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RELATION Empty Relation

@ A relation R from a set A to a set Bisasubsetof ~ » 1o elem?nt Offq is r.elated to any element OfA'
A x B. So, we say R C A x B. A relation from a Then relation R in A is called an empty relation

set A to itself is called a relation in A. ie,R=0CAXA.
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Universal Relation

» If each element of A is related to every element
of A, then relation R in A is called universal
relation i.e., R=A x A.

Q A relation R in a set A is called
(i) reflexive, if (a, a) € R, forallae A
(if) symmetric, if (a, b) € R= (b, a) € R, for

alla,be A
(iii) transitive,if(a,b)e Rand(b,c)e R=(a,c)€R,
foralla, bce A

» A relation R in a set A is called an equivalence
relation, if it is reflexive, symmetric and
transitive.

» In arelation R in a set A, the set of all elements
related to any element a € A is denoted by [4]
ie,[al={x€e A:(x,a) € R}

Here, [a] is called an equivalence class of
ae A.

FUNCTION

© A relation ffrom a set A to a set B is called a
function if
(i) for each a € A, there exists some b € B
such that (a, b) € fie,fla)=b
(ii) (@, b)e fand(a,c)e f=>b=c
» Afunctionf: A — Bis called
(i) one-one or injective function, if distinct
elements of A have distinct images i.e., for
a,be A fla)=f(b)=a=b
(ii) onto or surjective function, if for every
element b € B, there exists some a € A
such that f(a) = b.
»  Afunctionf: A — Bis called bijective function,
if it is both one-one and onto function.
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Composition of Functions

» Letf:A— Bandg:B— Cbeany two functions,
then the function gof : A — C defined as
gof(x) = g(flx)), for all x € A, is called the
composition of fand g.

Invertible Functions

» A function f: A — B is said to be invertible,
if there exists a function g : B — A such that
gof =1, and fog = Ip. Here, g is called the inverse
off.

»  Also, fis an invertible function iff it is a bijective
function.

BINARY OPERATIONS

0 Afunction*onasetAi.e.,*:AXA— Aiscalled
a binary operation ie, a, be A=>axbe A
» A binary operation * on a set A is
(i) commutative,ifa*b=>b*a,foralla, be A
(ii) associative, if (a * b) * ¢ = a * (b * ¢),
foralla, bce A
(iii) distributive over another binary operation
‘oifax(boc)=(axb)o(axc),forall
a, b ce A
Identity element
» An element e € A is the identity element for
binary operation * : A x A — A, if
are=a=ex*a,forallae A.
Invertible element
» Anelement a € A is the invertible element for
binary operation * : A x A — A, if there exists a
unique element b€ A suchthataxb=e=bxa.
Here, b is called the inverse of a.
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1.2 Types of Relations
(1 mark)

1.

If R = {(x, ) : x + 2y = 8} is a relation on N,
write the range of R. (AI 2014)

Let R={(a, a’) : a is a prime number less than 5}
be a relation. Find the range of R.
(Foreign 2014)

Let R be the equivalence relation in the set
A =1{0,1,2, 3, 4, 5} given by

R = {(a, b) : 2 divides (a - b)}. Write the
equivalence class [0]. (Delhi 2014 C)

State the reason for the relation R in the set
{1, 2, 3} given by R = {(1, 2), (2, 1)} not to be
transitive. (Delhi 2011)

(4 marks)

5.

Let A = {1, 2, 3, ..., 9} and R be the relation in
A x A definedby (a, b)) R(c, d)ifa+d=b+c
for (a, b), (¢, d) in A x A. Prove that R is an
equivalence relation. Also obtain the equivalence
class [(2, 5)]. (Delhi 2014)

Let R be a relation defined on the set of natural

numbers N as follow :

R={(x,y)|xe N,ye Nand 2x + y = 24}

Find the domain and range of the relation R.

Also, find if R is an equivalence relation or not.
(Delhi 2014 C)

Show that the relation S in the set R of real
numbers defined as S = {(a, b) : g, b € R and
a < b*} is neither reflexive, nor symmetric, nor
transitive. (Delhi 2010)

Let Z be the set of all integers and R be the
relation on Z defined asR={(a, b) :a, be Z
and (a - b) is divisible by 5}. Prove that R is an
equivalence relation. (Delhi 2010)

Show that the relation S in the set

A={xe Z:0<x<12}given by

S={(a, b):a,be Z |a- blis divisible by 4} is an
equivalence relation. Find the set of all elements
related to 1. (AI 2010)

10.

11.

12.

13.

Show that the relation R defined by (4, b) R (¢, d)
=a+d=>b+contheset Nx Nisan equivalence
relation. (AI 2010, 2008)

Let f: X — Y be a function, define a relation R
on X given by R = {(a, b) : f (a) = f (b)}. Show
that R is an equivalence relation on X.

(AI 2010 C)

Prove that the relation Rin the set A ={1, 2, 3,4, 5}
given by R = {(a, b) : |a - b| is even}, is an
equivalence relation. (Delhi 2009)

Check whether the relation R defined in the
set{1,2,3,4,56}asR={(a,b) :b=a+ 1} is
reflexive, symmetric or transitive. (A 2007)

(6 marks)

14.

15.

Let N denote the set of all natural numbers
and R be the relation on N x N defined by
(a,b) R(c, d) if ad(b + ¢) = be(a + d). Show that
R is an equivalence relation. (Delhi 2015)

Show that the relation R in the set A = {1,2,3,4,5}
given by R {(a, b) : |a - b| is divisible by 2} is an
equivalence relation. Write all the equivalence
classes of R. (AI12015C)

1.3 Types of Functions
(1 mark)

16.

