RELATIONS,,FUNCTIONS, &

Chapter,02

INVERSE, TRIGONOMETRIC,FUNCTIONS

RELATIONS

1. CARTESIAN PRODUCT OF SETS

Definition : Given two non-empty sets P & Q. The cartesian
product P x Q is the set of all ordered pairs of elements from
P&Qi.e.

2. RELATIONS

2.1

2.2

PxQ={(.q;peP;qeQ}

Definition : Let A & B be two non-empty sets. Then
any subset ‘R’ of A x B is arelation from A to B.

If (a,b) € R, then we write it as a R b which isread as
‘ais related to b’ by the relation R, ‘b’ is also called
image of ‘a’ under R.

Domain and range of a relation : IfR is a relation
from A to B, then the set of first elements in R is
called domain & the set of second elements in R is
called range of R. symbolically.

Domain of R={x:(x,y) € R}
Range of R={y:(x,y) € R}
The set B is called co-domain of relation R.

Note that range < co-domain.

NOTES:

Total number of relations that can be defined from a set A
to a set B is the number of possible subsets of A x B. If
n(A)=p and n(B) = q, then n(A x B)=pq and total number
of relations is 2™.

2.3

Clearly,

Inverse of a relation : Let A, B be two sets and let R
be a relation from a set A to set B. Then the inverse of
R, denoted by Rﬁl, is a relation from B to A and is
defined by

R'={(b,a):(a,b) eR}

(a,b)eR<(b,a) eR”

Also, Domain (R) =Range (Rfl) and Range (R)=Domain (Rﬁl).
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3. TYPES OF RELATION

Void Relation : Let A be a non-empty set. Then
¢ < AxAandsoitis a relation on set A. This relation
is called the void or empty relation on set A.

Universal Relation : Let A be a non-empty set. Then,
A x Ais known as the universal relation set A.

Identity Relation : Let A be a non-empty set. Then,
I, = {(a,a) :a € A} is called the identity relation on A.

Reflexive Relation : Arelation R on a set A is said to
be reflexive if every element of A is related to itself.

Thus, R is reflexive < (a,a) € R foralla € A.

Symmetric Relation : Arelation R on a set A is said
to be a symmetric relation iff

(a,b) e R=(b,a) e Rforalla,be A
ie. aRb=DbRaforalla,b e A.

Antisymmetric Relation : A relation R on set A is
said to be antisymmetric relation iff

(a,b) e Rand (b,a) e R=>a=Dbforalla,be A
Transitive Relation :

We say that a relation R on a set A is transitive if
wheneveraRbandbRc,thenaR c.

It means that if a related to b and b related to ¢ then
arelated to ¢ for all (a,b,c) €A.

Equivalence Relation : Arelation R onasetAis said
to be an equivalence relation on A iff

(1) itisreflexive
(i) it is symmetric and

(i) it is transitive

FUNCTIONS

1. DEFINITION

Arelation ‘f from a set A to set B is said to be a function if
every element of set A has one and only one image in set B.
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Notations

> >y (=/(x)
(Domain) input output (Range)
(independent variable) (dependent variable)

X

Domain

T
1 @—b—» co-domain.

(read as:fis a function
from set A to set B)

2. DOMAIN, CO-DOMAIN AND RANGE OF A
FUNCTION

Domain :

When we define y = f(x) with a formula and the
domain is not stated explicitly, the domain is assumed
to be the largest set of x—values for which the formula
gives real y—values.

The domain of y=f'(x) is the set of all real x for which
f(x)is defined (real).

Rules for finding Domain :

v

(i)
(iii)
()

Range:

Expression under even root (i.e. square root, fourth
root etc.) should be non—negative.

Denominator # 0.
log x is defined whenx >0,a>0anda = 1.

If domain of y = f(x) and y = g(x) are D, and D,
respectively, then the domain of f(x) + g(x) or
f(x).g(x)isD, N D,. While domain of

/() is D; D, {x: g(x)=0}.

g(x)
The set of all f-images of elements of A is known as

the range of f* & denoted by f(A).

Range=f(A)= {f(x):x € A};
f(A) c B {Range c Co-domain}.

Rule for finding range :

First of all find the domain of y =/ (x)

()

(i)

If domain e finite number of points
= range e set of corresponding f'(x) values.

If domain € R or R — {some finite points}
Puty=£(x)

.4

Then express x in terms of y. From this find y for x to be
defined. (i.e., find the values of y for which x exists).

@iii) Ifdomain e a finite interval, find the least and greater
value for range using monotonocity.
NOTES:

Two functions f & g are said to be equal (identical) iff

1.
2.
3.

Definition 1 :

Definition 2 :

Range = Co-domain

Domain of f=Domain of g
Co-Domain of f=Co-domainof g

fx)=g(x) ¥ x € Domain.

3. CLASSIFICATION OF FUNCTION

A function f : X — Y is defined to be one-
one (or injective), if the images of distinct
elements of X under f are distinct, i.e., for
every X, X, € X, f(x)) = f(x,) implies
X, =X,. Otherwise, fis called many-one.

A function f: X — Y is said to be onto
(or surjective, if every element of Y is the
image of some element of X under £, i.e., for
every y €Y, there exists an element x in X
such that f(x) =y.

Range < Co-domain

/ /
A B A B

[ (one-to-one) & (onto) |

[ (one-to-one) & (into) |

Range = Co-domain

Range ¢ Co domain

06

(many-to—one) & (onto) |

(many-to-one) & (1nt0) |
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Methods to check one-one mapping
1. Theoretically : If f'(x )= f(x,)
= X, =X, only, then f(x) is one-one.

2. Graphically : Afunction is one-one, iff no line parallel
to x-axis meets the graph of function at more than
one point.

3. By Calculus : For checking whether f'(x) is One-One,
find whether function is only increasing or only
decreasing in their domain. If yes, then function is
one-one,

Le.if f'(x)>0, V x e domain

orif f'(x)<0, V x € domain,

then function is one-one.
Methods to check into/onto mapping

Find the range of f(x) and compare with co-domain. If range
equals co-domain then function is onto, otherwise it is into.

4. EVEN AND ODD FUNCTIONS

1. Even Function : f(—x)=/(x), V x € Domain

The graph of an even function y = (x) is symmetric about
the y—axis. i.e., (X, y) lies on the graph < (—x, y) lies on the

graph.
_ .2
Y—axis y=x
o
(_Xs Y) \ / (Xa Y)
& > X—axis
(¢}
Graph of an even function

2. 0dd Function : f(-x) = -f(x), V x € Domain

The graph of an odd function y = f(x) is symmetric about
origin i.e. if point (X, y) is on the graph of an odd function,
then (—x, —y) will also lie on the graph.

54

. 3
Y—axis y=X
x,y)

X-axis

v

(—x, —y) Graph of an odd function

5. COMPOSITE FUNCTIONS

Let us consider two functions, /: X —->Y andg:Y —Y. We
define function h : X — Y; such that

h(x)=g(f(x))=(gof) (%).

X

O &

To obtain h (x), we first take f~image of an element x € X so
that /' (x) € Y,, which is the domain of g (x). Then take
g—image of f(x), i.e., g (f(x)) which would be an element of Y.

NOTES:

It should be noted that gof exists iff; the range of
f< domain of g. Similarly, fog exists; iff; the range of g
< domain of f.

6. INVERSE OF FUNCTION

6.1 Definition : Let /: A — B be a one—one and onto function,
then there exists a unique function, g : B — A such

thatf(x)=y<=g(y)=x, Vx e A and y € B. Then

g is said to be inverse of f.

Thus, g =f":B> 4 ={(f(x),x)|(x,f(x))e f}
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Let us consider one—one function with domain A and
range B.

whereA={1,2,3,4} and B={2,4,6,8} and f:A— Bisgivenby
(x)=2x, thenwritef and /"' asa set of ordered pairs.

Here, member y € B arises from one and only one member
X €A.

So, f=1(1,2)(2,4)(3,6)(4,8);
and /7' ={(2,1)(4,2)(6,3)(8.4)}

NOTES:

In above function, Domain of f'= {1,2, 3,4} =range of f .
Range of f = {2,4, 6, 8} =domain of /'

Which represents for a function to have its inverse, it must be
one—one onto or bijective.

6.2 Graph of the inverse of an invertible function :

Let (h, k) be a point on the graph of the function f. Then
(k, h) is the corresponding point on the graph of inverse of

fie., £

Y yfx
Tn
=1 (x)
k)
> X
6}

The line segment joining the points (h, k) and (k, h) is
bisected at right angle by the line y = x.

So that the two points play object-image role in the line
y=x as plane mirror.

It follows that the graph of y = f(x) and its inverse written in
form y = g (x) are symmetrical about the line y = x.

-zs{%%}

6.3 Properties of inverse of a function

@ The inverse of bijection is unique.
(i)  The inverse of bijection is also bijection.

@) If f:A— Bisbijectionand g: B — Ais inverse of f,
then fog =1, and gof =1,.

Where, I, and [ are identity function on the sets A
and B respectively.

@iv)y Iff:A—Bandg:B — Caretwo bijections, then
gof : A— C is bijection and (gof) ' = (f og ).

(v) Ingeneral, fog * gofbutif, (fog) (x) = x and
(gof) (x)=x.then /' =gandg '= f.

7. FUNCTIONAL EQUATION

If x, y are independent variable then ;

N Sy =/K)+/(y)=/x)=kmnxorf(x)=0

@ Sy =/()./(y)=/®)=x",neRorf(x)=0
(i) fxty)=/x).f(y)=/f(x)=a"orf(x)=0

(iv)  f(x) is continuous and takes rational values for all x
= f(x) is constant function.

(v) By considering a general n degree polynomial and
writting the expression.

£(x) - f(i) - f(x)+f(ij
X X

= fx)=tx"+1=1£x"

BINARY OPERATIONS

Definition1: A binary operations * on a set A is a
function* : A x A —> A. We denote * (a, b)
bya *b.

Definition2: A binary operation * on a set A is called

commutative, if a * b = b * a, for every
a,beA.

Definition 3: A binary operation * : Ax A — Ais said to
be associative if (a * b) * c=a * (b * ¢),

V a,b,c, eA.
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Definition4:  Given a binary operation * : AX A — A, an element ¢ € A, if it exists, is called identity for the operation *,

ifa*e=a=e*a, YacA.

INVERSE,TRIGONOMETRIC,FUNCTIONS

1. INTRODUCTION

Function Domain Range

T T
y=sin'x iffx =siny ~1<x<1, )
y=cos!xiffx=cosy -1<x<1 [0, =]

T T
y=tan!xiffx=tany —0 <X < 0 XY
y=cot!xiffx=coty 0 <X <O 0, )

. T T
5. y =cosec! x iff x=cosecy (=00, —1] UL, 0] —E.O v 0,3
e AN
6. y=sec! xiffx =secy (=00, —1] UL, 0] S ST
NOTES:

(i) sin"' x & tan' x are increasing functions in their domain.

2. COMPOSITION OF TRIGONOMETRIC AND
INVERSE TRIGONOMETRIC FUNCTIONS

2.1 (i) sin (sin'x) =x, forallx € [-1, 1]

(i) cos(cos'x)=x,forallx e [-1,1]

(ii) cos ' x & cot ' x are decreasing functions in their domain.

Hence, sin (sin'x) =x forall x € [-1,1]
Similarly, we can prove other results.
2.2 T'(T(x))#xalways
T'(T(x)) =x when x lies in principal domain of T.
eg: sin'(sin 0) # 0, if 6 ¢ [ /2, /2]. Infact, we have
-n—-0, if0e[-3n/2,-n/2]

(i) tan(tan'x)=x,forallx e R

(iv) cosec(cosec'x)=x, forallx € (—o0,—1]U[1, )

. in(sin 0) 0, if0e[-n/2, /2]

-1x) = _ sin” (sin 0) =

(v) sec(sec'x)=x,forall x € (—o0,—1] U1, 0) 0, 0 e[n/2,3n/2]

(vi) cot(cot'x)=x, forallx e R 2n+0, if 0e[3n/2,51/2] and so on.

Proof. We know that, if f: A — B is a bijection, then f': B —> A Similarly,

: > 1 — 1 —
exists such that fof™' (y) =f (f'(y)) =y forally € B. o, if 0 e[, 0]

Clearly, all these results are direct consequences of this L ) if 0[0, 7]
property. cos (cos B) =
Aliter : Let O € [-n/2, w/2] and x € [-1, 1] such that sin 6 =x

then, 0 = sin"!'x

2n—-0, if0e[nm, 2n]
_2m+0, if 0e[2n, 3x] 2nd soon.

X = sin 0 =sin (sin'x)
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n+0, if0e(-3n/2,—-7n/2)
0, if0e(-n/2,7/2)
0-m, if0e(n/2,3n/2)
0—2n, if0@e(3n/2,51/2) andsoon.

tan™" (tan 0) =

Graph for y=sin"' (sin x)
As, y = sin"! (sin x) is periodic with period 27.

to draw this graph we should draw the graph for one interval
of length 21 and repeat for entire values of x.

As we know,

s v
X, ——<x<—
R 2 2

sin” (sin X) =
i 3n
n—X, —<X<—o),
2 2

which is defined for the interval of length 2 &, plotted as ;

r' N
Repeated Curve y Main Curve  Repeated Curve
T
------- ARt AR 'i/"""; ammmm ey =T71/2
AN - 2 v
M 4 N AN
Al'o‘ \ ‘é 2, /*,' =
- - - »xory=>0
8.7 251 /10 = m\m EX
E, 2 2,* + > ”
B R I R A S i M - - = —TI
) y

Thus, the graph for y = sin! (sin x), is a straight line up and
a straight line down with slopes 1 and —1 respectively lying

45
between 275 |
Graph for y = cos™ (cos x)
As, y=cos™(cos x) is periodic with period 2.

to draw this graph we should draw the graph for one interval
of length 27 and repear for entire values of x of length 2.

As we know;

cos '(cos x) = s
2

T—X;

Thus, it has been defined for 0 < x < 27 that has length 2.
So, its graph could be plotted as;

Thus, the curve y = cos™ (cos x).

Graph for y=tan™' (tan x)

This is the curve for y =tan™ (tan x), where y is not defined

forxe (2n+1)§ .

3. PROPERTIES

3.1 PROPERTY -1

@i cos'(—x)=m—cos'(x),forallx e [-1,1]

(i) sec!' (x)=m—sec'x, forallx € (—o0,—-1]U[1, )
(iii) cot!(—x)=m—cot!'x, forallx e R

@iv) sin'(—x)=-sin"(x), forallx e [-1,1]

v tan'(—x)=-—tan'x,forallx e R

(vi) cosec!(—x)=—cosec'x, forall x € (—o0,—1]U[1, )
Proof. (i) Clearly,—x € [-1, 1] forallx € [-1, 1]

let cos'(=x)=0 ..(d)

then, —x =cos 0

= x=-cosB

= x=cos(n—0)

= cos ' x=cos™! (cos (z- 6’))

cos'x=n—-0{--xe(-1,1)and -0 € [0, ] forall 6 € [0, ]}

.. (1)
from (i) and (ii), we get

= 0=n-cos'x

cos (x)=m—cos'x

Similarly, we can prove other results.
(iv) Clearly,—x € [-1, 1] forallx € [-1, 1]

letsin!' (—x)=0

then, —x =sin 0 (1)

= Xx=-sin0

= x=sin(-0) = sin"'(x) =sin" (sin(-0))
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= -—0=sin'x .. (ii)
{--xe[-1,1]and -0 € [-n/2, /2] for all 6 € [-7/2, /2]
from (i) and (ii), we get

sin! (—x) =—sin"'(x)
3.2PROPERTY -11I

1
@i sin® (—J =cosec' x, forallx € (—o0, 1] U1, o)
X

Proof. Let, cosec'x=0 (1)

then, x = cosec 0

1 .
= —=sinH =sin' (lj =sin”! (sing)=6
X X

{-x€(0,-11U[l,0)= % e[-1,1]-{0}

cosec'x=0=0 e [- /2, w/2] - {0}

= O=sin" (lj ... (ii)

X

from (i) and (ii); we get

sin™ (lj =cosec™'x
X
1
(i) cos™! (—J
X
(iii) tan" (lj
X

Proof. Letcot'x=0. ThenxeR, x#0and 6 € (0, i) .. (D)

sec™'x, forall x € (—oo, 1]U[1, )

forx >0

cot ' x R
—m+cot'x, forx<0

Now two cases arises :
Casel: Whenx>0

In this case, 0 € (0, ©/2)
cot'x=0

= x=cot0

= 1 tan @ = tan”! (l) =tan"! (tan 0)
X X

-1 1
0 =tan (;) () {0e(0,m2)}

from (i) and (ii), we get

tan ™' (lJ =cot 'x, forall x > 0.
X

Case Il : Whenx <0

In this case 6 € (n/2, 1) {-+x=cot0<0)

Y
Now’5<e<TC

T
——<0-7m<0
- 3

= 0-me(-n/2,0)
cot'x=0

= x=cot0

1
- —=tan0
X

= l:—tan (m—90)
X

= iztan (0-m) {- tan (n—0) = —tan 0}

X

— tan”' [lj =tan”' (tan(0-7))

(1
—  tan (Xj:_me - (i) { - 0 -7 € (-2, 0)}

from (i) and (iii), we get

41 .
tan l(—j:—7t+cot 'x,if x<0
X

Hence,

4 ( 1 J cot'x, forx>0
tan" | — |= .
X —m+cot” x, forx<O0
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3.3PROPERTY-III
So, cosf = 1-x> = 0= cos’l( 1-x2 )

(i) sin'x+cos'x=n/2,forallx e [-1,1]

(i) tan'x+cot'x=m/2,forallx e R
= sin"' x =cos™! (\/l -x2 )

(iii) sec'xtcosec!'x= g, forallx € (—o0,—1]U[1, )

Proof. Let, sin” x=6 - (1) and tan @ = —>— = @ = tan™! L / - ]
2 2
then, 0 e[-m/2, /2] (-xe[-1,1]) I-x l1-x
= om2s0snl Similarly, sin"'x canbe converted to any other inverse
= -—m2<-0<7n2 trigonometric function.

