
Limit, Continuity & Differentiablity

LIMIT, CONTINUITY & DIFFERENTIABILITY
1. DEFINITION :

In mathematics, a limit is the value that a function "approaches" as the input "approaches" some value.

In formulas a limit of function is usually written as 
x c
lim f(x) L

®
=  and is read as the limit of f(x) as x approahes

c is equal to L. The fact that a function f approaches the limit L as x approaches to c is sometimes denoted by

a right arrow (®) as in f(x) L as x c® ®

1.1. Left Hand Limit and Right Hand Limit of a Function :
The value to which f(x) approaches, as x tends to ‘a’ from the left hand side (x ® a–) is called left hand limit of

f(x) at x = a. Symbolically, LHL = 
x a
Lim

-®
f(x) =

h 0
Lim

+®
f(a –h).

The value to which f(x) approaches, as x tends to ‘a’ from the right hand side (x ® a+) is called right hand limit

of f(x) at x = a. Symbolically, RHL = 
x a
Lim

+®
f(x) = 

h 0
Lim

+®
f(a + h).

If a is a point in the interior doman of f(x) then limit of a function f(x) is said to exist as

x ®  a when Lim f(x) Lim f(x)
x a x a® ®- +

=  = Finite quantity.

Example :

Graph of y = f(x)
x 1
Lim f(x) f( 1 ) 1

+

+

®-
= - = -

   

0 1 2–1

–1

1

y

x

x 0
Lim f(x) f(0 ) 0

-

-

®
= = ,

x 0
Lim f(x) f(0 ) 0

+

+

®
= =

Þ
x 0

Lim f(x) 0
®

=

x 1
Lim f(x) f(1 ) 1

-

-

®
= = - ,

x 1
Lim f(x) f(1 ) 0

+

+

®
= =

Þ
x 1

Lim f(x)
®

 does not exist.

Fig. 1
_

x 2
Lim f(x) f(2 ) 1

-®
= =

Important note : Note that we are not interested in knowing about what happens at x =a . Also note that if
L.H.L. and R.H.L. are both tending towards ' ¥ ' or '– ¥ ', then it is said to be infinite limit.
Remember, 'x®a' means that x is approaching to 'a' but not equal to 'a'.

2. Fundamental Theorems on Limits :

Let ( ) ( )
x a x a

Lim f x & Lim g x m.
® ®

= =l If l & m exist finitely then :

(a) Sum rule : ( ) ( ){ }
x a

Lim f x g x m
®

+ = +l (b) Difference rule : ( ) ( ){ }
x a

Lim f x g x m
®

- = -l

(c) Product rule : ( ) ( )
x a

Lim f x .g x .m
®

= l (d)  Quotient rule :
( )
( )x a

f x
Lim ,

g x m®
=

l
provided m 0¹

(e) Constant multiple rule : ( ) ( )
x a x a

Lim kf x k Lim f x
® ®

=  ; where k is constant.
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(f) ( ) ( )( ) ( )
x a x a

Lim f g x f Lim g x f m
® ®

é ù = =ë û ; provided f(x) is continuous at x = m.

For example : 
x a x a

Lim n(g(x)) n[Lim g(x)]
® ®

=l l

               = ln (m);  provided lnx is continuous at x = m, m = 
x a
lim g(x)

®
.

Example # 1 :    Consider the adjacent graph of y = ƒ (x)
Find the number of integral point in x Î (0, 7)
where limit does not exist

1

2

3

4

1 2 3 4 5 6
–1

y

x
0

Solution : (a)  
x 1
lim ƒ(x)

-®
 = 1, 

x 1
lim ƒ(x)

+®
= 2 Þ 

x 1
lim ƒ(x)

®
doesnot exist

(b)  
x 2
lim ƒ(x)

-®
= 3,

x 2
lim ƒ(x)

+®
= 3 Þ

x 6
lim ƒ(x)

®
 exist  and equal to 3

(c)
x 3
lim ƒ(x)

-®
= 2, 

x 3
lim ƒ(x)

+®
= 3 Þ 

x 3
lim ƒ(x)

®
doesnot exist

(d)  
x 4
lim ƒ(x)

-®
= 4, 

x 4
lim ƒ(x)

+®
= 4 Þ 

x 4
lim ƒ(x)

®
exist  and equal to 4

(e)
x 5
lim ƒ(x)

-®
= 4, 

x 5
lim ƒ(x)

+®
= 4 Þ 

x 5
lim ƒ(x)

®
exist  and equal to 4

(f)
x 6
lim ƒ(x)

-®
= -¥ , 

x 6
lim ƒ(x) 0

+®
= Þ 

x 6
lim ƒ(x)

®
doesnot exist

Example # 2 : Evaluate the following limits :-

(i) 2x
im
®

l  (x + 2) (ii) 0x
im
®

l  cos (sin x)

Solution : (i) x + 2 being a polynomial in x, its limit as x ® 2 is given by 2x
im
®

l  (x + 2) = 2 + 2 = 4

(ii) 0x
im
®

l  cos (sin x) = cos ÷
ø
öç

è
æ

®
xsinim

0x
l  = cos 0 = 1

Self practice problems
(1) Which of the following statements about the function y = ¦(x) graphed here are true, and which are

false ?

(a) 
x 1
lim (x) 1

+®-
=f (b) 

x 2
lim (x)

®
f does not exist     

0
x

2

–1

1

y

1 2 3

y = (x)  ¦
(c) 

x 2
lim (x) 2

®
=f (d) 

x 1
lim (x) 2

-®
=f

(e) 
x 1
lim (x)

®
f does not exist (f) 

x 0 x 0
lim (x) lim (x)

+ -® ®
=f f

(g) 
x c
lim (x)

®
f exists at every c Î (–1, 1)

(h) 
x c
lim (x)

®
f exists at every c Î (1, 3)

(i) 
x 1
lim (x)

-®
f = 0 (j) 

x 3
lim (x)

+®
f does not exist.

(2) Evaluate the following limits : -

(i) 2x
im
®

l  x(x – 1) (ii) 2x
im
®

l  
2x
4x2

+
+

Answers : (1) (a) T (b) F (c) F (d) T (e) T (f) T (g) T (h) T (i) F (j) T

(2) (i) 2 (ii) 2



Limit, Continuity & Differentiablity

3. INDETERMINANT FORMS :

If on putting x = a in f(x), any one of   0
0

,
¥
¥

, 0 ´ ¥, ¥ - ¥, ¥º, 0º, 1¥ form is obtained ( here 0,1 are
not exact, infact both are approaching to their corresponding values), then the limit has an indeterminate
form. All the above forms are interchangeable, i.e. we can change one form to other by suitable

substitutions etc. In such cases ax
im
®

l  f(x)  may exist.

Consider f(x) = 
2x 9

x 3
-
-

 . Here x 3
im
®

l  x2 – 9 = 0 and x 3
im
®

l  x – 3 = 0

\ x 3
im
®

l  f(x) has an indeterminate form of the type 0
0

.

¥®x
iml  

2

2

x 1
x 2

+
+

 has an indeterminate form of type 
¥
¥

.

0x
im
®

l  (1 + x)1/x is an indeterminate form of the type 1¥

NOTE :

(a) ¥ + ¥ ® ¥ (b)  ¥´¥ ® ¥ (c)   ¥¥ ® ¥ (d) 0 0¥ ®

(e) 0x
im
®

l  
2

2

x
x

 is an indeterminate form whereas 0x
im
®

l
2

2

x
]x[

 is not an indeterminate form (where [.]

      represents greatest integer function)
Students may remember these forms alongwith the prefix ‘tending to’

i.e. 
approaching to zero
approaching to zero  is an indeterminate form whereas 

exactly zero
approaching to zero  is not an indeterminate

form, its value is zero.
similarly (approaching to one)approaching to ¥ is indeterminate form whereas (exactly one)approaching to ¥

is not an indeterminate form, its value is one.

4. METHODS TO EVALUATE INDETERMINANT FORMS :
To evaluate a limit, we must always put the value where '  x ' is approaching to in the function. If we get
a determinate form, then that value becomes the limit otherwise if an indeterminate form comes, we
have to remove the indeterminancy, once the indeterminancy is removed the limit can be evaluated by
putting the value of x, where it is approaching.
Basic methods of removing indeterminancy are
(1) Factorisation (2) Rationalisation (3) Double Rationalisation
(4) Uses Standard limits (5) Expansion of functions

(6) L. Hospital rule (Used in 0
0

 or 
¥
¥

 )

(7) Taking log (used in ¥º, 0º, 1¥ inderminate form) (8) Sandwitch Theorem

4.1 Factorisation method :-

We can cancel out the factors which are leading to indeterminancy and find the limit of the remaining
expression.
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Example # 3 : (i) 3x
im
®

l    
3x4x
3x2x

2

2

+-
--

(ii) 2x
im
®

l  úû

ù
êë

é
+-

-
-

- x2x3x
)3x2(2

2x
1

23

Solution : (i) 3x
im
®

l    
3x4x
3x2x

2

2

+-

--
   = 3x

im
®

l  )1x)(3x(
)1x)(3x(

--
+-

 = 2

(ii) 2x
im
®

l  úû
ù

êë
é

+-
-

-
- x2x3x

)3x2(2
2x

1
23  = 2x

im
®

l  
ú
ú
û

ù

ê
ê
ë

é

--
+-

)2x)(1x(x
6x5x2

= 2x
im
®

l  ú
û

ù
ê
ë

é
--
--

)2x)(1x(x
)3x)(2x(

 = 2x
im
®

l  ú
û

ù
ê
ë

é
-

-
)1x(x

3x
 = – 

2
1

4.2 Rationalisation method :-

We can rationalise the irrational expression in numerator or denominator or in both to remove the
indeterminancy.

Example # 4 : Evaluate :

(i) 1x
im
®

l  
1x32
1x154

+-

+-
(ii) 0x

im
®

l  
x

x1x1 --+

Solution : (i) 1x
im
®

l  
1x32
1x154

+-

+-
   = 1x

im
®

l   )1x32)(1x154)(1x32(
)1x154)(1x32)(1x154(

+++++-

+++++-

= 1x
im
®

l  )x33(
)x1515(

-
-

 × 
1x154
1x32

++

++
  = 

2
5

(ii) The form of the given limit is 0
0

 when x ® 0. Rationalising the numerator, we get

0x
im
®

l  
x

x1x1 --+
= 0x

im
®

l  
ú
ú
û

ù

ê
ê
ë

é

-++

-++
´

--+

x1x1
x1x1

x
x1x1

= 0x
im
®

l  
ú
ú
û

ù

ê
ê
ë

é

-++
--+

)x1x1(x
)x1()x1(

  = 0x
im
®

l  
ú
ú
û

ù

ê
ê
ë

é

-++ )x1x1(x
x2

= 0x
im
®

l  ú
û

ù
ê
ë

é

-++ x1x1
2

    = 
2
2

 = 1
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4.3 Double Ralionalisation :-

Example # 5 : Evaluate : 
2 2

2 2x 1

x 8 10 x
lim

x 3 5 x®

æ ö+ - -
ç ÷ç ÷+ - -è ø

Solution : This is of the form 
3 3 0
2 2 0

-
=

-
if we put x = 1

 To eliminate the 
0
0

 factor, multiply by the conjugate of numerator and the conjugate of the denominator

       \  Limit = ( )
2 2 2 2

2 2

2 2 2 2 2 2x 1

( x 8 10 x ) ( x 3 5 x )
lim x 8 10 x

( x 8 10 x ) ( x 3 5 x )( x 3 5 x )®

+ + - + + -
+ - - ´

+ + - + + - + - -

2 2 2 2 2 2

2 22 2 2 2x 1 x 1

x 3 5 x (x 8) (10 x ) x 3 5 x 2 2 2
lim lim 1

(x 3) (5 x ) 3 3 3x 8 10 x x 8 10 x® ®

æ ö+ + - + - - + + - +
= ´ = ´ = =ç ÷ç ÷+ - - ++ + - + + -è ø

Self practice problems
Evaluate the following limits :-

(3) (i) 1x
im
®

l  
( )

3xx2
1x)3x2(

2 -+

--
(ii)

2
x
im

p
®

l

 3/2

3/1

)x(sin1
)x(sin1

-
-

(iii) 0h
im
®

l  
h

xhx -+
(iv) ax

im
®

l  22 ax
babx

-

---

(v) +®0x
iml  

xx4

x

--

Answers : (3) (i) 10
1-

(ii) 
2
1

(iii) x2
1

(iv) baa4
1

-
(v)  0

4.4 Standard limits :

(a) (i) 0x
im
®

l

x
xsin

 = 0x
im
®

l

x
xtan

 = 1

(ii)
0x

im
®

l

x
xtan 1-

 = 0x
im
®

l

x
xsin 1-

 = 1

(iii) 0x
im
®

l  x
1

)x1( +  = e     ; ax
1

0x e)ax1(im =+®
l

(iv) ¥®x
iml  

x

x
11 ÷

ø
ö

ç
è
æ +  = e   ; a

x

x e
x
a1im =÷

ø

ö
ç
è

æ +¥®
l

(v) 0x
im
®

l  
x

1ex -
 = 1       ; 0x

im
®

l

x
1ax -

 = logea = lna     ,a > 0

(vi) 0x
im
®

l  
x

)x1(n +l
 = 1

(vii) ax
im
®

l  
ax
ax nn

-
-

 = nan – 1
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(b) If f(x) ® 0, when x ® a, then

(i) ax
im
®

l  )x(f
)x(fsin

 = 1 (ii) ax
im
®

l  )x(f
)x(ftan

= 1

(iii) ax
im
®

l   )x(f
1e )x(f -

 = 1 (iv) ax
im
®

l  )x(f
1b )x(f -

 = ln b,  (b > 0)

(v) ax
im
®

l  )x(f
))x(f1(n +l

 = 1 (vi) ax
im
®

l  e))x(f1( )x(f
1

=+

(c) ax
im
®

l  f(x) = A > 0 and ax
im
®

l  f(x) = B(a finite quantity), then ax
im
®

l  [f(x)]f(x) = AAB.

Example # 6 : Evaluate :

(i) 0x
im
®

l  
x

1)x1( n -+
(ii) 0x

im
®

l  
2/x

1e x3 -

(iii) 0x
im
®

l  3x
xsinxtan -

(iv) 0x
im
®

l  x3sin
x2sin

Solution :

(i) 0x
im
®

l  
x

1)x1( n -+
  = 0x

im
®

l

1)x1(
1)x1( n

-+
-+

 = n

(ii) 0x
im
®

l  
2/x

1e x3 -
  = 0x

im
®

l   2 × 3 
x3

1e x3 -
 = 6.

(iii) 0x
im
®

l  3x
xsinxtan -

  = 0x
im
®

l  3x
)xcos1(xtan -

  = 0x
im
®

l  
3

2

x
2
xsin2.xtan

          = 0x
im
®

l  
2
1

 . 
x

xtan
 . 

2

2
x

2
xsin

÷
÷
÷
÷

ø

ö

ç
ç
ç
ç

è

æ

 = 
2
1

.

(iv) 0x
im
®

l  x3sin
x2sin

= 0x
im
®

l  úû
ù

êë
é

x3sin
x3.

x3
x2.

x2
x2sin

  = úû
ù

êë
é

® x2
x2sinim

0x2
l  . 3

2
 . úû

ù
êë
é

® x3sin
x3im

0x3
l

= 1 . 3
2

 × úû

ù
êë

é
® x3

x3sinim
0x3

l  = 
3
2

 × 1 = 
3
2

Example # 7 :  Evaluate : ¥®x
iml  

x

x
21 ÷

ø
ö

ç
è
æ +

Solution : ¥®x
iml  

x

x
21 ÷

ø
ö

ç
è
æ +  = x.

x
2im

xe ¥®
l  = e2.

Example # 8 :  Evaluate  : (i) 3x
im
®

l  
3x
ee 3x

-
-

(ii) 0x
im
®

l  
xcos1
)1e(x x

-
-

Solution : (i) Put y = x – 3. So, as x ® 3 Þ y ® 0. Thus

3x
im
®

l  
3x
ee 3x

-
-

= 0y
im
®

l  y
ee 3y3 -+

= 0y
im
®

l  y
ee.e 3y3 -

 = e3 0y
im
®

l  y
1ey -

= e3  . 1 = e3

(ii) 0x
im
®

l  
xcos1
)1e(x x

-
-

= 0x
im
®

l  

2
xsin2

)1e(x
2

x -  = 
2
1

 . 0x
im
®

l  

ú
ú
ú
ú

û

ù

ê
ê
ê
ê

ë

é
-

2
xsin

x.
x

1e
2

2x

= 2.
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Self practice problems

(4) Evaluate the following limits : -

(i) 0x
im
®

l  
x

x2sin
(ii) 0x

im
®

l  8x
8

 ÷÷
ø

ö
çç
è

æ
+

4
xcos

2
xcos

4
xcos–

2
xcos–1

2222

(iii)
4

x
im

p
®

l  
x4

x2sin1
-p

- (iv) 0x
im
®

l  
x

95 xx -

(v) ¥®x
iml  (1 + a2)x sin x2 )a1(

b
+

, where a ¹ 0

Answers : (4) (i) 2 (ii)
32
1 (iii) does not exist (iv) ln 9

5

(v) b
4.4.1 Use of substitution in solving limit problems

Sometimes in solving limit problem we convert ax
im
®

l  f(x) into 0h
im
®

l  f(a + h) or 0h
im
®

l  f(a – h) according as
need of the problem. (here h is approaching to zero.)

Example # 9 : Evaluate  
4

x
im

p
®

l  
xsin21

xtan1
-

-

Solution : Put x = 
4
p

 + h

Q x ® 
4
p

  Þ  h ® 0

0h
im
®

l  
÷
ø
ö

ç
è
æ +

p
-

÷
ø
ö

ç
è
æ +

p
-

h
4

sin21

h
4

tan1

 = 0h
im
®

l  hcoshsin1
htan1
htan11

--
-
+

-

  = 0h
im
®

l  
2
hcos

2
hsin2

2
hsin2

htan1
htan2

2 -

-
-

= 0h
im
®

l  

úû
ù

êë
é -

-

2
hcos

2
hsin

2
hsin2

htan2
tanh)1(
1

-   = 0h
im
®

l  

úû
ù

êë
é -

-

2
hcos

2
hsin

2
h

2
hsin

h
tanh2

 tanh)1(
1

-  = 
1
2

-
-

 = 2.

4.4.2 Limit when x ® ¥
In these types of problems we usually cancel out the greatest power of x common in numerator and

denominator both. Also sometime when x ® ¥, we use to substitute y = 
x
1

 and in this case y ® 0+.

Example # 10 : Evaluate

(i) ¥®x
iml  x sin 

x
1

(ii) ¥®x
iml  3x2

2x
-

-

(iii) ¥®x
iml  

2xx3
5x4x

32

2

+-

+-
(iv) ¥-®x

iml  
2x

2x3 2

-
+
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Solution : (i) ¥®x
iml  x sin 

x
1

 = ¥®x
iml  

x
1

x
1sin

  = 1

(ii)  ¥®x
iml  3x2

2x
-

-
 = ¥®x

iml  

x
32

x
21

-

-
 = 

2
1

.

(iii) ¥®x
iml  

2xx3
5x4x

32

2

+-

+-
 = ¥®x

iml

3

32

x
21

x
3

x
5

x
4

x
1

+-

+-
   = 0

(iv) ¥-®x
iml  

2x
2x3 2

-
+ (Put x = – 

t
1  , x ® – ¥    Þ t ® 0+)

= +® 0t
iml  

t
)t21(
t

1.t23
2

2

--

+

  = +® 0t
iml  

)t21(
t23 2

+-
+

 |t|
t

   = 
1
3

-
 = – 3 .

Some important notes :

(i) ¥®x
iml  

x
nxl

 = 0 (ii) ¥®x
iml  xe

x
 = 0 (iii) ¥®x

iml  x

n

e
x

 = 0

(iv) ¥®x
iml  

( )
x

nx n
l

 = 0 (v)  +®0x
iml  x(lnx)n = 0

As x ® ¥, ln x increases much slower than any (positive) power of x where as ex increases much faster
than any (positive) power of x.

(vi) ¥®n
iml  (1 - h)n = 0 and ¥®n

iml  (1 + h)n ® ¥, where h ® 0+.