17.

18.

Let A = {1, 2, 3}, B= {4, 5, 6, 7} and let
f=1{(1,4),(2,5), (3, 6)} be a function from A to
B, state whether fis one-one or not. (Al 2011)
What is the range of the function

? (Delhi 2010)

State whether the function f: N — N given by
flx) = 5x is injective, surjective or both.
(AI 2008 C)

m (4 marks)

19.

Show that f: N — N, given by
x+1, if x isodd
Jx)=

is both one-one and onto.

x—1, if x is even
(AI 2012)



20.

21.

22.

23.

Let f: N — N be defined by

n+l
,if nis odd
forallne N

n . .
>’ if n is even

f(n) =

Find whether the function fis bijective.
(Delhi 2012 C, AI 2009)

If f: R = R be the function defined by
flx) = 4x° + 7, show that fis a bijection.
(Delhi 2011 C)

Show that the function f: W — W defined by

jo-|

is a bijective function.

n+1, if nis even
n—1, if nis odd
(AI 2011 C)

Show that the function f: R — R given by
flx) = ax + b, where a, b e R, a#0 is a bijective

function. (Delhi 2010 C)

1.4 Composition of Functions and

Invertible Function

(1 mark)

24.

25.

26.

27.

28.

29.

30.

Letf:{1,3,4}—>{1,2,5}andg:{1,2,5}—){1,3}
given by f = {(1, 2), (3, 5), (4, 1)} and
g£=1(1,3), (2, 3), (5, 1)}. Write down gof.

(A1 2014 C)

2x—=7 .
is an

If f: R — R defined as f(x)=

invertible function, write f ~!(x).
(Delhi 2012 C, 2008 C)

If f: R— Ris defined by flx) = (3 - x°)!7%, then
find fof(x). (AI2010)

If f: R — R is defined by f (x) = 3x + 2, find
F(f (). (Delhi 2010 C)

If the function f: R — R, defined by f (x) = 3x - 4,
is invertible, find f~1. (AI 2010C)

3x+5
is an

If f: R — R defined by f(x)=

invertible function, find f 1. (AI 2009 C)

Iffix)=x+7and g(x) =x-7,x€ R,
find (fog) (7). (Delhi 2008)
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31. Iff: R— Ris defined by

fix) =x? - 3x+ 2, find f(f(x)).  (AI2007)
m (4 marks)
32. If the function f: R — R be given by f(x)

33.

34.

35.

36.

37.

38.

39.

40.

= x>+ 2 and g: R — R be given by
glx) = ﬁ,x #1, find fog and gof and hence
find fog (2) and gof (-3). (AI2014)
Letf: W— W, be defined as f(x) = x - 1, if x is
odd and f(x) = x + 1, if x is even. Show that fis

invertible. Find the inverse of f, where W is the
set of all whole numbers. (Foreign 2014)

Let A=R-{3},B=R-{l1}. Letf: A— Bbe

defined by f(x) = (x _‘z ) , for all x € A. Then

x—
show that fis bijective. Hence find f!(x).
(Delhi 2014 C, 2012)

Let f, g : R — R be two functions defined as
fx) =|x| + xand g(x) = |x| - x, for all x € R. Then
find fog and gof. (AI2014 C)

Show that the function fin A=R- {%} defined

4x+3
6x—4

is one-one and onto. Hence

as f(x)=
find f.

Consider f: R, — [4, o) given by flx) = x* + 4.
Show that fis invertible with the inverse f ' of
fgivenby f7!(y)=.[y—4, whereR, is the set
of all non-negative real numbers. (A 2013)
Let A=R-{2}and B=R-{1}.Iff: A — Bis

x—1
>’ show that

(Delhi 2013)

a function defined by f(x)= .
fis one-one and onto. Hence find £
(Delhi 2013 C)

Let A =R - {3} and B = R - {1}. Consider the
function f: A — B defined by f(x) = (x—‘i)

Is f one-one and onto ? Justify your answer.
(AI 2012C)

Let f: R — R be defined as f (x) = 10x + 7. Find
the function g : R — R such that gof = fog = I.
(AI2011)
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41. Ifthefunctionf: R— Risgivenby f(x)= X3

and g: R — R is given by g(x) = 2x - 3. Find
(i) fogand (ii) gof. Is f ' = g¢  (Delhi 2009 C)

42. If f: R - R and g: R = R are defined
respectively as f (x) = x2 + 3x + 1 and
g(x) =2x - 3. Find (a) fog (b) gof.

(AI 2009 C, 2008)

43. If f be a greatest integer function and g be an
absolute value function, find the value of

-3 4
(ng)(Tj +(gof )(EJ'
(6 marks)

44. Let f: N — N be a function defined as
flx) =9x? + 6x - 5. Show that f: N — S, where S

is the range of f, is invertible. Find the inverse of

fand hence find f71(43) and f~'(163).
(Delhi 2016)

(Delhi 2007)

45. If f, g: R = R be two functions defined as
flx) = x| + x and g(x) = |x| - x, Vx € R. Then
find fog and gof. Hence find fog (-3), fog (5), and
gof (-2). (Foreign 2016)

46. Consider f: R, —[-9,o[ given by
flx) = 5x% + 6x — 9. Prove that f is invertible

with ()= (_JSHM ]
5

(AI 2015)

47. Let f: N — R be a function defined as
flx) =4x* + 12x + 15. Show that f: N— S, where
S is the range of f, is invertible. Also find the
inverse of f. (Foreign 2015, AI 2013 C)

