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JEE (Advanced) Syllabus

Vectors : Addition of vectors, scalar multiplication, dot and cross products, scalar triple products and
their geometrical interpretations.

Three Dimensional Geometry : Direction cosines and direction ratios, equation of a straight line in
space, equation of a plane, distance of a point from a plane.

JEE (Main) Syllabus

Vectors : Vector and scalars, addition of vectors, components of a vector in two dimensions and three
dimensional space, scalar and vector products, scalar and vector triple product.

Three Dimensional Geometry : Coordinates of a point in space, distance between two points, section
formula, direction ratios and direction cosines, angle between two intersecting lines. skew lines, the
shortest distance between them and its equation. Equations of a line and a plane in different forms,
intersection of a on line and a plane, coplanar lines.
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VECTORS & THREE DIMENSIONAL GEOMETRY

an
1.

M

3.

INTRODUCTION :

Vector is a quantity which possess both magnitude and direction it is represented by an arrow the
direction of which indicates the direction of the quantity and length of which is the magnitude. There is
also an additional requirement that such quantity obey the vector law of addition e.g. velocity, force etc.
A quantity such as mass, length, time that does not involve the concept of direction is called scalar
quantity.

MATHEMATICAL DESCRIPTION :

/v <——— Terminal point
A—> initial point

Avector is generally represented by a directed line segment, say AB . Ais called the initial point and B
is called the terminal point. The magnitude of vector AB is expressed by | AB |

The line of unlimited length of which a directed line segment is a part is called its line of support. Any
real number is a scalar.

TYPES OF VECTORS :

Zero vector : A vector of zero magnitude i.e. which has the same initial and terminal point, is called a
zero vector. It is denoted by O. The direction of zero vector is indeterminate.

Unit vector : Avector of unit magnitude in the direction of a vector a is called unit vector along a and

o

is denoted by a, symbolically a =

[ON

la|
Equal vectors : Two vectors are said to be equal if they have the same magnitude, direction and
represent the same physical quantity.

Collinear vectors : Two vectors are said to be collinear if their directed line segments are parallel
irrespective of their directions. Collinear vectors are also called parallel vectors. If they have the same
direction they are named as like vectors otherwise unlike vectors.

Symbolically, two non-zero vectors a and b are collinear if and onlyif, a=2b, where A ¢ R

. . - - - . . ~ . e 81 _ 38 _ 8
Vectors a =a,i + a,j + azk and b =b,j + b,j + bsk are collinear if b_ = b_ = b_
1 2 3
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Note that in mathematical frame, vectors are treated as free vector so they can move parallel to
themselves.

Coplanar vectors : A given number of vectors are called coplanar if their directed line segments are all
parallel to the same plane. Note that two vectors are always coplanar.

Co-initial vectors : Vectors having same initial point are called Co-initial Vectors.

4. MULTIPLICATION OF AVECTOR BY ASCALAR :
If 3 is a vector and m is a scalar, then m 3 is a vector parallel to 3 whose magnitude is |m | times that

of a. This multiplication is called scalar multiplication.

5. ADDITION OF VECTORS :

Triangle law of addition of vectors : If two vectors can be represented in magnitude and direction by the
two sides of a triangle, taken in order, then their sum will be represented by the third side in reverse order.

Parallelogram law of addition of vectors : If two vectors be represented in magnitude and direction by the
two adjacent sides of a parallelogram then their sum will be represented by the diagonal through the co-initial
point.

Subtraction of Vectors : Vector —b has length equals to vector b but its direction is opposite.

Subtraction of vector @ and b is defined as addition of @ and (—B ). Itis written as follows :
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SOLVED EXAMPLE

Example 1 :

Solution :

Example 2 :

Solution :

Example 3 :

Solution :

Prove that the line joining the middle points of two sides of a triangle is parallel to the third side and
is of half its length.
Let the middle points of side AB and AC of a AABC be D and E respectively.

BA =2DA and AC =2AE
Now in AABC, by triangle law of addition A

BA +AC =BC D E
B > C

- . - . — ] —
2DA+2AE=BC = DA+AE :%BC = DE :EBC
Hence, line DE is parallel to third side BC of triangle and half of it.

If 2 and B are non-collinear vectors, then find the value of x for which vectors :
a=(x—-2)a +b and B =(3+2x)a-— 2b are collinear.
Since the vectors 0. and 5 are collinear.

there exist scalar A such that &= A

=  (x=2)a+b=A{(3+2x)a —2b} =  (x-2-A(3+2x))d +(1+20)b=0

1
= x-2-A@B+2x)=0and1+2AL=0 = x—2—k(3+2x)=Oandk=—E

1
= x—2+5(3+2x)=0 = 4x-1=0 = X=—. Ans.

If a=i+2j+3k and b =2i+4j—5k represent two adjacent sides of a parallelogram, find unit
vectors parallel to the diagonals of the parallelogram.

Let ABCD be a parallelogram such that AB = 3 and BC = b.

Then, AB + BC = AC = AC = a+b = 31 +6j-2k
|AC| = V/9+36+4 =7 = AB + BD = AD
BD = AD-AB = b-a = {+2j-8k = IBD| = y1+4+64 = 69
AC 1 BD 1

. Unit vector along Ac = (3| +6]—2k) and Unit vector along BD = |ﬁ)| = Je9

IAC| ~ 7

(i + 25-8k)
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Example 4 : ABCDE is a pentagon. Prove that the resultant of the forces AB, AE, BC, DC, ED and

AC is 3AC.
Solution : Let R be the resultant force D
R = AB + AE + BC + DC + ED + AC E c
= R =(AB + BC)+ (AE + ED + DC)+ AC . A
= R = AC + AC + AC
=N R =3AC . Hence proved.
Problems for Self Practice-01
(1) ABCD is a parallelogram whose diagonals meet at P. If O is a fixed point, then prove that

OA +0B+0C+0D = 40P
2) A, B, P, Q, R are five points in any plane. If forces H’,A—Q,ﬁ acts on point A and force
ﬁB, Q—B, RB acts on point B then find their resultant

(3) Find the unit vector in the direction of 31 — 63’ +2k.

— 32 6+ ~
Answers : (2) 3AB (3)71—7J+7k

6. POSITION VECTOR OF APOINT:

Let O be a fixed origin, then the position vector of a point P is the vector OP.If d and b are position
vectors of two points A and B, then

—_—

AB = b-a = position vector (p.v.) of B — position vector (p.v.) of A.

7. SECTION FORMULA :

If a and b are the position vectors of two points A and B, then the p.v. of = R(F)

na+mb
m+n

a point which divides AB in the ratiom: nis givenby r =




JEE(Adv.)-Mathematics Vectors & Three Dimensional Geometry

SOLVED EXAMPLE

Example 5 :

Solution :

Example 6 :

Solution :

n A

IfAE(21+ 33’), BE(pf + Qj)and C=(i j ) are collinear, then find the value of p

AB=(p-2)i +6], AC=—i —4]

. 2
Now A, B, C are collinear < AB|AC < p—1=% S p=T2

If ABCD is a parallelogram and E is the mid point of AB. Show by vector method that DE
trisect AC and is trisected by AC.

Let AB =a andAD= b
ThenBC =AD =b and AC =AB + AD =48 +b
Also let K be a point on AC, such that AK:AC=1:3

—_—

1 - .
- AK =7 (3+b) ... (i)

Again E being the mid point of AB, we have AE =

Let M be the point on DE such that DM : ME = 2 : 1

—  AD+2AE b+a .
AM = T = 3 e (ll)

From (i) and (ii) we find that

1

AK =3 (a + 5) = AM , and so we conclude that K and M coincide. i.e. DE trisect AC and is

trisected by AC. Hence proved.

Problems for Self Practice-02

(1)
(2)

Prove that medians of a triangle are concurrent.

ABCD is a parallelogram. If L, M be the middle point of BC and CD then show that AL + AM

3 —
= - AC.
2C

The position vectors of the points A, B, C, D are i+j+k, 2i+5], 3i+2j-3k, i-6]j—k
respectively. Show that the lines AB and CD are parallel and find the ratio of their lengths.

The vertices P, Q and S of a APQS have position vectors p,q and s respectively.

(i) If M is the mid point of PQ, then find position vector of M in terms of p and q
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(i) Find t, the position vector of T on SM such that ST : TM =2 : 1, in terms of p, q

and s.

(iii) If the parallelogram PQRS is now completed. Express y , the position vector of the

point R in terms of p,q and s

(5) If 3,b are position vectors of the points(1,-1),(=2, m), find the value of m for which 3 and p

are collinear.
(6) The median AD of a AABC is bisected at E and BE is produced to meet the side AC

1 1
in F. Show that AF = 5 AC and EF = ZBF'

(7) Point L, M, N divide the sides BC, CA, AB of AABC in the ratios 1:4, 3: 2, 3:7 respectively.

Prove that AL + BM + a\] is a vector parallel to C_K , when K divides AB in the ratio 1 : 3.

Answers: (3)1:2(4) m =% (P+q), t =% (P+q+s), r =% (@+p-8) (5) m =2

8. COORDINATE OF APOINT IN SPACE :

Three mutually perpendicular lines OX, OY, OZ are considered as the three axes. The plane formed with
the help of x & y axes is called x-y plane, similarly y & z axes form y-z plane and z & x axes form z -
x plane.

Consider any point P in the space, Drop a perpendicular from that point to x -z plane, then the algebraic
length of this perpendicular is considered as y-coordinate and from foot of the perpendicular drop
perpendiculars to x and z axes. These algebraic lengths of perpendiculars are considered as z and x

coordinates respectively. y

-~ P( b Yo 21)

X1
z

If coordinate of a point P in space is (x, y, z), then the position vector of the point P with respect to the
same origin is xi +yj + zk.

Distance formula

Distance between any two points (x,,y,, z,) and (x,, y,, Z,) is given as \/(X1 —X2)? +(Y1—Y2)? +(21-2,)
We know that if position vector of two points A and B are given as OA and OB then

AB=|0B - OA | = AB=|(x,i+y, ] +z,k)—(x,] +v,] +z,k)l

= AB = \/(xz—x1)2+(y2—y1)2+(22—z1)2
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Distance of a point P from coordinate axes
Let PA, PB and PC are distances of the point P(x, y, z) from the coordinate axes OX, OY and OZ
respectively then

PA=4y?+2z? ,PB = yz? +x? , PC = {x*+y?

Section formula
If point P divides the distance between the points A (x,, y,, z,) and B (x,, y,, z,) in the ratio of m : n,

internally then coordinates of P are given as , ,
m+n m+n m+n

MX, +NX; My, +nNy,; Mz, + nz1]

A P B
m.n

Centroid of a triangle Ax,,Y,,Z,)

- 3 ’ 3 ’ 3

Incentre of triangle ABC BixaY22.) Clya2:)

axq +bx, +cx; ay,+by, +cy; az,+bz, +cz,
atb+c ~ a+b+c = a+b+c

Where AB=c,BC=a, CA=b

Centroid of a tetrahedron
A(x,,y,,2,)B(x,, Y, 2,)C(x, Y, z,)and D (x,,y,, z,) are the vertices of a tetrahedron, then coordinate

4 4 4

zxi zyi Zi
of its centroid (G) is given as =t , = , =
4 4 4

SOLVED EXAMPLE

Example 7 : If the points P, Q, R, S are (4,7, 8), (—1,-2,1), (2, 3, 4) and (1,2,5) respectively, show that
PQ and RS intersect. Also find the point of intersection.
Solution : Let the lines PQ and RS intersect at point A.

Let Adivide PQ in the ratio A : 1, then R&4.7.8) S(1,2,5)

. (1)

-A+4 -20+7 1 +8
A+1 7 A+l T A+1)

Let Adivide RS inthe ratiok : 1, then R(2, 3, 4) Q(-1,-2, 1)

k+2 2k+3 5k+4
Sl k+1 k+1 ' k+1
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Example 8 :

Solution :

Example 9 :

Solution :

From (1) and (2), we have,

-A+4 k+2
A+1 k+1
-2L+7 2k+3
A+1 k+1
L+8 5k+4
A+1  k+1

From (3), —Ak — A + 4k + 4 = Ak + 24 + k + 2

or 20k +3A-3k-2=0

From (4), 20k —2AL + 7Tk + 7 =20k + 3L + 2k + 3

or 4)\k + 50 -5k -4 =0

Multiplying equation (6) by 2, and subtracting from equation (7), we get

—-A2+k=0 or, A=k

Putting A = k in equation (6), we get 202+ 31 -31-2=0

or, A=x1.

But A # —1, as the co-ordinates of P would be undefined and in this case

PQ || RS, which is not true.
A=1=k.

Clearly A =k = 1 satisfies eqn. (5).
Hence our assumption is correct

Ao [—1+4 -2+7 1+8

2 2

3509
A=[2,22]
] o [2 2 2)

Find the ratio in which the XY plane divides the line joining the points P(-2, 4, 7) and Q(3, -5, 8).

Let line PQ cuts XY plane at point R which divides PQ is ratio A:1 internally

3L-2 -50+4 8\L+7
A+17 A+1 T A+1

= A=-7/8

j lies on xy plane so 8L +7 =0

= xy plane divides line PQ in ratio 7 : 8 externally

Prove by using distance formula that the points P (1, 2, 3), Q (-1, -1, —-1) and

R(3, 5, 7) are collinear.

We have PQ = \[(—1—1)> + (=1 -2)> +(-1-3)’ =/4+9+16 =~/29

QR = JB+1) +(5+1) +(T+1)> =/16+36+64 =116 =229

and PR = \[3—1)> +(5-2)° +(7-3)* =/4+9+16 =29

Since QR = PQ + PR. Therefore the given points are collinear.
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Example 10 : Show that the points A(2, 3, 4), B(-1, 2, =3) and C(—4, 1, —10) are collinear. Also find the ratio
in which C divides AB.
Solution : GivenA=(2,3,4),B=(-1,2,-3),C=(-4,1,-10).

A(2,3,4) B (-1, 2,-3)
Let C divide AB internally in the ratiok : 1, then

C- [—k+2 2k+3 —3k+4]

k+1 k+1  k+1
-k +2
TS -4 =  3k=-6= k=-2
k+1
2k +3 -3k +4
Forthisvalueofk,—+=1,and - =-10
k+1 k+1

Since k < 0, therefore C divides AB externally in the ratio 2 :1 and points A, B, C are collinear.
Example 11 : The vertices of a triangle are A(5, 4, 6), B(1, -1, 3) and C(4, 3, 2). The internal bisector of
2 BAC meets BC in D. Find AD.

Solution:  AB= .42 ,52,32 _5/2 A(5, 4, 6)

AC = |2 112 142 =32
Since AD is the internal bisector of £ BAC

BD _AB _5 B D C
DC AC 3 (1,-1,3) 4,3,2)
D divides BC internally in the ratio 5: 3

D (5x4+3x16x3+3(1) 5x2+3x3) D_[EEEJ
- 5¢43 ' 5+3 ' 5+3 ’ 8 8 8
2 2 2
23 12 19
=4|5-——| +|4-——| +|6-——
AD\/[ 2 %) - 3)
V1530 .
= unit
8
Problems for Self Practice-03
(1) Find the locus of a point which moves such that the sum of its distances from points

A(0, 0, —a) and B(0, 0, a) is constant.
(2) Show that the points (0, 4, 1), (2, 3, —1), (4, 5, 0) and (2, 6, 2) are the vertices of a square.
(3) Find the locus of point P if AP2—- BP2= 18, where A=(1,2,-3)and B= (3, -2, 1).
(4) Show that the points (0, 7, 10), (- 1, 6, 6) and (- 4, 9, 6) form a right angled isosceles
triangle.
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()

(6)

Find the co-ordinates of the foot of perpendicular drawn from the point A(1, 2, 1) to the line
joining the point B(1, 4, 6) and C(5, 4, 4).

8
Two vertices of a triangle are (4, —6, 3) and (2, —2, 1) and its centroid is [5’—1 2] . Find the
third vertex.
If centroid of the tetrahedron OABC, where co-ordinates of A, B, C are (a, 2, 3), (1, b, 2) and

(2, 1, c) respectively be (1, 2, 3), then find the distance of point (a, b, c) from the origin,
where O is the origin.

1
Show that [_E 2, 0] is the circumcentre of the triangle whose vertices are A (1, 1, 0),

B (1,2,1)and C (-2, 2,-1) and hence find its orthocentre.

X2 y2 22
Answers : (1)a2—oc2 + 22 o2 +a—=1 (3)2x -4y +4z-9=0
() 3.4,5) (6)(2,52) (7) V75 (8)(1,1,0)

DIRECTION COSINES AND DIRECTION RATIOS :

(i)

(i)
(iif)

(iv)

(v)

Direction cosines : Let a, 3, y be the angles which a directed

line makes with the positive directions of the axes of x, y and z $

respectively, then cos o, cosf, cos y are called the direction p
cosines of the line. The direction cosines are usually denoted Y

by ¢, m, n. 0 7 B y

Thus ¢ = cos o, m = cos 3, n = cos 7.

If 2, m, n be the direction cosines of a line, then /2+ m?+ n?2=1

Direction ratios : Let a, b, ¢ be proportional to the direction cosines ¢, m, nthen a, b, ¢ are
called the direction ratios.

If a, b, c, are the direction ratios of any line L, then ai + b] +ck will be a vector parallel to the line L.

If ¢, m, n are direction cosines of line L, then /i + m] +nk is a unit vector parallel to the line L.

If ¢, m, n be the direction cosines and a, b, c be the direction ratios of a vector, then

a b c
! = ,m= ,nN=
Va2 +b2 +¢2 Va2 +b2 +¢2 Va2 +b? +¢2
-a -b —C

or ! = ,m= ,h=
Va? +b? +¢? Va? +b? +¢? Va? +b? +¢?

If OP =r, when O is the origin and the direction cosines of OP are ¢, m, n then the coordinates
of P are (¢r, mr, nr).

If direction cosines of the line AB are ¢, m,n, |AB| = r, and the coordinates of Ais (x,,Y,, z,)
then the coordinates of B is given as (x, + r/, y, + rm, z, + rn)
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(vi)

(vii)

SOLVED EXAMPLE

Example 12 :
Solution :

Example 13:

Solution :

If the coordinates P and Q are (x,, y,, z,) and (x,, ¥,, Z,), then the direction ratios of line PQ are,

L . . _ XXy
a=x,—X,b=y,—y &c=z,—2z and the direction cosines of line PQ are /= PQ| -

m_Yz—Y1 ndn_22_21
“pal 29N T Pq

Direction cosines of axes : Since the positive x—axis makes angles 0°, 90°, 90° with axes of
X, y and z respectively. Therefore

Direction cosines of x—axis are (1, 0, 0)
Direction cosines of y—axis are (0, 1, 0)

Direction cosines of z—axis are (0, 0, 1)

If aline makes angles a, B, y with the co-ordinate axes, prove that sin?a + sin?p + siny? = 2.
Since a line makes angles a, B, y with the co-ordinate axes,
hence cosa, cosp, cosy are its direction cosines
cos?a + cos?f3 + cos?y = 1
= (1 =sin?a) + (1 —sin?p) + (1 —sin?y) =1
= sin?a + sin?f + sin?y = 2.
Find the direction cosines ¢, m, n of a line which are connected by the relations
(+m +n =0, 2mn +2m/-n/ =0
Given,/+m+n=0 ... (1)
2mn +2m{-n¢=0 . (2)
From (1), n=— (¢ + m).
Putting n = — (¢ + m) in equation (2), we get,
-2m({+m)+2mi+ (L +m) (=0

or, -2m/=2m?+2mé¢ + 2+ m/ =0
or, Z+ml-2m?2=0

£2+£ 2=0 [dividing by m?
or, m o) —2= [dividing by m?]

or —=

V4
Case I. when ™ =1:Inthiscasem="/

From (1),2(+n=0 = n=-2/

: f-m:n=1:1:-2
Direction ratios of the line are 1, 1, - 2
Direction cosines are

2
+ L , ! -
JP+P (22T P2 PP (2)
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112 112
J6' V6 V6 V6 ' b

V4
Case II. When - =—2:Inthiscase / =-2m

From (1),-2m+m+n=0 = n=m
f:m:n==2m:m:m
=-2:1:1
Direction ratios of the lineare — 2, 1, 1.
Direction cosines are

+ 2 , ! , & L
V224242 (224 B+ (22 + 24P

-2 1 1 2 -1 -1

V6 6 V6 N RN RN

Problems for Self Practice-04

(1)
(2)

(3)

(4)

Find the direction cosines of a line lying in the xy plane and making angle 30° with x-axis.

A line makes an angle of 60° with each of x and y axes, find the angle which this line makes
with z-axis.

A plane intersects the co-ordinates axes at point A(a, 0, 0), B(0, b, 0), C(0, 0, c); O is origin.
Find the direction ratio of the line joining the vertex B to the centroid of face AOC.

A line makes angles a, B, v, 8 with the four diagonals of a cube, prove that

cos?a + cos?B + cos?y + cos?d =

L

1
2 2’

g .

a c
n=0 (2)45° (3) 5,—b, =

Answers : (1) ¢= 3

ANGLE BETWEEN TWO VECTORS :

It is the smaller angle formed when the initial points or the terminal points of the two vectors are brought
together. Note that 0° < 6 < 180°.

P N

SCALAR PRODUCT (DOT PRODUCT) OF TWO VECTORS :

5.5:|é| ‘5‘ cos0,(0<0<n)
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Properties of Dot product :

(i) If 0 is acute, then a.b > 0 and if 0 is obtuse, then a.b < 0.

a.b

0calb(@=0,b=0)

.b=b.3a (commutative)

=
=
(O 1)

(iii) a.(b+c)

d.b+4a.c¢ (distributive)

vy i.i=id=kk=1 i.j=jk=k.i=0

v) a.a=fg’=a?

(vij Ifa=a,i+a,j+a,kandb =bi+b,j+b,k, thenda.b =ab,+ab,+a,b,
L2 -

(vi)  [ab[ =a®+b?+23b

— g —2 — = —_ —
‘a+b+c‘ =a’+b’+c?+2(@b+bc+ca)

GEOMETRICAL INTERPRETATION OF SCALAR PRODUCT :

Let a and b be vectors represented by OA and OB respectively. Let 0 be the angle between OA and

OB. Draw BL L OA and AM L OB.
From AOBL and AOAM, we have OL = OB cos 8 and OM = OA cos 0.

Here OL and OM are known as projections of b on a

and a on b respectively.

Now, a.b =|allblcos6® =|al(lblcos6)
=|al(OBcosb)=|g]|(OL)
= (Magnitude of a) (Projectionof b ona)  ........ (i)

Again a.b =|allblcos®=]|p|(lalcos®)=]|p|(OAcosb) =|b|(OM)
= (magnitude of b ) (Projectionof a on b) ... (ii)

Thus geometrically interpreted, the scalar product of two vectors is the product of modulus of either
vector and the projection of the other in its direction.

