Limit, Continuity & Differentiablity

LIMIT, CONTINUITY & DIFFERENTIABILITY

1.1.

DEFINITION :
In mathematics, a limit is the value that a function "approaches" as the input "approaches" some value.

In formulas a limit of function is usually written as lim f(x) =L and is read as the limit of f(x) as x approahes
cisequal to L. The fact that a function f approaches the limit L as x approaches to c is sometimes denoted by

aright arrow (—)asin f(x) >Lasx —>¢

Left Hand Limit and Right Hand Limit of a Function :
The value to which f(x) approaches, as x tends to ‘a’ from the left hand side (x — a) is called left hand limit of

f(x) at x = a. Symbolically, LHL = Lim f(x) = Lim f(a -h).
h—0"

X—a

The value to which f(x) approaches, as x tends to ‘a’ from the right hand side (x — a*) is called right hand limit
of f(x) at x = a. Symbolically, RHL = Ling f(x) = Lim f(a + h).
Xx—a h—0"

If a is a point in the interior doman of f(x) then limit of a function f(x) is said to exist as

x —> awhen Lim f(x) = Lim f(x) = Finite quantity.
X—a

X—a

Example :
Graph of y = f(x) B{nﬁ f(x)=f(-1")=-1
E‘_l)ron f(x)=£f(0")=0 E‘_l)ron f(x)=£f(0")=0
= L):L%l f(x)=0
-1 E‘_i)rlr}f(x):f(lf):—l ,E‘_i)rlpf(x):f(F):O

= Linll f(x) does not exist.
X—>

|
Fig. 1 Lim f(x) =f(2-) =1
x—2"

Important note : Note that we are not interested in knowing about what happens at x =a . Also note that if
L.H.L. and R.H.L. are both tending towards '« ' or '— o0 ', then it is said to be infinite limit.

Remember, 'x—a' means that x is approaching to 'a' but not equal to 'a'.
Fundamental Theorems on Limits :

Let Lim f(x) =[&Limg (x) =m. If / & m exist finitely then :

X—a X—a

(@ Sumrule: Lim {f(x)+g(x)} =l+m (b) Difference rule : Lim {f(x)—g(x)} =[-m

_ _ ‘ f(x) l ,
(¢) Productrule: Lim f(X).g (X) =lm (d) Quotientrule : Lim =—, provided m # 0
x—a x—a g(x) m

(e) Constant multiple rule : Lim kf(x) =k Lim f(x) ; where k is constant.

X—a X—a
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X—a X—a

 Limf [g(x)] =f (Lim g(x)) =f(m ); provided f(x) is continuous at x =m.
Forexample : Lim ¢ n(g(x)) = ¢n[Lim g(x)]

= ¢/n (m); provided /nx is continuous at x =m, m = lxlifal g(x)

Example #1 : Consider the adjacent graph of y = f (x) A

A
41 H
Find the number of integral pointin x € (0, 7) i
here limit does not exist 31 /\
w o} i i
1

FENNN 78
4/12345‘;6

(=)

Solution: (a) )1{1_1)111 f(x) =1, )1{1_{{1 fx)=2= l)grll f(x) doesnot exist
(b) }1_{121 f(x)=3, )}l_gl fx)=3 :>1X1_r)ré f(x) exist and equal to 3
(c) ll_gl fx)=2 11_)1131 fxX)=3= lxl_r)l’Sl f(x) doesnot exist
d) ll_f? fX) = 4, ll_)IAI‘l fx)=4= lxl—rﬁ f(x) exist and equal to 4
) ll_)r? fX) =4, )}l_gl fx)=4= lim f(x) exist and equal to 4

() linﬁ} f(x)=-0, lim f(x)=0= 1i1161 f(x) doesnot exist
X—> x—6" X—>

Example # 2 : Evaluate the following limits :-

(i) am (x + 2) (ii) fim cos (sin x)
Solution : (i) X + 2 being a polynomial in x, its limit as x — 2 is given by f'_r)g (x+2)=2+2=4
(ii) M cos (sin x) = cos (fi_r)rgsinx) =cos 0 =1
Self practice problems
(1) Which of the following statements about the function y = f(x) graphed here are true, and which are

false ?
(a) lin}+ fx) =1 (b) 1{1_1)121 J(X) does not exist A

X—>— y:f(x)

li =2 lim =2
(c) lim f(x) (d) lim £(x) B I
(e) lxlgll J(X) does not exist (f) ll_)fgl fx)= }l_gl f(x) 1
(g) im f(X) exists atevery ¢ € (-1, 1) :

e 10 1T 2 3 "
(h) lim f(x) exists atevery c € (1, 3)
(i) lim f(x)=0 (j) lim f(x)does not exist.

x—1" x—3"

(2) Evaluate the following limits : -
2
g .\ pim X°+4
(i) Am x(x - 1) (iiy im Sy
Answers : (1) @T GF (E©F @WT T ©OT @T ()T ()F MOT

@ @2 ()2
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INDETERMINANT FORMS :

0 o
If on putting x = a in f(x), any one of 0% 0 X 00, 00 — 00, 0°, 0°, 1° form is obtained ( here 0,1 are
not exact, infact both are approaching to thelr corresponding values), then the limit has an indeterminate
form. All the above forms are interchangeable, i.e. we can change one form to other by suitable
ituti fim i
substitutions etc. In such cases |7 f(x) may exist.

2

.Here M x2_9=0and iM x-3=0

x—3

Consider f(x) =

. ] . 0
éljgl f(x) has an indeterminate form of the type 0

2
sim X +1

X—>00 X2

has an indeterminate form of type Sy
o0

‘im (1 + x)"is an indeterminate form of the type 1=

x—0
NOTE:
(a) co+00—> 00 (b) cox 00— 00 (€) o* >w (d) 0 =0
2
fim X Flm [ ]
(e) 5o e is an indeterminate form whereas |"\) == is not an indeterminate form (where [.]
X

represents greatest integer function)
Students may remember these forms alongwith the prefix ‘tending to’

approaching to zero exactly zero
is an indeterminate form whereas

is not an indeterminate

e. : :
approaching to zero approaching to zero

form, its value is zero.
similarly (approaching to one)rreachingte= j5 jndeterminate form whereas (exactly one)zpproachingto=
is not an indeterminate form, its value is one.

METHODS TO EVALUATE INDETERMINANT FORMS :

To evaluate a limit, we must always put the value where ' x ' is approaching to in the function. If we get
a determinate form, then that value becomes the limit otherwise if an indeterminate form comes, we
have to remove the indeterminancy, once the indeterminancy is removed the limit can be evaluated by

putting the value of x, where it is approaching.

Basic methods of removing indeterminancy are
(1) Factorisation (2) Rationalisation (3) Double Rationalisation

(4) Uses Standard limits (5) Expansion of functions

0
(6) L. Hospital rule (Used in o °r 3 )

(7) Taking log (used in ©°, 0°, 1° inderminate form) (8) Sandwitch Theorem
Factorisation method :-

We can cancel out the factors which are leading to indeterminancy and find the limit of the remaining
expression.
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2
_ - X“—2x-3 n i 1 2(2x-3)
Example # 3 : (i) f'_[‘; 2 _dxi3 (ii) fl—[g {x —2 x3-3x%+2x
_ L o3 (x=3)xe)
Solution : (i) f'_r:; x2 —4x+3 = fl—rg (x=3)(x-1) =2

) . 1 2(2x-3) x* —5x+6
iy {X—Z x3—3x2+2x}= o2 {x(x—n(x—zj

_ rim {w%ﬁm{x—ﬂ:_i
x>2 | x(x=1)(x=2) | ~ x>2 | x(x~-1) 2

4.2 Rationalisation method :-

We can rationalise the irrational expression in numerator or denominator or in both to remove the
indeterminancy.

Example # 4 : Evaluate :

(i) fim A=V (ii) fim V1+X-¥1-X
x>1 2 ,3X+1 x—0 X

- 4-\[15x+1  (A=15x+1)(2+/3x + 1)(4 +4[15x +1)
Solution : (i) am ——— = /im
1 2 \[3x+1 x>1 (243 +1)(4 +/15x +1)(2+/3x +1)

m (15-15x) 2+4/3x+1 5

T xo1 (3-3X)  44415x11 2

0
(i) The form of the given limit is 0 when x — 0. Rationalising the numerator, we get

. Mix —J1—x : _«/1+x—«/1—x V1+x +4/1-x
fim NTAZNI7 A = fim X
x=0 X x>0 | X VI+X +4/1-x

_im | (020 -(1-%) } _tim 2x
x>0 | X (V14X +4/1-x) x>0 | x (V14X +41-X)

fim ;} 2
= %0 | flaxa—x] "~ 271
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4.3 Double Ralionalisation :-

Jx2+8-10-x2
\/x2 +3 —\/S—X2

x—1

Example #5: Evaluate: lim[

— 0
Solution : This is of the form —— = —if we putx =1
2-2 o""eP

To eliminate the 6 factor, multiply by the conjugate of numerator and the conjugate of the denominator

(\/x2+8+\/10—x2)x (Vx> +3+4/5-x%)
X248 +4/10-x2) (x> +3 +V5-x)Wx2 +3 —V5-x%)

- Limit= lin}(\/xz +8-10—-x2 )

=lim =
=l \/x2 +8 +\/10—x2 (x> +3)-(5-x%)

Self practice problems

V43 +45-x (C+9-(10-x) [Jx2+3+\/5—x2 }4—2” 2
x—1

18 +10-x2 ) 3+3 3

Evaluate the following limits :-

@ ) fm (2x-3) Wx-1) ) fim 1-(sinx)"®

x>1 2x% +x-3 (i xrg 1—(sinx)?’3
fim Jx+h-+x . Jim ¥X-b-va-b
(iii) hoo (iv) 2__2
h X—a X< —a

Lo
x—0" [4_&_&

-1 1 Lo o1
Answers : (3) (i) 10 (i) 5 (iii) 2dx (iv) 4ava—b (v) O
4.4 Standard limits :

: tim SINX_ yim tanx _

(a) (I) x—0 X x—0 X 1
1 . L1
(i) fi‘?) tanX X =f|_r3 sz X -1
(i) M X =e ;M (1rax) —e

. i 1) . :
v am [”;) =e ; [im (1+3j e

X
i e’ -1 at -1
(v) am M 1 L loga=/na ,a>0
. im  /n(1+Xx)
(vi) fim =1
. x" —g"
(Vll) )fl_)nl =na"-!
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(b) If f(x) - 0, when x — a, then
_ sinf _ tanf
0 - Wy
. f(x) _ . f(x) _
Giy A efu)1=1 vy Am bﬂx) =/nb, (b>0)
v)  fm W - o) M (1) - e

(c) fim f(x)=A>0and M ¢(x) = B(a finite quantity), then M [f(x)]*x = A®

X—a —>

Example # 6 : Evaluate :

o fim (1+x)" -1 - gim € -1
(i) x—0 T (if) X0 W
. tanx —sinx . sin2x
(iii) %o 3 (iv) X'_[g SN 3x
Solution :
(i) fim (1+x)" =1 _ gim (%" =1 _
x>0 X x>0 (14 x)-1
3x
K e 1 K _1 _
58 iz = 243 5 =6
. 2 . 2X
(iii) £im tanx—sinx _ tan x(1—- cos x) _ fim tanx . 2sin“ —
x—0 X3 x—0 X3 x—0 3
) X
X
sin—
_ lim 1 tanx _ 1
x=>0 9 X . 5 2
2
(iv) 4im sin 2x _ fim sin 2x 2x szx Z fim —
x>0 sin3x x>0 | 2x  3X sm3x o " 3 " |3x-0 sin3x
=1_gx Eimsm3x :gx1=g
3 3x-0  3x 3 3
2 X
. . i z
Example # 7 : Evaluate : /'M [1+ xj
i 2\ jim 2
Solution : fm (1+;j = ginx™ = e,
X 3 X
. . : /im € —¢€ . /im X(e” -1)
Example # 8 : Evaluate : (i) -3 x_3 (ii) Aam T cosx
Solution : (i) Puty=x-3.S0,asx >3 =y — 0. Thus
3 3+y A3
fim €= _ym &€
x—3 X—3 y—0 y
3 y a3 y
_im €@’ @t
y—0 y € v y =e =e
i 1 i X _ 1 e €51 X2
(ii) dm X€ =1 _ yim x€*=-1) _ 1 yim _ i
0 0 . 0 .
7 1-cosx - 2sin2 % 2" X sin22
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Self practice problems

4) Evaluate the following limits : -

_ Jim SN 2x . sim 8 (4 e X X x* X
(i) X'_TB ” (ii) X'_TB = 1—cos 5 cos 2 +cos 5 cos
fim y1-4/sin2x , /im 5 -9*

(iii) (ol (iv) A

4 n—4x x>0 x
/im X aj
(v) o (1 + @) sin eIy wherea =0
5
Answers : (4) (i) 2 (i) — (iii) does not exist (iv) /n 9
V) b

4.41 Use of substitution in solving limit problems

Sometimes in solving limit problem we convert {[[} f(x) into {[p f(a+h)or ﬁ[g‘ f(a—h) according as
need of the problem. (here h is approaching to zero.)

E le#9 : Evaluate M ——tanx
xampie . evaluate .~ ———
P 4 1—x/§smx

T

2

Solution : Put X = 7 +h
X = % = h->0
1—tan [Z+hj 1+tanh —2tanh
B 1—tanh
/im T - /im —1—tanh = /im h h h
h—0 1—\/§Sin[+hj h-0 1_sinh—-cosh h—0 23in2f_23inf008i
4 2 22
tanh
1 2 1 2
= S = A% Aty = 1 "2
—l —_ — . —_ —
2sin g{sing—cos h} (1-tanh) sin— (1-tanh) 1

44.2 Limit when x > o©

2 sinD —cosD
2 2

h
2

In these types of problems we usually cancel out the greatest power of x common in numerator and

1
denominator both. Also sometime when x — «, we use to substitute y = ; and in this case y — 0.

Example # 10 : Evaluate

iy 4im -
(i) ..o, Xxsin M
/im x2 —4x+5

(iii)

x>® 3x? _x3 42

fim X=2
X—> 0 2X_3

/im V3x%+2

iv
(v) ST, =

(ii)
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sin—
. 1 .
Solution: (i) /™M xsin == fim Xy
X
1_%
Gy fm X=2_dm x 1
X—> o0 2X—3 X—> o0 _E 2
X
1 4 5
) 14
(iii) fim w = fim M =0
xoo 3y2_x342 x2* 3 2
——1+—=
X X
. 2
“V)xﬁ'@wh—;z (Putx=—%, X>—w = t-0)
X_

\/3+2t2.L

=/ (—1—2t)t2 =/ —% ﬁ = _—3; =- 3.
t
Some important notes :
m  fm o @ m =0 @m0
vy ~ fAm (”‘:)n =0 V) Am - (mx) =0

As x — oo, /n x increases much slower than any (positive) power of x where as e*increases much faster
than any (positive) power of x.