Example # 11 :  Evaluate ¥®x
iml  x

1000

e
x

Solution :   ¥®x
iml  x

1000

e
x

 = 0

4.5 Limits using expansion

(a) 0a.........,
!3

anx
!2

anx
!1
anx1a

3322
x >++++=

lll

(b) ......
!3

x
!2

x
!1

x1e
32

x ++++=

(c) ln (1+x) = 1x1for.........,
4
x

3
x

2
xx

432

£<-+-+-

(d) .....
!7

x
!5

x
!3

xxxsin
753

+-+-=
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(e) .....
!6

x
!4

x
!2

x1xcos
642

+-+-=

(f)  tan x = ......
15
x2

3
xx

53
+++

(g) tan–1 x = 
3 5 7x x x

x ......
3 5 7

- + - +

(h) for |x| < 1, n Î R; (1 + x)n = 1 + nx + 2.1
)1n(n -

 x2 + 3.2.1
)2n)(1n(n --

 x3 + ............¥

(i) x
1

)x1( +  =  e ÷
ø

ö
ç
è

æ -+- .............x
24
11

2
x1 2

Example # 12 : Evaluate

(i) 0x
im
®

l  2

x

x
x1e --

(ii) 1x
im
®

l  
1x

2)x7 3
1

-
-+(

(iii)  0x
im
®

l  
xsinxtanx

2
xxsin)x1(n

2
+-+l

(iv) 0x
im
®

l  
xtan

)x1(e x
1

+-

Solution : (i) 0x
im
®

l  2

x

x
x1e --

  = 0x
im
®

l
2

2

x

x1......
!2

xx1 --÷÷
ø

ö
çç
è

æ
+++

 = 
2
1

(ii)   Put x = 1 + h

0h
im
®

l  
h

2)h8( 3
1

-+
= 0h

im
®

l  h

2
8
h1.2

3
1

-÷
ø
ö

ç
è
æ +

 = 0h
im
®

l  
h

1.......
2.1

8
h1

3
1

3
1

8
h.

3
112

2

ï
ï

þ

ï
ï

ý

ü

ï
ï

î

ï
ï

í

ì

-+
÷
ø
ö

ç
è
æ

÷
ø
ö

ç
è
æ -

++

  = 0h
im
®

l  2 × 
24
1

 = 
12
1

(iii) 0x
im
®

l  
xsinxtanx

2
xxsin)x1(n

2
+-+l

 = 0x
im
®

l  

x
xsin.

x
xtan.x

2
x.....

!5
x

!3
xx.....

3
x

2
xx

3

25332
+÷

÷
ø

ö
ç
ç
è

æ
-+--÷

÷
ø

ö
ç
ç
è

æ
-+-

 = 3
1

 + 6
1

 = 
2
1

(iv)  0x
im
®

l  
xtan

)x1(e x
1

+-  = 0x
im
®

l  
xtan

......
2
x1ee ÷

ø
ö

ç
è
æ +--

 =  0x
im
®

l  
2
e

 × xtan
x

 = 
2
e



JEE-Mathematics

Example # 13 :  Find the values of a,b and c so that   xsinx
cexcosbaeim

xx

0x

-

®

+-
l  = 2

Solution : xsinx
cexcosbaeim

xx

0x

-

®

+-
l  = 2 .....(1)

at x ® 0 numerator must be equal to zero
\ a – b + c = 0 Þ b = a + c .....(2)

From (1) & (2), xsinx
cexcos)ca(aeim

xx

0x

-

®

++-
l  = 2

Þ    0x
im
®

l

÷
÷
ø

ö
ç
ç
è

æ
-+-

÷
÷
ø

ö
ç
ç
è

æ
+-+-+÷

÷
ø

ö
ç
ç
è

æ
-+-+÷

÷
ø

ö
ç
ç
è

æ
++++

.....
!5

x
!3

xxx

......
!3

x
!2

x
!1

x1c......
!4

x
!2

x1)ca(–......
!3

x
!2

x
!1

x1a

53

324232

 = 2

Þ 0x
im
®

l  

÷
÷
ø

ö
ç
ç
è

æ
-+-

+-+++
-

......
!5

x
!3

x1

.....)ca(
!3

x)ca(
x

)ca(

42  = 2

Since R.H.S is finite,

\ a – c = 0 \ a = c, then 
1

....0a20 +++
 = 2

\ a = 1 then c = 1
From (2), b = a + c = 1 + 1 = 2

4.6 L' Hospital's Rule :-
L'Hospital's rule states that for functions f and g which are differentiable  on an open interval I except

possibly at a point c contained in I ,  i f  
x c
lim f(x)

®
 = 

x c
lim g(x)

®
 =  0  or  ±¥ ,

g'(x) ¹ 0 for all x in I with x ¹ c, and x c

f '(x)
lim

g'(x)®  exists, then x c

f(x)
lim

g(x)®  = x c

f '(x)
lim

g'(x)® .

Example # 14 : Evaluate 0h
lim
® h

)h3a(f)h2a(f --+
, if f¢(a) = 3

Solution : Q 0h
lim
®  

h
)h3a(f)h2a(f --+

 = 
h 0

f '(a 2h)(2) – f '(a – 3h)(–3)
lim

1®

+

= f¢(a) × 5 = 3 × 5 = 15
Self practice problems

(5) If f¢(2) = 4, then find the value of 0h
lim
®  tanh.sinh.h

sinh)2(f)h2(f +-+
.

Answers : (28) 2/3
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4.7 Limits of form 1¥, 00, ¥0

(A) All these forms can be converted into 0
0

 form in the  following ways

(a) If x ® 1, y ® ¥ , then z = (x)y is of 1¥ form
Þ ln z = y ln x

Þ ln z = 

y
1
nxl

 ÷
ø

ö
ç
è

æ form
0
0

As y ®  ¥  Þ  y
1

 ® 0 and  x ® 1  Þ  lnx ® 0

(b) If x ® 0, y ® 0, then z = xy is of (00) form
Þ ln z = y ln x

Þ ln  z = 

nx
1
y

l

÷
ø
ö

ç
è
æ form

0
0

(c) If x ® ¥ , y ® 0, then z = xy is of (¥)0 form
Þ ln z = y ln x

Þ ln z = 

nx
1
y

l

 ÷
ø

ö
ç
è

æ form
0
0

(B) (1)¥  type of  problems can be solved by the following method

(a) 0x
im
®

l  x
1

)x1( +  = e

(b) ax
im
®

l  [f(x)]g(x) ;  where f(x) ® 1 ;  g(x) ® ¥  as x ® a

= ax
im
®

l  [ ]
)x(g.}1)x(f{

1)x(f
1

1)x(f1
-

-

-+   = ax
im
®

l  

)x(g)1)x(f(

1)x(f
1

])1)x(f(1[

-

-
÷÷
÷

ø

ö

çç
ç

è

æ

-+ = 
)x(g]1)x(f[im

axe
-

®
l

Example # 15 :  Evaluate

(i) ¥®x
iml  

2x4

2

2

3x2
1x2

+2

÷
÷
ø

ö
ç
ç
è

æ

+

-
   (ii) 

4
x
im

p®
l  (tan x)tan 2x     (iii) ax

im
®

l  
a2
xtan

x
a2

p

÷
ø
ö

ç
è
æ -    (iv) +®0x

iml  xx

Solution : (i) Since it is in the form of 1¥

¥®x
iml  

2x4

2

2

3x2
1x2

+2

÷
÷
ø

ö
ç
ç
è

æ

+

-
 = exp ÷

÷
ø

ö
ç
ç
è

æ
+÷

÷
ø

ö
ç
ç
è

æ

+
---

¥®
)2x4(

3x2
3x21x2im 2

2

22

x
l  = e–8

(ii) Since it is in the form of 1¥  so 
4

x
im

p®
l

 (tan x)tan 2x  = 
x2tan)1x(tanim

4
x

e
-

p
®

l

= 
xtan1

xtan2)1x(tanim 2

4
x

e
-

-
p

®

l

 = )4/tan1(1
4/tan2

e p+-
p

´

   = e–1 = e
1
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(iii) ax
im
®

l  
a2
xtan

x
a2

p

÷
ø
ö

ç
è
æ - put x = a + h

= 0h
im
®

l  
÷
ø
ö

ç
è
æ p

+
p

÷÷
ø

ö
çç
è

æ
+

+
a2
h

2
tan

)ha(
h1   = 0h

im
®

l  
÷
ø

ö
ç
è

æ p
-

÷
ø
ö

ç
è
æ

+
+

a2
hcot

ha
h1   = 

÷
ø
ö

ç
è
æ -

+
+p-

®
1

ha
h1.

a2
hcotim

0he
l

= 
ha

a2

.

a2
htan

a2
h

im
0h

e
+
p

÷
÷
÷
÷

ø

ö

ç
ç
ç
ç

è

æ

p

p

-
®

l

= p
2–

e

(iv) Let y = +®0x
iml  xx

Þ ln y = +®0x
iml  x ln x  = +®0x

iml  – 

x
1
x
1nl

 = 0,   as   
x
1

 ® ¥

Þ     y = 1

4.8 Sandwitch theorem or squeeze play theorem:

Suppose that f(x) £ g(x) £ h(x) for all x in some open interval containing a,
except possibly at x = a itself. Suppose also that

ax
im
®

l  f(x) = l  = ax
im
®

l  h(x),

Then ax
im
®

l  g(x) = l .     

h

g
f

Example # 16 :  Evaluate ¥®n
iml  2n

]nx[....]x3[]x2[]x[ ++++
 , where [.] denotes greatest integer function.

Solution :    We know that, x – 1 < [x] £ x
2x – 1 < [2x] £ 2x
3x – 1 < [3x] £ 3x
.    . .
.    . .
nx – 1 < [nx] £ nx

\ (x + 2x + 3x + .... + nx) – n < [x] + [2x] + ..... +[nx] £ (x + 2x + .... + nx)

Þ
2

)1n(xn +
 – n < å

=

n

1r

]xr[   £   
2

)1n(n.x +

Þ ¥®n
iml  

2
x

 ÷
ø
ö

ç
è
æ +

n
11  – 

n
1

 < ¥®n
iml  2n

]nx[....]x2[]x[ +++
 £ ¥®n

iml  
2
x

 ÷
ø
ö

ç
è
æ +

n
11

Þ
2
x

 < ¥®n
iml  2n

]nx[....]x2[]x[ +++
 £ 

2
x

\ ¥®n
iml  2n

]nx[....]x2[]x[ +++
 = 

2
x



Limit, Continuity & Differentiablity
5. Continuity :

A function f(x) is said to be continuous at x = c,  if 
cx

Limit
®

 f(x) = f(c)

Þ  If +®0h
Limit  f(c - h) = +®0h

Limit  f(c+h) = f(c), then f(x) in continous at x = c

If a function f (x) is continuous at x = c, the graph of f  (x) at the corresponding point ( c, f  (c)) will not be
broken. But if f  (x) is discontinuous at x = c, the graph will be broken when x = c

     (i)      (ii)    (iii)    (iv)
((i), (ii) and (iii) are discontinuous at x = c) and  ((iv) is continuous at x = c)

A function f can be discontinuous due to any of the following two reasons:

(i) cx
Limit

®  f(x) does not exist  i.e. -®cx
Limit  f(x) ¹ +®cx

Limit  f (x) ( Example figure (i) )

This is non removable discontinuity

(iii) cx
Limit

®  f(x) ¹ f (c) ( Example figure (ii), (iii) )

This is removable discontinuity
Geometrically, the graph of the function will exhibit a break at x= c.

Example # 17 :If f(x) = 
ïî

ï
í
ì

³

<
p

1x,]x[

1x,
2
xsin ,  then find whether f(x) is continuous or not at x = 1, where

[ . ] is greatest integer function.

Solution : f(x) = 
ïî

ï
í
ì

³

<
p

1x,]x[

1x,
2
xsin

For continuity at x = 1, we determine f(1), –1x
lim
®

 f(x) and +®1x
lim  f(x).

Now, f(1) = [1] = 1

–1x
lim
®

 f(x) = –1x
lim
®

 sin 
2
xp

 = sin 
2
p

 = 1

and +®1x
lim  f(x) = +®1x

lim  [x] = 1

so f(1) = –1x
lim
®

 f(x) = +®1x
lim  f(x) = 1 \ f(x) is continuous at x = 1

Self practice problems :
(6) If possible find value of l for which f(x) is continuous at x = 

2
p

f(x) = 

ï
ï
ï
ï

î

ïï
ï
ï

í

ì

p
>

-p-+

p-

p
=l

p
<

+
-

2
x,

2x24

x2
2

x,
2

x,
x2cos1

xsin1
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(7) Find the values of a and b such that the function

ï
ï
ï

î

ïï
ï

í

ì

p£<
p

-

p
££

p
+

p
<£+

=

x
2

;xsinbx2cosa
2

x
4

;bxcotx2
4

x0;xsin2ax

)x(f        is continuous at x =
4
p

 and x = 
2
p

(8) If 

ï
ï

î

ï
ï

í

ì

>
-+

=

<+

=

0x;
x

1)cx(
0x;b
0x;)ax1(

)x(f
3/1

x/1

, then find the values of a, b, c, for which f(x) is continuous at x = 0

Answers : (6) discontinuous (7) a = 6
p

, b = 
12

p-

(8) a = –ln 3, b = 3
1

, c = 1

6. Theorems on continuity :

(i) If f(x) and g(x) are two functions which are continuous at x = c, then the functions defined by:
h1(x) = f(x) ± g(x) ;   h2(x) = K f(x), K is any real number ; h3(x) = f(x).g(x) are also continuous at

x = c. Further, if g (c) is not zero, then h4(x) = )x(g
)x(f

is also continuous at x = c.

(ii) If f(x) is continuous & g(x) is discontinuous at x = a, then the product function
f1 (x) = f (x).  g(x) may or may not be continuous but sum or di f ference function
f2 (x) = f(x)  ±  g(x) will necessarily be discontinuous at x = a.

e.g. f (x) = x & g(x) = ê
ë

é

=
¹p

0x0
0xsin x

(iii) If f (x) and g(x) both are discontinuous at x = a, then the sum, difference, product and division
of functions f(x) and g(x) is not necessarily be discontinuous at x = a.

e.g. f (x) =  g(x) = ê
ë

é
<-
³

0x,1
0x,1

and atmost one out of f(x) + g(x)  and f(x) – g(x) is continuous at x = a.

Example # 18 : If f(x) = [sin(x–1)] – {sin(x–1)}. Comment on continuity of f(x) at x = 1
2

+
p

(where [ . ] denotes G.I.F. and { . } denotes fractional part function).

Solution : f(x) = [sin (x – 1)] – {sin (x – 1)}
Let g(x) = [ sin (x – 1)] + {sin (x – 1)}  =  sin (x – 1)

which is continuous at x = 
2
p

 + 1

as [sin (x – 1)] and { sin (x – 1)} both are discontinuous at x = 
2
p

 + 1

\ At most one of f(x) or g(x) can be continuous at x = 
2
p

 + 1

As g(x) is continuous at x = 
2
p

 + 1, therefore, f(x) must be discontinuous
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7. Continuity of composite functions :
If f is continuous at x = c and g is continuous at x = f(c), then the composite g(f(x)) is continuous at

x  =  c.  eg.  f(x)  =
2x
xsinx

2 +
  and g(x) = ½x½ are continuous at x = 0, hence the composite function

(gof) (x) = 2x
xsinx

2 +
 will be continuous at  x = 0.

Self practice problem :

(9)
ïî

ï
í
ì

³-
<+=

0x,1x
0x,x1)x(f 2

3
and   

ï
î

ï
í

ì

³+

<-=

0x,)1x(

0x,)1x()x(g
2
1

3
1

Then define fog (x) and comment on the continuity of gof(x) at x = 1

Answer : [fog(x) = x, xÎ R and gof(x) is discontinous at x = 1]

8. Continuity in an Interval :
(a) A function f is said to be continuous in interval (a, b) if f is continuous at each and every point

belongs to interval (a, b).

(b) A function f is said to be continuous in a closed interval [  a, b ] if:
(i) f is continuous in the open interval (a, b),

(ii) f is right continuous at ‘a’ i.e. +®ax
Limit  f(x) = f(a) = a finite quantity and

(iii) f is left continuous at ‘b’ i.e. -®bx
Limit  f(x) = f(b) = a finite quantity..

Note-
(i) All Polynomial functions, Trigonometrical functions, Exponential and Logarithmic

functions are continuous at every point of their respective domains.
(ii) Continuity of a function should be checked at the points where definition of a function

changes.
(iii) Continuity of {f(x)} and [f(x)] should be checked at all points where f(x) becomes integer.
(iv) Continuity of sgn (f(x)) should be checked at the points where f(x) = 0
(v) In case of composite function f(g(x)) continuity should be checked at all possible points

of discontinuity of g(x) and at the points where g(x) = c, where x = c is a possible point
of  discontinuity of f(x).

(vi) Continuity of a function must be disscussed only at pionts which are in the domain of
function.

Example # 19: If  f(x) = 
ïî

ï
í
ì

££÷
ø

ö
ç
è

æ -
þ
ý
ü

î
í
ì -

<£p

2x1;
4
5xsgn·

3
2x

1x0;]x[sin
 ,   where { . } represents fractional part function and

[ . ] is greatest integer function, then comment on the continuity of function in the interval [0, 2].
Solution : (i) Continuity should be checked at the end-points of intervals of each definition i.e. x = 0,

1, 2
(ii) For [sin px], continuity should be checked at all values of x at which sin px Î I

i.e. x = 0, 
2
1
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(iii) For ÷
ø

ö
ç
è

æ -
þ
ý
ü

î
í
ì -

4
5xsgn·

3
2x , continuity should be checked when x  –  

4
5

= 0

 (as sgn (x) is discontinuous  at x = 0)     i.e. x = 
4
5

 and when x – 3
2

 Î I

i.e. x = 3
5

 (as {x} is discontinuous when x Î I)

\ overall discontinuity should be checked at x = 0, 
2
1

, 1, 
4
5

, 3
5

 and 2

check the discontinuity your self.

discontinuous at x = 
2
1

, 1 
4
5

, 3
5

Example # 20 : If f(x) = 
1x
1x

-
+

 and g(x) = 
2x

1
-

, then discuss the continuity of  f(x), g(x) and fog (x).

Solution : f(x) = 
1x
1x

-
+

f(x) is a rational function it must be continuous in its domain
and f is not defined at x = 1

\ f is discontinuous at x = 1

g(x) = 
2x

1
-

g(x) is also a rational function. It must be continuous in its domain and g is not defined at
x = 2

\ g is discontinuous at x = 2
Now fog (x) will be discontinuous at
(i) x = 2 (point of discontinuity of g(x))
(ii) g(x) = 1 (when g(x) = point of discontinuity of f(x))

if g(x) = 1 Þ
2x

1
-

 = 1 Þ x = 3

\ discontinuity of fog(x) should be checked at x = 2 and x = 3
at x = 2

fog (x) = 
1

2x
1

1
2x

1

-
-

+
-

fog (2) is not defined

2x
lim
®  fog (x) = 2x

lim
®  

1
2x

1

1
2x

1

-
-

+
-

 = 2x
lim
®  

2x1
2x1

+-
-+

 = 1

\ fog (x) is discontinuous at x = 2 and it is removable discontinuity at x = 2
fog (3) = not defined

+®3x
lim  fog (x) = +®3x

lim  
1

2x
1

1
2x

1

-
-

+
-

 = ¥

-®3x
lim  fog (x) = -®3x

lim  
1

2x
1

1
2x

1

-
-

+
-

 = –¥

\ fog (x) i s discontinuous at x = 3 and it is non removable discontinuity of IInd kind.
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Self practice problem :

(10) If f(x)  = 
ï
î

ï
í

ì

£<

£<÷÷
ø

ö
çç
è

æ

þ
ý
ü

î
í
ì -

5.3x3;}x{

3x1;
2
1xsgn.]xn[

2

l
. Find the pointswhere the continuity of f(x),

should be checked, where [ . ] is greatest integer function and {.} fractional part function.