(o

a.
|b]
Projection of a line segment on a line

Projection of a on b =

T

If the coordinates of P and Q are (x,, y,, z,) and (x,, y,, Z,), then the projection of the line segments
PQ on a line having direction cosines £, m, n is | (X, —x;)+m(y, —y,)+n(z, _21)|

Note that /| T |, m |5 | & n |7 | are the projection of  in OX, OY & OZ axes.
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SOLVED EXAMPLE
Example 14 :

Solution :

Example 15 :

Solution :

Example 16 :

Solution :

Example 17 :

Solution :

Find the value of p for which the vectors 3 = 3i+2j+9 and b =i+pj+3k are
(i) perpendicular (i) parallel
() 316 =a.6=0 =  (31+2j+9k). ([+pj+3k) =0

= 3+2p+27=0 = p=-15

(i) vectors a = 3i+2j+9k and b = i+pj+3k are parallel iff

3 _
1 —P=

TN
TIN
w|N

_e .-

+C=0,|al=3,|b|l=5and|C| =7, find the angle between 3 and p .

(o)

If a +

We have, 315+ -0

= G1b=-3¢ = (6+b). [6+6) = (-¢) - (&)

= |asf=ier = Jaf e [b[ v 25 =]ef
= |af+|b[ +2]|a] [B|coso=|c|

= 9+25+2(3)(5)cos 0 =49 :>cose=% =0= 7.

Find the distance of the point B(i + 23’+ 312) from the line which is passing through

A(4i+ 2j+ 2k) and which is parallel to the vector C=2i+3j+6k.

AB =43 +1% =410

B(1,2,3)

— . » o~ (2i+3]+6k
AM = AB&=(-3i+ k).%
=-6+6=0 Adigeoh) M —
BM? = AB® — AM? C
So, BM =AB =+/10 Ans.
Prove that the medians to the base of an isosceles triangle is perpendicular to the base.
The triangle being isosceles, we have Cle)
AB=AC ... (i)

Now AP = % where P is mid-point of BC.

Also BC=¢—b B(b) A(0)
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Example 18:

Solution :

Example 19 :

Solution :

E.?c:b;E(E—B>=1 b9
1 2 2
:E(AC —-AB*)=0 {by (i)}

Median AP is perpendicular to base BC.
Ifa=i+]j+kandb=2i-]+3k,then find
(i) Component of b along a. (ii) Component of b in plane of 3 & b

but Lto a.

B, _ a.b
(i) Component of b along a is (l_ lzJ a
a

Here @ . b =2-1+3=4

|af? =3

(a. J#
Hence | 7= a-=
|al?

T

w| s
Q
1]

w| s
-,
+
—)
+
>

(ii) Component of b inplane of 3 &b but Lto a isb — (la_'lg} a.
a
1 (. _+ .
= 5 [i-7j+5k)

Find the length of projection of the line segment joining the points (-1, 0, 3) and (2, 5, 1) on the line
whose direction ratios are 6, 2, 3.

n V/+m’+n’

n_1n
2

1
30 Jer 4243 49

l
The direction cosines ¢, m, n of the line are given by g =

2|~

6 2
l=—, m=—,n=—
7 7 7

The required length of projection is given by

= |€(X2—X1) + m(yz_y1) + n(22_21)| =‘g[2_(_1)]+%(5_0)+%(1_3)‘

6 2 3 |18 10 6 _‘18+10—6‘:22
777

= |=x3+=x5+=—x-2 -
7 7 7 7 7
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Problems for Self Practice-05

(1) Find the values of x for which the angle between the vectors g = 2x2 i+ 4x ] + k and
b =7i—-2]+x k is obtuse.

(2)  Find the values of x and y if the vectors 3 = 3i+xj—k and p = 2i+]j+yk are mutually
perpendicular vectors of equal magnitude.

(3) Leta =x%+2j-2k, b= i-]j+k and ¢ = x?i+5]j-4k be three vectors. Find the values of
x for which the angle between 3 and p is acute and the angle between  and ¢ is obtuse.

4) D is the mid point of the side BC of a AABC, show that AB2+ AC? = 2 (AD? + BD?)

(5) ABCD is a tetrahedron and G is the centroid of the base BCD. Prove that
AB? + AC? + AD? = GB? + GC? + GD? + 3GA?
(6) A(6,3,2),B(51,1,), C(3,-1,3)D (0, 2, 5). Find the projection of line segment AB on CD

line.

(7) The projections of a directed line segment on co-ordinate axes are — 2, 3, — 6. Find its length
and direction cosines.

(8) Find the projection of the line segment joining (2, — 1, 3) and (4, 2, 5) on a line which makes

equal acute angles with co-ordinate axes.

Answers : (M) x e (0,1/2) (2)x = - % y = % (3) (-3,-2)u (2, 3)
5 _ — 7
©) 3 DT ® 5

VECTOR PRODUCT (CROSS PRODUCT) OF TWO VECTORS:

If 3, b are two vectors and 6 is the angle between them, then 3 x b =| a | ‘ b ‘ sin0 N, where n is the

unit vector perpendicular to both @ and b such that 3, b and i forms a right handed screw system.

Geometrically ‘ axb ‘ = area of the parallelogram whose two adjacent sides are represented by a and b.

W i i
(@]

axb=#bxa (notcommutative)

+3) = (axb) + (ax3) (distributive)

(o}

ax (
Axb=0<aandb are parallel (collinear) (=0 , b#0)i.e.a=Kb , where Kis a scalar.

'x’jzl’{,]xlz=',l2><'=lj\
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i j k
(i) Ifa=a,i+a,j+a,kandb =b,i +b,j +b,k, then axb=|a, a, a,
b; b, bs
B, S axb
(viii) Unit vector perpendicular to the planeof a and b isn = + | —XBI
ax
~ _ ‘é X B‘
(ix) If 0 is the angle between a and b, then sin® = —-—
al o
(x) If 3,b and ¢ are the position vectors of 3 points A, B and C respectively, then the vector area of

1. - - . . o = =
AABC = 2 [axb + bxc + cxa|. The points A, B and C are collinearif axb+bxc+cxa=0

- - 1(- -
(xi) Area of any quadrilateral whose diagonal vectors are d, and d, is given by 2 ‘ dy x d, ‘

(xii) Lagrange's Identity : Forany two vectors 3 and b ; (3 x b)* = |a |2 ‘ b ‘2_ (3.b)

SOLVED EXAMPLE

Example 20 : Find the vectors of magnitude 5 which are perpendicular to the vectors a = 21+3—31A< and

b=i-2j+k.
. , . axb
Solution : Unit vectors perpendicularto a & b=+——=
|axb]|
i ]k
axb=[2 1 -3]=-51-5j-5k
1 -2 1
Unit vectors = im
53
, 543 2 o4 o~
Hence the required vectors are iT(l +j+k) Ans.

Example21: For any three vectors &,b, ¢, show that dx(b+¢)+bx(G+8)+Ex(@+b)=0 .

Solution : We have, 8 x (b+C) + b x (C+3) + G x (a+b)
= axb+axc+bxC+bxa+cxa+cxb [Using distributive law]
= axb+axc+bxc-axb-axc-bxc= 0 [ bxa=-axb etc]
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Example22: Foranyvector 3, provethat |axi|? + |axj[> + |axk[? =2 |af?

Solution:  Let 3 = a,i+a,j+ask . Then
axi = (aj+a,)+azk) x | =a,(ixi)+a,(jxi) +a, (kxi) =-a,k+as]
= |axi> =a2+a?
axj = (a+a,j+azk) X | = ak—a,i
= |axj> =a% +a?
axk = (aji+ay)+aK)x k=—aj+a,i
= |axk|? =a2+a,?

|é><’i\|2 + |é><]|2 + |éXR|2 = 22+333+a12+332+a12+322
:2(812+322+332)=2|é|2

Example23: Leta & b be two non-collinear unit vectors. If {i = —(E.B)B & v= (ﬁx ) , then prove that

<
Il

=N

_t
=
o

Solution:  Gd=aa—(a.b)@ab)
=1-|a | b|* cos® 6 (where 6 is the angle between & and b)
=1 - cos?0 = sin20

=|V|=|dxb|=sin®

G| =Ed =+ad—-2(@b)>+(@b)’|bP =1-(@b) = sin0

Hence, | V| = |t |=|ti|+]|t.b|

Problems for Self Practice-06

(1) If p and q are unit vectors forming an angle of 30°. Find the area of the parallelogram having
a=p+2q and b=2p+q as its diagonals.

2) Prove that the normal to the plane containing the three points whose position vectors are
3,b, ¢ lies in the direction bx¢+¢xa+axb

(3) Let OA = &, OB =104 + 2b and OC = b where O is origin. Let p denote the area of the
quadrilateral OABC and q denote the area of the parallelogram with OA and OC as adjacent
sides. Prove that p = 6q.

Answers : (1) 3/4 sq. units



JEE(Adv.)-Mathematics Vectors & Three Dimensional Geometry

an

14.

EQUATION OF A STRAIGHT LINE
(i) Equation of a straight line passing through a fixed point with position vector p and parallel to a
givenvector g isr =P + L4 where A is a scalar.

Let P=x,i +y1j +z k and G = ai +bj+ck thenwe get x =x, +2a,y =y, +Ab,z=2z +
AC.
The equation of a line passing through the point (x,, y,, z,) and having direction ratios a, b, ¢

X —X - z-z
a 1Y by1 = o 1 = This form is called symmetric form. A general point on the line

is given by (x, +ai,y, + b,z +cr).

is

(i) Vector equation of a straight line passing through two points with position vectors a &B

istT=a+A(b—a).

The equation of the line passing through the points (x,, y,, z,) and (x,, y,, z,) is

X=X _¥Y=¥Y1 _ Z-Z

Xo — X4 Yo— VY4 Zy =24

(iii) Equation of x-axisisy=0andz=0

(iv) Equation of a line parallel to x—axisisy =p,z=q

Angle between two line segments : If two lines have direction ratios a,, b,, ¢, and a,, b,, c, respectively,
then we can consider two vectors parallel to the lines as a, | +b, j + ¢,k anda,j +b,]j +c,k and angle
between them can be given as.

asa, +bsb, +cicy

cos O = .
\/312 +b? +c12\/a§ +b3+c3
(i) The lines will be perpendicularifaa, +bb,+c.c,=0
b, C
(i) The lines will be parallel if 2 =L =L
az 2 C2

(iii) Two parallel lines have same direction cosines i.e. 61 = €2, m,=m,n, =n,

ANGLE BISECTORS :

A vector in the direction of the bisector of the angle between the two vectors a and b is ﬁ + ﬁ .
a b

Hence bisector of the angle between the two vectors a and b isA (é + IS) where A € R*. Bisector

of the exterior angle between a and b is A (é - B) Le R

Note that the equations of the bisectors of the angles between the linest =a + A b andt =3 + pne

are: 1 =a +t(6+6) and t =a + p(é—B).
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SOLVED EXAMPLE
Example24: Find the equation of the line through the points (3, 4, —7) and (1, — 1, 6) in vector form as well
as in cartesian form.
Solution : Let A=(3,4,-7),B=(1,-1,6)

_) ~ ~ ~
Now a = OA = 3j + 4j — 7k,

b=0B=i-]+6k

Equation of the line through A(a ) and B(B Yisr =a +t (E - g)

- ~ ~ ~ ~ ~ ~
or r =3i+4j-7k +t(-2i -5j+13k) ... (1)
Equation in cartesian form :
, . X=-3 y-4 z+7 x-3 y-4 z+7
Equation of AB is = = or, = =

3-1 4+1 -7-6 2 5 -13°

x-1 y+2 z-3
2 3 6

Example25: Find the co-ordinates of those points on the line which is at a distance of

3 units from point (1, — 2, 3).
x-1 y+2 z-3 1
5 3 6 e (1)

Let P=(1,-2,3)
Direction ratios of line (1) are 2, 3, 6

Solution : Given lineis

~N N

o . . 36
.. Direction cosines of line (1) are 77

Equation of line (1) may be written as X

2
7
. . . 2 3 6
Co-ordinates of any point on line (2) may be taken as 7r+1 , 7r—2 , 7r+3

2 3 6
=|=r+1 =r-2, =r+3
Let Q—[7 7 7 j

Distance of Q from P = | r |

According to question | r| =3
r=+3

Putting the value of r, we have

1,5,%)
Q= 777 or

1_§§]
7777
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Example 26 : Find the equation of the line drawn through point (1, 0, 2) to meet at right angles the line

X+1 y-2 z+1
3 -2 -1

Xx+1 y-2 z+1 1
3 > o1 e (1)

Solution : Givenline is

Let P=(1,0,2)

Co-ordinates of any point on line (1) may be taken as
Q=@3r-1,-2r+2,-r-1)

Direction ratios of PQare 3r—-2,-2r+2,—-r-3

Direction ratios of line AB are 3, — 2, — 1

Since PQ 1L AB
3(3r-2)-2(-2r+2)-1(-r-3)=0

1

= O-6+4r-4+r+3=0 =14r=7 =r=5

: . . 1 7

Therefore, direction ratios of PQ are — o 1, - 5 on - 1,2,-7

Equati tline PQ | x—1:y—O:z—2 x-1_y z-2

quation of line is 5 7 on T 7

) x-1 y-2 z-3 x-4 y-1 . )
Example 27 : Show that the two lines = = and = = z intersect. Find also the

2 3 4 5 2

point of intersection of these lines.

x-1 y-2 z-3 1
> 3 e (1)

Solution : Givenlines are

x-4 y-1 z-0
5 2 1 e (2)

and

Any pointon line (1) is P (2r + 1, 3r + 2, 4r +3)
and any pointon line (2) isQ (51 + 4, 20 + 1, 1)
Lines (1) and (2) will intersect if P and Q coincide for some value of A and r.

2r+1=5.+4 = 2r-5.=3 ... (3)
r+2=2A+1 = 3r-22=-1 ... (4)
4r+ 3 =2 = 4r-r=-3 ... (5)

Solving (3) and (4), wegetr=—1, A=-1

Clearly these values of r and A satisfy eqn. (5)
Now P=(-1,-1,-1)

Hence lines (1) and (2) intersect at (-1, -1, = 1).
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Example 28 : What is the angle between the lines whose direction cosines are

I I O I
474 2 4742

Solution : Let 6 be the required angle, then cos0 = /,/, + mm,+nn,

(BB ([ B) (B) os 3 o = 120°
T4l 4 ) 4)\4 21l 2) 1616 4 2 7 - e

Example 29 : If two pairs of opposite edges of a tetrahedron are mutually perpendicular, show that the third
pair will also be mutually perpendicular.

Solution : Let OABC be the tetrahedron, where O is the origin and co-ordinates of A, B, C are
(XY, Z,) (X, Y, Z,), (X5, Y, X,) respectively.

A(X11 y11 21)

0 (0,0, 0)

B
(X21 y21 22) (X31 y31 23)

Let OA 1L BC and OB L CA.

We have to prove that OC 1 BA.

Now, direction ratios of OAare x,-0,y,-0,z, -0 or, Xx,V,, 2z,
direction ratios of BC are (x, —X,), (Y, —V,), (z,— Z,).

OA LBC.

X, (X, =Xx,)+y(y,-y,)+z(z,-2z,)=0 ... (1)
Similarly,

OB L CA

X (X, = X)) +Y,(y,—VY,) +2z,(z,-2z,)=0 ... (2)

Adding equations (1) and (2), we get
X3(X1 - X2) + y3(y1 - y2) + 23(21 - Zz) =0
" OC L BA (-direction ratios of OC are x,, y,, z, and that of BA are (x, —X,), (y,—V,), (z,—Z,))

Problems for Self Practice-07
(1) Find the equation of the line passing through point (1, 0, 2) having direction ratio 3, — 1, 5.
Prove that this line passes through (4, - 1, 7).

, : . ox=2 _y+1 z-7 , :
2) Find the equation of the line parallel to line 3 =T 9 and passing through the point

(3,0, 5).

(3) Find the coordinates of the point when the line through (3, 4, 1) and (5, 1, 6) crosses the xy
plane.
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16.

4) Find the angle between the lines whose direction cosines aregivenby ¢ + m + n = 0 and
?2+m2-n2=0

(5) LetP (6, 3,2), Q(5,1,4), R (3, 3, 5) are vertices of a A find £Q.

(6) Show that the direction cosines of a line which is perpendicular to the lines having directions
cosines /, m n, and /, m, n, respectively are proportional to

mn,-m,n, ., n/t,—n/t,(m,—/m,

x=1 'y z-2 x-3 y z-5
Answers : (1) 3 "1 5 (2) 3 "1 9
13 23 0 . .
(3) 55" 4) 60 (5) 90

FOOT AND LENGTH OF PERPENDICULAR FROM A POINT TO A LINE :

x-a y-b z-c

(i) Cartesian form : Let equation of the line be 7 m

and A (a, B, v) be the point.

Any pointon line (i)isP (/r+a, mr+b,nr+¢c) ... (i)

If it is the foot of the perpendicular from A on the line, then AP is perpendicular to the line. So
((frva—a)+m(mr+b—B)+n(nr+c—vy)=0ie.r=(a—a)/+(B—b)m+(y—c)n since
£?2+m?+n?=1. Putting this value of rin (ii), we get the foot of perpendicular from point Aon the
given line. Since foot of perpendicular P is known, then the length of perpendicular is given by

AP =\/(£r+a—a)2 +(mr+b-B)* +(nr+c—y)°
(i) Vector Form : Equation of a line passing through a point having position vector g and
perpendicular to the linest =4, + A b, andT =4, + MSZ is parallel toB1 X 52. So the vector

equation of such alineisT =q + A (Bl X 132 ). Position vectorﬁ of the image of a pointg ina

L  |2@-®@.b|.
straightlineT =a + Abisgivenbyp =2a — |B|2 b —a . Position vector of the foot
) (@-0a).b|. 3
of the perpendicularonlineis f = a — T b . The equation of the perpendicular is r

(G- b))
=5+ {(a—a)—(%] b]
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SOLVED EXAMPLE

. . . X+1 y-3 z+2
Example 30 : Find the length of the perpendicular from P (2, — 3, 1) to the line 5 "3 T 1
Solution : Gi line i Xx+1 y-3 z+2 1
olution : ivenlineis — 3 1 e (1)
P=(2,-3,1)

Co-ordinates of any point on line (1) may be takenas Q=(2r-1,3r+3,-r-2)
Direction ratiosof PQare 2r—3, 3r+6,—-r-3

Direction ratios of AB are 2, 3, — 1

Since PQ | AB

2(2r-3)+3(3r+6)—1(=r—3)=0

14r+15=0 : —ﬁ
Or1 r - .. r= 14
-22 -3 -13 531 )
QE[7 ’14’14} PQ = Wunlts.

x+1 y-3 z+2

Second method : Given line is

2 3 -1
P=(2,-3,1) P(2,-3,1)
Direction ratios of line (1) are 2 3 L
V14 147 14
RQ = length of projection of RP on AB A R Q B
-1, 3,-2)
2 3 1 15 (1.3,

= =2+ +—=(-3-3)——(1+2)|=—=

PR2=32+62+32=54
225 531
PQ = \pPR?2_-RQ \/ 12 J14 units.

Problems for Self Practice-08
(1) Find the length and foot of perpendicular drawn from point (2, -1, 5) to the line

x-11 y+2 z+8

10 -4 -1

. Also find the image of the point in the line.

2) Find the image of the point (1, 6, 3) in the line %:yT—‘I = Z;Z .

(3) Find the foot and hence the length of perpendicular from (5, 7, 3) to the line
Xx-15 y-29 z-5

. Find also the equation of the perpendicular.

3 8 -5
Answers : (1) J14.N=(1,2,3),1=(0,5,1)
(2) (1,0,7)

x-56 y-7 z-3
2 3 6

(3) (9, 13,15) ;14 ;
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17. SHORTEST DISTANCE BETWEEN TWO LINES :

If two lines in space intersect at a point, then obviously the shortest distance L, EJQO0
between them is zero. Lines which do not intersect and are also not parallel

are called skew line. For Skew lines the direction of the shortest distance L, 900?
would be perpendicular to both the lines. M

Let LM be the shortest distance vector between the lines L,and L, . Then LM is perpendicular to both

p and G i.e. LM is parallel to p xq. Therefore the magnitude of the shortest distance vector (i.e.

|LM |) would be equal to that of the projection of AB along the direction of the line of shortest distance.

||__’|v| | = ‘ Projection of AB on LM ‘:‘ Projection of AB on pXxq

_|AB.(pxq)|_|(b-a).(pxq)
Fxal || e
@) If the two lines directed along p and g then [5_5 ) Eﬂ —0.Lines are skew if [5_5 ) Eﬂ £0
(ii) If two parallel lines are given by T, =3, +Kb and f, =3, + Kb, then distance (d) between them is
givenby d = M
6]
(iii) The straight lines which are not parallel and non—coplanar i.e. non—intersecting are called
a-a B y-y
skew lines. IfA =| ¢ m n | £0Q,
A m' n'
_ _ Z— X— r _ r Z— r
then lines xze_¥ B= ! & ,a =Y ,B = 'y are skew lines.
m n l m n

SOLVED EXAMPLE
Example31: Find the shortest distance and the vector equation of the line of shortest distance between the

lines given by

- . N ~ PSS — P ~ . N ~
¢ =3i+8]+3k+1(81-j+k) and ¥ =-81-7j+6k+pn(-3i+2]+4k)

Solution : Givenlinesare t = 3T+8]+3R+X(3T—]+R) ..... (1)
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Example 32 :

Solution :

and ?:—3?—7]+6R+u(—3i+2j+4|2) ..... (2)
Equation of lines (1) and (2) in cartesian form is
L B
AB'X_3=y_8=Z_3_7\. 4 g
T3 -1 1 90°
X+3 y+7 z-6 _ 902
and CD._3—2—4—p c /-M 5

Let L=(3A+3,-A+8,A+3)

and M=(-3u—-3,2u—-7,4n+6)

Direction ratios of LM are

3L+3u+6,-A-2u+15 A —4u-3.

Since LM 1 AB
3@BAL+3u+6)—1(-A—2u+15)+1(L—-4u-3)=0
or, M"Mrx+7p=0 . (5)

AgainLM 1L CD
-3(Br+3u+6)+2(-1-2u+15)+4 (A -4u-3)=0

or, -72-29%.=0 ... (6)

Solving (5) and (6), weget A=0,u=0
L=(3,8,3),M=(-3,-7,6)

Hence shortest distance LM = \/(3+3)2 +(8+7)%2 +(3-6)2 =270 =3./30 units
Vector equation of LM is r = 3 +8]+ 3k + t(6i +15] —3R)

) ) . x-3 y-8 z-3
Note : Cartesian equation of LM is 6 = 15 = 3 -

Prove that the shortest distance between any two opposite edges of a tetrahedron formed by

theplanesy+z=0,x+z=0,x+y=0,x+y+z=\/gais J2 a.

Givenplanesare y+z=0 ... (i)
x+z=0 .. (ii)
x+y=0 . (iii)
X+y+z= J3a L (iv)

Clearly planes (i), (ii) and (iii) meet at O(0, 0, 0)
Let the tetrahedron be OABC

Let the equation to one of the pair of opposite edges OA and BC be
y+z=0,x+z=0 . (1)

x+y=0,x+y+z:\/§a ..... (2)
equation (1) and (2) can be expressed in symmetrical form as

x-0 y-0 z-0
T T e (3)
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x-0_ y-0 z—\/3_a
e =~ (4)

and, "

d. r. of OA and BC are respectively (1, 1,—1)and (1, -1, 0).