1.9 Binary Operations
(1 mark)

48. Let x be a binary operation on the set of all

non-zero real numbers, given by a * b = as—b for
all a, b € R - {0}. Find the value of x, given that
2% (x*5)=10. (Delhi 2014)

49. Letx:R xR — R, given by (a, b) = a + 4b* is
a binary operation. Compute (- 5) * (2 * 0).
(AI 2014 C)
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50. Let * be a binary operation on N given by
a*b=LCM. (a,b)foralla, be N.Find5*7.
(Delhi 2012)

51. The binary operation * : R X R — R, is defined
asa*b=2a+b.Find (2+3)+4. (AI2012)

52. If the binary operation * on the set of integers
Z, is defined by a * b = a + 3b% then find the

value of 8 * 3. (AI 2012 C)

53. Let * be a binary operation defined on the set
of integersby a* b=2a+ b - 3. Find 3 * 4.
(Delhi 2011 C, AI 2008)

54. Let* be a binary operation defined by
a*b=3a+4b-2.Find 4 *5.
(AI 2011 C, Foreign 2008)

55. If the binary operation * on the set of integers
Z is defined by a * b = a + 317 then find the

value 2 * 4. (Delhi 2009)

56. Let * be a binary operation on N given by
a*b=H.CF (a, b); a, b € N. Write the value
of 22 x 4. (AI 2009)

57. Let* be a binary operation on set Q of rational

b
numbers defined as a *bz%, write the

identity for x, if any. (Delhi 2009 C)

m (4 marks)

58. Let Sbe the set of all rational numbers except 1
and * be defined on Sbyax* b=a+ b - ab, for
alla, be S.

Prove that
(i) = isabinary operation on S.

(ii) *is commutative as well as associative.
(Delhi 2014 C)

59. Consider the binary operations * : R x R — R
and 0: RXR — Rdefined asax b = |a - b| and
aob=aforall,a be R. Show that *’ is
commutative but not associative, ‘o’ is associative

but not commutative. (AI2012)

60. Consider the binary operation * on the set
{1,2,3,4, 5} defined by a * b = min (g, b). Write
the operation table of the operation *.

(Delhi 2011)



61.

62.

63.

A binary operation * on the set {0, 1, 2, 3, 4, 5}
is defined as :

a+tb , if a+b<6
axb=

a+b—-6,if a+b>6
Show that zero is the identity for this operation
and each element a # 0 of the set is invertible
with 6 — a being the inverse of a. (AI2011)

Let * be a binary operation on Q defined by

axb= @, Show that * is commutative as well
5

as associative. Also, find its identity element, if

it exists. (Delhi 2010)

Let » be a binary operation on the set of rational
numbers given as a * b = (2a - b)%, a, b e Q.
Find3x5and 5%3.Is3*x5=5%37?

(Delhi 2008 C)

64.
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Let * be the binary operation on N given by
a* b=L.CM. of a and b. Find the value of
20 * 16. Is * (i) commutative, (ii) associative ?

(AI 2008 C)

(6 marks)

65.

66.

Show that the binary operation *on A =R - {-1}
definedasa*b=a+b+abforalla, be Ais
commutative and associative on A. Also find the
identity element of » in A and prove that every

element of A is invertible.  (AI 2016, 2015)

Let A = R x Rand * be the binary operation on A
defined by (a, b) * (¢, d) = (a + ¢, b + d). Show
that * is commutative and associative. Find the

identity element for * on A. (Delhi 2015 C)
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Detailed Solutions /

1. Here, R={(x, y):x+ 2y =8}, wherex,ye N.
Forx=1,3,5, ..
X + 2y = 8 has no solution in N.
Forx=2,wehave2 +2y=8=y=3
Forx=4,wehave4 +2y=8=y=2
Forx=6,wehave6+2y=8=y=1
For x=8§, 10, ...
X + 2y = 8 has no solution in N.

Rangeof R={y: (x,y) € R} ={1,2,3}

2. Given relation is

R={(a, @) : ais a prime number less than 5}.
R={(2,8), (3,27)}

So, the range of R is {8, 27}.

3. Here,R={(a, b) e A x A:2divides (a - b)}
This is the given equivalence relation, where
A=10,1,2,3,4,5}

[0] = {0, 2, 4}.

4.  For transitivity of a relation,

If (a,b)e Rand (b,c) e R= (a,¢c) € R
We have, R ={(1, 2), (2, 1)}
(1,2)€ Rand (2,1) € Rbut(1,1) ¢ R
R is not transitive.

5. Given A =1{1, 2, 3,4,..,9} C N, the set of natural
numbers.
To show : R is an equivalence relation.
(i) Reflexivity: Let (a, b) be an arbitrary element of
A x A. Then, we have (a, b)) e AxA=a,be A
= a+b=b+a

(by commutativity of addition on A € N)
= (a,b)R(a, b)
Thus, (a, b) R (a, b) forall (a, b)e Ax A
So, Ris reflexive.
(if) Symmetry: Let (a, b), (¢, d) € A x A such that
(ab)R(ccd)=a+d=b+c=>b+c=a+d
= c+b=d+a

(by commutativity of addition on A € N)
= (¢ d)R(a D).
Thus, (a, b) R (¢, d)
= (¢, d) R (a, b) for all (a, b), (c, d) € A x A.
So, R is symmetric.
(iii) Transitivity: Let (a, b), (¢, d), (e, f) € A x A such
that (a, b) R (¢, d) and (¢, d) R (e, f)
Now, (a, b) R(c, d) =>a+d=b+c (1)
and (c d)R(e, l=c+f=d+e ...(ii)
Adding (i) and (ii), we get
(a+d)+(c+PH=0b+c)+(d+e)
= a+f=b+e=(a b)R(ef)

Thus, (a, b) R (¢, d) and (¢, d) R (e, f) = (a, b) R (e, f).
So, R is transitive.

