4 Pair of Straight Lines

Let's Study ~

4.1 Combined equation of a pair lines.
4.2 Homogeneous equation of degree two.
4.3 Angle between lines.

4.4 General second degree equation in x and y.

\_

4.1 INTRODUCTION

We know that equation ax + by + ¢ = 0, where q, b, ¢, €, R, ( a and b not zero simultaneously),
represents a line in XY plane. We are familiar with different forms of equations of line. Now let's
study two lines simultaneously. For this we need the concept of the combined equation of two lines.

Eﬁ; Let’s learn.

4.1 Combined equation of a pair of lines :

An equation which represents two lines is called the combined equation of those two lines. Let
u=a,xth,y+c,andv=a,xth,y+ c, Equation u = 0 and v = 0 represent lines. We know that
equation u + kv =0, k € R represents a family of lines. Let us interpret the equation uv = 0.

Theorem 4.1:

The equation uv = 0 represents,the combined equation of lines u = 0 and v=0
Proof : Consider the lines represented by u =0 and v= 0

ax+b yt+tc,=0anda,x+b,y+c,=0. Q (x5, 1,) K )
Let P(x, y,) be a point on the line u = 0. b
: (x, y,) satisty the equation a,x + b,y + ¢, = 0
ax+tb y+tc =0
To show that (x, ) satisfy the equation uv = 0.
(a,x,+b,y,+c)ax+Db,y+c) u=0 v=0
=0 (az'x]+ b2 y1 + CZ) Figure 4.1
=0

Therefore (x,, y,) satisfy the equation uv = 0.

This proves that every point on the line u = 0 satisfy the equation uv = 0.

Similarly we can prove that every point on the line v = 0 satisfies the equation uv = 0.

Now let R(x'y") be any point which satisfy the equation uv = 0.
(ax"+b,y'+c)(ax'+b,y'+c,)=0
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(a,x'+b,y'+c)=0or(ax+b,y'+c,) =0
Therefore R(x', ") lies on the line u =0 or v=0.
Every points which satisfy the equation uv = 0 lies on the line # = 0 or the line v= 0.

Therefore equation uv = 0 represents the combined equation of lines = 0 and v = 0.

Remark :

1) The combined equation of a pair of lines is also called as the joint equation of a pair of lines.
2)  Equations u = 0 and v = 0 are called separate equations of lines represented by uv = 0.

@ Solved Examples : )

Ex. 1) Find the combined equation of lines x+ y—2=0and 2x—y+2=0

Solution : The combined equation of linesu =0 and v= 0isuv= 0
The combined equation of linesx+ y—2=0 and2x—y+2=01s
(x+y-2)2x-y+2)=0
X2x—y+2)+y2x—y+2)-22x—-y+2)=0
23X —xy+2x+2xy—)y*+2y—4x+ 2y—4=0
2+ xy—y*—2x+4y—4=0

Ex. 2) Find the combined equation of linesx—2=0and y +2 =0.

Solution : The combined equation of lines = 0 and v= 01s uv=0.
.. The combined equation of linesx—2=0and y +2=01is
(x=2)(y+2)=0
Soxy+2x-2y—-4=0
Ex. 3) Find the combined equation of lines x — 2y =0 and x + y = 0.

Solution : The combined equation of lines #= 0 and v= 01is uv=0.
.. The combined equation of linesx —2y=0and x +y =01is
(x=2y)(x+»=0
Lxt=xy—=2=0
Ex. 4) Find separate equation of lines represented by x*—y*+x+y=0.

Solution : We factorize equation x> —)*+x+y=0as

@+ @@= +E+»=0

Lt y)x—=y+1H)=0

Required separate equationsare x+y =0 and x—y+ 1 =0.
4.2 Homogeneous equation of degree two:
4.2.1 Degree of a term:
Definition: The sum of the indices of all variables in a term is called the degree of the term.

For example, in the expression x? + 3xy — 2y* + 5x + 2 the degree of the term x?is two, the
degree of the term 3xy is two, the degree of the term —2y”is two, the degree of 5x is one. The degree
of constant term 2 is zero. Degree of '0' is not defined.

4.2.2 Homogeneous Equation :

Definition: An equation in which the degree of every term is same, is called a homogeneous
equation.
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For example: x* + 3xy =0, 7xy —2y*= 0, 5x* + 3xy — 2y* = 0 are homogeneous equations.
But 3x? + 2xy + 2)?+ 5x = 0 is not a homogeneous equation.
Homogeneous equation of degree two in x and y has form ax? + 2hxy + by*= 0.

Theorem 4.2 :

The combined equation of a pair of lines passing v ax+by=0
through the origin is a homogeneous equation of degree ax+by=0
two in x and y. ] '
Proof: Letax+ b y=0and a,x+ b,y =0be any two
lines passing through the origin.

Their combined equation is (ax + b y) (a,x + b,y) =0

a a,x’+ ab,xy+ ab xy+bb,y> =0 '

(a,a)x*+(ab,+ apb)xy+ (bb))* =0 X 0 X
In this if we put aa = aa btab = 2h,
bb, =b, we get, ax> + 2hxy + by* = 0, which is a
homogeneous equation of degree two in x and y. Y

Figure 4.2

Ex.1) Verify that the combined equation of lines 2x + 3y =0 and x — 2y = 0 is a homogeneous equation
of degree two.