Answer : { 1, 
2
3

, 
2
5

, e, 3 , 10 , 11 , 12 , 3.5 }

9. Intermediate value theorem :
A function f(x) which is continuous in interval [ ]a b,  possesses the following properties:

(i) If K is any real number between f(a) & f(b), then there exists at least one solution of the equation
f(x) = K in the open interval (a, b).

(ii) If f(a) and f(b) possess opposite signs, then there exists at least one solution of the equation
f(x) = 0 in the open interval (a, b).

Example # 21 : Given that a > b > c > d, then prove that the equation (x – a) (x – c) + 2(x – b) (x – d) = 0
will have real and distinct roots.

Solution : (x –  a) (x – c) + 2 (x – b) (x – d) = 0
f(x) = (x – a) (x – c) + 2 (x – b) (x – d)
f(a) = (a – a) (a – c) + 2 (a – b) (a – d) = + ve

f(b) = (b – a) (b – c) + 0  = –ve
f(c) = 0 + 2 (c – b) (c – d)  = –ve
f(d) = (d – a) (d – c) + 0 = +ve
hence (x – a) (x – c) + 2(x – b) (x – d) = 0
have real and distinct roots

Self practice problem :

(11) If f(x) = xex – 2, then show that f(x) = 0 has exactly one root in the interval (0, 1).

Example # 22:Let f(x) = ¥®n
Lim  

xsinn1
1

2+
, then find f ÷

ø
ö

ç
è
æ p

4  and also comment on the continuity at x = 0

Solution : Let f(x) = ¥®n
lim  

xsinn1
1

2+

f ÷
ø
ö

ç
è
æ p

4 = ¥®n
lim  

4
sin.n1

1
2 p

+
  = ¥®n

lim  
÷
ø
ö

ç
è
æ+

2
1n1

1
 = 0

Now

f(0)  = ¥®n
lim  1)0(sin.n

1
2 +   = 01

1
+

 = 1

 0x
lim
® f(x) = 0x

lim
®  

ú
ú
û

ù

ê
ê
ë

é

+¥® xsinn1
1lim 2n  = 0

{here sin2x is very small quantity but not zero and very small quantity when multiplied with
¥ becomes ¥}

\ f(x) is not continuous at x = 0
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Self practice problem :

(12) If f(x) = 
¥®n

Lim  (1 + x)n.
Comment on the continuity of f(x) at x = 0 and explain 

0x
Lim

®
e)x1( x

1

=+ .

Answer : Discontinous (non-removable)

Example # 23 : f(x) = maximum (sin t, 0 £ t £ x), 0 £ x £ 2p discuss the continuity of this function at x= 
2
p

Solution : f(x) = maximum (sin t, 0 £ t £ x), 0 £ x £ 2p

if x Î úû
ù

êë
é p

2
,0 , sin t   is increasing function                         

Hence if t Î [0, x], sin t   will attain its maximum value at t = x.

\ f(x) = sin x if x Î úû
ù

êë
é p

2
,0

if x Î úû
ù

ç
è
æ p

p 2,
2  and t Î [0, x]

then sin t   will attain its maximum value when t = 
2
p

\ f(x) = sin 
2
p

 = 1 if x Î úû
ù

ç
è
æ p

p 2,
2 \ f(x) = 

ï
ï

î

ï
ï

í

ì

úû

ù
ç
è

æ p
p

Î

úû
ù

êë
é p

Î

2,
2

xif,1

2
,0xif,xsin

Now f ÷
ø
ö

ç
è
æ p

2  = 1

-p
®

2
x

lim
 f(x) = -p

®
2

x

lim
 sin x = 1

+p
®

2
x

lim
 f(x) = +p

®
2

x

lim
 1 = 1

as f(p/2) = L.H.S. = R.H.S. \ f(x) is continuous at x = 
2
p

10. CONTINUITY OVER COUNTABLE SET  :
There are functions which are continuous over a countable set and else where discontinuous.

Example # 24 : If ( ) Îé
= ê- Ïë

¤

¤

x if x
ƒ x

x if x
, find the points where ƒ(x) is continuous

Solution : Let x = a be the point at which ƒ(x) is continuous.

Þ x a x a
through rational through irrational

lim ƒ(x) lim ƒ(x)
® ®

=

Þ a = –a
Þ a = 0 Þ function is continuous at x = 0.

Self practice problem :

(13) (i) If ( ) Îé
= ê Ïë

¤

¤

x if x
g x

0 if x
, then find the points where function is continuous.

(ii) If 
ì Î

= í
- Ïî

¤

¤

2

2

x ; x
ƒ(x)

1 x ; x
, then find the points where function is continuous.
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11. MEANING OF DERIVATIVE :

The instantaneous rate of change of a function with respect to the dependent variable is called derivative. Let ‘f’ be
a given function of one variable and let Dx denote a number (positive or negative) to
be added to the number x. Let Df denote the corresponding  change of ‘f’ then Df = f(x + Dx) – f(x)

Þ 
f f(x x) f(x)
x x

D + D -
=

D D

If Df/Dx approaches a limit as Dx approaches zero, this limit is the derivative of ‘f’ at the point x. The derivative
of a function ‘f’ is a function ; this function is denoted by symbols such as

f'(x), 
df d

, f(x)
dx dx

 or 
df(x)

dx

Þ
x 0 x 0

df f f(x x) f(x)
lim lim

dx x xD ® D ®

D + D -
= =

D D

The derivative evaluated at a point a, is written, x a
x a

df(x)
f '(a), , f '(x) ,

dx =
=

 etc.

12. Differentiability of a function at a point :

(i) The right hand derivative of f  (x) at x = a denoted by  f ¢(a+) is defined by:

R.H.D. = f ¢(a+) = +®0h
Limit  

h
)a(f)ha(f -+

, provided the limit exists.

(ii) The left hand derivative of f(x) at x = a denoted by

f ¢(a–) is defined by:

L.H.D. = f ¢ (a– ) = +®0h
Limit  

h
)a(f)ha(f

-
--

, provided the limit exists.

A function f(x) is said to be differentiable at x = a if  f ¢(a+) = f ¢ (a–) = finite

By definition f ¢(a) = +®0h
Limit  

h
)a(f)ha(f -+

Example # 25 : Comment on the differentiability of f(x) =
î
í
ì

³
<

1x,x
1x,x

2    at x = 1.

Solution : R.H.D. = f¢ (1+) = +®0h
Limit  

h
)1(f)h1(f -+

= +®0h
Limit  

h
1)h1( 2 -+

 = +®0h
Limit  

h
1h2h1 2 -++

  = +®0h
Limit (h + 2)  = 2

L.H.D. = f¢(1–) = +®0h
Limit

h
)1(f)h1(f

-
--

 = +®0h
Limit

h
1h1

-
--

  = 1

As L.H.D. ¹ R.H.D. Hence f(x) is not differentiable at x = 1.
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Example # 26 : If f(x) = 
ïî

ï
í
ì

³+
<+

1x,2b–Ax3
1x,BxA 2

 , then find A and B so that f(x) become differentiable at x = 1.

Solution : f¢(1+) = +®0h
lim  

h
)1(f)h1(f -+

 = +®0h
lim  

h
2BA32B)h1(A3 -+-+-+

 = +®0h
lim  

h
Ah3

 = 3A

f¢(1–)    = +®0h
lim  

h
)1(f)h1(f

-
--

 = +®0h
lim  

h
2BA3)h1(BA 2

-
-+--+

= +®0h
lim  

h
Bh2Bh)2B2A2( 2

-
-+-+-

hence for this limit to be defined
– 2A + 2B – 2 = 0
B = A + 1

\ f¢(1–) = 0h
lim
®  – (Bh – 2B) = 2B

For f(x) to be differentiable at x = 1
\ f¢(1–) = f¢(1+)
Þ 3A = 2B = 2(A + 1) Q  B = A + 1

A = 2, B = 3

Example # 27 : If f(x) = 
î
í
ì

>-
£p

1x,1}x{2
1x],x[cos

 , then comment on the derivability at x = 1,

where [ . ] is greatest integer function and {.} is fractional part function.

Solution : f¢(1–)  = +® 0h
lim  

h
)1(f)h1(f

-
--

 = +® 0h
lim  

h
1)]h[cos(

-
+p-p

  = +® 0h
lim  

h
11

-
+-

 = 0

f¢(1+) = +® 0h
lim

h
)1(f)h1(f -+

 = +® 0h
lim  

h
11}h1{2 -++

 = +® 0h
lim  

h
h2

  = 2

Q f¢(1+) ¹ f¢(1–)
f(x) is not differentiable at x = 1.

Self Practice Problems :

(14) If f(x) = 
î
í
ì

³+
<+

1 x ,1  {x}
1 x  , x [2x]

 , then comment on the continuity and differentiable at x = 1,

where [ . ] is greatest integer function and {.} is fractional part function.

(15) If f(x) = ïî

ï
í
ì

=
¹-

0x,0
0x,x/1tanx 1

, then comment on the derivability of f(x) at x = 0.

Answers : (20) Discontinuous and non-differentiable at x = 1
(21) non-differentiable at x = 0
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13. Concept of tangent and its association with derivability :

y

x
a – h a + h

f(a + h)

f(a)

f(a–h)

Q

f(a + h) – f(a)

f(a – h) – f(a)

(h  0) ® (h  0) ®
a

P

y=f(x)

R

Tangent :- The tangent is defined as the limiting case of a chord or a secant.

slope of the line joining (a,f(a)) and (a + h, f(a + h)) = 
h

)a(f)ha(f -+

Slope of tangent at P = f¢(a) = 0h
Lim

®  
h

)a(f)ha(f -+

The tangent to the graph of a continuous function f at the point P(a, f(a)) is
(i) the line through P with slope f¢(a) if f¢(a) exists ;
(ii) the line x = a if L.H.D. and R.H.D. both are either ¥ or – ¥.
If neither (i) nor (ii) holds then the graph of f does not have a tangent at the point P.
In case (i) the equation of tangent is y – f(a) = f¢(a) (x – a).
In case (ii) it is x = a

Note : (i) A function is said to be derivable at x = a if there exist a tangent of finite slope at that point.
f¢(a+) = f¢(a–) = finite value

(ii) It is not necessary that curve is only one side of tangent.
(Example : y = x3 has x-axis as tangent at origin)

Example # 28 : Find the equation of tangent to y = (x)1/3 at x = 1 and x = 0.

Solution : At x = 1 Here f(x) = (x)1/3

L.H.D = f¢(1–) = +® 0h
lim

h
)1(f)h1(f

-
--

 = +® 0h
lim  

h
1)h1( 3/1

-
--

  = 3
1

R.H.D. = f¢(1+) = +® 0h
lim  

h
)1(f)h1(f -+

 = +® 0h
lim  

h
1)h1( 3/1 -+

  = 3
1

As R.H.D. = L.H.D. = 3
1

\ slope of tangent = 3
1

\ y – f(1) = 3
1

 (x – 1)

y – 1 = 3
1

 (x – 1)
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Þ 3y – x = 2 is tangent to y = x1/3at (1, 1)
At x = 0

L.H.D. = f¢(0–) = +® 0h
lim  

h
0)h0( 3/1

-
--

 = + ¥

R.H.D. = f¢(0+) = +®0h
lim  

h
0)h0( 3/1 -+

 = + ¥

As L.H.D. and R.H.D are infinite. y = f(x) will have a vertical tangent at origin.
\ x = 0 is the tangent to y = x1/3 at origin.

Self Practice Problems :
(16) If possible find the equation of tangent to the following curves at the given points.

(i) y = x3 + 3x2 + 28x +1 at x = 0.
(ii) y = (x – 8)2/3 at x = 8.
Answers : (i) y = 28x + 1 (ii) x = 8

14. Relation between differentiability & continuity:
(i) If f ¢(a) exists, then f(x) is continuous at x = a.

(ii) If f(x) is differentiable at every point of its domain of definition, then it is continuous in that
domain.

Note : The converse of the above result is not true i.e. "If 'f' is continuous at x = a, then 'f' may or may not be
differentiable at x = a.
e.g. the functions f(x) = | x | is continuous at x = 0 but not differentiable at x = 0.

If f(x) is a function such that  R.H.D = f ¢(a+) = l and L.H.D. = f¢(a–) = m.
Case - I
If l = m = some finite value, then the function f(x) is differentiable as well as continuous.
Case - II
if l ¹ m = but both have some finite value, then the function f(x) is non differentiable but it is continuous.
Case - III
If at least one of the l or m is infinite, then the function is non differentiable but we can not say about
continuity of f(x).

(i) (ii) (iii)
 continuous and differentiable continuous but not differentiable     neither continuous nor  differentiable

Example # 29 : If f(x) is differentiable at x = a, prove that it will be continuous at x = a.

Solution : f¢(a+) = +®0h
lim

h
)a(f)ha(f -+

 = l

+®0h
lim  [f(a+h) – f(a)] = hl

as  h ® 0   and l is finite, then +®0h
lim  f(a + h) – f(a) = 0

Þ +®0h
lim  f (a + h) = f(a).

Similarly +®0h
lim  [f(a – h)– f(a)] = – hl Þ +®0h

lim  f(a – h) = f(a)

\ +®0h
lim  f(a + h) = f(a) = +®0h

lim  f(a – h)

Hence, f(x) is continuous.
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Example # 30 : If  f(x) = 
ïî

ï
í
ì

<£-+
<£+

4x2,|3x|xsin
2x0,}x{]xsgn[x2

 , comment on the continuity and differentiability of f(x),

where [ . ] is greatest integer function and {.} is fractional part function, at x = 1, 2.
Solution : Continuity at x = 1

+® 1x
lim  f(x) = +® 1x

lim (x2 sgn[x] + {x}) = 1 + 0 = 1

-® 1x
lim  f(x)  = -® 1x

lim  (x2 sgn [x] + {x})

=1 sgn (0) + 1  = 1
Q      f(1) = 1
\ L.H.L = R.H.L = f(1).  Hence f(x) is continuous at x = 1.
Now for differentiability,

R.H.D. = f¢(1+) = +®0h
lim  

h
)1(f)h1(f -+

= +®0h
lim  

h
1}h1{]h1sgn[)h1( 2 -++++

= +®0h
lim  

h
1h)h1( 2 -++

  = +®0h
lim

h
1hh2h1 2 -+++

  = +®0h
lim  

h
h3h2 +

 = 3

and L.H.D. = f¢(1–) = +®0h
lim  h

)1(f)h1(f
-

--
 = +®0h

lim  
h

1h1]h1sgn[)h1( 2

-
--+--

 = 1

Þ f¢(1+) ¹  f¢(1–).
Hence f(x) is non differentiable at x = 1.
Now at        x = 2

-®2x
lim  f(x)  = -®2x

lim  (x2 sgn [x] + {x}) = 4 . 1 + 1  = 5

+®2x
lim  f(x) = +®2x

lim  (sinx + |x – 3|) = 1 + sin 2

Hence L.H.L ¹ R.H.L
Hence f(x) is discontinuous at x = 2 and then f(x) also be non differentaible at x = 2.

Self Practice Problem :

(17) If f(x) = 
ï
î

ï
í

ì

=

¹÷
÷
ø

ö
ç
ç
è

æ

+
-+

0x2/1

0x
}x2{]x[

1|x|e ]x[

, comment on the continuity at x = 0 and differentiability at            x

= 0, where [ . ] is greatest integer function and {.} is fractional part function.
Answer : discontinuous hence non-differentiable at x = 0

15. Differentiability of sum, product & composition of functions :
(i) If f(x) & g(x) are differentiable at x = a, then the functions f(x) ± g(x), f(x). g(x) will also be

differentiable at x = a & if g (a) ¹ 0, then the function f(x)/g(x) will also be differentiable at x = a.
(ii) If f(x) is not differentiable at x = a & g(x) is differentiable at x = a, then the product function

F(x) = f(x) .  g(x) can still be differentiable at x = a
e.g. f(x) = ½x½ and g(x) = x2.

(iii) If f(x) & g(x) both are not differentiable at x = a, then the product function
F(x) = f(x) . g(x) can still be differentiable at x = a e.g. f(x) = ½x½ & g(x) = ½x½.

(iv) If f(x) & g(x) both are non-differentiable at x = a, then the sum function F(x) = f(x)  + g(x) may be
a differentiable function. e.g. f(x) = ½x½ & g(x) = -½x½.
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Example # 31 : Discuss the differentiability of f(x) = x + |x|.

Solution :

Non-differentiable at x = 0.

Example # 32 : Discuss the differentiability of f(x) = x|x|

Solution : Q f(x) = 
ïî

ï
í
ì

<-
³

0x,x
0x,x

2

2

Differentiable at x = 0

Example # 33 : If f(x) is differentiable and g(x) is differentiable, then prove that f(x) . g(x) will be differentiable.

Solution : Given, f(x) is differentiable

i.e. +® 0h
lim  

h
)a(f)ha(f -+

 = f¢(a)

g(x) is differentiable

i.e. +® 0h
lim  

h
)a(g)ha(g -+

 = g¢(a)

let p(x) = f(x) . g(x)

Now, +® 0h
lim  

h
)a(p)ha(p -+

  = +® 0h
lim  

h
)a(g).a(f)ha(g).ha(f -++

= +® 0h
lim  

h
)a(g).a(f)a(g).ha(f)a(g).ha(f)ha(g)ha(f -+-++++

= +® 0h
lim

úû

ù
êë

é -+
+

-++
h

))a(f)ha(f)(a(g
h

))a(g)ha(g()ha(f

= +® 0h
lim  úû

ù
êë
é -+

+
-+

+
h

)a(f)ha(f).a(g
h

)a(g)ha(g).ha(f  = f(a) . g¢(a) + g(a) f¢(a)  = p¢ (a)

Hence p(x) is differentiable. 
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Example # 34 : If f(x) = 
î
í
ì

³+-
<-

0x,2x3x
0x,3x

2  and g(x) = f(|x|) + |f(x)|, then comment on the continuity and

differentiability of g(x) by drawing the graph of f(|x|) and, |f(x)|.
Solution :

Graph of f(|x|) and |f(x)|

If f(|x|) and |f(x)| are continous, then g(x) is continuous. At x = 0 f(|x|) is continuous, and |f(x)| is
discontinuous therefore g(x) is discontineous at x = 0.
\ g(x) is non differentiable at x = 0, 1, 2, (find the reason yourself).

16. Differentiability over an Interval :
f (x) is said to be differentiable over an open interval if it is differentiable at each point of the interval and
f(x) is said to be differentiable over a closed interval [a, b] if :
(i) for the points a and b, f ¢(a+) and f ¢(b–) exist finitely
(ii) for any point c such that a < c < b, f ¢(c+) & f¢(c–) exist finitely and are equal.

All polynomial, exponential, logarithmic and trigonometric (inverse trigonometric not included) functions
are differentiable in their domain.

Graph of y = sin–1 2x1
x2

+
Graph of y = sin–1 x.

Non differentiable at x = 1 & x = – 1 Non differentiable at x = 1 & x = – 1
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Example # 35 : If f(x) = 

ï
ï
î

ïï
í

ì

££÷
ø

ö
ç
è

æ -

<£p
þ
ý
ü

î
í
ì +

2x1,
3
4xsgn]x2[

1x0,]x[sin
3
1x

, find those points at which continuity and differentiability

should be checked, where [ . ] is greatest integer function and {.} is fractional part function.
Also check the continuity and differentaibility of f(x) at x = 1.

Solution : f(x) = 

ï
ï
î

ïï
í

ì

££÷
ø

ö
ç
è

æ -

<£p
þ
ý
ü

î
í
ì +

2x1,
3
4xsgn]x2[

1x0,]x[sin
3
1x

 The points, where we should check the continuity and

differentiability are x = 0, 
2
1

, 3
2

, 1, 3
4

, 
2
3

, 2

At x = 1

L.H.L. = -®1x
lim  f(x) = -®1x

lim  
þ
ý
ü

î
í
ì +

3
1x [sin px]  = 0

R.H.L. = +®1x
lim  f(x) = +®1x

lim  [2x] sgn 
þ
ý
ü

î
í
ì -

3
4x  = 2 (– 1)  = – 2

\ L.H.L ¹  R.H.L. hence f(x) is discontinuous at x = 1 and hence it is non diffferentiable at x = 1.
Self Practice Problems:

(18) If f(x) = [x] + [1 – x] , – 1 £ x £ 3, then draw its graph and comment on the continuity and
differentiability of f(x), where [ . ] is greatest integer function.