R is an equivalence relation.
Equivalence class for [(2, 5)] is {(1, 4), (2, 5), (3, 6),
(4,7), (5,8) (6,9)}.

6. Here,R={(x,y)|x€ N,ye Nand 2x + y = 24}
Domain of R ={1, 2, 3,4, ..., 11}

Range of R = {2, 4,6, 8,10, 12,..,, 22}

R is not reflexive as if (2,2) € R

= 2X2+2=6%#24

In fact R is neither symmetric nor transitive.

= Ris not an equivalence relation.

7. Wehave S={(a, b) : a<b*} wherea, be R.

3
1 1
(i) Reflexive : We observe that, 3 < (2) is not true.

l, % ¢ S. So, S is not reflexive.
(ii) Symmetric : We observe that 1 < 3% but 3 £1°
ie,(1,3) e Sbut(3,1) ¢ S. So, S is not symmetric.
(iii) Transitive : We observe that, 10 <33 and 3 < 23
but 10 £ 23

ie., (10,3)€ Sand (3,2) € Sbut (10,2) ¢ S
So, S is not transitive.

S is neither reflexive, nor symmetric, nor
transitive.

8. Wehave R={(a, b) : (a - b) is divisible by 5}
(i) Reflexive: Foranya e Z,
a - a =0, which is a multiple of 5.
= (a,a)€eR
Hence, R is reflexive.
(ii) Symmetric: Foranya, be Z let(a, b) € R
= (a - b)is a multiple of 5.
= (a-b)=5mme Z=(b-a)=-5m
(a,b)e R=> (bya)e R
Hence, R is symmetric.
(iii) Transitive: Foranya, b, ¢, € Z,let (4, b) € Rand
(b,c)e R
= (a-b)=5mand(b-¢)=5m;mne ”Z
= a-b+b-c=5m+5nmmmne Z
= a-c=5(m+n;mneZ”z
s a-cisamultiple of 5.
ie, (a,b)e Rand (b,c) e R=(a,c)€ R
Hence, R is transitive.
R is an equivalence relation.
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9. Wehave, A={xe Z:0<x<12}
A=10,1,2,3,..,12}
and S = {(a, b) : |a - b| is a multiple of 4}
(i) Reflexive: Foranya e A,
la - a| = 0 is a multiple of 4.
Thus, (a,a) € S
. Sis reflexive.
(ii) Symmetric:Foranya, be A,
Let(a, b)e S
= |a - b| is a multiple of 4
= |b-a|isamultipleof4 = (ba)e S
ie, (a,b)e S = (bya)e S
S is symmetric.
(iii) Transitive: For any a, b, c€ A,
Let (a, b)€ Sand (b, c) € S
= |a-b|isamultiple of 4and |b - c|is a multiple of 4
= a-b=zx4k andb-c=+4k,;k,k, e N
= (a-b)+b-c)=x4k, +ky);k,k,e N
= a-c=+4(k +k)sk,k,eN
= |a-clisamultipleof4= (a,c)e S
- Sis transitive.
Hence, S is an equivalence relation.
The set of elements related to 1 is {5, 9}.

10. Refer to answer 5.

11. We have, f: X — Y is a function
R={(a,b): fla) = f(b)}

(i) Reflexivity : For any a € X, we have
fla) = fla) = (a, a) € R= Ris reflexive.
(ii) Symmetric: Foranya, be X,

Let (a, b) e R= fla) = f(b)

= fib)=fla)= (b,a) e R

So, R is symmetric.

(iii) Transitive: Foranya, b, ce X,

Let (a, b) € Rand (b,c) € R

= fla) =f(b) and fib) = (<)

= fla)=flc)=(a,c)e R

So, R is transitive.

Hence, R is an equivalence relation on X.

12. Wehave A ={1, 2, 3,4, 5}
R={(a,b):|la-b|iseven};a, be A

(i) Reflexive: Foranya e A,

We have |a - a| = 0, which is even.

= (a,a)e RVae A

So, R is reflexive.

(ii) Symmetric: Foranya, be A,

Let (a, b) € R= |a - b|iseven = |b - a|is even
= (ba)e R

So, R is symmetric.

(iii) Transitive:Foranya, b, ce A.Let(a, b) € Rand
(b,c)e R
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|a - b is even and |b - | is even
a-b=+2kjand b -c=+2k, fork,k,e N
(a-b)+(b-¢) =+ 2k, +2k); k, ke N
a-c=+2(k +k)k,k,e N

la - cliseven= (a, c) € R

Thus, (a, b) € Rand (b,c) € R= (a,¢c) € R

So, R is transitive.

Hence, R is an equivalence relation.

13. HereR={(a,b):b=a+ 1}
={(a,a+1):a,a+1€ {1,2,3,4,5,6}}
=1{(1,2),(2,3),(3,4), (4,5), (5,6)}

(i) Risnotreflexiveas (a,a) € RV a.

(ii) Risnot symmetricas(1,2) € Rbut(2,1) ¢ R.
(iii) R is not transitive as (1,2) € R, (2,3) € R but
(1,3) & R.