Solution :

The combined equation of lines = 0and v= 01is uv =0.
.. The combined equation of lines 2x + 3y=0and x—2y =01is
(2x+3y)(x—2y)=0
2x* — xy — 6)*= 0, which is a homogeneous equation of degree two.
Remark :

The combined equation of a pair of lines passing through the origin is a homogeneous equation
of degree two. But every homogeneous equation of degree two need not represent a pair of lines.

Equation x* +y?= 0 is a homogeneous equation of degree two but it does not represent a pair
of lines.

How to test whether given homogeneous equation of degree two represents a pair of lines or
not?
Y

ax+2hy=0
Let's have a theorem.

Theorem 3 : Homogenous equation of degree two in x and
v, ax* +2hxy + by* = 0 represents a pair of lines passing 0
through the origin if 27 —ab > 0. 0,

Proof : Consider the homogeneous equation of degree two | X' o X
inx and y, ax* +2hxy + by> =0 - (1)

Consider two cases b = 0 and b == 0. These two cases are
exhaustive.

Case 1: If b =0 then equation (1) becomes ax? +2hxy = 0 L.

x(ax +2hy ) =0, which is the combined equation of Figure 4.3
lines
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x=0and ax+2hy = 0.
We observe that these lines pass through the origin.
Case 2: If b == 0 then we multiply equation (1) by b.
abx* + 2hbxy + b*? =0
b*?* + 2hbxy = — abx?
To make L.H.S. complete square we add 4x? to both sides.
b*»? + 2hbxy + h*x* = h’x*— abx?
(by + hx)*=(h* — ab)x?

(by + hep= (VI —ab) 2, as i —ab >0

(by + hp— (VW —ab) 2 =0

(by + hx+ W —abx )by + hx— B —abx)=0
[(h+ NB> —ab) x +by] % [(h— K" —ab ) x +by] = 0

Which is the combined equation of lines (4 + k> —ab ) x +by=0 and (h— \Jh> —ab ) x +by = 0.

: e ~h—~h* —ab
As b # 0, we can write these equations in the form y = m x and y = m x, where m, = ————

~h+~\h —ab b

and m, = b

We observe that these lines pass through the origin.

Therefore equation abx* + 2hbxy + by* = 0 represents a pair of lines passing through the origin
if h*—ab> 0.
Remarks:
1)  If 4> — ab > 0 then line represented by (1) are distinct.
2)  If k> — ab = 0 then lines represented by (1) are coincident.
3) If A’ — ab <0 then equation (1) does not represent a pair of lines.
4)  If b =0 then one of the lines is the Y - axis, whose slope is not defined and the slope of the

other line is —% ( provided that 2 = 0).

2
5) If #*—ab >0 and b == 0 then slopes of the lines are m = w and
~h+~h*>—ab
N
) . h ) a
Their sum is m, + m, = y and product is m, m,= 5

The quadratic equation in m whose roots are m, and m, is given by
m*—(m+m,) m+m,=0

" mz—(—%hjm-irg:O




b+ 2hm+a=0 .. )

Equation (2) is called the auxiliary equation of equation (1). Roots of equation (2) are slopes of lines
represented by equation (1).

@) Solved Examples )

Ex. 1) Show that lines represented by equation x* — 2xy — 3)? = 0 are distinct.

Solution : Comparing equation x?—2xy — 3)? =0 with ax* + 2hxy + by* =0, we get
a=1,h=-1and b=-3.

h*—ab =(-1—(1)(-3)
=1+3
=4>0
As h? — ab > 0, lines represented by equation x> — 2xy — 3y* = 0 are distinct.
Ex. 2) Show that lines represented by equation x> — 6xy + 9)? = 0 are coincident.
Solution : Comparing equation x> — 6xy + 9)? =0 with ax* + 2hxy + by* =0, we get
a=1,h=-3and b=09.
h*—ab=(-3)*-(1) (9)
=9-9=0
As h* — ab > 0, lines represented by equation x* — 6xy + 9y* = 0 are coincident.
Ex. 3) Find the sum and the product of slopes of lines represented by x> + 4xy — 7y* = 0.
Solution : Comparing equation x? +4xy —7y* =0 with ax> + 2hxy + by> =0, wegeta=1,h=2
and b =-7.