Similar procedure can be applied to convert any inverse

=  0<lZ-0<x . o : ) M
2 trigometric ratio to any other inverse trigonometric ratio.

n 4.2 whenx <0
= - 0 € [0, ]
We can convert these to positive number first.
Now, sin'x=0
. eg. sin'x =sin! (- (-x)) = - sin"!(-x) and
b g (- (20) =-sin”'(-x)

cos'(x)=cos'(-(-x) =7 - cos ' (-x).

— — v
=  x=cos (g—e) = cos ' x=cos' (cos (E— HD Now (-x) is positive and so procedure learnt in 4.1 can be
applied to it.

- n
= cos'x =E—9 5. SUM AND DIFFERENCE FORMULAE

{--x e [-1, 1] and (1/2-0) € [0, t])

= 0O+cos'x=n/2 .. (i) tan~! (M] x20,y20,xp<1
l_x 9 - k) - 2
from (i) and (i), we get Y
x+y

T () tan'x+tan'y= 7[+tan_l(1—xy} x20,y20,xy>1
sin*‘x+cos*‘x=5

%, x20,y>0,xy=1
4.11fx>0 o
If sin'x =0 {0 lies in I quadrant} i) tanly—tanly = tan” [ﬁ]’ ¥20,y20

Then to convert sin! x to other inverse trigonometric

ino X p () - - sin_l(xxll—y2 +y\/1—f g'foO,yZO,szry2 <1
functions, SING =—=-"- i) sin'x+sin'y=
1 h 7r—sin’l()c\/1—y2 +y\/1—x2)ifx20,y20,x2+y2>1
1
@iv) sin'x—siny=sin"'(x \/1-)? —y1-x?),if0<xy <1
X
0 (v) cos'x+cos'y=cos’! {xy— (1—x2)(1—y2)},03x,y£1
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7. SIMPLIFICATION
cos_1|:xy+ (l—xz)(l—yz):l, 0<x<y<l _

Terms involving inverse trigonometric ratios can be
simplified using proper trigonometric substitutions. For

example,

6. SUMMATION OF SERIES [ 2x
1. tan” [ 2j:2tanx, x| <.

1—x

. 1y ~ly; =
(vi) cos'x—cos y _cos_1|:xy+ (l_xz)(l_yZ)} 0<y<x<l

The formula to be used in such problems is
For this we use substitution x = tan 6 in LHS.

-1 X=) | _ -1 -1
tan” | —— |=tan~ x—tan 2
L+oxy 2 sinl( 2j=2tanl)c, |x|<1
I+x
So first convert tan inverse term to form given in L.H.S.
. . - . . . Substitution used : x = tan 6
If series given is in some other inverse trigonometric
function, then first convert it to tan inverse using 1
silfl(Z)C\/l—xz “osinx,  [x|<—

interconversion. 3. >

Substitution used : x = sin 0
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SOLVED EXAMPLES

RELATIONS AND FUNCTIONS-II

Sol.

Let L be the set of all lines in a plane and R be the relation
in L defined as R = {(L, L,) : L, is perpendicular to L }.
Show that R is symmetric but neither reflexive nor
transitive.

Riis not reflexive: As a line L, can not be perpendicular to
itself,i.e., (L ,L) &R,

Ris symmetric: As(L,L,) eR.

L,

L,

= L, isperpendiculartoL,
= L, isperpendicularto L,
= ([L,L)eR
Ris not transitive: If (L,L,)) eR& (L, L)) eR

=  L,isperpendicularto L, & L, is perpendicular to L,.
Then L, can not be perpendicular to L, as L, is parallel
toL,.

= (L,L)eR

Example —2

Sol.

Show that the relation R in the set Z of integers given by
R={(a,b):2dividesa—b}

is an equivalence relation.

Ris reflexive: As 2|a-a \v a € Z (| this symbol mean divide)

= (a,a) eR,

Ris symmetric: Let(a,b) e R

= 2ab
= 2k(b-a)
= (b,a)eR

Ris transitive : Let(a,b) e R& (b,c) eR
=  2la-b&2|b-c

=  2la-b+b-c

= 2la-c=(a,c)eR

Example -3

Sol.

Letf: X —> Y be a function. Define arelation R in X given by
R={(a,b): f(a) =1 (b)}. Examine whether R is an equivalence
relation or not.

Ris reflexive: Since f(a)=f(a) vae X
=  (a,a) e R=Risreflexible

Ris symmetric: Let(a,b) e R

= fa)=f(b)
= fb)=f(a)
=  (ba)eR

=  Rissymmetric

Ris transitive : Let(a,b) & (b,c) eR
=  fla)=1(b) & f(b)=f(c)

= fla)=1f(c)
= (a,c)eR
=

R is transitive

Example —4

Sol.

LetA=1{2,3,4,5,6,7,8,9}. Let R be the relation on A
defined by

R={(x,y) :x €A,y € Aand x divides y}.
Find (i) R; (ii) domain of R; (iii) range of R; (iv) R™!

State whether or not R is (a) reflexive (b) symmetric
(c) transitive.

Here, x Ry iff x divides y, therefore,

M R={2,2),(2,4).(2,6),(2,8),(3,3),(3,06).(3,9),(4.4),
(4.8),(5,5)(6,6)(7,7),(8,8)(9,9);

(i) DomainofR=1{2,3,4,5,6,7,8,9} =A
(i) RangeofR=1{2,3,4,5,6,7,8,9}=A
(iv) R'={%x:(xy)eR}

=1(2,2), (4, 2),(6,2),(8,2) 3, 3), (6, 3), 9, 3),
(4,4),(8,4)(5,5)(6,6),(7,7)(8,8),(9,9)}

InfactR ' is {(y,X):x,y € A, yis divisible by x}.
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e.s%%&z-
@ As(2,2)(3,3),(4,4),(5,5),(6,06),(7,7), (8, 8), 1 o
(9,9) belong to R, therefore, (R) is reflexive. Sol. / (X) = \/ log,, (x2 7k +13) . exists if}
(b)  Here, R is not symmetric. We may observe that
(2,4) e Rbut(4,2) ¢ R. Infact, ‘x divides y’ does not log, , (x>~ 7x+13)>0
imply ‘y divides x’ when x #y. o (e—Txt13)<I )
(¢) Asx’dividesy’ and ‘ydivides z’ imply ‘x divides z’, and x—Tx+1350 (i)

therefore, the relation R is transitive.

Example -5

Determine which of the following binary operations on
the set R are associative and which are commutative.

(a)a*b=1VabeR (X 7)2 3
- _7

+Z>0
e (a1D)
(b)a*b= 5 v a,beR

considering equation (ii), x*—7x + 13 >0, we have

(xz 7X+£j +13 - » >0
4 4

which is true for all x e R

Sol. (a)  Clearly, by definitiona *b=b *a=1, 7V
_ _ as x——| 20 forallx. ...(a)
vabeR Also(a*b)*c=(1)*c=1and 2
a*(b*c)=a*(1)=1, Va,bceR. HenceRisboth again taking (i), x>~ 7x + 13 <1
associative and commutative.
+ | | +
1 |
a+b Db+a . 3 - 4
b) a*b = = = b * a, shows that * is
2 2 = x*-7x+12<0
commutative. Further, = (x-3)(x-4)<0
a+b), = 3<x<4 ...(b)
(a*b)*c = c ..
2 combining (a) and (b), we have

Hence domain of f(x) € (3,4) or ]3,4[

(a+bj+c
=\ 2 _a+b+2c, Example —7

2 4
2
b+c Find domain for f(x)=sin"' [H_Xj
But a*(b*c)—a*( > j 2x
[ 1+x?
b+c Sol. f(x)=sin 1[ 2X j is defined for ;
_a+ 2 _2a+b+c¢a+b+20 X
2 4 4 2 2
I+x I+x
in general. -1< = <1 or ™ <1

Hence * is not associative.

Example —6

(since domain of sin”' x =[-1,1])

= 1+xLx|
Find the domain of = 1+x*<P2x, {as 1+ x>0}
=  x*-2x[+1<0
S(x)= i : = KP-2iK[+1<0 fas X2 =[x}
\/logm(x —7x+13) B
= (X-1P<0
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&

But (x| — 1)?is either always positive or zero.

2
Thus, (x]—1)>=0 :>2S sin)c—E Sﬁ
4 2 4
= =1
=  x==1 squaring both sides ...(ii)
Thus, domain for f(x)is {-1, 1} From Eqs (i) and (ii),
-10<f(x)<0

Example=8 . Rangeoff(x) e [-10,0].
Find the range of the function :
Example —10

Find the range of the function :

f(x) =lnx* +4x+5
. T
Sol. Here f(x)=3sinx + 8005(" - g) 3 Sol. Here f(x)= Iny/x* + 4x +5 = InyJ(x+2)" +1

ie.  x?+4x+5takesall valuesin[1, o)

f(x)=3sinx + 8cos(x - gj +5

=3sinx+4(cos x + \/gsinx)+5

: 2
>
=(3+4+/3)sinx+4 cosx+5. since (x+2) +1>1

= f(x) willtake all valuesin [0, «).

Put3+4+/3 =rcos0 .(i)and4=rsin0 ...(i0) Hence range of £(x) is [0, 0)

squaring and adding (1) & (2), dividing (i) and (2)
4 Example — 11
r =+/73 + 24+/3 and 6 = tan™ 31483
+ Find the range of the function

= f(X)=4/73+244/3 sin(x +0)+5 f(x)ztan\/? is

= Rangeoff(x)is

2
[5—\/73 12443, 54473 + 2443 } Sol. For f(x)to be defined, % ~x2>0
T T
Example —9 - 73 SXs 3
The range of the function sin*x — 5 sin x — 6 is Domain of f = [_f f} .
Sol. Here, f(x)=sin’x—5sinx—6 33
2
_ (sinz X —5sinx +£j _ 6—£ The greatest value of f(x) = tan % -0 ,whenx=0
4 4 \
= (sinx—ijz_f . =tan”
= ) -0 3
5
h 2<[51nx_éj2 <£ (--) 2 2
WheTe 4 = 2) 4 - and the least value of f(x) = tan 1/%—% ,when x = g )
. . 7 .5 _-3 ~tan0
since—1<sinx <1=>-—<sinx——<— =0
2 2 2

Squaring Both 2 sides 2
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The greatest value of f(x)=+/3 and the least value
of £(x)=0.

Range of f = [0, \/gJ

Example —12

Find the period of the function.
J(x)=sinx+ {x}
Sol. Here f(x)=sinx + {x}
Period of sin x is 27 and that of {x} is 1.
But the L.C.M. of 2w and 1 does not exist.

Hence sin x + {x} is not periodic.

Example —13

Find the period of the function
X
f(x)=tan 3 + sin 2x
Sol. Here f(x)=tanx/3 + sin 2x.

Here tan (x/3) is periodic with period 3w and sin 2x is periodic
with period 7.

Hence f(x) will be periodic with period 3.
(Since L.C.M of 3t & mis 37)

Example — 14

Find the period of the function
f(x)=|sinx|+|cos x|

Sol. Here f(x) =|[sinx|+ |cos X]|

Now, [sin x| = 4/sin’x = 4’#, which is periodic

with period .
Similarly, |cos x| is periodic with period 7.

Hence, according to rule of LCM, period of f (x) must

be 7.
K T
sin| —+x cos| =+x
(2 j (2 j

Since /2 < i, period of £(x) is /2.

But = |cos x| and = |sin x|

%’j
Example — 15

Letf: R—>Rbedefined by f(x)=3x—2and g: R —>Rbe

X+2
defined by g(x) = 3 Show that fog =1, = gof.

Sol. Forallx € R, (fog) (x) =f(g (x))

X+2 X+2
:f( 3 j=3( 3 )ZZXZLJ”

Hence fog =1,

Again,
(3x - 2) +2

(o) X)=g(fx)=gBx-2)=—F""

3 =x=1,(x)

s gof=1.

Example — 16

LetX={-2,-1,0,1,2,3}and Y= {0, 1,2, ..., 10} and
f: X —> Y be a function defined by f (x) = x* for all
x € X, find /' (A) where (A) = {0, 1, 2, 4}.

Sol. Here, we haveto find /' (0), /' (1),/ (2)and /™ (4).
Now f(x)=0=x=0=>x=0=/"(0)= {0},

fx)=1=x=1=x=-1,1

= [)={L1Lf(x=2=>x=2
=  x=-./2, /2 butnone of these is in X.
= Q= f(X=4>x=4=x=-2,2
= [ @={22}
Hence, /' (A)={0,-1,1,-2,2}.

Example —17

Let Abe anon-empty setand f: A—> A, g: A—>A
be two functions such that fog = I, = gof, show
that fand g are bijections and that g = f .

Sol. Consider f: A— A, Lety € A be arbitrary. Since fog =1,,
therefore, (fog) (y) =y

=  fey=y
=  f(t)=y,wheret=g(y) € A.

This means that for y € A, there exists t € A such that
f(t)=y. Hence f7is onto.

Letx,y € Asuchthat f(x) =f(y)
= g(f))=g ()
(- gis a function)
(g0f) (x) = (o) (¥)
Lx=1,)

U

U
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sdies

=  X=Y

So, f(x) =f(y) = x =y = fis one-one. Thus, we see that fis
both one-one and onto i.e. fis a bijection. Similarly, we can

show that g is a bijection.
Moreoever, forall x € A,
x=1,0)= (f0g) () =/ (g (x))
= x=fgx) = ®=g(x)
= f'=g

Example — 18

Sol.

X

e*—e"
2

Let f: R — R be defined by f(x)= s £ (%)

invertible ? If so, find its inverse.

Let us check invertibility of f(x) :

e +e
2

(@  One-one: Here, f'(x)=

e +1
2¢e*

= f’(x):

which is strictly increasing as

e*>( forall x.
Thus, one-one.

b) Onto:Lety=f(x)

X —X

= y= where y is strictly monotonic.

Hence, range of f(x)=(f(—)),f())
(Since domain of f= (-0, 0))

= rangeof f(x)=(—o, )
So range of f(x)=co-domain.
Hence, f(x) is one-one and onto.

= fis invertiable

2x

2e*

© Tofindf':y=1

= e*-2e'y—1=0

L 2ytqjdy’+4

= e’ =
2

= x =/og (yi\/ﬁ)
= f’l(y)=log(yi\/ﬁ)

[asf(x)=y=x=/"(y)]

ko

f7(x)

-1
Since, € is always positive.

So, neglecting negative sign.

Hence, fﬁl(x) = log(x+,/x2 +1)

Example — 19

Sol.

©

Let f: [1/2, ©) — [3/4, ), where f(x) = x> — x + 1.
Find the inverse of f (x). Hence, solve the equation

2-x+1 1—i— X 3
xX*-x+1=— ,f -
2 4

@ f=x-x+1

1\ 3
= fx)= (X _EJ 3 0, which is clearly one-one

and onto in given domain and co-domain.
= f(x) is strictly increasing.

= f(x) is one-one.

Also f(x) is onto.

(b)  Thus, its inverse can be obtained.
Let f(x)=y

) =y=x=f"(y)]

= f’l(y)=%+«/y—%

[neglecting —ve sign as x > 0]

(asx is always +ve)

= f’l(x):%—i-,fx—%

1 { 3
Tosolvex27x+1:5+ X—Z,asf(x):fl(x)hasonly

one solution in this case.

ie, f®)=x
= X —x+1=x
=  X-2x+1=0
=  (x=1y’=0

x = 1 is the required solution.
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Example —20

If f(x) = x* — 3x + 2 be a real valued function of the real
variable, find fof.

