INDEFINITE INTEGRAL
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Standard Integrals

Integration by Substitution

n+l

@ [x"dx = :+1 +C,n#-1

(ii)j‘idx=lug|x|+c
(iii) [e*dx=e* +C
x
" x oy a
@) ja dx——loga+C
(v) jsi.nxdx =—cosx+C
(vi) Icosxdx= sinx+C
(vii) [sec? xdx = tanx +C
(viii) [ cosec’xdx =—cotx +C

(ix)‘[secx tanxdx =secx+C

(%) J'cosec xcot xdx =—cosec x+C
(xi) Imtxdx:loglsinxuc

(xid) [tanxdx =1log|secx | +C

(xiii) [secx dx =log | secx+tanx |+C

(xiv) Icosec xdx = log |cosecx—cotx |+C
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dx tan"( )+C
-lcot"(z)+c
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(“)J_j_x xz_azdx—acosec (a)+c
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A change in the variable of integration
often reduces an integral to one of the
fundamental integrals. The method by
which we change the wvariable of
integration to some other variable is known
as the method of substitution,

Consider [ = If(x)dx

) dx
Put x = g(t), so =—=g'(t
i T g't)
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S
Integration by Parts

fuvex=ufvex[| 2. frexex

Here, uis the first function & v is the second function.
Selection of first function : For applving integration
by parts, we choose the first function as the function

@

Definite Integral

ie. dx=g'(t) dt
Thus. I= [ £(x)dx = [£(g()g'(dt I

Some Important Substitutions are:

Function Substitutions

x=asinBorx=acosf

which comes first in the word ILATE, where
stands for the inverse trigonometric function

stands for the logarithmic function

stands for the algebraic functions

stands for the trigonometric functions
- stands for the exponential functions

(sin”"x, cos™'x, tan~'x etc)

x=atan0

x=asecO

(@)

Integration Using Partial Fractions

Consider a rational function of the form M
Q(x)

where P(x) & Qix) are polynomials inx & Q(x)# 0.
If degree of P(x) is greater than the degree of Q(x),
then we may divide P(x) by Q(x) such that

Py +R&®

——=TE)+
Q(x) Q=)

where, T(x) is a polynomial in x & degree of R(x)
is less than the degree of Q(x).

T(x) being a polynomial can be easily integrated.
R(x) R(x)
Q)

sum of partial fractions of the following types:

—==can be integrated by expressing ——=as the

_ PE+q A -
(x a)x—-b) x-a x-b
)px+q A B
(—a)z x-a (x-a)’
px toRtr A AL, B B  ©C
(x— a)(x b}(x-c¢) x-a x- b x-c
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Methods of Integration

When integration cannot be reduced into
some standard form, then integration is
performed using following methods :

(i) Integration by Substitution

(ii) Integration using Partial Fractions
(iii) Integration by Parts

(x~ a) (x-b) x-a (x-af x-b
px +gx+r A = Bx+C

(x—a)(xz-rbxﬂ:]_x-a x2+bx+c

where x%+ bx + ¢ cannot be factorised further.
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Integrals of Some Special Functions

[x-al, ~
Ix+a|

" _ |a+x|
(u)j a? xz—Zalogla x|

(l.ll)j‘q_ x+\hc —a |+C
(iv)jm=log|x+ XZ'FIIZ +C
(®)

M [ - hg

+C

The definite integral of f{x) between the limits a to b i.e.,
ir‘aj the interval [a, b] is denoted by

Jf(x)dx and is defined as follows:

b
[£)ax =[FG)L} = F(b)-F(@)
a
where, [f(x)dx =F(x)
b
The definite mtegral jt‘(x)dx 1s also defined as the area

a
bounded by the curve y = f(x), the ordinatesx =a, x=b
and the x-axis

b
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Fundamental Theorem of Calculus

Theorem 1 : Let f be a continuous function on the closed interval [a, b] and
let A(x) be area function. Then A'(x) = fix), ¥ x € [a, b]

Theorem 2 : Let f'be a continuous function defined on the closed interval [a, b]
& F be the anti-derivative of .

b
Then ['f(x)dx =[F(x + )5 = F(b)—F(a)

&
This is called the definite integral of f over the range [a, b], where a & b are
called the limits of integration, a being the lower limit & b the upper limit.

@

Evaluations of Definite Integrals by Substitution

Consider a definite integral of the following form

b
[f(e()e(x)dx

a

To evaluate this integral we proceed as following
Step 1 : Substitute
Step 2 : Find the limits of mtegration in new system of variable, L.e. the
lower limit is gla) and

a(b)
the upper limit is g(b), and the integral is now j f(tydt

&(a)

Step 3 : Evaluate the integral so obtained by usual method.
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Properties of Definite Integrals

Definite Integral as the Limit of a Sum

b b
@) [fx)dx = [£()dt

Some Special Types of Integrals

(1)

Two Standard Forms of an Integral

(@) [ €[ + £1(x)]dx = €* £(x) +C
(i) [[xF'G) +£00Tdx = xF(x) + C

2

Dvx? —aldx =§Jx2 —a? —%loglx +s}x2—az|+C
2

(i)Vx2 +a%dx = ZJx2 +a2 +°?log x+yx? +a1|+C

2
2
(iii)_f\fa2 —xldx = iJaz —x? 4+ gin (5]+C
2 a
o fdx
+hx +e JJaxz.i.bHc

can be transformed into standard form by expressing

(w)rumgmofﬂmypesj >

axZ+bx +c= a[m:2 +E+£]
a a

(o2 (23]

v) Integrals of the S
(1) Tuizgrale types[n2+bx+c
pRtq

& 7o

ax’ +bx+¢
can be transformed into standard form by
expressing  pr+q = A (@ +bxt o) +B
= MA(2ax + b) + B where A & B can be determined
by comparing coefficients on both sides.

b
[fex)ax = lim{f(a)+ fa+h) + ~ =+ f(a+ (a- D)}

or

If(x)dx (b-a) lim ~{ffa)+fla+h)
0 e —+f(a+(n-Dh]

where,h=b—;a—>ﬂasn—>m

The above expression is known as the definite
integral as the limit of a sum.,

b a a
(i) [ £x)dx = -j f(x)dx, in particularj F(x)dx =0
b a

a

b c b
(i) [ £GOdx = [(x)dx+ [ £(x)dx where a <c <b
a a c
b b
(iv)jr(x)dx = j f(a+b-x)dx
a a

(v)if(x)dx =if(a —x)dx

(voj‘ f(x)dx = 2j' f(x)dx, if f{x) is an even function i.e., fi-x) = f{x)

-a

j f(x)dx =0, if f{x) is an odd function i.e., f{x) = f(x)

2
(vii) jsl f(x)dx = j‘f{x)dx +Tf(2 a-x)dx
1] 1] 0

2a a
(viti) [ £(x)dx = 2[ £(x) dx, if F(2a—x) = fx)
0 a0

=0, iff(2a x)=-f(x)