If m and m, are slopes of lines represented by this equation then

2h _a
m+m, :—7 and mm, = b
-4 4 1 1
Lomtm, =5 = ;andmlmZZ _—7 = —;
: 4 1
Their sum is 7 and products is — -
Ex. 4) Find the separate equations of lines represented by

i) X*-4” =0

i) 3x*—Txy+4* =0

i) X+ 2xy—)*=0

iv) 5x*—3)?=0

Solution : i) x*—4y* =0

S =2)(x+2y)=0
Required separate equations are
x=2y=0andx+2y=0
i) 3x*—"Txy+4)> =0




S 3 =-3xy—4dxy+ 42 =0
S 3x(x—y)—4y(x—y)=0
L=y Bx—4)=0
Required separate equations are
x—y=0and 3x—4y=0
iii) x>+ 2xy —? =0
The corresponding auxiliary equation is bm*+ 2hm +a=0
-m*t2m+1=0
m*—2m—-1=0
248 2+2\2
2

om
2

=1++2

Slopes of these lines are
ml=1+\/§ andm2=1—\/5
.. Required separate equations are

y=mxandy=m,x
Ly=(0+2)xandy=(1- 2 )

L+ H)x—y=0and(1- 2 x—y=0
iv) 5x°=3y*=0

L (5xP=(Byr=0

L (N5x=By) (x+B3y)=0

. Required separate equations are

J5x - Y3y =0 and J5x+ 3y =0
Ex. 5) Find the value of £ if 2x + y = 0 is one of the lines represented by 3x? + kxy + 2)? = 0.
Solution : Slope of the line 2x + y =0 1is -2
As 2x + y =0 is one of the lines represented by 3x* + kxy + 2)? = 0, -2 is a root of the auxiliary
equation 2m?* + km +3 =0

S22+ k(-2)+3=0

~ 8-2k+3=0

S2k+11=0

11

s 2k=11 k=5.

Alternative Method : As 2x +y =0 is one of the lines represented by 3x2 + kxy + 2)? = 0, co-ordinates
of every point on the line 2x + y = 0 satisfy the equation 3x* + kxy + 2y = 0.

As (1,-2) is a point on the line 2x + y = 0, it must satisfy the combined equation.
3 FA(D)(-2) +2(=2) =0
w 2k+11=0

w 2k=11 Sk = —.




Ex. 6) Find the condition that the line 3x — 2y = 0 coincides with one of the lines represented by
ax* + 2hxy + by* = 0.
Solution : The corresponding auxiliary equation is bm?* +2hm + a= 0.

As line 3x — 2y = 0 coincides with one of the lines given by ax* + 2Axy + by* = 0, its slope — is a root
of the auxiliary equation. 2

3
" 5 is a root of bm?> + 2hm +a=0

(ijz E
. b 5 +2h > +a=0
.9 _
. Zb+3h+a=0
4

. 4a+ 12h + 9b = 0 is the required condition.

Ex.7) Find the combined equation of the pair of lines passing through the origin and perpendicular
to the lines represented by 3x> + 2xy —? = 0.
Solution : Let m and m, are slopes of lines represented by 3x* + 2xy —* = 0.

a
and m m,= 3 = i
Now required lines are perpendicular to given lines.

1
. Their slopes are L and - —
m, m,

And required lines pass through the origin.

1
. Their equations are y = —Lx andy =—— x

L~ my=-xandm,y=—x " .
“x +tm y=0and x+m,y=0
Their combined equation is (x +m, y) (x +m,y) =0
Xt (mtm)xy +mom,y*=0
X2+ 2y +(-3)2=0
xP+ 2xy—-32=0
Ex.8) Find the value of £, if slope of one of the lines represented by 4x* + kxy +y* =0 is four times
the slope of the other line.
Solution : Let slopes of the lines represented by 4x? + kxy + 1> =0 be m and 4m,

their sumis m +4m =5m

. . —2n —k
But their sum is —— :T =—k
 Sm=—k
—k
T m=— ...(1
m=" ()




Now their product is (m) (4m) = 4m?

: . a 4
But their product is 1" 4
Sodm?=4
m?=1.... ()

From (1) and (2), we get

kY

SE
sk =25
k=15

@ Exercise 4.1)

1) Find the combined equation of the following pairs of lines:
)2x+y=0 and3x—-y=0
)x+2y—1=0andx—-3y+2=0
ii1) Passing through (2,3) and parallel to the co-ordinate axes.

1v) Passing through (2,3) and perpendicular to lines 3x + 2y —1=0andx -3y + 2=0
v) Passsing through (—1,2),one is parallel to x + 3y — 1 = 0 and the other is perpendicular to
2x-3y—-1=0.
2) Find the separate equations of the lines represented by following equations:
1) 3>+ Txy=0
i) 5x2 - 9y*=0
i) x> —4xy =0
iv) 3x* — 10xy — 8> =0
V) 3x2—23xy-3)>=0
vi) x* + 2(cosec a)xy + »* =0
vii) x>+ 2xy tan o — 1> =0
3) Find the combined equation of a pair of lines passing through the origin and perpendicular
to the lines represented by following equations :
1) Sx*—8xy+3)2=0
i) 5x* +2xy—3y=0
i) xy+y* =0
iv) 3x*—4xy =0

4)  Find k if,
i) the sum of the slopes of the lines represented by x? + kxy — 3)” = 0 is twice their product.
i) slopes of lines represent by 3x? + kxy — y* = 0 differ by 4.
iii) slope of one of the lines given by kx? + 4xy — y* = 0 exceeds the slope of the other by 8.
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)

6)
7)
8)

9)

Find the condition that :

i) the line 4x + 5y = 0 coincides with one of the lines given by ax? + 2Axy + by* = 0.

ii) the line 3x + y =0 may be perpendicular to one of the lines given by ax? + 2hxy + by* = 0.
If one of the lines given by ax* + 2hxy + by* = 0 is perpendicular to px + gy = 0 then show that
ap*+2hpg + by* = 0.