Sol. We are given that the function f: R — R, defined by

&

(x), -1<f(x)<2
g"f:g(f(x))z{f(x)n, 2<f(x)<3

Letus consider—1 < f(x) <2

IN A

f(x)=x"—-3x+2forallx e R. (i —1<x+1<2,x<1
Now, (/o) (0)=/(/(x)= (/X)) ~3/()+2 = -2sx<l, x<I
=(x"=3x+2) -3 (X’ -3x+2)+2 =  2<x<I
=X+ +4-6x'— 12x+4x ~ 3 +9x—6+2 () -1<2x+1<2, 1<x<2
=x'-6x"+10x" - 3x. =  —1<x<1/2, 1<x<2
= x=¢.

Example —21 Letus consider 2 < f(x) <3

Two functions are defined as under : (i) 2<x+1<3, x=<1

= 1<x<2, x<1
x+1, x<l1
16)- , > xel
<
2xrl lexs<2 @) 2<2x+1<3, 1<x<2

{ ) l<x<? =  1<2x<2,1<x<2
x*, -I<x

x+2, 2<x<3 = 12<x<1, 1<x<2

=  x=¢.
Find fog and gof.
CJ(x+1)?, —2sx<1
_ B g(x)+1,  g(x)<1 g(f(x))—{ ; _
Sol. (fog) (x) f(g(X))_{Zg(x)H, I<g(x)<2 x+3,  x=1

If we like we can also write g (f(x))=(x+ 1), 2< x<1.
Letus consider -1 < f(x) <2

i x*<1,-1<x<2 Example —22

= —-1<x<1, -1<x<2
Let /: R — R defined by f(x) =x>+ax?>+3x + 100. Then find

the values of a for which f is a one-one function.
Sol. f(x)=x*+ax*+3x+100
=  ff(x)=3x>+2ax+3.

For f(x) to be one-one. f”(x)>0 or <0

= -1<x<1

(i) x+2<1,2<x<3
= x<-1,2<x<3
= x=40

(s0 no value of x is possible) But f (x) is a quadratic expression and coefficient of

Let us consider, 1 <g(x)<2. x2>0sothatf’(x) >0
(i) 1<x?<2, -1<x<2 = D<0
2_

= xe[—ﬁ,—l)U(l,\/ﬂ,—ls)Kz = A4a-36<0

= a’<9
= 1<xs«/§. = -3<a<3.
(iv) 1<x+2<2,2<x<3 Example —23
= —1<x<0,2<x<3, x=¢

Find whether the given function is even or odd ?

Thus f(g(x)) =

x2+1, -1<x<1 X X
2x2+1, 1<x<4/2 f(x):ex_1+5+1

Now, Let us consider gof :
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Sol. We have
R R R i
:(e"71+1)x L
(er-1) 2

Hence f(x) is an even function.

Example —24

If fis an even function, find the real values of x satisfying

X+2

the equation f(X)zf(X+l).

Sol. Since, f(x) is even, so f(—x) =f(x)

x+1 x+1
= or —X=

Thus, X =
us X+2 X+2

= X+2x=x+1 or —x —2x=x+1

= X+x-1=0 or —x -3x-1=0

—1£+/5 3445
= X = or X=
2 2
e 1445 —1-+5 3+5 —3-45
Thus, 2 2 2 2

Example -25

Letf(x) =

evaluate

1 2 3 1995
f(ﬁj+f(ﬁ)+f(@j +'"+f(ﬁj'

9
Sol. /(=53 ()

X

. +f(1-x)=
) Show f'(x) + f (1 — x) = 1, and hence

1-x
9™ 4+3

9

R S L
e 9
9., 9+39

X

and f(1-x)=

9
f(1-x)= 3(3—+9x) (i)

Adding Egs. (i) and (ii), we get

9* 9
SO+1-0= 973 3(3497)

39°+9  3(9"+3)
T 3(9°+3) 3(9+3)
S®+f(1-x=1 ...(iii)

B 2 3 998
1996° 1996 19961996

Now, putting X

in (Eq. (iii), we get

1 1995
! (@)“’ (ﬁ)zl

2 1994
=/ (@)”’ [@)—1

998\ 1
or f(1996j_5

Adding all the above expressions, we get
1 2 1995
— |+ f| — |+t f| —
f(1996J f(1996j f(1996j

1
=(1+1+1+...997 times) + 5
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INVERSE TRIGONOMETRIC FUNCTIONS

Example—26

&

Prove that (i) sin™ [——J = _E,
2 3
- Sn T
ii)cos!| cos| — | |==.
e a3
Sol. (i) Letsin™ —ﬁ =0 sothat fe| =, =
2 272

. . |z
since range of sin~ xis| —,—
( [ 2 2D

3o
= -——=3sinb6
2
= sin9=—sin£=sin ~ T | note that —Ee —E,E
3 3 3 22

(i) cos™! (cos [S—TED = cos™! [cos (2n—£D
3 3

I
note that 3 €[0, n] = range of cos ' x.

Example—27

Evaluate

(i) sin (2sm—1 (%D (ii) sin (2sinl (—%D
(iii) sin [20031 [-%D (iv) sin [3 sin”! (%D
Sol. (i) sin [2 sin”™' (%D =sin 2 0, where 0 =sin"! (%)

=2sin 0 cos 6

=2sin [sin"1 (ED cos [Sin1 KED
5 5
3 / 3Y -
=2><§ 1—(5) (- cos(sin'x)= /] _x? for|x|<1)

(ii) sin [2 sin”! [—ij =sin (—2 sin™ ijj
5 5

(- sin!(=x) =—ssin'x)

=—sin | 2gin~! (fj
5
=—sin [2 sin”! (ED
5
) ) 4 )
=—sin 2 6, where 0 = sin™! (E) =2sin 0 cos 6
=_2sin [sinl (ED cos (sin"1 (in
5 5
2
N
5 5

(- cos(sin”'x)= \1_x2 )

8 3
=——X—-=——
55

(iii) sin [2 cos™ (—%D =sin (2 0), where 8 = cos™ (—%)

=2sin 0 cos O

(e () [ (5)
=2sin | cos | —= || cos | cos | ——
SR
3V (3 o
=2,[1- 5 75 (- sin(cos'x)= /] _x2 for|x|<1)
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ik,
o
o (2 . (2 (i) We know that
(iv)sin | 3sin”' | = | | =sin 30, where  =sin™! | =
5 5 3 0n 8 =w 3
0<sin? = < — and 0<sin! — < — therefore, 0<sin' | — |+
=3sin0-4sin’0 502 17 2 5
8
3 Y BN
S - 13
We compute

~+0=sin"" (zj, s.sin 6= 2
5 5

_6.32 118
5 125 125

Example—28

Sol.

Prove that
(1) sin™! 3 —sin™! JRA =cos 84
5 17 85

e (3) e (8) 77
(i1) sin [SJ + sin (17] sin” (85
(i) Since sin' x is an increasing function in [-1, 1] and

8
5 > 17° therefore,

) 3 . 8 ) 3 . 8
sin”! g > sin™! ﬁ = sin’! E —sin™! ﬁ > 0.

sin! (%) —sin™! (%) e [0, ] = range of cos ' x

~+0<sin™ (Ejgﬁandogsin"l (ﬁjsﬁ
5 2 17 2
Now cos {sin”' EEJ—sin1 (EJ
5 17
=cos | sin™ é cos | sin” (SJ + sin Sinl(éj sin
17 5
sin‘{ij
17
= 1_2 1- E i__ X — X — =
V' 25 5 17 17 5 17 85
w(3) (8) “(84)
= sin —sin”'| = |=cos™'| —|.
5 85

4 15 3 8 84

=

oo 3o 3]

4153836

. 1_@2 1_@)2 3.8 _ 4153 8

5 17 51751751785
g(ﬁj (gj (36
Sin 5 S 17 COS 85 Sin 85

(~ccos'x=sin' []_x? for0<x<1)

. 3 8 ) 77
sin! 5 + sin! 17 = sin! 85 > as desired.

Example-29

DA

16
Show that sin™! 4 + sin”! (i) +sin”! (—j =
5 13 65

4 5
Sol. Let O =sin' (—j +sin™! (—j
5 13

then0<0<mn

~+0<sin™ (ij<£,0<sin1 (ij<£
5 2 13 2
'1i+sin"lij
5 13
., 4
= cos sin'li cos Sin_li — sin (sm l—j sin
5 13 5

Now cos 0 =cos [sin
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. 4
5 Example — 31
[Sin'1 —)

. n — 4
(- cos (A+B)=cos A cos B —sinAsinB) Prove that 2 tan™' (-3) =~ P * tan” (_Ej
Y I R I 1
= 5 3 513 Sol. LH.S.=2tan!(-3)=-2 tan'3=-2 cot’! 3
(- cos (sin”' x) =+1-x%) n (1 L1
=-2 E—tan 3 =-n+2tan 3

312 20 36-20 16 _1(16)
== ——-—=——=— =0=cos | —
513 65 65 65 65

- L 2a3)
=—m+tan {—1_(1/3)2}

2x

( 2tan”' x =tan™

. (4} . (Sj . 1(16) I-x
= <SIn — |+ SIn — +Sin —
5 13 65

— +t —IE_ + t—li_ +£ t. —1 i
=—T an 4——7'5 CO 3——TE 2—an 3

:_E_tan71 i =—£+ta_1’17l —i =R.HS.
2 3 2 3

Example — 32

for | x |< 1)

2

T
(-osin't+cos't= 7 for—1<t<1)

N3

. o . T
Find x if sin"'x +sin™' 2x = g .

Example - 30

Prove thatcot ' (13) +cot™'(21) +cot!' (-8)=T.
Sol. L.H.S.=cot'(13)+cot'(21)+cot!(-8) T
2x=sin | ——sin X

. . . T . T .
Sol. Givensin!'x+sin'2x= g =sin!2x= E —sin'x

1 1
=tan!|— |+tan!| — | +T—cot '8
13 21 . T . o
= 2x=sin 3 cos (sin"'x) — cos 3 sin (sin™' x)
(- cot'(—x)=m—cot!x,x € R)

= 2X=§\/1—X2 —%X :>2X+%=g 1-x

= 1| =2 &2 _ -1 o
tan 10 +mn—tan' (8 :Ezﬁﬂ
13721 2 2 .
On squaring both sides, we get
2

= tan™! 2113 + 7 —tan’! (l) 25—X=§(1—X2)

13x21-1 8 44

34 34 1 1 :>28x2=3:>x2=i:>Xi i
=tan'| — | tan'| — |=tan!| = |+ m—tan!| o 28 28

272 272 8 8
—n-RHS. x|

28
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4
3 Sol. Letcos'x=A, cos'y=B,cos'z=C
(- x=— ,’% does not satisfy the given equation) so that x=cosA,y=cosB,z=cosCandA+B+C=m.
SX2+ Y2+ 22+ 2xyz = cos? A+ cos* B + cos?’C + 2 cos A cos

BcosC
Example - 33

_ 1+ cos 2A+1+cos 2B+1+cos 2C+200$AcosBcosC

L[ X [y 2 2
Ifcos'| — |+cos!| = [=aq, 3
a b =5+5 (cos2A+cos2B+cos2C)+2cosAcosBcosC
2 3.1
Prove that x_2_2_>;y cos o +y—2 =sin’a. = E+5 (-1 -4 cos Acos B cos C) +2 cos A cos B cos C
a al
(Using a result from conditional identities)
X y = i
Sol. Given cos (;) + cos™! (Bj =o 1, as required.
Example — 35
NeAs S X
= 0S| )T A0Sy 2 sin'x=cos!(1-2x%),0<x<1.
Sol. Letsin'x=0=x=sin0,— —~<0<—
y_ [ o™ (EB 272
= b cos | o —cos
a

But0<x<1=0<0< g
= Y osa (i) + sin o sin (cos'l (ED Hence cos ! (1-2x%) = cos ! (1-2 sin?0), 0 < 20 <
b
a a = cos ' (c0s 26),0<2 0 < =20
= cos!(1-2x*)=20=2sin"x.

2
y X . X
= 7, Sosa=sina I-| —

b a Example — 36
.. si 1) = [
(-:-sin(cos™'x) = ] —x? forx|<1) 3 cos'x=cos! (4x>—3x), % <x<l1.
v x 2 . x2 Sol. Letcos'x =0 so that
L2 = gin? -
= (b acosoc} s o a’ x=cos0and0<0<n
1 1
5 5 2 As xe€|—,1|,therefore, —<x<1
y X y X . 1 X 2 2
= TS t—5cosPa—2 ||| T |cosa=sinfo |2
b° a b/\a a .
= cos;ScosBScosO
x’ 2x y
= —z(cosza+sin2a)——ycosa+ = =sin‘a T
a ab b = 3 >0>0
& 2xy ¥ . Note (that cos 0 is decreasing in [0, 7t])
= 7 ety Tsma = 0<30 <mie.30<[0,n]

S cos(4x3-3x)
=cos™' (4 cos*0 — 3 cos 0)
= cos™'(cos 30)
=30 (Notethat0<30<m)

=3 cos'x.

Ifcos'x+cos'y+tcos'z=m,

Prove that x>+ y*+ 22+ 2 xyz = 1.
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Example—37

X .1 X
Prove thattan | ——— |=sin"' | = |, |x|<a.
a? —x? a

Sol. Letsin' |~ =6:>x=asin(9,and—£<9<E
a 2 2

([x[<a)

Now /a2 _ x>

(-.-—E<9<E:cos9>0)
2 2

=\/a2 —a*sin’0 =\/a2 cos>@=acos 0

X asin 0
Hence tan' | ——— |=tan' | ———
a? —x2 acos 6

X
=tan'(tan 0) =0 = sin"" PR

Example— 38
V1+x% +1

Show that tan! {
X

Sol. LetO=tan'x = x=tan6, O<9<g

can”! [\/1+x2 +1J — tan”! [\/1+tan2 0 +1J _

X tan 0

_r_ 1 tan'x, x>0
2 2

_i [ secO+1
n —
tan ©

)

Example — 39

1+x

Prove that sin? [2 tan ! 0
-X

Sol.

where 0 = tan! |1 TX
1-x
ie. tan 0 = 1+x
1-x
2tan0 Y
Thus LHS. = (sin 20)* = (—Zj
1+tan” 6

2N+ x/N1-X

1+(1+x)
1-x

_4(1+x)(1-x)
- (I-x+1+x)?

Example — 40

=1-x*=R.H.S.

V1+x2 +41-x

Prove that tan™! [

Sol. Letx?=cos20sothat0<20< E,le 0<0<

Now, +1+x* =,/l+cos?2 =\/2cosze=\/§cose
and  V1-x> =,/—cos 20 = /2 sin> 0 =+/2 sin 6

&

L.H.S. sin? [2 tan™', /T—XJ =sin’*(26),
-x

4>|:|

J= 1 —x*where—1<x<1.

——+—cos’1( ).
Vi+x? —1-x7 J g

Hence, tan™

Viex? —1-x?

V2cos 0++/2sin 0

— tan! 2 cos 6 - [
V2 cos 0—~/2 sin 0

V2 cos 0

1+tan O

1-tan ©

VI+x% +4/1-%x J [\/Ecos9+\/§sin9
=tan™'

20059 \/Esme

)

|
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&

1 2tan @
= tan™' tan[E+9j =E+6=£+lcos'l(xz) = - ="LO0I(As tanzg:ij
4 4 42 1

tan (2 tan "' x) —tan” @
2 1(y2 1 1(y2 1-x°
[~ cos20=x>*=20=cos" (x):6=5cos* x] = =-1,0,1
X
Example — 41 1-x? 1-x° 1-x?
= =-—1, =0or =1
2x 2x 2x
Solve the equation tan™' X214 an (X—Hj =T = x-2x-1=0,x=lorx’+2x-1=0
x—2 x+2) 4

= x=lxfp,xlor—1% 7.

x—1 x+1) T Example - 43
+ tan™! =2

X — X+2

x| <1.

Sol. Given equation is tan™' (

Solve : 2 tan"' (cos x) = tan™! (2 cosec X), X € [—g, g}

x—-1 x+1
+
-1 X—2 xX+2

e

tan”' x +tan”'y =tan”' X+y for xy <1
1-xy

Sol. Given that,

= ftan 2 tan! (cos x) = tan"' (2 cosec x)

N

2cosx
= tan! Tcos’x = tan™' (2 cosec x)
—cos” X

2cos X

= ————=2cosecx
x-1)(x+1) 1-x? 1—cos” x
and for | x | <1, = - <1
x=2)\x+2) 4-x
2cosx 2
(x—l)(x+2)+(x+1)(x—2)=t a T sin?x  sinx
(x=2)(x+2)-(x-D (x+1]) 4 oS X .
= ——=1 (. sinx#0)
2x* —4 sin x

=1 =2x-4=-3

(X2—4)—(X2—1) T T T
=cotx=1=x= Zasxe [——,—}

1 22

1
= 2X=1=xP= E:>x=i ek

Example — 42

Solve the equation sin {2 cos™! (cot (2 tan"'x))} = 0.