@) M 1 —hy=0and M (1+h)— oo, where h — 0",

n—oo

1000

Example # 11 : Evaluate /IM o

1000

i X
ion - fim
Solution : on X

=0
4.5 Limits using expansion

x/na x*/n*a x*/n*a
+ + + +

(a) a‘=1 1 o 3 T ,a>0
e —14—X+ﬁ+£
(b) BAFTRA
2 3 4
(c) En(1+x)=x—7+%—%+ ......... , for—1<x <1
3 5 7
@  sinx=x-To+ T Ty
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xT X
(e) cosx =1- T R
3 5
2X
f t = X+—+—+......
1) an x T
3 XS X7
tan' x= X——+——-——+......
)] 3757
) n(n—1) n(n—1)(n-2) ,
(h) for|x] <1,neR;(1+x)"=1+nx+ 12 123 X3+ o0
. 1 x 1 2
(l) (1+X)x = e [1—E+§X ............. j
Example # 12 : Evaluate
1
- im ex—1—X .\ /im (7+X)3—2
e S () S
2
. X 1
(III) fim /Zn(1+x)—3|nx+7 (IV) /im e_(1+X)X
x>0 xtanx sin x x>0 tanx
2
x4 (1+x+2'+ ...... j—1—x 1
iy fim € 1= X 0 yim : _
Solution : (i), 2 =, 00 v 3
(i) Putx=1+h
1
p 2.[1+h]3—2
vim (8+h) -2 _ /im 8
h—0 h h—0 h
G,
2:1 1.D+3 3 8 + o -1
8 1.2 {
= Ji ) i 1 1
=M h ‘h£n02x§‘ﬁ
, X2 x3 3 x5 2
X— "+ = | X="+ == +
Comn(ex)—sinx+ > 23 3 5l 2 1 11
(iii) A 2 —{im = — + — = —
x>0 x tanx sin x x=0 3 fanx sinx 3 6 2
X X
1 e—e[1—x+ ...... j
: fim e—(1+x)* _ /im 2 _ (im © X _
(iv) 0 0 x
X X =

tanx tanx

tanx

N | @
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ae* —b cosx+ce™

. Fi fim =
Example # 13 : Find the values of a,b and ¢ so that bt X SiNx

ae* —bcosx+ce™

ion : fim =
Solution : am X SinX 2 (1)

at x —» 0 numerator must be equal to zero

a-b+c=0 = b=a+c¢c ... (2)
. _ae* —(a+c) cosx+ce™*
From (1) & (2), fim . =2
x—0 X sin X
2 .3 2 4
a(1++2'+xl+ ...... ]—(a+c)(1—+'— ...... ]+C(1_1x'+_x+ ...... ]
— fim =9

(a_c)+(a+c)+L(a—c)+ .....
/im X 3! =9
= x—0 2
X xt
[T
Since R.H.S is finite,
0+2
a-c=0 a=c, then¢=2

o a=1thenc=1
From (2), b=a+c=1+1=2
4.6 L' Hospital's Rule :-

L'Hospital's rule states that for functions f and g which are differentiable on an open interval | except

possibly at a point ¢ contained in |, if lmf(x) = limg(x)
. f'x) . (%) . f'x)

g'(x) # 0 for all x in | with x " ¢, and M ———" exists, then liM = lim——
X—C g (X) X—C g(x) X—C g (X)

f(a+2h)—f(a—3h)
h

Example#14: Evaluate r|]l_l’)T(1) ,iff'(@a)=3

f(a+2h)-f(a-3h) _ lim f'(a+2h)(2)-f'(a-3h)(-3)
h T b5 1
=f(a)x5=3x5=15
Self practice problems

. . .. lim
Solution : . o

. im f(2+h)—f(2+ sinh)
(5) If f'(2) = 4, then find the value of "] h. sinh.tanh

Answers : (28) 2/3

0 or

+00
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4.7 Limits of form 1=, 0°, oo°

0
(A) All these forms can be converted into — form in the following ways

0
(@) Ifx —> 1,y >, then z = (x)" is of 1~ form
= hz=y/nxX
/nx 0
= — — form
= /nz 1 [0 j
y
1
Asy > © = ;—>0 and x >1 = /nx >0
(b)  Ifx—>0,y— 0, thenz = xis of (0°) form
= hz=y/nx
=y 9form
= /n z—i [0
/nx
(c) If x >0,y — 0, then z = x"is of («)° form
= hz=y/nXx
_ Y 9
= /nz= _i [0 formj
/nx

(B) (1) type of problems can be solved by the following method

; 1
(a) m (1+x)* =e
(b) f'_[g [f(x)]s® ; where f(x) > 1; g(x) > o asx —>a
) ] (f(x)-1)g(x)
. T(f(x)*ﬂ-g(x) . fim[f -1
= M [ -1 =0 {[1+(f(x)—1)]f‘x)1J = g
Example # 15 : Evaluate
4x%+2 X
. 2X2 -1 . a tanz )
i /im i i an 2x sy im _ H /im X
(i) o (2x2+3] (i) fl_?; (tan x)= 2 (i) ™M (2 xj (iv) Do X
4
Solution : (i) Since it is in the form of 1~
2)(214x2+2 ox? 1_2x2 3
fim — = ; X" —1-2X" - 2 o
X=® (2x2+3] - exp {fl—?;( 2x2+3 ](4)( +2)J -e
Jim fim (tanx—1)tan 2x fim (tan X,1)12ti2x
4 x> x>l —t
(i) Since itis in the form of 1* so , .= (tan x)*"* =e * =g 4 e
4
tann/4

—e *A(t+tann/ 4)

1
—eg'l= —
e
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a tang—:
(iii) f'_[g (2—;j put x=a+h
n rwh
tan| 24+ ™ ’ b h
_ fim h an(fza] _dim (4, h °°t(2] _ ﬂn—cot—.(nﬁqj
h—0 (a+h) h—0 a+h
mh ) 2a
[lm[ 2a J b3
h—0 tann—h a+h 2
=e 2a —er
(iv) Lety = f_'ﬂ} X
/i /i e 1
= my =" xmx = M _ 1X=O, as o
X
= y=1

4.8 Sandwitch theorem or squeeze play theorem:

Suppose that f(x) < g(x) < h(x) for all x in some open interval containing a, t hoo
X
except possibly at x = a itself. Suppose also that : ’
P Z ‘ /;\g%))
C -, =L H f(x
0100 =0 = (o),
im = i
Then (U g(x)= 7. < i x
v
rim  XI+[2x]+[3x] +.... + [nx] ) )
Example # 16 : Evaluate ;' 2 , where [.] denotes greatest integer function.
Solution : We know that, x — 1 < [x] < x
2x — 1 < [2x] £ 2x
3x — 1 <[3x] <3x
nx — 1 < [nx] £ nx
(x+2x+3x+....+nx)—n<[x]+[2x] + ..... +[nx] < (x + 2x + .... + nx)
xn(n +1) 3 xn(n+1)
= —5 -n < ;[r x] < —
L osm X [@j C 0 im DI i X [uj
—> 0 2 n n n— oo n n—ow 2 n
X i [X]+[2X]+.... +[nX]  x
= 5 < 2 <5

sim  DXI+[2x]+.... +[nx] X
n— o n2 - 2
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5. Continuity :

A function f(x) is said to be continuous at x = c, if Limit f(x) = f(c)
X—C

= If %i_r)rg)it f(c—h) = H_rfc‘)it f(c+h) = f(c), then f(x) in continous atx = ¢

If a function f (x) is continuous at x = ¢, the graph of f (x) at the corresponding point (c, f(c)) will not be
broken. But if f (x) is discontinuous at x = c, the graph will be broken when x = ¢

y O/ y y ° y

0————
x
OfF = = =
x

X o) o) o) c X

) (i1) (iii) (iv)
((i), (ii) and (iii) are discontinuous at x = ¢) and ((iv) is continuous at x = c)
A function f can be discontinuous due to any of the following two reasons:

X—C

f(x) does not exist i.e. Limit f(x) # Limit f(x) (Examplefigure (i))

X—>C~ x—c”

This is non removable discontinuity

iy Hmit fx) = £ (c) ( Example figure (ii), (iii) )

X—>C

This is removable discontinuity
Geometrically, the graph of the function will exhibit a break at x= c.

Example # 17 :If f(x) = {sm; » x<1 , then find whether f(x) is continuous or not at x = 1, where
[x] , x=1

[.]is greatest integer function.

. TX 1
Solution : f(x)= N5 - X<
[x] , x=1

For continuity at x = 1, we determine f(1), X“_)”?, f(x) and X“_gl f(x).
Now, f(1)=[1]=1

H H . TIX . T
X"_)”ﬂ, f(x) = X“_[?, sin - =sin - = 1
and M 5(x)= M [y] = 1
= lim = lim = . : : _
SO f(1)= D¢ f(x)= 15 f(x)=1 o f(x) is continuous at x = 1
Self practice problems : .
(6) If possible find value of A for which f(x) is continuous at x = 5
1-sinx s
S EE——— X <_
1+ cos 2x 2
T
f X)= A , X=—
(x) :
2X -1 i
, X>—=
Va+2x-1 -2 2
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(7) Find the values of a and b such that the function
X+ay2 sinx 0§x<%
s s T T
f(x)=9 2xcotx+b ; —<Xx<— i i =— = —
(x) xcotx + 4 X 5 is continuous at x 2 and x 5
acos2x —bsinx ; %< X<m
(1+ax)"*  ; x<0
(8) If f(x)= b : X=0then find the values of a, b, c, for which f(x) is continuous at x = 0
(x+c)"® -1
; x>0
X
. . n !’
Answers : (6) discontinuous (7) a=g, b= 2
1
(8) a=—£n3,b=§,c=1
6. Theorems on continuity :
(i) If f(x) and g(x) are two functions which are continuous at x = c, then the functions defined by:
h,(x) = f(x) £ g(x); h,(x) = Kf(x), Kis any real number ; h.(x) = f(x).g(x) are also continuous at
f(x)
x = c. Further, if g (c) is not zero, then h (x) =@ is also continuous at x = c.
(i) If f(x) is continuous & g(x) is discontinuous at x = a, then the product function
(1)1 (x) = f(x) g(x) may or may not be continuous but sum or difference function
(1)2 (x) = f(x) £ g(x) will necessarily be discontinuous at x = a.
sin® x#0
e.g.f(x)=x&g(x)= 0 x=0
(iii) If f (x) and g(x) both are discontinuous at x = a, then the sum, difference, product and division

of functions f(x) and g(x) is not necessarily be discontinuous at x = a.

1 , x>0
e.g.f(x)=9(X)={_1 , x<0

and atmost one out of f(x) + g(x) and f(x) — g(x) is continuous at x = a.

Example # 18 : If f(x) = [sin(x—1)] — {sin(x—1)}. Comment on continuity of f(x) at x = g+1

(where [ . ] denotes G.I.F. and { . } denotes fractional part function).

Solution : f(x) = [sin (x = 1)] = {sin (x = 1)}
Letg(x)=[sin (x —1)] + {sin (x=1)} = sin(x—-1)

which is continuous at x = % +1
as [sin (x — 1)] and { sin (x — 1)} both are discontinuous at x = g +1

At most one of f(x) or g(x) can be continuous at x = g +1

As g(x) is continuous at x = g + 1, therefore, f(x) must be discontinuous
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7. Continuity of composite functions :

If f is continuous at x = ¢ and g is continuous at x = f(c), then the composite g(f(x)) is continuous at

Xsinx

X = c. eg. f(x) = 212 and g(x) = ‘x‘ are continuous at x = 0, hence the composite function

¢ _ X sin X
(90N ()= 5,

Self practice problem :

‘ will be continuous at x = 0.

1+x* , x<0 (x—1)
x? -1 , x>0

9) f(x) ={

Then define fog (x) and comment on the continuity of gof(x) atx =1

Answer : [fog(x) = x, x e R and gof(x) is discontinous at x = 1]
8. Continuity in an Interval :
(@) A function f is said to be continuous in interval (a, b) if f is continuous at each and every point

belongs to interval (a, b).

(b) A function f is said to be continuous in a closed interval [ a, b]if:
(i) fis continuous in the open interval (a, b),
(i) fis right continuous at ‘a’ i.e. I;|_r2|t f(x) = f(a) = a finite quantity and
(iii) fis left continuous at ‘b’ i.e. &'_T)',t f(x) = f(b) = a finite quantity.

Note-

(i) All Polynomial functions, Trigonometrical functions, Exponential and Logarithmic
functions are continuous at every point of their respective domains.

(i) Continuity of a function should be checked at the points where definition of a function
changes.

(iii) Continuity of {f(x)} and [f(x)] should be checked at all points where f(x) becomes integer.

(iv) Continuity of sgn (f(x)) should be checked at the points where f(x) = 0

(v) In case of composite function f(g(x)) continuity should be checked at all possible points
of discontinuity of g(x) and at the points where g(x) = ¢, where x = cis a possible point
of discontinuity of f(x).

(vi) Continuity of a function must be disscussed only at pionts which are in the domain of
function.

[sinTx] ;o 0<x<1
Example # 19: If f(x)= {X_?J}_ sgn[x _Ej C 1<x<2 where { . } represents fractional part function and
[.]is greatest integer function, then comment on the continuity of function in the interval [0, 2].
Solution : (i) Continuity should be checked at the end-points of intervals of each definitioni.e. x =0,

1,2

(i) For [sin nx], continuity should be checked at all values of x at which sin nx €1
i x=0 1
€. =0, 5
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(iii) For {x—?ﬁsgn [x —gj , continuity should be checked whenx — —=0

5
(as sgn (x) is discontinuous atx=0) i.e. x= 7 andwhenx — = el

5
i.e. X=3 (as {x} is discontinuous when x e I)

1 5 5
overall discontinuity should be checked at x = 0, o 1, 23 and 2

check the discontinuity your self.

di ti tx= 1 1 33
iscontinuous atx = -, 1 7, 3
x+1 1 . o
Example # 20 : If f(x) = 1 and g(x) = _2° then discuss the continuity of f(x), g(x) and fog (x).
. X +1
Solution : f(x) = 1

f(x) is a rational function it must be continuous in its domain
and f is not defined at x = 1
fis discontinuous at x = 1

9x) =S5
g(x) is also a rational function. It must be continuous in its domain and g is not defined at
X=2

g is discontinuous at x = 2
Now fog (x) will be discontinuous at

(i) X=2 (point of discontinuity of g(x))
(i) g(x)=1 (when g(x) = point of discontinuity of f(x))
. _ 1 _
if g(x)=1 = x—2_1 = x=3
discontinuity of fog(x) should be checked atx =2 andx =3
atx =2
1 +1
X—2
fog (x) = "7

-2
fog (2) is not defin)éd

1+1

i _ lim X=2 _ lim 1tx-2 _
xl—rg ng(X)_xl—rg 1 _1_x|—r>g 1—X+2_

X—2

fog (x) is discontinuous at x = 2 and it is removable discontinuity at x = 2
fog (3) = not defined

+1
lim = lim X
x—3* fog (x) = x—3* 1 1 -®
X—2
12 +1
lim - lim %= _
X—3"~ ng (X) T oxo3” 1 -1 -®
X—2

fog (x) is discontinuous at x = 3 and it is non removable discontinuity of 11" kind.
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Self practice problem :

1]
/n x]. -—4 1<x<
(10) If f(x) = [inx] sgn({x 2 J% ’ <x<3 . Find the pointswhere the continuity of f(x),
{x?} . 3<x<35

should be checked, where [ . ]is greatest integer function and {.} fractional part function.

3 5
Answer : {1’5’5’6’3’*/%’“/1_’*/6’3'5}

9. Intermediate value theorem :

A function f(x) which is continuous in interval [a,b] possesses the following properties:

(i) If Kis any real number between f(a) & f(b), then there exists at least one solution of the equation
f(x) = Kiin the open interval (a, b).

(i) If f(a) and f(b) possess opposite signs, then there exists at least one solution of the equation
f(x) =0 in the open interval (a, b).

Example # 21 : Given that a> b > ¢ > d, then prove that the equation (x —a) (x —c¢c) +2(x = b) (x —=d) =0
will have real and distinct roots.

Solution : (x—a)(x—-c)+2(x—=b)(x-d)=0
f(x)=(x—a)(x—c)+2(x—-Db)(x—-d)
f@)=(a—a)(a—-c)+2(a—-b)(a—-d)=+ve

f(b)=(b—a)(b-c)+0 =-ve
f(c)=0+2(c-b)(c—d) =-ve

f(dy=(d—a)(d-c)+0=+ve
hence (x—a) (x—c)+2(x—-b) (x—-d)=0
have real and distinct roots

Self practice problem :

(11) If f(x) = xex—2, then show that f(x) = 0 has exactly one root in the interval (0, 1).