Find the combined equation of the pair of lines passing through the origin and making an
equilateral triangle with the line y = 3.

If slope of one of the lines given by ax* + 2hxy + by* = 0 is four times the other then show that
16h* =25ab.

If one of the lines given by ax? + 2Ahxy + by? = 0 bisects an angle between co-ordinate axes then
show that (a +b)* = 41>,

4.3 Angle between lines represented by ax* + 2hxy + by* = 0:

If we know slope of a line then we can find the angles made by the line with the co-ordinate

axes. In equation ax? + 2hxy + by* = 0 if b = 0 then one of the lines is the Y - axis. Using the slope of
the other line we can find the angle between them. In the following discussion we assume that b # 0,
so that slopes of both lines will be defined.

If m and m, are slopes of these lines then m m,= a

b
We know that lines having slopes m, and m, are perpendicular to each other if and only if

m1m2=—1.
a

Z =1
a=-b

sLat+rb=0
Thus lines represented by ax? + 2hxy + by* = 0 are perpendicular to each other if and only if
a+b=0.
If lines are not perpendicular to each other then the acute angle between them can be

obtained by using the following theorem.

Theorem 4.4 : The acute angle 6 between the lines represented by ax? + 24xy + by*> = 0 is given by

2\ h* —ab

tan0 = ath

Proof : Let m and m, be slopes of lines represented by the equation ax® + 2Axy + by* = 0.

a
om tm, 2—7 andm1m2= -

b

. 1 2
So(m=myy=(m +m)?—4m m,

OB

4h*  4ab

b b




y=myx
N
4h> —4ab Y
— bZ y=mx
4(h* - ab)
0
2\’ —ab
I’}’l1 — m2 == T & >
X' 0] X
As 0 is the acute angle between the lines,
tan 0 = Ll
1+ mm, Y'V¥
W2 —ab Figure 4.4
_ b
1+4
b
12 h* —ab
a+b

Remark : Lines represented by ax” + 2Axy + by* = 0 are coincident if and only if m =m,
s m, —m,= 0
2k —ab
b
S h—ab=0
o h*=ab

=0

Lines represented by ax? + 2hxy + by? = 0 are coincident if and only if #° = ab.

@) Solved Examples )

Ex.1) Show that lines represented by 3x* — 4xy — 3y = 0 are perpendicular to each other.
Solution : Comparing given equation with ax* + 2Axy + by* =0 we get a= 3, h=-2 and b = 3.

As a+ b=3+(-3) =0, lines represented by 3x* — 4xy — 3)* = 0 are perpendicular to each other.

Ex. 2) Show that lines represented by x> + 4xy + 4y? = 0 are coincident.
Solution : Comparing given equation with ax> + 2Axy + by?> =0, wegeta=1, h=2 and b =4.

As, h* —ab = (2)> — (1)(4)
=4-4=0
.. Lines represented by x* + 4xy + 4y* = 0 are coincident.




Ex.3) Find the acute angle between lines represented by:
) xX*+xy=0
i) X¥*—4xy+)*=0
iii) 3x*+2xy—)y*=0
iv) 2x* —6xy +)*=0
v) xy+3*=0
Solution :
i)  Comparing equation x*+ xy =0 with ax*> + 2hxy + by =0, wegeta=1,h= 5 and b = 0.

Let 0 be the acute angle between them.

Wi —ab| |25 70
tan 0 = T arb |7 0 =1
:4OZL
0 5 1

ii) Comparing equation x> — 4xy + y* = 0 with ax> + 2hxy + by? =0, wegeta=1,h=-2and b= 1.

Let 0 be the acute angle between them.

2\ h* —ab
..tanez—a+b
_ [2V4-1 =\/§
2
. _gno T
5.0 =60 =3

iii) Comparing equation 3x? + 2xy — y* = 0 with ax* + 2hxy + by =0, wegeta=3,h=1and b =—1.

Let 6 be the acute angle between them.

2\ h* —ab
tan 0 = T atb
_|2v1+3 _9
2
0 =tan' (2)

iv) Comparing equation 2x? — 6xy + y* = 0 with ax*> + 2ixy + by’ =0, wegeta=2,h=-3 and b= 1.

Let 0 be the acute angle between them.

2\Jh? —ab
S.tan O = —a+b
92| 247 [Zﬁi]
= = 6 Ith'l
3| 3 3




1
v) Comparing equation xy + y*>= 0 with ax*> + 2hxy + by> =0, wegeta=0, h= 5 and b= 1.
Let 0 be the acute angle between them.

2k — ab

Cotan O = ath

2 l—0
4

=1
= 1

S0 =45°= %
Ex.4) Find the combined equation of lines passing through the origin and making angle % with the
line3x+y—-6 =0.
T

Solution : Let m be the slope of one of the lines which make angle ¢~ with the line 3x+y—6 = 0. Slope
of the given line is —3.