14. (i) Reflexivity : Let (a, b) be an arbitrary
element of N x N. Then, (a,b) € Nx N
= ab(b+a)=ba(a+b)
[by commutativity of addition and multiplication on N]
= (a,b)R(a, b)
So, R is reflexive on N X N.
(ii) Symmetry:Let(a,b),(c,d) € Nx Nbesuch that
(a,b) R (c, d).
= adb+c)=bcla+d) = cb(d+a)=da(c+Db)
[by commutativity of addition and multiplication on N]
Thus, (a, b) R (¢, d) = (¢, d) R (a, b) for all
(a,b), (c,d) e NxN.
So, R is symmetric on N x N.
(iii) Transitivity : Let (a, b), (¢, d), (e, f) € Nx N
be such that
(a,b) R (¢, d) and (¢, d) R (e, f). Then,
(a,b)R(c,d)= ad(b+c)=bc(a+d)

b+c _a+d 1Ll 1

b c ad )

tee el

1
b ad b ¢ a
and (¢, d) R (e, f) = cf(d + e) =de(c +f)

d+e c+f :>l+l_l 1

=—+— ...(ii)
de f d e ¢ f

Adding (i) and (ii), we get

1 1 1 1 1 1 1 1

e e e It el ) I e B B e

(b c) (d ej (a dj (C f]
1,1_1 1 _b+e_a+f

= 4-=—+- —
b e a f be af

= af(b+e)=be(a+f) = (a,b)R (e f)
So, Ris transitive on N X N.
Hence, R is an equivalence relation.
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15. Refer to answer 9.

Further R has only two equivalence classes, namely
[1] =[3] =[5] =1{1,3, 5} and [2] = [4] = {2, 4}.

16. A={1,2,3},B=1{4,5,6,7}and
F=1(1,4),(2,5), (3,6)}

We have, f(1) = 4, f(2) = 5 and f(3) = 6. Distinct
elements of A have distinct images in B. Hence, fis a
one-one function.

x—1, x2>1
17. We have, lx—1l=
1-x, x<1
‘x—l‘ 1, x=1
f(x): =
(x-1) |-, x<I1

- Range (f) ={- 1,1}
18. We have, f(x) = 5x
For x;, x, € N.
Let flx;) = flx,) = 5%, = 5%, = x, = x,
", 'The function is one-one.
Now, f(x) is not onto. Since, for 2 € N (co-domain),
there does not exist any x € N (domain) such that
flx) =5x=2
f(x) is injective but not surjective.

19. Here, f: N— Ns.t.
x+1, if xisodd
flx)=

if xiseven

Let x, yeNs.t. flx) = f(y)

We shall show that x = y

(i) Ifxand yboth are even
fx)=fy)=x-1=y-1=>x=y

(if) Ifxand y both are odd
fxX)=fly)=x+1=y+1=>x=y

(iii) Ifxis odd and y is even
fO=fy)=x+1=y-1

= y-x=2 (1)

R.H.S. is even but L.H.S. is odd.

= Equation (1) in N is not possible.

= (iii) does not arise.

(iv) Ifxiseven and yis odd, does not arise.

In any case, flx) =f(y) > x =y

= fis one-one

For any y € N (co-domain), y can be even or odd

When yis odd, y + 1 is even, so

fy+D)=@+1)-1=y

When y is even, y - 1 is odd, so

f-D=@-D+1=y

= f:N— Nis onto.

Hence, fis both one-one and onto.

x—1,

9
. N 1+1 2
20. (i) Injectivity: Here, f(1)=7=1,f(2)=5=1,
®="" =2, fuy=2=2
JO= =2 W=
k-1 +

1
Thus, f(2k=1)=""———=kand f(2k)= % =k

= f(2k-1) =f(2k), where ke N
But, 2k - 1 # 2k, = fis not one-one.
Hence, fis not bijective.

21. Here, flx) =4x>+7
Let x;, x, € Rs.t.
flx) = fix,)
4} + 7 =4x3 + 7
4x3 = 4x3 = x3} = x3
X3 -x3=0
(3 = x5) (xf + 2126, +%3) = 0
X —-x,=0
[ x? + x;x, + x5 = 0 has no real roots]

Ltssud

X=X

.~ f:R— Risone-one.

Again V y € R (co-domain), we find x € R (domain)
st.fix)=y

& +T7=yeodl=y-7

= x3:y7_7<:x:3y7_7€R
4 \ 4

(" x* = o, a € R has always one real root)
Hence, fis onto
So, f: R— Ris a bijection.

22. Refer to answer 19.

23. Wehave f(x) = ax + bwherea, be Randa#0
(i) Injectivity: Let x;, x, € R such that f (x;) = f (x,)
= ax tb=ax,+b=x=x,

o flx) is one-one.

(ii) Surjectivity : Let y € R (co-domain) such that
fx)=y

= y=ax+b= x=

-l

y=>b
a

)

f(x) is onto.
Hence, f is injective and surjective. So, f(x) is
bijective.

24. Here, f=1{(1,2),(3,5), (4, 1)}

€ R (ma#0)

e fl)=23)=5f4)=1 (1)
g=1(1,3),(2,3), (5 1)}
& g1)=3g2)=3,4(5) = 1 Q)
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Now, gof : {1, 3, 4} — {1, 3}
Using (1) and (2), we get

(gof) (1) = g(f(1)) =g(2) = 3
(gof) (3) = g(f(3)) =g(5) =1
(gof) (4) = g(f(4)) =g(1) =3
wogof=1{(1,3),(3,1), (4, 3)}.
2x—7

4

25. Lety=f(x) =

4y+7
= 4y=2x-7 = x:yi

As y = f(x) is an invertible function, so

. . - 4y+7
x= e, ;) =22
= f_l:R%Rs.t.f_l(x)=4x+7,VxER.