. 1 b
Example # 22:Let f(x) = L—l[g m , then find f [Zj and also comment on the continuity at x =0

lim 1

Solution : Letf(x) = 12 nsin? x

(8 i e
1+n.sin 2 1+n[2j
Now
. 1 1
f0) = A W sn20)+1 = 120 =

1
. i l _
)l(l_r)%f(x) - Xl—rrg) |:nl—r)rgo1+nsinzx:| =0

{here sin?x is very small quantity but not zero and very small quantity when multiplied with
o becomes oo}

f(x) is not continuous at x =0
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Self practice problem :
(12)  Iff(x) = Lim (1 +x)".
n

Comment on the continuity of f(x) at x = 0 and explain Ling (1+x)
X

X | =

Answer : Discontinous (non-removable)

Example # 23 : f(x) = maximum (sin t, 0 <t < x), 0 < x < 2x discuss the continuity of this function at x= T

Solution : f(x) = maximum (sint, 0 <t<x),0<x<2xn sint

ifx e {0, g} , sint isincreasing function |/7
¢

0 T,

Hence ift € [0, x], sint will attain its maximum value at t = x.

r
2

f(x) =sinxifx e {0’ E}

T
if x e [52“} andt € [0, x]

then sin t will attain its maximum value when t = g

sinx if XG{O, E}

’ 2
s
f(x) = sin g = 1ifx e (5,211} L )=
(I ier(E,ZTC:|
> 2
Now f [E] =1
lim lim
x_%f f(x) = X_,g’ sinx =1
Iim+ Iim+
o f0) =0 1=
as f(n/2) =L.H.S. =R.H.S. f(x) is continuous at x = g

10. CONTINUITY OVER COUNTABLE SET
There are functions which are continuous over a countable set and else where discontinuous.

x if xe Q _ _
Example# 24 : |If f(x) = . , find the points where f(x) is continuous
-x if xg Q
Solution : Let x = a be the point at which f(x) is continuous.
lim f(x)= lim f(x)
throu)g(h_;:tional throug);lzr‘?itional

= a=-a
= a = 0 = function is continuous at x = 0.

Self practice problem :

f (X) - it hen find th h f
13 i I . , then find the points where function is continuous.
( ) ( ) g 0 if x & Q

2

x> 5 xeQ . . o .
i)y 1 fx)= . , then find the points where function is continuous.
-X° 5 X¢
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11. MEANING OF DERIVATIVE :
The instantaneous rate of change of a function with respect to the dependent variable is called derivative. Let ‘' be
a given function of one variable and let Ax denote a number (positive or negative) to
be added to the number x. Let Af denote the corresponding change of ‘f’ then Af = f(x + Ax) —f(x)
Af f(x+ Ax) —1f(x)
= — =
AX AX
If Af/Ax approaches a limit as Ax approaches zero, this limit is the derivative of ‘f’ at the point x. The derivative
of a function f’ is a function ; this function is denoted by symbols such as
df d df(x)
fi(x), —=»——T(X) or (
dx dx dx
f . Af . f(x+Ax)-f
— d—: lim — = lim (x+4%) ~ 1)
dx M&x-0AX Ax-0 AX
o N oy dE(x) :
The derivative evaluated at a point a, is written, f'(a), 1'(x),_,, etc.
12. Differentiability of a function at a point :
(i) The right hand derivative of f(x) at x = a denoted by f'(a*) is defined by:
imit f(@+h)-f
R.H.D. = f'(a*) =Limit w , provided the limit exists.
(i) The left hand derivative of f(x) at x = a denoted by
f’(a”) is defined by:
imit  f(@—h)-f
L.H.D.=f'(a") =%'_rfc‘)'} (a_—;—(a)’ provided the limit exists.
A function f(x) is said to be differentiable at x = aif f'(a*) =f’ (a") = finite
imit f(@+h)-f
By definition f'(a) = ';f(‘)'} ftarh)f(a) h)_ @
X , x<1
Example#25: Comment on the differentiability of f(x) = { 2 > 1 atx=1.
imit  f(1+h)—f(1
Solution:  RH.D.=f (1) = Limit 1AM =)

h

_ Limit (1+h)?=1 _ [imit 1+h*+2h—1 _ Limit _
= hoo* h = hoo* h oot (N+2) =2

: imit f(1=h)=f(1) _ Limit 1-h-1
LH.D.=f(1-) = Limit e Limit -

As L.H.D. # R.H.D. Hence f(x) is not differentiable at x = 1.

=1
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A+Bx? | x<1 , . .
, then find A and B so that f(x) become differentiable atx = 1.

Example#26: Iff(X)={3AX b+2 x>1

f(1+h)—f(1) _ 3A (1+h)-B+2-3A+B-2 _ 3Ah

Solution: (19 = I h ! h ! h CA
2
fr(»]_) = lim f(1_h)_f(1) - lim A+B(1—h) -3A+B-2
h—0* —h h—0* —h

lim (~2A+2B-2)+Bh? -2Bh
~ ho0* h

hence for this limit to be defined
—-2A+2B-2=0
B=A+1

f(1) = /M _(Bh-2B)=2B

For f(x) to be differentiable at x = 1
S f'(1-)=(1%)
= BA=2B=2(A+1) v~ B=A+1
A=2,B=3

[cosnx], x<1

2x}-1, x>1° then comment on the derivability at x = 1,

Example#27: If f(x) = {

where [ . ]is greatest integer function and {.} is fractional part function.

i f(1-h)—f(1 i - ; _
Solution : fi(1°) = h“—ETc])* u = hlerc])* M = h“_)”(lr j_'I:']

“h “h =0

an < lim fA+h) ) _ gim  2{0+h}+1-1 iy 2h _
f(17) = h—0" h ~ h>o' h ~ h>o' ? =2
ff(17) =1 (17)
f(x) is not differentiable at x = 1.
Self Practice Problems :
[2X]+x , x<1

, then comment on the continuity and differentiable at x = 1,
F+1, x>1

(14) If f(x) = {
where [ . ]is greatest integer function and {.} is fractional part function.

xtan'1/x, x=0

(15) If f(x) = { 0 x=0’ then comment on the derivability of f(x) at x = 0.

Answers : (20) Discontinuous and non-differentiable at x = 1
(21) non-differentiable atx =0
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13. Concept of tangent and its association with derivability :

fl@ + h)

fla + h) - f(a)

fl@a —h) - f(a)

. S«
— «—
ah— 5o @ noo P
Tangent :- The tangent is defined as the limiting case of a chord or a secant.
f(a+h)-f(a
slope of the line joining (a,f(a)) and (a + h, f(a + h)) = %
. f(a+h)-f(a
Slope of tangent at P = f'(a) = 'ﬁ'_[[} %
The tangent to the graph of a continuous function f at the point P(a, f(a)) is
(i) the line through P with slope f'(a) if f'(a) exists ;
(i) the line x = aif L.H.D. and R.H.D. both are either « or — «.
If neither (i) nor (ii) holds then the graph of f does not have a tangent at the point P.
In case (i) the equation of tangentisy — f(a) = f'(a) (x — a).
In case (i) itisx=a
Note : (i) A function is said to be derivable at x = a if there exist a tangent of finite slope at that point.
f'(a*) = f'(a”) = finite value
(i) It is not necessary that curve is only one side of tangent.

(Example : y = x® has x-axis as tangent at origin)

Example#28: Find the equation of tangenttoy = (x)"*at x =1 and x = 0.

Solution : Atx =1 Here f(x) = (x)"®
e lim fA=R)=F) g (1=h)Po1 1
LHD=f(1) =05 ——— =20 = = 3
e _ lim  fA+h)=f() _ m (1+h)P -1 1
RHD. =f(19) = B5 ——— = 5% e =g
1
AsRH.D.=LH.D. = 3
1 1
slope of tangent = 3 y—f(1)= 3 (x—1)

1
y-1=73 (-1
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= 3y —x =2 is tangent to y = x"at (1, 1)

Atx=0
. RN
LHD. =f()=m O =0 -
. 173 _
RH.D.=f(0) = lm —(O“Lh)h 0 i

As L.H.D. and R.H.D are infinite. y = f(x) will have a vertical tangent at origin.
x = 0 is the tangent to y = x'® at origin.
Self Practice Problems :
(16) If possible find the equation of tangent to the following curves at the given points.
(i) y=x3+3x2+28x +1 atx = 0.
(i) y=(x—-8)Patx=38.

Answers : (i) y=28x +1 (i) x=28
14. Relation between differentiability & continuity:
(i) If f'(a) exists, then f(x) is continuous at x = a.
(i) If f(x) is differentiable at every point of its domain of definition, then it is continuous in that
domain.

Note : The converse of the above resultis not true i.e. "If 'f' is continuous at x = a, then 'f' may or may not be
differentiable atx = a.
e.g. the functions f(x) =| x | is continuous at x = 0 but not differentiable at x = 0.

If f(x) is a function such that R.H.D =f'(a*) = /¢and L.H.D. =f'(a”) = m.

Case -1

If = m = some finite value, then the function f(x) is differentiable as well as continuous.

Case -1II

if £ m = but both have some finite value, then the function f(x) is non differentiable but it is continuous.
Case - 111

If at least one of the ¢ or m is infinite, then the function is non differentiable but we can not say about
continuity of f(x).

e

|
! |
@) 3 X 0 a X o a
(i) (i) (iii)
continuous and differentiable  continuous but not differentiable neither continuous nor differentiable
Example#29: If f(x) is differentiable at x = a, prove that it will be continuous at x = a.

fla+h)-f(a) _

Solution:  f(a’)= M :
M. [f(a+h) - f(a)] = h¢

as h > 0 and ¢ is finite, then h'ig)l fla+h)-f(a)=0

= Nim ¢ (a + h) = f(a).
Similarly IM [f(a-h)-f@a)]=—ht = Nim ¢ - h) = f(a)

Nm f(a+h)=f(a)= M fa-n)

Hence, f(x) is continuous.



Example#30 : If f(x)= {

Solution :

15.
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x2sgn[x]+{x}, 0<x<2

, comment on the continuity and differentiability of f(x),
sinx+|x-3| , 2<x<4

where [ . ] is greatest integer function and {.} is fractional part function, at x = 1, 2.
Continuity at x = 1

lim f(x) = lim (x*sgn[x] +{x})=1+0=1

x—>1" x—>1"

M ey = M e san [x] + {x})

x—>1 x—>1
=1sgn (0)+1 =1
f(1) =1
L.H.L = R.H.L =f(1). Hence f(x) is continuous at x = 1.
Now for differentiability,

im  f(1+h)—f(1
RHD. =f(17) = lm X g @

lim (1+h)?sgn[1+h]+{1+h} -1

~ ho0* h
im (+h)?+h-1 _ jim 1+h®+2h+h-1 _ jym h®+3h _,
h—0* h h—0* h h—0* h

: im fA=h)—=f() _ im (1=h)>sgn[1-h]+1-h-1
and LH.D. =f(1) = lim === =2 = lim (1-h)"sg [_h ]

= f'(1*) = f(1°).
Hence f(x) is non differentiable at x = 1.

=1

Now at X=2
Jim fx) = M (xsgn[x]+{x})=4.1+1=5
X'L”; f(x) = X'L”; (sinx + |x —3|) =1 +sin 2

Hence L.H.L#R.H.L
Hence f(x) is discontinuous at x = 2 and then f(x) also be non differentaible at x = 2.
Self Practice Problem :

17)  1ff(x) = ( [x] + {2x}

el x| -1
, comment on the continuity at x = 0 and differentiability at X
1/2 x=0

=0, where [ . ] is greatest integer function and {.} is fractional part function.
Answer : discontinuous hence non-differentiable at x =0
Differentiability of sum, product & composition of functions :

(i)

If f(x) & g(x) are differentiable at x = a, then the functions f(x) = g(x), f(x). g(x) will also be
differentiable at x = a & if g (a) = 0, then the function f(x)/g(x) will also be differentiable at x = a.
If f(x) is not differentiable at x = a & g(x) is differentiable at x = a, then the product function
F(x) = f(x) . g(x) can still be differentiable at x = a

e.g. f(x) = |x| and g(x) =

If f(x) & g(x) both are not differentiable at x = a, then the product function

F(x) = f(x) . g(x) can still be differentiable at x = a e.g. f(x) = x| & g(x) = x| .

If f(x) & g(x) both are non-differentiable at x = a, then the sum function F(x) = f(x) + g(x) may be
a differentiable function. e.g. f(x) = x| & g(x)=- |x].
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Example#31: Discuss the differentiability of f(x) = x + |x|.

YA

Solution :

Non-differentiable at x = 0.

Example#32: Discuss the differentiability of f(x) = x|x|

2

2
Solution : f(x) = { X , x20
-x° , x<0

Differentiable atx =0

Example#33: If f(x) is differentiable and g(x) is differentiable, then prove that f(x) . g(x) will be differentiable.

Solution : Given, f(x)is differentiable
i f(a+h)-f
e, m —(a+h) @ - f(a)

g(x) is differentiable

ie. h'L”(‘ﬁ —g(a+hh)—g(a) =g'(a)

let p(x) = f(x) . g(x)

Now, h”_?g)* p(a+hh)—p(a) _ h”_)rr(,)+ f(a+h).g(a+hh)—f(a).g(a)

_ lim f(a+h)g(a+h)+f(a+h).g(a)-f(a+h).g(a)-f(a)g(a)
h—0* h

_ lim {f(a+h>(g(a+h>—g(a» +g(a)(f(a+h)—f<a))}
~ hoo0' h h

Hence p(x) is differentiable.

h } =f(a). g'(a) + g(a)f'(a) =p’(a)
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x-3 , x<0

Example#34: If f(x) = { x2 _3x42 x>0 and g(x) = f(|x]) + |f(x)|, then comment on the continuity and

differentiability of g(x) by drawing the graph of f(|x|) and, |f(x)].

Solution :

16.

y4
y = f(x)
2'\
' T —~""% ’ ‘

" 1447

Graph of f(|x|) and |f(x)|

y=f(Ix[)

" " ! .
2721 g, 172 2 1 [ypt 2

If f(]x]) and |f(x)| are continous, then g(x) is continuous. At x = 0 f(|x|) is continuous, and [f(x)]| is
discontinuous therefore g(x) is discontineous at x = 0.

g(x) is non differentiable at x = 0, 1, 2, (find the reason yourself).

Differentiability over an Interval :
f (x) is said to be differentiable over an open interval if it is differentiable at each point of the interval and
f(x) is said to be differentiable over a closed interval [a, b] if :

(i) for the points a and b, f '(a*) and f’(b-) exist finitely
(i) for any point c such thata < c < b, f '(c*) & f'(c") exist finitely and are equal.

All polynomial, exponential, logarithmic and trigonometric (inverse trigonometric not included) functions
are differentiable in their domain.

2x
1+ x2

Graph of y = sin™" Graph of y = sin”" x.

/2t

/2t

2 ]
1T -m/2

T -nl2

Non differentiable atx =1 & x = -1 Non differentiable atx =1 & x = -1
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{x+ﬁfsinnx] , 0<x<1

Example#35: If f(x) = , find those points at which continuity and differentiability

[2x]sgn(x—%j , 1<x<2

should be checked, where [ . ] is greatest integer function and {.} is fractional part function.
Also check the continuity and differentaibility of f(x) at x = 1.

{x +%]Esinnx] , 0<x<1
Solution : f(x) = The points, where we should check the continuity and

[2x]sgn(x—%j , 1<x<2

, 2

N | w

diff tiabilit =0 12 1 2
ifferentiability arex =0, -, 7.1, 7,

At x =1

LH.L = lim fx)= lim {X+%]J>[sin nx] =0

x—>1 x—>1

, , 4]
RH.L.= M fx)= lim [2x] sgn {X—§J>=2(—1) =-2
L.H.L# R.H.L. hence f(x) is discontinuous at x = 1 and hence it is non diffferentiable at x = 1.

Self Practice Problems:
(18) If f(x) =[x] + [1 —x],—1<x <3, then draw its graph and comment on the continuity and
differentiability of f(x), where [ .]is greatest integer function.

|1-4x?| , 0<x<1
19)  Iff(x) =
(19) 1) {[x2—2x] L 1<x<2

differentiability and continuity of f(x), where [ . ] is greatest integer function.
Answers : (18)  f(x)isdiscontinuous atx =-1, 0, 1, 2, 3 hence non-differentiable.

, then draw the graph of f(x) and comment on the

1
(19)  f(x)is discontinuous at x = 1, 2 & non differentiable at x = 2 1, 2.
17. Problems of finding functions satisfying given conditions :
Example#36: If f(x) is a function satisfies the relation for all x, y € R, f(x + y) = f(x) + f(y) and if f(0) = 2 and
function is differentiable every where, then find f(x).

f(x+h)—f(x) f(x) +f(h)—f(x) - f(0)

Solution:  f(x)= lim - = lim. - (- f(0)=0)
i f(h)-f(0
han(;] ( )h ©) _ #(0)
f(x) =2 = Jf'(x)dx = JZ dx
f(x)=2x+c
f(0)=2.0+c as f(0)=0

c=0 f(x) = 2x
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Second Method :

Since f(x + y) = f(x) + f(y) is true for all values of x and y is independent of differentiating both sides

w.r.t x (here y is constant with respect to x).
f(x+y)="f(x)
put x=10

fy=fo) =  [fydy=[2d

fly)=2y+c = f0)=0+c=0
c=0
f(y) = 2y = f(x) = 2x.