O T )}
o 6 1+m(—3)
. L_‘m+3
\@ 1-3m

(1 =3m)*=3(m +3)?
S9m* —6m+1=3(m>+6m+9)
29m? —6m+ 1 =3m*+ 18m + 27
s6m?—24m—26=0
~3mP—12m—13=0
This is the auxiliary equation of the required combined equation.
The required combined equation is —13x? — 12xy + 3y* =0
2132+ 12xy—3)2=0
Ex. 5) Find the combined equation of lines passing through the origin and each of which making

angle 60° with the X - axis.
Solution :

Let m be the slope of one of the required lines.
The slope of the X - axis is 0. As required lines make angle 60° with the X - axis,

m—0
1+(m)(0)
N
Somr=3

- m*+ 0m — 3 =0 is the auxiliary equation.

tan 60° =

.. The required combined equation is
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=3x*+0xy+3)*=0
S 3x2=y2=0
Alternative Method: As required lines make angle 60° with the X - axis, their inclination are 60°
and 120°. Hence their slopes are \/5 and —\/5 .
Lines pass thorugh the origin. Their equations are y = /3x and y = — /3 x
~ 3x—y=0and 3x+y=0
Their combined equation is ( \/3x —y)( /3x+ »)=0
L3 —=)P=0

@ Exercise 4.2 )

1)  Show that lines represented by 3x? — 4xy — 3)?= 0 are perpendicular to each other.

2)  Show that lines represented by x> + 6xy + gy*= 0 are coincident.
3)  Find the value of & if lines represented by kx? + 4xy — 4y*= 0 are perpendicular to each other.
4)  Find the measure of the acute angle between the lines represented by:
i) 3x2—43xy+3)2=0
i) 4x*+ 5xy+4y*=0
iil) 2x2 + 7Txy + 3y?=0
iv) (@ — 3b*)x* + 8abxy + (b* —3a*)y* =0
5)  Find the combined equation of lines passing through the origin each of which making an angle
of 30° with the line 3x +2y— 11 =0

6) Ifthe angle between lines represented by ax* + 2Axy + by* = 0 is equal to the angle between lines
represented by 2x? — 5xy + 3y = 0 then show that 100(#*> — ab) = (a + b)*.

7)  Find the combined equation of lines passing through the origin and each of which making
angle 60° with the Y- axis.

4.4 General Second Degree Equation in x and y:

Equation of the form ax* + 2Ahxy + by? + 2gx + 2fy + ¢ = 0, where at least one of a,b,/ is not
zero, is called a general second degree equation in x and y.

Theorem 4.5 : The combined equation of two lines is a general second degree equation in x and y.
Proof: Letu=ax+b y+c andv=ax+b,y+c, Equations u =0 and v = 0 represent lines. Their
combined equation is uv = 0.
s(ax+bytc)(ax+bytc)=0

aax’+abxy+acx+baxy+bby*+bcy+cax+chy+cc=0

Writing a,a,= a, b b,=b, ab,+ ab,=2h,ac,+ ac, =2g bc,+bc =2f cc,=c,
we get, ax? + 2hxy + by? +2gx + 2fy + ¢ = 0, which is the general equation of degree two in x and y.
Remark : The converse of the above theorem is not true. Every general second degree equation in x

and y need not represent a pair of lines. For example x> +)?= 25 is a general second degree equation
in x and y but it does not represent a pair of lines. It represents a circle.
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Equation x*+)?—4x + 6y +13 =0 is also a general second degree equation which does not represent
a pair of lines. How to identify that whether the given equation represents a pair of lines or not?

4.4.1 The necessary conditions for a general second degree equation.
ax* + 2hxy + by? + 2gx + 2fy + ¢ = 0 to represent a pair of lines are:
i) abc + 2fgh — af*— bg* — ch* =0 i)*—ab> 0
Remarks :
If equation ax* + 2hxy + by* + 2gx + 2fy + ¢ = 0 represents a pair of lines then
1) These lines are parallel to the line represented by ax? + 2hxy + by?> =0

2k —ab

2) The acute angle between them is given by tan 6 = ath

3) Condition for lines to be perpendicular to each other is a+ b = 0.
4) Condition for lines to be parallel to each other is 4> — ab = 0.

5) Condition for lines to intersect each other is 4> — ab > 0 and the co-ordinates of their point

of intersection are (hf —bg gh—af )

ab—h*" ab—h’
a h g
6) The expression abc + 2fgh — af >~ bg® — ch? is the expansion of the determinant |2 b f
g [ c

7) The joint equation of the bisector of the angle between the lines represented by
ax’+ 2hxy+by?= 0 is hx’—(a—b) xy — hy’= 0. Here coefficient of x?+ coefficient of y?= 0.

Hence bisectors are perpendicular to each other

@) Solved Examples )

Ex.1) Show that equation x> — 6xy + 5) + 10x — 14y + 9 = 0 represents a pair of lines. Find the acute
angle between them. Also find the point of their intersection.

Solution: We have x> — 6xy + 5y*= (x — 5y)(x — y)

Suppose x* — 6xy + 52+ 10x — 14y +9=(x -5y + c) (x —y + k)
SLxXE—6xy+ 57+ 10x— 14y +9 =x2—6xy + 502+ (¢ + k)x — (c + Sk)y + ck
~ctk=10,c+5k=14and ck=9

We observe that ¢ =9 and &k = 1 satisfy all three equations.
.. Given general equation can be factorized as (x -5y +9) (x—y+1)=0

.. Given equation represents a pair of intersecting lines.