Let PQ be the shortest distance between OA and BC having direction cosines (¢, m, n)
PQ is perpendicular to both OA and BC.
{+m-n=0
and {—-m=0

Problems for Self Practice-09

(1)

/ m n
Solving (5) and (6), we get, 1 1737 k (say)
0
also, /2+m?+n?2=1 A
1
k2+k?+4k*=1 = k=J_r—6
B C
/=4 L + L + 2
/= — m=+ ——=,n=+ —
J6 J6 6
: 0 P A
Shortest distance between OA and BC N
90°
i.e. PQ = The length of projection of OC on PQ
:|(X2_X1)£+(y2_y1)m+(22_Z1)n| 90;
C Q B
= 0.i+0.i+ 3a.i = «/Ea.
J6 6 J6
Find the shortest distance between the lines x-1_y-2_z-3 and X-2_y-4_2z-5 )
2 3 4 3 4 5

Find also its equation.

Prove that the shortest distance between the diagonals of a rectangular parallelopiped whose

bc ca ab
coterminous sides are a, b, ¢ and the edges not meeting it are x/bz L2 ’ \/Cz a2 ’ \/az b2

1
Answers : (1)%,6x—y=10—3y=62—25

SCALAR TRIPLE PRODUCT (BOX PRODUCT) (S.T.P.) :

The scalar triple product of three vectors 3, b and ¢ is definedas: a xb.¢ = |é| ‘B‘ |6| sin® . cos¢, where

0 is the angle between a,b (i.e. @ b=0) and ¢ is the angle between & xband &

(i.e.” ax 5)A C =¢).ltis(i.e. axb.c) also written as [51 b 6] and spelled as box product.
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(i) Scalar triple product geometrically represents the volume
of the parallelopiped whose three coterminous edges are

represented by 3 band ¢ ie. V= ‘[é b 6]‘

a, a, as
(v Ifa=ai+a,j+ak;b=bi+b,j+bk and ¢ =c i+c,j+c,k,then [abc]=|bs b, bs|.
Ci Cy Cy

Ingeneral, ifa=a;/+a,M+asi;b=b, 7 +b, M +bsi and C=c4/+C,M+C3n

a; a, ag
then [é b 6]: b, b, bs [Zrﬁﬁ],where 7, m and n are non-coplanar vectors.

Cqy Cy Cg

(vi) If 3, b and ¢ are coplanar < [a b ¢]=0.
(vii) Scalar product of three vectors, two of which are equal or parallel is 0

(viii) If a,b, ¢ are non-coplanar, then [@ b &] > 0 for right handed system and [a b ¢] < 0 for left handed

system.
(ix)  [ijk]=1 (x) [Kabcl=K[abg&] (xi) [@+b) ¢ d]l=[acd]+[bcd]
(i) [a-b b-¢ ¢-d]=0and [a+b b+c c+d] =2[ab¢]
a.a a.b ac
(i) [abc|'=|ba bb b
¢.a ¢b ¢.c

Tetrahedron and its properties :
(@) The volume of the tetrahedron OABC with O as origin and the position vectors of A, B and C being

3, b and ¢ respectively is given by v _1 Hé b ¢ ”
6
(b) If the position vectors of the vertices of tetrahedron are 3, b, ¢ and d, then the position vector of its

1 - -~ -
centroid is given by 1 @+b+c+d),.

Note that this is also the point of concurrency of the lines joining the vertices to the centroids of the
opposite faces and is also called the centre of the tetrahedron. In case the tetrahedron is regular it is
equidistant from the vertices and the four faces of the tetrahedron.
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SOLVED EXAMPLE
Example 33 :

Solution :

Example 34 :

Solution :

Example 35 :

Solution :

Find the volume of a parallelopiped whose sides are given by —3{+7j+5k, —5i+7]-3k
and 7i-5j -3k
Let 3=-3i+7j+5k, b=-5i+7j—3k and ¢ =7i-5] -3k .

We know that the volume of a parallelopiped whose three adjacent edges are 3,b, ¢ is

|1& b ¢1].
-3 7 5
~=--. _|=-5 7 =3 _
Now [abc] = =-3(-21-15)-7(15+21)+ 5(25-49)
7 -5 -3

=108 — 252 — 120 = —264

So required volume of the parallelopiped = ‘ [a b 5]‘ = |- 264 | = 264 cubic units
Simplify [a—b b-¢ ¢&-2a]

We have :

[a-b b-¢ ¢-2a] = {@-b)x(b-c)} . (c-a) [By definition]

= (@xb-axc-bxb+bxg) . (C-a) [By distribution law]

= (@xb+Exa+bx3c) . (6-3) [ bxb=0]

= (@xb).¢ — (Axb).a + (Cxa).¢ — (€xa).3 *+ (bxc).¢ — (bxc).a [By distribution law]
=[abcd -[Aba +[cacl-[caal+[bcdc]-I[bc a]

b cl—[b ¢ a] [*- When any two vectors are equal, scalar triple product is zero ]

I
)
o

=[abc-[abgc] =0 [ [b¢a]l=[ab c]l
Find the volume of the tetrahedron whose four vertices have position vectors a, b, ¢ and d.

Let four vertices be A, B, C, D with position vectors a, b, ¢ and d respectively.

DA =(a-d)
pg =(b-d)
DC  =(¢-d)

Hence volume V =



JEE(Adv.)-Mathematics

Example 36:

Solution :

1l
[ ) =N
=
(o)1
o
e}
|
—
[
o
ol
+
[
e}
o
|
—
[%
o
e}
=

Show that the vectors 3 = —2i+4j -2k, b=4i-2]-2k and ¢ =-2i-2]+4k are coplanar.

2 4 -2
[Gbcl=|4 -2 -2|=-2(-8-4)-4(16-4)-2(-8 - 4)
2 -2 4

=24 -48+24=0

So vectors a, b, ¢ are coplanar

Problems for Self Practice-10

(1)

Show that {(a + b + ¢)x (¢ —b)}. & =2[ b .

Showthat a.(b+¢)x(@+b+¢)=0

One vertex of a parallelopiped is at the point A (1, —1, —2) in the rectangular cartesian co-ordinate.
If three adjacent vertices are at B(-1, 0, 2), C(2, -2, 3) and D(4, 2, 1), then find the volume of the

parallelopiped.

Find the value of m such that the vectors 2i —j+k, i+2j—3k and 3i+mj+5k are coplanar.

Show that the vector 3, b, ¢ are coplanarifandonlyif b+¢, ¢+a, a+b are coplanar.
Answers : ) 72 4) -4

VECTOR TRIPLE PRODUCT :

Let 3, b and ¢ be any three vectors, then the expression a x (b x ¢) is a vector & is called a vector

triple product.

Geometrical interpretation of a x (b x ¢)

Vectors & Three Dimensional Geometry

Consider the expressiona x (B x ¢) which itself is a vector, since it is a cross product of two vectors

aand (b x €).Now a x (b x ¢) isa vector perpendicular to the plane containing a and (b x ¢) butb x ¢

is a vector perpendicular to the plane containing b and ¢, therefore z x (B X ¢) is avector which lies in

the plane of b and ¢ and perpendicular to@ . Hence we can express a x (b x ¢) in terms of b and Ci.e.

ax(bxc) =xb+yc, where x, y are scalars.
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° ax(bx¢) = (@.0)b—(3.b)¢
° @xb)xT =(@.0b—(b.0)d
{ |ngenera|(5x6)x6¢5x(5x6)

SOLVED EXAMPLE

Example37: Forany vector 3, prove that ix(axi)+jx(ax]j)+kx(@xk) = 2a
Solution : Let a=aji+a,j+ask-

Then  ix(@xi)+jx(ax])+kx(axk)

={(.Da-(@.ah + {(.Da-(.a))} *+ {k.kaE-(k.a)k)

{@-(.a)iy+{a-(.a)j + {a-(k.a)k}

= 3a-{(i.a)i+(j.a)j+(k.a)k = 3a—(a,i+a,j+ask) = 3a-a=2a

Example38: Prove that ax{bx(¢xd)} = (b.d)@xc) — (b.¢) (axd)

Solution : We have, ax{bx(cxd)} = ax{{b.d)c—(b.c)d}
= ax{(b.d)c}-ax{(b.c)d} [by dist. law]
= (b.d)(@xC)-(b.c)(Aaxd)

Example39: Let g = ai + 2] —-3k,b =]+ 2a] —okand ¢ = 2i - oa] + k . Find the value(s) of a, if

Solution:  {(axb )x(bxc )} x (éxa)=[ab ¢|p x (cxa)
= [a 6 ¢| {(a.b)e-(5.5)a |
which vanishesif (i) (a.5) & = (6.5) & (i) [a b &|=0
(i) (a.b) & = (5.¢) a leads to the equation 2« + 10 « + 12 =0, a2 + 6o = 0 and 6. — 6 = 0,
which do not have a common solution.
o« 2 -3

1 200 -2

2
=0 =>3ua=2=> 0L=§
2 —-a 1

(i) [abel=0=
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Example 40 :

Solution :

Example 41 :

Solution :

Example 42 :

Solution :

oL L I _ axb+a
If A+B =a, A.a =1and AxB = b, then prove that A = |5|2 and

B = a2
Given A+B=a ... (i)
= a.(—+l§)=é a
= a.A+a.B=a.a = 1+a.B=|al
= aB=laPfP-1 .. (ii)
Given AxB =D = éx(AxB)=é x b

- (1aP-1) A-B =axb ... (iii) [Using equation (ii)]
solving equation (i) and (iii) simultaneously, we get
fo BxbrE bxa+a(af 1)
EY |af?

Solve for r satisfying the simultaneous equations txb=cxb, r.a=0 provided a is not

perpendicularto b .

(r-¢)xp=0 = r—¢ and b are collinear
F_¢—kb = r=c+kb ... (i)
r.a=o0 = (C+kb) .a =0

a.c 3G
= k=-7%+ putting in (i) we get r=¢c-—=p
a.b 3 b

If Xxa+kx =b, where k is a scalarand 3,b are any two vectors, then determine X in terms
of 4,b and k.

xxa+kx=b e (i)

Premultiply the given equation vectorially by 3

ax(xxa) +k BxX) = 3xD

= (3.3)X—(3.X)a+k(@xX)=axb e (ii)

Premultiply (i) scalarly by 3

[Ax3a] + k(@.X) = a.b
k@.X)=a.b . (iii)

Substituting x xa from (i) and a.x from (iii) in (ii) we get

1 ~ - (3.b)
i=a2+k2 kb +(axb)+ "

a
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Problems for Self Practice-11

(1) Provethat ax(bxc)+bx(Gxa)+Cx(@xb)=0.
(2) Find the unit vector coplanar with i + ] +2k and | + 2] + k and perpendicularto i + ] +k.

(3) Prove that ax{ax(axb)}=(a.a)(bxa).

@) Given that >"<+5i2 (p.X) p=q,show that 5.R=%5.a and find % intermsof p and q.

(5) If x.a =0, X.b =0and x.¢ = 0 for some non-zero vector x, then showthat [3 b ¢] =0
__(f.a)(bxC) (F.b)(Cxd) (r.C)(axh)

(6) Prove that ¢ = [3b¢] + [3b¢] + [3b¢]

Answers : 2) i%(—]+|2)and §=a—(qu5
an

20. LINEAR COMBINATIONS :

Given a finite set of vectors ,b,¢,......, then the vector T=xa + yb + z& +........ is called a linear
combination of @,b,¢,...... foranyx,y, z..... € R. We have the following results:

(i) Ifa, b are non zero, non—collinear vectors, then xa +yb = x'a+y'b=x=x', y=y'

(i) Letﬁ,B be non zero, non collinear vectors, then any vector T coplanar

with E,B can be expressed uniquely as a linear combination of a and b
i.e. there exist some unique x, y € R such that xa + yB:f )

(iii) Ifa,b,c are non-zero, non—coplanar vectors, then

xa+yb+zc=x'a+y b+zZc=>x=x,y=y ,z=2
(iv) Letﬁ,B,E be non-zero, non—coplanar vectors in space. Then any vector T can be uniquely expressed

as a linear combination of @, b, ¢ i.e. there exist some unique Xy, z € Rsuch that Xa + yb +z¢ = T.

(v) IfX{X5,.... X, are n non zero vectors and k k,,..... .k, are n scalars and if the linear

combination kX, +KkyX, +.......+k.X, =0 = k; =0, k, =0,.....k, =0, then we say that vectors
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(vi)

(vii)

(viii)

(ix)

(x)

IfX{X5,...., X, arenotlinearlyindependent then they are said to be linearly dependent vectors. i.e. if

KiX; +KyXy +KgXg.oo.+ K X, +......+k X, =0 and if there exists at least one k # 0, then Xy, X, ......, X,
are said to be linearly dependent vectors.

Two vectors a and b are linearly dependent = a is parallel tob i.e.axb=0 = linear dependence of a
and b . Conversely if axb =0 then a and b are linearly independent.
If three vectorsa, B, ¢ are linearly dependent, then they are coplanar i.e.[a b c] = 0. Conversely if

[a b c¢] = 0 then the vectors are linearly independent.
Three points A,B,C with position vectors a, B, ¢ respectively are collinear, if & only if there exist

scalars x, y, z not all zero simultaneously such that xa+yb+zc¢ = 0,wherex+ y+z=0.

Four points A, B, C, D with position vectors a, B, c, a respectively are coplanar if and only if there exist

scalars x, y, z, w not all zero simultaneously such that x§+yE+zE+wa = 0, where
x+y+z+w=0.
SOLVED EXAMPLE

Example43: Given that position vectors of points A, B, C are respectively

3 -2b +3C,23 +3b —4C,—7Db +10C then prove that vectors AB and AC are linearly
dependent.

Solution : Let A, B, C be the given points and O be the point of reference then

OA =3 -2b +3C, OB =23 +3b —4¢ and OC=—-7b +10¢
Now AB =p.v.of B—p.v. of A

OB - OA =(a +5b —7¢) and AC =p.v.of C—p.vof A

OC-OA =— (a+5b-78) =— AB

E = kKé where A =— 1.

Hence AB and aC are linearly dependent.

Example44: Prove that the vectors 53 + 6b + 7C, 7a — 8b + 9C and 3a + 20b + 5C are linearly

dependent, where a,b,¢ being linearly independent vectors.

Solution: We know that if these vectors are linearly dependent , then we can express one of them as a

linear combination of the other two.
Now let us assume that the given vector are coplanar, then we can write

5a +6b +7C =((7a -8b +9C)+m (3a +20b +5¢)
where ¢, m are scalars

Comparing the coefficients of a,b and € on both sides of the equation

5=7/+3m . (i)

6=-8/+20m . (ii)

7=9¢+5m . (iii)

From (i) and (iii) we get

4 =28/

= (= 57 m which evidently satisfies (ii) equation too.

Hence the given vectors are linearly dependent .
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Example 45 :
Solution:

Example 46:
Solution:

Show that the vectors 2a —b +3¢ , a+b-2¢ and a+b -3¢ are non-coplanar vectors.
Let, the given vectors be coplanar.
Then one of the given vectors is expressible in terms of the other two.

Let 2a-b+3¢ =x (é+5—26) +y (é+5—36),for some scalars x and y.

= 2a-b+3C =(x+y)a +(x+y) b +(—2x —3y) &

= 2=x+y,-1=x+yand 3=-2x - 3y.

Solving first and third of these equations, we getx = 9andy = -7.

Clearly these values do not satisfy the second equation. Hence the given vectors are not coplanar.

Prove that four points 23 +3b—¢, a—2b+3¢, 3a+4b—-2¢ and a-6b+6¢ are coplanar.
Let the given four points be P, Q, R and S respectively. These points are coplanar if the

vectors P_Q’ , PR and P_é are coplanar. These vectors are coplanar iff one of them can be
expressed as a linear combination of other two.

Solet PQ =x PR +y PS

= _G_sb+45 =x [@+b-c)+y (-a-95+7)

= ~a-5b+4c =(X-y) a +(x=9y) p +(-x+7y) ¢

= x—y=-1,x-9y=-5 -x+7y=4 [Equating coeff. of 3 B, ¢ on both sides]

1,21
2V 2
These values also satisfy the third equation. Hence the given four points are coplanar.

Solving the first two equations of these three equations, we get x = —

Problems for Self Practice-12

(1)

(2)

Does there exist scalars u, v, w such that ué,+vé,+wé; =i where &, =k, &,=j+k,
6, =—j+2k?

Consider a base a,b,¢ and a vector —2a+3b-¢. Compute the co-ordinates of this vector
relatively to the base p,q, T where p=23-3b, G=a-2b+C, F = 33 +b+ 2C -

If a and b are non-collinear vectors and A =(x + 4y)a + (2x +y + 1)b and B = (y — 2x + 2)
a+ (2x—-3y—1) b, find x and y such that 3A = 2B.

If vectors 3, b,¢ be linearly independent, then show that

(i) a-2b+3¢, —2a+3b-4¢, —b+2¢ are linearly dependent
(ii) a-3b+2¢, —2a-4b—-¢, 3a+2b—¢ are linearly independent.
Given that i—j, i—2j are two vectors. Find a unit vector coplanar with these vectors and

perpendicular to the first vector T—]. Find also the unit vector which is perpendicular to the
plane of the two given vectors.

If with reference to a right handed system of mutually perpendicular unit vectors i ]R
6 =3i—], p=2i+]-3k.Express B inthe form g =p,+p, where B, is parallel to g and

B, is perpendicular to g .
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M

21.

(7)

Prove that a vector ; in space can be expressed linearly in terms of three non-coplanar,

non-zero vectors 3, b, ¢ in the form r = [Fbcla+[rcalb+[rabjc

If a, B, c, d are any four vectors in 3-dimensional space with the same initial point and such

that 33— 2b + ¢ —2d =0, show that the terminal A, B, C, D of these vectors are coplanar. Find
the point (P) at which AC and BD meet. Also find the ratio in which P divides AC and BD.

Show that the vector 3 _p+¢, b—c—a and 25 _3p_4¢ are non-coplanar, where 3,b, ¢ are

any non-coplanar vectors.

(10)  Find the value of A for which the four points with position vectors —j—k, 4i+5]j+Ak,
3i+9j+4k and —4i+4]j+4k are coplanar.
Answers : (1) No (2) (0, —7/5, 1/5)
1 . . .
(3) x=2,y=-1 (5) *— (i+j); k
ﬁ (i+])
T T T T
AL D L
(6) B 2' 2J,[32 2|+2J
_ 3a+c
8  p= a4+c P divides ACin1:3andBDin 1: 1ratio (10) =1

EQUATION OF A PLANE

If line joining any two points on a surface lies completely on it then the surface is a plane.

The line joining any two points on a surface is perpendicular to some fixed straight line. This fixed line
is called the normal to the plane.

(i)

(ii)

(iii)

The equation(r—r,).n =0 represents a plane containing the point with position vector
I, , where n is a vector normal to the plane.

The equation of a plane passing through the point (x,, y,, z,) isgivenby a (x —x,) + b(y —y,)
+c (z—2z,) =0 where a, b, c are the direction ratios of the normal to the plane.

The above equation can also be writtenas r.n=d, whered= 1, .n.

In cartesian form it is written as ax + by + cz + d = 0, where a, b, ¢ are the
direction ratios of the normal to the plane. It is called the general form.

Normal form of the equation of a plane is /x + my + nz = p, where, /,m, n are the direction
cosines of the normal to the plane and p is the distance of the plane from the origin.

X Z
Intercept Form: The equation of a plane cutting intercept a, b, c on the axes is —+%+— =1
a ¢
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Note:

(i)

(i)

(iif)

(iv)

(v)

Equation of yz—plane is x = 0, Equation of xz—plane is y = 0, Equation of xy—plane is z = 0.

If a = 0, the plane is parallel to x—axis i.e. equation of the plane parallel to the x—axis is
by +cz+d=0.

ny.N,

The angle 0 between the planes T .A, =d, and T .10, =d, is given by, cos 0 = E 1| N .Angle
1 2

between these planes is the angle between their normals.

Consider two planes ax + by + cz+ d=0and a’x + b’y + ¢’z + d’ = 0. Since direction ratios of
their normals are (a, b, c) and (a’, b’, ¢’) respectively, hence 0, the angle between them, is
aa'+bb'+cc'

+b2+¢? Va2 +b2+c?

given by cos 0 = \/a2

a c
Planes are perpendicular if aa’ + bb’ + cc’ = 0 and planes are parallel if —=— =—
a c

Any plane parallel to the given plane ax + by + cz+ d =0 is ax + by + cz + A = 0. Distance

d,—d
between two parallel planes ax + by + cz+d, =0andax + by +cz+d,=0is M
Va2 +b? +¢?

The equation of a plane passing through a point having position vector 3 and parallel to

b &CisT =a+Ab + puc (parametric form) where A & W are scalars.

or T.(bx¢)=a.(bxc) (nonparametric form)

Coplanarity of four points
The points A(x,y,z,), B(x,y,z,) C(x,y,z,) and D(x, y, z,) are coplaner then

X=Xy Ya=Y1 Z27 74
X3=X4 ¥Y3=VY1 Z3=Z1| -
Xa=X1 Ya=Y1 24-2

very similar in vector method the points A (1), B(r,), C(r;) and D(r,) are coplanar if

[ =66 -5 5 -5]=0
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22. ANGLE BETWEEN A PLANE AND A LINE:

X 7—7
If O is the angle between line 7 Lo = L and the plane ax + by + cz + d = 0, then sin 0
m n

_ al/+bm+cn
\/(a2+b2+02) \/£2+m2 +n?

B, b.q
If O is the angle between alinet =(a +Ab)andr.n =dthensin9=L‘B nﬁl]
n

23. COPLANAR LINES :

x-—a y-B z-v X—0 y-B z—y

If the given lines are and— — = — =———, then condition for intersection/
l m n 14 m n
a-a' BB y-y'
coplanarity is| /¢ m n = 0 & equation of plane containing the above two lines is
A m' n'

Xx—a y-B z-y x—o y-p z-y

l m n [=0 or ¢ m n | =0

A m' n' 3 m' n’

SOLVED EXAMPLE
Example47: Find the equation of the plane through the points A(2, 2, -1), B(3, 4, 2) and
C(7, 0, 6).
Solution : The general equation of a plane passing through (2, 2, —1) is
a(x—-2)+b(y-2)+c(z+1)=0 ... (i)
It will pass through B (3, 4, 2) and C (7, 0O, 6) if
a(3-2)+b@4-2)+c(2+1)=0 or a+2b+3c=0 ... (i)
anda(7-2)+b(0-2)+c(6+1)=0 or 5a—-2b+7c=0 ........ (iii)
Solving (ii) and (iii) by cross-multiplication, we have

a b c a
= = or —

14+6 15-7 -2-10 5
= a=>5\,b=2Aandc=-3\
Substituting the values of a, b and c in (i), we get
5A (X =2)+2A (y—2)-3A(z+1)=0
or 5x-2)+2(y-2)-3(z+1)=0
= 5x + 2y — 3z = 17, which is the required equation of the plane

b ¢
:—:—:}\‘
5= (say)
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Example 48 :

Solution :

Example 49 :

Solution:

A plane meets the co-ordinates axes in A,B,C such that the centroid of the A ABC is the point (p,q,r)

X
show that the equation of the plane is —+X+— =3
p 9 r

Let the required equation of plane be :

Then, the co-ordinates of A, B and C are A(a, 0, 0), B(0, b, 0), C(0, 0, c) respectively

abc
So the centroid of the triangle ABC is (g,g,gj

But the co-ordinate of the centroid are (p,q,r)

2= p E" q == r
3 b 3 b 3
. - , X 'y z
Putting the values of a, b and c in (i), we get the required plane as —+-—+— =1
3p 3q 3r
X V4
— XYz
p 9 r

A plane passes through a fixed point (a, b, c). Show that the locus of the foot of perpendicular

to it from the origin is the sphere x> + y? + zZ2—ax—-by —cz =0 0(0, 0, 0)

Let the equation of the variable plane be

/X+my+nz+d=0 . (1)

Plane passes through the fixed point (a, b, ¢) lp(a, B, )
ta+mb+nc+d=0 . (2)

Let P (a, B, y) be the foot of perpendicular from origin to plane (1).