Example#37: f(x +y) =f(x) . f(y) V X, y € R and f(x) is a differentiable function and f'(0) = 1, f(x) = 0 for

any x. Find f(x)

Solution : f(x) is a differentiable function
im f(x+h)—f(x)
’ ] | _—_—mmmm
f'(x) = hl o+ h
; f(x).f(h)—f(x).f(O

lim f(x).(f(h)-(0))

=f(x) . f'(0) = f(x)

h—0* h
f(x) =f(x)
f'(x)
——=dx =
-[f(x) x = [10x
= f(x)=x+c Lfm1=0+c
= c=0 2o Inf(x) =x
= f(x) = e
X + f f
Example#38: f [Ty] = w Vv X,y € Rand f(0) = 1 and f'(0) = — 1 and function is differentiable for
all x, then find f(x).
f(2x+2hj_f (2x+0j f(2x)+f(2h) _ f(2x)+f(0)
Solution:  f(x) = lim 2 2 - lim 2 2
- h—0 h h—0 h
_im f(2h)-f(0) _ B
= jim == =f(0) =-1

fi(x) =-1
integrating both sides, we get
f(x)==-x+c
c=+1(asf(0)=1)
fx)==x+1=1-x
Self Practice Problem:

y
Self Practice Problems :
(21) If f(x) and g(x) are differentiable, then prove that f(x) + g(x) will be differentiable.

X
(20) f (—J =f(x)-f(y) Vx,y e Rrand f'(1) = 1, then show that f(x) = /nx.
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17.1  Some known functional equation & its solution
If x, y are independent variables and f(x) is continuous function, then:

(i) f(xy)=f(x)+f(y) Vx,yeR" = f(x) =klInxorf(x)=0, where k is a constant.
(i) f(xy)="f(x).f(y) VX,yeR = f(x) =x"
(iii) f(x+y)=f(x).f(y) Vx,yeR = f (x) = ak, f(x) = 0, where k is a constant.

(iv) f(x+y)=f(x)+f(y) Vx,y eR = f(x) = kx, where k is a constant.

1 1
(v) If f(x) is a polynomial function satisfying f(x) . f [;] =f(x)+f [;] Vv x e R—{0}, then

f(x)=1xx"

1 1
Example # 39 :If f(x) is a polynomial function satisfying f(x) . f [;] =f(x)+f [;] Vv x e R—{0} and f(2) =9,

then find f (3)

Solution : f(x)=1xxn
Asf(2)=9 f(x)=1+x3
Hence f(3) =1 + 33 =28

Self practice problems

1 1
(22) If f(x) is a polynomial function satisfying f(x) . f [;] =f(x) + f [;] vV x e R-{0} and

f(3) = -8, then find f(4)

f(x)
1+f2(x)

(23) If f(x +y) =f(x) . f(y) for all real x, y and f(0) = 0, then prove that the function, g(x) =

is an even function.
Answer : (22) -15
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Il Exercise-1

PART -1 : SUBJECTIVE QUESTIONS

Section (A) : Definition of LHL/RHL and Indeterminate forms

A-1. Evaluate the following limits :

(i) firgl (x2 + cos x) (i) firgl tanx + 2~
(iif) ¢im xcosx (iv) £im(/nx)*
e
(v) £im—
x>l §1n X

A-2. Examine the graph of y = f(x) as shown and evaluate the following limits :

y
3
2 —
1 °
T 1 2 3 42
(i) Amf(x) (i) (imf(x) (iii) (imf(x) (iv) Am £(x)

(v) Kirg f(x)

A-3 Evaluate the following limits,
Where [.] represents greatest integer function and {.} represents fractional part function

(i) fim[cosx] (ii) fg{?ﬁ (iii) ¢im sgn[tan x] (iv) {iggcos‘l(ﬁnx)

3x+1, x<1

evaluate fiﬂllf(x)
4x*, x>1 =

A4. (i) If f(x) = {

X+A, x<1 )
(ii) Let f(x) = 342 x>1 if {Lffllf(x) exist, then find value of A.

A-6. Which of the followings are indeterminate forms. Also state the type.

X242, x>2 o) 6 .
A5 If f(x) = { and g(x) = { X %20 evaluate tim g(f(x)) .

; X
(i) fm % , Where [ . ] denotes the greatest integer function

x—0"

(i) M x? 41 -x

(iii) £im (tan x)e>
X_)E

1

(iv) £im ({x})m, where { . } denotes the fractional part function

x—1"
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Section (B) : Evaluation of limits of form 0/0, co/c0, 0o—0, 0 % 0, Use of L-Hospital Rule and
Expansion

B-1. Evaluate each of the following limits, if exists

_ ﬁmx3—3x+l T 4x% —x?+2x-5 e va+2x —/3x 0
i) 5 x—-1 (i) x® +5x° —2x -4 (i) 553 Vaa+x-2/x’ 27
B-2. Evaluate the following limits, if exists

. sin3x . sin?5x
M élEOl tan”' 2x (")élg)l x?

. In(1+2x . bx _ _ax
(iii) €1m¥ (iv) ‘m u, where 0 <a<b

x>0 2% _] x> X

. l—cos5x . 2% _ g2

/fim— i) ¢im
(v) x>0 1 —cosdx (vi) 355 1-cosx

_fim N3sinx—cosx . n(24x)+/n 0.5
(vii) X2 p (viii) ;0o »
X — -
6
1-cos2x
-\ jim (@+x)*sin(a+x)-a’sina /imV 2
(IX) x>0 X ( ) x—0 X
Ny tan2x —3x o B
(xi) 1 Bx—sin’x (xii) Find n € N, if /ilgl 3 = 405
B-3. Evaluate the following limits

. 3xT42x+9 . X’ 4+Xx4c0s’x
(l) flmz— (ll) £1m3—

xoe xS 4] x> DX +8inX
()flm [ 1 + 2 + + X ] ( ) fim \/1’13 —2n2 +1+%/n4+1 N
iii Sttt iv , N

oo |\ x2 X2 x2 150 408 1 6n5+2 —Yn’ +3n° +1 <

(3x* + 2x2)sinl+|x|3 +5
X

(v) Lim

X |x|3+|x|2+|x|+l

B4 Evaluate following limits :

% ain] X"
xgn(lerJ e sm(exj
() lim—N %~/ (i) im———~
x> 2/n X = X
B-5. Evaluate the following limits
4 4
(i) firg[(x+l)3 —(x—1)3J (ii) lim(V/x> +8x — x)

X—0

1
(ii)) iM cos (x+1)- cos(vx (iv) (im (((x+1><x+2><x+3><x+4>)4— xJ



B-6. Evaluate the following limits using expansions :

(x+2)"” —(a+2)"

(i) fim

X—a

(i) (im

x—0

(ii)

X—a

. tan® x
e* —1-sinx—

X3

a+bsinx—cosx+ce*

(IV) x—1

Limit, Continuity & Differentiablity

1 1
/im (x+2)2 —(15x +2)°
X—2 1

(7Tx+2)% —x

x-1
im (In(1 +1x) —/n2)(3.4" -3x)

1

[(7+x)* —(143x)?]sin(x - 1)

exists, find the values of a, b, c. Also find the limit

B-7 If {im 3
B-8 Find the values of aand b so that :
.. l—axsinx+bcosx L
(i) flr{)l T may have a finite limit.
X—> X
(ii) fl—?; (\/x“ +ax® +3x% +bx+2 —x/x4 +2x3 —cx? +3x—d) =4

B-9. Find the following limit using expansion :

axe*-b/n(1+x)+cxe™

(jii) 4m =2

x? sin x

x—0

(cosa)* —(sina)* — cos2a

(1+x)
/im {M _1]

X

2 X

B-10 Prove that /im
x—2 X=2

T
= cos?a. /n (cos o) — sinZa. /n (sina), o € [0,—j

2

tan(a+2h)—2tan(a+h)+tana

B-11 Find the value of %g%

h2

Section (C) : Limit of form 0° «°, 1°, Sandwich theorem and Miscellaneous problems

on limits

C-1

Evaluate the following limits :
(i) lim(x]*™

(if) /im (tan x)oos

T
X>—
2

(iii) ffp (IX])'* , where [ . ] denotes greatest integer function

tan x

)
(V) sor

2
Evaluate the following limits :

tann—zx
(i) Lim[tan%{j

x—1

X

(i) Tim (1 + nlnx) 2

(iv) lim (tan (% + xpx

x—0
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C-3

C-4.

C-6.

C

If lim(1+ax —bx>)*! = €%, then find conditions on a, b and c.
x—1

[1.3x]+[2.4X]+.....+[n.(n+2) X]
n

Evaluate ¢im
n—owo

2n

- 1
If f(x) = £im X ,neN find range of f(x).

AN

, Wwhere [ . ] denotes greatest integer function.

. N . T .
If £ = LISEE Z (r+1)sin il rsm; , then find {¢}. (where {} denotes the fractional part function)
r=2

Section (D) : Continuity at a point, Continuity in an interval, Continuity of composite

functions & IMVT

D-1.

D-3.

D-4.

D-5.

sin (a—1) x + sinx

X
Determine the values of a, b & ¢ for which the function f (x) = ¢
(x+bx2)2 — x112
T
is continuous at x = 0.
1+sin3 x
cosZ x - X
Find the values of a, b & ¢ so that the function, f (x) = | 2 > X ==
c(b + sin x)
(mr2x2
T
X=—=.
2
RUCORV
Suppose that f(x) = x — 3x?> — 4x + 12 and h(x) = X}z3 , then

(a) find all zeros of f
(b) find the value of K that makes h continuous at x = 3

(c) using the value of K found in (b), determine whether h is an even function.

for

for

for

N o A

x <0
x=0

x>0

is continuous at

If f(x) = {x} & g(x) = [x] (where {. } & [.] denotes the fractional part and the integral part functions respectively),

then discuss the continuity of :
(i) h(x) =f(x). g(x)atx =1 and 2

(iii) h(x) = f(x) —g(x) at x = 1

sinx + A sin 2x + B sin 3x

(ii) h(x) = f(x) + g(x) at x =1
(iv) h(x) = g(x) +/f(x) at x=1and 2

If f(x) = 3 (x = 0) is continuous at x = 0. Find A & B. Also find f (0).

X
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D-6. If graph of function y = f(x) is

and graph of function

y = g(x) is
2—o0 _
1 —_—0

1 2

then discuss the continuity of f(x)g(x) at x = 1 and x = 2

D-7. Findinterval for which the function given by the following expressions are continuous :

_ _ 3x+7 . _ ;ij

L ()00 = 731516 2

(iii) f(x) = —“thl (iv) f(x) = tan [%Xj
1+cos™x

D-8. Find the number of points of discontinuity of the function f(x) = [5x] + {3x} in [0, 5] where [y] and {y} denote
largest integer less than or equal to y and fractional part of y respectively.

X

e
D-9. Iff(x)= — 1 and g(x) = sec x, then discuss the continuity of fog (x).
X3 —

3 1
D-10. Find the point of discontinuity of y = f(u), where f(u) = S Bu_3 andu = 12"

1+x , 0<x<£2 x+8 0<x<l1 . . _ o
D-11. Letf(x) = 3-ox . 2<x<3 and g(x) = K, 1<x<3° Find the point of discontinuity of f(f(x)) and
g(f(x))

3

7
D-12. Show that the function f(x) = XT —sint x + 3 takes the value 3 within the interval [-2, 2].

D-13. If g(x) = (|x — 1] + |[4x — 11]) [x? — 2x — 2], then find the number of point of discontinuity of g(x) in

15
[2 ’ 2} {where [.] denotes GIF}
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Section (E) : Derivability at a point & Derivability in an interval
E-1 Testthe continuity and differentiability of the function defined as underatx=1and x =2

x?+1 ; x <1
f(x) = 3—x ; 1<x<L2

—1+3x-x> ; x>2

1 for —oo<x<0

E-2 A function f is defined as follows: f(x) = {1+ |sinx| for 0<x <§

2
2+ x—E for E£x<oo
2 2

Discuss the continuity & differentiability at x = 0 & x = ©/2.
E-3. Letf(x)=xcos X, then prove that f(|x|) is not differentiable at x = 0

x" sin (—j ; x>0
E-4. Show that the function f(x) = X is
; x=0

(i) differentiable at x = 0, if m >1.
(ii) continuous but not differentiable at x = 0, if 0 <m < 1.
(i) neither continuous nor differentiable, if m <0

E-5. Examine the differentiability of f (x) =,/1_¢>* atx=0.

ax’-b if|x|<1

E-6. Iff(x)=9 2 . is derivable at x = 1. Find the values of a & b.
ﬂ if | X| >1
X

E-7. Examine the continuity and differentiability of f(x) = | x | + | x =1+ |x—2],x € R. Also draw the graph of f(x).

|2X —3|[x] for x2>1
E-8. Discuss the continuity & the derivability in [0, 2] of f(x) = sinE for x <1

where [.] denotes the greatest integer function
E-9. Discuss continuity and differentiability of y = f(x) in [-2, 5] where [.] denotes GIF & {.} denotes FPF

[x] , xe[-2,0]

{x} , x€(0,2)

0= XTZ . xe[2,4]
4+log,(x-3) , xe(4,5]

X2

1+ x2

E-10. Check differentiability of f(x) = sgn (x%3) + {COS( H + |x — 1|%3in [-2, 2] where [.] denotes GIF.
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X

e —¢
E-11. Discuss the continuity and differentiablility of h(x) = f(x)g(x) in (0, 3) if f(x) = [x]+1 {where [.] denotes GIF}
|x—1|+|x-2]|  xe(0.])
2
andg(x)=1< |x-1]+|x=2] , x€[l2)
3(x=1|+]x=2))  xe[23)
2
Section (F) : Functional equations and Miscellaneous
. 3—si -f3+
F1. |If }g‘} fO—sin Xi fO+x) =8 then|f'(3)|is
_FX)+ f(y) + £(0)

. . . . X+y
F-2. If f is a differentiable function such that f 3

f'(0)=2, find f(x)

F-3. Let a function f : R —> R be given by f(x + y) = f(x) f(y) for all x, y € R and f(x) # 0 for any x € R.
If the function f (x) is differentiable at x = 0, show that f'(x) = f'(0) f(x) for all x € R. Also, determine
f(x).

3 , V X,y € R and

1 1
F-4. Letf(x) be a polynomial function satisfying the relation f(x). f [;] =f(x)+f [;] Vv x e R—{0}and

f(4) = 65. Determine f(1) + f'(1).
F-5. Letfunction f(x) satisfying the relation f(x + y)+ f(x —y) = 2f(x).f(y), then prove that it is even function

F-6. Letf(x)be abounded function. L, = X/'nl (f'(x) = Af(x))and L, = (im f(x) where 1. > 0. If L, L, both exist

- X —>00

L
then prove that L, = —f.

F-7. LetRbe the set of real numbers and f : R = R, be a differentiable function such that
If(x) = fy)l < [x —y]®P V x,y € R.If f(10) = 100, then find the value of f(20).

PART - II : SINGLE OPTION CORRECT TYPE

Section (A) : Definition of LHL/RHL and Indeterminate forms

A-1 ﬁirgl cos™" [sec x] is equal to (where [-] denotes greatest integer function)
X—>

(A) g (B)1 (©0 (D) Does not exist

A-2. Consider the following statements :

. X
S,: (im % is an indeterminate form (where [ . ] denotes greatest integer function).

x—0"
. sin(3%)
S,: im Tax ]

i X +sinx .
S,: fim | =———— does not exist.
X —cos’ x

. lim n+2)!+ (n+ 1!
o (n+3)!