(19) If f(x) = 
ïî

ï
í
ì

££-
<£-

2x1,]x2x[
1x0,|x41|

2

2

, then draw the graph of f(x) and comment on the

differentiability and continuity of f(x), where [ . ] is greatest integer function.
Answers : (18) f(x) is discontinuous at x = –1, 0, 1, 2, 3 hence non-differentiable.

(19) f(x) is discontinuous at x = 1, 2 & non differentiable at x = 
2
1

, 1, 2.

17. Problems of finding functions satisfying given conditions :
Example # 36 : If f(x) is a function satisfies the relation for all x, y Î R, f(x + y) = f(x) + f(y) and if f ¢(0) = 2 and

function is differentiable every where, then find f(x).

Solution : f¢(x) = +®0h
lim

h
)x(f)hx(f -+

 = +®0h
lim

h
)0(f)x(f)h(f)x(f --+

(Q f(0) = 0)

      = +®0h
lim

h
)0(f)h(f -

 = f¢(0)

 f¢(x) = 2 Þ ò ò=¢ dx2dx)x(f

f(x) = 2x + c
Q f(0) = 2.0 + c as f(0) = 0
\    c = 0 \ f(x) = 2x
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Second Method :
Since f(x + y) = f(x) + f(y) is true for all values of x and y is independent of differentiating both sides
w.r.t x (here y is constant with respect to x).
f¢(x + y) = f¢(x)
put  x = 0

f¢(y) = f¢(0) Þ ò ò=¢ dy2dy)y(f

f(y) = 2y + c Þ f(0) = 0 + c = 0
\ c = 0
\ f(y) = 2y Þ f(x) = 2x.

Example # 37 : f(x + y) = f(x) . f(y) " x, y Î R and f(x) is a differentiable function and f ¢(0) = 1, f(x) ¹ 0 for
any x. Find f(x)

Solution : f(x) is a differentiable function

\ f¢(x) = +®0h
lim

h
)x(f)hx(f -+

= +®0h
lim  

h
)0(f).x(f)h(f).x(f -

(Q f(0) = 1)

= +®0h
lim  

h
))0(f)h(f).(x(f -

 = f(x) . f¢(0) = f(x)

\ f¢(x) = f(x)

\ dx
)x(f
)x(f

ò
¢

 = dx1ò
Þ ln f(x) = x + c \  ln 1 = 0 + c
Þ c = 0 \  ln f(x) = x
Þ f(x) = ex

Example # 38 : f ÷
ø
ö

ç
è
æ +

2
yx

 = 
2

)y(f)x(f +
 " x, y Î R and f(0) = 1 and f¢(0) = – 1 and function is differentiable for

all x, then find f(x).

Solution : f¢(x) = 0h
lim
®  

h
2

0x2f
2

h2x2f ÷
ø
ö

ç
è
æ +

-÷
ø
ö

ç
è
æ +

   = 0h
lim
®  h

2
)0(f)x2(f

2
)h2(f)x2(f +

-
+

= 0h
lim
®  

h2
)0(f)h2(f -

 = f¢(0)  = – 1

   f¢(x) = – 1
integrating both sides, we get
f(x) = – x + c
Q c = + 1 (as f(0) = 1)
\ f(x) = – x + 1 = 1 – x

Self Practice Problem:

(20) f ÷÷
ø

ö
çç
è

æ
y
x

 = f(x) – f(y) " x , y Î R+ and f¢(1) = 1 , then show that f(x) = lnx.

Self Practice Problems :
(21) If f(x) and g(x) are differentiable, then prove that f(x) ± g(x) will be differentiable.
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17.1 Some known functional equation & its solution
If x, y are independent variables and f(x) is continuous function, then:

(i) f (xy) = f (x) + f (y) x,y R+" Î  Þ f (x) = k ln x or f (x) = 0, where k is a constant.

(ii) f (xy) = f (x). f (y) x,y R" Î  Þ f (x) = xn

(iii) f (x + y) = f (x). f (y) x,y R" Î  Þ f (x) = akx, f(x) = 0, where k is a constant.

(iv) f (x + y) = f (x) + f (y) x,y R" Î  Þ f(x) = kx, where k is a constant.

(v) If f(x) is a polynomial function satisfying f(x) . f ÷
ø
ö

ç
è
æ

x
1

 = f(x) + f ÷
ø
ö

ç
è
æ

x
1

 " x Î R – {0} , then

f(x) = 1 ± xn

Example # 39 : If f(x) is a polynomial function satisfying f(x) . f ÷
ø

ö
ç
è

æ
x
1

 = f(x) + f ÷
ø

ö
ç
è

æ
x
1

 " x Î R – {0} and  f(2) =9,

then find f (3)
Solution : f(x) = 1 ± xn

As f(2) = 9 \ f(x) = 1 + x3

Hence f(3) = 1 + 33 = 28
Self practice problems

(22) If f(x) is a polynomial function satisfying f(x) . f ÷
ø
ö

ç
è
æ

x
1

 =  f(x)  +  f  ÷
ø
ö

ç
è
æ

x
1

 " x Î R  –  {0}   and

f(3) = – 8, then find f(4)

(23) If f(x + y) = f(x) . f(y) for all real x, y and f(0) ¹ 0, then prove that the function, g(x) = 
)x(f1

)x(f
2+

is an even function.
Answer :  (22) –15



Limit, Continuity & Differentiablity

PART - I : SUBJECTIVE QUESTIONS
Section (A) : Definition of LHL/RHL and Indeterminate forms
A-1. Evaluate the following limits :

(i) 
x 2
im
®

l  (x2 +  cos  x) (ii) 
x 3
im
®

l  tanx  +  2x

(iii) 
3

x
4

im
®

l  xcosx (iv) 
x

x 5
im( nx)
®

l l

(v) 
x

x 1

e
im

sin x®
l

A-2. Examine the graph of y = f(x) as shown and evaluate the following limits :

1

1

2

3

y

x
2 3 4

(i) 
x 1
im f(x)
®

l (ii) 
x 2
im f(x)
®

l (iii) 
x 3
im f(x)
®

l (iv) 
x 1.99

im f(x)
®
l

(v) 
x 3
im f(x)

+®
l

A-3 Evaluate the following limits,
Where [.] represents greatest integer function and {.} represents fractional part function

(i) 
x 0
im[cosx]
®

l (ii) 
x 3

x
im

3®

ì ü
í ý
î þ

l (iii) 
x 0
im
®

l  sgn[tan x] (iv) 
–1

x 1
im cos ( nx)
®

l l

A-4. (i) If f(x) = 
2

3x 1, x 1

4x , x 1

+ <ì
í

³î
 evaluate 

x 1
im f(x)
®

l

(ii) Let f(x) = 
x , x 1

3x 2, x 1

+ l <ì
í

+ ³î
, if 

x 1
im f(x)
®

l  exist, then find value of l.

A-5 If f(x) = 
2x 2 , x 2

8 – x , x 2

ì + ³
í

<î
 and g(x) = 

2x , x 6

3 – x , x 6

>ì
í

£î
, evaluate  

x 2
im g(f(x))
®

l .

A-6. Which of the followings are indeterminate forms. Also state the type.

(i) +®0x
iml  

x
]x[

, where [ . ] denotes the greatest integer function

(ii) -¥®x
iml  1x2 +  – x

(iii) 
2

x
im

p
®

l  (tan x)tan2x

(iv) +®1x
iml  { }( ) nx

1

x l , where { . } denotes the fractional part function
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Section (B) : Evaluation of limits of form 0/0, ¥/¥, ¥–¥, 0 × ¥, Use of L-Hospital Rule and
               Expansion

B-1. Evaluate each of the following limits, if exists

(i) 
3

x 0

x – 3x 1
im

x –1®

+
l (ii)  

4x2x5x
5x2xx4im 36

23

1x --+
-+-

®
l      (iii) ax

im
®

l  
x2xa3
x3x2a

-+

-+
, a ¹ 0

B-2. Evaluate the following limits, if exists

(i) –1x 0

sin3x
im

tan 2x®
l (ii)

2

2x 0

sin 5x
im

x®
l

(iii) xx 0

n(1 2x)
im

2 – 1®

+l
l (iv) 0x

im
®

l  
x

ee axbx -
,  where  0  <  a  <  b

(v) 
x 0

1 – cos5x
im

1 – cos4x®
l (vi) 0x

im
®

l  
( )

xcos1
eex 2x2

-
-+

(vii) 
6

x
im

p®
l

 
3 sin x cos x

x
6

-
p

-
(viii) 0x

im
®

l

x
5.0n)x2(n ll ++

(ix) 0x
im
®

l  
x

asina)xasin()xa( 22 -++
(x) 0x

im
®

l

x
2

x2cos1-

(xi) 2x 0

tan2x – 3x
im

3x – sin x®

æ ö
ç ÷
è ø

l (xii) Find n Î N, if 
n n

x 3

x – 3
im

x – 3®
l  = 405

B-3. Evaluate the following limits

(i) 
2

2x

3x 2x 9
im

x 1®¥

+ +
+

l (ii) 
3 2

3x

x x cos x
im

2x sin x®¥

+ +
+

l

(iii)
x
im
®¥

l  2 2 2

1 2 x
....

x x x
æ ö+ + +ç ÷
è ø

(iv) 
33 2 4

54 6 5 7 3n

n 2n 1 n 1
im

n 6n 2 n 3n 1®¥

- + + +

+ + - + +
l , nÎN

(v) 
®-¥

+ + +

+ + +

34 2

3 2x

1
(3x 2x )sin x 5

xLim
x x x 1

B-4 Evaluate following limits :

(i) 
x

nx
x n 1

x
lim

2 n x®¥

æ ö+ç ÷è ø
l

l

l

(ii) n

x

n
x

x x
e
xsine

im
÷÷
ø

ö
çç
è

æ

¥®
l

B-5. Evaluate the following limits

(i) 
4 4
3 3

x
im (x 1) – (x – 1)
®¥

æ ö
+ç ÷

è ø
l  (ii) 2

x
lim( x 8x – x)

®¥
+

(iii) ¥®x
iml  ( ) ( )xcos1xcos -+ (iv) ( ) ÷÷

ø

ö
çç
è

æ
-++++

¥®
x)4x()3x()2x()1x(im 4

1

x
l
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B-6. Evaluate the following limits using expansions :

(i) 
3/2 3/2

x a

(x 2) – (a 2)
im

x – a®

+ +
l (ii) 2x

im
®

l  

x)2x7(

)2x15()2x(

4
1

5
1

2
1

-+

+-+

(ii) 0x
im
®

l  3

2
x

x
2

xtanxsin1e ---
(iv) 

x–1

1 1x 1
3 2

( n(1 x) – n2)(3.4 – 3x)
im

[(7 x) – (1 3x) ]sin(x – 1)
®

+

+ +

l l
l

B-7 If 0x
im
®

l  3

x

x
cexcosxsinba +-+

 exists, f ind the values of a, b, c. Also find the limit

B-8 Find the values of a and b so that :

(i) 4x 0

1 – ax sin x b cos x
im

x®

+
l  may have a finite limit.

(ii) ¥®x
iml  ÷

ø
öç

è
æ -+-+-++++ dx3cxx2x2bxx3axx 234234  =  4

(iii) 2
xsinx

cxe)x1(nbaxeim
2

xx

0x
=

++- -

®

l
l

B-9. Find the following limit using expansion :  0x
im
®

l  
( )

÷
÷
ø

ö
ç
ç
è

æ
-

+ +

x
1

x
x1n
2

)x1(
l

B-10 Prove that 
x x

x 2

(cos ) – (sin ) – cos2
im

x – 2®

a a a
l  = cos2a nl (cos a) – sin2a nl (sina), a Î 0,

2
pæ ö

ç ÷
è ø

B-11 Find the value of 2h 0

tan(a 2h) – 2 tan(a h) tan a
lim

h®

+ + +

Section (C) : Limit of form 0° ¥º, 1¥, Sandwich theorem and Miscellaneous problems
           on limits

C-1 Evaluate the following limits :

(i)  
2x

x 0
lim(| x |)

®

(ii) 
x

2

im
p

®

l
-

(tan x)cosx

(iii) -®1x
iml  ([x])1–x , where [ . ] denotes greatest integer function

(iv) 
tan x

x
2

lim e
p®

C-2 Evaluate the following limits :

(i) 

p

®

pæ ö
ç ÷
è ø

x
tan

2

x 1

x
Lim tan

4
(ii) 

x

x

1 3x
lim

1 4x®¥

+æ ö
ç ÷+è ø

(iii) 
x

sec
2

x 1
lim(1 n x)

p

®
+ p l (iv) 

1
x

x 0
lim tan x

4®

æ öpæ ö+ç ÷ç ÷
è ø
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C-3 If 
c

2 x–1

x 1
lim(1 ax – bx )

®
+  =  e3, then find conditions on a, b and c.

C-4. Evaluate ¥®n
iml  

3

[1 . 3x] [2 . 4x] ..... [n . (n 2) x]
n

+ + + + , where [ . ] denotes greatest integer function.

C-5. If f(x) = ¥®n
iml

1x
1x

n2

n2

+

-
 ,nÎN find range of f(x).

C-6. If l =
®¥

=

p pæ ö+ -ç ÷+è ø
å

n

n
r 2

Lim (r 1)sin r sin
r 1 r , then find {l}. (where {} denotes the fractional part function)

Section (D) : Continuity at a point, Continuity in an interval, Continuity of composite
               functions & IMVT

D-1. Determine the values of a, b & c for which the function f (x) = 
2 1/2 1/2

3/2

sin (a –1) x sin x
for x 0x

c for x 0
(x bx ) x

for x 0
b x

+
<
=

+ -
>

ì
ï
ï
í
ï
ïî

is continuous at x = 0.

D-2. Find the values of  a, b & c  so that the function, f (x) = 

3

2

2

1 sin x
, x –

cos x

a , x –

c(b sin x)
, x –

( 2 x)

2

2

2

p+
<

p
=

p+
>p+

ì
ï
ï
ï
í
ï
ï
ïî

  is continuous at

x = –
2
p

.

D-3. Suppose that f(x) = x3 - 3x2 - 4x + 12 and h(x) = ê
ê

ë

é

=

¹
-

3x,K

3x,
3x
)x(f

, then

(a)  find all zeros of f
(b)  find the value of K that makes h continuous at x = 3
(c)   using the value of K found in (b), determine whether h is an even function.

D-4. If f(x) = {x} & g(x) = [x] (where {. } & [.] denotes the fractional part and the integral part functions respectively),
then discuss the continuity of :
(i) h(x) = f(x). g(x) at x = 1 and 2 (ii) h(x) = f(x) + g(x) at  x = 1

(iii) h(x) = f(x) – g(x) at x = 1 (iv) h(x) = g(x) + )x(f at  x = 1 and 2

D-5. If f(x) = 5

sinx A sin 2x B sin 3x
x

+ +
 (x ¹ 0) is continuous at x = 0. Find AA & B. Also find f  (0).
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D-6. If graph of function y = f(x) is

10

1

2

2 3

and graph of function

y  =  g(x)  is

1

1

2

2

then discuss the continuity of f(x)g(x) at x = 1 and x = 2

D-7. Find interval for which the function given by the following expressions are continuous :

(i) f(x) = 2

3x 7
x 2x 3

+
+ +

(ii) f(x) = 2

1 x
2x –5|x | 6

+
+

(iii) f(x) = 
2

2

x 1
1 cos x

+
+

(iv) f(x) = tan ÷
ø
ö

ç
è
æ p

2
x

D-8. Find the number of points of discontinuity of the function f(x) = [5x] + {3x} in [0, 5] where [y] and {y} denote
largest integer less than or equal to y and fractional part of y respectively.

D-9. If f(x) = 
x

3

e
x 1-

 and g(x) =  sec x, then discuss the continuity of fog (x).

D-10. Find the point of discontinuity of y = f(u), where f(u) = 
3–u5u2

3
2 +

 and u = 
2x

1
+

.

D-11. Let f(x) =
1 x , 0 x 2

3 x , 2 x 3

+ £ £ì
í

- < £î
 and  g(x) = 2

x 8, 0 x 1

x , 1 x 3

+ £ <ì
í

£ £î
. Find the point of discontinuity of f(f(x)) and

g(f(x))

D-12. Show that the function f(x) = 
4
x3

  – sin p x + 3  takes the value 
3
7

 within the interval [–2, 2].

D-13. If g(x) = (|x – 1| + |4x – 11|) [x2 – 2x – 2], then find the number of point of discontinuity of g(x) in

1 5
,

2 2
æ ö
ç ÷
è ø

 {where [.] denotes GIF}
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Section (E) : Derivability at a point & Derivability in an interval
E-1 Test the continuity and differentiability of the function defined as under at x = 1 and x = 2

f(x) = 

2

2

x 1 ; x 1
3 – x ; 1 x 2

–1 3x – x ; x 2

ì + <
ï £ £í
ï + >î

E-2  A function f is defined as follows: f(x) = 
2

1 for x 0

1 | sin x | for 0 x
2

2 x for x
2 2

ì
ï - ¥ < <ï
ï pï + £ <í
ï
ï p pæ ö+ - £ < ¥ï ç ÷ï è øî

Discuss the continuity & differentiability at x = 0 & x = p/2.
E-3. Let f(x) = x cos x, then prove that f(|x|) is not differentiable at x = 0

E-4. Show that the function f(x) = 

m 1x sin ; x 0
x

0 ; x 0

ì æ ö >ï ç ÷
è øí

ï =î
 is

(i) differentiable at x = 0, if m >1.
(ii) continuous but not differentiable at x = 0, if 0 < m £ 1.
(iii) neither continuous nor differentiable, if m £ 0

E-5. Examine the differentiability of f  (x) = 2xe1 --  at x = 0.

E-6. If f(x) =

2ax b if | x | 1

2
if | x | 1

| x |

ì - <
ï
í ³ï
î

 is derivable at x = 1. Find the values of a & b.

E-7. Examine the continuity and differentiability of f(x) = | x | + | x – 1 | + | x – 2 |, x Î R. Also draw the graph of f(x).

E-8. Discuss the continuity & the derivability in [0, 2] of f(x) =

é - ³
ê pê <
êë

2x 3 [x] for x 1

x
sin for x 1

2

where [.] denotes the greatest integer function
E-9. Discuss continuity and differentiability of y = f(x) in [–2, 5] where [.] denotes GIF & {.} denotes FPF

f(x) = 2

4

[x] , x [–2,0]
{x} , x (0,2)
x , x [2, 4]
4

4 log (x – 3) , x (4,5]

Îì
ï Îïï
í

Îï
ï

+ Îïî

E-10. Check differentiability of f(x) = sgn (x2/3) + 
ú
ú
û

ù

ê
ê
ë

é
÷
÷
ø

ö
ç
ç
è

æ

+ 2

2

x1
xcos  + |x – 1|2/3 in [–2, 2] where [.] denotes GIF..
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E-11. Discuss the continuity and differentiablility of h(x) = f(x)g(x) in (0, 3) if f(x)  = 
xe – e

[x] 1+  {where [.] denotes GIF}

and g(x) = 

| x –1| | x – 2 | , x (0,1)
2

| x –1| | x – 2 | , x [1, 2)
3(| x –1| | x – 2 |) , x [2,3)

2

+ì Îï
ï

+ Îí
ï +ï Î
î

Section (F) : Functional equations  and Miscellaneous

F-1. If 
x 0

ƒ(3 sin x) ƒ(3 x)
lim 8

x®

- - +
= , then |ƒ'(3)| is

F-2. If ƒ is a dif ferentiable function such that 
x y ƒ(x) ƒ(y) ƒ(0)

ƒ
3 3
+ + +æ ö =ç ÷

è ø
, " x,y Î R and

ƒ'(0) = 2, find ƒ(x)
F-3. Let a function f : R ® R  be  given  by  f(x  +  y)  =  f(x)  f(y)  for  all  x,  y  Î R and f(x)  ¹ 0 for  any x Î R.

If the function f (x) is differentiable at x = 0, show that f¢(x) = f¢(0)  f(x)  for  all  x  Î R. Also, determine
f(x).