Direction ratios of OP are

a—0,p-0,y-0

ie. o, B,y

From equation (1), it is clear that the direction ratios of normal to the plane i.e. OP are 7, m, n;
o, B, yand ¢, m, n are the direction ratios of the same line OP

e B _r_1

FTm T Tk )

{=ka,m=kB,n=ky . (3)
Putting the values of 7, m, nin equation (2), we get
kao + kbp + kcy+d=0 .. (4)

Since a, B, ylies in plane (1)
lfo+mpB+ny+d=0 . (5)
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Example 50 :

Solution:

Example 51:

Solution :

Putting the values of /, m, n from (3) in (5), we get
ka? + kp% + ky*+d=0 .. (6)
or ka? + kp? + ky? — kaa — kbp — kcy = 0
[putting the value of d from (4) in (6)]

or o?+ B2+y?—ao—bp—-cy=0
Therefore, locus of foot of perpendicular P («, B, y) is
x2+y?+z2—ax-by-cz=0 ... (7)

x-2 y+1 z-3

Find the angle between the line and theplane3x +4y +z+5=0.

-1 -2
Theaivenline x-2 y+1 z-3 _
egivenlineis 3 1 S e (i)
and the givenplaneis3x +4y+z+5=0 ... (ii)

If the line (i) makes angle O with the plane (ii), then the line (i) will make angle (90° — 0) with the
normal to the plane (i). Now direction-ratios of line (i) are 3, —1, —2 and direction-ratios of normal to
plane (i) are 3, 4, 1

BB+ DA +(=2)(D) g =42 3

= sin@ = =
V9+1+44/9+16+1 V1426 14426

*, c0s(90°—-0) =

3
Hence O =sin™' | ——
[\/14\/26 j

Find the equation of the plane passing through (1, 2, 0) which contains the line

Xx+3 y-1 2z-2

3 4 -2
Equation of any plane passing through (1, 2, 0) may be taken as
a(x-1)+b(y-2)+c(z-0=0 ... (1)

where a, b, c are the direction ratios of the normal to the plane. Given line is

Xx+3 y-1 2z-2
3 a4 —2 e (2)

If plane (1) contains the given line, then

3a+4b-2¢c=0 . (3)

Also point (-3, 1, 2) on line (2) lies in plane (1)
a(-3-1)+b(1-2)+c(2-0)=0

or, -4a-b+2¢c=0 . (4)

a_ _ b _ c
8-2 8-6 -3+16

Solving equations (3) and (4), we get

a b

c
or, 6 2 13° k(say). ... (5)

Substituting the values of a, b and c in equation (1), we get
6(x—1)+2(y—-2)+13(z-0)=0.
or, 6x + 2y + 13z - 10 = 0. This is the required equation.
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Problems for Self Practice-13

M

24,

(1)
(2)
(3)

Find the equation of the plane passing through the points (2, 3, 1), (3, 0, 2) and (-1, 2, 3).

Find the angle between the planes3x +4y+z+7=0and x+y—-2z=5

Find the equation of plane passing through (2, 2, 1) and (9, 3, 6) and perpendicular to the
plane x + 3y + 3z = 8.

Find the equation of the plane parallel to i+ j+k and i -] and passing through (1, 1, 2).

Find the equation of the plane passing through the point (1, 1, — 1) and perpendicular to the

planesx+ 2y +3z—-7=0and 2x - 3y + 4z = 0.

x-2 y-3 z-4
2 3 5

Find the plane containing the line and parallel to the line

x+1 y-1  —z+1
1 -2 1

, x-1 _ y-2 z-3 x-4 y-1
Show that the line 5 =3 =3 & 5 -5

Find their intersection point and the plane containing the line.

= z are intersecting each other.

1
Answers : 1 X+y+2z=7 2 O=cos'| —
(1) y 2) [\/ﬁj
(3) 3x+4y—-5z=9 4) XxX+y—-2z+2=0
(5) 17x + 2y — 72 = 26
(6) 13x +3y—-7z-7=0
7 (-1,-1,-1)&5x-18y + 11z-2=0

PLANE & POINT

()

(i)

(iif)

(iv)

(v)

Two points A (x, y, z,) and B (x, y, z,) are on the same side of the plane ax + by + cz+d =0
if ax, + by, + cz, + d and ax, + by, + cz, + d are both positive or both negative and are opposite
side of plane if both of these values are in opposite sign.

ax'+by'+cz'+d

2

Distance of the point (x', y’, z") from the plane ax + by + cz+ d = 0 is given by
a+b2+c?

The coordinates of the foot of perpendicular from the point (x,, y,, z,) to the plane
-X1 Y-y _z-z; _ (axq+by;+cz,+d)
b ¢ a?+b?+c?
Let P (x,,y,, z,) is a given point and ax + by + cz + d = 0 is given plane. Let (x', y', ') is the

ax+by+cz+d=0are X

. . XXy _y'-yy _Z-zy _ (ax4 + by, +cz; +d)
image of the point, then a b c -2 a2 + b2 +c2

The distance between two parallel planes ax + by + cx +d=0andax + by + cx + d' =0

|d—d]

is
va? +b? +¢?
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25. ANGLE BISECTORS

(i) The equations of the planes bisecting the angle between two given planes
ax+by+cz+d =0andax+b,y+c,z+d,=0are

ax+by+cz+d, _ | a,x+b,y+c,z+d, )
\/af+b12+clz w/a§+b§+c§
(i) Bisector of acute/obtuse angle :

Ifa,a, +b,b, +c,.c,>0then equation (1) with ‘+’ sign gives obtuse angle bisector and equation
(1) with ‘~’ sign gives acute angle bisector

Ifa,a, +b,b, + c,c, < 0then equation (1) with '+’ sign gives acute angle bisector and equation (1)
with ‘~’ sign gives obtuse angle bisector

(iii) Equation of bisector of the angle containing point P(a, B, y) :
If (@, +b,p+cyy+d,)(aa+b,p+c,y+d,)>0then

ax+by+cz+d, a,x+b,y+c,z+d
1 PR L= 22 2Y T 2 gives the bisector of the angle which contains

2 2 2
\/a1+b1+c1 1/a§+b§+c§

point P(a, B, v) .
If (@, +b,p+cy+d,)(aa+b,p+c,y+d)<0then

ax+by+cz+d,  a,x+byy+c,z+d,

——— - gives the bisector of the angle which contains
\ay +bj +c¢ \/a§+b§+c§

point P(a, B, 7) .

SOLVED EXAMPLE
Example 52: Find the perpendicular distance of the point (2, 1, 0) from the plane 2x +y +2z + 5= 0

Solution : We know that the perpendicular distance of the point (x,, y,, z,) from the plane

|axl + by, +cz, + d|

Val+b* +¢?

2x2+1x1+2x0+5 10
ired distance = SRS Ans.
so required distance 210 3 S

Example 53: Find the distance between the parallel planes 2x —y + 2z +3=0and 4x -2y +4z + 5 =0.
Solution : Let P(x,, y,, z,) be any pointon 2x —y + 2z + 3 = 0, then 2x, -y, + 2z, + 3 =0
The length of the perpendicular from P(x,, y,,z,)to 4x -2y + 4z + 5=0is

ax+by+cz+d=0is

|4x —2y, +4z,+5| _|22x, —y, +22)+5| _[2(-3)+5] _

[usmg 0]
e+ +4 | | V36 6 6
Therefore, the distance between the two given parallel planes is — Ans.

6
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Example 54:

Solution :

Find the equation of the bisector planes of the angles between the planes 2x —y + 2z + 3=0and 3x — 2y
+ 6z + 8 = 0 and specify the plane which bisects the acute angle and the plane which bisects the
obtuse angle.

The two given planes are 2x —y +2z+ 3=0and 3x -2y + 6z + 8=0whered,, d,>0

and aa,+bb,+cc,=6+2+12>0

ax+by+cz+d,  a,x+b,y+c,z+d,

2 2 2 B
Ja; +b] +c; \/a§+b§+c§

ax+by+cz+d ax+b,y+c,z+d, _
and > —— = > —— (obtuse angle bisector)
a; +b; +c; a,+b;+c;

(acute angle bisector)

2x-y+2z+3 +3x—2y+6z+8

i.e., *
Vd+1+4 V9+4+36

= (14x — 7y + 14z + 21) = £ (9x —6y + 18z + 24)

Taking positive sign on the right hand side,
weget 5x —y—-4z-3=0 (obtuse angle bisector)
and taking negative sign on the right hand side,

we get 23x — 13y + 32z +45 =0 (acute angle bisector)

Problems for Self Practice-14

Answers : (1) \/g

Find the perpendicular distance of the point P(1, 2, 3) from the plane 2x +y +z+ 1=0.

Find the position of the point P(2, -2, 1), Q(3, 0, 1) and R(-12, 1, 8) w.r.t. the plane
2x-3y+4z-7=0.

Two given planesare —2x +y—2z+ 5=0and 6x — 2y + 3z—7 = 0. Find equation of a plane parallel
to the plane bisecting the angle between both the two planes and passing through the point (3, 2, 0).

Show that the origin lies in the acute angle between the planes
X+2y+2z-9=0and4x-3y+12z+13=0

Find the distance of the point (1, =2, 3) from the plane x —y + z = 5 measured parallel to the line

y_z
3

-6

X
2

8

(2) P, Q same side & R opposite side
(3) 4x+y—-52—-14=0 &32x—-13y+23z-70=0
(5) 1
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26.

NON-SYMMETRICAL FORM OF LINE

A straight line in space is characterised by the intersection of two planes which are not parallel and
therefore, the equation of a straight line is a solution of the system constituted by the equations of the
two planes, ax + by +cz+d =0andayx+b,y+c,z+d,=0. This form is also known as non—
symmetrical form.

Let equation of the line in non—symmetrical formbea x+by+cz+d, =0, ax+by+c,z+d,=0.
To find the equation of the line in symmetrical form, we must know (i) its direction ratios (ii) coordinate
of any pointon it.

Let ¢/, m, n be the direction ratios of the line. Since the line lies in both the planes, it must be
perpendicular to normals of both planes. So al + bm + cn = 0,
a,l + b,m + c,n = 0. From these equations, proportional values of 7, m, n can be found by cross—

l m n

multiplication as = =
bic,—bye;  ca,—ca;  ab,—ab,

Let the line is not parallel to xy plane. Let it intersect xy—plane in (x,, y,, 0). Thena x, +by, +d, =0
and ayx, + b,y +d,=0. Solving these, we get a point on the line.

Note : Iflinesax+by+cz+d=0=a'x+b'y+c'z+d &

ox+Py+yz+3=0=a'x+By+yz+d

a b ¢ d
I th a' b' CV d' 0
are coplanar then =
o P y o
a' BV ’YV 6'

FAMILY OF PLANES

Any plane passing through the line of intersection of non—parallel planes
ax+by+cz+d=0 & ax+by+cz+d,=0is
ax+by+cz+d +A(ax+by+c,z+d)=0, where L e R

The equation of plane passing through the intersection of the planes r .ﬁl =d, &T. ﬁz =d, is

T.(n, +An,)=d, +Ad, where A is arbitrary scalar

SOLVED EXAMPLE

Example 55 : Find the angle between the linesx-3y-4=0,4y—-z+5=0and

x+3y-11=0,2y-z+6=0.

-3y-4=0
Solution : Given lines are Zy—}z/+5=0]J> ..... (1)
3y-11=0
and Y L 2)

2y-z+6=0 |
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Let/,,m ,n and/,, m, n,be the direction cosines of lines (1) and (2) respectively
line (1) is perpendicular to the normals of each of the planes
x—3y—-4=0and4y—-z+5=0
¢,-3m +0n=0 .. (3)
and o/, +4m,-n. =0 ... (4)

Solving equations (3) and (4), we get by myg 0y
o M9 50 To(- a0

LMD e
or, 3—1—4-(e).

Since line (2) is perpendicular to the normals of each of the planes
x+3y-1M=0and2y-z+6=0,

(,+3m,=0 (5)
and 2m,-n,=0 . (6)

Ly n,
l,=—3m, or, 3 =m, and n,=2m, or, > =m,.
Lo _Mmp _np _

31 2 =t (let).

If 6 be the angle between lines (1) and (2), then cos6 =/ /,+ mm, +n.n,
= (3k) (— 3t) + (k) () + (4k) (2t) = — 9kt + kt + 8kt =0
o 6 =90°.
Example 56 : Find the equation of plane containing the line of intersection of the planex +y+z—6=0and 2x +
3y +4z + 5 = 0 and passing through (1,1,1).

Solution : The equation of the plane through the line of intersection of the given planesiis,
x+y+z-6)+A(2x+3y+4z+5) =0 ... (i)
If it is passes through (1,1,1)
3
= (1+1+1-6)+L(2+3+4+5)=0 = %:ﬁ

3
Putting A =3/14 in (i); we get (x +y + z — 6) +ﬁ (2x+3y+4z+5)=0

= 20x + 23y + 26z -69 =0

Example 57 : The plane x—y —z = 4 is rotated through 90° about its line of intersection with the plane
X +y+2z=4.Find its equation in the new position.
Solution : Given planes are x-y-z=4 .. (1)
and x+y+2z=4 . (2)
Since the required plane passes through the line of intersection of planes (1) and (2)
its equation may be taken as
X+y+2z-4+k(x-y-z-4)=0
or (1+kx+(1-Kky+(2-k)z—-4-4k=0 ... (3)
Since planes (1) and (3) are mutually perpendicular,
(1+k)-(1-k)—(2-k)=0
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or, 1+k-1+k-2+k=0

2

or k=§

2
Putting k = 3 in equation (3), we get 5x + y + 4z =20

This is the equation of the required plane.
Example 58 : Assuming the plane 4x—3y +7z =0 to be horizontal, find the equation of the line of greatest
slope on the plane 2x +y — 5z = 0, passing through the point (2,1,1).

Solution : The required line passing through the point P (2,1,1) in the plane 2x + y — 5z = 0 and is having
greatest slope, so it must be perpendicular to the line of intersection of the planes
2x+y-52z=0 . (i)
and 4x -3y+7z=0 ... (i)

Let the d.r'.s of the line of intersection of (i) and (ii) be a, b, c
= 2a+b - 5c=0and 4a-3b+7c=0
{as dr'.s of straight line (a, b,c) is perpendicular to d.r'.s of normal to both the planes}

a_b _c¢
= 4 17 5

Now let the direction ratio of required line be proportional to ¢, m, n then its equation be

x-2 y-1 z-1

/ m n

where2/ + m-5n=0and 4/ +17m + 5n =0

SO,

[SSHRSN

h_n
-1 1

x=2 y-1 z-1
3 -1 1

Thus the required line is

Problems for Self Practice-15
(1) Find the symmetrical form of the linex—y +2z=5,3x+y +z=6.

2) Prove that the three planes 2x +y—-4z-17=0,3x+2y-2z2-25=0,2x -4y +3z+25=0
intersect at a point and find its co-ordinates.

(3) Find the locus of a point, the sum of squares of whose distances from the planes :
X—-2=0,x-2y+z=0andx+y+z=0is 36

4) Prove that the planes 12x — 15y + 16z - 28 = 0, 6x + 6y — 72— 8 = 0 and
2x + 35y — 39z + 12 = 0 have a common line of intersection.

x—=11/4 y+9/4 z-0
-3 5 4

2) (3,7,-1)
(3) x2+y2+2z2= 36

Answers : (1)
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I ercise + 1

PART-l : SUBJECTIVE QUESTIONS

Section (A) : Position vector, Direction Ratios & Direction cosines
A1, Ifa=2i+ u}' —7k and b =11 +3 3 ~7k are two equal vectors, then find A2 + p2.

A-2. Find the value of A when @ =2 —33’ + 12 and b= 8i + 7»3' +412 are parallel

A-3 Four coplanar forces are applied at a point O. Each of them is equal to k and the angle between two
consecutive forces equals 45° as shown in the figure. Then find the magnitude of the resultant :

—_—
45% ‘/\
45° | 45°

A4. Ifthevectors a=3i+j—2k ,b=—i+ 3]+ 4k & ¢ =41 — 2] — 6k constitute the sides of a A ABC, then
find the length of the median bisecting the vector ¢

A-5. If ABCD is a quadrilateral, E and F are the mid-points of AC and BD respectively, then prove that
AB + AD + CB+ C_Ij — 4EF

A-6». InaAOAB, E is the mid-point of OB and D is a point on AB such that AD : DB = 2 : 1. If OD and AE intersect
at P, then determine the ratio OP : PD using vector methods.

A-7.  What are the direction cosines of a line that passes through the points P(6, -7, —1) and Q(2, -3, 1).

A-8x».  Find the direction cosines I, m, n of line which are connected by the relations ¢ + m +n =0, 2mn + 2m/ -
n¢ = 0.

Section (B) : Dot Product, Projection and Cross Product

B-1.  If G+b+c=0,[a =3, [t| =5, [¢ =7, then find the angle between & & b

B-2. If a,b,C are three vectors such that |a|=5, |b| = 12 and |¢|=13, and a+b+c =0, find the value of
ab+bc+ca-

B-3. Using vectors, prove that the mid-point of the hypotenuse of a right-angled triangle is equidistant from its
vertices.

B-4. If ¢, and ¢, are two unit vectors such that ¢ —¢, is also a unit vector, then find the

angle 6 between ¢, and ¢, .

B-5= Let position vector of point A be i+ ] +k and that of pointBbe _j , k , then find the position vector of point

R(F) such that AR is perpendicular to BR and 7 is not perpendicular to (F - (j + 2k)) .
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B-6. If the three successive vertices of a parallelogram have the position vectors as,
A(-3,-2,0); B(3,-3,1)andC (5,0,2). Then find
(a) position vector of the fourth vertex D
(b) a vector having the same direction as that of AB but magnitude equal to AC

(c) the angle between AC and BD .

L. 2 L2
B7. Provethat | & -— | = |22
=[. rove a é2 62 = |é||6|

B-8. The edges of a rectangular parallelopiped are a, b, c; show that the angles between the four diagonals

iazibziczj

are given by cos™
9 y ( a’+b? +¢c?

B-9. Find the angle between the lines whose direction cosines are given by the equations :
3+m+5n=0and6mn-2n/+5/m=0
B-10. Find the projection of b+ ¢ on @ where a= i+2j+k, b = i+3j+k and ¢ = i +k.

B-11. P and Q are the points (-1, 2, 1) and (4, 3, 5) respectively. Find the projection of PQ on a line which
makes angles of 120° and 135° with y and z axes respectively and an acute angle with x-axis.

B-12= If 3xp =G, bx¢ = a,thenfind value of | 3a+4b+12¢ | if &, b, ¢ are vectors of same magnitude.
B-13. Foranytwo vectorsu & V , prove that
A+[UHAHV) = A-u.v)* +[u+V+@x V)]
B-14. Avector ¢ is perpendicular to the vectors 2i + 3j — k , i — 2] + 3k and satisfies the condition
6.(2f - j + k) + 6= 0. Find the vector ¢
B-15. (a) Show that the perpendicular distance of the point ¢ from the line joining a and b is
[BxC +Cxd +axb|

o-3

(b)=.  Given a parallelogram ABCD with area 12 sq. units. A straight line is drawn through the mid
point M of the side BC and the vertex A which cuts the diagonal BD at a point 'O'. Use vectors to
determine the area of the quadrilateral OMCD.

B-16w. Position vectors of A, B, C are given by 3, b, ¢ where axb+bx 6+Gxa = 0. If AC = 2i — 3] +6k then find
BC if BC = 14,
Section (C) : Line

C-1= LineL, is parallel to vector g = -3 + 2]+ 4k and passes through a point A(7, 6, 2) and line L, is parallel

to a vector f=2i+j+3kand passes through a point B(5, 3, 4). Now a line L, parallel to a vector

s

r=2i-2j —k intersects the lines L, and L, at points C and D respectively, then |4C—D| is equal to :
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C-2.

C-4n

Find the distance between points of intersection of

x-1 y-2 z-3 x-4 y-1
2 T3 T4 s Tyt e

Lines

Lines T = (i +] - k)+A(3i - J)&T = (4] - k) +pn (2i +3k)

x-3 -3 z
Find the equation of the two lines through the origin which intersect the line = = yT = 7 at an

angle of n/3.

If ¥ = (i+2j+3K)+ 1 (i—j+k) and ¥ = (i+2]+3k)+p (i +]—k) are two lines, then find the equation of
acute angle bisector of two lines.

Find the image of the point P with position vector 7§ — j + 212 in the line whose vector equation is,
T =9f+5}+5f<+k(f+3]+512)

Show that the foot of the perpendicular from the origin to the join of A(-9, 4, 5) and B (11, 0, —1) is the mid
point of AB. Also find distance of point (2, 4, 4) from the line AB.

Find the shortest distance between the lines :
F = (4i-j)+r(i+2]-3k) and T = (i—j+2k)+p (2i +4]—5K)

x-3 y-8 z-3 X+3 y+7 z-6
ST L S

Let L, and L, be the lines whose equation are

respectively. A and B are two points on L, and L, respectively such that AB is perpendicular both the lines
L, and L,.Find points A, B and hence find shortest distance between lines L, and L,

Section (D) : STP, Tetrahedron, VTP, LI/LD

D-1.

D-2x=.

D-3.

D4

AN
Given unit vectors m,A and p such that (rﬁ ﬁ) =p" (M x A ) = o, then find value of [ﬁ P rﬁ] in

terms of a.

If three coterminous edges of a tetrahedron are 3, b, ¢ such that |a|=2, |b|=3, |C| =4, angle

T R i
between 3 gnd b is 3 b and Cis Zand ¢ and 3 is 5 The area of the base is 2 sq. units, then

find the height of the tetrahedron.
Examine for coplanarity of the following sets of points
@  4i+ 8] +12k,2i +4) +6k,3i +5] +4k,5i +8] +5Kk.