State, in order, whether S,, S, S,, S, are true or false
(A)FTFT (B)FTTT (C)FTFF (D)TTFT

(n e N)=0
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A3 (im (1-x+[x—=2]+[2—-x])is equal to (wherre [.] denotes greatest integer function)

x—2

(A)O (B) 2 (C)-2 (D) does not exist
. _1 .
. sin” (sin x)
lim——— |t
A4 i~ cos_l(cosx) is equal to
(A)O (B) 1 (C)-1 (D) does not exist

SECTION (B) : Evaluation of limits of form 0/0, co/w0, 0 — 0, 0 X 0, Use of L-Hospital Rule &
Expansion

i (x’ +8) fn(x-1)
X—2 (X3_8)

B-1. is equal to

[SSHIEN
C)

3
(A) 16 B) % (C)

m_ @ -1
B-2. (M

>~ is equal to
sinxén(l + );j

(A) 9(¢n 4) (B) 3(¢n 4)? (C) 12(¢n 4)? (D) 27(¢n 4)?
‘[an(eX - 1)

B-3. (im m is equal to

(A)O (B) -1 (C)2 (D)1

p sin (ﬂn X)
-4. The valueof {m
B evalue ol fn (1+sin(x—1))

is equal to

(A) 0 B) + ©) + (D) 1

2
V1—=cos3x

X

B-5. (m

x—0
A) exist dit I =2
(A) exists and it equals \/5

3
B) exists and it equals ——
®) NG

(C) does not exist because x — 0
(D) does not exist because left hand limit is not equal to right hand limit.

\/E—x/1+cosx .
2

B-6. the valfue of lim is equal to

x>0 sin” x

(A) > (B) T (C) 5 (D)

-1
. cos” (1-x
B-7. Xﬂ”}% is equal to

o

") 75 (B) 2 (€)1 (D)

36
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(%(x—l)kj—loo

B-8. EET is equal to

(A)O (B) 5050 (C)4550 (D) -5050

.1

Cox7sin -+ x + 1

B-9. (M —= is equal to
X"+ x +1
1
(A%)0 (B) 5 (C)1 (D) does not exist
x* tan™ (IZJ

B-10. lim S S/ N equal to

oo Jax® +3x +1

1 1 .

(A) ) (B) -3 (©)0 (D) does not exist

(lm 7n + 5n _ 4n+1 .
B-11. 7 gl gn | gne2 . N € N is equal to

A 1 B 1 C)1 D

(A) 9 (B) 5 (C) (D) zero

lim LIS VNS s i
B-12. M n cos T sin 3 ) n € N is equal to

A z B z C z D)d t exist

()3 ()4 ()6 (D) does not exis

T
X+E

B-13. ﬁg}[ cosx | isequal to (where [ . ] represents greatest integer function)

(A) 1 (B)O (C)-2 (D) does not exist

- oim an— (1) is equal to (n e N)
3 3., . o3
(A)_Z (B)—Zn‘nlseven, 2 if nis odd
3
(C) not existif niseven ; — 7 if nis odd (D) 1if nis even ; does not exist if n is odd

lim 2 +L i
B-15. 'l - x—-1 is equal to

(A) = (B) - % (C)-1 (D) Does not exist

2
J1-x% —Y1+3x
X X2

is equal to

B-16. The value of lirr(}

1
(B)1 (C)-1 D)-7

1
(A) 5
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B-17.

B-18.

B-19.

B-20

X—0

_ 1
im Nx-x n[l+ Tj is equal to :

A 1 B 3 C u D)1
(A) 3 (B) 3 ©) 3 (D)
e 2 _
fim [e * 2COS,X2+X 2 is equal to
X” sin® x
A 1 B 1 C 1 D u
(A) 5 (B) 5 ©) D) 3
. sin(3x?)
im ——
x50 ¢n cos(x’ — X) is equal to
(A) 12 (B) —12 (C) 6 (D) -6
. sin(a+3h)—3sin(a +2h) +3sin(a+h)—sina _
lim 3 is equal to
h—0 h
(A) cos a (B) —cosa (C) sin a (D) sina cosa

SECTION (C) : Limit of form 0°, «°, 1=, Sandwich theorem and Miscellaneous problems

on limits.
2x+43
c1. (im z is equal to
oxeoe | x+1 9
(A) et (B)e™ (C) e (D) e?
. 1
c-2. fim (1 + sinZ\/;)" is equal to
(A) e® (B) e? (C)e (D)e™
C-3. The value of ﬁn}t ([x])™™ is equal to (where [ . ] denotes the greatest integer function)
x4>5
(A)O (B) 1 (C)e (D) e’
lim X+ xP-2x+3) .
C-4. m —x3 — 245 is equal to
(A)1 (B) 2 (C)e? (D)e
T
C-5. The limiting value of (sin x)*> at x = B is:
(A)1 (B) e (C)o (D) none of these
_ 3\ )
C6. /im|2-— is equal to

x—3

X

(A) ¢ = (B) ¢ = (C) e D) 1
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n
. X
SN ——

In

. X
SN ——

N

+

n—ow

J,(x;tO)is

2
—X

(A) e (B)e? (C) 1 (D) e

C-7. lim(

(A) ®) 3 ©) ©)

N x

X
6

N | X

Section (D) : Continuity at a point, Continuity in an interval, Continuity of composite
functions & IMVT

x> —bx +25 _ .
D-1. If f(X)=—————— forx # 5 and f is continuous at x = 5, then f(5) has the value equal to-
x"=7x+10
(A)O (B) 5 (C)10 (D) 25
cos(sinX) —cosx . 2<x<0 . .
D-2. Letf(x) = x2 . whree [.] represents greatest integer function. Then
X —[x] , 0<x<L2
(A) f(x) is continuous at x = 2 (B) f(x) is continuous at x = 1
(C) f(x) is discontinuous at x = 0 (D) f(x) is continuous at x = 0

, . ) 10g4x_3(xz—2x+5) , if§<x<10rx>l
D-3. The function f(x) is defined by f(x) = 4

4 , ifx=1

A) is continuous at x = 1

B) is discontinuous at x = 1 since f(1*) does not exist though f(1-) exists
C) is discontinuous at x = 1 since f(1-) does not exist though f(1*) exists
D) is discontinuous since neither f(1-) nor f(1*) exists

~ o~~~

n
D-4. If f(x) = x sin(E(XWLQ[X])j, then f(x) is {where [.] denotes GIF}

2
1

A) Discontinuous at x
B) Discontinuous at x
C) Continuous at x = 1
D) Continuous at x = 3

~ o~~~

—4sinx +cosx for xﬁ—g
) T T
D-5. If f(x)=| asinx+b for —E<X<E is continuous then :
T
COSX +2 for XZE
A)a=-1b=3 B)a=1b=-3 C)a=1b=3 D)a=-1,b=-3

D-6. Letf(x)=sgn(x)and g(x) = x (x2—5x + 6). The function f(g(x)) is discontinuous at
(A) infinitely many points (B) exactly one point
(C) exactly three points (D) no point
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1
D-7. If f(x)=—— and g(x)=L , then set of points in domain of fog(x) at which fog(x) is discontinuous.
(x-D(x-2) x’
1]
A _1’0919_ { B
(A) { el (B) ¢
1]
0,1,—
(C){0,1} (D) { 2 )
D-8. The equation 2 tan x + 5x — 2 = 0 has
(A) no solution in [0, n/4] (B) at least one real solution in [0, /4]
(C) two real solution in [0, ©/4] (D) None of these

Section (E) : Derivability at a point & Derivability in an interval

E-1. If the right hand derivative of f(x) = [x] tan ©x at x = 7 is ki, then k is equal to

([y] denotes greatest integer < y)

(A) 6 (B) 7 (C)-7 (D) 49
1/x
M , xz0 .
E-2. Iff(x)= 34el/x , then f(x) is
0 , x=0

A) continuous as well differentiable at x = 0
B) continuous but not differentiable at x = 0
C) neither differentiable at x = 0 nor continuous at x =0

o~ o~ o~ o~

D) none of these

X
E-3. Iff(x)= m be a real valued function, then

(A) f(x) is continuous, but f'(0) does not exist
(B) f(x) is differentiable atx = 0
(C) f(x) is not continuous at x =0
(D) f(x) is not differentiable atx = 0
E-4. The function f(x) = cos™'(sinx) is:
A) continuous as well differentiable at x =0
B) continuous but not differentiable at x = 0
C) neither differentiable at x = 0 nor continuous at x =0
)

D) none of these

o~~~ o~

X+ {x}+xsin{x} forx=0

0 forx =0 where { . } denotes the fractional part function, then:

E-5. Iff(x) :{

A) f is continuous & differentiable at x = 0
B) f is continuous but not differentiable at x = 0
C) fis continuous & differentiable at x = 2
D) none of these.
E-6. The function f(x) = (x2—1) | x2—3x + 2 | + cos (|x|) is NOT differentiable at :
(A)—1 (B)0O (C)1 (D)2

o~ o~ o~ o~



E-7.

E-8.

E-9.

E-10.

E-11.

E-12.

E-13.

Limit, Continuity & Differentiablity

X2 -1 , 0<x<£2
x2 +1
|ff(X)= %(X3—X2) 5 2<XS3’then:
%(|x—4|+|2—x|) , 3<x<4

(A) f (x) is differentiable at x =2 & x =3

(B) f (x) is non-differentiable atx =2 & x =3

(C) f (x) is differentiable at x = 3 but notatx = 2

(D) f(x) is differentiable at x = 2 but not at x = 3.

The set of all points where the function f(x) = \/m is differentiable is:

(A) (=00, ) (B)[0, ) (C) (=0, 0) L (0, =) (D) (0, =)

If f (x) is differentiable everywhere, then:
(A) ‘ f ‘ is differentiable everywhere
®)|f |2 is differentiable everywhere

(C)f ‘ f ‘ is not differentiable at some point
(D)f+ ‘f‘ is differentiable everywhere

max(vV1-x,V/1+x) , -1<x<0

Let f(x) be defined in [-1, 1] by f(x) = {

, then f(x) :
min(+/1-x,+/1+x) , 0<x<l1
(A) is continuous at all points (B) is not continuous at more than one point
(C) is not differentiable only at one point (D) is not differentiable at more than one point
If f(x) = (x° + 1) [x* — 4x — 5| + sin|x| + cos(]x — 1]), then f(x) is not differentiable at -
(A) 2 points (B) 3 points (C) 4 points (D) zero points

maxf(t),0 <t<x,0<x <1

; , then in the interval [0, «)
sin ix , x>1

Let f(x) = x —x2and g(x) = {

A) g(x) is everywhere continuous except at two points

(
(B) g(x) is everywhere differentiable except at two points
(C) g(x) is everywhere differentiable except at x = 1
(D) none of these

Consider the following statements :

S, : Number of points where f(x) = | x sgn (1 — x?) | is non-differentiable is 3.

S, : Number of points where f(x) = is non-differentiable in the interval (0, 3x) is 3.

sin'1(sinx)

S, : Letf(x) = |[x] x| for—1 <x <2, where [.] is greatest integer function, then f is not differentiable
atx = 2.

S, : If f(x) takes only rational values for all real x and is continuous, then f’(10) = 10.

(A)FTTT (B)TTTF (C)TFTF (D) FFTF
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E-14. for what triplets of real number (a, b, ¢) with a = 0 the function

X , x<1
— L . o
f(x) ax> +bx+c . otherwise is differentiable for all real x “

(A) {(a,1-2a,a)|ae R,a#0}
(B){(a,1-2a,c)|a,c € R,a#0}
(C){(a,b,c)|a,b,ceR,a+b+c=1}
(D){(a,1-2a,0)|a € R,a#0}

Section (F) : Functional Equations and Miscellaneous

N . f(h)—f(=2h)
F-1. Let f be differentiable at x = 0 and f'(0) = 1. Then }E’%T =

(A) 3 (B) 2 (C) 1 (D) -1

1 00
F-2. Iff(x+y)=1(x).f(y), VXx,y e Randf(1)= 3 then the value of Z f(n) s

n=1

(A) 3 B) 5 (€)1 (D)3

F-3. Iff(1)=1andf(n+1)=2f(n)+1ifn>1,thenf(n)isequal to

(A)2r+1 (B) 2 (C)2n-1 (D)21-1
1
F-4. Ify=f(x) satisfies the condition f(\/;+%J =X +;, (x > 0), then f(x) is equal to
X
(A)—x2+2 (B) —x2-2
(C)x2-2,x € (0, ) (D) x?2-2,x € [2, »)

F-5. A function f: R — R satisfies the condition xf(x) + f(1 — x) = x — x2. Then f(x) is:

Ay 2=x) B) 2=
X" —x+1 X +x+1
x*(1-x) x*(x=1)
© x*—x+1 ©) x*—x+1
F-6. If f: R > R be adifferentiable function, such that f(x + 2y) = f(x) + f(2y) + 4xy V X, y € R. then
(A) (1) =f(0) +1 (B) f'(1) =1(0) -1 (C)F(0)=f(1)+2 (D)f(0)=F(1)-2
PART - III : MATCH THE COLUMN
1. Let [.] denotes the greatest integer function.
Column -1 Column -1I
(A) If P(x) =[2 cos X], x € [, 7], then P(x) (p) is discontinuous at exactly 7 points
(B) If Q(x) =[2 sin x], x € [-x, ©t], then Q(x) (q) is discontinuous at exactly 4 points

T T
(C)IfR(x)=[2tan x/2], x {—E E} , then R(x) (r) is non differentiable at some points

X n
(D) If S(x) = {3 cosec g} , X € {E 2“} ,then S(x)  (s)is continuous at infinitely many values



Limit, Continuity & Differentiablity

Column - | Column - i
(A) If f(x) is derivable at x = 3 & f'(3) = 2, (p) O
2 2
then Limitf(3+h ) 2f(3 h) equals
h—0 2h
(B) Let f(x) be a function satisfying the condition (q) 1

f(—x) = f(x) for all real x. If f'(0) exists, then its value is equal to

—,x %0
(C) For the function f(x) =| 1+ ¢ (r)2
0, x=0
the left hand derivative of f(x) at x =0 is
(D) The number of points at which the function (s) 3
f(x) = max. {a — x, a + x, b}, =00 < x < 0,

0 < a < b cannot be differentiable is
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Bl Exercise-2

PART -1:SINGLE OPTION CORRECT TYPE

sec*0—tan* 0-1

1.  The value of lim is equal to
x—2 Xx—=2
(A) sec?0. /n sech + tan®0. /n tand (B) sec?0. /n tanB + tan®0. /n secO
(C) sec®0. /n tand — tan®0. /n secH (D) sec®0. /n secH —tan?0. /n tand
i | B _[xT
2. ‘e T_ ; (a < 0), where [x] denotes the greatest integer less than or equal to x, is equal to
(A)—a2-1 (B)—a2+1 (C)a2-1 (D)-a?
3 £im cosicosicosicosi cos X is equal to
. fim 5 C0S > T o q
sinx X
A)1 B) -1 —_— D
(A) (B) © = 0) o~
Jim msin© mtan0 _ _ _
4, 650 0 + 0 , Where [.] represents greatest integer function and m e Z, is equal to
(A)2m (B)2m -1 (C)2m +1 (D) does not exist
r x’ sin(lj
5. Mmoo \XJ isequalto
4x* +x+1
1 1 .
(A) 5 (B) - 5 (©)0 (D) does not exist
1
, 2 —a
6. If o and B be the roots of equation ax2 + bx + ¢ = 0, then /M (1 taxt 4 bx+c)x “is equal to
(A)a (o~ p) B)mla(-p)| (€)@ P (D) e*l* Pl
A 4
ey ey
7. f'_[g " ,n e N, is equal to
(A)O (B) {n2 — ¢n3 (C) fn3 —¢n2 (D) none of these
exp(x/@n(1+l)l(y))— exp(x/@n(l+ Sxy)j
8. 5'_[‘8 fg{}o y is equal to
(A) 16 (B)-16 (C)6 (D)—6
. 1-sinx+/nsinx
9. The value of ‘IM el S

x—>7 sin X — (sin x)

(A) 1 (B)1/2 (C)3 (D) /2



10.

1.

12.

13.

14.

15.

16.

17.

Limit, Continuity & Differentiablity

i rim [ X oot X
The graph of the function f(x) = (", | —cot z)is

P

Let [x] denote the integral part of x € R and g(x) = x — [x]. Let f(x) be any continuous function with
f(0) = f(1), then the function h(x) = f(g(x)) :

(A) has finitely many discontinuities (B) is continuous on R

(C) is discontinuous at some x = ¢ (D) is a constant function.

Iog(4X73)(x2— 2x + 5) , if 2<x<lorx>1
The function f(x) is defined by f(x) =

4 , if x=1

(A) is continuous at x = 1
(B) is discontinuous at x = 1 since f(1*) does not exist though f(1-) exists
(C) is discontinuous at x = 1 since f(1-) does not exist though f(1*) exists
(D) is discontinuous since neither f(1-) nor f(1*) exists.

x> if x is irrational
Letf(x) = 4 if x isrational ’ then:
(A) f(x) is discontinuous for all x
(B) discontinuous for all x except atx =0
(©) discontinuous for all x exceptat x =2 or -2

(D) none of these
A point (x, y), where function f(x) = [sin [x]] in (0, 2x) is not continuous, is ([.] denotes greatest
integer < x).