F–4. Let f(x) be a polynomial function satisfying the relation f(x). f ÷
ø

ö
ç
è

æ
x
1

 = f(x) + f ÷
ø

ö
ç
è

æ
x
1

 " x Î R – {0} and

f(4) = 65. Determine f(1) + f¢(1).
F-5. Let function f(x) satisfying the relation f(x + y)+ f(x – y) = 2f(x).f(y), then prove that it is even function

F-6. Let f(x) be a bounded function. L1 = ¥®x
iml  (f¢(x) – lf(x)) and L2 = ¥®x

iml  f(x) where l > 0. If L1, L2 both exist

then prove that L2 = 
l

1L– .

F-7. Let R be the set of real numbers and ƒ : R ® R, be a differentiable function such that
|ƒ(x) – ƒ(y)| < |x – y|3 " x,y Î R. If ƒ(10) = 100, then find the value of ƒ(20).

PART - II : SINGLE OPTION CORRECT TYPE

Section (A) : Definition of LHL/RHL and Indeterminate forms
A-1

x 0
im
®

l cos–1 [sec x] is equal to (where [·] denotes greatest integer function)

(A) 
2
p

(B) 1 (C) 0 (D) Does not exist

A-2. Consider the following statements :

S1 : 
x 0
im

+®
l  

x
]x[

 is an  indeterminate form (where [ . ] denotes greatest integer function).

S2 : x –
im

® ¥
l  x

x

3
)3(sin

 = 1

S3 : ¥®x
iml

2

x sin x
x – cos x

+
 does not exist.

S4 : ¥®n
iml ( ) ! ( ) !

( ) !
n n

n
+ + +

+
2 1

3
 (n Î N) =0

State, in order, whether S1, S2, S3, S4  are true or false
(A) FTFT (B) FTTT (C) FTFF (D) TTFT
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A-3 x 2
im
®

l (1 – x + [x – 2] + [2 – x]) is  equal to (wherre [.] denotes greatest integer function)
(A) 0 (B) 2 (C) –2 (D) does not exist

A-4
–1

–1x 0

sin (sin x)im
cos (cos x)®

l  is equal to

(A) 0 (B) 1 (C) –1 (D) does not exist

SECTION (B) :  Evaluation of limits of form 0/0, ¥/¥, ¥ – ¥, 0 × ¥,   Use of L-Hospital Rule &
                 Expansion

B-1. x 2
im
®

l

3

3
(x 8) n (x 1)

(x 8)

+ -

-

l

 is equal to

(A) 16 (B) 
3
4 (C) 

4
3 (D) 

–4
3

B-2. 0x
im
®

l
x 3

2

(4 1)
xsin x n 1
3

-
æ ö

+ç ÷
è ø

l

 is equal to

(A) 9(ln 4) (B) 3(ln 4)3 (C) 12(ln 4)3 (D) 27(ln 4)2

B-3. x 0
im
®

l
( )xtan e – 1

n(1 x)+l
 is equal to

(A) 0 (B) - 1 (C) 2 (D) 1

B-4. The value of  x 1
im
®

l  
( )sin n x

n (1 sin (x – 1))+

l

l
  is equal to

(A)  0 (B)  
2
1

(C)  
4
1

(D*)  1

B-5. x 0
im
®

l  
1– cos3x

x

(A) exists and it equals 
3

2

(B) exists and it equals - 3

2
(C) does not exist because x ® 0
(D) does not exist because left hand limit is not equal to right hand limit.

B-6. the valfue of 
®

+
2x 0

2 – 1 cosx
lim

sin x
 is equal to

(A) 
2

2
(B) 

2
4

(C)  
– 2

8
(D) 

2
8

B-7. +® 0x
iml

x
)x1(cos 1 --

 is equal to

(A) 2
1

(B) 2 (C) 1 (D) 0
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B-8.

100
k

k 1

x 2

(x–1) –100

lim
(x–2)

=

®

æ ö
ç ÷
è ø
å

  is equal to

 (A) 0  (B) 5050 (C) 4550 (D) –5050

B-9. ¥®x
iml

2

2

1x sin x 1
x

x x 1

+ +

+ +
  is equal to

(A*) 0  (B) 
2
1

(C) 1 (D) does not exist

B-10.

3 –1
2

2x –

1
x tan

x
lim

4x 3x 1® ¥

æ ö
ç ÷è ø

+ +
 is equal to

(A) 
1
2

(B) –
1
2

(C) 0 (D) does not exist

B-11. ¥®n
iml

n n n 1

n 1 n n 2

7 5 4
7 2 3

+

+ +

+ -
+ + , n Î N is equal to

(A) 
1
9

(B) 
1
7

(C) 1 (D) zero

B-12.
®¥n

lim n cos 
7n
pæ ö

ç ÷
è ø

 sin
3n
pæ ö

ç ÷
è ø

, n Î N is equal to

(A) 
p
3

(B) 
p
4

(C) 
p
6

(D) does not exist

B-13. –
x

2

im
p

®
l  

x
2

cosx

pé ù+ê ú
ê ú
ê ú
ë û

 is equal to (where [ . ] represents greatest integer function)

(A)  1 (B) 0 (C) – 2 (D) does not exist

B-14 ¥®n
iml  n

n

)1(n4
)1(n3

--

-+-
 is equal to (n Î N)

(A) – 
4
3

(B) – 
4
3

 if n is even ;  
4
3

 if n is odd

(C) not exist if n is even ; – 
4
3

 if n is odd (D)  1 if n is even ; does not exist if n is odd

B-15.
®

æ ö+ç ÷
è ø2x 1

2 1
lim

x –11– x
 is equal to

(A) 
1
2

(B) – 
1
2

(C) – 1 (D) Does not exist

B-16. The value of 
5 2 3

2x 0

1 x – 1 3x
lim

x – x®

- +
 is equal to

(A) 
1
2

(B) 1 (C) – 1 (D) – 
1
2
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B-17. ¥®x
iml  

1x x n 1æ ö- +ç ÷
è ø

is equal to :

(A) 
2
1

(B) 
2
3

(C) 3
1

(D) 1

B-18. 0x
im
®

l

2x
– 22

2 2

e cos x x – 2
x sin x

æ ö
+ +ç ÷

ç ÷
ç ÷
è ø

is equal to

(A) 
4
1

(B) 6
1

(C) 
12
1

(D) 8
1

B-19. 0x
im
®

l  -l

2

2

sin (3x )

n cos(x x)  is equal to

(A)  12 (B)  - 12 (C)  6 (D)  - 6

B-20
®

+ + + +
3h 0

sin(a 3h) – 3sin(a 2h) 3sin(a h) – sina
lim

h
 is equal to

(A) cos a (B) –cosa (C) sin a (D) sina cosa

SECTION (C) : Limit of form 00 , ¥0 , 1¥ , Sandwich theorem and Miscellaneous problems
                  on limits.

C-1. ¥®x
iml

+
æ ö
ç ÷+è ø

2x 3
x

x 1
 is equal to

(A) e4  (B) e -4 (C) e–2 (D) e2

C-2. x 0
im

+®
l ( )

1
2 x1 sin x+  is equal to

(A) e5 (B) e2  (C) e (D) e–1

C-3. The value of 
p®

l
tan x

x
2

im ([x])  is equal to (where [ . ] denotes the greatest integer function)

(A) 0 (B) 1 (C) e (D) e-1

C-4.

x3 2

3 2x

x x – 2x 3
lim

x – x 5®¥

æ ö+ +
ç ÷+è ø

  is equal to

(A) 1  (B) 2 (C) e2 (D) e

C-5. The limiting value of (sin x)secx at x = 
p
2

 is:

(A) 1 (B) e (C) 0 (D) none of these

C-6.

pæ ö
ç ÷
è ø

®

æ ö
ç ÷
è ø

l

x
tan

6

x 3

3
im 2 –

x
 is equal to

(A) -
p
3

e (B) -
p
6

e (C) p
2

–
e D) 1
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C-7.

n 1/n

n

x x
lim sin sin

n n®¥

æ ö
ç ÷+
ç ÷
è ø

, (x ¹ 0) is

(A) 2– xe (B) 
2– x

2e (C) 1 (D) e–1

C-8. If [x] denotes greatest integer less than or equal to x, then 2 2 2
3n

1
im ([1 x] [2 x] ...... [n x])

n® ¥
+ + +l is equal to

(A) 
2
x

(B) 3
x

(C) 6
x

(D) 
4
x

Section (D) : Continuity at a point, Continuity in an interval, Continuity of composite
               functions & IMVT

D-1. If 
2

2

x bx 25
ƒ(x)

x 7x 10
- +

=
- +

 for  x ¹ 5 and ƒ is continuous at x = 5, then ƒ(5) has the value equal to-

(A) 0 (B) 5 (C) 10 (D) 25

D-2. Let f(x) = 2

cos(sin x) – cosx
, –2 x 0

x
x – [x] , 0 x 2

ì £ <ï
í
ï £ £î

. whree [.]  represents greatest integer function. Then

(A) f(x) is continuous at x = 2 (B) f(x) is continuous at x = 1
(C) f(x) is discontinuous at x = 0 (D) f(x) is continuous at x = 0

D-3. The function f(x) is defined by f(x) = 
2

4x–3

3
log (x – 2x 5) , if x 1 or x 1

4
4 , if x 1

ì + < < >ï
í
ï =î

(A) is continuous at x = 1
(B) is discontinuous at x = 1 since f(1+) does not exist though f(1–) exists
(C) is discontinuous at x = 1 since f(1–) does not exist though f(1+) exists
(D) is discontinuous since neither f(1–) nor f(1+) exists

D-4. If f(x) = x sin
pæ ö+ç ÷

è ø
(x 2[x])

2
, then f(x) is {where [.] denotes GIF}

(A) Discontinuous at x = 2
(B) Discontinuous at x = 1
(C) Continuous at x = 1
(D) Continuous at x = 3

D-5. If 

4sin x cos x for x
2

ƒ(x) a sin x b for x
2 2

cos x 2 for x
2

pé- + £ -ê
ê

p pê= + - < <ê
ê pê + ³êë

 is continuous then :

(A) a = –1, b = 3 (B) a = 1, b = –3 (C)  a  =  1,  b  =  3 (D) a = –1, b = –3
D-6. Let f(x) = sgn(x) and g(x) = x (x2 – 5x + 6). The function f(g(x)) is discontinuous at

(A) infinitely many points (B)  exactly one point
(C) exactly three points (D) no point
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D-7. If 
1

ƒ(x)
(x 1)(x 2)

=
- -

 and g(x) =
2

1
x

, then set of points in domain of fog(x) at which fog(x) is discontinuous.

(A) 
1

1,0,1,
2

ì ü-í ý
î þ

(B) f

(C) {0,1} (D) 
1

0,1,
2

ì ü
í ý
î þ

D-8. The equation 2 tan x + 5x – 2 = 0 has

(A) no solution in [0, p/4] (B) at least one real solution in [0, p/4]

(C) two real solution in [0, p/4] (D) None of these

Section (E) : Derivability at a point & Derivability in an interval
E-1. If the right hand derivative of ƒ(x) = [x] tan px  at  x  =  7  is  kp, then k is equal to

([y] denotes greatest integer < y)

(A) 6 (B) 7 (C) –7 (D) 49

E-2. If f(x) = 
ì

¹ï
+í

ï =î

1/x

1/x

x(5e – 2)
, x 0

3 e
0 , x 0

, then f(x) is

(A) continuous as well differentiable at x = 0
(B) continuous but not differentiable at x = 0
(C) neither differentiable at x = 0 nor continuous at x = 0
(D) none of these

E-3. If f(x) = x1x
x

-+
 be a real valued function, then

(A) f(x) is continuous, but f¢(0) does not exist
(B) f(x) is differentiable at x = 0
(C) f(x) is not continuous at x = 0
(D) f(x) is not differentiable at x = 0

E-4. The function f(x) = cos-1 (sin x) is:
(A) continuous as well differentiable at x = 0
(B) continuous but not differentiable at x = 0
(C) neither differentiable at x = 0 nor continuous at x = 0
(D) none of these

E-5. If f(x) =
î
í
ì

=
¹++

0xfor0
0xfor}xsin{x}x{x

, where { . } denotes the fractional part function, then:

(A) f is continuous & differentiable at x = 0
(B) f is continuous but not differentiable at x = 0
(C) f is continuous & differentiable at x = 2
(D) none of these.

E-6. The function f(x) = (x2 – 1) | x2 – 3x + 2 | + cos (|x|) is NOT differentiable at :
(A) –1 (B) 0 (C) 1 (D) 2
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E-7. If f (x) = 

( )
ï
ï
ï

î

ï
ï
ï

í

ì

<<-+-

£<
-

£<
+
-

4x3,x24x4
9

3x2,
xx4

1

2x0,
1x
1x

)( 23

2

2

 , then:

(A) f (x) is differentiable at x = 2 & x = 3
(B) f (x) is non-differentiable at x = 2 & x = 3
(C) f (x) is differentiable at x = 3 but not at x = 2
(D)  f (x) is differentiable at x = 2 but not at x = 3.

E-8. The set of all points where the function f(x) = 23 x | x |  is differentiable is:

(A) (- ¥, ¥) (B) [ 0, ¥)  (C) (- ¥, 0) È (0, ¥) (D) (0, ¥)

E-9. If f (x) is differentiable everywhere, then:
(A) ½f ½ is differentiable everywhere

(B) 2f  is differentiable everywhere

(C) f ½f½ is not differentiable at some point

(D) f + ½f½ is differentiable everywhere

E-10. Let f(x) be defined in [–1, 1] by f(x) = 
max( 1 – x, 1 x) , –1 x 0

min( 1 – x, 1 x) , 0 x 1

ì + £ £ï
í

+ < £ïî
, then f(x) :

(A) is continuous at all points (B) is not continuous at more than one point
(C) is not differentiable only at one point (D) is not differentiable at more than one point

E-11. If ƒ(x) = (x5 + 1)  |x2 – 4x – 5| + sin|x| + cos(|x – 1|), then ƒ(x) is not differentiable at -
(A) 2 points (B) 3 points (C) 4 points (D) zero points

E-12. Let f(x) = x – x2 and g(x) = 
î
í
ì

>p
££££

1x,xsin
1x0,xt0),t(fmax

, then in the interval [0, ¥)

(A) g(x) is everywhere continuous except at two points
(B) g(x) is everywhere differentiable except at two points
(C) g(x) is everywhere differentiable except at x = 1
(D) none of these

E-13. Consider the following statements :
S1 : Number of points where f(x) = | x sgn (1 – x2) | is non-differentiable is 3.

S2 : Number of points where f(x) = )x(sinsin
1

1–  is non-differentiable in the interval (0, 3p) is 3.

S3 : Let f(x) = |[x] x| for – 1 £ x £ 2, where [.] is greatest integer function, then f is not differentiable
at x = 2.

S4 : If f(x) takes only rational values for all real x and is continuous, then f ¢(10) = 10.
(A) FTTT (B) TTTF (C) TFTF (D) FFTF
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E-14. for what triplets of real number (a, b, c) with a ¹ 0 the function

f(x) = 2

x , x 1

ax bx c , otherwise

£ì
í

+ +î
 is differentiable for all real x ?

(A)  {(a, 1 – 2a, a) | a Î R, a ¹ 0}
(B) {(a, 1 – 2a, c) | a, c Î R, a ¹ 0}
(C) {(a, b, c) | a, b, c Î R, a + b + c = 1}
(D) {(a, 1 – 2a, 0) | a Î R, a ¹ 0}

Section (F) : Functional Equations and Miscellaneous

F-1. Let ƒ be differentiable at x = 0 and ƒ'(0) = 1. Then 
( )

h 0

ƒ(h) ƒ 2h
lim

h®

- - =

(A) 3 (B) 2 (C) 1 (D) –1

F-2. If f(x + y) = f(x) . f(y), " x, y Î R and f(1) = 
1
3

, then the value of 
n 1

f(n)
¥

=
å   is

(A) 
1
3

(B) 
1
2

(C) 1 (D) 3

F-3. If f(1) = 1 and f(n + 1) = 2f(n) + 1 if n ³ 1, then f(n) is equal to

(A) 2n + 1 (B) 2n (C) 2n – 1 (D) 2n–1 – 1

F-4. If y = f(x) satisfies the condition 
1

f x
x

æ ö+ç ÷
è ø

= x +
1
x

, (x > 0), then f(x) is equal to

(A) - x2 + 2 (B) - x2 - 2
(C) x2 – 2, x Î (0, ¥) (D) x2 - 2, x Î [2, ¥)

F-5. A function f : R ® R satisfies the condition xf(x) + f(1 - x) = x - x2. Then f(x) is:

(A) 
2

2

x(1 – x )
x – x 1+

(B) 
2

2

x (1 – x)
x x 1+ +

(C) 
2

2

x (1 – x)
x – x 1+

(D) 
2

2

x (x – 1)
x – x 1+

F-6. If f: R ® R be a differentiable function, such that f(x + 2y) = f(x) + f(2y) + 4xy " x, y Î R. then
(A) f¢(1) = f¢(0) + 1 (B) f¢(1) = f¢(0) – 1 (C) f¢(0) = f¢(1) + 2 (D) f¢(0) = f¢(1) – 2

PART - III : MATCH THE COLUMN
1. Let [.] denotes the greatest integer function.

Column – I Column – II

(A) If P(x) = [2 cos x], x Î [–p, p], then P(x) (p) is discontinuous at exactly 7 points
(B) If Q(x) = [2 sin x], x Î [–p, p], then Q(x) (q) is discontinuous at exactly 4 points

(C) If R(x) = [2 tan x/2], x Î úû
ù

êë
é pp
-

2
,

2 , then R(x) (r) is non differentiable at some points

(D) If S(x) = úû
ù

êë
é

3
xeccos3 , x Î úû

ù
êë
é p

p 2,
2 , then S(x) (s) is continuous at infinitely many values
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2. Column - I Column - II

(A) If f(x) is derivable at x = 3 & f ' (3) = 2, (p) 0

     then 
®

+ - -2 2

2h 0

f (3 h ) f (3 h )
Limit

2h
 equals

(B) Let f(x) be a function satisfying the condition (q) 1

    f(–x) = f(x) for all real x. If f ' (0) exists, then its value is equal to

(C) For the function f(x) =

é ¹ê +ê
=êë

1/ x

x
,x 0

1 e
0, x 0

(r) 2

     the left hand derivative of f(x) at x = 0 is

(D) The number of points at which the function (s) 3

     f(x) = max. {a – x, a + x, b}, –¥ < x < ¥,

     0 < a < b cannot be differentiable is
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PART - I : SINGLE OPTION CORRECT TYPE

1. The value of 
®

q - q -
-

x x

x 2

sec tan 1
lim

x 2
 is equal to

(A) sec2q. ln secq + tan2q. ln tanq (B) sec2q. ln tanq + tan2q. ln secq
(C) sec2q. ln tanq – tan2q. ln secq (D) sec2q. ln secq – tan2q. ln tanq

2. -®ax
iml

| |x
a

x
a

3 3

- é
ëê

ù
ûú

æ

è
ç
ç

ö

ø
÷
÷  (a < 0), where [x] denotes the greatest integer less than or equal to x, is equal to

(A) – a2 – 1 (B) – a2 + 1 (C) a2 – 1 (D) – a2

3.
¥®n

iml
n432 2

xcos.......
2
xcos

2
xcos

2
xcos

2
xcos  is equal to

(A) 1 (B)  - 1 (C)  
x

xsin
(D) 

xsin
x

4. 0
im
®q

l  
msin mtanæ öq qé ù é ù+ç ÷ê ú ê úq që û ë ûè ø

, where [.] represents greatest integer function and m Î Z, is equal to

(A) 2m (B) 2m – 1 (C) 2m +1 (D) does not exist

5. ¥-®x
iml

2

2

1
x sin

x

4x x 1

æ ö
ç ÷
è ø

+ +
 is equal to

(A) 
1
2

(B) – 
1
2

(C) 0 (D) does not exist

6. If a and b be the roots of equation ax2 + bx + c = 0, then a®x
iml  ( )1 2

1

+ + + -ax bx c x a
is equal to

(A) a (a - b) (B) ln |a (a - b) | (C) ea ( )a b- (D) ea| |a b-

7. ¥®x
iml  

n

e
1

xe
1

xx

x

32e xnxn

÷÷
÷

ø

ö

çç
ç

è

æ
÷
ø
öç

è
æ-÷

ø
öç

è
æ

 , n Î N, is equal to

(A) 0 (B) ln2 – ln3 (C) ln3 – ln2 (D) none of these

8. 0y
im
®

l

( ) ( )
x

11y 5yexp x n 1 exp x n 1x x
im

y® ¥

æ öæ öæ ö+ - +ç ÷ ç ÷ç ÷è ø è øç ÷
ç ÷ç ÷
è ø

l l

l  is equal to

(A) 16 (B) –16 (C) 6 (D) -6

9. The value of 
2

x
im

p®
l  sin x

1 – sin x n sin x
sin x – (sin x)

+ l

 is

(A) 1 (B) 1/2 (C) 3 (D) p/2
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10. The graph of the function f(x) = 0t
im

®
l  ÷

ø
ö

ç
è
æ

p
-

2
1

t
xcotx2

 is

(A) (B) (C*) (D) 

11. Let [x] denote the integral part of x Î R and g(x) = x - [x]. Let f(x) be any continuous function with
f(0) = f(1), then the function h(x) = f(g(x)) :
(A) has finitely many discontinuities (B) is continuous on R
(C) is discontinuous at some x = c (D) is a constant function.