Example — 44

Solve forx : sin”' (1 —x)—2 sin"'x = g .
Sol. Given equation is sin {2 cos™!(cot (2 tan"'x))} =0

=  2cos'(cot(2tan"'x) =nm,nel Sol. We have sin! (1-x) -2 sin 'x = g

nn
= cos'{cot(2tan'x)} = T,nel .
=sin!(1-x)= 5 +2sin'x

= cos'{cot(2tan'x)} =0, E, i s
2 = 1-x=sin (_+Zsin1Xj
2
(--cos'x liesin [0, ])
= 1-x=cos (2 sin'x)

T
= cot(2tan'x)=cos0, cos 50T = 1-x=1-2sin’(sin'x)
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= 1-x=1-2[sin(sin' x)]?
=1-x=1-2x?
=2x*-x=0

=x(2x-1)=0

:0’—
=X b

1
Forx= 5 sin”! (1-x) -2 sin"'x

1 1
=sin™! (1 _Ej —2sin™! 3

=sin™ 1 —2sin™! 1
2 2
=—sin™ 1 - #R.H.S.
2 6

1
x=3 is not a solution of given equation. Hence, x =0 is the

required solution.

Example—45

Sol.

Iftan'x +tan 'y +tan'z=m, prove that x + y + z = xyz.
Lettan'x=oq,tan'y=pB andtan'z=1y

= x=tano,y=tanff and z=tany

Now, given that,

tan!'x +tan'y+tanlz=m

Satp+y=n

oatB=n—y

= tan (o + B)=tan (n—7)

tan o+ tan B
——=—tany
1—tan a tan B

Cross multiply, we have
= tana +tan f =—tany+tan o tan  tany
= tan o+ tan § + tan y =tan o tan  tan y

= x +y+z=xyz. Hence, the result.

Example — 46

Express each of the following in the simplest form :

(i) tan™ 1zcosx ,—T<X<T
1+cos x

cos X b T
- ,—— <X <—
1+sin x 2 2

(ii) tan™! (

Sol. (i) We have,

tan! 1—cos x
1+cos x

tan —|

=tan™ /tan2 X = tan™"
2

,if —m<x<0

i)

_ X
tan™! (—tan —

[\S)
Ne—

=

tan™' (tan—},ifOSx<7z

tan~' {tan(%j}:—g,if—iz<x<0

tan”' {tan%}:g, if0<x<rw

[\S]

(i) We have,
X ..X
cos’ = —sin? =
cos X

tan~' (1 - J: tan™' 2 2
X . ,X . X X
tsmx cos’ = +sin* = +2 sin -~ cos —
2 2 2 2

X . X X . X
COS——sin— || cos — +sin —
1 ( 2 2}( 2 Zj

X . X
cos— —sin =
2 2

= tan 3 = tan
X an X €OS = +sin~
cos5+sm5 ) 5
l—tanE T x
—tan'd—— 2\ _tan! {tan (Z—E]}
X
1+tan —
2
m X
4 2

i T T X m T X T
<X ——<——<—20<——=<—
{ 2 2 2 4 4 2 2}

. (T
sin| —+X
Cos X ) 2

tan"' | ———— |=tan ' { ————ZL—_
1+sin x (n )
1—cos E+X

. (moXx T X
2sin| —+— |cos| —+—
i (4 2) (4 2) 1{ (n xj}
=tan cot| —+—
2 sin? E+i 42
4 2

o e el

ALITER We have,

= tan
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Example — 47

Sol.

(i)

Write the following functions in the simplest form :

. X

(i) tan! § ——=¢,-a<x<a
a?-x’

. /a—x

(ii) tan™! ,—a<x<a
a+x

i X

(iii) sin™! { ——
x* +a’

(i) Putting x = a sin 0, we have

4 asin O
=tan™' { —
Ja® —a’sin” 0

_; |asin O _ . X
:tanl{ }:tanl(tane):ezsml—
a

acos 0

. . X
‘X=asin0=sin0=—
a

X
=0=sin' =
a

. . V4 V4
(smce—a<x<a:>—1S31n6’S1:>—ES(9S—

Putting x = a cos 6, we have

{.'—a<x<a:>0<6<n<9<£}
2 2

since —1<cosf <1
=0<0<n

o027

0
2

X X
{.'x:acosezcosez—jezcos 1—}
a

a

(iii) Putting x = a tan 6, we have

o X
sin ' {————
x? +a?
. a tan O
=sin' {——
Ja’ tan’ 0+a’

. ., |atan©
=sin~ {———
asecO

=sin ! (sin 0)

X
=0=tan"' —
a

X X
{.‘x:atanezﬂ;anez—:eztan 1—}
a

a

Example — 48

Prove that :

sin! (2x /1 - x> )

2sin'x ={n—sin"! (ZX\/l—Xz) ,if

—n—sin 2xv1-x?) ,if—leS—L

. Letsin"'x=0. Then,

X =sin 0,

cos 0= /]2
[--cos0>0 for 6 € [-/2, /2]

sin20=2sin6 cos O

sin20=2x /]2

,if—LSXSL

\S]
\S)

1
—<x<1
N2
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1 1
CASEI: When— —<x<—
V2 2
We have,
—LSXSL
2 2
T T
——<p<=
- % 4
T T
-—<20<—
- 2 2
1
Also, <x<—

sin2 0=2x /1 x2

= 20=sin"(2x 1-x2)
= 2sin'x=sin"(2x \1_x2)

1
CASE II: When E <x<1:

We have,

IA
>

IA
—

sl &l-

= <sinf<1
T b
= ZSGSE
= Z<20<n
2
= —nS—ZGS—E
2

I
= OST%Z@SE

AISO,LSX31:>OS2X\/1—X2 <1

V2
sin20=2x /1_x? from(i)
= sin(1-20)=2x J1-x’

(since sin (7 —x)=sinx)

=

=

=

n—20=sin"(2x V1-x?)
n—2sin'x=sin!' (2x y1-x?)
2sin'x=n—sin (2x \/1-x> ).

1

CASE III: When— 1 <x<—- —

N

We have,
Cl<x< L
2
= 1<sin6< L
T2
= -L<p<-I
2 4
= <20< kil
TELvET
o
= 0<n+29£5

Also,

1
—1<x<-—==-1<2x \/]_x2 <0

V2
sin20=2x \/]_x> [From(i)]
—sin(n+20)=2x \f1_x*
sin (-m-20)=2x /] _x*
—-n—20=sin"(2x ﬂ)
20=—n—sin"'(2x ﬂ)
2sin ' x=-m—sin'(2x \]_x?)

Example—49

Sol.

Prove that :

tan”! {\/1+cos X +\/1—cos x}

\/1+cosx—\/1—cosx

We have,

fan! {\/1+cos X +\/l—cos x}

\/1+cosx—\/1—cosx

T

4

+§,O<x<E
2 2
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2c0s2 X 4+ 2sin? X _~'7z<x<3—7[:—£<£—£<—£_
L i ) ' 2 274 2 4
= tan
) 2 X 7si 2 X :>_3_ﬂ-<_£<_£
cos 3 smE 4 ) >
zr3
cos§+sin§ 2 2 4
—tan'{—2 2
X . X ST<X< —
co0s ——sin — L ]
2 2
cosi—sini
'.'0<§<E.‘.cos§>0,sin§>0 - tan”! 2 2
2 4 2 2 = tan ~  x
COS —+sin —
2 2
1+tan —
_ -1
= tan l—tanE
1-tan — —tan' 2
X
1+tan —
=tan ' {tan £+§
4 2 —
=tan ' {tan| = —=
b 4 2
= — 4 —
! _nx
{ T T W X n} 4 2
C0<x<—r =< —4+—<—
2 4 4 2 2 T ot X -
T<X<— . ——<——— < ——
2 4 2 4
Example - 50
2. i}
Prove that : 4 2 2

tan”! {\/l+cosx+\/1—cosx} T X

. 3n
=———,ift<x<—
\/1+cosx—\/l—cosx 4 2

Sol. We have,

fan! {\/1+cos X +\/l—cos x}

\/1+cosx—\/l—cosx

\/20032X+\/23inzx
— tan”! 2 2
\/2 cos’ X—\/Z sin? >
2 2
\/E CcoS —|++/2 [sin —
=tan™'

\/E CcOoS — —\/5 sini
2

X . X

—C0S— +sin—

= tan”" 2 2

X . X

—C0S ——sin —

2 2
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EXERCISE - 1 : BASIC OBJECTIVE QUESTIONS

Relation and its Types

1.

Let R = {(3, 3), (6, 6), (9, 9), (12, 12), (6, 12), (3, 9),
(3,12),(3,6)} bearelationonthe setA={3,6,9,12}. The
relation is

(a) reflexive and symmetric only
(b) an equivalence relation

(c) reflexive only

(d) reflexive and transitive only

Let W denotes the words in the English dictionary. Define
the relation R by R = {(x, y) € W x W : the words x and y
have at least one letter in common}. Then, R is

(a) reflexive, symmetric and not transitive
(b) reflexive, symmetric and transitive

(c) reflexive, not symmetric and transitive
(d) not reflexive, symmetric and transitive

Let N be the set of natural numbers and a relation R on N
be defined by

Rz{(x, y)eN><N:x3—3xzy—xy2+3y3 =0},

Then the relation R is:

(a) reflexive and symmetric, but not transitive
(b) reflexive but neither symmetric nor transitive
(c) an equivalence relation

(d) symmetric but neither reflexive nor transitive

Functions and its classifications

4.

2
Let f (x) = %, x # —1. The value of o for which
X

f(a)=a,(a=0)is

- 1
(@) 1= (b) -
1 1
(0 1+= (-1
The domain of f(x)= 102gi(3—xi32) is
x“+3x
(@ R—{-1,-2} (b) (2, +0)

(¢) R—{-1,-2,-3} (d) (-3, +0)—{-1,-2}

10.

12.

13.

The range of the function y = log, (5 + 4x —x?) is

(a) (O: 2] (b) (_007 2]
(c)(0,9] (d) none of these
If ex + ¢™ = ¢, then range of the function of f'is
(a) (_OO: l] (b) (_007 1)
(©)(1,0) (d)[1, )
2
2

Range of the function f(x) = X;—X+ ;x € Ris

X +x+1

11
(@)(1,0) (b) (1’ 7)

7 7
of+3] o[+

X 1 T
The equation 2 sin? E.coszx:x-ir ;,O<x§ = has

2

(a) one real solution
(b) no real solution
(c) infinitely many real solutions

(d) none of these

x—[x]
Let f(x)= T—[x] ,X € R, then the range of fis :
(@)[0,1] (b)[0, 1/2]
(¢)[0,1/2) (d)(0, 1)
The range of k for which |[x—1]-5| = k have four distinct
solutions -
(2)[0,5] (b) (—20,5)
() [0, 0) (d)(0,5)

The function f(x) = cos (log(x +4/x? +1)) is

(a) even (b) odd

(c) constant (d) None of these

Letf: R — Rbea function such that f{(x)=x>—6x>+ 11x—6. Then
(a) fis one-one and into  (b) fis one-one and onto

(c) fis many-one and into  (d) f'is many-one and onto
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e
i

14.

15.

16.

17.

18.

19.

20.

21.

Let f : R —> R be a function
f(x)=x>+x*+3x+sinx. Then

such that

(a) fis one-one and into  (b) fis many-one and into

(c) fis one-one and onto  (d) fis many-one and onto
Letf be a function from R to R given by f(x) =2x + |cos X|.
Then fis

(a) one-one and into (b) one-one and onto

(c) many-one and into (d) many-one and onto

x> —4
x2+1°

Let /" be a function from R to R given by f(x) =

Then f(x) is.
(a) one-one and into (b) one-one and onto

(c) many-one and into (d) many-one and onto

f(x)=x+ vx? isafunction from R — R. Then f(x) is
(a) injective (b) surjective
(c) bijective (d) none of these

A function f: A — B, where A {x : =1 <x <1} and
B={y:1<y<2}isdefinedbytheruley=f(x)=1 +x.
Which of the following statement is true?

(a) fis injective but not surjective
(b) fis surjective but not injective
(c) fis both injective and surjective

(d) fis neither injective nor surjective

f(x)=

{x, if x is rational

e an
0, if x is irrational

( )_ 0, if x is rational )
V)= X, if X is irrational Then, f-gis

(a) one-one and into (b) neither one-one nor onto

(c) many one and onto (d) one-one and onto

Iff: R — S, define by f(x) =sinx — /3 cosx+ 1, is onto,

then the interval of S is
(@[0,1] b [-1,1]
(©[0,3] (d[-1,3]

Ifa function f: [2, 00) - B defined by f(x) =x*—4x+5isa
bijection, then B is :

@R
(c)[4,0)

(b)[1,0)
(d)[5,0)

22.

23.

24.

25.

é%ﬁ-ﬁ
Which of the following function has period &t ?

(a) 2cos (2—7“} +3sin (EJ
3 3

(b) tan x|+ cos 2 x
(©) 4cos(2nx +§j+ 2sin(nx +%j

(d) none of the above

Let f(x) =cos 3x + sin \/Sx. Thenf(x)is
(a) a periodic function of period 2.

(b) a periodic function of period /3 m.

(c) not a periodic function

(d) none of these

The period of sin” 0 is
OFs (b)m
O3 d)n/2

Which one is not periodic

(a)|sin 3x|+ sin’ x (b) cos/x +cos” x

2 2 .
(c) cos4x +tan x (d)cos x+sinx

Composition of a function

26.

27.

28.

Let f (x) be a function defined on [0, 1] such that

x xe€Q

Then forall x € [0, 1], fof (x) is
(b) 1 +x
(©)x (d) none of these

If f(x)=v2-x and g(x)=4/1-2x , then the domain of

(a) a constant

Slg(X)]is
(a) (— oo, 1/2] (b)[1/2, 0)
(¢) (—0,-3/2] (d) none of these

Let f(x) = sin x and g(x) = In [x|. If the ranges of the
composition functions fog and gof are R, and R,
respectively, then

@R, ={u:-1<u<l}, R,={v:-0<v<0}
bR, ={u:—0<u<0}, R,={v:-1<v=<0}
©R,={u:-1<u<l1}, R,={v:-0<v<0}
DR ={u:~1<u<l}, R,={v:—0<v=<0}
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i%g:%—?
' ’ ) 34. Let f:[-1,0) > Rbegivenby f (x)=(x+ 1)* -1,
29. Ifg{f(x)} =|sinx|andf{g(x)} = (sm\/;) , then x>—1. Then /™ (x), is
() f(x):sinzx,g(x)=\/; (a) =1 +4/x+1
(b) f(x)=sinx,g(x)=[x| (b) -1 —yx+1
© f (X):leg (x)zsin N (c) does not exist because f* is not one-one
(d) does not exist because f is not onto
t t i
(d) fand g cannot be determined 35.  The inverse of the function y=[1—(x— 3)4]”7 is
30.  Iff(x)=sin’x, g(x) =/x and h(x) =cos'x, 0 <x <1, then - (@)3+(1-x)" b)3-(1-x)"
(a) hogof(x) = gofoh(x) ©3-(1+ x7)”4 (d) none of these
(b) gofoh(x) = fohog(x) Functional Equations
(c) fohog(x) = hogof(x)
(d) None of these 36.  If3 f(x)+5f (lj —1 3y x=0) e R, then £(x) is
31.  Iff(g(x))=|cosx |, g(f(x)) =cos’/x ,then - x x
equal to :
(a) f(x) is a periodic function and g(x) is a non-periodic
function.
(a)—(—+5X6j ® L[ 24sx6
(b) f(x) is a non-periodic function and g(x) is a periodic 1 X
function.
¢) Both f(x) and g(x) are periodic functions (3
© ®) glxjarep (©) 16 [_ —5x - 6} (d) none of these
(d) Neither f(x) nor g(x) is a periodic function X
32.  Consider the functions f(x)= Jx and g(x) =7x +b. If 37.  Letf:R—Rbeafunction givenby f(x +y) =f(x) +1(y) for
allx,y € Rsuchthatf(1)=a. Then, f(x) =
the function y = fog(x) passes through (4, 6) then the
value of b is (@)a (b)ax
c)x* d)a+x
@38 (b)_8 (©) (d)
38. Let f be a real valued function satisfying
(©-25 () 4-7v6 F(x+y)=f(x)f(y) forall x, y € R such that f(1) = a. Then,
Inverse of a Function J=
(a) a* (b)ax
© (c)x* (d) none of these
33.  The inverse of the function f(x)= ax —a_x is
a’ +a
39. 1faf(x+1)+bf(Lj:x, x#—1,a%b, then /(1) is
(where codomain of f(x) is (-1, 1)) x+1
11 l—x ) llo 1+ x equal to
(a)Eoga E (b) B ga 1—x (a) a+b (b) 2>~ b?
L d) f(1)=0
© % (@1()=