(A)(3,0) (B)(2,0) (C)(1,0) (D) (4,-1)

. _ im (1+sinnx)t = 1] _
The function f defined by f(x) = ', . (1+ sinmx)’ +1|J is
(A) everywhere continuous (B) discontinuous at all integer values of x
(C) continuous at x =0 (D) none of these

.1
&[Hxsm—j , x>0
X
o1 )

If f(x) =~ —X[1+ xsm;j , X<0, thenf(x)is

0 , x=0
(A) continuous as well as diff. atx =0
(B) continuous at x = 0, but not diff. at =0
(C) neither continuous at x = 0 nor diff. at x =0
(D) none of these
The functions defined by f(x) = max {x?, (x - 1)3 2x (1 —=x)}, 0 <x <1
(A) is differentiable for all x
(B) is differentiable for all x except at one point
© is differentiable for all x except at two points
(

D) is not differentiable at more than two points.
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18. For what triplets of real numbers (a, b, c) with a # 0 the function
X , x<1
f(x) = ax2+bx+c . otherwise is differentiable for all real x?

(A){(a, 1-2a,a)| acR,a=0}

(B){(a, 1-2a,c)| a,c e R,a=0}

(C){(a,b,c)l a,b,ceR,a+b+c=1}

(D) {(a, 1-2a,0)| a € R, a =0}

19. [x] denotes the greatest integer less than or equal to x. If f(x) = [x] [sin nx] in (-1,1), then f(x) is:
(A) continuous atx =0
(B) continuousin (-1, 0)

(C) differentiable in (-1,1)

(D) none

20. Letf(x) =[n+11sinx], x € (0, ), n € Nand [x] is greatest integer less than or equal to x. The number
of points at which f(x) is not differentiable is
(A) 11 (B)10 (C)23 (D) 21

1
21, Let f: R — R be any function and g (x) =W . Thengis
(A) ontoif f is onto
(B) one-one if f is one-one
(C) continuous if f is continuous
(D) differentiable if f is differentiable

max{f(t)foro<t<x} for0<x<1
22, Let f(x) =x*—x?+x+ 1and g(x) =

3 — x+x2 fort<x<2’ then:
(A) g(x) is continuous & derivable at x = 1
(B) g(x) is continuous but not derivable at x = 1
© g(x) is neither continuous nor derivable at x = 1
(D) g(x) is derivable but not continuous at x = 1
: X+y) _ fx)+f(y)
23. Letf : R > R be a function such that f 3 )T 3 f(0) = 0 and f'(0) = 3, then
f
(A) % is differentiable in R

(B) f(x) is continuous but not differentiable in R
(©) f(x) is continuous in R
(D) f(x) is bounded in R

+ 4 —2(f f
yj = 42109 +1(y)) Vv X,y € R, then f(x) is equal to

X
24. If a differentiable function f satisfies f [T 3

1 2 8 4
(A) 7 (B) 7 (C) 7 (D) 7
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PART -I1: NUMERICAL TYPE

10.

1.

12.

et () = sin"'(1={x}) . cos"(1— {x}) fim £(x)
ST 20 (-t fim 7(x)

(where {.} denotes the fractional part function)

X X

=P, then P is equal to

Letf(x) = x sin (1j+ sin (izj ,x>0, then f'_,n; f(x) is equal to

x—0 X2

/4im (1 — COS X+/COS 2X

J is equal to

i ; 6f(x)—1 .
If f('ﬂoo f(x) exists and is finite and nonzero and QT)OO {Zf(x) +#2X)J = 3, then the value of QT)OO (x)
is equal to

x-1, x=1 x+1, x>0
Ff) = 1oy2_» Cx<1 gx)=1_y2 41 . x<0 and h(x) = |x|,
then /1M f(g(h(x))) is equal to
If sinx , x=#nm, n=0+1+2.... d 22+1 ,X¢8,2 " Aim . _
= = X =

=2 | otherwise and g =\ x=0 L then 0 9(f(x) is

equal to
2n 1
li R

nﬂ,noo ; S is equal to

: 1
The value of )'('TO x* {x_“} where [.] denotes G.I.F., is

/im

x—>0

( sin'x — tan"'x

3 J is equal to

]
e—(1+x)x

where [.] denotes GIF is

3 a

If /im X
x=0 /a+ x (bx — sin x)

n
> w2 4 .
If f(x) = ~ % X—m , then rfI_ETDf(O) is equal to

=1, then the value of 10b where a >0, is
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13.

14.

15.

16.

17.

18.

19.

20.

21.

22,

T i x<0

Let f(x) = Jim 1 i X>O.Then XELT, f(x) + Xﬂ@ f(x) equals (where [ . ] represents greatest integer
n—>o 14 x"
function)
, _nx+enx—2cos%—kx2
If XETO : exists and finite (n, k € N), then the least value of
(sinx — tanx)
n® .
— is:
k

. 2 20 2 2
jf fim LnF2 D #3 =Dt 4001 p o pis equal to

n—oo

P+22+3+.... +n’
98

[f £im n

e pX_(n _—1)X =99 then the value of x equals

|4x-5|[x] forx>1

The number of points of discontinuity of f(x) = { [COSRX] forx<1

(where [x] is the greatest integer not greater than x) in [0, 2] is

4x%2 +24x+32, -4<x<-2

If f(x) = 2-1xl y T2<xsd , then the maximum length of interval for which f(|x]|) is continuous
4x-x*-2 , 1<x<13
is
i H T
Let f(x) = A-sinx_ !ir; (sinx) X 2 Thevalue of f [E] so that the function is continuous
(r=2x)%> /N (1+7° —4nx+4x°) 2

o
atx = g is A and |A]Ja? = 1 where o, B € N then least value of E is

(sinx + cos x )% —g<x<0
a x=0
If the function f(x) defined as f(x) = ;
12 3
eX +eX +e* T
3 3 , O<x<—=
—2+— =
ae X+be X

is continuous at x = 0 , then the value of 109 s a+9bis:
The number of points of non differentiability of the function f (x) = [sin x| + sin |x| in [-4x, 4x] is

sin[x?]n 3
_ b ,0<x<1, , ) T
ff(x)=1x2_-3x+8 e X is differentiable in [0, 2], then the value of a—b + Z is

2cosnx+tan'x  ,1<x<2



23.

24,

25.

26.
27.

28.

Limit, Continuity & Differentiablity

x220x- forO<x<1 it . _ a2+6_
asgn (x+1)cos (2x—-2)+bx? forl<x<2 Is differentiable atx =1 then b

If f(x) ={

Xn

Find number of points of non-differentiability of f(x) = L'Elm in interval [0, 1] where {.} represents

fractional part function

Let [x] denote the greatest integer less than or equal to x. The number of integral points in [-1, 1] where
f(x) = [x sin nx] is differentiable are

. lim  2f(x)—3f(2x) + f(4x) .

Let f(x) be continuous at x = 0 and f”'(0) = 4 then value of }'M 2 is

Let f : R > Riis a function satisfying f(10 — x) = f(x) and f(2 — x ) = f(2 +x) +x € R. If f(0) = 101, then the
minimum possible number of values of x satisfying f(x) = 101 for x € [0,30] is

n
Find the natural number 'a’ for which Zf(a +k) =2048(2" - 1), where the function ‘f’ satisfies the relation
k=1
f(x +y) =f(x) . f(y) for all natural numbers x & y and further f(1) = 2

PART - 111 : ONE ORMORE THAN ONE OPTIONS CORRECT TYPE

1.

x2-9x + 20
Let f(x) = X —[X] (where [x] denotes greatest integer less than or equal to x), then
i - li -
(A) fim f(x)=0 (B) 5 f(x)=1
(C) {'_[Q f(x) does not exist (D) none of these
; 1+acosx)—bsin . 1+acos . bsin

If ¢ = (im X1+ X;() e - {[’g%—fm Xl3x,where£eR,then

(A) (a,b)=(-1,0) (B) a & b are any real numbers
1

(C)r=0 (D)¢=—
2

2 2 2 2
if ézlim\/?)x +a \/x +3a then -
x—a (X_a)
A)l=1VaelR (B){=1Va>0 (C)f=-1Va<0 (D)/=D.N.E.ifa=0
| X+7|
Letf(x) = — , then
sinx
(A) f(=n*) = -1 (B) f(-n) =1
(€) AM £(x) does not exist (D) M £(x) does not exist

‘ax2 +bx + c‘

Let o, B be the roots of equation ax? + bx + ¢ =0, where 1 < a <  and ,)lf(im =1, then which

=X, ax?+bx+c

of the following statements is correct
(A)a>0andx,<1 (B)a>0andx,>p
(C)a<O0anda<x,<p (D)a<0Oandx,<1
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10.

1.

12.

13.

14.

sin
/|m {( ) || } where [-] represents greatest integer function, is equal to

(A)-1 (B)1
Given a real valued function f such that

tanz[x]
(% -[x1%)’
)= 1 , x=0
J{x}cot {x}, x<O

(©) |09@+1(\/E -1 (D) does not exist

where [.] represents greatest integer function and {.} represents fractional part function, then

(A) (M f(x) = 1

(C)aﬁ4(fzyﬂX02=1

sim sin 2x +a sinx
f x—0 X3

(A)a=-2
(ax+1)"

fimn—is equal to
x—o XU+ A

(A)a"ifneN

(Bya=-1

1
(C)mlfn—o

If 7= "M (sinyx+1 —sinyx ) andm= ‘M [sin\x+1 —sin+/x ], where [.] denotes the greatest integer

X — o0
function, then :
(A)¢=0
(C) mis undefined

Let fim cos (sin X)—cosx _

x—0 X4

-1
(A L=~ (B)m =

If f(x) = | x ™, then

1
6

(A) M f(x) = 1

x—0"

(C) 318 f(x) =1

x—0

= p (finite), then

. X=
=/ and f|m—3
x—0

8) M f(x) = Joot1

(D) ™ f(x)=

(B)wifneZ &a=A=0

(D)a"ifneZ,A=0&a=0

(BYm=0

(D) ¢is undefined

=m, then

(C)/+m=0 (D)/=m
() M f(x) =1

(D) limit does not existat x =0

. 1
If fim (cosx +a sinbx)x = e?, then the possible valuesof 'a' & 'b'are:

(A) a=1,b=2

fim i i
B Iogsml sinx is equal to
2

(A)1 (B) 0

(B)ya=2, b=1

(C)a=3,b=2/3 (D)a=2/3,b=3

(C) lim x5 (D) lim (tanx

)sin X
x—0 x—0"



15.

16.

17.

18.

19.

20.

21.

Limit, Continuity & Differentiablity

n

fl_?l :_X =0, n e integer number, is true for
(A)novalueofn (B) all values of n
(C) negative values of n (D) positive values of n
- log(x+2)-x?"sinx
If £ (x) g}'ﬂ'} X2 11 (n € N), then
(A) JIm 1) = _gin1 (B) M f(X) = og3
i log3 —sin1
(C) lImf(X) = sin1 (D) f(1) = %
Which of the following function(s) defined below has/have single point continuity.
1 if xeQ x if xeQ
(A) f(x) = . (B) 9(x) = .
0 if x¢Q 1-x if x ¢Q
x if x eQ x if xeQ
C) h(x) = ) D) k(x) =
()(){0 if x¢Q ()(){—x if xeQ
|x-3] X>1
The function f(x) = ﬁ (X)L (1B) g
4 2 4
(A) continuous at x = 1 (B) differentiable at x = 1
(C) continuous at x =3 (D) differentiable at x =3

1
If f(x) = EX —1, then on the interval [0, 7]

1
(A) tan (f(x)) and W are both continuous

1
(B) tan (f(x)) and W are both discontinuous

(C) tan (f(x)) and f' (x) are both continuous
1
(D) tan (f(x)) is continuous but W is not.

0 I
Let f(x) and g(x) be defined by f(x) = [x] and g(x) = { 1 (where [ . ] denotes the greatest

x? , XxeR
integer function), then

(A) L'_rﬂ g(x) exists, but g is not continuous at x = 1

(B) L'_rﬂ f(x) does not exist and f is not continuous at x = 1

(C) gof is continuous for all x
(D) fog is continuous for all x
Let f(x) = [x] + vX—[X] , where [ . ] denotes the greatest integer function. Then

(A) f(x) is continuous on R* (B) f(x) is continuous on R
(C) f(x) is continuouson R -1 (D) discontinuous at x = 1



JEE-Mathematics

22,

23.

24,

25.

26.

27.

Which of the following function(s) is/are discontinuous at x = 0 ?

(A) f(x) = Sin—, x = 0 and f(0) = 1
2x

(B) g(x) = x sin(ﬁj, x # 0 and g(0) =
X

(C) h(X)=%, x # 0 and h(0) = 1

(D) k(x) = —,x #0 and k(0) = 0.
I[+e™"
Asin X +sin 2x
A function f(x) is defined as f(X)= i ,(x #0) . If the function is continuous at
x = 0, then -
(A)A =-2 (B) f(0) = -1 (C)A=1 (D) f(0) =1

In which of the following cases the given equations has atleast one root in the indicated interval ?
(A) x —cos x = 0in (0, ©/2)
(B) x + sinx = 1 in (0, 1/6)

b
(©) +—3=0, a,b>0in(1,3)

x-1 x-

(D) f(x) = g(x) = 0'in (a, b) where f and g are continuous on [a, b] and f(a) > g(a) and f(b) < g(b).

The points at which the function, f(x) = |x —0.5| + |x — 1] +tanx does not have a derivative in the
interval (0, 2) are:

(A)1 (B) /2 (C) /4 (D) 1/2
f(x) = (sin"'x)?. cos (1/x) if x = 0; f(0) = 0, f(x) is:

(A) continuous no where in -1 <x <1

(B) continuous everywhere in -1 <x <1

(C) differentiable no where in -1 <x <1

(D) differentiable everywhere in -1 <x <1

Which of the following statements is/are correct ?

(A) There exist a function f:[0,1] — R which is discontinuous at every pointin [0,1] & | f(X)] is continuous
at every pointin [0,1]

(B) Let F(x) = f(x). g(x) . If f(x) is differentiable at x = a, f(a) = 0 and g(x) is continuous at x = a then F(x) is
always differentiable at x = a.

(C) If Rf'(a) =2 & Lf'(a) =3, then f(x) is non-differentiable at x = a but will be always continuous at
X=a

(D) If f(a) and f(b) possess opposite signs then there must exist at least one solution of the equation
f(x)=0in (a,b) provided f is continuous on [a,b]
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Limit, Continuity & Differentiablity

Graph of f(x) is shown in adjacent figure, then in [0, 5] y
(A) f(x) has non removable discontinuity at two points 2F--4
(B) f(x)is non differentiable at three points in its domain

(©) lim f(f(x)) =1 3

(D) Number of points of discontinuity = number of points of non-differentiability

If f(x) = a,+ zak |x[*, where a,'s are real constants, then f(x) is
k=1

(A) continuous at x =0 for all a,

(B) differentiable at x = 0 forall a, e R

(C) differentiable at x = O foralla, ,=0

(D) none of these

Letf: R —» Rbea function such thatf(0) = 1 andforany x,y e R, f(xy + 1) =f(x) f(y) —f(y)—x + 2. Thenfis
(A) one-one (B) onto (C) many one (D) into

Suppose that f is a differentiable function with the property that f(x + y) = f(x) + f(y) + xy and

i1
A fh)=3

where [.] represents greatest integer function, then
(A)fis alinear function

(B) 2f(1) = Dmmzx)“}

(C)f(x)=3x+ X2—2

(D)f’(1)=4

PART -1V : COMPREHENSION

Comprehension #1

sinx+ae* +be ™ +c¢ /n(1+x)

Consider f(x) = 3 , where a, b, c are real numbers.
X

If X/Lng f(x) is finite, then the value of a+ b + c is
(A)O (B)1 ()2 (D)-2

fim — 7 (fini ;
If "o f(x) = (finite), then the value of /is
A)-2 B L C)-1 D u
(A)- B)-3 (C)- (D) -3
Using the values of a, b, c as found in Q.No. 1 or Q. No.2 above, the value of f_m x f(x) is

1 1
(A)0 ®) 5 ©-5 ©) 2



JEE-Mathematics

Comprehension # 2

If both )!-_')T, f(x) and )!-_'21 f(x) exist finitely and are equal , then the function f is said to have removable

discontinuity at x = ¢
If both the limits i.e. )!-_')T, f(x) and )!-_'21 f(x) exist finitely and are not equal, then the function f is said

to have non-removable discontinuity at x = c and in this case | )!-_'21 f(x) — )!-_')T f(x) | is called jump of

the discontinuity.