(b) 3a +2b —-5C,3a +8b +5C,-3a +2b + C,a +4b —3C. Where a, b, ¢ are noncoplanar

a, b ¢

Ifa_i+b_j+c km=123,are pairwise perpendicular unit vectors, then find the value of |22 b, ¢,
a3 b3 C3
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D-5

D-6.
D-7.

D-8w

D-9%=

D-10.

D-11=

D-12.

Find the value of 5-{(5 + 5) X (5 +b+ c)}

=0, then find value of v .

If a, b , ¢ arenon-coplanarvectorsand v .4 = v.b = v.¢
,2),Q(1, 1, 1), R(3, -2, 1)and S (7, 1, 4).

w <!

Find the volume of tetrahedron whose vertices are P(2,
leta=i+2j+3k,b=2i—j+k, ¢=3i+2j+k and d =3i - j — 2k, then

find the value of (a x E)X(ﬁ X E).a

If 3 =—i+j+kand p=2i+k, then find the vector ¢ satisfying the conditions.
() that it is coplanar with a and b
(ii) that its projection on b is 0

Are the following set of vectors linearly independent?
(i) a=i-2j+3k, b=3] 6] +9k

(i) d=-2i-4k,b=7-2]-k,c=1i-4]+3k

Find value of xeR for which the vectors 3 = (1, -2, 3), p = (-2, 3,-4), ¢ = (1, — 1, x) form a linearly

dependent system.
Ifd, b, ¢ be the unit vectors such that b is not parallel to¢ and a x (25 X 6)= b, then find the angle

that a makes with b and ¢ are respectively:

D-13» Given that )"(+% (Pp-X) p=q,then showthat p.Xx =%(5 .q) and hence find X intermsof p and q.
p

Section (E) : Plane

E-1.

E-3.
E4=

E-5=

Find equation of plane
(i) Which passes through (0, 1, 0), (0, 0, 1), (1, 2, 3)

(ii) Which passes through (0, 1, 0) and contains two vectors i+ j—k & 2i—].

(iii) Whose normal is i + j+k & which passes through (1, 2, 1).

(iv) Which makes equal intercepts on co-ordinate axis and passes through (1, 2, 3)

Find the ratio in which the line joining the points (3, 5,—-7) and (-2, 1, 8) is divided by the yz-plane. Find also
the point of intersection of the plane and the line

Find the angle between the plane passing through points (1, 1, 1), (1, -1, 1), (-7, -3, -5) & x—z plane.
LetP (1, 3,5)and Q(-2, 1, 4) be two points from which perpendiculars PM and QN are drawn to the x-z plane.
Find the angle that the line MN makes with the plane x +y + z = 5.

3- z—-2
Find the equation of the plane containing parallel lines (x — 4) = Ty = 5

and

(x=3)=r(y+2)=pz
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E-6.

E-11=

E-12.

E-13»n

If the acute angle that the vector, o +pj+yk makes with the plane of the two vectors

2i+3j—k andi — ] + 2k iscot /2 then find the value of o (B +7) — By
Find the equation of the plane passing through the points (3, 4, 1) and (0, 1, 0) and parallel to the line

x+3 y-3 z-2
2 7 5

Find the equation of the planes passing through points (1, 0, 0) and (0, 1, 0) and making an angle of
0.25 nradians with planex +y-3=0

Find the equation of the plane passing through the point (1, 2, 1) and perpendicular to the line joining the
points (1, 4, 2) and (2, 3, 5). Also find the coordinates of the foot of the perpendicular and the perpendicular
distance of the point (4, 0, 3) from the above found plane.

Find the locus of the point whose sum of the square of distances from the planesx+y+z=0,x—-z=0
andx—-2y+z=0is9
x-1 y-2 z+3

Find the equation of image of the line 9 ~ 7 =3 in the plane 3x — 3y + 10z = 26.

Find the distance of the point (2, 3, 4) from the plane 3x + 2y + 2z + 5 = 0, measured parallel to the line

X+3 y-2 z

3 6 2

. . , , . . . — y-2 z-3
Find the equation of plane which passes through the point of intersection of lines 3 = 1 = 5 and

x-3 y-1_z-2 . )
T T3 and at greatest distance from the point (0, 0, 0)

If the planes x —cy —bz =0, cx —y + az = 0 and bx + ay — z = 0 pass through a straight line, then find the
value of a? + b2+ c2 + 2abc is :

(i) If A is the unit vector normal to a plane and p be the length of the perpendicular from the origin to the
plane, find the vector equation of the plane.

(ii) Find the equation of the plane which contains the origin and the line of intersection of the

planest.g =pandT.b =q

PART-Il : OBJECTIVE QUESTIONS

Section (A) : Position vector, Direction Ratios & Direction cosines

A-.

Avector a has components 2p and 1 with respect to a rectangular cartesian system. The system is rotated

through a certain angle about the origin in the counterclockwise sense. If with respect to the new system, a
has components p+1 and 1, then integral value of p can be

! 1
(A)pz‘g B)p=1 (C)p=-1 (|:))p=5
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A-2. The vectors i+ 23 + 31A<, 2i — 3 +k and 3 + 3 + 4k are so placed that the end point of one vector is the
starting point of the next vector. Then the vectors are :
(A) Not coplaner (B) Coplaner but cannot form a triangle
(C) Coplaner but can form a triangle (D) Coplaner & can form a right angled triangle

A-3. OABCDE is aregular hexagon of side 2 units in the XY—plane in the It quadrant . O being the origin and
OA taken along the X-axis. A point P is taken on a line parallel to Z—axis through the centre of the

hexagon at a distance of 3 units from O in the positive Z direction. Then vector AP is:

(A)—f+33+\/§f< (B)f—\/§3+5f<
(C)—f+x/§j+\/§f< (D)f+\/§3+\/§f<
A4. The ratio in which the line joining the points (1, 2, 3) and (-3, 4, -5) is divided by the xy plane is
(A) s (B) 3 (C) 2 (D) none of these
3 5 5

A-5x»  Points X and Y are taken on the sides QR and RS, respectively of a parallelogram PQRS, so that
QX =4XR and RY =4YS. The line XY cuts the line PR at Z. Find the ratio PZ : ZR.

(A)4:21 (B)3:4 (C)21:4 (D)4 :3
A-6. Aline makes angles a, 3, y with the coordinate axes. If a + = 90°, theny =
(A)O (B)90° (C)180° (D) 45°
A-T. Aline in xy-plane makes angle 30° with x-axis, the direction ratio of the line are:
(A)1:1:0 B)3 :1:0 C)1: 3 :0 D)1:1:1
A-8. If a, B,y are angles which a line makes with the axes, then the value of sin? o + sin?p + sin%y =
(A)1 (B)2 (©)3 (D)4

A-9. Direction cosines of the line joining the points (0, 0, 0) and (a, a, a) are
1 1 1
Ao 2k (B)1,1,1 (C)

A-10=. ABCisatriangle where A= (2, 3, 5), B= (-1, 2, 2) and C(
to the positive axes, then L + pis
(A7 (B)6 (C)15 (D)9
Section (B) : Dot Product, Projection and Cross Product

1 1
3 BB (D) none of these

&

>

, 5, ), if the median through A is equally inclined

= o on 154 .
B-1. If avector a of magnitude 50 is collinear with vector b =61 — 8j — 7k and makes an acute angle with

positive z-axisthen :

(A) 3 =4b (B) a =-4b (C)b=4a (D) none

B-2.  The set of values of ¢ for which the angle between the vectors cxi—6]+3k & xi - 23 + 2cx k isacute for
everyx € Ris
(A) (0, 4/3) (B) [0, 4/3] (C) (1179, 4/3) (D) [0, 4/3)
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B-3.

B4

B-5»

B-6x=

B-8.

Let 4,b, ¢ be vectors of length 3, 4, 5 respectively. Let @ be perpendicular tob + ¢,b toc+4 and

¢toda+b.Then ‘5+B+E‘ is equal to :

(A) 245 B) 242 (€) 105 (0)5+2

If the unit vectors e, and e, areinclinedatanangle26 and | e, —e, | <1,thenfor € [0, n], 8 may lie in the
interval :

A |0 Z B) |, 2 C[@n} (D){Eﬁ}

®|0.% ®) 27 ©|% >

A, B, C & D are four points in a plane with position vectors a, b, ¢ &d respectively such that

(5 - a) . (B - E) = (B - a) . (E - 5) = 0. Then for the triangle ABC, D is its:
(A) incentre (B) circumcentre (C) orthocentre (D) centroid
Find the angle between the lines whose direction cosines are given by / + m + n =0 and /2 + m? = n2,

(A) B)g ©)75 (D)0

r
3 6 2

The projections of a vector on the three coordinate axes are 6, —3, 2 respectively. The direction cosines of the
vector are.

6

6 3 2 6 3 3 2
(A)6’_312 (B)g’_g’g (C)71_7, (D)—?,—7,7

~N | N

If the vector 61 — 33 — 6k is decomposed into vectors parallel and perpendicular to the vector i+ j +k

then the vectors are :

S

i+7+k) & 7i-2j-sk ®) -2

@)~ Piek) asiojoak
(C)+2(1+3+f<) & 4i-5j- 8k (D) none

B x A . What must be true about the two

For two particular vectors A and B it is known that A x B
vectors?
(A) At least one of the two vectors must be the zero vector.

(B) AxB = Bx A is true for any two vectors.

(C) One of the two vectors is a scalar multiple of the other vector.
(D) The two vectors must be perpendicular to each other.

For a non zero vector A if the equations A.B=A.CandA xB =A x C hold simultaneously, then:

(A)A is perpendiculartoﬁ -C (B) A=B

=C (D)

o]}

=A

@l

(©)
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B-11. Ifaxb =¢xdandaxc¢ =bxd,thenthe vectors a —d and b — ¢ are:
(A) non-collinear (B) coplanar (C) perpendicular (D) parallel

B-12x=. Unit vector perpendicular to the plane of the triangle ABC with position vectors a , b , ¢ of the vertices

A, B, C, is (where A is the area of the triangle ABC).
(axb + bxe +xa) (axb + bxc + éxa)
(B)
A 2A

(axB + bxc + axa)

(©) n (D) n
Section (C) : Line
. . . . x_y-2 z-3 , .
C-1.  The equation of line perpendicular to the line E :T = 1 and passing through (-2, -5, 7) is
A X+2 y+5 z-7 B X+2 y+5 z-7
N2 123 " 104 B) 2 137 " 204

X+2 y+5 z-7
76 137 -254

(D) none of these

C-2. The angle between the linesx-1=y-2=2z-3 and %=%=§ is
pcos* (3] Bycos’ (5] (Croos (2 D) none of th
(A) cos 3 (B) cos 373 (C) cos 5 (D) none of these
, . . X+1 y=-2 z+2 .
C-3. Thelength of perpendicular from the point (-1, 2, -2)) on the line =3 "4 is
(A) J29 (B) /6 (C) 21 (D) none of these
C-4. Alinethrough (1, 1, 0) is parallel to z-axis, the equation of the line is
x-1 y-1 z-0 x_y-1_2z-0
A R e

x-1 y-1 z-1
1 1 2

(C) (D) none of these

C-5» The projection of the line of joining of the points (0, 0, 0) and (2, 2, 2) on the line §=% =§

(A) V2 (B)2 2 (C)3 2 (D)2



JEE(Adv.)-Mathematics Vectors & Three Dimensional Geometry

C-6. The vertices of a triangle are A (1, 1, 2), B(4, 3, 1) and C(2, 3, 5). A vector representing the internal
bisector of the angle Ais :

(A)T+]+2R (B) 27—2]+R (C) 27+2]—R (D) 27+2]+R
; . . X—1 y—-2 z-3
C-7=. Equation of the angle bisector of the angle between the lines 1 = 1 = 1 &
x-1 _ y-2 z-3
T 1 T T is :
x-1 y-2 B x-1 y-2 z-3
(A) 5 T ;2 —-3=0 (B) 1 5 3
. y-2 z-3 x-1 _ y-2 B
(C)x—1—0,—1 = (D)—2 =73 ;2 —-3=0

x-1 y-1 z-1 x-2 y-3 z-4

C-8. Shortest distance between the lines 1 1 1 and 1 1 1 is equal to
(A) 14 (B) V7 C) V2 (D) none of these
, ) x y z-1 o
C-9. The shortest distance between the lines 170" o and y-axis is
(A) 0 (B)1 (C) 2 (D)3
Section (D) : STP, Tetrahedron, VTP, LI/LD
D1 Givena=xi+yj+2k, b=i—j+k,¢=i+2j; (@ b)= g a.c=4,then
(A) [ab el =8| (B) [abcl=la| (C)[abcl=0 (D) [@bcl=al
D-2. The value of [(é +2b— 6) (5 - B) (é b - 6)] is equal to the box product:
(A) [5 b a] (B) 2 [5 b a] (C)3 [5 b a] (D) 4 [5 b a]
D-3. If ¢ =c, i+c,j+c,k isperpendiculartoboth 3 =a, i+a,j+ak and b =b,i+b,j+bk (where
X2 +x+5
a1 a2 a3
a.b,¢ are unitvectors)and b, b, b, =1 for all real x, then the angle between 3 and p , is
C1 b2 C3
T T T T
(A) § (B) 3 ©) 5 (D) 5

D-4» If three distinct vectors X =ai+bj+ck, y=bi+cj+ak and Zz=ci+aj+bk are coplanarthen maximum
value of X.y+y.z+zXx is

(A)O (B)at+b+c (©9 (D) none of these
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D5. Leta=xi+12j—k, b=2+2xj+k and ¢ = i +k . If the ordered set [BE a]is left handed, then :

(A)XE(Z,OO) (B)XE(—OO,—S) (C)XE(—S,Z) (D)XE{—S,Z}
D-6. Ifz=i+j—k, p=i—j+k, ¢ isaunitvectorsuchthat ¢.a =0, [cab] = 0then aunitvector § perpendicular

toboth 3 and ¢ is
1 1 1 1
() §@-i+k) (B F(+k ©) 75 (+) 0) 75 (i+K)

D-7.  Vector of length 3 unit which is perpendicular to T+]+R and lies in the plane of T+]+R and 27—3], is

3 . .. Lo s A 3 s a
(A)ﬁ(i—2j+k) (B)%(Zi—j—k) (C)%(7i+8j+k) (D)W(—?HSj—k)

D-8= |Ifa, b , ¢ are linearly independent vectors, then which one of the following set of vectors is linearly

dependent?

+b,b+¢,¢+a (B)a-b,b—¢,c-a (C)daxb,bxc,céxa (D) F+20+3¢,b-c+a d+48

=1}

(A)
D-9. If 3,b, ¢ and g are the position vectors of the points A, B, C and D respectively in three dimensional

space no three of A, B, C, D are collinear and satisfy the relation 3a ~2b+c¢-2d = 0, then which of the
following is INCORRECT

(A)A, B, C and D are coplanar

(B) The line joining the points B and D divides the line joining the point Aand C in the ratio 2 : 1.

(C) The line joining the points A and C divides the line joining the points B and D in the ratio 1: 1.

(

D) the four vectorsa , b , ¢ and d are linearly dependents.

D-10= Vector % satisfying the relation A.Xx=c and Axx =B is

cA—(AxB) cA—(AxB)

[A| (B) |A|?

© =50

Section (E) : Plane

E-1. The equation of a plane which passes through (2, —3, 1) & is perpendicular to the line joining the
points (3,4, - 1) & (2, — 1, 5) is given by:
(A)x +5y-6z+19=0 (B)yx-5y+6z-19=0
(C)x+5y+6z+19=0 (D)x-5y-6z-19=0

E-2. The equation of the plane passing through the point ( 1, — 3, — 2) and perpendicular to planes
X+2y+2z=5and 3x+3y+2z=8,is
(A)2x -4y+3z-8=0 (B)2x -4y -3z+8=0
(C)2x +4y +3z+8=0 (D)2x +4y +3z-8=0
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E-3.

E-4=

E-5.

E-6.

E-8.

E-11=

Ifline r =(? —2] - Iz)+7»(2? +] +2R)ispara|leltothep|ane F.(3? —2] —mR)=14, then the value

of mis
(A)2 (B)-2
(©)0 (D) can not be predicted with these informations

If a plane cuts off intercepts OA = a, OB = b, OC = ¢ from the coordinate axes (where 'O’ is the origin),
then the area of the triangle ABC is equal to

1 1
(A) 5 Vb2c? 1 c2a? +a%b? (B) 5 (bc + ca + ab)

(C) % abc (D) % Jib-c)? +(c—a) +(a—b)?

The locus represented by xy + yz=0is
(A) A pair of perpendicular lines (B) A pair of parallel lines

(C) A pair of parallel planes (D) A pair of perpendicular planes

The distance of the point (-1, —5, —10) from the point of intersection of the line, x=2 = y+l = z=2

4 12

and the plane, x —y+z =35, is:
(A)10 (B) 11 (C)12 (D) 13
The reflection of the point (2, —1, 3) in the plane 3x -2y -z =9 is:

26 15 17 26 —-15 17 15 26 -17 26 17 -15
(A)[7’7’7j (B)[7’7’7j (C)[7’7’7j (D)[7’7’7j
The distance of the point (1, —2, 3) from the plane x—y +z = 5 measured parallel to the line, % = % = i6 Y
(A)1 (B)e6/7 (C)7/6 (D) 1/6

. . . x-1 y-3 z-2
The distance of the point P(3, 8, 2) from the line 5 = 2 =3 measured parallel to the plane

3x+2y—-2z+17=01is
(A)2 (B)3 (C)5 (D)7

Giventhe verticesA (2, 3,1),B(4,1,-2),C(6, 3, 7) & D (-5, -4, 8) of a tetrahedron. The length of the altitude
drawn from the vertex D is:

(A7 (B)9 (C) 11 (D) 13

The values of ‘A’ for which the two lines XT_ = T = % &

(A)-2, 8 (B) 2, -8 (C)3,5 (D)1, 2
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PART-IIl : MATCH THE COLUMN

1. Column-l Column-ll
(A) P is point in the plane of the triangle ABC. pv’s of A,B and C are (p) centroid

E,B and C respectively with respect to P as the origin.

If (B+E).(B—E) =0 and (5+5).(5—5) =0, thenw.r.t. the (@) orthocentre
triangle ABC,P is its
(B) If a, B, C are the position vectors of the three non collinear points " Incentre

A,B and C respectively such that the vector § = PA + PB + PC
is a null vector then w.r.t. the AABC, Pisits
©) If P is a point inside the AABC such that the vector (s) circumcentre

R= (BC)ﬁ +(CA) (ﬁB) +(AB) (ﬁ) is a null vector then w.r.t.

the AABC, P is its
(D) If P is a point in the plane of the triangle ABC such that the

scalar product pA_ CB and PB.AC vanishes, then w.r.t. the

AABC, P is its
2. Match the following set of lines to the corresponding type :
x-1 y-2 z-3 x-1 y-2 z-3 —
(A) 1 " 2 " 3 & 5 T, T 5 (P) parallel but not coincident
B x-1 y-2 z-3 & X-5 y-2 z-3 - i
(B) y 5 3 ] 5 3 @ intersecting
x-1 y-2 z-3 x-3 y-4 z-1 ,
©) 5 T, T o & T T (n skew lines
x-1 y-2 z-3 X _y+1_ z -
(D) 5 T 5 T 3 & 5= "3 7 (s) Coincident
3. Column -1 Column-1II
(A) Twice of the area of the parallelogram constructed on (P) -3

the vectors a=p+2§ and b=2p+q, where p and

g are unit vectors containing an angle of 30°, is :
(B) The points (0, -1, —1), (4, 5, 1), (3, 9, 4) and Q) 2
(-4, 4, k) are coplanar, then k =

©) Let 3 & p be two non-zero perpendicular vectors. If a vector
- ~ 1 - =
% satisfying the equation %« — 3 is X = PP~ e axb then (r) 4
B can be

D) If x satisfying the conditions b.X =B & bx X =2

_ )_(z(pz—12)6+éx6
s 6P [bP ® 3

then B can be
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I Exercise + 2 I

PART-l : OBJECTIVE QUESTIONS

1=

3n

S5n

Let X be the midpoint of the side AB of triangle ABC. Let Y be the midpoint of CX. Let BY cutAC at Z. Then
AZ:ZC=
(A)1:2 B)2:1 (C)1:3 (D)3:1

1
ABC is triangle, right angled at A. The resultant of the forces acting along ,ATB , A?)C with magnitudes AB and

1
aC respectively is the force along A?D , where D is the foot of the perpendicular from A onto BC. The

magnitude of the resultant is-

AB)(AC 1 1 1 AB? + AC?
(n) LENAC) B) o= + - (©) = ©) g
AB + AC AB AC AD (AB)” +(AC)
o  b.a _  b.a._
If a, b, ¢ are three non-zero, non coplanar vectors and b, = p— |3 P a, b2=b+|5|2 a,
.3 b.c B} &.3 b - c.3 b,.C -
~ ~ c.a _ - - c.a - 1 - c.a . 2
c C-— —58 - z2zb, % =¢- —=—>a - —=,b, C3 =¢c - —>a = by,
1 af? |b] a2 by [ af? b,
- - c.a . p.¢ -
Cs =C — |G 2 a _W b,, then the set of orthogonal vectors is
(A) (3 by, E5) (B) (@ by, €,) (C) @ by, &) (D) & by, €,)

The position vectors of the vertices A, B and C of a triangle are i+ ], ] +k and i+k respectively. Find a
unit vector lying in the plane of ABC and perpendicular to IA, where | is the incentre of the triangle.

(A) %(?—]) (B) + %(h]) (C)i%(Zh‘]) (D)i%(z’i\_’j\)

If 3 non zero vectors &,b,¢ are suchthat 3xp = 2(axc),|a| =|¢| =1; |b| =4 the angle between p, and

1 . . .
¢ iscos-1z then p = ¢/c+ua where | £ |+ | |is-

(A)6 (B)S (C)4 (D)0

Let the vectors PQ, QR, RS, ST, TU and UP represent the sides of a regular hexagon.
STATEMENT-1: PQ x (FTS .57+ 0

because

STATEMENT-2: PQ * RS = 0 and PQ % ST # 0

(A) Statement-1 is True, Statement-2 is True ; Statement-2 is a correct explanation for Statement-1

(B) Statement-1 is True, Statement-2 is True ; Statement-2 is NOT a correct explanation for Statement-1
(C) Statement-1 is True, Statement-2 is False

(D) Statement-1 is False, Statement-2 is True
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7.

10.

1.

12=.

13=

14.