The acute angle between them is given by

[2VR-ab| |2 (—3)2—(1)(5)‘ 2
b=y | 1+5 =3
- 0=tan" [Zj

3
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Their point of intersection is given by

(hf—bg gh—afj 21-25 —15+7
ab—h*" ab—h’ 5-9 7 5-9

= j =(1,2)
Remark :
Note that condition abc + 2 fgh — af >— bg? — ch* = 0 is not sufficient for equation to represent
a pair of lines. We can't use this condition to show that given equation represents a pair of lines.
Ex.2)Find the value of & if the equation 2x* + 4xy — 2)? + 4x + 8y + k = 0 represents a pair of lines.
Solution: Comparing given equation with ax* + 2hxy + by? + 2gx + 2fy + ¢ =0 we get
a=2,b=-2,c=k,f=4,9g=2,h=2.
As given equation represents a pair of lines, it must satisfy the necessary condition.
. abc + 2fgh— af*— bg* — ch*=0
£ (2)(-2) (R) + 24)(2)(2) - 247 — (-2)(2) — (k)2 = 0
S—4k+32-32+8—-4k=0
. 8k=18
Sk=1.
Ex.3) Find p and ¢ if the equatoin 2x*+4xy —py? +4x+ gy +1=0 represents a pair of prependicular
lines.
Solution: Comparing given equation with ax* + 2hxy + by* + 2gx + 2fy + ¢ =0 we get
a=2,b=-p,c=1, f= g,g=2,h=2
As lines are perpendicular to each other, a + b=0
L 2+(=p)=0
Lp=2
As given equation represents a pair of lines, it must satisfy the necessary condition.

. abc + 2fgh— af*— bg* — ch*=0

S @)Ep) (D) + 2(%) (2)(2) -2 (%) - (p)2y-12y=0

2

L2p+dg—9L +4p—4=0
2

2
Lop+dg-4—4 =0 .
2

substituting p =2 in (1), we get
2

202 +4g-4 —4=0
2

2

4g-94 =0..8¢-¢4=0
2

5 q@8-q)=0
~g=0org=28




Ex.4) A OAB is formed by lines x* — 4xy + y*= 0 and the line x + y — 2 = 0. Find the equation of the
median of the triangle drawn from O.

Solution : Let the co-ordinates of A and B be (x,, y,) and (x,, y,) respectively.
The midpoint of segment AB is

XX, ¥+, Y
2 72
The co-ordinates of A and B can be obtained
by solving equations x + y —2 =0 and
x* — 4xy + y* = 0 simultaneously.
puty=2—xinx?>—4xy+1*=0.
X—=4x2-x)+2-x*=0
L 6P —12x+4=0
L3 —-6x+2=0
x, and x, are roots of this equation.

a8

i N Figure 4.5

The x co-ordinate of P is 1.
AsPliesonthelinex+y—-2=0
Llty=2=0 y=1
.. Co-ordinates of P are (1,1).
The equation of the median OP is )1)_(()) = T—_(())

Ly =x ..x—y =0.

@ Exercise 4.3)

1)  Find the joint equation of the pair of lines:
i) Through the point (2, —1) and parallel to lines represented by 2x* + 3xy —9y? =0

i) Through the point (2, —3) and parallel to lines represented by x> + xy —y* =0

2)  Show that equation x*+ 2xy + 2y*+ 2x + 2y + 1 =0 does not represent a pair of lines.
3)  Show that equation 2x* — xy — 3y — 6x + 19y — 20 = 0 represents a pair of lines.

4)  Show the equation 2x*> + xy —y* + x + 4y — 3 = 0 represents a pair of lines. Also find the acute
angle between them.

5)  Find the separate equation of the lines represented by the following equations :
DEx-2Y-3x-2)py+1)+2(y+1)>*=0
i) 10(x+ 1)*+(x+1)(y—2)—-3(y—2)*=0
6)  Find the value of & if the following equations represent a pair of lines :
1) 3x*+ 10xy +3y*+ 16y +k =0
i) kxy+ 10x+6y+4 =0
i) x>+ 3xy+ 2y’ +x—y+ k=0




7)
8)
9)
10)

11)

g
W Let’s remember!

Findp and g ifthe equationpx?—8xy+3y*+ 14x+ 2y+ ¢g=0 represents apair of perpendicular lines.
Find p and ¢ if the equation 2x* + 8xy + py? + gx + 2y — 15 =0 represents a pair of parallel lines.

Equations of pairs of opposite sides of a parallelogram are x> — 7x + 6 = 0 and y*~14y + 40 = 0.
Find the joint equation of its diagonals.

AOAB is formed by lines x* — 4xy + y* = 0 and the line 2x + 3y — 1 = 0. Find the equation of the
median of the triangle drawn from O.

Find the co-ordinates of the points of intersection of the lines represented by x>—y*—2x + 1 =0.