26. f:R— Randflx)=(3-x*)"°
Jof(x) = fif(x)) = f[3 - x°)'"]

=[3-{(3- x3)”3}3]”3

=[B-B-x)]"=GB-3+x)=x

27. Wehave, flx) =3x + 2
fEE))=fBx+2)=3Bx+2)+2=9x+38

28. We have, f(x) =3x -4

Let flx)=y=x=f"(y)

+4
y:3x—4:>x=y7
-1 y+4 -1 x+4
= f(y)="—=f )=
3 3
3x+5

29. We have, f(x)=
Let f(x):y:>~)c:f‘1(y)2
3x+5 2y =5
= x=
2

y:

_ 2y =5

= fl(y)=yT
2x =5

3
30. filx)=x+7andg(x)=x-7
So, fog(x)=flgx)=fx-7)=x-7+7=x
= fog(x)=x

fog (7)=7
31. flflx) =f(x*-3x+2)
=(?-3x+2)*-3(x*-3x+2)+2
=x'+9x2+4-6x°-12x+4x* - 3x>+9x -6 +2
=x* - 623 + 10x% - 3x.

= [x)=
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32. Heref:R— Rs.t.fix)=x>+2

andg: R— Rs.t. g(x)=il,x¢1
x—

Now fog: R— Rs.t.

2
(fog)(x) = F(g(x)) = f(x"_lel) fx]

P 2
= (ng)(2)=£2_lj +2=6

Also, gof : R — Rs.t.

(gof)(x) = g(f(x) = g(x* +2) =

x*+2

x2+1

(3+2_11

(-3*+1 10

33. Refer to answer 19,

since fis bijective function. So, it is invertible.

Now, let x, y € W such that flx) =y
= x+1l=y,ifxisevenandx - 1=y, if xis odd.

(gof)(=3)=

y—1if yisodd
= x=
y+1,if yiseven
_ y—Lif yisodd
= f 1(y)={

y+1if yiseven

x—1,if xis odd

x+1,if x is even

Hence, f‘l(x)={
34. A=R-{3;B=R-{1}
and f: A — B defined as
fo=*"2vxe a
x=3

Here, fis defined V x € A,as 3 ¢ A.
Also, fix) # 1

[ fx=1e o

& — 2= - 3, which is absurd]

Let x|, x, € A be such that flx,) = flx,)
X =2 x,-2

x_i “lox-2=x-3

X -3 x,-3

(0, -2) (3 -3) = (%, - 3) (x, - 2)

XX, = 3%, - 2%, +6=x,x, - 2x, -3x, + 6
-3x,-2%,=-2x,-3x5,= X=X,

- fisaone-one function.

Let ye B=R-{l}=>y#1.

We want to solve y = f(x) for some x € A

g

s y:% S xy-3y=x-2



Relations and Functions

& x(y-1)=-2+3y
3y-2

1SN leA(asy;tl)

fis onto also.
= f:A — Bisa bijective function.

Now, f_l(y)=x=3))//__ e f (x)—ﬁ

-1
35. Here,f,g:R— Rs.t.

) 2x if x>0
= +x =
fl)=lxl+x 0 ifx<0

0 ifx=>0
—2x ifx<0

) | fO) ifx=0
(fog) (x) = figkx)) = f(=2x) ifx<0

3 0 if x>0 3 0 ifx>0
S |2(-2x) ifx<0 |-4x if x<0

and (gof) (x) = g(f(x))
B gQx) itx=0 o
| g0) 0 ifx<0

and g(x) =|x|—x={

if x>0
. = =0V x€eR.
if x<0

4x+3 o {g }
6x—4 3)
(i) Letfix)) =flx,) (V x,x,€ A)

4x,+3  4x,+3

6x; -4 6x,—4

(4x; + 3) (6x, — 4) = (6x; — 4) (4x, + 3)
24x,%,—16x, + 18x, — 12=24x,%,+18x, -
=34x, = - 34x, = x, = X,
fis one-one.

(ii) For ye A=R—{%}.

Let flx) =y
4x+3
6x—4

4y+3
oA asy;ég
6y—4 3

& fisonto andf(x) =y x=f" ()/)
e iy )—

@
a

Here, f(x)=

16x,-12

SRR

=y (6x—4)y=4x+3

& X=—

VyeA<:>f (x)— VxeA
6x—

This gives the inverse function of f.

37. f:R,— [4,00) given by flx) = x> + 4
(1) Letx;, x, € R, st flx) =flx,)
= x+d4=x+4=x2=x3

= X=X

= fis one-one

(" x,x,€ R,)

11

(i) y=fx)Vye [4),y24
= Xt+d=y=x=[y-4
Now, x is defined if

y—420=.y-4€R, and

2
F(y=4)=(Jy-4) +a=(y-4+4=y
= fisonto.
fis one-one and onto.
= fis invertible and f" exists.

fo)=+r-4

38. Here, f: A — B s given by f(x):L_;,
where A=R - {2} and B=R - {1} *

Let fix;) = f(x,), where x}, x,, € A (i.e., x; # 2, x, # 2)
x -1 x,-1

x—2 B Xy =2

(x-1) (6, -2) = (x,-2) (x, - 1)
x1x2—2x1—x2+2:x1x2— -2x,+2

-2x - X, =—Xx; — 2%,

x; = x, = fis one-one.