12. The function f(x) is defined by f(x) = 
( )

ïî

ï
í
ì

=
><<+--

1xif,4
1xor1xif,5x2xlog 4

32
)3x4(

(A) is continuous at x = 1
(B) is discontinuous at x = 1 since f(1+) does not exist though f(1-) exists
(C) is discontinuous at x = 1 since f(1-) does not exist though f(1+) exists
(D) is discontinuous since neither f(1-) nor f(1+) exists.

13. Let f(x) = 
2x if x is irrational

4 if x is rational

é
ê
ë

,  then:

(A) f(x) is discontinuous for all x
(B) discontinuous for all x except at x = 0
(C) discontinuous for all x except at x = 2 or - 2
(D) none of these

14. A point (x, y), where function f(x) = [sin [x]] in (0, 2p) is not continuous, is ([.] denotes greatest
integer £ x).
(A) (3, 0) (B) (2, 0) (C) (1, 0) (D) (4, –1)

15. The function f defined by f(x) = ¥®t
lim . ïþ

ï
ý
ü

ïî

ï
í
ì

+p+

-p+

1)xsin1(
1)xsin1(

t

t

 is

(A) everywhere continuous (B) discontinuous at all integer values of x
(C) continuous at x = 0 (D) none of these

16. If f(x) = 

ï
ï
ï

î

ï
ï
ï

í

ì

=

<÷
ø

ö
ç
è

æ +--

>÷
ø

ö
ç
è

æ +

0x,0

0x,
x
1sinx1x

0x,
x
1sinx1x

, then f(x) is

(A) continuous as well as diff. at x = 0
(B) continuous at x = 0, but not diff. at = 0
(C) neither continuous at x = 0 nor diff. at x = 0
(D) none of these

17. The functions defined by f(x) = max {x2, (x - 1)2, 2x (1 - x)}, 0 £ x £ 1
(A) is differentiable for all x
(B) is differentiable for all x except at one point
(C) is differentiable for all x except at two points
(D) is not differentiable at more than two points.
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18. For what triplets of real numbers (a, b, c) with a ¹ 0 the function

f(x) =
î
í
ì

++

£

otherwise,cbx2ax
1x,x

 is differentiable for all real x?

(A) {(a, 1-2a, a) ç a Î R, a ¹ 0 }

(B) {(a, 1-2a, c) ç a, c Î R, a ¹ 0 }

(C) {(a, b, c) ç a, b, c Î R, a + b + c = 1 }

(D) {(a, 1-2a, 0) ç a Î R, a ¹ 0}

19. [x] denotes the greatest integer less than or equal to x. If f(x) = [x]  [sin px] in (-1,1), then f(x) is:

(A) continuous at x = 0

(B) continuous in (-1, 0)

(C) differentiable in (-1,1)

(D) none

20. Let f(x) = [n + 11 sin x], x Î (0, p), n Î N and [x] is greatest integer less than or equal to x. The number
of points at which f(x) is not differentiable is

(A) 11 (B) 10 (C) 23 (D) 21

21. Let f: R ® R be any function and g (x) =
)x(f

1
. Then g is

(A) onto if f is onto
(B) one-one if f is one-one
(C) continuous if f is continuous
(D) differentiable if f is differentiable

22. Let f(x) = x3 - x2 + x + 1 and g(x) =
{ }

î
í
ì

£<+-
££££

2x1forxx3
1x0forxt0for)t(fmax

2 , then:

(A) g(x) is continuous & derivable at x = 1
(B) g(x) is continuous but not derivable at x = 1
(C) g(x) is neither continuous nor derivable at x = 1
(D) g(x) is derivable but not continuous at x = 1

23. Let f : R ® R be a function such that f ÷
ø
ö

ç
è
æ +

3
yx

 = 3
)y(f)x(f +

, f(0) = 0 and f¢(0) = 3, then

(A)
x

)x(f
 is differentiable in R

(B) f(x) is continuous but not differentiable in R
(C) f(x) is continuous in R
(D) f(x) is bounded in R

24. If a differentiable function f satisfies  f ÷
ø
ö

ç
è
æ +

3
yx

 = 3
))y(f)x(f(24 +-

 " x, y Î R, then f(x) is equal to

(A) 
7
1

(B) 
7
2

(C) 
7
8

(D) 
7
4
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PART - II : NUMERICAL TYPE

1. Let f(x) = 
})x{1(}x{2

})x{1(cos.})x{1(sin 11

-

-- --

 and 
+

-

®

®

æ ö
ç ÷ =ç ÷ç ÷
è ø

l

l

x 0

x 0

im f(x)

im f(x)
P , then P is equal to

(where {.} denotes the fractional part function)

2. Let f (x) = 
2

1 1
x sin sin , x 0

x x
æ ö æ ö+ >ç ÷ ç ÷
è ø è ø

, then ¥®x
iml  f(x) is equal to

3. 0x
im
®

l  
æ ö-
ç ÷ç ÷
è ø

2
1 cos x cos2x

x
 is equal to

4. If im
x
l

¥® f(x) exists and is finite and nonzero and  im
x
l

¥®  2

6f(x) 1
2f(x)

4f (x)

-æ ö+ç ÷
è ø

 = 3, then the value of im
x
l

¥®  f(x)

is equal to

5. If f(x) =
î
í
ì

<-
³-

1x,2x2
1x,1x

2    ,    g(x) = 
î
í
ì

£+-
>+

0x,1x
0x,1x

2   and h(x) =  |x|,

then 0x
im
®

l  f(g(h(x))) is equal to

6. If  f(x) =
î
í
ì ±±=p¹

otherwise,2
,........2,1,0n,nx,xsin

and g(x) = 
ïî

ï
í
ì

=
=
¹+

2x,5
0x,4

2,0x,1x2

, then  0x
im
®
l   g (f(x))  is

equal to

7. ¥®n
iml

2n

2
r 0

1

n r=

æ ö
ç ÷

+è ø
å  is equal to

8. The value of 
®

é ù
ê úë û

4
4x 0

1lim x
x  where [.] denotes G..I.F., is

9. 0x
im
®

l

- -æ ö-
ç ÷ç ÷
è ø

1 1

3
sin x tan x

x  is equal to

10. The value of 
( )

ú
ú
ú

û

ù

ê
ê
ê

ë

é
+-

® xtan
x1elim x

1

0x where [.] denotes GIF is

11. If im
0x

l

®  
)xsinbx(xa

x3

-+
 = 1, then the value of 

a
10 b  where a > 0, is

12. If f(x) = 

n 5x
1

æ ö-ç ÷lè øl=
å 4x

1
æ ö-ç ÷l +è ø

, then
¥®n

iml f(0) is equal to
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13. Let f(x) = 
ïî

ï
í
ì

³
+

<-

¥®
0xif

x1
1im

0xif)1(

nn

]x[ 2

l
. Then  x 0

im
-®

l  f(x) + x 0
im

+®
l f(x) equals (where [ . ] represents greatest integer

function)

14. If   0x
im
®

l  
)xtanx(sin

xk2
xncos2ee 2xnxn

-

--+-

  exists  and  finite (n, k Î N), then the least value of

2n
k

 is :

15. If ¥®n
iml 1 2 1 3 2 1

1 2 3

2 2 2 2

3 3 3 3

n n n n

n

+ - + - + +
+ + + +

( ) ( ) ..... .

......
= P, then P is equal to

16. If ¥®n
iml  

98

x x
n

n (n 1)- -
 = 

1
99 , then the value of x equals

17. The number of points of discontinuity of f(x) = [ ]î
í
ì

£
>

p
-

1x
1x

forxcos
for]x[5x4

 (where [x] is the greatest integer not greater than x) in [0, 2] is

18. If f(x) = 

ì + + - £ £ -
ï

- - < £í
ï - - < £î

2

2

4x 24x 32 , 4 x 2
2 | x | , 2 x 1

4x x 2 , 1 x 13
, then the maximum length of interval for which f(|x|) is continuous

is

19. Let f(x) =
2)x2(

xsin1
-p
- .

)x4x41(n
)x(sinn

22 +p-p+l

l  , x ¹
2
p

. The value of f ÷
ø
ö

ç
è
æ p

2  so that the function is continuous

at x = 
2
p

 is l and |l|ab = 1 where a, b Î N then least value of 
a
b  is

20. If the function f(x) defined as f(x) = 

ï
ï
ï
ï
ï

î

ï
ï
ï
ï
ï

í

ì

p
<<

+

++

=

<<
p

-+

+-+- 2
x0,

beae

eee

0x
,

a

0x
2,)xcosx(sin

x
31

x
12

x
3

x
2

x
1

ecxcos

is continuous at x = 0 , then the value of 4elog a + 9b is :

21. The number of points of non differentiability of the function f  (x) = |sin x| + sin |x| in [–4p, 4p] is

22. If f (x) = 
ï
î

ï
í

ì

£<+p

££++
+-

p

- 2x1,xtanxcos2

1x0,bax
8x3x

]x[sin

1

3
2

2

 is differentiable in [0 , 2] , then the value of  a – b + 
4
p

 is
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23. If f(x) = ïî

ï
í
ì

£<+-+
££-

2x1forbx)2x2(cos)1x(sgna
1x0forex

2

)1x(22

 is differentiable at x = 1 then 
2

2

a 6
b
+

=

24. Find number of points of non-differentiability of f(x) = 
x n

x nn

{e } 1lim
{e } 1®¥

-
+  in interval [0, 1] where {.}  represents

fractional part function

25. Let [x] denote the greatest integer less than or equal to x. The number of integral points in [–1, 1] where
f(x) = [x sin px] is differentiable are

26. Let f¢¢(x) be continuous at x = 0 and f¢¢(0) = 4 then value of 0x
lim
®  2x

)x4(f)x2(f3)x(f2 +-
 is

27. Let f : R ® R is a function satisfying f(10 – x) = f(x) and f(2 – x ) = f(2 +x) x Î R. If f(0) = 101, then the
minimum possible number of values of x satisfying f(x) = 101 for x Î [0,30] is

28. Find the natural number 'a' for which å
=

+
n

1k

)ka(f  = 2048(2n – 1), where the function ‘f’ satisfies the relation

f(x + y) = f(x) . f(y) for all natural numbers x & y and further f(1) = 2

PART - III : ONE OR MORE THAN ONE OPTIONS CORRECT TYPE

1. Let f(x) = ]x[x
20x9x2

-
+-

 (where [x] denotes greatest integer less than or equal to x), then

(A) -®5x
iml  f(x) = 0 (B) +®5x

iml  f(x) = 1

(C) 5x
im
®

l  f(x) does not exist (D) none of these

2. If l = 0x
im
®

l
3x

xsinb)xcosa1(x -+
 =  0x

im
®

l
2x

xcosa1+
 – 0x

im
®

l  3x
xsinb

, where l Î R, then

(A) (a, b) = (–1, 0) (B) a & b are any real numbers

(C) l = 0 (D) l = 
2
1

3. If   
2 2 2 2

x a

3x a x 3a
lim

(x a)®

+ - +
=

-
l  then -

(A) l = 1 " a Î ¡ (B) l = 1 " a > 0 (C) l = –1 " a < 0 (D) l = D.N.E. if a = 0

4. Let f(x) = xsin
|x| p+
, then

(A) f(–p+) = - 1 (B) f(–p-) =  1

(C) p-®x
iml  f(x) does not exist (D) p®x

iml  f(x) does not exist

5. Let a, b be the roots of equation ax2 + bx + c = 0, where 1 < a < b and im
xx

0

l
® cbxax

cbxax
2

2

++

++
 = 1, then which

of the following statements is correct
(A) a > 0 and x0 < 1 (B) a > 0 and x0 > b
(C) a < 0 and a < x0 < b (D) a < 0 and x0 < 1
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6. im
0x

l

®
( )

ú
ú
û

ù

ê
ê
ë

é
-

x
xsine1 x

 , where [×] represents greatest integer function, is equal to

(A) – 1 (B) 1 (C) 2 1log ( 2 1)
+

- (D) does not exist
7. Given a real valued function f such that

f(x) =

ï
ï
ï
ï

î

ïï
ï
ï

í

ì

<

=

>
-

0x,}x{cot}x{

0x,1

0x,
)]x[x(

]x[tan
22

2

where [.] represents greatest integer function and {.} represents fractional part function, then

(A) 0x
im
®

l  f(x) = 1 (B) -®0x
iml f(x) = cot1

(C) cot–1 
2

0x
)x(fim ÷
ø
ö

ç
è
æ

-®
l = 1 (D) +®0x

iml  f(x) = 0

8. If 0x
im
®

l  3x
xsinax2sin +

 = p (finite), then

(A) a = – 2 (B) a = – 1 (C) p = – 2 (D) p = – 1

9.
Ax
)1ax(im n

n

x +

+
¥®

l is equal to

(A) an if n Î N (B) ¥ if n Î Z– & a = A = 0

(C) 
A1

1
+

 if n = 0 (D) an if n Î Z–, A = 0 & a ¹ 0

10. If l = ¥®x
iml  (sin 1x +  – sin x )  and m = ¥-®x

iml  [sin 1x +  – sin x ], where [.] denotes the greatest integer

function, then :
(A) l = 0 (B) m = 0
(C) m is undefined (D) l is undefined

11. Let 0x
im
®

l
4x

xcos)x(sincos -
 = l and 3x 0

x sinxim
x®

-
l = m, then

(A) 
–1
6

=l (B) m = 6
1

(C) l + m = 0 (D) l = m

12. If f(x) = xsin|x| , then

(A) -®0x
iml  f(x) = 1 (B) +®0x

iml  f(x) = 1

(C) 0x
im
®

l  f(x) = 1 (D) limit does not exist at x = 0

13. If 
0x

im
®

l  ( ) x
1

bxsinaxcos +  = e2 , then the possible values of  ' a '  &  ' b ' are :
(A)  a = 1 ,  b = 2 (B)  a = 2 ,  b = 1 (C)  a = 3, b = 2/3 (D)  a = 2/3 ,  b = 3

14. +®0x
iml xsinlog

2
x

sin
 is equal to

(A) 1 (B)  0 (C) 
sin x

x 0
lim x
®

(D) 
sin x

x 0
lim (tan x)

+®
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15. ¥®x
iml

x

n

e
x

 = 0,  n Î integer number, is true for

(A) no value of n (B) all values of n
(C) negative values of n (D) positive values of n

16. If f (x) = ¥®n
Limit  1x

xsinx)2x(log
n2

n2

+
-+

 (n Î N), then

(A) x 1
lim f(x)

+®  = –sin1 (B) x 1
lim f(x)

-®  = log3

(C) x 1
lim f(x)

® = sin1 (D) f(1) = 
log3 sin1

2
-

17. Which of the following function(s) defined below has/have single point continuity.

(A) f(x) = 
1

0

if x Q

if x Q

Î
Ï

é

ë
ê (B) g(x) = 

x if x Q

x if x Q

Î
- Ï

é

ë
ê1

(C)  h(x) = 
x if x Q

if x Q

Î
Ï

é

ë
ê0

(D) k(x) = 
x if x Q

x if x Q

Î
- Ï

é

ë
ê

18. The function f(x) =
ï
î

ï
í

ì

<÷
ø
ö

ç
è
æ

+÷
ø
ö

ç
è
æ

-÷
÷

ø

ö

ç
ç

è

æ
³-

1x,
4

13
2
x3

4

2x

1x,|3x|

 is:

(A) continuous at x = 1 (B) differentiable at x = 1
(C) continuous at x = 3 (D) differentiable at x = 3

19. If f(x) = 
2
1

x – 1, then on the interval [0, p]

(A) tan (f(x)) and )x(f
1

 are  both continuous

(B) tan (f(x)) and )x(f
1

 are both discontinuous

(C) tan (f(x)) and f–1 (x) are both continuous

(D) tan (f(x)) is continuous but )x(f
1

 is not.

20. Let f(x) and g(x) be defined by f(x) = [x] and g(x) = 
î
í
ì

I-Î
IÎ

Rx,x
x,0

2  (where [ . ] denotes the greatest

integer function), then

(A) 1x
lim

®  g(x) exists, but g is not continuous at x = 1

(B) 1x
lim

®  f(x) does not exist and f is not continuous at x = 1

(C) gof is continuous for all x
(D)  fog is continuous for all x

21. Let f(x) = [x] + ]x[x - , where [ . ] denotes the greatest integer function. Then
(A) f(x) is continuous on R+ (B) f(x) is continuous on R
(C) f(x) is continuous on R – I (D) discontinuous at x = 1
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22. Which of the following function(s) is/are discontinuous at x = 0 ?

(A) ƒ(x) = sin
2x
p

, x ¹ 0 and ƒ(0) = 1

(B) g(x) = x sin
x
pæ ö

ç ÷
è ø

, x ¹ 0 and g(0) = p

(C) 
| x |

h(x)
x

= , x ¹ 0 and h(0) = 1

(D) 
cot x

1
k(x) , x 0

1 e
= ¹

+
 and k(0) = 0.

23. A function ƒ(x) is defined as ( )
3

Asin x sin 2x
ƒ(x) , x 0

x
+

= ¹ . If the function is continuous at

x = 0, then -
(A) A = –2 (B) ƒ(0) = –1 (C) A = 1 (D) ƒ(0) = 1

24. In which of the following cases the given equations has atleast one root in the indicated interval ?

(A) x – cos x = 0 in (0, p/2)

(B) x + sinx = 1 in (0, p/6)

(C) +
- -
a b

x 1 x 3
= 0, a, b > 0 in (1, 3)

(D) f(x) – g(x) = 0 in (a, b) where f and g are continuous on [a, b] and f(a) > g(a) and f(b) < g(b).

25. The points at which the function, f(x) = ½x - 0.5½ + ½x - 1½ + tan x does not have a derivative in the
interval (0, 2) are:

(A) 1 (B) p/2 (C) p/4 (D) 1/2

26. f(x) = (sin-1x)². cos (1/x) if x ¹ 0; f(0) = 0, f(x) is:

(A) continuous no where in -1 £ x £ 1

(B) continuous everywhere in -1 £ x £ 1

(C) differentiable no where in -1 £ x £ 1

(D) differentiable everywhere in -1 < x < 1

27. Which of the following statements is/are correct ?

(A) There exist a function  ƒ : [0,1] ® ¡ which is discontinuous at every point in [0,1] & |ƒ(x)| is continuous
at every point in [0,1]

(B) Let F(x) = ƒ(x). g(x) . If ƒ(x) is differentiable at x = a ,ƒ(a) = 0 and g(x) is continuous at x = a then F(x) is
always differentiable at x = a.