(d) none of these

(c) loga(HXJ
1-x
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Simplification problems of ITF Properties of ITF
— -1 St — -1 2n | T
40. Ifo=tan tanT and = tan ftan? , then 46. If sin " x :E , for some x € (-1, 1), then the value of
—1 Q.
(a)4a=3p (b)3a=4p o8 XIS
T d fth 3n b) 22
(C)G—B*E (d) none of these (a) 10 (b) 10
41.  Which one of the following is correct? T on
c) T d) —
(a)tan1>tan"' 1 (b)tan 1 <tan 1 © 10 @ 10
(c)tanl=tan"'1 (d) None of the above
47.  The value of cot ™! 3 +sin”! El is:
r L B 4 13
42.  The value of sin 37 sin S is :
. 163 . 112
sin” — b il
(@) sin ™' (b) sin”! 2
V3 3
3 7y (©) sin~1 &2 (d) sin" >
68 12
1 1
(©) 5 d 3
2 2 y
48. Ifcos!' x — cos™ 3= o, then 4x* — 4xy cos a + y?is
_ -1 . .
43. cot™! (\/ COSOC)— tan (\/ COSOC) =X, then sin x is equal equal to
to (a) -4 sin’ a (b) 4 sin® a
(04 (d) 2 sin 2a
o
wwi(3)  we(f) S
49. Iftan' 2" +tan”! .z , then x is equal to :
X+2 x+2 4
(c) tan a (d) cot(g)
? nl L
@ /5 ®) =75
44. Iftan(cos™ x) = sin(cot1 %J , thenx is equal to :
1
- +—
© (@ +5
L5 V5 L L .
(a) 3 (b) J_r? 50. If2tan'(cosx)=tan"' (2 cosec x), then the value of x is :
5 W OF
2) — -
c) t— d) None of these 4 4
() 5 (d)
45.  cos [tan™ {sin (cot™ x)}]is equalto : (©) I (d) None of these
3
x2+2 b x> +2 1
@) <2 +3 (®) <2 +1 51 The equation 2cos™ x +sin™' x =" has:
<241 (a) no solution (b) only one solution
(©) (d) None of these

(c) two solutions (d) three solutions
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ITF- Domain & Range
—1( a —1 b T . )
52. If tan (—] + tan (—) =—,thenxisequalto:
X x) 2
X
58.  The domain of sin”' [1 08; (—ﬂ is
(@) ab (b) \/2ab 3
(¢)2ab (d)ab @1[1,9] (B)[-1,9]
53. Ifcos'x>sin"'x, then: ©)[-9,1] (d)[-9,-1]
(2)x<0 (b)-1<x<0
. . sin”' (x—3) .
©0<x< 1 @) —1<x< 1 59.  The domain of the function f(x)= T is
C - 5 - - s J—
V2 V) )
values of ] 1 1 (@)[1,2] (®[2,3]
54. Set of values of x satisfying cos™ > sin”
ying cos™x > sit! /x ©12.3) @11,2)
(a) [0,lj (b) [0, lj 60.  The largest interval lying in | ==, 2 |for which the
2 2 272
1 1 : _ 4% - X .
© [E’ 1) (d) [E’ 1} function f(x)=4"" +cos [2 lj + log (cos x) is
defined, is
55.  The value of cos (2 cos™' x +sin! x) at x = 1 is: i
5 @10,7] (b) [——,—j
22
(@1 )3
26 Tz dy|0,=
(©0 () ——= (C)[ 4’2} @ )
61. If 6 =sin! x + cos™' x — tan”! x, x > 0, then the smallest
56.  The value of Ztan’l ( . J is equal to : interval in which 6 lies, is given by :
=0 l+r+r
(@) T<p<3" (b) -2 <0<0
n I 2 4 4
(@) (b) —
: 4 (© 0<0<> @ Z<o<X
4 4= 2
T
© 4 (d) None of these 62.  Rangeoff(x)=sin'x+tan'x+sec'xis
n 3n n 3n
57. If tan™ L+ tan™' ;+ tan™' 1 (@) (Z’ T) (b) {Z’ T}
1+2 1+(2)(3) 1+(3)(4)
n 3n
)=, — (d) None of these
Hottan ————=tan"' @, then 0= 4 4
l+n (n + 1)
63.  Rangeoff(x)=sin"'x+cot'x +tan'xis
n+l -
@7 b) 5 (a)[0,m] (b) [? n}
d n—1 T
© @ - CIE. @[ 7]
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e
i

Numerical Value Type Questions

64.

65.

66.

67.

68.

69.
70.
71.

72.

Let n(A) = 4 and n(B) = 6. Then the number of one-one
functions from Ato B is

The period of the function f(x) = sin'x + cos x is 7/k. Then
the value ofk is

The period of the function f(x) = |sin 4x| + |cos 4x] is k. Then
the value of k is

Let [x] denote the greatest integer < x. If f (x) = [x] and

g(x) = [x|, then the value of f(g(%jj - g[ f(—%j] is

Iff: R — R s given by

—1, when x is rational

1=

1, when xis irrational ’

then ( fof) (1 - \/g) is equal to

The number of real solutions of the equation e* = x is

The number of real solutions of the equation log, . x = [x|is
The number of real solutions of the equation

sin () =5*+57is

If fis areal valued function such that f(x +y) =f(x) + f(y) and
f(1)=5, then the value of f(100) is

73.

74.

75.

76.

77.

78.

79.

80.

1 .
If2f(x+1) Jﬁf(mj =2xand x#—1, then f(2) is equal to
k/6. Then the value ofk is.

If f (x) = ax®> + bx + ¢ satisfies the identity
fx+1)—f(x)=8x+3 forallx e R. Then,a+b=

sec? (tan™! 2) + cosec? (cot™! 3) is equal to

20 20
If Y sin™' x; =107, then )_x; is equal to :
i1 o1

14

If cos™ % —sin” 3 =cos ' x, thenx is equal to

Ifk<sin'x+cos' x+tan' x <K and k + K =mn. Then the
value of m is.

The value of tan! (1) + tan™! (0) + tan™! (2) + tan™! (3) is
equal to krt. Then the value of k is

If X € (—E, EJ s then the value of
22

('t —1f 3sin2
tan 1( aanthan 1(&J is kx. Then the value
4 5+3cos2x

ofkis
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&
EXERCISE - 2 : PREVIOUS YEAR JEE MAIN QUESTIONS

5. Letf(x)=2".x+1landg(x)=3".x

1. If f(x)=2tan"'x +sin™ (1 2x > ),x > 1, then f(5) is equal to
+x

If (fog)(x) =%, thenxisequalto: (2017/Online Set—1)

(2015/Online Set—1)

310 1 210 1
(a)W ®) S5 70 0310
T
(@) = (b) tan” (65 j
2 156
© =5 (d) =2
o) —— s
(c) 4tan”' (5) d)n 2103710 3102710

2. Iff(x)+2f(lj=3x,x¢0, and 2016) LR elimx |
X

6. The value of tan |< ,X#0,18
|\/ 1+x* - \/ 1-x | 2’

S={xeR:f(x)=f(-x)}; then S: equal to : (2017/Online Set-1)
(a) contains exactly one element

r 1 b -
(b) contains exactly two elements. (a) Z+ECOS 'x? (b) Z+ cos ™' x’
(c) contains more than two elements.
(d) is an empty set. T 1l s s

———cos™ X d) ——cos™ x

© 55 @
1
f =—
3. For xeR, x = 0, x = 1, let 1o (X) 1-x 7. A value of x satisfying the equation

: (1 + _ 1 e
andf,; (x) =1, (fn (x)), n=0, 1,2, ... Then the value sinfeot” (1 +x)] = cos [tan™ix], is

(2017/Online Set-2)

8f 2 ¢ 3) .
off100(3)+§1 3 +1 2 is equal to:

1
- b)-1
@ —3 (b)
(2016/Online Set—1)
i 5 (©0 @
c -
3 >y 2
(@ 3 ) 3
© 4 ) 1 8. The function /: N — N defined by f(x) = X —5[§}
3 3
where N is the set of natural numbers and [x] denotes the
4. The function f: R — {_l _} defined as f( ) X . greatest integer less than or equal to x, is :
2°2 1+x*’
(2017/Online Set-2)
is: (2017)

(a) one-one and onto.
(a) invertible

(b) one-one but not onto.
(b) injective but not surjective

(c) onto but not one-one.
(c) surjective but not injective

. . L. (d) neither one-one nor onto.
(d) neither injective nor surjective.
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9.

10.

11.

12.

Let S:{(k,u)eRXR:f(t):[meM 'M].

sin(2|t|),t € R is a differentiable function}. Then S is a

subset of : (2018/Online Set—1)

(2) Rx[0,00) (b) [0,0) xR

(c) Rx(-20,0)

Consider the following two binary relations on the set

A={a,b,c}:

R,={(c,a),(b,b),(a,c),(c,c),(b,c),(a,a)} and

R,={(a,b), (b, a), (c, ¢), (¢, ), (a, a), (b, b), (a, c)}. Then:
(2018/Online Set-1)

(a) both R, and R, are not symmetric.

(b) R, is not symmetric but it is transitive.

(c) R, is symmetric but it is not transitive.

(d) both R, and R, are transitive.
-1
Letf: A—B be a function defined as /(x) =x—2, where
x-

A=R-{2}and B=R- {1}. Thenfis:
(2018/Online Set-2)

_ 3y-1
(a) Invertible and ' (y) =

y-1 16.

) 2y-1
(b) Invertible and /' (y) = _y 1

. 2y+1
(c) Invertible and /! (y) = 7

17.

(d) Not invertible

1 k-1
If the function f defined as f(x)=—-—5—
x

—,x#0, is
e’ -1

continuous at x =0, then the ordered pair (k, f(0)) is equal 18.

to: (2018/Online Set-2)
(@@3,2) ()3, 1)

1
(d) (g’zj

© @1

13.

(d) (-0,0)x R 14.

15.

2x3* 1
If £(x)=sin" ,then 7’| -— |equals:
f( ) [1+9"] f( 2} d

(2018/Online Set-2)

(a) -3 log, NG) (b) V3 log, V3
(¢) -v3log, 3 (d) V3log,3

Let N denote the set of all natural numbers. Define two
binary relations on N as
R={(x,y) e NxN:2x+y=10} and
R,={(x,y) N N:x+2y=10}. Then:
(2018/Online Set-3)
(a) Range of R is {2,4, 8}.
(b) Range of R, is {1,2,3,4}.
(c) Both R, and R, are symmetric relations.

(d) Both R, and R, are transitive relations.

3 1
If a:cosl(g}ﬂztanl(g} where 0<a,ﬂ<%,

then o — f is equal to :

a9 a9
(a) tan (—5 \/E] (b) cos [—5 \/ﬁj
tan™' (ij sin™ (—9 )
© % 11g @ {5410

If f(x)=log, G;—i),w <1, then f(%] is equal

(2019-04-08/Shift-1)

to: (2019-04-08/Shift-1)
@)2f(x) (b) 2/ (x*)
©(f(x) (d) -2/ (x)

The sum of the solutions

Wox =2|+4x (Vx =4)+2=0,(x > 0) is equal to:

(2019-04-08/Shift-1)

of the equation

10
Let Zf(a+k) :16(210 —1) , where the function f

k=1
satisfies f(x+y)=f(x) f(»)forall natural numbers x,

yand f(1)=2.Then the natural number ‘a’ is:

(2019-04-09/Shift-1)
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19.

20.

21.

22.

23.

Let f(x) = x> , x € R. For any A < R, define
g(A)={x e R: f(x) e A}.If S= [0, 4], then which one of the
following statements is not true ?

(2019-04-10/Shift-1)
(@) g(AS) =S (b)fg(S) =S
(c) &(A(S)) =2(S) (DA #AS)

Let f(x)=log,(sinx),(0<x<7)

and g(x) =sin' (e'X)(x > 0). If o is a positive real
number such that a=(fog) («) and b=(fog)(e),
then: (2019-04-10/Shift-2)

@) aa’* +ba+a=0 ®) aa® —-ba—a=1

2

©) aa* -ba-a=0 D aa* +ba—a=-2a

If cos™ x—cos™ % = o, where

-1<x<1,-3<y< 2,x£%,thenfor all

x,y,4x" —4xycosa + y’ is equal to:
(2019-04-10/Shift-2)
(a) 4sin’ « (b) 2sin’* &

(c) 4sin* a—2x"y’ (d) 4cos’ a+2x%y’

For xe[O,%) let f(x)=+vx, g(x)=tanx and

h(x)= i;ii If ¢(x) = ((hof )og)(x), then ¢(§j is

equal to (2019-04-12/Shift-1)
tanl b tanll_ﬂ-

(a) B (b) B

(c) tan %~ (d) tan 7

D) 12

.12 . a(3).
The value of sin ') —sin 5 is equal to

(2019-04-12/Shift-1)
Z _sin™! 56
® 5 65

(d) 7 —cos” (Ej
65

24,

25.

26.

27.

&

If [x] denotes the greatest integer < x, then the system of

linear equations [sin&]x+[—cos@]y=0,[cot@]x+y =0
(2019-04-12/Shift-2)

(a) have infinitely many solutions if @ e [%, 2?”) and

has a unique solution if g ¢ [ 7, 7?”)

(b) has a unique solution if 6 e 2,2—” U 7r,7—7[
23 6
2
(c) has a unique solution if 96(%, Tﬁ) and have

o o n
infinitely many solutions if €€ (7[ ) ?)

(d) have infinitely many solutions if
oe(2.2)fn 22
23 6

2 3 V.4 3
If cos' | = |+cos! | — |=Z| x>= |, th i 1
(2o (2)-Z(e>2). i

to (2019-01-09/Shift-1)
(@) 142 (b) Y245

12 10

12 11
If x = sin! (sin 10) and y = cos!(cos10), then y—x is equal
to: (2019-01-09/Shift-2)
@0 (b) 10
(©7n d)n

19 n
The value of cot(z cot™! [1 +Y ZpB is:
p=1

n=1

(2019-01-10/Shift-2)

21 19
O ®
22 23
© 33 @ 5
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28.

29.

30.

31.

32.

All x satisfying the inequality

(cot’1 x)2 - 7(cot’1 x)+ 10 > 0, lie in the interval :
(2019-01-11/Shift-2)

(a) (—o0,cot5)U(cot4,cot2)

(b) (cot2,)

(c) (—o0,cot5)U(cot 2,00)

(d) (cot5,cot4)

Considering only the principal values of inverse

functions, the set

A= {x >0:tan"' (2x)+tan™ (3x) = %}

(2019-01-12/Shift-1)
(a) contains two elements
(b) contains more than two elements
(c) is a singleton

(d) is an empty set

2

The domain of the function f(x) —sin~! [|X|—+5] 1s
x“+1

(—o0, —a]U|[a, ). Then ais equal to :

(2020-09-02/Shift-1)

J17 -1 V17
(a) 5 (b) N
© ”jﬁ @ @H

Let f:R — R be a function which satisfies
fix+y)=f(x)+f(y) Vx,y e R Iff(1)=2and

(n-1)
g(n)= Z f(k), n e N then the value of n, for which

k=1
g(n)=20,is: (2020-09-02/Shift-2)

(@9 (b)S
()4 (d)20
2m— (sin_1 i +sin”! i—i— sin”! Ej ;
5 3 65 )18 equal to :

(2020-09-03/Shift-1)

5w 3n
(@) 7 (b) EX

I T
(© 4 (d) >

33.

34.

3s.

36.

37.