Next,let ye B=R-{l}ie,y€ Randy#1

Lteue U

Now, x=1 —y«:)(x 2)y=x-1
x—

& xy- 2y x-1ex(y-1)=2y-1
o x=271 ()
y—1

fix) = y when x=2y_11 € A (asy#1)

Hence, fis onto.
Thus, fis one—one and onto.
From (i), f: B— Ais given by x = f1 (y)

e, fN )_2y711

39. Refer to answer 34.

40. Lety € R (co-domain) be arbitrary.
By definition, y = 10x + 7 for x € R
y=7

10

-7
So, we define, g: R — R by g(y)=y17O

10x+7)-7 3

= x=

Now, (g0f) (x)=g (f(x))=g(10x +7)= xand

(109 ) = f (g()) = f(y 7] 10@0 j+7=y
Thus, gof = fog = I.
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, 2x—3+3 2y
41. (i) fog(x)=f(g(x))=f=7=x
x+3
i) g#uﬁgqu»=4 2]-3

=x+3-3=x.
So, fog = gof = I. Hence, f! = g.
42. (a) fog(x)=f(g(x))=2x-3)*+3(2x-3)+1
=4x> - 12x+9+6x-9+1=4x* -6x+1
(b) gof (x) = g(flx)) =2(x*+3x+1)-3
=2x>+6x+2-3=2x>+6x-1
43. Here f(x) = [x] and g(x) = |x]
fog (x) = flg(x)) = fl|x]) = [|x[]

MERERGE
gof (x) =g (flx)) = g ([x]) = |[x]|

(g#{%)=[§]#lkl

(fog)(?} (gof)(%) =1+1=2.

44. Letf: N> S, flx) =9x* + 6x - 5
Consider, f(x,) = f(x,)
= 9x2+6x,-5=9x,2+6x,-5
9(x2 - x,%) +6(x; - x,) =0
(%, = %) [9x, + 9%, + 6] =0
X=X, [
fis one-one.
Since, S is the range of f.
fis onto.
Since, fis one-one and onto.
So, fis invertible.
Let y € Sbe arbitrary number.
Consider, y = f(x) = x = f ()
= y=9x%+6x-5=y=038x+1)>+6
y+6-1
3

=
=
= X1, X, €NN]
=

= y+6=3x+1 = x=

N 6-—-1 N _

% or f—l(x)=%61

Jao-1 7-1
3

= =2
3
1

Also, f_l()/) =

Now, f_1 (43)=

169 -1 -
69 _4

3

and f71(163)=
45. Refer to answer 34,

0, =0
We get fog (x) = *
—4x, x<0
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and gof (x) =V x€R
Now, fog (-3) =-4(-3) =12
and fog (5) =0, gof (-2) =0

46. Here f:R, = [-9,% as

flx) =5x*+6x-9

First we shall show that fis one-one.

Let flx) = f(y), forx,y € R,

= 5x2+6x-9=5+6y-9

= 5 -y)+6((x-y)=0

= x-y)[5x+y)+6]=0

= x=y [ forx,ye R,5(x+y)+6#0]
= fis one-one.

Lety € [-9, oo [ be such that flx) = y

S 5x%+6x-9=y = 5x*+6x-(9+y)=0

| —6%46"+4:5(9+y) —6+216+20y

2-5 10

_ —3+,/54+5y
- 5
Taking only +ve sign (as for —ve sign, x € R,)

—3+,/54+5y
5

= X

We get x = € R, for which

fx) =y

= fis onto.

= fis both one-one and onto.

= fisinvertible and f~! is given by

f_l(y)zxz —3+4/54+5y

47. Letf:N— S, flx) =4x* + 12x + 15
Consider, f(x,) = f(x,)
= 4x7+ 12x; + 15 =4x3 + 12x, + 15
= 4(x?-x3)+12(x; - x,) =0
= (x-x,) [4x, +4x,+12] =0
= x=x

fis one-one
Since, § is the range of f.

fis onto.
Since, f is one-one and onto.
Therefore, fis invertible.
Let y € S be arbitrary number such that f(x) = y
= y=4x*+12x+15
= y=(02x+3)*+6

[ x1, x, €N]

= Jy-6=2x+3=x=

Also, flx)=y=x=f"1(y)

= f_l(y)=7“y_26_3

\Ny—6-3
2

or f_l(x)=$
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48. Wehave,2 * (x*5)=10= 2*(&6):10
5

2
= 2*x=10:>??:10::x=25

49. Here *: R x R — Ris given by
axb=a+4b%

(=5)% (2% 0)=(-5)* (2+40%) =-5%(2)
=-5+422=-5+16=11

50. 5%7=L.CM.(5,7)=35.

51. *:RxR— Rgiven by
axb=2a+b
(2%3)%4=(2x2+3)*4=2x7+4=18.

52. Hereaxb=a+3b*Va, be Z
= 8#%3=8+33>2=8+27=35.

53. Herea*b=2a+b-3
3+4=203)+4-3=7

54, Herea*b=3a+4b-2
o Ax5=3(4)+4(5)-2=12+20-2=30

55. Herea*b=a+ 3b*
2%4=2+3(4)2=2+3%x16=50

56. Hereaxb=H.C.E (a, b)
22+4=H.CE (22,4)=2

57. Here a*bz%b.

For identity,axe=a=exa
= %_, -9
5 5

Identity element for * is 5.

58. Wehave, S=Q - {1}

a*b=a+b-abVa,be S

(i) Asa,be S=a,be Qanda#1,b#1, ..Q1)
a+b-abe Q

We check:a+b-ab#1

Supposea+b-ab=1

a+b-ab-1=0

a-1+b(1-a)=0

-(1-a)+b(1-a)=0

1-a)(-1+b)=0

Either1-a=0o0r-1+b=0

a=lorb=1

This contradicts (1).
a+b-ab#1.

= a+b-abe Q-{1}=S

= xis binary operation on S.