If the li L A x1_y-2_z=3 nd xrk _y-1_z=2 r ncurrent then
elines - =2 =3, —5-="""=——a 3 =, - p areconcurre e
1 1
(Afh=-2,k=-6 (B)h= k=2 (C)h=6,k=2 (D)h=2 k=3
Leta =i+ ] and b = 2i — k. The point of intersection of the lines F x @ = b x a and
Fxb=axbis:
(A)— i+ ]+2kK (B)3i -] +Kk (C)3i+j-Kk D)i-Ji-k
Consider the lines ~ =2~ = Z and X = ¥ = Z thenth tion of the line which
onsider the lines - = i = 7 and - = 5 = 7, then the equation of the line whic
. . . X y z
(A) bisects the angle between the lines is 3 3%
. _ Xy z
(B) bisects the angle between the lines is )

(C) passes through origin and is perpendicular to the given linesisx =y=-z
(D) none of these

The number of distinct real values of X , for which the vectors — 3% + j+k, i —22j+k and i+ j—2% are
coplanar, is
(A) zero (B)one (C)two (D) three

The volume of the parallelopiped constructed on the diagonals of the faces of the given rectangular parallelopiped
is m times the volume of the given parallelopiped. Then m is equal to:

(A)2 (B)3 (C)4 (D)1

Let a, b and ¢ be non-coplanar unit vectors equally inclined to one another at an acute angle 6. Then ‘ [a b cl ‘

in terms of 0 is equal to:

(A) (1 + cos 0) /cos 2 0 (B) (1 + cos 0) 4/1—2 cos 26
(C) (1-cos 8) \/1+ 2 cosd (D) (1 —sin 8) /1 + 2 cosd

[ﬁ.(gx(ﬂ

=!I
X
Ql
N—
N —
| E—
Ql
1
pyj
—_
Ql
X
X A~
|
X
ool
N—
N —
| I
ool
1
pull
|
Rl | o
X |—
—
QI
X
!
N—

If b and ¢ are two non-collinear vectors such that a || (b x ¢),then (a x b). (2 x ¢)is equal to

(A) 22 (b.<) (B) b? (a.¢) (C) 62 (a.b) (D)-a%(b.c)
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15. If(g x E ) % Z: g x (E x Z ), where ; , Eand Z are any three vectors such that ; . E #0, E .Z;tO, then
- -
aand ¢ are-
(A) Inclined at an angle of % between them (B) Perpendicular
(C)Parallel (D) Inclined at an angle of g between them
16w Avariable plane at a distance of 1 unit from the origin cuts the co-ordinate axes at A, B and C. If the centroid
. - .1 1 1 .
D (x, Y, z) of triangle ABC satisfies the relation 2 + y_z + ) =K, then the value of k is
(A)9 (B)3 )1 (D)1/3
17w Consider a tetrahedron with faces f,, f,, f., f,. Let a;, a,, a3, a, be the vectors whose magnitudes are
respectively equal to the areas of f , f, f., f, and whose directions are perpendicular to these faces in the
outward direction. Then,
(A)a,+d,+d,+d, =0 (B)d,+d,=4d,+a,
C)d,+a,=d,+4, (D) a,+3d,-a5+a, =0
18. A line having direction ratios 3, 4, 5 cuts 2 planes 2x — 3y + 6z—12 = 0 and 2x — 3y + 6z + 2 = 0 at point P
& Q, then find length of PQ
A) 35v2 ®) 35v2 ©) 35v2 0) 35\2
12 24 6 8
19. The foot of the perpendicular from the point O(0, 0, 0) to the line of intersection of the planesx +y + z=4 and
2x +y + 3z =1is point A. Find the equation of line OA.
A aJS S B ajn A (C) X Y (D)N f th
2 A — — == one of these
()8 29 -13 ()8 29 13 18 29 13
20. The non zero value of ‘a’ for which the lines2x -y +3z+4=0=ax+y—-z+2and
x—-3y+z=0=x+2y+z+1areco-planaris:
(A)-2 (B)4 (C) 6 (D)0
21. Aline L, having dierection ratios 1, 0, 1 lies on xz plane. Now this xz plane is rotated about z-axis by an
angle of 90°. Now the new position of L, is L,. The angle between L, &L, is:
(A)30° (B)60° (C)90° (D) 45°
PART-Il : NUMERICAL QUESTIONS
1. If a, B, C, d are onacircle of radius R whose centre is at originand ¢ — g is perpendicularto d —p , such
that |d—a[? +|b—¢ > = AR?then find .
ax + by +cz
2. If a2 +b2 +c? = 9(x2 +y? + 22) then find the maximum value of

x? +y? +z?
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3.

8w

10=

1.

12.

13.

Four points P, A, B and C with position vectors as F, 5,5 and ¢ respectively are in a plane such that P, A,

e e o -— 2 - - = - -2
B are collinear and satisfy ‘a‘ = ‘b‘ = ‘C‘ and r.c = ‘C‘ . Find 1 if ‘r —aHr— b‘ = k‘r —C‘

IfinaplaneA,A,A,,...... 'A,, are the vertices of a regular polygon having 20 sides and O is its centre

19
and Y (OAix OAi1) = 3 (OA, x OA1) then || is
i=1
|PA +|PBJ? +|PC 2
R2

In an equilateral AABC find the value of where P is any arbitrary point lying on its

circumcircle, is
Let U and y are unit vectors and vy is avector suchthat yxv+u=wand wxu =V, Then find
the value of [uvw].

z z
If 'd' be the shortest distance between the lines Y + o " 1;, x=0and — - ° 1; y = 0 and if

b a

A 1 1 1 )
d—2=a—2+b—2+c—2thenkls

If A@@), B(b), C(c), D(d)are the position vector of cyclic quadrilateral then find the value of

|é><5+5><a+a><é|+|5x6+6xa+ax5|
[(b-3).(d-a)] [(b—¢).(d-¢c)]

Giventhat Gi=i-2j+3k V=2i+j+4k, w=2i+j+3k and (UR-10)+ (VR-20)j+ (WR-20) g =0.If
R = a§+bj+c12 thenfinda+b+c

3 (bxc) + b (€xa) + & (axb)

(00

If the circumcentre of the tetrahedron OABC is given by , Where a, b&c¢c

are the position vectors of the points A, B, C respectively relative to the origin 'O'such that[3 b ¢]=36then
o is

. x+2 y-3 z-Kk , s
Aline y = 5 =3 cuts the y-z plane and the x-y plane at A and B respectively. If ZAOB = o

then 2k, where O is the origin, is

If ¥ represents the position vector of point R in which the line AB cuts the plane CDE, where position vectors
of points A, B, C, D, E are respectively a=i+2j+k, b=2i+j+2k, ¢=-4j+4k, d=2i-2j+2k and
€=4i+]j+2k,then 2 is:

L is the equation of the straight line which passes through the point (2, -1, —1); is parallel to the plane

4x +y+z+2=0andis perpendicular to the line of intersection of the planes 2x +y=0=x -y + z.
If the point (3, o, B) lieson line L, then |a + B| is
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14»

15.

16.

17=.

18.
19%=

If the volume of tetrahedron formed by planes whose equationsarey + z=0,z+x =0, x +y =0 and
x +y +z=1istcubic unit, then the value of 3tis

Given three point on x —y plane on O(0, 0), A(1, 0) & B(—1, 0). Point P is moving on the plane satisfying the

condition (PA.PB)+ 3(OA.OB)=0
If the maximum & minimum values of | PA [ PB |is M & m respectively then the value of M? + m?is

x+4 y+6  z-
3 5 -2

The lines and 3x—2y +z+5=0=2x + 3y + 4z — k are coplanar, then the value of

Kk is

) X—1 y—2 z+3 . .
About the line 5 =3 7 1 the plane 3x + 4y + 6z + 7 = 0 is rotated till the plane passes

through the origin. Now 4x + ay + Bz = 0 is the equation of plane in new position. The value of a2 + 32

is
The value of sec®, where 0 is the acute angle between the plane faces of a regular tetrahedron, is

Aline L on the plane 2x + y— 3z + 5 = 0 is at a distance 3 unit from the point P(1, 2, 3). A spider starts
: , : . ox-1_y-2 z-3. :
moving from point A and after moving 4 units along the line 5 T 1 T C 3 it reaches to point P. and

from P it jumps to line L along the shortest distance and then moves 12 units along the line L to reach at
point B. The distance between points Aand B is

PART - IlIl : ONE OR MORE THAN ONE CORRECT QUESTION

If perpendicular distances of point (a, b, c) from yz, zx and xy planes are in A.P. and distances from x,

y and z axes are \/ﬁ \/ﬁ and \/E respectively then
(A) la] =1 (B)Ib] =2 (C)lcl=3 (D) lal = |b[ = |c]|

a A 11
The vector i+ xj+ 3k is rotated through an angle of cos™ 11 and doubled in magnitude, then it becomes

4i + (4x—2)j + 2K . The value of 'x' CANNOT be :

2 2 20
()~ 3 (B) 3 ©) ~37
The vertices of a cube are (0, 0, 0), (0, 0, 1), (0, 1,0),(1,0,0), (1,1,0), (1,0, 1),(0, 1, 1) and (1, 1, 1). An
insect starts from the origin and reaches the vertex (1, 1, 1) by crawling on the surface of the cube such that
it travels the minimum distance. Which of the following can be the direction cosines of the pair of line
segments constituting the possible path.

(D) 2

ol o)l & &) ol & JmlEod

(C)(1,0,0)and (0, 1, 1) (D) (0,1,0)and (1, 0, 1)
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4n Ifa, b, ¢, X, ¥, z € Rsuch that ax + by + cz = 2, then which of the following is always true

(A) (@2+b?+c?)(x2+y?+2%) >4
(C)(@®+y*+22)(x2+ b2+ c?) >4

(B) (x2+Db?+z?)(a2+y2+c?) >4
(D) (@®+ b2+ Z?)(x>+y2+c?) >4

5 The direction cosines of the lines bisecting the angle between the lines whose direction cosines are
¢,,m,n and/, m, n, and the angle between these lines is 0, are
(A) Li+1ly m1+m2’ n, +n, (B) 161+162, m1+m2’ Ny +n,
cos — | cosg cosg 20039 20039 20039
2 2 2 2 2 2
(C) K1+€2 m1+m2 n1+n2 (D) K1_€2 m1—m2 n1—n92
] H ] e H —e ] H ] e H .
hd = in 2 2sin— 2sin—  2sin_
Sin 2 Sin 2 sin 5 | 5 | 5 2
6. Which of the followings is/are correct :
(A) The angle between the two straight lines r =3 — 2] +4K + (-2i+ ] +2K )and
- - - . - A, 4
r=i+3j—2k +u(3i-2j +6k) iscos™ [Ej
(B) (F.i)(ixT)+(F.7)(jxT)+(F.k)(kxF)=0.
(C) The force determined by the vector r = (1, -8, —7)is resolved along three mutually perpendicular directions,
one of which is in the direction of the vector a = 2 + 2] + k . Then the vector component of the force 7 in
the direction of the vector a is —g (2i + 2] +Kk)
, , o1
(D) The cosine of the angle between any two diagonals of a cube is 3
, x—1 y+1 z X+1 y-3 -
(4 Acute angle between the lines — = — = — and = = where ¢ > m > n, and
! m n m n !
£, m, n are the roots of the cubic equation x® + x2—4x =4 is equal to :
3 V65 13 2
—] — in-1 —— —1 R -1 —
(A) cos A3 (B) sin 9 (C) 2cos 18 (D) tan 3
. Xx=-2 y+1 z-1 .
8. The line 3 T 5 T g intersects the curve xy =c?, z=0if cisequal to:
(A)-1 (B)-+5 (C) 5 (D)1
x-1 y-2 z-3 x-1 _2y-4 3z-9 x-32 y-2 z-3
9. The three lines - = - = = . are concurrent the

3 2 1 5 3 173 2 A

value of A may be :

(A) 1 (B)-1 (€)2 (D)-2
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10.

1M1=

12.

13.

14.

15w

16.

LetV =2i + 3 —k &W =i+ 3k. If U is a unit vector, then the value of the scalar triple product
[UV\TV] may be :

(A)—+/59 (B) V10+v/6 (C) /59 (D) /60

The coplanar points A,B,C,D are(2-x,2,2), (2,2-y,2), (2,2,2-2z)and (1,1,1)
respectively, then

1 1 1 x-1 y-1 z-1
44— = + + =2

(A) x+y+z 1 (B) x y 2
1 1 1

(C) + + =1 (D) X + y + z +2=0
I-x 1-y 1-z 1-x 1-y 1-2z

A vector v = k(a] + bR) is coplanar with the vectors i+ 3 —2k andi- 2} +k andis orthogonal to the

vector —2i + 3 + k. ltis given that the length of projection of v along the vectori — 3 +kis equalto 6 \/5
Then the value of A%2ab may be
(A) 81 (B)9

C€)-9 (D) -81

Let 3 = 2i—j+k, b = i+2j—k and ¢ = i+j—2k be three vectors. A vector in the plane of p and ¢

2
whose length of projection on 3 is of \/; is

(A) 2i + 3j - 3k (B) 2i + 3j + 3k (C)—2i—j+ 5k (D)i-5j + 3k
o | I )
If a,b,c and {d are unit vectors such that (axb). (cxd) =Aand a.c = 7,then

(A) a,b,¢ are coplanarif =1 (B) Angle between p and 4 is 30°if A =—1

(C) angle between p and ¢ is 150° if A =—1 (D) If » = 1 then angle between pand ¢ is 60°
Let 3, 5,6 be three mutually perpendicular vectors of equal magnitude. If the vector ¥ satisfies the

equation @ax{X-b)xa}+bx{(Xx—C)xb}+cx{(Xx—a)xc}=0, thenfind X .

(A)§_5+5+6 (B)§—5_5+6 (C)§_§—5+E (D)§_5+5+6

2 2 3 3
letda=i+2j+k,b=i—j+kandé=]+j-k.Avectorinthe plane of 3 and b whose projection
onEisiis

\/51
(A) 47 -] +4k (B)3i + j —3k (C)2i + j -2k (D)4i + | —4k
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17.

18x=

19.

20.

21.

22

23.

a and b are two given unit vectors at right angle. The unit vector equally inclined with

a, b and a x b will be:

(A)—%(é+6+éx6) (B)%(é+5+éx6)
© 5 fo+5-axb) ©)- % 6 -axb)

A variable line passing through the point P(0, 0, 2) always makes angle 60° with z-axis, intersects the
plane x +y + z =1. The locus of point of intersection of the line and the plane is x> + y2=a (z— b)?then

(A)a=3 (B)b =2 (C)a=2 (D)b=3

The position vectors of the angular points of a tetrahedron are A(3T - 2] + R) , B(3T + ] + SR) ,

C(4T + 312) and D(T) . Then the acute angle between the lateral face ADC and the base face ABC is :

5 2 1 4l 2+4/25

(A)tan 5 (B)tan™ ¢ (C)tan™ ¢ (D) 2tan (T
x4 _y-2 zk* _ _
The line W - —1 = lies inthe plane 2x —4y + z=1. Then the value of k cannot be :

(A) 1 (B) -1 (C)2 (D) -2

If the n-plane 7x + (o + 4)y + 4z — r = 0 passing through the points of intersection of the planes
2x +3y-z+1=0and x +y — 2z + 3 = 0 and is perpendicular to the plane 3x —y — 2z = 4 and

12 -78 57
F, T F is image of point (1, 1, 1) in n—plane, then
(A)a=9 (BYp=-117 (Cla=-9 (D)p =117
The planes 2x -3y - 7z2=0,3x—-14y—-13z=0and 8x - 31y -33z=0
(A) pass through origin (B) intersectin a common line
(C) form a triangular prism (D) pass through infinite the many points

Two lines are

ox=1 y-1 z-1 _ ox=1 y-1 z-1
LT T ’ L T TS

Equation of line passing through (2, 1, 3) and equally inclined to L, & L, is/are

x-2 y-1 z-3 x-3 y-2 z-5
O R e
x-2 y-1 z-3
1 1 3

(©)
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x—1 -2 z-3
24. Aline > = 3 = 2 intersects the plane x —y + 2z + 2 = 0 at point A. The equation of the straight

line passing through A lying in the given plane and at minimum inclination with the given line is/are

x+1 y+1  z+1
1 5 7 2

(A) (B)5x—y+4=0=2y—5z—3

x+2 y+6 z+3
17 5 2

(C)bx+y—-5z+1=0=2y—-52-3 (D)

25. The volume of aright triangular prism ABCA B,C, is equal to 3. If the position vectors of the vertices of the
base ABC are A(1, 0, 1), B(2,0, 0) and C(0, 1, 0), then position vectors of the vertex A, can be:

(A)(2,2,2) (B) (0, 2,0) (C)(0,-2,2) (D) (0, -2, 0)
PART - IV : COMPREHENSION

Comprehension #1

If 4, b, ¢ & a',b',¢" are two sets of non-coplanar vectors such that 3.3'=b.b'=¢.&' = 1 , then the

two systems are called Reciprocal System of vectors and a’' = )_( c , b= c )_( 2 and ¢ = a )_( b
[abc] [abc] [abc]

1. Find the value of axa’+bxb’'+¢ x¢'.

(A) O (B) a+b+¢ (C) a-b+¢ (D) a+b-¢
2. If 3,6, are non—coplanarand d is any vector, then [d b ¢] @ +[d ¢ a]b +[d & b]¢ =

(A) {abd]d (B) [a b ¢]d (C) 2[a b ¢]d (D) —2[a b ¢]d
3. If 3, b, ¢ arethree non-coplanar non-zero vectors and r is any vectorin space, then

(xb) x(FxC) + (bxc) x(Fxa) + (Cxa) x(Fxb) is equal to

(A)2[a b ¢]r (B)3[a b ¢clr (C)[a b clr (D)4[a b ¢]r

Comprehension # 2

Consider aplane n: ¥ = d (where 1 is not a unit vector). There are two points A(3 ) and B(p ) lying on
the same side of the plane.

4. If foot of perpendicular from A and B to the plane & are P and Q respectively, then length of PQ be:
(6-8).7 o (6-a)x o
W ®) [(0-4) O~ © (6-a)xi

5n Reflection of A(g) in the plane = has the position vector:

. 2 I =1 -
(A) a+W(d—a.n)n (B)a-— W (d—an)n
. 2 . 2
() a+W(d+a.n)n (D) a+ g n
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6. If a plane =, is drawn from the point A( g ) and another plane =, is drawn from point B( 5 ) parallel to &, then

the distance between the planes , and «, is :

\(é —B).ﬁ\

A

‘(5 —B)Xﬁ‘

(A) ®) [3-b)7) © |@-b)xi O

Comprehension # 3
A pyramid having square base ABCD & other vertex E with A(0, 0, 0), B(4, 0, 0), C(4, 0,4) & D(0, 0, 4)

& E(2, 6, 6)
7. Volume of the pyramid is :
(A) 32 (B) 16 (C)8 (D) 4
8. Centroids of faces EAB, EBC, ECD & EDA are
(A) Non-coplanar (B) Coplanar but the plane is not parallel to base plane

(C) Coplanar & plane is parallel to base plane (D) Co-linear

9. The distance of the plane EBC from ortho-centre of AABD is:
12
(A)2 (B)5 (C) N} (D) v10

Comprehension #4

General equation of a sphere is given by x? + y2 + z2 + 2ux + 2vy + 2wz + d = 0, where (-u, —v, —w) is the

centre and \/u2 +v? +w? —( istheradius of the sphere

10. A variable plane passes through a fixed point (1, 2, 3). The locus of the foot of the perpendicular drawn
from origin to this plane is:
(A)x2+y?+z2-x-2y-3z=0 (B)yx2+2y2+3z22-x-2y-3z2=0
(C)x*+4y>+9z2+x+2y+3=0 D)x*+y?+z2+x+2y+32=0

1. The co-ordinates of the centre and the radius of the circle x + 2y + 2z =15, x2+ y?2+ z2 -2y —4z = 11 are
(A)(4,3,1), V5 (B) (3,4, 1), /6 (C)(1,3,4), 7 (D) none of these

12. Equation of the sphere with centre on the positive z-axis which passes through the circle x2+y2=4,z=0
and is cut by the plane x + 2y + 2z = 0 in a circle of radius 3 is :
(A)x*+y>+22—-6x—-4=0 (B)x*+y>—6y—-4=0

(C)x2+y?+72-62-4=0 (D)x*+y?>—6x—-6y—-4=0
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I Exercise + 3 I

PART -1 : JEE (ADVANCED) / IIT-JEE PROBLEMS (PREVIOUS YEARS)

* Marked Questions may have more than one correct option.

1. Let P, Q, R and S be the points on the plane with position vectors — 2i — ] 47,37 + 3] and — 3i + 2]
respectively. The quadrilateral PQRS must be a [IT-JEE-2010, Paper-1, (3, —1), 84]
(A) parallelogram, which is neither a rhombus nor arectangle
(B) square
(C) rectangle, but not a square
(D) rhombus, but not a square

2 If gand inspace givenby 3 = 2 and § = 212 then he value of
E\ 3 and p are vectors in space givenby 3z = NG and p = N7 en the value o
(23+b). |[Gxb)x(a—2b) is [IIT-JEE-2010, Paper-1, (3, 0), 84]
3. Two adjacent sides of a parallelogram ABCD are given by [IT-JEE-2010, Paper-2, (5, -2), 79]

AB = 2/ +10j+11k and AD = -+ 2]+ 2k . The side AD is rotated by an acute angle a in the plane of the

parallelogram so that AD becomes AD’ . If AD’ makes a right angle with the side AB, then the cosine of the
angle o is given by

8 V17 1 45
(A) g B) =5~ ©) g D) =5~
4. Equation of the plane containing the straight line g = % = % and perpendicular to the plane containing the
traight lines = = L = Z and > = L = £ | IT-JEE-2010, Paper-1, (3, —1), 84
straig |nes3—4—2an4—2—3ls [T- - , Paper-1, (3,-1), 84]
(A)x+2y—-2z=0 (B)3x+2y—-2z=0 (C)x—2y+z=0 (D)5x +2y—-4z=0
X 1
5n The number of 3 x 3 matrices A whose entries are either 0 or 1 and for which the system A|y | = | 0| has
z 0
exactly two distinct solutions, is [IT-JEE-2010, Paper-1, (3, —1), 84]
(A)O B)2°-1 (C) 168 (D)2
6. If the distance between the plane Ax — 2y + z = d and the plane containing the lines
x-1_y-2 z-3 Xx-2 y-3 _z-4 .
> =3 T2 and 3 -4 - 3 is /6, then |d| is

[IT-JEE-2010, Paper-1, (3, 0), 84]
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7. If the distance of the point P(1, —2, 1) from the plane x + 2y — 2z = a, where o > 0, is 5, then the foot of the
perpendicular from P to the plane is [IT-JEE-2010, Paper-2, (5, -2), 79]
[Ei_lj 4 41 [12&] [Z_lij
A3 3 3 ®l3 733 ©l3373 D332
8»n Match the statements in Column-I with those in Column-II. [IT-JEE-2010, Paper-2, (8, 0), 79]
Column- Column-li
(A) Aline from the origin meets the lines P) -4

= = and 3 = =
1~ -2 1 o 1

8
x=2 y-1_1z+1 X=7 _y+3_z-1
1

at P and Q respectively. If length PQ = d, then d?is
(B) The values of x satisfying @ 0

3
tan-'(x + 3) — tan~"(x — 3) = sin~’ [gj are

©) Non-zero vectors 3, p and ¢ satisfy 3.p =0, (n 4
(b—a).b+¢)=0 and2|b+c|=|b—a| .If a=pb+4c

then possible value of p are

(D) Let f be the function on [-r, n] given by (s) 5

: [ij
sin| —
f(0)=9and f(x) = ) for x = 0. The value
sin[]

T
2
of 2 [ 1009x i
-T

() 6

9. Leta=i+j+k,b=i—j+k and ¢ =i-j—k bethree vectors. Avector y inthe plane of 3 and ,, whose

1
projection on ¢ is E is given by [IT-JEE 2011, Paper-1, (3, —-1), 80]

(A) i -3]+3k (B) 37 -3j—k (C) 37— j+3k (D) i+3]-3k
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1.