An equation which represents two lines is called the combined equation of those two lines.
The equation uv = 0 represents the combined equation of lines # = 0 and v = 0.

The sum of the indices of all variables in a term is called the degree of the term.

An equation in which the degree of every term is same, is called a homogeneous equation.

The combined equation of a pair of lines passing through the origin is a homogeneous equation
of degree two in x and y.

Every homogeneous equation of degree two need not represents a pair of lines.

A homogeneous equation of degree two in x and y, ax* +2hxy + by*> = 0 represents a pair of lines
passing through the origin if 4> — ab > 0.

If A? — ab > 0 then lines are distinct.

If > — ab =0 then lines are coincident.

~h—~h* —ab ~h+~h* —ab

Slopes of these lines are m, = 5 and m, = b

a
b

The quadratic equation in m whose roots are m and m, is given by bm* +2hm + a= 0, called the
auxiliary equation.

. . 2h .
Their sum is, m +m, = —— and product is, m m,=
b

Lines represented by ax> +2hxy + by* = 0 are perpendicular to each other if and only if
a+ b=0.

Lines represented by ax* +2hxy + by* = 0 are coincident if and only if 4> — ab = 0.
The acute angle 6 between the lines represented by ax? +2hxy + by* = 0 is given by
2\h* —ab

tan 0 = aih

Equation of the form ax* +2hxy + by* +2gx +2fy + ¢ = 0 is called a general second degree
equation in x and y.

The combined equation of two lines is a general second degree equation in x and y.

The necessary conditions for a general second degree equation
ax® +2hxy + by* +2gx +2fy + ¢ = 0 to represent a pair of lines are:
1) abc + 2fgh — af* — bg’— ch*=0 i) h*—ab>0

(128)
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a h g
*  The expression abc + 2fgh — af * — bg’— ch? is the expansion of the determinant |2 b [

g f c

« Ifequation ax’ +2hxy + by* +2gx +2fy + ¢ = 0 represents a pair of lines then
1) These lines are parallel to the lines represented by ax? +2hxy + by* = 0.
2\h —ab

2) The acute angle between them is given by tan 6 = ;
a+

3) Condition for lines to be perpendicular to each otheris a+ b =0.
4) Condition for lines to be parallel to each other is 4> — ab = 0.
5) Condition for lines to intersect each other is 4> — ab > 0 and the co-ordinates of their point of

hf —bg gh—afj
a1 ab— I

MISCELLANEOUS EXERCISE 4

I: Choose correct alternatives.

intersection are (

1)  Ifthe equation 4x? +hxy +)* =0 represents two coincident lines, then 4 =

A)+2 B)+3
C)+4 D)5
2)  Ifthe lines represented by kx?— 3xy + 6)* = 0 are perpendicular to each other then
A) k=6 B)k =-6
O k=3 D)k =-3
3)  Auxiliary equation of 2x* +3xy—9?=0is .
A)2m*+3m—-9=0 B)9m?>-3m—-2=0
C)2m*-3m+9=0 D)-9m*-3m+2=0
4)  The difference between the slopes of the lines represented by 3x> —4xy + 1> =0 is
A)2 B) 1
03 D)4
5)  Ifthe two lines ax* +2hxy + by* = 0 make angles o and  with X-axis, then tan (o+ ) =
h h
A arb B
Q) 2h D) 2h
a+b a->b
X 2y oy
6)  Ifthe slope of one of the two lines - + S + 5 0 is twice that of the other, then ab:’’=
A)l:2 B)2:1
(129 )




7)

8)

9)

10)

11)

12)

13)

14)

II.

C)8:9 D)9:8
The joint equation of the lines through the origin and perpendicular to the pair of lines
3x* + 4xy—5y7=01is

A)5x* +4xy—3y=0 B)3x* + 4xy—52=0

C)3x? —4xy+57=0 D) 5x* + 4xy+3)°=0

If acute angle between lines ax* +2hxy + by* =0 is, % then 44% =
A) @+ 4ab + b B) &+ 6ab + b

C) (a+2b)(a+3b) D) (a—2b)(2a+ b)

If the equation 3x* — 8xy + ¢y*+ 2x +14y +p = 1 represents a pair of perpendicular lines then
the values of p and ¢ are respectively

A) -3 and -7 B) -7 and -3

C)3and 7 D) -7 and 3
The area of triangle formed by the lines x> +4xy +)?=0and x —y —4=01s
4 8
A) ﬁ Sq. units B) ﬁ Sq. units
C o S it D D S it
—= Sq. units —= Sq. units
) B e ) N
The combined equation of the co-ordinate axes is
A)yx+y=0 Byxy=k
C)xy=0 D)yx-y=k
If 4*= ab, then slope of lines ax* +2hxy + by? = 0 are in the ratio
A)l:2 B)2:1
0)2:3 D)1:1

If slope of one of the lines ax* +2hxy + by> = 0 is 5 times the slope of the other, then 54% =

A) ab B) 2 ab

C)7ab D)9 ab

If distance between lines (x — 2y)* + k(x — 2y) = 0 is 3 units, then k=
A)+£ 3 B)t 55

C)0 D)+ 3 4/5

Solve the following.