(C) If Rf (a)'  = 2 & Lf (a)'  = 3, then ƒ(x) is non-differentiable at x = a but will be always continuous at
x = a

(D) If ƒ(a) and ƒ(b) possess opposite signs then there must exist at least one solution of the equation
ƒ(x) = 0 in (a,b) provided ƒ is continuous on [a,b]
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28. Graph of ƒ(x) is shown in adjacent figure, then in [0, 5]          
2

1

1 2 3 4 50 x

y
(A) ƒ(x) has non removable discontinuity at two points
(B) ƒ(x) is non differentiable at three points in its domain

(C) 
x 1
lim ƒ(ƒ(x)) 1

®
=

(D) Number of points of discontinuity = number of points of non-differentiability

29. If f(x) = a0 + å
=

n

1k

k
k |x|a , where ai ¢s are real constants, then f(x) is

(A) continuous at x = 0 for all ai

(B) differentiable at x = 0 for all ai Î R

(C) differentiable at x = 0 for all a2k – 1 = 0

(D) none of these

30. Let f : R ® R be a function such that f(0) = 1 and for any x, y Î R,  f(xy + 1) = f(x) f(y) – f(y) – x + 2. Then f is

(A) one-one (B) onto (C) many one (D) into

31. Suppose that f is a differentiable function with the property that f(x + y) = f(x) + f(y) + xy and

0h
lim
®  

h
1

f(h) = 3

where [.] represents greatest integer function, then
(A) f is a linear function

(B) 2f(1) = 1/ x
x 0
lim(1 2x)
®

é ù+ê úë û

(C) f(x) = 3x + 
2
x2

(D) f ’(1) = 4

PART - IV : COMPREHENSION

Comprehension # 1

Consider f(x) = 3

xx

x
)x1(ncbeaexsin ++++ -

l
, where a, b, c are real numbers.

1. If +®0X
iml f(x) is finite, then the value of a + b + c is

(A) 0 (B) 1 (C) 2 (D) – 2

2. If +®0X
iml f(x)  = l (finite), then the value of l is

(A) – 2 (B) – 
2
1

(C) – 1 (D)  – 3
1

3. Using the values of a, b, c as found in Q.No. 1 or Q. No.2 above, the value of +®0x
iml  x f(x)  is

(A) 0 (B) 
2
1

(C) – 
2
1

(D)  2
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Comprehension # 2

If both -®cx
Lim  f(x) and +®cx

Lim  f(x) exist finitely and are equal , then the function f is said to have removable

discontinuity at x = c

If both the limits i.e. -®cx
Lim  f(x) and +®cx

Lim  f(x) exist finitely and are not equal, then the function f is said

to have non-removable discontinuity at x = c and in this case | +®cx
Lim  f(x) – -®cx

Lim  f(x) | is called jump of

the discontinuity.

4. Which of the following function has non-removable discontinuity at the origin ?

(A) f(x) = |x|n
1

l
(B) f(x) = x sin

p
x

(C) f(x) = xcot21
1

+ (D) f(x) = cos ÷
ø
ö

ç
è
æ

x
|xsin|

5. Which of the following function not defined at x = 0 has removable discontinuity at the origin ?

(A) f(x) =
x
1

21

1

+
(B) f(x) = tan–1 

1
x

(C) f(x) =
1e

1e
x
1

x
1

+

-
(D) f(x) = |x|n

1
l

6. If f(x) = 
ê
ê
ê

ë

é

p
>+p

p
£-

4
x;1]x[

4
x;)x(tantan 1

, then jump of discontinuity is

(where [ . ] denotes greatest integer function)

(A) 
4
p

 – 1 (B) 
4
p

 + 1

(C) 1 – 
4
p

(D) – 1 – 
4
p

Comprehension # 3

Let  f(x) = 
î
í
ì

>-+
£

0x,xaxx
0x,)x(gx

32 , where g(t) = 
0x

lim
®

 (1 + a tan x)t/x,  a  is positive constant, then

7. If  a  is even prime number, then g(2) =

(A) e2 (B) e3 (C) e4 (D) none of these

8. Set of all values of  a  for which function f(x) is continuous at x = 0

(A) (–1, 10) (B) (–¥, ¥) (C) (0, ¥) (D) none of these

9. If  f(x) is differentiable at x = 0, then a Î

(A) (–5, –1) (B) (–10, 3) (C) (0, ¥) (D) none of these
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Comprehension # 4

Let f : R ® R be a function defined as,

f(x) = 
î
í
ì

>
£-

1|x|,0
1|x|,|x|1

 and   g(x) = f(x – 1) + f(x + 1), " x Î R. Then

10. The value of g(x) is :

(A) 

ï
ï
ï
ï

î

ïï
ï
ï

í

ì

>
£<-
£<
£<--

-££-+
-£

=

3x,0
3x1,x2
1x0,x
0x1,x
1x3,x2

3x,0

)x(g (B) 

ï
ï
ï
ï

î

ïï
ï
ï

í

ì

>
£<-
£<
£<--

-££-+
-£

=

2x,0
2x1,x2
1x0,x
0x1,x
1x2,x2

2x,0

)x(g

(C) 

ï
ï
ï
ï

î

ïï
ï
ï

í

ì

£
<£-
<<
££-
<<+

£

=

x4,0
4x3,x2
3x2,x
2x1,x
1x0,x2

0x,0

)x(g (D) none  of these

11. The function g(x) is continuous for, x Î
(A) R – {0, 1, 2, 3, 4} (B) R – {–2, –1, 0, 1, 2}
(C) R (D) none of these

12. The function g(x) is differentiable for, x Î
(A) R (B) R – {–2, –1, 0, 1, 2}
(C) R – {0, 1, 2, 3, 4} (D) none of these
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PART - I : PREVIOUS YEARS JEE ADVANCE PROBLEMS

* Marked Questions may have more than one correct option.

1. If 
0x

lim
® [ ]x

1
2 )b1ln(x1 ++ = 2b sin2 q, b > 0 and q Î (–p, p], then the value of q is

[IIT-JEE 2011, Paper-2, (3, –1), 80]

(A) ±
4
p

(B) ± 3
p

(C) ± 6
p

(D) ± 
2
p

2*. Let f : R ® R be a function such that f(x + y) = f(x) + f(y), " x, y Î R. If f(x) is differentiable at x = 0, then
(A) f(x) is differentiable only in a finite interval containing zero
(B) f(x) is continuous " x Î R
(C) f¢(x) is constant "x Î R
(D) f(x) is differentiable except at finitely many points

3*. If f(x) = 

ï
ï
ï

î

ïï
ï

í

ì

>
£<-

£<
p

--

p
-£

p
--

1x,xn
1x0,1x

0x
2

,xcos
2

x,
2

x

l

  , then [IIT-JEE 2011, Paper-2, (4, 0), 80]

(A) f(x) is continuous at x = – 
2
p

(B) f(x) is not differentiable at x = 0

(C) f(x) is differentiable at x = 1 (D) f(x) is differentiable at x = – 
2
3

4. Let f : (0, 1) ® R be defined by f(x) = bx1
xb

-
-

, where b is a constant such that 0 < b < 1. Then

(A) f is not invertible on (0, 1) (B) f ¹ f–1 on (0, 1) and f¢(b) = )0(f
1

¢

(C) f = f–1 on (0, 1) and f¢(b) = )0(f
1

¢ (D) f–1 is differentiable on (0, 1)

5. If  ¥®x
lim ÷

÷
ø

ö
ç
ç
è

æ
--

+
++ bax

1x
1xx2

 = 4, then [IIT-JEE 2012, Paper-1, (3, –1), 70]

(A) a = 1, b = 4 (B) a = 1, b = –4
(C) a = 2, b = –3 (D) a = 2, b = 3

6. Let a(a)  and b(a) be the roots of the equation ( ) ( ) ( ) 01–a1x1–a1x1–a1 623 =+++++ where a > –1.

Then +®0a
lim a(a) and +®0a

lim b(a) are [IIT-JEE 2012, Paper-2, (3, –1), 66]

(A) – 
2
5

 and 1 (B) – 
2
1

 and –1 (C)  – 
2
7

 and 2 (D) – 
2
9

 and 3
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7. Let f(x) = Rx,
0x,0

0x,
x

cosx2
IÎ

ïî

ï
í
ì

=

¹
p

, then f is

(A) differentiable both at x = 0 and at x = 2 [IIT-JEE 2012, Paper-1, (3, –1), 70]
(B) differentiable at x = 0 but not differentiable at x = 2
(C)  not differentiable at x = 0 but differentiable at x = 2
(D) differentiable neither at x = 0 nor at x = 2

8*. For every integer  n, let an and bn be real numbers. Let function f : IR ® IR be given by

f(x) = 
î
í
ì

-Îp+
+Îp+

)n2,1n2(xfor,xcosb
]1n2,n2[xfor,xsina

n

n
,  for all integers n.

If f is continuous, then which of the following hold(s) for all n ?  [IIT-JEE 2012, Paper-2, (4, 0), 66]
(A) an–1 – bn–1 = 0 (B) an – bn = 1 (C) an – bn+1 = 1 (D) an–1 – bn = –1

9*. For every pair of continuous functions f, g:[0, 1] ® R such that
max {f(x) : x Î [0,1]} = max {g(x) : x Î [0, 1]}, [JEE (Advanced) 2014, Paper-1, (3, 0)/60]
the correct statement(s) is (are) :
(A) (f(c))2 + 3f(c) = (g(c))2 + 3g(c) for some c Î [0, 1]
(B) (f(c))2 + f(c) = (g(c))2 + 3g(c) for some c Î [0, 1]
(C) (f(c))2 + 3f(c) = (g(c))2 + g(c) for some c Î [0, 1]
(D) (f(c))2 = (g(c))2 for some c Î [0, 1]

10. The largest value of the non-negative integer a for which 
4
1

1)1xsin(x
a)1xsin(axlim

x1
x1

1x
=

þ
ý
ü

î
í
ì

--+
+-+- -

-

®
 is

[JEE (Advanced) 2014, Paper-1, (3, 0)/60]
11. Let f : R ® R and g : R ® R be respectively given by f(x) = |x| + 1 and g(x) = x2 + 1. Define h : R ® R

by 
max {f(x),g(x)} if x 0,

h(x)
min {f(x),g(x)} if x 0.

£ì
ï= í
ï >î

 The number of points at which h(x) is not differentiable is

12. Let f1 : R ® R, f2 : [0, ¥) ® R,f3 : R ® R and f4 : R ® [0, ¥) be defined by

f1(x) = 
î
í
ì

³
<

;0xife
,0xif|x|

x [JEE (Advanced) 2014, Paper-2, (3, –1)/60]

f2(x) = x2 ;

f3(x) = 
sinx if x 0,

x if x 0
<ì

í
³î

and

f4(x) = 
î
í
ì

³
<

0xif1–))x(f(f
,0xif))x(f(f

12

12

List I List II
P. f4  is 1. onto but not one-one

Q. f3 is 2. neither continuous nor one-one

R. f2o f1 is 3. differentiable but not one-one

S. f2 is 4. continuous and one-one
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13*. Let g: R ® R be a differentiable function with g(0) = 0, g'(0) = 0 and g'(1) ¹ 0. Let f(x) = 
ïî

ï
í
ì

=

¹

00

0

x,

x),x(g
|x|

x

and h(x) = e|x| for all x Î R. Let (foh)(x) denote f(h(x)) and (hof)(x) denote h(f(x)). Then which of the
following is(are) true?
(A) f is differentiable at x = 0 (B) h is differentiable at x = 0
(C) foh is differentiable at x = 0 (D) hof is differentiable at x = 0

14*. Let f(x) = sin
π πsin sinx
6 2

æ öæ ö
ç ÷ç ÷

è øè ø
for all x Î R and g(x) = 

2
p

sin x for all x Î R. Let (fog) (x) dentoe f(g(x)) and

(gof) (x) denote g(f(x)). Then which of the following is(are)true?

(A) Range of f is 
1 1,
2 2

é ù-ê úë û
(B) Range of fog is 

1 1,
2 2

é ù-ê úë û

(C) 6
π

g(x)
f(x)lim

0x
=

®
(D) There is an x Î R such that (gof)(x) = 1

15. Let m and n be two positive integers greater than 1. If 
ncos( )

m0

e – e elim –
2

a

a®

æ ö æ öç ÷ = ç ÷ç ÷a è øè ø
, then the value of 

n
m

 is

[JEE (Advanced) 2015, P-2 (4, 0) / 80]

16. Let a, b Î ¡ be such that 
2

x 0

x sin( x)
lim

x sin x®

b
a -

= 1. Then 6(a + b) equals

[JEE(Advanced)-2016, 3]

17*. Let 1
ƒ : ,2

2
é ù- ®ê úë û

¡  and 1
g : ,2

2
é ù- ®ê úë û

¡  be function def ined by ƒ(x) = [x 2 –  3]  and

g(x) = |x| ƒ(x) + |4x – 7| ƒ(x), where [y] denotes the greatest integer less than or equal to y
for y Î ¡. Then [JEE(Advanced)-2016, 4(–2)]

(A) ƒ is discontinuous exactly at three points in 
1

,2
2

é ù-ê úë û

(B) ƒ is discontinuous exactly at four points in 1
,2

2
é ù-ê úë û

(C) g is NOT differentiable exactly at four points in 1
,2

2
æ ö-ç ÷
è ø

(D) g is NOT differentiable exactly at five points in 1
,2

2
æ ö-ç ÷
è ø

18*. Let a, b Î ¡ and ƒ : ¡ ® ¡ be defined by ƒ(x) = acos(|x3 – x|) + b|x|sin(|x3 +  x|).  Then  ƒ  is -
(A) differentiable at x = 0 if a = 0 and b = 1
(B) differentiable at x = 1 if a = 1 and b = 0
(C) NOT differentiable at x = 0 if a = 1 and b = 0
(D) NOT differentiable at x = 1 if a = 1 and b = 1 [JEE(Advanced)-2016, 4(–2)]

19*. Let f(x) = 
( )1 x 1 1 x
1 x

- + -
-

cos
1

1 x
æ ö
ç ÷è ø-

 for  x  ¹ 1.  Then                 [JEE(Advanced)-2017, 4]

(A) limx ® 1+ f(x) does not exist (B) limx ® 1– f(x) does not exist
(C) limx ® 1– f(x) = 0 (D) limx ® 1+ f(x) = 0
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20*. Let [x] be the greatest integer less than or equal to x. Then, at which of the following point(s) the function
ƒ(x) = xcos(p(x + [x])) is discontinuous ? [JEE(Advanced)-2017, 4]

(A)  x  =  –1 (B)  x  =  0 (C) x = 2 (D) x = 1

21 For any positive integer n, define ƒn : (0, ¥) ® ¡ as

( )( )
n 1

n j 1

1
ƒ (x) tan

1 x j x j 1
-

=
æ ö= ç ÷+ + + -è ø

å  for all x Î (0, ¥).

(Here, the inverse trigonometric function tan–1x assume values in ,
2 2
p pæ ö-ç ÷

è ø
. )

Then, which of the fol lowing statement(s) is (are) TRUE ?     [JEE(Advanced)-2018, 4]

(A) ( )( )= =å 5 2
j 1 jtan ƒ 0 55

(B) ( ) ( )10 2
j 1 j j

'1 ƒ (0) sec ƒ (0) 10= + =å

(C) For any fixed positive integer n, ( )( )nx

1
lim tan ƒ x

n®¥
=

(D) For any fixed positive integer n, ( )( )2
nx

limsec ƒ x 1
®¥

=

22. Let f1 : ¡  ® ¡ , f2 : – ,
2 2
p pæ ö

ç ÷
è ø

 ® ¡ , f3 : 
2–1, e 2
pæ ö

ç ÷-
ç ÷
è ø

 ® ¡  and f4 : ¡  ® ¡  be functions defined

by

(i)  f1(x) = 
2xsin 1 e-æ ö-ç ÷

è ø

(ii)  f2(x) = 1

| sin x |
if x 0

tan x
1 if x 0

-
ì ¹ï
í
ï =î

, where the inverse trigonometric function tan–1x assumes values

in – ,
2 2
p pæ ö

ç ÷
è ø

 ,

(iii)  f3(x) = [sin(loge(x + 2)], where for t Î ¡ , [t] denotes the greatest integer less than or equal to t,

(iv)  f4(x) =
2 1

x sin if x 0
x

0 if x 0

ì æ ö ¹ï ç ÷
è øí

ï =î

[JEE(Advanced)-2018, 3(–1)]

       List-I        List-II
P. The function f1 is 1. NOT continuous at x = 0
Q. The function f2 is 2. continuous at x = 0 and NOT differentiable at x = 0
R. The function f3 is 3. differentiable at x = 0 and its derivative is NOT

continuous at x = 0
S. The function f4 is 4. differentiable at x = 0 and its derivative is continuous

at  x  =  0
The correct option is :
(A) P ® 2; Q ® 3, R ® 1; S ® 4 (B) P ® 4; Q ® 1; R ® 2; S ® 3
(C) P ® 4; Q ® 2, R ® 1; S ® 3 (D) P ® 2; Q ® 1; R ® 4; S ® 3
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23. Let ƒ : ¡ ® ¡ be a differentiable function with ƒ(0) = 1 and satisfying the equation

ƒ(x + y) = ƒ(x)ƒ'(y) + ƒ'(x)ƒ(y) for all x, y Î ¡.

Then, then value of loge(ƒ(4)) is _____ . [JEE(Advanced)-2018, 3(0)]

24*. Let F : ¡  ® ¡  be a function. We say that f has

PROPERTY 1   if ®

-
h 0

f(h) f(0)
lim

| h |  exists and is finite, and

PROPERTY 2   if 
®

-
2h 0

f(h) f(0)
lim

h
 exists and is finite.

Then which of the following options is/are correct ? [JEE(Advanced)-2019, 4(–1)]
(A) f(x) = x|x| has PROPERTY 2 (B) f(x) = x2/3 has PROPERTY 1
(C) f(x) = sin x has PROPERTY 2 (D) f(x) = |x| has PROPERTY 1

PART - II : PREVIOUS YEARS AIEEE & JEE MAINS PROBLEMS

1. Let f : R ® R be a positive increasing function with )x(f
)x3(flim

x ¥®
= 1. Then )x(f

)x2(flim
x ¥®

.

 [AIEEE– 2010, (8, –2), 144]

(1) 3
2

(2) 
2
3

(3)  3 (4) 1

2. 2x
lim
® ÷

÷

ø

ö

ç
ç

è

æ

-
--

2x
)}2x(2{cos1

[AIEEE– 2011, I, (4, –1), 120]

(1) does not exist (2) equals 2 (3) equals – 2 (4) equals 2
1

3. Let f : ),0[R ¥®  be such that 5x
lim
®  f(x) exists and 5x

lim
® 0

|5x|
9))x(f( 2

=
-

- [AIEEE– 20111, II,(4, –1), 120]

Then 5x
lim
®  f(x) equals :

(1) 0 (2) 1 (3) 2 (4) 3

4. The value of p and q for which the function f(x) = 

ï
ï

î

ï
ï

í

ì

>
-+

=

<
++

0x,
x

xxx
0x,q

0x,
x

xsinx)1psin(

2/3

2
 is continuous for all x in R, are:

[AIEEE 2011, I,(4, –1), 120]

(1) p = 
2
1

, q = – 
2
3

(2) p = 
2
5

, q = 
2
1

(3) p = – 
2
3

, q = 
2
1

(4) p = 
2
1

, q = 
2
3
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5. Define F(x) as the product of two real functions f1(x) = x, x Î R, and f2(x) = 
ïî

ï
í
ì

=

¹

0xIf,0

0xIf,
x
1sin

as follows :

F(x) = 
î
í
ì

=

¹

0xIf,0

0xIf,)x(f.)x(f 21
[AIEEE 2011, II,(4, –1), 120]

Statement - 1 : F(x) is continuous on R.
Statement - 2 : f1(x) and f2(x) are continuous on R.
(1) Statement-1 is true, Statement-2 is true; Statement-2 is a correct explanation for Statement-1.
(2) Statement-1 is true, Statement-2 is true; Statement-2 is NOT a correct explanation for Statement-1
(3) Statement-1 is true, Statement-2 is false
(4) Statement-1 is false, Statement-2 is true

6. If function f(x) is differentiable at x = a, then ax
lim
®  

ax
)x(fa)a(fx 22

-
-  is : [AIEEE 2011, II,(4, –1), 120]

(1) –a2f ’(a) (2) af(a) – a2f ’ (a) (3) 2af(a) – a2f ’ (a) (4) 2af(a) + a2f ’ (a)

7. If f : R ® R is a function defined by f(x) = [x] cos ÷
ø
ö

ç
è
æ -

2
1x2

p, where[x] denotes the greatest integer function,

then f is : [AIEEE- 2012, (4, –1), 120]
(1) continuous for every real x.
(2) discontinuous only at x = 0.
(3) discontinuous only at non-zero integral values of x.
(4) continuous only at x = 0.

