(say)

2 2
=y (1_4}:-1’_2):53
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=0f -4yt =cC

This 1s the required solution of the given differential equation.

. Linear differential equation:

dy _
o A differential equation which can be expressed in the form of dx tPy = Q, where P

and Q are constants or functions of x only, is called a first order linear differential equation.

In this case, we find integrating factor (I.F.) by using the formula:



IF = P
Then, the solution of the differential equation is given by,

y(IF)=[(Qx1F )dx+C

':'ii + Py =
o A linear differential equation can also be of the form & 1 Q, where P1 and Q1 are constants or
functions of y only.
In this case, I.F.=¢ Py

And the solution of the differential equation is given by,
¥IE)=[{Qy<L.E )dy +C

Example: Find the solution of the differential equation st ydx = cos y(sin ¥ — x)dy _ satisfying the

-
condition that x =5 when”® _ 2.

Solution:
We have,

sin vadx =cosyv(sin y — x)dy

ody cosp(sinp—x) _ cosy — xcot ¥

dy S ¥

dx —

By =
== dy yoot vy =cosy
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This is a linear differential equation of the form d¥ where P{ =cotyand Q1 =cos y
Now, LF = =¢ [Py _ o Jeot pdy _ - log sin pdy _ sin y

Therefore, the general solution of the given differential equation is



rxsin y = [cos yxsin ydy + C
= Y50 Y = %,llsin 2ydy +C

= Ys5n Yy = — %ms ay + C

— T
Substituting ¥ =7 and x =5 in this equation, we obtain

Ss1n (E) = — lcms(zxi) +
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5= —3x(—1) +C
#CZ%
Therefore, the required solution is
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xXsin ¥ 4 COS 2% y
- 1 _ 19
- + = - =
= X510 ¥ 413-:3-52}? A
=dxsin ¥ +cosdy =19