12.

13.

14=.

15.

The vector(s) which is/are coplanar with vectors i+ j+2k and i+ 2j+k , and perpendicular to the vector

i+]j+k islare [IT-JEE 2011, Paper-1, (4, 0), 80]
(A) j-k (B) —i+] (C)i-] (D) -j+k

Let3-_f_k,b=-i+] and & =i+2]j+3k bethree given vectors. If f is avectorsuchthat f xp = cxb
and r.a =0, thenthevalueof r .b is [IT-JEE 2011, Paper-2, (4, 0), 80]

Match the statements given in Column-l with the values given in Column-li
Column- Column-l|

~ a” - ~ n ~ s
A) If 3=j++3k, b=-]j++/3k and ¢ = 2/3k form atriangle, (P) 5

then the internal angle of the triangle between 3 and p is

b
L 2
(B) If I(f(x)—3x)dx = a2 — b2, then the value of f[g] is @) ?n
a
2 5/6
Y
©) The value of EJGSGC(’TX)C’X is ") g
1
D) The maximum value of | A9 15 /| forlzl=1,z=1isgivenby (s) -
T
(t) 5

The point P is the intersection of the straight line joining the points Q(2,3,5) and R(1, —1, 4) with the plane
5x —4y —z =1.If S is the foot of the perpendicular drawn from the point T(2, 1,4) to QR, then the length of the

line segment PS is [IT-JEE 2012, Paper-1, (3, -1), 70]
1

A) "5 (B) V2 (C)2 (D)2,2

If 3, b and ¢ are unit vectors satisfying [IT-JEE 2012, Paper-1, (4, 0), 70]

la-blP+lo—cl*lc —al=9,
then|2g +5p +5¢|is

The equation of a plane passing through the line of intersection of the planes x + 2y + 3z = 2 and

2
x —y +z =3 and at a distance —= from the point (3, 1, -1) is [IT-JEE 2012, Paper-2, (3, 1), 66]

V3

(A)5x — 11y + 2 =17 (B) V2x+y=3v2-1

C)x+y+z=3 D)x -2y =1- 2



JEE(AdVv.)-Mathematics Vectors & Three Dimensional Geometry

16.

17*,

18.

19.

20>

21=

22>

If 3 and p are vectors such that ‘é+5‘ =29 and ax(2i +3j+4k) = (2i +3]+4k) X b, then a possible

value of (a+b).(~7i+2]j+3k) is [IT-JEE 2012, Paper-2, (3,-1), 66]
(A)O (B) 3 (C)4 (D)8
) , x—1 y+1 z x+1 y+1 z .
If the straight lines —— = —— = - and —— = ——= — are coplanar, then the plane(s) containing
2 k 2 5 2 k
these two lines is(are) [IT-JEE 2012, Paper-2, (4, 0), 66]
(A)y+2z=-1 B)y+z=-1 Cy-z=-1 (D)y—-2z=-1

Let PR = 37 + j— 2k and SQ-=i- 3] — 4k determine diagonals of a parallelogram PQRS and PT =i+ 2j+3k

be another vector. Then the volume of the parallelepiped determined by the vectors ﬁ, PQ and p_é is

[JEE (Advanced) 2013, Paper-1, (2, 0)/60]

(A) 5 (B) 20 (©)10 (D) 30
. ) . Xx+2 y+1 z

Perpendicular are drawn from points on the line 5 = -1 = 3 to the plane x +y + z = 3. The feet of
perpendiculars lie on the line [JEE (Advanced) 2013, Paper-1, (2, 0)/60]
A Xoy-1_2z-2 g X_y-1_z-2
(A) 5 8 -13 (B) 2 3 -5

x_y-1_z-2 X _y-1_z-2
() 4 3 -7 (B) 2 -7 5

A line [ passing through the origin is perpendicular to the lines

L:(B+t) i+ (m1+2)j+ (@ +2t)g,—0o<t<oo

L,:(3+2s) ]+ (3+2s)j+(2+s)g,—0<s<w

Then, the coordinate(s) of the point(s) on /,at a distance of /17 from the point of intersection of /and /,is(are)

[JEE (Advanced) 2013, Paper-1, (4, — 1)/60]

775 778

(A) g’g’g (B) (_17 a_1!0) (C) (17 1a 1) (D) §’§’§

Consider the set of eight vectors V = {a? +bj+ck:ab,ce {— 1,1}}. Three non-coplanar vectors can be chosen

from Vin 2° ways. Then p is [JEE (Advanced) 2013, Paper-1, (4, — 1)/60]

z z
Two linesL, :x =5, ﬁ = —andlL,:x=aq, L1= 5_g e coplanar. Then o can take value(s)

[JEE (Advanced) 2013, Paper-2, (3, —1)/60]
(A)1 (B)2 )3 (D)4
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23.

24,

Match List I with List IT and select the correct answer using the code given below the lists :
[JEE (Advanced) 2013, Paper-2, (3, —1)/60]

List-1 List-1I
P. Volume of parallelopiped determined by vectors 1. 100

a,b and ¢ is 2. Then the volume of the parallelepiped
determined by vectors 2(3 xb)3(bx¢) and (cxa) is
Q. Volume of parallelepiped determined by vectors 3 b 2. 30
and ¢ is 5. Then the volume of the parallelepiped
determined by vectors 3(a +b),(b+¢) and 2(c+a) is
R. Area of a triangle with adjacent sides determined by 3. 24
vectors 3 and p is 20. Then the area of the triangle
with adjacent sides determined by vectors (25 + 35)
and (a—b) is
S. Area of a paralelogram with adjacent sides determined by 4. 60

vectors 3 and p is 30. Then the area of the parallelogram

with adjacent sides determined by vectors (3+b) and 3 is

Codes :

P S R S
(A) 2 3 (B) 2 3 1 4
(0} 3 4 1 2 (D) 1 4 3 2

. , x=1 'y z+3 Xx—=4 y+3 z+3
Consider the lines L, : 5 T 1T 1 L, T T3
P,:3x +5y—6z=4. Letax + by + cz = d the equation of the plane passing through the point of intersection

of lines L, and L,, and perpendicular to planes P, and P,.

and the planes P, : 7x +y + 2z = 3,

Match List - T with List- II and select the correct answer using the code given below the lists :
[JEE (Advanced) 2013, Paper-2, (3, —1)/60]

List-1/ List-1I
P. a= 1. 13
Q. b= 2. -3
R. c= 3. 1
S. = 4 -2
Codes:
Q S P
(A) 3 2 4 1 (B) 1 3 4 2
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25*a  Let X,y and Z be three vectors each of magnitude /2 and the angle between each pair of them is

26.

27.

28.

K3
3
If a is a nonzero vector perpendicularto x and yxz and b is a nonzero vector perpendicular to y and
Zx X, then [JEE (Advanced) 2014, Paper-1, (3, 0)/60]
(A) b=(bz)z-%)  (B)a=(@y)y-2) (C) ab=—(ay)bz) (D)a=(@Ey)z-Y)
From a point P(A,A,A), perpendiculars PQ and PR are drawn respectively on the linesy =x,z=1andy
= —x,z=-1.If Pis such that ZQPR is a right angle, then the possible value(s) of A is(are)

[JEE (Advanced) 2014, Paper-1, (3, 0)/60]

(A) 2 (B) 1 (C)-1 (D) -2
— T
Let a,b and ¢ be three non-coplanar unit vectors such that the angle between every pair of them is 3
L p?+2q° +r®
If axb+bxc=pa+qb+rc, where p,qandr are scalars, then the value of q—2 is

[JEE (Advanced) 2014, Paper-1, (3, 0)/60]
List | List Il

[JEE (Advanced) 2014, Paper-2, (3, —1)/60]

P. Let y(x) = cos(3 cos™'x), x e [-1, 1], x = % Then 1. 1

1 d? d
W{(’@J d})/((z)()“LX )C;(XX)} equals

Q= LetA A,... , A, (n>2) be the vertices of a regular polygon of n 2, 2

sides with its centre at the origin. Let a, be the position vector of

n-1 n-1
the pointA, k=1,2,...., n. If Z:(ak X8y, ) = Z(ak.am) , then
k=1 k=1
the minimum value of nis
X2 y2
R. If the normal from the point P(h, 1) on the ellipse €+? =1is 3. 8
perpendicular to the line x + y = 8, then the value of h is
S. Number of positive solutions satisfying the equation 4, 9
tan~[ —— |+ tan~"[ —— | = tan~"[ 2. is
2X +1 4x +1 x2
P Q R S P Q R S
(A) 4 3 2 1 (B) 2 4 3 1
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30" =

31*

32,

In R?, consider the planes P, :y =0and P, :x +z=1. Let P, be a plane, different from P, and P, which
passes through the intersection of P, and P, . If the distance of the point (0, 1, 0) from P, is 1 and the
distance of a point (a, B, y) from P, is 2, then which of the following relation is (are) true ?

[JEE (Advanced) 2015, P-1 (4, —2)/ 88]
(A)200+B+2y+2=0 (B)2a—-pB+2y+4=0
(C)2a+p-2y—-10=0 (D)2a—-p+2y-8=0
In R3, let L be a straight line passing through the origin. Suppose that all the points on L are at a
constant distance from the two planes P, : x+2y—-z+1=0andP,:2x -y +z—-1=0. Let M be the

locus of the feet of the perpendiculars drawn from the points on L to the plane P,. Which of the following
points lie(s) on M? [JEE (Advanced) 2015, P-1 (4, —2)/ 88]

5 2 1 11 5 1 1 2
(A)[O’_E’_Ej (8) [‘E"E’Ej (©) [_E’O’ Ej D) [‘5’0’ 5)

Let APQR be a triangle. Let a=QR,b=RP and ¢=PQ . If [a|= 12, |b|=4+/3 and b.¢ =24, then

which of the following is(are) true? [JEE (Advanced) 2015, P-1 (4, —2)/ 88]
=2 =2
(A) %—|é|=12 (B) %+|é|=30
(C) |axb+Cxal=48V3 (D) 3.b=-72
Column-I Column-II
[JEE (Advanced) 2015, P-1 (2, —-1)/ 88]
(A) In R?, if the magnitude of the projection vector of the vector P) 1

ai+p] on y3i+jis 3 andifa=2+ V3P,

then possible value(s) of |a| is (are)

(B) Let a and b be real numbers such that the function Q 2

—3ax? -2, x<1
f(x) = 3ax ) is differentiable forall x € R.
bx+a® , x21

Then possible value(s) of ais (are)

©) Let = 1 be a complex cube root of unity. (R) 3
If (3—30w+2w?)*"* 3+ (2+ 3w—30?)*"*3+ (-3 + 20 + 30?)*"*3=0,
then possible value(s) of nis (are)

(D) Let the harmonic mean of two positive real numbers a and b be 4. (S) 4
If g is a positive real number such that a, 5,q, b is an arithmetic
progression, then the value(s) of |q—a| is (are)
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33.

34.

35.

Column-1I Column-II
[JEE (Advanced) 2015, P-1 (2, —1)/ 88]
(A) In atriangle AXYZ, let a, b and c be the lengths of the sides P) 1
opposite to the angles X, Y and Z, respectively. If 2(a2—b?) = c2
sin(X-Y) , .
and A = “snz then possible values of n for which

cos(nmd) = 0is (are)
(B) In atriangle AXYZ, let a, b and c be the lengths of the sides Q) 2
opposite to the angles X, Y and Z, respectively. If

a
1 + cos2X — 2cos2Y = 2sinXsinY, then possible value(s) of b

is (are)
(©) INR2, let \/3i+],i++/3] and Bi+(1—P)] be the position vectors R) 3
of X, Y and Z with respect to the origin O, respectively. If the

distance of Z from the bisector of the acute angle of OX and OY

is 3 , then possible value(s) of |B| is (are)

V2
(D) Suppose that F(a.) denotes the area of the region bounded by (S) 5
x=0,x=2,y*=4xandy = |ox — 1| + |ax — 2| + ax, where

a € {0, 1}. Then the value(s) of F(a) + %\/5 , when a =0 and

o =1,is (are) M 6
Suppose that p,q and 7 are three non-coplanar vectors in R®. Let the components of a vector g along
p,q and y be 4, 3 and 5, respectively. If the components of this vector § along (-p+q+r),(p—q+r)
and (-p—-q+r) arex, y and z, respectively, then the value of 2x +y + z is

[JEE (Advanced) 2015, P-2 (4, 0) / 80]

Consider a pyramid OPQRS located in the first octant (x > 0,y > 0, z > 0) with O as origin, and OP
and OR along the x-axis and the y-axis, respectively. The base OPQR of the pyramid is a square with
OP= 3. The point S is directly above the mid-point T of diagonal OQ such that TS = 3. Then-

i
(A) the acute angle between OQ and OS is E [JEE (Advanced) 2016, Paper-1 (4, —2) / 62]

(B) the equaiton of the plane containing the triangle OQS is x —y =0

(C) the length of the perpendicular from P to the plane containing the triangle OQS is

S

15
(D) the perpendicular distance from O to the straight line containing RS is ?
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36.

37=

38x

39.

Let P be the image of the point (3, 1, 7) with respect to the plane x —y + z = 3. Then the equation

of the plane passing through P and containing the straight line ?:% =% is
[JEE (Advanced) 2016, Paper-2 (3, —1) / 62]
(A)x+y—-3z=0 (B)3x+z=0 (C)x—4y+7z=0 (D)2x-y =0

O S P SR S
Let 0 =u,i+u,j+u;k beaunitvectorinR*and W = E(l +j+2Kk). Given that there exists a vector

v in R®such that |ﬁ><\7| =1 and w.(xV)=1. Which of the following statement(s) is(are) correct?
[JEE (Advanced) 2016, Paper-2 (4, -2) / 62]

(A) There is exactly one choice for such V (B) There are infinitely many choice for such vV

(C) If U lies in the xy-plane then |u, |=|u, | (D) If U lies in the xz-plane then 2|u, |=|u, |

Let O be the origin and let PQR be an arbitrary triangle. The point S is such that

OP.0Q + OR.OS = OR.OP + 0Q.0S = OQ.OR + OP.OS . Then the triangle PQR has S as its
[JEE (Advanced) 2017, Paper-2 (3, -1) / 61]

(A) incentre (B) orthocenter (C) circumcentre (D) centroid

The equation of the plane passing through the point (1,1,1) and perpendicular to the planes
2x +y—2z=5and 3x — 6y — 2z = 7, is- [JEE (Advanced) 2017, Paper-2 (3, —1) / 61]
(A) 14x + 2y + 15z = 31 (B) 14x + 2y — 15z = 1

(C) 14x + 2y + 152 = 3 (D) 14x — 2y + 15z = 27

Comprehension (Q.40 & Q.41)

40.

41.

42,

Let O be the origin, and OX,0Y,OZ be three unit vectors in the directions of the sides QR, RP, PQ

respectively, of a triangle PQR. [JEE (Advanced) 2017, Paper-2 (3, 0) / 61]
[0Xx0Y| -

(A) sin(Q + R) (B) sin(P + R) (C) sin 2R (D) sin(P + Q)

If the triangle PQR varies, then the minimum value of cos(P + Q) + cos(Q + R) + cos(R + P) is
() 5 ®) — © 3 (D) —3
LetP,:2x+y—-z=3and P, :x + 2y + z =2 be two planes. Then, which of the following statement(s) is (are)
TRUE ? [JEE (Advanced) 2018, Paper-1 (4, —2) / 60]

(A) The line of intersection of P, and P, has direction ratios 1, 2, -1

3x-4 1-3y
9

(C) The acute angle between P, and P, is 60°
(D) If P, is the plane passing through the point (4, 2, —2) and perpendicular to the line of intersection

(B) The line

z
:S is perpendicular to the line of intersection of P, and P,

2
of P, and P,, then the distance of the point (2, 1, 1) from the plane P, is ﬁ
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43.

45,

46.

47.

48.

49%

Let @ and b be two unit vectors such that a.b=0. For some x, y € R, let ¢ =xd+yb+(@xb).

If || =2 and the vector ¢ is inclined at the same angle a. to both @ and b, then the value of 8cos” o
is [JEE (Advanced) 2018, Paper-1 (3, 0) / 60]
Let P be a point in the first octant, whose image Q in the plane x + y = 3 (that is, the line segment
PQ is perpendicular to the plane x + y = 3 and the mid-point of PQ lies in the plane x + y = 3) lies
on the z-axis. Let the distance of P from the x-axis be 5. If R is the image of P in the xy-plane, then
the length of PR is . [JEE (Advanced) 2018, Paper-2 (3, 0) / 60]
Consider the cube in the first octant with sides OP, OQ and OR of length 1, along the x-axis,

111

y-axis and z-axis, respectively, where O(0, 0, 0) is the origin. Let S (E,E,Ej be the centre of the cube

and T be the vertex of the cube opposite to the origin O such that S lies on the diagonal OT. If p = SP ,

G=SQ. r=SR and {=ST, then the value of ‘(f)xq)x(fxf)‘ is

[JEE (Advanced) 2018, Paper-2 (3, 0) / 60]
Let L, and L, denotes the lines

F=i+A(-i+2j+2k),AeR

and T :u(21—3+2f<),ueR

respectively. If L, is a line which is perpendicular to both L, and L, and cuts both of them, then which

of the following options describe(s) L, ? [JEE(Advanced)-2019, Paper-1 (4,—1)]
= l N ~ 2 ~ ~ — 2 o “ " 2 ~ "

(A) T 25(21+k)+t(21 +2j-k),teR (B) T 25(21—J+2k)+‘[(21 +2j-k),teR
- S i " = 2 SN ~ 2 “ "

C) r=t(2i+2j-k),teR (D) t 25(41+J+k)+t(21+2j—k),t eR

Three lines are given by

T=Ai, AeR f=p(i+j),peR and f=v(i+j+k),veR,

Let the lines cut the plane x + y + z = 1 at the points A, B and C respectively. If the area of the triangle

ABC is A then the value of (6A)’ equals [JEE(Advanced)-2019,Paper-1 (3, 0]

Three lines L,: =2, A e R, L 'f=E+u3, pLeRand L,: f=i+}+vf<, veR

9 .

are given. For which point(s) Q on L, can we find a point P on L, and a point R on L, so that P, Q and

R are collinear ? [JEE(Advanced)-2019, Paper-2 (4, —1)]
Ao ~ : 1 i ~ 1 “
(A) k+]j (B) k (9] k+5] (D) k_EJ

Let a=2i+j—k and b= i+2]j+k be two vectors. Consider a vector ¢ = 0id + Bb, o € R. If the

projection of C on the vector (E+B) is 3\/5, then the minimum value of (E—(EXB)).E equals

[JEE(Advanced)-2019, Paper-2 (3, 0)]
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4=

If a =% (3i +k) and 5=;(27+3]—6l2),then the value of (23 -D) . [(3xb)x(a+ 2b)] is:
[AIEEE 2011, 1, (4, —1), 120]
(1)-5 (2)-3 (3)5 (4)3

The vectors 3 and p are not perpendicular and ¢ and g are two vectors satisfying: pxé =pxd and

3.d =0 . Then the vector d isequalto: [AIEEE 2011, 1, (4, —1), 120]

- (b.c)- - (a.c): - (b.c)- _ (a.c)=
b-|—|c c+|l—1|b b+|—|c c-|—|b
(1) (é.d} @) (é.b} 3) (é.b} 4) (é.b}
Ifthe vectorp+j+k , i+qj+k and i +j+rk (p=q=r=1)are coplanar, then the value of pgr — (p+q-+r) is-

[AIEEE 2011, II, (4, 1), 120]
(12 (2)0 (3)-1 (4)-2

Let a, b, ¢ be three non-zero vectors which are pairwise non-collinear. If 3 +3b is collinear with cand b+

2¢ is collinear with @, then @ +3p+6¢ is: [AIEEE 2011, 11, (4, -1), 120]
(1) a (2) ¢ () o (4)a +c

. y-1_2z-3 . S
If the angle between the line x = T Ta and the plane x + 2y + 3z=4iscos™ | 74 |, then’ equals:

[AIEEE 2011, 1, (4, 1), 120]

2
()3 @ 5 ®) 5 @ 5

Statement-1 : The point A(1, 0, 7) is the mirror image of the point B(1, 6, 3) in the line :

X
' = [AIEEE 2011, 1, (4, 1), 120]

X -1 z-2
Statement-2 : The line : 1 =yT =73 bisects the line segment joining A(1, 0, 7) and B(1, 6, 3).

(1) Statement-1 is true, Statement-2 is true; Statement-2 is a correct explanation for Statement-1.

(2) Statement-1 is true, Statement-2 is true; Statement-2 is not a correct explanation for Statement-1.
(3) Statement-1 is true, Statement-2 is false.

(4) Statement-1 is false, Statement-2 is true.

The distance of the point (1, =5, 9) from the plane x —y + z = 5 measured along a straight line
X=y=2zis: [AIEEE 2011, 11, (4, -1), 120]

(1)104/3 (2)5.3 (3)3410 (4)345



JEE(AdVv.)-Mathematics Vectors & Three Dimensional Geometry

10.

1.

12x=.

13.

14.

15.

X
The length of the perpendicular drawn from the point (3, -1, 11) to the line 5 y-c. is:

[AIEEE 2011, I, (4, —1), 120]
(1) V29 (2) 33 (3) 53 (4) V66

Let & and b be two unit vectors. If the vectors ¢ — 3 1 25 and § — 535 — 4p are perpendicular to each other,

then the angle between a and bis: [AIEEE-2012, (4, —1)/120]

M) g @ 5 ®) 5 )

A equation of a plane parallel to the plane x — 2y + 2z — 5 = 0 and at a unit distance from the origin is :
[AIEEE 2012, (4, —1), 120]
(M)x—2y+2z-3=0 (2)x—-2y+2z+1=0 (B)x—-2y+2z—-1=0 (4)x-2y+2z+5=0

. x-1 _ y+1 z-1 x-3 y-k z . )
If the line 5 T3 T2 and 1 T T T intersect, then k is equal to :
[AIEEE 2012, (4, -1), 120]
1)-1 2 2 3 9 4)0
(1)- (29 (35 (4)

Let ABCD be a parallelogram such that AB = q- AD = p and ZBAD be an acute angle. If 1 is the vector that

coincides with the altitude directed from the vertex B to the side AD, then r isgiven by :
[AIEEE-2012, (4, —1)/120]

(1) F =35 9)
(P.p)

Distance between two parallel planes 2x + y+ 2z=8and4x + 2y +4z+ 5=0is
[AIEEE - 2013, (4, —1),360]

- - ~ 3(p.q) -
=_3 - = =
]p “r q+(|o-r:>) P

©!
ol

5 @025 @i-a

©!
©!