4, Which of the following function has non-removable discontinuity at the origin ?
— — H Tc
(A) f(x) = x| (B) f(x) = x sm;
1 | sinx |
(C)f(x) = 14 200X (D) f(x) = cos ”
5. Which of the following function not defined at x = 0 has removable discontinuity at the origin ?
1 1
(A)f(x) =" (B) f(x) = tan™! —
1+2% X
1
ex -1
©f=_1_, (D) f(x) = 7]
tan’1(tanx); x<Z
6. If f(x) = i , then jump of discontinuity is
n[x]+1 ; x>—
4
(where [ . ] denotes greatest integer function)
s s
(A) 7 =1 B) 7 +1
©) 1- (D)-1-

4

Comprehension # 3

xg(x) , X<0
Let f(x) = {x taxi—-x® . x>0 where g(t) = XIiTO (1 +atanx)’ a is positive constant, then
7. If a is even prime number, then g(2) =
(A)e? (B)e® (C)et (D) none of these
8. Set of all values of a for which function f(x) is continuous at x =0
(A)(-1,10) (B) (=00, ) (C) (0, ) (D) none of these
9. If f(x)is differentiable atx =0, thena e

(A) (=5, 1) (B) (-10, 3) (C) (0, o) (D) none of these
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Comprehension #4

Let f : R > R be a function defined as,

1-1x| , |x]|<1
f(x) = 0 |X|>1and g(x)=f(x=1)+f(x+ 1), Vx € R. Then

10. The value of g(x) is:

0 , x<-3 0 , x=<-2
2+x , -3<x<-1 2+x , -2<x<-1
- - -x , —-1<x<0
(A) g(x) = XX ’ 01<<:§10 (B) 9(x) = x , 0O0<x<1
2-x 1<x<3 2-x , 1<x<2
0o x>3 o X>2
0 , x<0
2+x , O<x<1
(C)g(x)=1{ x o Texs2 (D) none of these
X , 2<x<3
2-x , 3<x<4
0 , 4<x
1. The function g(x) is continuous for, x €
(A)R-{0,1,2,3,4} (B)R-{-2,-1,0,1, 2}
(C)R (D) none of these
12 The function g(x) is differentiable for, x e
(AR (B)R-{-2,-1,0,1,2}

(C)R-{0,1, 2, 3,4} (D) none of these
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PART - I : PREVIOUS YEARS JEE ADVANCE PROBLEMS

* Marked Questions may have more than one correct option.

1
1. If lim [1 +xIn(1+ bz)F= 2bsin26,b>0and 6 e (-, n], then the value of 6 is
[IT-JEE 2011, Paper-2, (3, -1), 80]
T T T T
Aty (B)t3 (O3 D)+ 5

2%, Letf: R — R be a function such that f(x + y) = f(x) + f(y), V x, y € R. If f(x) is differentiable at x = 0, then
(A) f(x) is differentiable only in afinite interval containing zero
(B) f(x) is continuous V x € R
(C) f'(x) is constant ¥x € R
(D) f(x) is differentiable except at finitely many points

—X _E , X < _E
2 2
3% If f(x) = {—COSX , —g <x<0 ,then [IIT-JEE 2011, Paper-2, (4, 0), 80]
x-1 , 0<x<1
/nx X >1
(A) f(x) is continuous at x = — g (B) f(x) is not differentiable atx =0
- : L . 3
(C) f(x) is differentiable at x = 1 (D) f(x) is differentiable at x = — 5
] b-x
4, Letf: (0, 1) > R be defined by f(x) = 1—bx’ where b is a constant such that 0 <b < 1. Then
1
(A)fis notinvertible on (0, 1) (B)f#f'on (0, 1)and f'(b) = W
1
(C)f=f"10n (0, 1)and f'(b) = W (D) fis differentiable on (0, 1)
2 1
lim | XX ax b 2
5. A <+ 1 =4, then [IT-JEE 2012, Paper-1, (3,-1), 70]
(A) 1,b=4 (B)a=1,b=-4
(C)a=2,b=-3 (D)a=2,b=3
6. Let a(a) and B(a) be the roots of the equation (341 +a-1 )xz +( 1+a — 1)>< ( 1+a — ): 0 where a > —1.
Then "M o(@)and M. p(a)are [IIT-JEE 2012, Paper-2, (3, —1), 66]

5 1 7 9
(A) - 5 and 1 (B) - 5 and -1 C) - = and 2 (D) - 5 and 3
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x2lcos |, x =0
7. Let f(x) = X X<IR Yhentis
0, x=0
(A) differentiable bothatx =0 and atx = 2 [IT-JEE 2012, Paper-1, (3, -1), 70]
(B) differentiable at x = 0 but not differentiable at x = 2
(C) not differentiable at x = 0 but differentiable at x = 2
(D) differentiable neither at x =0 norat x = 2
8*. Forevery integer n,leta_and b_be real numbers. Let functionf: IR — IR be given by
a, +sint x, for xe[2n,2n+1]
f(x)= {bn +cosnx, forxe(2n-1,2n)’ for all integers n.
If f is continuous, then which of the following hold(s) for all n ? [IIT-JEE 2012, Paper-2, (4, 0), 66]
(A)a_,—b_,=0 B)a,—b, =1 (C)a —-b_,, =1 (D)a,_,—b, =-1
9%, For every pair of continuous functions f, g:[0, 1] — R such that
max {f(x) : x € [0,1]} = max {g(x) : x € [0, 1]}, [JEE (Advanced) 2014, Paper-1, (3, 0)/60]
the correct statement(s) is (are) :
(A) (f(c))? + 3f(c) = (g(c))? + 3g(c) for some ¢ < [0, 1]
(B) (f(c))? + f(c) = (g(c))? + 3g(c) for some c < [0, 1]
(C) (f(c))? + 3f(c) = (g(c))? + g(c) for some ¢ < [0, 1]
(D) (f(c))? = (g(c))? for some c € [0, 1]
1-x
10. The largest value of the non-negative integer a for which Ilm{ ax + sin(x 1) +a]>1 . 1
x> X+sin(x-1)-1 | 4
[JEE (Advanced) 2014, Paper-1, (3, 0)/60]
1. Letf: R —> Rand g: R — Rbe respectively given by f(x) = |x| + 1 and g(x) =x2+ 1. Defineh: R >R
max {f(x),g(x)} if x <0,
by h(x) = The number of points at which h(x) is not differentiable is
min  {f(x),g(x)} if x>0.
12. Letf, :R—>R,f,:[0,0) > Rf,:R—>Randf,: R — [0, «) be defined by
| x| if x<0,
f.(x)= {ex if x>0 [JEE (Advanced) 2014, Paper-2, (3, —1)/60]
f,(x) =
sinx if x<0,
f,(x) = { x if x>0
and
f(fi(x)) if x<0O,
- {fz(f1(x))—1 if x>0
List | List Il
P. f, is 1. onto but not one-one

Q f.is 2. neither continuous nor one-one
R. fof is 3. differentiable but not one-one
S

f is 4. continuous and one-one



JEE-Mathematics

13*.

14*,

15.

16.

17*.

18*.

19*.

X

—g(x), x=0

Let g: R > R be a differentiable function with g(0) =0, g'(0) =0 and g'(1) # 0. Let f(x) = | |0 0
) X=

and h(x) = e for all x € R. Let (foh)(x) denote f(h(x)) and (hof)(x) denote h(f(x)). Then which of the
following is(are) true?

(A) fis differentiable atx =0 (B) h is differentiable at x =0

(C) foh is differentiable at x =0 (D) hof is differentiable atx = 0

™. (T
Let f(x) = sin [gs'n[gs'”xﬁ for all x e Rand g(x) = gsin x for all x € R. Let (fog) (x) dentoe f(g(x)) and

(gof) (x) denote g(f(x)). Then which of the following is(are)true?

11 11
(A) Range of fis {—55} (B) Range of fog is {_55}
o fx) o .
©) Mo "6 (D) There is an x < R such that (gof)(x) = 1

o e _g e m .
Let m and n be two positive integers greater than 1. If IiLn0 —_— :—[Ej, then the value of Yy is
[JEE (Advanced) 2015, P-2 (4, 0) / 80]
2 .
. X“si(px
Let a, B € R be such that hm¢= 1. Then 6(a. + ) equals

x>0 X —sinx
[JEE(Advanced)-2016, 3]

Let f:[—%l}—)]l{ and g;[—%,z}_ﬂl& be function defined by f(x) = [x* — 3] and

a(x) = Ix| f(x) + [4x = 7| f(x), where [y] denotes the greatest integer less than or equal to y
fory € R. Then [JEE(Advanced)-2016, 4(—2)]

1
(A) f is discontinuous exactly at three points in [—5,2}
o . L 1
(B) f is discontinuous exactly at four points in | —— 2
2
(C) g is NOT differentiable exactly at four points in (_l,zj
2

(D) g is NOT differentiable exactly at five points in (_l,zj
2

Leta, b € Rand f: R — R be defined by f(x) = acos(|x’> — x|) + b|x|sin(]x> + x|). Then f is -
(A) differentiable at x =0ifa=0and b =1
(B) differentiable at x =1ifa=1andb =0

(C) NOT differentiable atx =0ifa=1and b =0
(D) NOT differentiable at x = 1ifa=1and b = 1 [JEE(Advanced)-2016, 4(-2)]
1-x(1+1-x]) 1
Let f(x) = T cos I—x for x # 1. Then [JEE(Advanced)-2017, 4]
_X —
(A) lim_ .+ f(x) does not exist (B) lim, - f(x) does not exist
(C) lim - f(x)=0 (D) lim .+ f(x)=0
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Let [x] be the greatest integer less than or equal to x. Then, at which of the following point(s) the function

f(x) = xcos(m(x + [x])) is discontinuous ? [JEE(Advanced)-2017, 4]
(A) x =1 (B) x=0 (C)x=2 (D) x =1
For any positive integer n, define f_: (0, ©) — R as
1
x)=» " tan™ for all x € (0, ).
£ 0= 25 [1+(x+j)(x+j—1)j (0 )
(Here, the inverse trigonometric function tan™'x assume values in (—g,gj )

Then, which of the following statement(s) is (are) TRUE ? [JEE(Advanced)-2018, 4]
(A) Zf:ltanz(fj(o))ZSS

®) 251+ 1,0 )sec” (£,0) =10

. 1
(C) For any fixed positive integer n, limtan(f, (x))=—
X—00 n

(D) For any fixed positive integer n, limsec? (fn (X)) =1

X—00

T
T T =
Letf,: R > R, f,: (_E’EJ —-> R,f,:|-Le?-2| > R andf,: R - R be functions defined
by
2
(i) f,(x)= sin(\/l—e_" J
sin .
|—_1X| if x#0
(i) fy(x) =ytan "X , where the inverse trigonometric function tan™'x assumes values
1 if x=0

(i) f,(x) = [sin(log (x + 2)], where for t € R, [t] denotes the greatest integer less than or equal tot,

x2 sin (lj if x#0

(iv) f,(x)= X [JEE(Advanced)-2018, 3(—1)]
0 if x=0
List-l List-ll
P. The function f, is 1. NOT continuous at x = 0
Q. The function f, is 2. continuous at x = 0 and NOT differentiable at x = 0
R. The function f, is 3. differentiable at x = 0 and its derivative is NOT
continuous at x = 0
S. The function f, is 4. differentiable at x = 0 and its derivative is continuous

atx =0
The correct option is :
AP>2,Q—>3, R—>1,S >4 BP—>4,Q—>1R—>2,S—>3
CP—>4Q—>2R—>1,S—>3 D)P—>2,Q—>1R—>4S—>3
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Let f : R — R be a differentiable function with f(0) = 1 and satisfying the equation

fx +y) = f)f'(y) + f'()f(y) for all x, y € R.
Then, then value of log (f(4)) is . [JEE(Advanced)-2018, 3(0)]
Let F: R — R be a function. We say that f has

i () —£(0)
PROPERTY 1 if hlgg—lhl exists and is finite, and

S (VR (O e
PROPERTY 2 if EL%T exists and is finite.
Then which of the following options is/are correct ? [JEE(Advanced)-2019, 4(—1)]
(A) f(x) = x|x| has PROPERTY 2 (B) f(x) = x** has PROPERTY 1
(C) f(x) = sin x has PROPERTY 2 (D) f(x) = |x| has PROPERTY 1

PART - II : PREVIOUS YEARS AIEEE & JEE MAINS PROBLEMS

60

L . o (3x) - f(2x)
Let f: R > R be a positive increasing function with X'[)‘QOW =1.Then J[ﬂo f(x) °

[AIEEE- 2010, (8, -2), 144]

2 3
M3 (2 5 (3) 3 @)1
_ 1-cos{2(x - 2)}
lim ( 2 ] [AIEEE- 2011, 1, (4, —1), 120]
1
(1) does not exist (2) equals /2 (3) equals — /2 (4) equals E

. . 2
Letf: R —[0,:0) be such that M f(x) exists and IM (X)) =9 _ ¢ [AIEEE- 2011, 11,(4, -1), 120]

|x-5]
Then )'('_rg f(x) equals :
(10 (2)1 (3)2 (4)3
sin(p + 1)x + sinx  x<0
X
The value of p and q for which the function f(x) = q , X=0 is continuous forall x in R, are:
VXEX ZNX x* —yx x>0
X3/2 ’
[AIEEE 2011, 1,(4,-1), 120]
1 3 5 1
Mp=3.9=-7 @p=7.9=7
3 1 3
@p=-5.9=7 @p=5.9=7
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_ sinl, Ifx=0

Define F(x) as the product of two real functions f,(x) = x, x e R, and f(x) = X
0, Ifx=0
as follows :
f,(x).fy(x) , Ifx=0
F(x) = 0 If x=0 [AIEEE 2011, I1,(4, -1), 120]

Statement - 1 : F(x) is continuous on R.

Statement - 2 : f (x) and f,(x) are continuous on R.

(1) Statement-1 is true, Statement-2 is true; Statement-2 is a correct explanation for Statement-1.

(2) Statement-1 is true, Statement-2 is true; Statement-2 is NOT a correct explanation for Statement-1
(3) Statement-1 is true, Statement-2 is false

(4) Statement-1 is false, Statement-2 is true

im x2f(a)—a?f(x)

—a X—a
(1)—a*(a) (2) af(a) -a%"(a) (3) 2af(a) - 2% (a) (4) 2af(a) + af’ (a)

If function f(x) is differentiable at x = a, then )'( is: [AIEEE 2011, 11,(4, —1), 120]

2x -1
If f: R > Ris afunction defined by f(x) = [x] cos [ > j n, where[x] denotes the greatest integer function,

thenfis: [AIEEE- 2012, (4,—1), 120]
(1) continuous for every real x.

(2) discontinuous only at x = 0.

(3) discontinuous only at non-zero integral values of x.

(4) continuous only at x = 0.

Consider the function, f(x) =[x —= 2| + |x - 5], x e R. [AIEEE- 2012, (4, 1), 120]
Statement-1: f(4)=0

Statement-2 : fis continuousin [2, 5], differentiable in (2, 5) and f(2) = f(5).

(1) Statement-1 is false, Statement-2 is true.

(2) Statement-1 is true, statement-2 is true; statement-2 is a correct explanation for Statement-1.

(3) Statement-1 is true, statement-2 is true; statement-2 is not a correct explanation for Statement-1.
(4) Statement-1 is true, statement-2 is false.