—>e=5

I
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(ii) Leta,be S
a*b=a+b-ab=b+a-b-a=Dbxaxiscommutative
inS

Leta,b,ce S

Thenax*(b*c)=ax*(b+c-bc)
=a+b+c-bc—a(b+c-bc)
=a+b+c-ab-bc-ca+abc
=a+b-ab+c-(a+b-ab)c

=(a*b)*c

*. * is associative

59. bxa=|b-a|l=|a-b

=axbVa,be R

= xis commutative on R.

Also,fora=2,b=4,c=5

(a*b)xc=Q2*4)*5=]2-4|*5

=2+5=[2-5=3

andax(b+c)=2x(4%5)=2x%[4-5]

=2x1=2-1=1.
(axb)*xc#ax(bx*c)

= *is not associative on R.

Also,(aob)oc=aoc=a

andao(boc)=aob=a

= (aob)oc=ao(boc) VYa,b,ce R

= o0 is associative on R.

Also, fora=3,b=2

aob=302=3

boa=203=2

= aob#boa

= 0 is not commutative on R.

60. LetA=1{1,2,3,4,5
a* b=minimum of g and b

[ |-x| = || V x € R]

* 1 2 3 4 5
1 1 1 1 1 1
2 1 2 2 2 2
3 1 2 3 3 3
4 1 2 3 4 4
5 1 2 3 4 5
61. * 0 1 2 3 4 | 5
0|0 |1 |2]|3]4]S5
1|12 1]3 4510
2 2|3 |4]|5 |01
3034|501 1]2
4 4|50/ 1213
51501 ]21]3]4

Identity : Let e be the identity element, then
are=a=exa
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Now,a*0=a+0=agand0*a=0+a=a

Thus, a* 0 =a=0x*a. Hence, 0 is the identity element
of the operation.

Inverse : Since, each row or column contains the
identity element i.e., 0.

So, each element is invertible.
Now,a*(6-a)=a+(6-a)-6=0

and (6-a)*a=(6-a)+a-6=0.

Hence, each element a of the set is invertible with
inverse 6 — a.

62. Commutativity: g*b= @ = @ =bx*a
5 5

* is commutative.
. 3ab
Associativity : (a* b) * ¢ =| == |*¢
5

andax*(bxc)=a* (%bc)=9a_bc

_ 9abc
25

25
= (a*b)*c=ax(b*c)
* is associative.
Identity : a * e = a = e * a, where e is the identity
element.
3ae 3ea

5
= —=a=—=e=—-€
5 5 3 <

2 is the identity element.

63. Wehave, a* b= (2a-b)?

S 3%5=(2x3-5?2=(6-52=1
5¥x3=(2x5-3)>=(10-3)2=49
Thus,3*5#5%3

64. Wehave,a*b=L.CM.ofaandb
20+ 16 = L.C.M. of 20 and 16 = 80

(i) Commutativity:a»b=LCM.ofaandb

=LCM.ofbanda=bxa

= axb=bxa

So, * is commutative.

(ii) Associativity: (a* b) * ¢

=[L.C.M. (g, b)] * ¢

=L.CM. [L.C.M. (a, b), c]

=L.C.M. (a, b, ¢)

andax* (b*c)=ax*[L.CM. (b c)]

=L.CM. [a, L.C.M. (b, ¢)]

=L.CM. (a, b, ¢

= ax(bxc)=(a*b)*c

So, *is associative.

65. Wehavea+b=a+b+abV a, be A, where
A=R-{-1}
Commutativity : Let a, b € R - {-1}
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Wehave,axb=a+b+ab=b+a+ba=bx*a
Hence, * is commutative.

Associativity : Leta, b, ce R-{-1}

We have, ax (b*c)=ax (b+c+ bc)
=a+b+c+bc)+a(b+c+be)

=a+b+c+bc +ab+ac+abc
=a+b+ab+c+(a+b+ab)c
=(a+b+ab)y*c=(axb)*c

Hence, * is associative.

Identity : Let e € A be the identity element. Then,
are=a=ex*a
are=a+e+ae=aandexa=e+a+ea=a

= e(l+a)=0 =e=0 [ a#-1]

Hence, the identity element for * is e = 0.

Existence of inverse : Let a € R - {-1} and b be the
inverse of a.

Then,axb=e=bx*a

= a+b+ab=0=b+a+ba

= b:_i

Since,a € R - {-1}

az-1 = a+1#20 = b:—aeR
a+1

Also, if -2
a+1
= -a=-a-1= -1=0, which is not possible.
—a
Hence, —— € R—{-1}
a+l
So, every element of R — {-1} is invertible and the

inverse of an element a is —— .
a+1

66. Here A = R x Rand * on A is defined as
(a,b)x(c,d)=(a+c¢ b+d)VY(a b), (c,d),e R
Now (¢, d) * (a, b) =(c+a,d+b)=(a+c, b+d)
=(a,b)*(c,d)VY(a, b),(c,d) e A
= xis commutative on A.
Again [(a, b) * (¢ )] * (e, f) =(a+ ¢ b+ d)* (e f)
:(a+c+e,b+d+f):(a+(c+e),b+(d+f))
=(ab)*x(c+ed+)
=(a, b)*[(c, d) * (e, )] V(a, b), (¢, d), (e, e A
= *isassociative on A.
Also 0 € Rand (0,0) € A.

V(a, b)€ A, (a, b)*(0,0)=(a+0,b+0)=(a,b)
and (0,0) * (a,b) =(0+a,0+ b) =(a, b)
= (0, 0) acts as an identity element in A w.r.t. *.

“«WO»