&

Let R, and R, be two relations defined as follows :
R, ={(a,b)eR?:a? +b* eQ}and

R, ={(a,b) e R?:a” +b? ¢ Q}, where Q is the set of all
rational numbers. Then : (2020-09-03/Shift-2)
(a) R, is transitive but R, is not transitive

(b) R, and R, are both transitive

(c) R, is transitive but R, is not transitive

(d) Neither R nor R, is transitive

Let A={a,b,c} and B={1,2,3,4}. Then the number of
elements intheset C={f: A > B| 2ef(A) and fis not
(2020-09-05/Shift-2)

For a suitably chosen real constant a, let a function, f:

one-one} is

a-x
R-{-a} — R be defined by S (x ) S i Further suppose

that for any real number x# —a and f(x)#—a,

(fof)(x)=x. Thenf[—%] is equal to:

(2020-09-06/Shift-2)
(a)-3 (b)3

1 1
© 3 (d) 73

If g(x)=x?+x—1and (gof )(x) = 4x*> —10x+5

then, fGJ is equal to (2020-01-07/Shift-1)

3 1
@~ ® -

1 N
©7 @3
82x _ 872)5

The inverse function of f (x) S g
+

xe(—l,l),is

(2020-01-08/Shift-1)

1 1 1 1+
(a) Z(log8 e)log, (I—XJ (b) Z(log8 e)log, (i)

+ X
11 1+x 11 1-x
© 381, @ o8 oy
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. x> —x-2 1. 63
38. Let f(x)=sin"'x and g(x) o —x_e 1 42.  Apossible value of an| o sin IT is
g(2)= lim g(x) then the domain of the function fog is (24-02-2021/Shift-2)
(26-02-2021/Shift-2) b L
) @ 242 -1 ) 77
@ (o) (=205 1
3 © 575 @ 71
,—2 v —1, d) (—, -2 U|:__500)
© (=o2]ul-Le) @ (o2l 43. Ifa+a=1Lb+p=2and
39. Let A= {1, 2, 3,...,10} and f: A — A be defined as 1 B
af(x)+0cf — |=bx+—=,x#0, then the value of the
X X
k+1 if k isodd
p)={ e
k if k iseven 1
£(x)+ fU
) ) expression X/ is
Then the number of possible functions g: A — A such 1 -
X+—
that gof =f is (26-02-2021/Shift-2) X
@) 10° (b) 10C5 (24-02-2021/Shift-2)
© 5! ) 5° 44. Letf:R — R be defined as f(x)=2x~-1 and
40. LetR={(P, Q)| P andQ are at the same distance from the 1
origin} be a relation, then the equivalence class of (1, —1) X=7
:R—{1} > R be defined - 2 . Then th
is the set: (26-02-2021/Shift-1) g:R={l} > Rbe defined as g(x) = —2 . Then the
_ 2,2
(@) S={(x.y)|x* +y’ =4] composition function f(g(x)) is (24-02-2021/Shift-2)
(b) S= {(x,y) |x?+y? = 1} (a) One-one but not onto
(b) Both one-one and onto
(c)S= {(x, y)Ix*+y’ = 2} (c) Neither one-one nor onto
(d) Onto but not one-one
@ S={(x.y)Ix*+y* =2}
-2
45. Let f:R— {3} > R—{I} bedefined by f (x)=——.
41. Let f,g:N — N such that -3

f(n+1) = f(n) +f(1) VneN and g be any arbitrary

function. Which of the following statements is NOT true?
(25-02-2021/Shift-1)

(a) If g is onto, then fog is one-one

(b) fis one-one

(c)Iffis onto, then f(n)=nV neN

(d) If fog is one-one, then g is one-one

Let g:R — Rbe given as g(x)=2x—3.Then, the sum

. _ 13
of all the values of x for which f'(x)+ g™ (x)= 2 is

equal to. (18-03-2021/Shift-2)
()2 (b)7
(©5 3
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46.

47.

48.

49.

50.

51.

LetA={2,3,4,5,...,30} and '' be an equivalence relation
on A x A, defined by (a, b) (c, d), if and only if ad = bc.
Then the number of ordered pairs which satisfy this
equivalence relation with ordered pair (4, 3) is equal to

(16-03-2021/Shift-2)
(@6 (b)5
©38 ()7

The inverse of y = 5" is: (17-03-2021/Shift-1)

L
(a) X = ylogs (b) x= ylogs
1
(©) x= 50 (@ ¢ 5o
If

cot™ ()= cot'2+cot' 8+cot 18+ cot" 32+........

upto 100 terms, then o is
(2)1.03 (b)1.02
(c)1.01 (d) 1.00

The sum of possible values of x for

1 8
tan” (x+1)+cot” | — |=tan"' | — | is-
an~ (x+1)+co [x—lj an [31J is -

(17-03-2021/Shift-1)

(17-03-2021/Shift-1)

2 b 31
@ ® -,
(© SEL (d) SE-
97y 4
) L (1-2%
If J (x)=sin [COS : [WD and its first derivative

b
with respectto x is — B log, 2 when x = 1, where aand b

. . 2 2 .
are integers, then the minimum value of |a -b | is

(17-03-2021/Shift-1)

. . T,
The number of solutions of the equation X +2 tanx = S

the interval [0, 27] is : (17-03-2021/Shift-2)
(a)4 (b)5

©3 (d)2

52.

53.

54.

55.

&

Let [x]denote the greatest integer < x, where x e R.If

the domain of the real valued function f (x) =

is (—o0,a)U[b,c)U[4,0),a <b<c, then the value of

a+b+c is: (20-07-2021/Shift-1)
(a) -3 )1
(c) -2 (d)8

5x+3
Let f:R—{%}—)Rbedeﬁnedby f(x)= 6X+

. Then
X — 0

the value of o for which (fof )(x) = x, forall

a
xeR—<—%,ic92
fol.

(a) No such o exists (b)5
()6 (d)8

(20-07-2021/Shift-2)

Let g:N — N be defined as
g(3n+1)=3n+2,
g(3n+2)=3n+3,

g(3n+3)=3n+1,forall n>0.
Then which of the following statements is true ?
(25-07-2021/Shift-1)

(a) gogog = g

(b) There exists an onto function f:N — N such that
fog=f

(c) There exists a one-one function f: N — N such that
fog=f

(d) There exists an function f: N — N such that gof =f
Let S={1,2,3,4,5,6,7}.Then the number of possible

functions f:S —» S such that f(mn)= f(m).f(n)for

every m,neS and m. n €Sis equal to

(27-07-2021/Shift-1)
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56.

57.

58.

59.

Let f: R — R be defined as

60.
1
Focey)+£(x=y) =20 ()£ (5 3 | =1 Then, o
20 1
value of kz:; sin(k)sin(k n f(k)) is equal to:
(27-07-2021/Shift-2)
61.
(a) cosec? (1)cosec(21)sin(20)
(b) sec’ (1)sec(21)cos(20)
(c) cosec” (21)cos(20)cos(2)
(d) sec® (21)sin(20)sin(2)
Let [x] denote the greatest integer less than or equal to
x. Then, the values of x € R satisfying the equation
[ex T + [e" + IJ —3 =0 lie in the interval: 62
(22-07-2021/Shift-2)
o
(a) [In2,In3) ®) |0
(©)[0,In2) (d) [Le)
Consider function f: A —» B and
g:B— C(A, B,Cc R) such that (gof)_l exists, then:
(25-07-2021/Shift-2)
(a) fand g both are one-one
(b) fis onto and g is one-one
(c) fis one-one and g is onto
(d) fand g both are onto
The range of the function 63.

f(x)zlogJg (3+cos£%+ xj+cos(%+xj

T 3n
+cos Z_X —cos T—X (01-09-2021/Shift-2)

(@) [%ﬂ (b) (0.45)
(c) [0,2] @ [-2.2]

. 2
If be a polynomial of degree 3 such that f(k)= X for

k=2,3,4,5. Then the value 52-10f(10) is equal to

(01-09-2021/Shift-2)

1+
The domain of the function cosecl( X) Is:
X

(26-08-2021/Shift-2)

(a) [—% OOJ—{O} (b) [—% oo}—{o}

o feten e

Let z be the set of all integers,

A:{(x,y)er Z;(X—Z)2 +y? S4}

B

{(x,y)e ZxZ;x* +y? S4} and

C:{(x,y)eZ><Z;(x—2)2 -i—(y—2)2 S4}

If the total number of relation from ANB to ANC is
2P, then the value of p is : (27-08-2021/Shift-2)
(@16 (b)25

()49 @9

Let M and m respectively be the maximum and minimum
values of the function f(x)=tan™'(sinx+cosx)in

T
055 - Then the value of tan(M—m) is equal to:

(27-08-2021/Shift-2)
(a) 3-242 (b) 3+242

() 2-+/3 (d) 243
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64.

65.

66.

67.

68.

Which of the following is not correct for relation R on the
set of real numbers? (31-08-2021/Shift-1)

(a) (x, y) eRe |X - y| <1 isreflexive and symmetric.
®) (x,y)eR<0<|x—y|<1 is symmetric but not
transitive.

© (x,y)eR<|x|-]y|<1 is reflexive but not
symmetric.

(d) (X, y) eRe0< |X| —|y| <1 is neither transitive nor
symmetric.

Let f:N — N be a function such that

f(m+n)=f(m)+f(n) forevery m,ne N.If

£(6) =18, then f(2)-£(3) is equal to:
(31-08-2021/Shift-2)

(a)36 (b)6
©18 ()54
-1 ' 2
If the domain of the function f(x) = cos VX' —x+1 is

. I(ZX—IJ
sin” | ——
2

the interval (o], then o.+p is equal to :

(22-07-2021/Shift-2)

3
(@)2 ®) 3

1
= d)1
© 5 (d)
The number of real roots of the equation
et _e¥ _4e>* —e* +1=01s equal to
(27-07-2021/Shift-2)
If x>+9y° —4x+3=0, x, yeR,thenx and y

respectively lie in the intervals:  (27-08-2021/Shift--1)

(a) [l, 3] and [—é, %}

11
(b) [—5, 5} and [1, 3]

(c) [L 3] and [L 3]

11 11
(d) {_ga 5} and {_ga 5}

69.

70.

71.

72.

73.

L o

The number of solutions of the equation

329 432 % =81,0 < x s% is: (31-08-2021/Shift-2)
@0 b1

()2 (d)3

If the functions are defined as f (x) = Jx and

g (x) =+/1—x, then what is the common domain of the

f
following functions f+g, f —g, —, %, g —f where
g

(F+g) () =Fx) £ g (), (F/g) (x) =
g(x)
(18-03-2021/Shift-1)

() 0<x<1 (b) 0<x<1

(©) 0<x<1 ) 0<x<l1

cosec'x
VX —[x]

denotes the greatest integer less than or equal to x, is
defined for all x belonging to : (18-03-2021/Shift-1)

The real valued function f (x)= ,where[x]

(a) all integers except 0,—1, 1

(b) all reals except the interval [-1, 1]

(c) all reals except integers

(d) all non-integers except the interval [—1, 1]

Let x denote the total number of one - one functions from
a set A with 3 elements to a set B with 5 elements and y
denote the total number of one one functions from the set

Ato the set A x B. Then: (25-02-2021/Shift-2)
(a) y=9Ix (b) 2y =91x
() y=273x (d) 2y =273x

X

A function f(x) is given by f(x)= , then the sum

5 +5

of the series f[ij + f(ij + f(ij +ot+ f(ﬁj
20 20 20 20

(25-02-2021/Shift-2)

49 b 2
@ ®) 3

3 o 1
© @
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74.

75.

76.

Let f be any function defined on R and let it satisfy the
condition [f (x)~f(y)| <|(x~y)'|,¥(x.y) e R

Iff(0) =1, then: (26-02-2021/Shift-1)

(a) f(x)>0,vxeR
(b) f(x)=0,vxeR
(c) f(x)<0,vxeR

@ f (X) can take any value in R

cosec {2 cot™ (5)+cos™ [%ﬂ is equal to:

(25-02-2021/Shift-2)

[ .
(a) 56 (b) 3
75 o5
(©) 56 (d 3
- -1 -1 -1
If Sin X _C0s X _ tan y;O <x <1, then the value
a b ¢
Tc
of cos( j is (26-02-2021/Shift-1)
a+b
1-y* 1-y’
b
@ 5y ® 7
1_ 2
d) 1-y*
() 2y (d y

77.

78.

79.

80.

ko

_ _ T
[f0<a,b<land tan'a+tan"'b =+ then the value of

(a+b)_[a2 ersz+(a3 ;b3j_[a4 Zb4j+

(26-02-2021/Shift-2)
€
(a) log, (5)

(©) & -1

Given that the inverse trigonometric functions take
principal values only. Then, the number of real values of x

(b) log, 2

(de

. (3 . (4 .
which satisfy sin 1(%)+sm 1(%) =sin™' x is equal to

(16-03-2021/Shift-2)

@1 (b)3
(©?2 (d)o

The number of solutions of the equation
sin”' [xz + l} +cos' [xz _E} =x’, f —L11. and
3 3 > for x €[—1,1], an

[X] denotes the greatest integer less than or equal to x, is:

(17-03-2021/Shift-2)
(a)4 (b)0
(c) Infinite (d)2

The number of real
tan~ \[x (x+1) +sin” VxZ +x+1= 2 is:
JGerD sin VT = i

(20-07-2021/Shift-1)

roots of the equation

@0 (b)4
©1 (d)2
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EXERCISE - 3 : ADVANCED OBIJECTIVE QUESTIONS
Objective Questions I [Only one correct option] 7. Letf: (o, 2] — (-0, 4] be a function defined by

f(x)=4x—x% Thenf ' (x)is:

’ 1 (a) 2—/4—x (b) 2+4/4—x
1. The domain of the function f'(x) = § log, [m] is:

(©) JA—x () J4+x

(@) (0, ) 8. Let f: R > R, g: R — R be two functions given by
(b) (-0, 0) — {nm|n € I} f(x)=2x-3,g(x)=x*+5. Then (fog) ! (x)isequal to :
T 77 1/3 X+7 1/2
(c)(oo,oo){ 2n+1 —:nel} X
(2n+1)3 @ | ®) | =
(d) none of the above NG NG
X—
2. The range of the function f(x) = cos [x], (© (X - Ej (d) [ 7 J
for —m/2 <x < /2 contains.
2
(a) {-1,1,0} (b) tcos 1,1, cos 2} 9.  Letf: {—g , ?n} be a function defined as
(c) {cos1,—cos 1,1} (d[-1,1]
3. Letf: R — R be a function defined by f(x)= \/g sinx — cos x + 2. The f71 (x) is given by
x> -8 -2 X—2 s
= ,thenf'is: | XTe) 1 nt 222+ 2
fx) NS enf is (a) sin ( > J . (b) sin ( 5 j+6

(a) one-one but not onto  (b) one-one and onto x_2

2 1
c) — + cos
©) 3 ( 5

. d) none of these
(c) onto but not one-one  (d) neither one-one nor onto J @

4. Let f: R - {n} > R be a function defined by . . i
10.  If the function f:[1, ©)—[1,©) is defined by

_ _ AX(x-1) —~1 .
f(x) = % , where m#n . This function is- J)=2"" thenf " (x)is

x(x-1)
(a) one-one onto (b) one-one into (a) (1) (b) (%)[1 +4/1+4log, x]

2
(c) many-one onto (d) many one into
5. Let A = (x,, X,,.-...Xg), B = (¥, ¥,, ¥,), the total no. of 1
— || 1-4y/1+41
functions f : A — B that are onto and there are exactly © 2 [ 082 X] (d) not defined

four elements (x) in A such that f(x) =y, is equal to .
11. If the function f: R — R be such that f(x) =x—[x], where

(a) 16 x*C, (b) 14 x°C, [x] denotes the greatest integer less than or equal to x,
(¢) 16 x*C, (d) None of these then /7' (x) is
6. Iff(x+y)=f(x).f(y) forall real x, y and f(0) # 0 then the 1
(a) (b) [x]—x
| S x-x]
functiong(x)= ————3 is
1+( f (X)) (c) not defined (d) none of these

) ) 12.  Therange of the function f(x) =[x — 1| +[x—2|, -1 <x<3,is

(a) even function (b) odd function
) ) (@)[1,3] (d[1,5]

(c)oddif f(x)>0 (d) neither even nor odd

(©)[3,5] (d) none of these
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19.  The domain of the function
1
13.  The domain of the function f(x) = ( . —1j is: 1
sinx f(x)=1logs {logm(HFjl} is
(@ {ch, 2nm + E}, vnel @) (oo, 1) ®©,1
2 (c)(1,) (d) none of these
()2, 2n+ 1) v nel 20.  Letf be areal valued function defined by
©)(@2n—-1)m,2nm) v nel e* _e M
X)= " T thenrange of f(x)is:
(d) None of the above S e* +e geof/(x)
R b) [0, 1
1/|tanx|+tanx ) @ (®){0. 1]
14.  f(x)="——F——— is defined for: (©)[0,1) (d)[0,1/2)
V3x
21.  The number of pairs, (X, y), X, y € R, satisfying
1 4x2—4x+2=sin*y and x* +y* <3 are
@R’ (b) R+H
3 (@0 (b)4
(©)2 (d) infinite
T
R" - —|neW -
© {n” o€ } (d) none of these 2. 16/x)= 221 thenf(2x)is:
x+1
I
15.  The domain of the function f(x) = x " is (a) f(x)+1 (b) 3f(x)+1
+3 +3
(@) 0.0)— {1} (©)(0.) /(x) /(x)
(¢)[0, ) (d) [0, 0)— {1}
6. The mini Lo of 26271 - © f(x)+3 @ f(x)+3
. e minimum value o is: f(x)+1 3f(x)+1
(@1 (b)2
(c)27 (d) None of these |x|, x<1
17.  Letf(x)=min {x,x’}, foreveryx € R. Then: 23, Iff(x)= , then f(f(x)) is equal to
2-x, x>1
x, x21 5 o1
@ f(x)=1{x*, 0<x<l (b) f(x)= {X o X
x, x<I1
x, x<0 2—|x|, x<-1 |X|, x<-1
@1 [xl, -l1<x<1  (b){2-]x[, -1<x<1
: x%, x>l
X, X2 _
© f(x):{xz x<1 (d f(x)— X, Osx<l |2—x|, x>1 |2—x|, x>1
’ x?, x<0
18.  The domain of definition of
|2—x|, x<-1
1 .
=1 _ — |
Jx)=log, ( log,, [H x”“j lj ' (c) |x|, —-1<x<1  (d) none of these
(@) (0,1) () (0, 1] 2-|x, x>1
(c)[1,0) (d)(1,0)
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24,

25.