(1-cos 2x)(3 + cos x)

lim i - 1
am tan4x is equal to [AIEEE - 2013, (4, —"4),360]
1 1 2 1 3)1 4) 2
(1)-7 @) 5 @3) 4)
. sin(ncos®x) | .
LI_YBT is equal to : [JEE(Main) 2014, (4, —"4), 120]
(1)—n @)= (3) w2 4)1
lim (1= cos2x)(3 + cosx) , I t JEE(Main) 2015, (4, —4), 120
x50 xtan4x IS equatifo [JEE(Main) » (4, —"4), 120]
1
(1)4 (2)3 (3)2 4 5
. kvx+1 , 0<x<3 , .
If the function g(x) = is differentiable, then the value of k+ mis;
mx+2 , 3<x<5
[JEE(Main) 2015, (4, —4), 120]
1)2 2 16 3 10 4)4
(1) () (3) 3 4)
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1

Let p= lirgl (lﬁttelnzx/;)a then log p is equal to - [JEE(Main)-2016]
1 ! 2) 2 3)1 4 !
(1) 5 (2) 3) ) 5
For x € R, f(x) = |log2 — sinx| and g(x) = f(f(x)), then : [JEE(Main)-2016]

(1) g is differentiable at x = 0 and g'(0) = —sin(log2)
(2) g is not differentiable at x = 0
(3) 9'(0) = cos(log2)
(4) g'(0) = —cos(log2)
COtX —COSX

lirr}r W equals :- [JEE(Main)-2017]
x> s

oL L oL ol
(1) 5 @) o5 (3) g ) 3
Foreacht € R, let [t] be the greatest integer less than or equal to t. Then
) 1 2 15
lim X||—|+|— |+t — [JEE(Main)-2018]
x—>0+ X X X
(1) is equal to 15. (2) is equal to 120.
(3) does not exist (in R) (4) is equal to 0.

Let S ={t € R: f(x) = |x — 7|(e™ — 1) sin|x]| is not differentiable at t}. Then the set S is equal to:

[JEE(Main)-2018]
(1){0} (2) {n} (3) {0, m} (4) ¢ (an empty set)
Foreacht € R, let [t] be the greatest integer less than or equal to t.

(-] x| +sin|1-x |)sin(;[1—x]j

Then, lim [JEE(Main)-Jan 19]
Xl [1-x|[1-x]
(1) equals -1 (2) equals 1 (3) does not exist (4) equals 0

Let f be a differentiable function from R to R such that |f(x)_f(y)|32|x_y|%, for all x, y € R.

1
If f(0) = 1 then j f(x)dx is equal to [JEE(Main)-Jan 19]

0

1
(1)0 25 (3)2 (4)1
2 <
Let f(x)= max{|x|.x7, | x|<2 . Let S be the set of points in the interval (—4,4) at which f is not
8-2|x], 2<x|<4

differentiable. Then S : [JEE(Main)-Jan 19]
(1) is an empty set (2) equals {-2, -1, 1, 2}

(3) equals {2, -1, 0, 1, 2} (4) equals {-2, 2}
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22,

23.

24,

25.

26.

Limit, Continuity & Differentiablity

Let f : R = R be a differentiable function satisfying f'(3) + f'(2) = 0.

1
Then 1im| 177 (B3+x)=f(3) |" ;s equal to [JEE(Main)-Apr 19]
0| 1+ f(2-x)-f(2)
(1) € (2)e (3)e™ (4)1
2
. X“—ax+b ) .
If im——— =5, thena+bisequal to :- [JEE(Main)-Apr 19]
x—1 x—1
(1)-7 (2)-4 (3)5 (4)1
sin(p+1) +sinx . x<0
X
If f(x) = q , x=0 is continuous at x = 0, then the ordered pair (p,q) is equal to :
Vx+x% —+/x
7 , x>0
X 2

[JEE(Main)-Apr 19]

51 3 1 13 31
o) w3l el el

Let f(x) = 15 — |[x = 10|; x € R. Then the set of all values of x, at which the function,

g(x) = f(f(x)) is not differentiable, is : [JEE(Main)-Apr 19]
(1){5,10,15,20} (2){10,15} (3){5,10,15} (4){10}
sin(a +2)xX +sinx L x<0
X
If fx)=|b ; x=0 [JEE(Main)-Jan 20]
(x+3x 33 -x 3 x>0
x3

is continuous at x = 0, then a + 2b is equal to :

(1)1 (2)1 (3)-2 (4)0

. 4
Let [t] denote the greatest integer < t and I)(IE(}X[;}=A. Then the function,

f(x) = [x2]sin(nx) is discontinuous, when x is equal to : [JEE(Main)-Jan 20]
(1) VA+5 (2) JA+1

3) JA 4) JA +21
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ANSWER KEY

Bl Exercise-1

PART -1 : SUBJECTIVE QUESTIONS

SECTION - (A)

A-1. (i) 4 + cos 2 (i) tan3 + 8 (iii) %cos% (iv) (¢n5)°
e
W) Sn1 sinl
A-2. (i)2 (i) 2 (iii) Limit does not exist (iv)2
(v)2
A3 ()0 (i) Limit does not exist
(iii) Limit does not exist (iv) g
A4. ()4 (iyA =4
A5 12
A-6. (i) No (ii) No (iii) Yes, «° form (iv) No

SECTION - (B)

o o Nl
A, (i)- (i) 19 (iif) 3\/5
3 ) 2 .
B-2. (i) > (i) 25 (iii) o (iv) (b —a)
25 ) g2 Vo 1
(v) 16 (vi)2e (vii) (viii) >
(ix) 2a sina + a% cos a (x) limitdoes not exist.  (xi) —% (xii) 5
. 1 1 |
B-3. (i)3 (i) > (iii) > (iv) 1
(v)—2
1
B4 () 5 (ii) 1
B-5. (i) limit does not exist (i) 4 (iii) O (iv) 5/2
B-6. (i) %(a+2)“2 (i) — % (iii) % (iv) - %mg
B-7 a=2b=1c=-1and Iimit=—%
B-8 (i)a=%,b=—1 (i)a=2,beR,c=5,deR (iija=3,b=12,¢c=9
B-9. 1

2
B-11. 2(sec?a)tana



Limit, Continuity & Differentiablity

SECTION- (C)

cC1 ()1 (ii) 1 (iii) O (iv) Limit does not exist
C2 (i)e' (i) O (iii) e (iv)e?
C3 a=bandbc=-3
X
C-4. 3
C-5. {-1,0,1}
C6. nm-3
SECTION- (D)
1 1
D-1. a=E,b¢0,c=§
D-2. a=%,b=1andc=12
D-3. (a)-2,2,3 (b)K=5 (c) even
D4. (i) continuousatx =1 (ii) continuous (iii) discontinuous (iv) continuous at x =1, 2
-4 1 1
D-5. A=?,B=§,f(0)=§
D-6. continuous at x = 1 but discontinuous at x = 2
D-7. ()xeR (i)x e R={-3,-2,2,3} (ii)xeR vy xeR={(2n+1),n eI}
D-8. 30
D-9. discontinuous at 2mm, (2n + 1) g m,nel
7
D-10. ~30" 2,0
D-11. f(f(x)) is discontinuous at x = 1 & x = 2, g(f(x)) is continuous V x eR
D-12. f(x) is continuous and % e [f(-2), f(2)], by intermediate value theorem (IVT), there exists a point
¢ € (-2, 2) such that f(c) = %
D-13. 2
SECTION - (E)
E-1  Continuous at both points but differentiable only at x = 2
E-2 continuous but not differentiable at x = O; differentiable & continuous at x = n/2
E-5. notdifferentiable atx=0
E-6. a=-1,b=-3
E-7. Continuous V x € R but not differentiable atx =0, 1 & 2
E-8. fiscontinuous at x =1, 3/2 & discontinuous at x = 2, f is not differentiable at x = 1,3/2, 2
E-9. discontinuous and non-differentiable at—1, 0, 1,continuous but non-differentiable at x = 4
E-10. non-differentiable at x = 1
E-11. Continuos everywhere in (0, 3) but non differentiable at x = 2



JEE-Mathematics
SECTION- (F)

F-1. 4
F-2. f(x)=2x+c

F-3. f(x)=e'® vxeR

F-4. 5
F-7. 100
PART - II : SINGLE OPTION CORRECT TYPE
SECTION - (A)
A1. (C) A2 (A) A3 (C) A4 (D)
SECTION - (A)
B-1. (C) B-2. (B) B-3. (D) B-4. (D) B-5. (D) B-6. (D)
B-7. (B) B-8. (B) B-9. (A) B-10. (B) B-11. (B) B-12. (A)
B-13. (A) B-14 (A) B-15. (A) B-16. (C) B-17. (A) B-18. (B)
B-19. (D) B-20 (B)
SECTION - (C)
c1. (C) c-2. (D) C-3. (B) C-4. (C) C5. (A) c-6. (C)
C-7. (C) c8. (B)
SECTION - (D)
D-1. (A) D-2. (D) D-3. (D) D4. (B) D-5. (A) D-6. (C)
D-7. (B) D-8. (B)
SECTION - (E)
E1. (B) E-2. (B) E-3. (B) E4. (A) E-5. (D) E-6. (D)
E-7. (B) E-8. (C) E9. (B) E-10. (A) E-11. (A) E-12. (C)
E-13. (C) E-14. (A)
SECTION - (F)
F1. (A) F2. (B) F3. (C) F-4. (D) F5. (C) F6. (D)

PART - III : MATCH THE COLUMN

1. (A)—>((P.rs),(B)—>(p.rs),(C)—>(q,rs) (D)—>(rs)
2. (A)—>().(B)—>(p). (C)—(q), (D) ()



Bl Exercise-2 |

Limit, Continuity & Differentiablity

PART -1:SINGLE OPTION CORRECT TYPE

1. (D) 2. (A 3. (C) 4. (B 5. (B) 6. (C)
7. (B) 8. (C) 9. (B 10. (©) 1. (B) 12. (D)
13. (C) 14. (D) 15. (B) 16. (B) 17. (C) 18. (A)
19. (B) 20. (D) 21. (B 22. (O 23. (C) 24. (D)
PART -11 : NUMERICAL TYPE

1. 01.41 2. 1 3. 15 4. 05 5. 0 6. 1
7. 2 8. 1 9. 05 10. 1 1. 36 12. 20
13. 2 14. 0.8 15. 0.33 16. 99 17. 4 18. 26
19. 0.33 20. 925 1. 7 22. 233 23. 1.75 24. 0
25. 3 26. 12 27. 1M 28. 10

PART -III : ONE OR MORE THAN ONE OPTIONS CORRECT TYPE

1. (ABC) 2. (AD) 3. (BCD 4 (ABCD) 5 (ABC) 6. (AC)
7. (BCD) 8 (AD) 9. (AB.CD) 10. (AC) 1. (B,D) 12. (AB,C)
13. (AB,C,D) 14. (AD) 15. (B,c,D) 16. (ABD) 17. (BCD) 18. (AB.C)
19. (C,D) 20. (ABC) 21. (ABC) 22. (AB) 23. (AB) 24. (AB,C,D)
25. (ABD) 26. (BD) 27. (AB.CD) 28. (BC) 29. (AC) 30. (AB)
31. (B,C,D)

PART -1V : COMPREHENSION
1. (A 2. (D 3. A 4.  (C) 5. (D) 6. (C)
7. (© 8. (O 9. (© 10. (B) 1. () 12. (B)

\
-
J

PART - I : PREVIOUS YEARS JEE ADVANCE PROBLEMS

1. (D) 2. (B,C,D)or(B,C) 3. (ABCD) 4. (A 5. (B)
6. (B) 7. (B 8. (BD) 9. (AD) 10. (0) 1. @)
12. (D) 13. (AD) 14. (AB,C) 15. (2) 16. (7) 17. (B,C)
18. (AB) 19. (AC) 20. (ACD) 21. (D) 22. (D) 23. (2
24. (BD)

PART - II : PREVIOUS YEARS AIEEE & JEE MAINS PROBLEMS
1. @ 2. (1) 3. @ 4. (3 5 (3 6. (3
7. () 8. (3 9. (@ 10. () 1. (3 12. (1)
13. (@) 14. (3) 15.  (3) 16. (2) 17. @) 18. ()
19. (@) 20. (3) 21. () 22, (1) 23. (@) 24. (3)
25. (4 26. (2)
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Il Advanced Level Problems

SUBJECTIVE QUESTIONS

10.

1.

. _ 385
I fim 1 —-cos(x).cos(2x).cos(3x)....... cos(nx) - T then find n.

2
x—0 X

. 1 4cos? x 5
Find the value of )I(m (x-m)|V2+cosx
X
f1 (X) = g-i- 10
f x)=f(f _,(x)) n>2

then evaluate M f (x)
n

n—o

Letf: R — R be areal function. The function f is derivable and there exists neN and p € R such that

£im x2£(x) = p, then evaluate /1M (x**'.#(x)).

2n
Let <x > =1 = [x2 h | im | Za
et <x,> denotes a sequence, x; =1, x,,1=4/x2 +1, thenevaluate """ "

n

3 3_ 3 3_ . 2
21 3o A n3 ! Prove that fimp ==

LetP = . il
"2311 3%+1 4541 n®+1 3

E | fim 2[ 1 + 2 + 3 + + n j
valuate 0 2|12 1 h2 12 n2+3 n+n

: 10 3
Evaluate {IM (l_xlo _1—x3]

X—0

Evaluate : /M xo {\/2x2 + \/m _ 2X}

X

. log,(log, x
Evaluate g'me(—fE)
X—>0

Evaluate /im loge(sinSX)
"—’g loge(sin25x)
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21.

22,

23.

24,

25.

26.

27.

28.

cos'(2xy1-x2) e L
oo 1 2
f(x) = V2
k X = i
V2
1
Then find 'k’ if possible for which function is continuous at x = E
Discuss the continuity of the function
: n
f(x) = lim (1+sinx)" +logx
" 2+ (1+sinx)"
. . 1 ) e X2 .
Let f be a continuous function on R such that f i) = (sme ) e +2—1 , then find the value of f(0).
X“ +

Examine the continuity at x = 0 of the sum function of the infinite series:

X X X
+ + +
x+1  (x+12x+1)  (2x+1(3x+1)

If f(x) is continuous in [a, b] such that f(a) = b and f(b) = a, then prove that there exists at least one
c € (a, b) such that f(c) = c.

If f(x . y) = f(x). f(y) for all x, y and f(x) is continuous at x = 1. Prove that f(x) is continuous for all x except
possibly at x = 0. Given f(1) = 0.

. xX"f(x)+h(x)+1
= fim ————~ 1
9= T, 2x"13x+3 |
. sin? it - 2% h(1)-g(1)
g(1)= fIm ———————— pe a continous function at x = 1, then find the value of — -, assume that

x—>1log, sec(rn-2")

f(1)

f(x) and h(x) are continuous at x = 1

g(x)= (im X"f(x)+h(x)+1

p , X=1
n->o  2x" +3x+3

Let f(x) is defined only for x € (0, 5) and defined as f2(x) =1 v x e (0, 5). Function f(x) is continuous for all x
€(0,5)—-{1,2,3,4}(atx =1, 2, 3, 4 f(x) may or may not be continuous). Find the number of possible function
f(x) if it is discontinuous at

(i) One integral pointsin (0, 5)
(i) Two integral points in (0, 5)
(iii) Three integral points in (0, 5)

(iv) Four integral pointsin (0, 5)
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ANSWER KEY

SUBJECTIVE QUESTIONS

1. (10) 2. (0 3. (15 4.  -np 5. e
8. (35) 9. (0.25) 10. (0) 1.  (0.04) 12. k=0

15. Domain = R — {2kn—g,keZ} R - {2kn—g,keZ}

T {1
Range = {O} U {kﬂ-f-z,kEZ} {0} U {kTC-FZ,kEZ}

16. (0.5) 17. (1) 18. (7.5) 19.  novalue of f(0)
20. % 1(ﬂn 2)? 21. ke¢
2’ 8
22. f(x) is discontinuous at integral multiples of =
23. (1)
24. Discontinuous
27. (2.25)
28. (i)(24) (i) 108 (iii) 216 (iv) 162

29. discontinuous and non-differentiable

30. fiscontinuous & derivable at x = —1 butfis neither continuous nor derivable at x = 1
31. continuousin 0 < x <1 & not differentiable atx =0

32. f(x)is continuous and non-differentiable for integral points

33. discontinuous at x = 0 and not differentiable at x =0, 2

2
1
34, X?+c 35. 05 36. f(10)=10 37. % 38. 26
39. O 40. f(x)=log(x)
42. ()4 (i)8 43. x=0

o, X € (-0, B)
4. h(x)=<p, x=p
¥, X € (B, o)