1) Find the joint equation of lines:

)x—-y=0andx+y=0

i)x+y-3=0and 2x+y—-1=0

ii1) Passing through the origin and having slopes 2 and 3.

iv) Passing through the origin and having inclinations 60° and 120°.
v) Passing through (1,2) amd parallel to the co-ordinate axes.

vi) Passing through (3,2) and parallel to the line x =2 and y = 3.
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2)

3)

4)

5)

6)

7)

8)

9)

vii)Passing through (—1,2) and perpendicular to the linesx + 2y +3=0and 3x -4y - 5=0.
viii) Passing through the origin and having slopes 1 + /3 and 1 —/3
ix) Which are at a distance of 9 units from the Y - axis.

x) Passing through the point (3,2), one of which is parallel to the line x — 2y =2 and other is
perpendicular to the line y = 3.

xi) Passing through the origin and perpendicular to the lines x + 2y =19 and 3x + y = 18.
Show that each of the following equation represents a pair of lines.

i) x>+ 2xy—»*=0

i) 4x*+ 4xy +y*=0

i) x* = =0

) x* +7xy —2y*=0

V)Xt =23xy—-1*=0

Find the separate equations of lines represented by the following equations:

) 6x* —5xy—6)=0

i) x> —4*=0

i) 3x* —»*=0

v) 2x* +2xy—y*=0

Find the joint equation of the pair of lines through the origin and perpendicular to the lines
given by :

x> +4xy—572=0

i) 2x2 = 3xy— 92 =0

i) x* + xy—»*=0

Find k if

i) The sum of the slopes of the lines given by 3x* + kxy —y* =0 is zero.

ii) The sum of slopes of the lines given by x> + kxy — 3)? = 0 is equal to their product.
ii1) The slope of one of the lines given by 3x*> — 4xy + 5>=01is 1.

iv) One of the lines given by 3x?— kxy + 5)? = 0 is perpendicular to the 5x + 3y = 0.

v) The slope of one of the lines given by 3x* + 4xy + ky* = 0 is three times the other.

vi) The slopes of lines given by kx* + 5xy +)? = 0 differ by 1.

vii) One of the lines given by 6x*> + kxy +)*=01is 2x +y =0.

Find the joint equation of the pair of lines which bisect angle between the lines given by
X+ 3xy+2y’=0

Find the joint equation of the pair of lies through the origin and making equilateral triangle
with the line x = 3.

Show that the lines x* — 4xy + y* =0 and x + y = 10 contain the sides of an equilateral triangle.
Find the area of the triangle.

If the slope of one of the lines represented by ax* + 2hxy + by? = 0 is three times the other then
prove that 34> = 4ab.




10)

11)
12)

13)

14)
15)
16)
17)
18)
19)

20)

21)

22)
23)

24)

25)

26)

Find the combined equation of the bisectors of the angles between the lines represented by
5x* + 6xy —y*=0.
Find a if the sum of slope of lines represented by ax* + 8xy + 5y* = 0 is twice their product.

If line 4x — 5y = 0 coincides with one of the lines given by ax? + 2hxy + by* = 0 then show that
25a+40h + 16b =0.

Show that the following equations represent a pair of lines, find the acute angle between them.
1)9x? —6xy +)*+ 18x— 6y +8=0

i) 2x* +xy—)y*+x—4y+3=0

i) (x—3)+ (x—3) (y—4) -2(y—4)*=0

Find the combined equation of pair of lines through the origin each of which makes angle of
60° with the Y-axis.

If lines represented by ax* + 2Axy + by* = 0 make angles of equal measures with the co-ordinate
axes then show that a=+b.

Show that the combined equation of a pair of lines through the origin and each making an
angle of a with the line x + y = 0 is x>+ 2(sec 2a) xy + * =0.

Show that the line 3x + 4y + 5 = 0 and the lines (3x + 4y)? — 3(4x — 3y)*> =0 form an equilateral
triangle.

Show that lines x> — 4xy +)*>=0and x +y = /¢ form an equilateral triangle. Find its area and
perimeter.

If the slope of one of the lines given by ax? + 2Axy + by? = 0 is square of the other then show
that @’ + ab* + 8h* = 6abh.

Prove that the product of lengths of perpendiculars drawn from P (x, y,) to the lines repersented

axl2 +2hx,y, + byl2
(a—b) +4i’

by ax* + 2hxy + by* =0 is

Show that the difference between the slopes of lines given by
(tan?0 + cos?0)x? — 2xy tan O + (sin® 0))? = 0 is two.
Find the condition that the equation ay* + bxy + ex + dy = 0 may represent a pair of lines.

If the lines given by ax*+ 2Axy + by* = 0 form an equilateral triangle with the line
Ix + my = 1then show that (3a + b)(a +3b) = 4h°.

If line x + 2 = 0 coincides with one of the lines represented by the equation
x?+ 2xy + 4y + k= 0 then show that k = —4.

Prove that the combined equation of the pair of lines passing through the origin and perpendicular
to the lines represented by ax*+ 2hxy + by* =0 is bx*— 2hxy + a* =0

If equation ax’>—)* + 2y + ¢ = 1 represents a pair of perpendicular lines then find a and c.
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