26.

27.

28.

29.

If f(x + % X — %J =Xy, thenf(m,n)+f(n,m)=0

(a) only whenm=n (b) only when m#n

(c)only whenm=-n (d) forallmand n
If 2 < x? < 3 then the number of positive roots of
{l} = {xz}, {.} denotes the fractional part of x, is :
X
(@0 (b1
(©)2 d)3

If [x] denotes the greatest integer < X, then

{2} [2 1 } [2 2} {2 98} .

4| =+ —|+| =+—|+...+| =+—| is equal to
3 3 99 3 99 3 99

(@99 (b)98
(c) 66 (d) 65
fx)=x-1,f:R">Rand g(x)=¢*,g:[-1,0) > RIfthe
function fog (x) is defined, then its domain and range

respectively are.
(@) (0, 0) & [0, 0) (b) [-1,0) &[0, 0)

—1. o0 7lw 1
© [-L )&[l > ] (d)[l,oo)&[gl,ooJ

The number of positive integers satisfying the equation
x+log, (2*+1)=xlog 5 +log 6is

@0 ()1

(©2 (d) infinite

A certain polynomial P(x), x € R when divided by x — a,
x — b, x — ¢ leaves remainder a, b, ¢ respectively. The
remainder when P(x) is divided by (x —a) (x—b) (x—c¢) is
(a, b, ¢ and distinct).

@0 (b)x

(c)ax+b—c (d)ax +bx+c

30.

31.

32.

33.

34.

35.

imﬁ
Complete solution set of the equation
[x2—1+cosx|=[x>—1|+|cos X|

belonging to (-2, 1) is

(a) gﬂu(l 1)

__3_7c E}u[—l l]u[E nj
®1753 ' 2’

[ 3 =« T
o[ 215

@[ —2n 80| -E oL
2 2 2
The number points (X, y), where curves |y| = /n [x| and
(x —1)*>+y?>—4=0 cut each other, is
@2 (b)3
(©1 d)6
Let f'be a function satisfying

2/(y)=(f Y+ (F )

and f(1)=k=#1,then if(r) is equal to :
r=1

(a) k"1 )k
(o) k*+1 (d) None of these
If f(x)+2 f(1-x)=x>+2, ¥ x € R, then f(x) is given as:

(x-1)° (x-2)°
(&)~ (0) =

(c)x*—1 d)x*-2

: 1+x°
The function f (x) = y/cos(sinx) + sin’! [ 2X j s
X

defined for :
(@)xe {-1,1} b)yxe[-1,1]
(c)xeR dxe(1,1)

2-|x]

If f(x) = cos™ [ 2

J + [log(3*X)]71 » then its domain

is:
(@)[-2,6]
(©[-6,2]

(b)[-6,2) U (2,3)
) [-2,2)v(2,3]
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36.

37.

38.

39.

40.

41.

42.

If 1< x < +/2, then number of solutions of the equation 43.
tan”'(x— 1) +tan™' x +tan!(x + 1) = tan ! 3x, is/are
(@0 (b)1
(c)2 (d3
The complete solution set of sin”! (sin 5) > x* —4x is
(@) [x-2|<+9-2n (b) [x—2|>+9-2x
(©) |x| <v9-2m () |x|>~9-2m
S 2m 44,
D tan! ——m— =
m=1 m' +m +2
(a)tan' (n*+n+1) (b)tan' (> —n+1)
tan”' ﬂ d) N fth
(©) 2 inid (d) None of these
hed fthe fu ! .
The domain ofthe function f(x) =
/&) \/x” -x+x*-x+1
is
(a) (—o0,~1) (b)(1,0)
©)11) (d) (o0, 0)
. (1+sin7rx)‘—1 .
Iff (x)= lim-———————, thenrange of /(x) is
oo (1+sin nx) +1
(@) {-1,1} (b) {0, 1}
(©){-1,1} (d) {-1,0,1}
46.
) 1
Range of the function f defined by f(x) = { sin {x} } (where
[.]and {.} respectively denote the greatest integer and the
fractional part functions) is. 47
(a) 1, the set of integers '
(b) N, the set of natural numbers.
(c) W, the set of whole numbers
(d) {2,3,4, ...}
Let f be a real valued function with domain R satisfying 48

SEAK)=1+[2-5/()+10 (f(x))*~ 10 (f(x))’

5 (X)) = ()T
for all real x and some positive constant k, then the period
of the function f(x) is :

@k (b) 2k

(c) non periodic (d) none of these

émﬁ

Let f be a real valued function with domain R satisfying

1
0<f(x)< 3 and for some fixed a,

focra= 31 (x)-(f(x)) ¥ xer

then the peroid of the function £ (x) is :
(a)a (b) 2a

(c) non periodic (d) none of these

Let f(x)=max {l +sinx, 1 —cosx, 1} v x €[0,2n]and g
(x)=max {1,|x-1|} v x€R.Thengof'is:

@2 (b)1

I+sinx x<0
(©) (d) None of these

I-cosx x20
Find all possible values of x satisfying :

[x] - [X—Z] 3 S{X} +12

=21 [x] [x-2][x]

(where [ ] denotes the greatest function { } is fractional part).

(@) {4, E}
2
0fs4)

Total number

(b) {4, 5}

11 15
ol34)

of solutions of the equation

sin X = |lnc| x| are :

(@8 (b) 10
©9 @eo

The number of roots of the question
1 +log, (1 -x)=2"is:

@0 (b)1
(©)2 (d) many

1-x
X

If 2f(x1)f[ ]—x,thenf(x)is:
1 1 1-
() 5{2(1+x)+m} (b) Z(X—I)—TX

(c) x* + Lz +3 (d) None of these
X
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11 1 53.
49. Letf (n)=1+_-+—-+..+—, then
2 3 n
SD+f2)+f(3)+...+f(n)isequal to:
(@nf(n)—-1 (b)(n+1)f(n)—n
() (n+1)f,(n)+n (d)nf(n)+n
__y 54,
50. If f(x)= 2= then
1 2 1996
—— |+ f] = |+t f| — | i
f(1997) f(1997j f(1997) is equal to
(a) 1997 (b) 998
©)0 (d) none of these
Objective Questions II [One or more than one correct option] 55
51.  Iffisaneven function defined on the interval [-5, 5], then
the real values of x satisfying the equation
x+1
(223}
X+2
56.
~1++/5 ~3+4/5
b
(a) > (b) >
—-2x4/5
(©) T\/_ (d) none of these
52. LetR = {(x,y):x,y € R. x2+ y*< 25} and

4
R'= {(x,y):x, yeR, yZ;xz} then is

(a)domRNR'=[-3,3]
(b) Range RN R' 5[0, 4]
(c)Range RN R'=[0, 5]

(d) R "R’ defines a function

Let f(x) and g(x) be two real valued function given by,
f(x) =—Inx and g(x) = ¢™ Let A(x) = f(x) —x and
m(X) = g(x) — x. Further more let the number of solutions of

h(x)=0 and m(x) =0 be aand b, then.
(a)a=b (b)a=>b
(c)a=landb=1 (d) None of these

Let f(x) be invertible function and let /! (x) be its inverse.
Let equation f'{ /1(x)} = f~(x) has two real roots o and
(within domain of f(x)), then

(a) f(x) =x, also have same two real roots.

(b) f(x) =x, also have same two real roots.

(¢) f(x) =f7'(x), also have same two real roots.

(d) Area formed by (0, 0) (o, f (o)) and (B, f(B)) is 1 unit.

27 is fundamental period of the function

(1+sin x) .
—_— (b) |sin x| + |cos x|
cosx (I+cosecx)
(c) sin 2x + cos 3x (d) cos (sin x) + cos (cos Xx)

Which of the following functions are periodic ?

(a) f(x)=sgn(e™)

1if x is a rational number

(b) f(x) ={

0 if x is a irrational number

8 8

© f(x)=\/ +

1+cosx

1-cosx

@ f(x)= [x+ﬂ + {x—ﬂ +2[x]

(where [ ] denotes greatest integer function)
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57.  The graph of the function y = f (x) is as shown in the
figure. Then which one of the following graphs are correct?

58.

&
Let f(x) be defined on [-=, ] and is given by,

sinx —-n<x<0

cosx 0O<x<m

f(x) ={

Letg x)=f|x|t|f(xX)], V x € [-m, ], then
(a) g (x) =0, has no real roots

(b) g (x) =0, has infinitely many real roots
(©)g(x)=0

(d) limit does not exist atx =0

Numerical Value Type Questions

59.

60.

61.

62.

The number of integer values of m for which
f(x)=x*-mx*>+3x— 11 invertible is

If f(1)=2and f(x+y)= f(x) f(y) for all natural numbers

X, y, the natural number a for which Zf(a+k) =

k=1

16 (2" 1), is

xX+5
The function f(x)= takes exactly k integer values,
" N y kinteg

then £ must be
Let S be the set of points (X, y) given by
S={(x,y)}; x2+y*~ 10x+16=0}

andf: S — R be given by f(x,y) = %

33
Ifrange of f is [E E} where k > 0. then k£ must be

Assertion & Reason

GV

®)

©
D)

63.

If ASSERTION is true, REASON is true, REASON is a
correct explanation for ASSERTION.

If ASSERTION is true, REASON is true, REASON is not
a correct explanation for ASSERTION.

If ASSERTION is true, REASON is false.
If ASSERTION is false, REASON is true.

Assertion : A function y = f(x) is defined by x* — arc
cos y =7, then domain of f'(x) is R.

Reason : cos'y € [0, «t].
(@A (b)B
(©C (D
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64.

65.

66.

67.

Assertion :

cosec™' 3 + cos’lz - 200(11 —cot"' 7=cot™7.
2 3 7

a

) i
Reason :sin'x+cos'x= E, tan' x+cot'x= E’

cosec! x =sin™! P and for x>0, cot' x =tan! —
X

(A (b)B
©C (D

Assertion : Ifa is twice the tangent of the arithmetic mean
of sin"! x and cos™! x, be is the geometric mean of tan x and
cotx,thenx’—ax+b=0 = x=1

sin"'x+cos™' x
Reason : tan| ——— | =1
2
@A (b B
©C (dD

2 3
.o X X

Assertion : sin~'{x——+——_..
2 4

6

o 2, o xtox
fa—cos X —?JrT... for 0 <|x|< /2 hasaunique

solution.

Reason : taIlil,'X(X‘f‘l) +Si1’171\[X2+X+1:§ has no

solution for —\/E <x<0.

(@A (b)B

©C (d)D

Assertion : Let f (x) be a function satisfying
Sx-D+ f(x+1)= 2 f(x) forall x € R. Thenf(x) is
periodic with period 8.

Reason : For every natural number n there exists a periodic

function with period n.
(@A (b)B
©C (d)D

K 2
. -1 -1 T
68.  Assertion : sin [tan{tan X +tan (1_X)}]:E has no

non-zero integral solution.
Reason : The greatest and least values of

7 3 3
(sin' x)* + (cos™' x)*are % and :—2 respectively.

@A (b)B
(©C (d)D
Match the Following

Each question has two columns. Four options are given
representing matching of elements from Column-I and
Column-II. Only one of these four options corresponds
to a correct matching.For each question, choose the option

corresponding to the correct matching.
69.  Match the column.

Column-1 Column-II
(A)  The number of possible values P)1

of k if fundamental period of

T
sin”! (sin kx) is EX is

(B)  Numbers of elements in the domain Q2

of f(x)=tan!x +sin! x +sec' x is

(C)  Period of the function ®R) 3
() (3
f(x)=sin 5 )-cos| 5 |is
(D)  If the range of the function o) 4

f(x)=cos![5x]is {a,b,c} &a+b+c

AT )
=5 then A is equal to

(where [.] denotes greatest integer)
(1) A—>Q,B—>Q,C—>Q,D—>R
®A-PB—>Q,C—>Q,D>R
(c)A—>Q,B—>P,C>R,D—>R
(JA—>Q,B>Q,C—>Q,D—P
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70.  Functions in column I can take values of column II 72.  Match of the column.

Column-I Column-II Column-I Column-II
(@) x+ 2Jx canbe (P)38 (A)  log,5.log, 20+ (log, 2= (P)4

o1 (B)  Least value of x satisfying Q-4
®) Ly canbe Qo x| [x—4]=x +4is

3 k 1-x

© 2x*-9x*+12x+6 (R)g (©) [Ifcos'x= 3 sin'\ 5, ®)1

can be .

forallx € (-1, 1), then k is equal to

) {[X] _ﬂ can be S)-1 @)  Iff:[0,2] —[2, 0] is bijective ()0

where [.] is GLF. Correct matching is

71.
A)

(B)

©

D)

(a)A—>Q,R;B—>P,Q,R,S;C—>PQR;D—>PQ,S
(b)A—>P,Q,R;B—->PQ,R,S;C—>PQ,R,S;D—->PQ,S
(c)A—>PQ,R;B—>PQR;C—>PQR;D—>PQ
(d)A->PQ;B—>P,Q;C—->PQ,R,S;D—>PQ
Column-I Column-II
LetX={a,a,.....,a} and P2

Y ={b,,b,,b,}. The number

of functions f from X to Y such

that it is onto and there are

exactly three elements x in X

such that f(x) = b , is greater than

The number of real solutions for
X,y ify=|sin x| and y=sin'(sin x) Q)5
where x € [-27, 27], is

If a, b and c are distinct positive
real numbers suchthata+b+c=1, R) 120

(1+a)1+b)1+c)
then (- a)(1—-b)(1—c) an be

The period of the function (S) 80
[6x+ 7]+ cos Tx— 6X,
where [] denotes the greatest

integer function, is (Mm10

The correct matching is

(a)A—>PQ,S,T, B>Q,C—>R,S, T, D>P
b)A—->PQ, B>Q, C»>RS,D>P
(c)A—>P, B—>Q, C>R,;S, D>R,S
())A->P, B>T, C>R,SS,D—>Q

function defined by f(x)=ax*+bx +c,
where a, b, ¢c are non-zero real numbers

then f(2) is equal to

The correct matching is

73.

GV

®)
©

D)

(a)A—->R,B>Q C—>P,D—>S
()A->P,B—>Q CH>R,D—>S
(c)A—»Q,B—>R C—>P,D—>S
(JJ)A->R,B—>Q C—-S,D->P

Column II contain the ranges of the functions given in

ColumnI.
Column I Column II
e* 3
=———:x20 P>
s ®[3)

where [ ] denotes greatest

integer function

cot™! (2x—x?) Q) [1, )
4 0x+ ] R) [0, )

P
In(1+x? (S) [Z”]

The correct matching is

(@)A—=>(Q);B—>(5);C—>(P):D—>(R)
(b)A—>(S);B—>(Q);C—(P);D—>(R)
(©)A—=>(Q);B—>(S);C—>([R):D—>(P)
(A= R);B—>(S);C—(P);:D—>(Q)
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Using the following passage, solve Q.74 to Q.76

Passage —1

74.

75.

76.

A function f from a set X to Y is called onto, if for every

y € Y there exist x € X such that ' (x) = y. Unless the
contrary is specified, a real function is onto if it takes all
real values, otherwise it is called into function. Thus, if X
and Y are finite sets, then f cannot be onto If Y contains
more element than X.

The polynomial function

P(x)=ax"+ax"'+ax"?+..+a,

where a, # 0, is onto, for

(a) all positive integers n

(b) all even positive integers n

(c) all odd positive integers n

(d) no positive integer

Which of the following is not true ?

(a) A one-one function from the set {a, b, c} to {a, B, v}
is onto also.

(b) An onto function from an infinite set to a finite set
cannot be one-one.

(c) An onto function is always invertible.

(d) The function tan X and cot x are onto

. x> +2x+c .
The function f(x) = Cidxi3c 8 onto, if
(a)0<c<2 (b)0<c<4

1 1
(C)*§<C<z (d)0<c<1

Using the following passage, solve Q.77 to Q.79

Passage —2
Let /: R— Risa function satisfying /(2 —x)= f(2+x)and
f(20-x)= f(x), V x € R. For this function f answer the
following.