8. Consider the function, f(x) = |x – 2| + |x – 5|, x Î R . [AIEEE- 2012, (4, –1), 120]
Statement-1 : f¢(4) = 0
Statement-2 : f is continuous in [2, 5], differentiable in (2, 5) and f(2) = f(5).
(1) Statement-1 is false, Statement-2 is true.
(2) Statement-1 is true, statement-2 is true; statement-2 is a correct explanation for Statement-1.
(3) Statement-1 is true, statement-2 is true; statement-2 is not a correct explanation for Statement-1.
(4) Statement-1 is true, statement-2 is false.

9. x4tanx
)xcos3)(x2cos–1(lim

0x

+
®

 is equal to [AIEEE - 2013, (4, –¼),360]

(1) – 
4
1

(2)  
2
1

(3) 1 (4)  2

10. 2

2

0x x
)xcossin(lim p

®
 is equal to : [JEE(Main)  2014, (4, – ¼), 120]

(1) –p (2) p (3) p/2 (4) 1

11. x4tanx
)xcos3)(x2cos–1(lim

0x

+
®

 is equal to [JEE(Main)  2015, (4, – ¼), 120]

(1) 4 (2) 3 (3) 2 (4)  
2
1

12. If the function g(x) = 
ïî

ï
í
ì

£<+
££+

5x3,2mx
3x0,1xk

 is differentiable, then the value of k+ m is;

[JEE(Main)  2015, (4, – ¼), 120]

(1) 2 (2) 5
16

(3) 3
10

(4) 4
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13. Let ( )
1

2 2x

x 0
p lim 1 tan x

® +
= +  then log p is equal to - [JEE(Main)-2016]

(1) 
1
4

(2)  2 (3) 1 (4) 
1
2

14. For x Î R, f(x) = |log2 – sinx| and g(x) = f(f(x)), then : [JEE(Main)-2016]
(1) g is differentiable at x = 0 and g'(0) = –sin(log2)
(2) g is not differentiable at x = 0
(3) g'(0) = cos(log2)
(4) g'(0) = –cos(log2)

15.
p

®

-
p- 3

x
2

cot x cosx
lim

( 2x)
 equals :- [JEE(Main)-2017]

(1) 
1
4

(2) 
1
24

(3) 
1

16
(4) 

1
8

16. For each t Î R, let [t] be the greatest integer less than or equal to t. Then

x 0

1 2 15x ....lim x x x® +

æ öé ù é ù é ù+ + +ç ÷ê ú ê ú ê úë û ë û ë ûè ø
[JEE(Main)-2018]

(1) is equal to 15. (2) is equal to 120.
(3) does not exist (in R) (4) is equal to 0.

17. Let S = {t Î R : f(x) = |x – p|·(e|x| – 1) sin|x| is not differentiable at t}. Then the set S is equal to:
[JEE(Main)-2018]

(1) {0} (2) {p} (3) {0, p} (4) f (an empty set)

18. For each t Î R, let [t] be the greatest integer less than or equal to t.

Then, 
x 1

(1 | x | sin |1 x |)sin [1 x]
2lim

|1 x | [1 x]® +

pæ ö- + - -ç ÷
è ø

- -
[JEE(Main)-Jan 19]

(1) equals –1 (2) equals 1 (3) does not exist (4) equals 0

19. Let f be a differentiable function from R to R such that ( ) ( )
3
2f x f y 2 x y- £ - ,  for  all  x,  y  Î R.

If f(0) = 1 then ( )
1

0

x dxò 2f  is  equal to [JEE(Main)-Jan 19]

(1) 0 (2) 
1
2

(3) 2 (4) 1

20. Let 
2max{| x |,x }, | x | 2

f(x)
8 2 | x |, 2 | x | 4

ì £ï= í
- < £ïî

. Let S be the set of points in the interval (–4,4) at which f is not

differentiable. Then S : [JEE(Main)-Jan 19]
(1) is an empty set (2) equals {–2, –1, 1, 2}
(3) equals {–2, –1, 0, 1, 2} (4) equals {–2, 2}
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21. Let ƒ : R ® R be a differentiable function satisfying ƒ'(3) + ƒ'(2) = 0.

Then ( ) ( )
( ) ( )

1
x

x 0

1 ƒ 3 x ƒ 3
lim

1 ƒ 2 x ƒ 2®

æ ö+ + -
ç ÷ç ÷+ - -è ø

 is equal to [JEE(Main)-Apr 19]

(1) e2 (2) e (3) e–1 (4) 1

22. If 
®

- +
=

-

2

x 1

x ax b
lim 5

x 1
, then a + b is equal to :- [JEE(Main)-Apr 19]

(1) –7 (2) – 4 (3) 5 (4) 1

23. If f(x) =
2

3
2

sin(p 1) sin x
, x 0

x
q , x 0

x x x
, x 0

x

ì + +ï <
ï
ï =í
ï

+ -ï >ïî

 is continuous at x = 0, then the ordered pair (p,q) is equal to :

[JEE(Main)-Apr 19]

(1) 
5 1

,
2 2

æ ö
ç ÷
è ø

(2) 
3 1

,
2 2

æ ö- -ç ÷
è ø

(3) 
1 3

,
2 2

æ ö-ç ÷
è ø

(4) 
3 1

,
2 2

æ ö-ç ÷
è ø

24. Let ƒ(x) = 15 – |x – 10|; x Î R. Then the set of al l values of x, at which the function,
g(x) = ƒ(ƒ(x)) is not differentiable, is : [JEE(Main)-Apr 19]

(1) {5,10,15,20} (2) {10,15} (3) {5,10,15} (4) {10}

25. If 
1 1

2 3 3

4
3

sin(a 2)x sin x
; x 0

x
ƒ(x) b ; x 0

(x 3x ) x
; x 0

x

-

+ +ì <ï
ï

= =ï
í
ï + -ï >
ï
î

[JEE(Main)-Jan 20]

is continuous at x = 0, then a + 2b is equal to :

(1) –1 (2) 1 (3) –2 (4) 0

26. Let [t] denote the greatest integer £ t and 
x 0

4
lim x A

x®

é ù =ê úë û
. Then the function,

f(x) = [x2]sin(px) is discontinuous, when x is equal to : [JEE(Main)-Jan 20]

(1) A 5+ (2) A 1+

(3) A (4) A 21+



JEE-Mathematics

ANSWER KEY

PART - I : SUBJECTIVE QUESTIONS
SECTION - (A)

A-1. (i)  4  +  cos  2 (ii)  tan3 + 8 (iii) 
3
4

cos
3
4

(iv) ( n5l )5

(v) 
e

sin1
A-2. (i) 2 (ii) 2 (iii) Limit does not exist (iv) 2

(v) 2
A-3 (i) 0 (ii) Limit does not exist

(iii) Limit does not exist (iv) 
2
p

A-4. (i) 4 (ii) l =  4
A-5 12
A-6. (i)    No (ii) No (iii) Yes, ¥0 form (iv) No

SECTION - (B)

B-1. (i) –1 (ii) 
12
19

(iii) 
2

3 3

B-2. (i) 
3
2

(ii) 25 (iii) 
2
n2l

(iv) (b – a)

(v) 
25
16

(vi) 2e2 (vii) 2 (viii) 
1
2

(ix) 2a sina + a2 cos a (x) limitdoes not exist. (xi) –
1
3

(xii) 5

B-3. (i) 3 (ii) 
1
2

(iii) 
1
2

(iv) 1

(v) –2

B-4 (i) 
1
2

(ii) 1

B-5. (i) limit does not exist (ii) 4 (iii) 0 (iv) 5/2

B-6. (i) 1/23
(a 2)

2
+ (ii) – 

25
2

(iii) 3
1

(iv) –
9
4

ln
4
e

B-7 a = 2, b = 1, c = –1 and limit = – 
3
1

B-8 (i) a = 
1
2

, b = –1 (ii) a = 2, b Î R, c = 5, d Î R                 (iii) a = 3, b = 12, c = 9

B-9. 1
2

B-11. 2(sec2a)tana
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SECTION- (C)

C-1 (i) 1 (ii) 1 (iii) 0 (iv) Limit does not exist
C-2 (i) e–1 (ii) 0 (iii) e–2 (iv) e2

C-3 a = b and bc = –3

C-4. 3
x

C-5. {–1, 0, 1}

C-6. p – 3

SECTION- (D)

D-1. a = 
1
2

,  b ¹ 0, c = 
1
2

D-2. a =
3
2

, b = 1 and c = 12

D-3. (a) -2, 2, 3 (b) K = 5 (c)  even
D-4. (i) continuous at x = 1 (ii) continuous (iii) discontinuous (iv) continuous at x = 1, 2

D-5. A = 
–4
5

, B = 
1
5

, f(0) = 
1
5

D-6. continuous at x = 1 but discontinuous at x = 2
D-7. (i) x Î R (ii) x Î R – {–3, –2, 2, 3} (iii) x Î R (iv) x Î R – {(2n + 1), n Î I}
D-8. 30

D-9. discontinuous at 2mp, (2n + 1) 2
p

, m, n Î I

D-10. –
3
7

, – 2, 0

D-11. f(f(x)) is discontinuous at x = 1 & x = 2, g(f(x)) is continuous " x ÎR

D-12. f(x) is continuous and 
3
7

Î [f(–2), f(2)], by intermediate value theorem (IVT), there exists a point

c Î (–2, 2) such that f(c) = 
3
7

D-13. 2

SECTION - (E)
E-1 Continuous at both points but differentiable only at x = 2
E-2  continuous but not differentiable at x = 0; differentiable & continuous at x = p/2
E-5. not differentiable at x = 0
E-6. a = –1, b = –3
E-7. Continuous " x Î R but not differentiable at x = 0, 1 & 2
E-8. f is continuous  at x = 1, 3/2 & discontinuous  at x = 2, f is not differentiable at x = 1,3/2, 2
E-9. discontinuous and non-differentiable at –1, 0, 1,continuous but non-differentiable at x = 4
E-10. non-differentiable at x = 1
E-11. Continuos everywhere in (0, 3) but non differentiable at x = 2



JEE-Mathematics

SECTION- (F)

F-1. 4

F-2. ƒ(x) = 2x + c

F-3. f(x) = exf¢(0) " x Î R

F–4. 5

F-7. 100

PART - II : SINGLE OPTION CORRECT TYPE

SECTION - (A)

A-1. (C) A-2 (A) A-3 (C) A-4 (D)

SECTION - (A)

B-1. (C) B-2. (B) B-3. (D) B-4. (D) B-5. (D) B-6. (D)

B-7. (B) B-8. (B) B-9. (A) B-10. (B) B-11. (B) B-12. (A)

B-13. (A) B-14 (A) B-15. (A) B-16. (C) B-17. (A) B-18. (B)

B-19. (D) B-20 (B)

SECTION - (C)

C-1. (C) C-2. (D) C-3. (B) C-4. (C) C-5. (A) C-6. (C)

C-7. (C) C-8. (B)

SECTION - (D)

D-1. (A) D-2. (D) D-3. (D) D-4. (B) D-5. (A) D-6. (C)

D-7. (B) D-8. (B)

SECTION - (E)

E-1. (B) E-2. (B) E-3. (B) E-4. (A) E-5. (D) E-6. (D) 

E-7. (B) E-8. (C) E-9. (B) E-10. (A) E-11. (A) E-12. (C)

E-13. (C) E-14. (A)

SECTION - (F)

F-1. (A) F-2. (B) F-3. (C) F-4. (D) F-5. (C) F-6. (D)

PART - III : MATCH THE COLUMN
1. (A) ® (p, r, s), (B) ® (p, r, s), (C) ® (q, r, s), (D) ® (r, s)

2. (A) ® (r), (B) ® (p), (C) ® (q), (D) ® (r)
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PART - I : SINGLE OPTION CORRECT TYPE
1. (D) 2. (A) 3. (C) 4. (B) 5. (B) 6. (C)
7. (B) 8. (C) 9. (B) 10. (C) 11. (B) 12. (D)
13. (C) 14. (D) 15. (B) 16. (B) 17. (C) 18. (A)
19. (B) 20. (D) 21. (B) 22. (C) 23. (C) 24. (D)

PART - II : NUMERICAL TYPE
1. 01.41 2. 1 3. 1.5 4. 0.5 5. 0 6. 1
7. 2 8. 1 9. 0.5 10. 1 11. 3.6 12. 20
13. 2 14. 0.8 15. 0.33 16. 99 17. 4 18. 26
19. 0.33 20. 9.25 21. 7 22. 2.33 23. 1.75 24. 0
25. 3 26. 12 27. 11 28. 10

PART - III : ONE OR MORE THAN ONE OPTIONS CORRECT TYPE
1. (A,B,C) 2. (A,D) 3. (B,C,D) 4. (A,B,C,D) 5. (A,B,C) 6. (A,C)
7. (B,C,D) 8. (A,D) 9. (A,B,C,D) 10. (A,C) 11. (B,D) 12. (A,B,C)
13. (A,B,C,D) 14. (A,D) 15. (B,C,D) 16. (A,B,D) 17. (B,C,D) 18. (A,B,C)
19. (C,D) 20. (A,B,C) 21. (A,B,C) 22. (A,B) 23. (A,B) 24. (A,B,C,D)
25. (A,B,D) 26. (B,D) 27. (A,B,C,D) 28. (B,C) 29. (A,C) 30. (A,B)
31. (B,C,D)

PART - IV : COMPREHENSION
1. (A) 2. (D) 3. (A) 4. (C) 5. (D) 6. (C)
7. (C) 8. (C) 9. (C) 10. (B) 11. (C) 12. (B)

1.

PART - I : PREVIOUS YEARS JEE ADVANCE PROBLEMS
1. (D) 2. (B,C,D) or (B,C) 3. (A,B,C,D) 4. (A) 5. (B)
6. (B) 7. (B) 8. (B,D) 9. (AD) 10. (0) 11. (3)

12. (D) 13. (AD) 14. (A,B,C) 15. (2) 16. (7) 17. (B,C)

18. (A,B) 19. (A,C) 20. (A,C,D) 21. (D) 22. (D) 23. (2)
24. (BD)

PART - II : PREVIOUS YEARS AIEEE & JEE MAINS PROBLEMS
1. (4) 2. (1) 3. (4) 4. (3) 5. (3) 6. (3)
7. (1) 8. (3) 9. (4) 10. (2) 11. (3) 12. (1)
13. (4) 14. (3) 15. (3) 16. (2) 17. (4) 18. (4)
19. (4) 20. (3) 21. (4) 22. (1) 23. (4) 24. (3)
25. (4) 26. (2)
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SUBJECTIVE QUESTIONS

1. If 0x
im
®

l  2

1 – cos(x) .cos (2x).cos (3x).......cos(nx)
x

= 
385
2

, then find n.

2. Find the value of p®x
lim  ÷

÷

ø

ö

ç
ç

è

æ
-

+p-
2

xcos2
xcos4

)x(
1 2

3. f1 (x) = 
x

10
3

+

 fn (x) = f1 (fn–1 (x)) n ³ 2

then evaluate ¥®n
lim  fn(x)

4. Let f : R ® R be a real function. The function f is derivable and there exists nÎN and p Î R such that

¥®x
iml xn f(x) = p, then evaluate ¥®x

iml  (xn+1.f¢(x)).

5. Let <xn> denotes a sequence, x1 = 1, 1nx + = 1x2
n + ,  then evaluate ¥®n

iml

2n

n 1

n

x

x
+æ ö

ç ÷
è ø

6. Let Pn = 12
12

3

3

+

- .
13
13

3

3

+

-
.

14
14

3

3

+

- .......... 
1n
1n

3

3

+

- . Prove that ¥®n
iml  Pn =

2
3

.

7. Evaluate  ¥®n
iml  2 ÷

ø
ö

ç
è
æ

+
++

+
+

+
+

+ nn
n.......

3n
3

2n
2

1n
1

2222

8. Evaluate 1x
im
®

l  10 3

10 3
1 x 1 x

æ ö-ç ÷- -è ø

9. Evaluate : ¥®x
iml  x3 { }2 42x 4 4x 2x+ + -

10. Evaluate  
( )

x
ee

x e

xloglog
im

¥®
l

11. Evaluate  ( )
( )

e

x
2 e

log sin 5xim
log sin 25x

p
®

l
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21. f(x) = 

ï
ï
ï

î

ï
ï
ï

í

ì

=

¹
-

--

2
1xk

2
1x

2
1x

)x1x2(cos 21

Then find ‘k’ if possible for which function is continuous at x = 2
1

22. Discuss the continuity of the function

f(x) = n
lim

®¥ n

n

)xsin1(2
xlog)xsin1(

++

++

23. Let f be a continuous function on R such  that  f ÷
ø
ö

ç
è
æ

x4
1

 = ( )
1x

xeesin 2

2
xx 2

+
+- ,  then find the value of f(0).

24. Examine the continuity at x = 0 of the sum function of the infinite series:

¥+
++

+
++

+
+

..............
)1x3()1x2(

x
)1x2()1x(

x
1x

x .

25. If f(x) is continuous in [a, b] such that f(a) = b and f(b) = a, then prove that there exists at least one
c Î (a, b) such that f(c) = c.

26. If f(x . y) = f(x). f(y) for all x, y and f(x) is continuous at x = 1. Prove that f(x) is continuous for all x except
possibly at x = 0.  Given f(1) ¹ 0.

27. g(x) = 
n

nn

x f(x) h(x) 1im
2x 3x 3® ¥

+ +

+ +
l , x ¹ 1

g(1) = 
2 x

xx 1 e

sin · 2im
log sec( · 2 )®

p
p

l  be a continous function at x = 1, then find the value of 
h(1) – g(1)

f(1) , assume that

f(x) and h(x) are continuous at x = 1

g(x) = 
n

nn

x f(x) h(x) 1im
2x 3x 3® ¥

+ +

+ +
l , x ¹ 1

28. Let f(x) is defined only for x Î (0, 5) and defined as f2 (x) = 1 "  x Î (0, 5). Function f(x) is continuous for all x
Î (0, 5) – {1, 2, 3, 4} (at x = 1, 2, 3, 4 f(x) may or may not be continuous). Find the number of possible function
f(x) if it is discontinuous at

(i) One integral points in (0, 5)

(ii) Two integral points in (0, 5)

(iii) Three integral points in (0, 5)

(iv) Four integral points in (0, 5)
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ANSWER KEY

SUBJECTIVE QUESTIONS

1. (10) 2. (0) 3. (15) 4. –np 5. e 7. (1)

8. (3.5) 9. (0.25) 10. (0) 11. (0.04) 12. k  =  0 13. (0)

15. Domain = R – 
þ
ý
ü

î
í
ì Î

p
-p Zk,

2
k2 =  R  –  

þ
ý
ü

î
í
ì Î

p
-p Zk,

2
k2

Range = {0} È  
þ
ý
ü

î
í
ì Î

p
+p Zk,

4
k = {0} È  

þ
ý
ü

î
í
ì Î

p
+p Zk,

4
k

16. (0.5) 17. (1) 18. (7.5) 19. no value of f(0)

20.
1
2

, 
1
8 (ln 2)2 21. k Î f

22. f(x) is discontinuous at integral multiples of p

23. (1)

24. Discontinuous

27. (2.25)

28. (i) (24) (ii) 108 (iii) 216 (iv) 162

29. discontinuous and non-differentiable

30. f is continuous & derivable at x = - 1 but f is  neither continuous nor derivable at x = 1

31. continuous in 0 £ x £ 1 & not differentiable at x = 0

32. f(x) is continuous and non-differentiable for integral points

33. discontinuous at x = 0 and not differentiable at x = 0, 2

34. c
2
x2

+ 35. 0.5 36. f(10) = 10 37.
1x
1x

-
+

38. 26

39. 0 40. f(x) = log(x)

42. (i) 4 (ii) 8 43. x = 0

44.

a Î -¥ bì
ï= b = bí
ï g Î b ¥î

, x ( , )
h(x) , x

, x ( , )