77.  If £(0) =5, then minimum possible number of values of x
satisfying f(x) =5, forx € [0, 170] is.

(821 (b)12
©11 (d)22
78.  Graphofy=f(x)is
(a) symmetrical aboutx = 18
(b) symmetrical aboutx =5
(c) symmetrical aboutx =8
(d) symmetrical about x =20
79.  Iff(2) = f(6), then
(a) fundamental period of f(x)is 1
(b) fundamental period of f(x) may be 1
(c) period of f(x)can’tbe 1
(d) fundamental period of f(x)is 8
Text
80.  Find the range of values of # for which

_1—2x—i—5x2 { T n}

2sint > i
3x"—-2x-1
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EXERCISE - 4 : PREVIOUS YEAR JEE ADVANCED QUESTIONS

Objective Questions I [Only one correct option|]

1. The domain of definition of the function y (x) is given by
the equation 2* +2" =2, is (2000)
(a0<x<1 (b)0<x<1
(c)—0o<x<0 (d)—o<x<1

-1, x<0
2. Letg(x)=1+x—[x]andf(x)= | 0, X=0, then for all
1, x>0
x, f1g (x)] is equal to (2001)
(@x (b)1
©/() (degx)

1 .
3. Iff:[1,00) — [2, ) is given by f(x) =x +— then /" (x)
X
equals. (2001)

X+q/x"—4 X

(@) b T

2

© # () 14+/x*—4

. .. _Zng(X+3) .
4. The domain of definition of ./ (X) ——Xz T 3x42 1S
(2001)
(@) R/H{-1,-2} (b) (-2, 0)
(c)R/{-1,-2,-3} (d) (-3, 0)/{-1,-2}

5. Letf(x)=(1+ bz) X +2bx + 1 and letm (b) be the minimum
value of (x). As b varies, the range of m (b)is ~ (2001)

0 1
(@)[0,1] | %5
! 1
©|7 (@ (.1]
6. LetE={1,2,3,4} and F= {1, 2}, Then, the number of onto
functions from E to F is (2001)
(2)14 (b)16

(012 (d8

7.

10.

11.

Let f(x)= ﬂ, x # —1. Then, for what value of o is

x+1
SU®]=x? (2001)
(@2 (b) -2
(©)1 (d)-1

Suppose f(x) = (x + 1)2 forx > — 1. If g(x) is the function
whose graph is reflection of the graph of /(x) with respect
to the line y = x, then g(x) equals (2002)

(@ —\/;—1, x>0 (b) _r X > —

(x+1)2’

(©) \x+1,x>-1 (d) Vx—-1,x>0

Let function f : R —> R be defined by f(x) = 2x + sin x for
x € R. Then f'is (2002)
(a) one-to-one and onto

(b) one-to-one but NOT onto

(c) onto but NOT one-to-one

(d) neither one-to-one nor onto
X
Iff: [0, 0) > [0, ) and £ (x) = Tix’ then fis (2003)

(a) one-one and onto
(b) one-one but not onto
(c) onto but not one-one

(d) neither one-one nor onto

Range of the functi _XHXA2 Ris (2003

nge o eunc1onf(x)—x2+x+1,xe s ( )
11

(a)(1,0) (b) 1,7

7 7
©) (1, 5) (@ (L 5j
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12.

13.

14.

15.

16.

Domain of definition of the function

f(x)=,[sin! (2X)+g for real valued x, is
11 11

NET T
11 11

NE R

Iff(x)=sinx +cosx, g(x) = x -1, then g(f(x))is invertible
in the domain. (2004)

o]
() {

/(%)

(2003)

T T
) [‘z’ﬂ

} (d) [0, 7]

w3
w3

{ x, if x is rational

0, if x is irrational

0, if x is rational

()~

Then f—g is.

(a) neither one-one nor onto

X, if X is irrational

(2005)

(b) one-one and onto
(c) one-one and into
(d) many one and onto

Suppose X and Y are two sets and f: X — Y is a function.
For a subset A of X, define f(A) to be the subset
{f(a): a € A} of Y. For a subset B of Y, define f'(B) to be
the subset {x € X : f(x) € B} of X. Then which of the
following statements is true ? (2005)

(a) f'(f(A))=A for every A = X
(b) ' (f(A)) = A for every A = X ifand only if f{X) =Y
(c) f(f’l(B)) =BforeveryBc Y

(d) f(f™(B)) =B for every B Y ifand only if f(X) = Y

LetS={1,2,3,4}. The total number of unordered pairs of

disjoint subsets of S is equal to (2010)
(2)25 (b) 34
(c)42 (d)41

17.

18.

19.

20.

é%ﬁ-ﬁ
Letf(x):xzand g (x)=sinx forall x € R. Then, the set of
all x satisfying (fogogof) (x) = (gogof) (X),

where (fog) (x) =/ (g(x)), is (2011)
(a) +/nm,ne{0,1,2, ...}
(b) +vnm,nefl,2, ...}

T
(©) 2 +2nm,n e {...,—2,-1,0,1,2,....}
(d)2nm,ne{..,-2,-1,0,1,2,...}
The function f : [0, 3] — [1, 29], defined by
f(x)=2x3—-15x2+36x+ 1, is (2012)

(a) one-one and onto
(b) onto but not one-one
(c) one-one but not onto

(d) neither one-one nor onto

For any positive integer n, define f, :(0,0) >R as

-3y -l !
fn(X)—ijltan (1+(x+j)(X+j_l)j

forall x € (0, ) (Here, the inverse trigonometric function

tan"'x assumes value in (—g, g} .) Then, which of the

following statement(s) is (are) TRUE? (2018)

() X1 tan’ (£;(0)) =55

(b) 2}21(1 +f1'(0)) sec’ (fj (O)) =10
(c) For any fixed positive integer n, 1i_r)n tan (fn (x)) = i

(d) For any fixed positive integer n, )}EBO sec” (fn (X)) =1

If the function f R—>R is defined by
f(x) =|x | (x —sinx), then which ofthe following statements
is TRUE ? (2020)

(a) fis one-one, but NOT onto

(b) fis onto, but NOT one-one

(c) fis BOTH one-one and onto

(d) fis NEITHER one-one NOR onto
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Objective Questions II [One or more than one correct option|

21.

22,

23.

24,

2
Letf: (-1, 1) > R be such that f (cos 40) = 25’0 for

ec’ 0

b T T 1
96(0,2) o (Z’Ej Then, the value(s) of f (5) is/are

(2012)
(a) 1 - \E (b 1+ \E
(©1- \/g (d 1+ \E
RE) o
Letf: 2’9 R be given by
f(x)=(log (sec x +tan x))>.
Then (2014)

(a) f(x) is an odd function
(b) f(x) is a one-one function
(¢) f(x) is an onto function

(d) f(x) is an even function

11 9
trigonometric functions take only the principal values,

6 4
Ifo=3sin™ (—j and =3 cos™ (—j, where the inverse

then the correct option(s) is (are) (2015)
(a)cosB>0 (b)sin <0
(c)cos(a+p)>0 (d)cosa<0

For any positive integern, let S_ (0, oo) — R bedefined

n 2
by S, (x)=Y cot™ [Mj ,
il

X

Where for any xeR,cot'x e (0,7'c) and

1 T T
tan! (x) €| ~2»> | Then which of the following

statements is (are) TRUE? (2021)

b 1 1+11x2
a) S;,(x)=—-tan , forallx>0
@ Sio (x) 2 [ 10x

(b) lim cot(S, (x))=x, forallx>0

n—o

(c) The equation S;(x) =% has a root in (0,)

(d) tan (8, (x)) <

,foralln>1andx>0

N | —

&

Numerical Value Type Questions

25.

26.

27.

28.

The number of real solutions of the equation
C 1| il ”ii Tl _ii_”_ i
sin [Ex XE(ZJJ 5 eos [E[ 2) E}( x)]

11
lying in theinterval | ——,— |is
ying (-35)

(Here, the inverse trigonometric functions sin™ x and

-1 in | =, |and[0,n i
cos™ x assume values in 25 ,Tt|, respectively)

(2018)
Let f:[0,4n] —[0, n] be defined by f (x) = cos™ (cos x). The
number of points x €[0,4n] satisfying the equation

_10-x

f(x
(x)=—5—is 2014)
Gl (Tz kx Tz (k+1)7

The value of sec [4%5%[12 + 5 )sec[lz +—2
. . T 37w
in the interval 14 equals (2019)
Let the function f:[0,1]—> R be defined by
f(x)=4X+2.Thenthe value of

1 2 3 39 1

— |+ f] == | Fet S| = -S| =
el G (@) (& 6)
is..... (2020)

Assertion & Reason

29.

For the following questions choose the correct answer
from the codes (A), (B), (C) and (D) defined as follows.

(A) Statement I is true, Statement Il is also true; Statement
ILis the correct explanation of Statement I.

(B) Statement I is true, Statement I1 is also true; Statement
I1 is not the correct explanation of Statement I.

(C) Statement I is true, Statement II is false.
(D) Statement I is false, Statement Il is true.

Letf(x) =2 +cosx forall real x.

Statement I : For each real t, there exists a point ¢ in
[t, t+ m] such that /" (c)=0.

Because

Statement I1 : f(t) = f(t+ 2m) for eachreal t. (2007)
@A (b)B

©C (dD
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30. Statementl: Thecurvey=-— X? +x+ 1 is symmetric with
respect to the line x = 1.
Because
Statement II : A parabolais symmetric about its axis.

(2007)

(@A (b)B
©C (dD

Match the Columns
Each question has two columns. Four options are given
representing matching of elements from Column-I and
Column-IIL Only one ofthese four options corresponds to
a correct matching.For each question, choose the option
corresponding to the correct matching.

x> —6x+5

31. Letf(x)= 5% 16 (2007)
ColumnI Column II
(A) If-1 <x <1, thenf(x) P)o<f(x)<lI

satisfies

(B) If 1 <x <2, then f(x) satisfies Q) fx)<0
(O) If3 <x <5, then f(x) satisfies R f(x)>0
(D) If x> 5, then f(x) satisfies S f(x)<l

The correct matching is

32.

(a) A-PR,S; B-Q; C—Q,S; D-PR

(b) A-P,R,S; B-Q,S; C-Q,S; D-PR,S
(c) A-P; B—Q,S; C—Q; D-PR,S

(d) A-R,S; B-S; C-Q,S; D-PR

Let Elz{xeR:xilandL>0}and

X —

E, = {x cE, :sin”! (logC [%Dls areal number}.
X —

(Here, the inverse trigonometric function sin™'x assumes
. T
valuesin | ——,— )
2°2

Let f :

f(x)zloge(x)iJ

E, > Rbe the function defined by

ko

and g E, >R be the function defined by
g(x)=sin"! (loge (L_D (2018)
x—1
Columns A Column B
(A) The range of fis P (—w,ﬁ}u[i,w]
(B) The range of g contains Q@O,1)
(C) The domain of f contains R) [—%,%}

(D) The domain of g is

The correct matching is

(a) A-S; B-Q; C-P, D-P
(b) A-S; B—Q; C—P,D-S
(c)A-Q; B-Q; C-P,D-P
(d) A-S; B-P; C-S, D-P

Using the following passage, solve Q.33 to Q.35

Passage

33.

34.

35.

If a continuous function ‘/ defined on the real line R,
assumes positive and negative values in R, then the
equation f(x) =0 has aroot in R. For example, if it is known
that a continuous function f on R is positive at some point
and its minimum values is negative, then the equation
f(x)=0has arootinR. Consider f(x) =ke"—x forall real x

where k is real constant. (2007)
The line y = x meets y =ke"for k < 0 at

(a) no point (b) one point
(c) two points (d) more than two points

The positive value of k for which ke"— x = 0 has only one
root is

(@) o)1
(5]
(c)e (d) log, 2

For k>0, the set of all values of k for which ke*—x =0 has
two distinct roots, is
1
(b) (— , 1]
e

(@) (0,1)
[§]
@, 1)

ot
€
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CHAPTER —2| RELATIONS , FUNCTIONS & INVERSE TRIGONOMETRIC FUNCTIONS

EXERCISE-1:
BASIC OBJECTIVE QUESTIONS

1. (d)
6. (b)
1. (d)
16.(c)
21. (b)
26.(c)
31 (b)
36. (b)
4. (a)
46. (a)
51. (a)
56. (a)
61.(d)
66.(8)
71.(0)

76.(20)

2.(a)
7. (b)
12. (a)
17. (d)
22. (b)
27.(d)
32.(a)
37. (b)
42.(c)
47. (a)
52.(a)
57.(c)
62.(c)
67.(-1)
72.(500)

77.(1)

3.(b)

8. (c)

13. (d)
18. (b)
23. (c)
28. (d)
33. (b)
38.(a)
43.(a)
48. (b)
53.(d)
58. (a)
63.(a)
68.(-1)
73.(10)

78.(1)

4. (c) 5. (d)

9.(b) 10.(c)
14.(c) 15.(b)
19.(d) 20.(d)
24.(b) 25.(b)
29.(a) 30.(d)
34.(d) 35.(a)
39.(d) 40.(a)
44.(b) 45.(c)
49.(c) 50.(b)
54.(b) 55.(d)
59.(c) 60.(d)

64.(360) 65.(2)

69.(0) 70.(1)
74.(3) 75.(15)
79.(1) 80.(1)

EXERCISE - 2:

.:‘zﬁ!
£

PREVIOUS YEAR JEE MAIN QUESTIONS

1. (d) 2. (b)
6. (a) 7.(a)
1. (b) 12. (b)
16. (a) 17.10.00
21. (a) 22. (b)
26. (d) 27.(a)
31. (b) 32. (b)
36. (b) 37. (b)
. (a) 42. (b)
46. (d) 47. (b)

50. (481.00) 51.(c)
55. (490.00) 56. (a)

60.(26.00) 61.(a)
65. (d) 66. (b)
70. (d) 7. (d)
75. (a) 76. (a)
80.(a)

3.(b) 4.(c)

9. (a)
14. (b)

8. (d)
13. (b)
18.3.00 19.(c)
23. (b)
28. (b)
33.(d) 34.(19)
38.(b) 39.(a)
43.(2.00)44. (a)
48.(c)
52. (c)

24. (a)
29. (c)

49. (a)
53. (b)
57.(c) 58.(c)
62.(b) 63.(a)
67.(2.00) 68. (a)
72.(b) 73.(c)
77.(b) 78.(b)

5. (d)

10. (c)
15. (d)
20. (b)
25. (a)
30.(c)
35.(b)
40. (c)
45, (c)

54. (b)
59.(c)
64. (b)
69. (b)
74. ()
79. (b)
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CHAPTER -2| RELATIONS , FUNCTIONS & INVERSE TRIGONOMETRIC FUNCTIONS

EXERCISE - 3: EXERCISE-4:

ADVANCED OBJECTIVE QUESTIONS PREVIOUS YEAR JEE ADVANCED QUESTIONS
1. (c) 2. (b) 3.(d) 4. (b) 5. (b) 1. (d) 2.(b) 3.(a) 4. (d 5. (d)
6.(a) 7.(a) 8. (a) 9. (b) 10. (b) 6.(a) 7.(d) 8.(d) 9. (a 10. (b)
1. (c) 12.(b) 13.(b) 14.(c) 15.(a) 1. (c) 12.()  18.(b) 14.(t) 15.(d)

16.(a) 17.(a) 18.(a) 19.(b) 20.(d) 16.(d) 17.() 18.(b) 19.(c) 20.(c)
21. (c) 22.(b) 23.(a) 24.(d) 25.(b) 21. (a,b) 22.(ab,c) 23.(b,cd) 24.(a,b) 25.(2)
26.(c) 27.(b) 28.(b) 29.(b) 30.(d) 26.(3) 27.(0) 28.(19) 29.(b) 30.(a)
3.(b) 32.(d) 33.(b) 34.(a) 35.(b) 31.(b) 32.(a) 33.(b) 34.(a) 35.(a)
36.(a) 37.(a) 38.(c) 39.(d) 40.(d)

4. (b) 42.(b) 43.(b) 44.(b) 45.(a)

46.(d) 47.(c) 48.(a) 49.(b) 50.(b)

51. (a,b) 52.(a,b,c)53.(bc) 54.(ab,c)55.(c)

56. (ab,cd) 57. (ab) 58.(b,d)

59.(7) 60.(3) 61(6) 62.(4) 63.(d)

64.(d) 65.(a) 66.(c) 67.(b) 68.(d)

69.(a) 70.(b) 7.(a) 72.(a) 73.(a)

74.(c) 75.(c) 76.(d) 77.(d) 78.(a)

79.(c)  8o. te[—ﬁ,—ﬂ} UF_“,E}
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