3 5 7 9
M5 (2) 5 3 5 4 5
: x-2 y-3_z-4 x-=1_y-4 z-5
If the lines T T 1 Tk and P S are coplanar, then k can have
[AIEEE - 2013, (4, -1),360]
(1) any value (2) exactlyonevalue (3) exactlytwovalues (4) exactly three values

I the vectors AB = 3i+4k and AG =5i — 2j+4k are the sides of a triangle ABC, then the length of the
median through Ais [AIEEE - 2013, (4,-"4),360]

(1) V18 2) V72 (3) 433 (4) Va5
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17=

18.

19.

20.

21.

22,

23.

x—1 z-4
The image of the line = =—% intheplane 2x -y +z+ 3 =0is theline:
[JEE(Main) 2014, (4,-1), 120]

x-3 y+5 z-2 x-3 y+5 z-2

(1) 3 1 -5 ) -3 -1 5
x+3 y-5 z-2 x+3 y-5 z+2
S T e

The angle between the lines whose direction cosines satisfy the equations [+ m +n=0and 2=m?+ n?is
[JEE(Main) 2014, (4,-1), 120]

T Y T T
O @ 33 )5
If [5X5 bxc & Xé]: x[é 6 5]2 then A is equal to [JEE(Main) 2014, (4, —1), 120]
(1)0 (2)1 (3)2 (4)3

, . . . . . x=2 y+1 z-2

The distance of the point (1,0,2) from the point of intersection of the line 3 " 2 12 and the plane
Xx—y+z=16,is [JEE(Main) 2015, (4, —4), 120]
(1) 2414 (2)8 (3) 3421 (4)13
The equation of the plane containing the line 2x — 5y + z = 3, x + y + 4z = 5 and parallel to the plane
x+3y+6z=1,is [JEE(Main) 2015, (4, —4), 120]

(1)2x+6y +12z2=13 (2)x+3y+6z2=-7 (3)x+3y+6z=7 (4)2x + 6y + 122 =-13

- ~ - 1 = .
Let 3,b and ¢ be three non-zero vectors such that no two of them are collinear and (ax b)xc = 3 |bllcla.
If 0 is the angle between vectors p and ¢, then a value of sind is [JEE(Main) 2015, (4, —4), 120]
1 & () £ (3) g (4) ﬁ
M 3 3 3 3

x=3 y+2 z+4
2 -1

If the line, lies in the plane, X + my —z =9, then 2 + m2 is equal to

[JEE(Main) 2016, (4, — 1), 120]
(1) 18 2)5 (3)2 (4)26

- >

- - - - 3 - = - -
Let a,b and c be three unit vectors such thatax(bxcj:%(bﬂ:). If b is not parallel to ¢, then the

angle between ; and b is :- [JEE(Main) 2016, (4,— 1), 120]
(1) % @7 (3) 5 OF
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24,

25.

26.

27.

28.

29.

30=

31.

The distance of the point (1, -5, 9) from the plane x —y + z = 5 measured along the line x =y =z

is : [JEE(Main) 2016, (4, —1), 120]
20 10
1) — 2 1 3) 1 4) 7=
(3 2) 310 (3) 10V3 4 5
X y z
If the image of the point P(1, -2, 3) in the plane, 2x + 3y —4z + 22 = 0 measured parallel to the line, T = Z = g
is Q, then PQ is equal to: [JEE(Main) 2017, (4, -1), 120]

(1) 345 (2)2/42 (3) V42 (4)6+/5
The distantce of the point (1, 3, —7) from the plane passing through the point (1, —1, —1), having normal

x-1 y+2 z-4 q x-2 y+1 z+7
1 2 3 My T

[JEE(Main) 2017, (4, —1), 120]

perpendicular to both the lines , Is -

10 20 10 4 5
(1) N (2) N (3) NGE) (4) NGE)
Let =2i+]—2k and b=i+].Let ¢ bea vector suchthat |c—3|=3, |(?1><B)><E| = 3 and the angle
between ¢ and @xb be 30°. Then a-C is equal to : [JEE(Main) 2017, (4, —1), 120]
1 : (2) 2 (3)2 4)5
(1) 3 g

Let i be a vector coplanar with the vectors 3 = 2] + 33 —kand b= 3 +k.If u is perpendicular to 5 and

i.b = 24, then lil is equal to - [JEE(Main) 2018, (4, —1), 120]

(1)315 (2) 256 (3) 84 (4) 336

The length of the projection of the line segment joining the points (5, —1, 4) and (4, —1, 3) on the plane, x

ty+z="7is: [JEE(Main) 2018, (4, —1), 120]
2 1 \F 2

)3 @3 ®) 43 @5

If L, is the line of intersection of the planes 2x —2y + 3z—-2=0,x—y +z + 1 =0 and L, is the line of
intersection of the planes x + 2y —z - 3 =0, 3x —y + 2z — 1 = 0, then the distance of the origin from the

plane, containing the lines Ly and L, is : [JEE(Main) 2018, (4, -1), 120]
b b 1 b
M3/ @575 3 SNy

If the lines x =ay + b, z=cy + d and x=a'z + b', y = c'z + d' are perpendicular, then :
[JEE(Main) 2019, 9 Jan_Shift-2 (4, — 1), 120]
(1)cc'+a+a =0 (2)aa'+c+c' =0 (3)ab'+bc'+1=0 (4)bb'+cc'+1=0
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32.

33.

34.

35.

36.

Let =1+ 3 + \/EIA(, b= bli + sz + \/512 and ¢ =5i+ 3 + \/512 be three vectors such that the projection

vector of p on 3 is 4. If 3+ p is perpendicular to ¢, then ‘B‘ is equal to :
[JEE(Main) 2019, 9 Jan_Shift-2 (4, — 1), 120]
(1) V22 (2)4 (3) V/32 (4)6

Let P be a plane passing through the points (2, 1, 0), (4, 1, 1) and (5, 0, 1) and R be any point (2, 1, 6).
Then the image of R in the plane P is : [JEE(Main) 2020, 7 Jan_Shift-1 (4, — 1), 100]

(1) (6, 5,-2) (2) (4. 3,2) (3) (3, 4,-2) (4) (8, 5,2)
Avector G = ai+2]j+Bk(a,B eR) liesinthe plane of the vectros b =1+ j and ¢ =i j+4k .If 3 bisects

the angle between { and ¢, then: [JEE(Main) 2020, 7 Jan_Shift-1 (4, — 1), 100]
() ai+1=0 (2) &i+3=0 (3) ak+4=0 (4)dak+2=0

Let 3, b and ¢ be three units vectors such that 3+5+c=0. If A = a-b+b-c+ca and

d=dxb+bxc+cxa, then the ordered pair, (A,d) is equal to :

[JEE(Main) 2020, 7 Jan_Shift-2 (4, — 1), 100]

o) w3 w () e

5717
If the foot of the perpendicular drawn from the point (1, 0, 3) on a line passing through (a, 7, 1) is (5’5’?) ,

then o is equal to [JEE(Main) 2020, 7 Jan_Shift-2 (4, — 1), 100]
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Exercise # 1

B4 3(-i+]+K)

PART-I .
B-15. (b) 5 unit sq.
Section (A) B-16. +(4]—6]+12k)
A-1. 7 .
Section (C)
A-2. —12 C1 36
A3 ky4+242 c2 2
A4, g c-3 x_y__z X_¥Y__2
) 1 2 -17 -1 1 -2
A-6. OP:PD=3:2
A-T. +(2/3,-2/3, -1/3) C4. 7 =(i+2j+3k)+t(j—k) , wheret is param-
-2 1 1 2 -1 -1 eter
A-8_ Ty T T R N
V6 6" 6 6 6 6 C5. (9,5 -2)
- 6 .
Section (B) C-7. J5 unit
B-1. /3
/ C-8. A=(3,8,3),B=(=3,-7,6), AB=3430
B-2. -169 .
Section (D)
B-4. 60°
D-1. sina cosa
B-5 F = ] + 2R
D-2. w
a 2 ~ 6 A2 ~ 2
B-6 (a)—i+J+k(b)Tg(6i—J+k)
D-3. (@) Coplanar  (b) Non-coplanar
o D4 1or-1
(€) 3 D5 0
D6. v =0
1 D-7.  1/2unit®
B-9. cos'|%
6 D-8. -100
D-10. (i)No (i) Yes
B0, 12 D-11. x=
e
T,
D12. —&—
B41. 242-2 2 3
B-12. 13 D13, g:a_(f"a)f’
2|pf?
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Section (E) Section (B)
E1. ()4x-y-z+1=0 B-1. (B) B-2. (D)
(i)x +2y+3z-2=0 B3. (D) B4 (A
(ii)x +y+z-4=0 B-5. (C) B6. (A
(iv)x+y+z-6=0 B-7. ©) B-8. (A)
E2. 3:2(0,13/5,2) B9. (C) B-10. (C)
E-3. 2 B-11. (D) B-12. (B)
., 4
B4 s 5y Section (C)
c1. (B) c-2. (B)
E-5. 1Mx —y—3z2=35 c3. (D) c4. (A
C-5. (B) c-6. (D)
E-6. 0 c7. (A c8. (0
E7. 8x—13y+152+13=0 co. @)
E-8. Xty £ J2z=1
E9. x-y+32-2=0; (3,1,0); J11 Section (D)
E10. x2+y2+22=9 b ©) b2 ©
D-3. (D) D-4. (A
EA1. X54 _ y+11 _ 2—37 D-5. (C) D-6. (B)
N - D-7. (D) D-8. (B)
E12. 7 D9. (B) D-10. (B)
E-13. 4x+3y+5z=50
E-4. 1 Section (E)
E15. (i) T.n =p (i) T.(ag—pb)=0 E-1. (A E-2. (A)
E3. (A E-4.  (A)
E5. (D) E-6. (D)
PART-I E-7. (B) E-8. (A
Section (A) E9. (D) E-10. (C)
A1.  (B) A2. (B) E11. (A
A3. (C) A4. (B)
A5. (C) A-6. (B) PART-III
At (B) A8 (B) (A) > (), (B) - (p). (C) - (), (D) — (q)
A9 () A10. (€) (A) - (@), (B) > (p). (C) > (s), (D) > (1)

(A)—>(s), (B)—>(r), (C)— (pars), (D)— (pr)
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2. (6.0 PART - I
30.  (A)(B) 1 1) 2. @
31.  (A),(C), (D) 3 @) 4. 3)
32. (A)>PQ;(B)>PQ;(C)>PQS T (D)->QT > (1) 6. (2)
3. (A>PRS;B)>P;(C)>PQ;(D)>S,T ; E;)) fo g’;
34.  BONUS 1. ) 12 @
35.  (B),(C), (D) 13. () 14. @
36. (C) 5. Q) 16.  (3)
17. 3) 18. 2)
3. (B).(©) 19. @ 20. @
38. (B 39. (A 2. (1) 2. (3
4. (D) M. (B) 23. (1) PZ N )
25, ) 26. 3)
42. (C),(D) 43. 3 7. @ % @)
44, 8 45, 0.5 29. 3) 30. (1)
46. (A), (B), (D)  47. 0.75 3. ) 32. (4)
48. (C), (D) 49.  18.00 B0 #“.o @
35. (1) 36. 4
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SUBJECTIVE QUESTIONS

10.

Position vector of A, B and C are i+ ], 3? +j and 2? + 2] +R respectively and P is a point such that

. . — 3 ==
|CP|=|CA| and [PA PB PC] =0.If |PA |= \/; | PB|, then find the position vector of point P.

Find the equation of a line in xz plane equally inclined with x and z axis which is at a unit distance from the

x-1 y-1 z

line =—=—.

1 1 1

Find the condition for the equations Fxa =b, rx¢=d to be consistent and then solve them.

BD
Ina AABC, points D, E and F are taken on the sides BC, CA and AB respectively such that D_C =Aand

AE = M. A parallelogram AFDE is completed. Using vector method, find the value of A such that area of

parallelogram AFDE is one third of the area of AABC.

Let two non-collinear unit vectors a and b form an acute angle. A point P moves so that at any time t the
position vector OP (where O is the origin) is given by & cost+ b sint. When P is farthest from origin O, let

M be the length of OP and ( be the unit vector along OP . Find G and M

Prove that the direction cosines of a line equally inclined to three mutually perpendicular lines having

ly+lo+03 mMy+my,+mg  Ny+Ny+Ng
DC’sas/,m,n; (,m,n,; (,m,n, are \/5 , ﬁ , \/5

R and r are the circum-radius and in—radius of a regular tetrahedron respectively in terms of the length k of

each edge. If R2+r2= %kz , Where p, q e I then absolute minimum value of p + g is

Ina AABC, let M be the mid point of segment AB and let D be the foot of the bisector of £ C. Then prove

ar(ACDM) 1 a—-b 1 A-B A+B
— = = — tan cot .
ar(AABC) 2 a+b 2 2 2

IfA,,A,,A,andB,, B,, B, are two sets of collinear points, then using vector method, show that the points of
intersection of the pair of lines (A B,,A,B,), (A,B,,A,B,)and (A B, A B,) are collinear.

1727 173 273’
, [a2+b?+c?
In a AABC, prove that distance between centroid and circumcentre is R* - 9

that

where R is the circumradius and a, b, ¢ denotes the sides of AABC.
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1.

12.

13.

14.

15.

16.

17.

18.

Consider the following linear equations

ax+by+cz=0 bx +cy+az=0 cx+ay+bz=0

ColumnlI Column 11

(A) atb+c=0and (P) the equations represent planes meeting only at a single
a’+b?+c2=ab+bc+ca point.

(B)a+b+c=0and (6)) the equations represent the linex =y = z.
a?+b2+c?zab+bc+ca

(C)a+b+c=0 and ) the equations represent identical planes
a?+b?2+c?zab+bc+ca

(D)a+b+c=0and (s) the equations represent the whole of the three dimensional
a’+b?+c?=ab+bc+ca space

x+6 y+10 z+14
5 3 8

vertex is (7, 2, 4) find the equation of remaining sides

If D, E, F be three point on BC, CA, AB respectively of a AABC. Such that the line AD, BE, CF are concurrent

. BD CE AF
then find the value of CD AE BF -

Without expanding the determinant, Prove that

The line is the hypotenuse of an isosceles right angle triangle whose opposite

na,;+b, na,+b, naj+Db, a; a, a,

nby+cy nby+c, nbz+cj| _ (n*+ 1) b, by, bj

nc,+a,; NC,+a, NCjz+aj Ci Cy Cj
The length of edge of a regular tetrahedron D-ABC is 'a’. Point E & F are taken on the edges AD and BD
respectively. Such that E divide DA and F divide BD in the ratio 2 : 1 each. The area of ACEF is equal to

W3

——a?,thenvalueof Ais:
36

Find the minimum distance of the point (1, 1, 1) from the plane x + y + z= 1 measured perpendicular to the

X=Xy Y=Y _2-2%

1 2 3
AB, AC and AD are three adjacent edges of a parallelopiped . The diagonal of the parallelopiped

line

passing through A and directed away from it is vector a . The vector area of the faces containing
vertices A,B,Cand A, B, D are b and ¢ respectively i.e. ABxAC = b and ADxAB=¢. If

|a]

projection of each edge AB and AC on diagonal vector g is 3 then find the vectors Ké, AC and

AD in terms of a,b,¢ and |a] .

Lengths of two opposite edges of a tetrahedron are a and b. Shortest distance between these edges isd and
the angle between them is 6. Prove that its volume is (1/6) abd sin 6.
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19.

20.

21.

22,

23.

24,

25.

26.

27.

28.
29.

[V

If ra=0, b =1and [fab] =1,ab=0and |a2|b[]? — (3. = 1thenfind 7 interms of 3 & b

If 2 & b are two non collinear vector 3. b= 0 ax(@x(@x(a............. x(@x (@ xb)) =\ (axb)
2016times

Find the locus of the centroid of the tetrahedron of constant volume 64K?3, formed by the three co-ordinates
planes and a variable plane

Letu & v be unit vectors. If w is avector such thatw + (\X/ X ﬁ) =V, then prove that

S, 1 . . e . -
|(u X v). w| < 5 and the equality holds if and only if 4 is perpendiculartoy .

Let OABC is a regular tetrahedron and P is any point in space. If edge length of tetrahedron is 1 unit, find the
least value of 2(PA? + PB2 + PC2 + PO?).

x-a+d y-a z-a-d x-b+c y-b z-b-c | dthese determi
5 T @ = a+d ' By = B = piy 2arecoplanarand these determine

a single plane if ay = 6. Find the equation of the plane in which they lie.

The lines

-1 1 1
ConsidertheplaneE: y=| 1|+1[2]|+pn |0
1 0 1

F is a plane containing the point A (-4, 2, 2) and parallel to E. Suppose the point B is on the plane E, such
that B has a minimum distance from point A. If C(-3, 0, 4) lies in the plane F. Then find the area of AABC.

If A(a) , B(b)and C(c) are three non collinear points and origin does not lie in the plane of the points A,

B and C, then for any point P (p) in the plane of the AABC, prove that;
(i) [556]=f3.(5x5+5x6+6x5)

(i) A point v is on plane of AABC such that vector oy is L to plane of AABC. Then show that

l@xb+bxc+cxa

Ol

ab -
[ , Where A is the vector area of the A ABC.

v =

472
X _ Y _z-1 . . . . : .
Prove that the line 1 =77 — liesinthe plane x + y + z= 1. Find the lines in the plane through the point

1
(0, 0, 1) which are inclined at an angle cos™ (ﬁ] with the line.

Find the equation of the sphere which has centre at the origin and touches the line 2(x + 1) =2 -y =2z + 3.
A mirror and a source of light are situated at the origin O and at a point on OX (x-axis) respectively. A ray of
light from the source strikes the mirror and is reflected. If the Drs of the normal to the plane are 1, -1, 1, then
find d.c’s of the reflected ray.
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30.

31.

32.

A variable plane /x + my + nz = p (where ¢, m, n are direction cosines) intersects with co-ordinate axes at
points A, B and C respectively show that the foot of normal on the plane from origin is the orthocentre of
triangle ABC and hence find the coordinates of circumcentre of triangle ABC.

Find the maximum distance between the point P(0, 0, 3) and the circle

x2+y2— 2 [5x4y +8=0;z=0.

Find the co-ordinates of the vertices of a square inscribed in the triangle with vertices A(0,0,0), B(2,1,3)
and C(3,0,0), given that two of its vertices are on the side AC.

12.

13.

17.

19.

23.

28.

30.

32.

Pealeok o e lie Lk
3|+3J+2k0r9 919

Condition of consistency is 5_ a+ 56 =0 and

-v6+1 y-0 z

x—1—\/§

— an = =

1 0 -1 1 0 1

F:—]{—(B.a)é+(é.a)6+(6.6)6}

[abc
. a+b _ s
L=2++/3 5.u—|é+6|andM—(1+a.b)
17 1. (A)—>(r), (B)—> (@), (C)—(p), (D)—>(s)
X-7 y-2 z-4 x-7_y-2 4
3 6 2 2 -3
2
1 15. 1 16. 3 21 units.
. Gxa . 1 _ ax(b-¢) 3(xa) __ 1 _  ax(b-¢) 3(cxa)
AB - AD =3 ziAC =3 a* T afp laf *AD T3 @t T EF T |ap
F=-(ab)a+|a’b+ (axb) 2. |apo” 21, xyz=6K
9
3 24, x-2y+z=0 25. 5 26.
1 22
I(x2+y2+2z%)=5 29. d.c’s of the reflected ray are <—§’ 3 §>
2 2 2
(p—ﬂ p p-m’p p-n pJ .
2/ 2m 2n
p- (6(%-3), 0, o) Qz(e(m—s), 3(v10-3), 9(@-3))

R = (3(4-@), 3(v10-3), 9(%—3)) S < (3(4-%), 0, o)_
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I Seif Assessment Paper IR

JEE ADVANCED
Maximum Marks : 62 Total Time : 1:00 Hr
SECTION-1 : ONE OPTION CORRECT (Marks - 12)

1. If v, = i+ ] +k and Vv, = ai + bj +ckwherea, b, c, € {2, 1,0, 1, 2}, then number of possible non-zero

vectors V, perpendicular to V, is

(A)10 (B)13 (C)15 (D) 18

2. If the distance between the planes represented by the equation (x — 2y —2z)2-6(x -2y —2z)+ 10—k =0 s
§ where k > 1, then the value of k is
(A)2 (B)3 (C)4 (D)5

3. If [3b ¢]=2.then (axb)x(Exd)+(bxc)x(axd)+(cxa)x(bxd) =

(A) _5d B) —3d (C) —4d (D) 3d
BRCE Y

2 7 2

—

>

4, Given a = +

N =

,C = f + 2] + 3R , then volume of parallelopiped with coterminus edges

N |-

i=(3a3)a+(@bb+(3Ec)K V=(ab)a+(bbp+(bs) w=(ac)a+(bs)C+(CE)
(A) (2 cos 30° — sin 30°)® (B) (2 cos 60° — sin 60°)*
(C) 2 cos 45°—sin 60°)° (D) (2 sin 45° — cos 60°)°

SECTION-2 : ONE OR MORE THAN ONE CORRECT (Marks - 32)

5. Let V,,V,,V,,V, be unit vectors in x-y plane, each one is internal angle bisector of the four quadrants.

Which of the following is/are incorrect?

(A) V,+V,+V, =0

(B) There exist i, j with 1 <i <j <4 such that \7i + \7j is in first quadrant

(C) There exist i, j with 1 <i <j < k <4 such that \7i + \7j + \7K is in second quadrant
(D) There exist i, j with 1 <i<j <4 such that V.V, >0

6. Let H be the orthocentre of an acute-angled triangle ABC and O be its circumcentre, then HA +HB +HC
is
(A) HA +HB +HC =HO (B) HA +HB + HC = 2HO

(C) HA +HB +HC = 3HO (D) HA + HB + HC = —2(OA + OB + OC)
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7.

10.

1.

12.

Let g = i+ ] +K, b= 20+ 2] +Kk and C= 5? + ] _K be three vectors. The region formed by the set of

points whose position vectors 'y ' satisfy the equations ¥ 3 = 5 and ‘F - b‘ + |F - 6| =4 s ellipse whose

1 1
(A) Areais \/En (B) Areais 2n (C) Latus rectum is = (D) Latus rectum is ﬁ

2
3 .

a S a’
Let Abe the set of vectors g = (a,, a,, a,) satisfying ZE = Z? , then
i=1 i=1

(A)a,=a,=a,=0 (B) A contains exactly one element
(C)aaa,=0 (D) A has infinitely many elements

, then

=\\7—2i

:‘\7_]

- - ~ 3~ N
Let V=ai+bj+ Ek be a position vector such that ‘V —1
3 3
2 2

A plane cuts the rectangular prism, having x +y = 0, x—y = 0 and x = 1 as equation of its faces, in a section
which form equilateral triangle, then direction ratio of normal can be

The position vector of the vertices A, B and C of a tetrahedron ABCD are (1, 1, 1), (1, 0,0) and (3, 0, 0)
respectively. The altitude from vertices D to the opposite face ABC meets the median through A of AABC

(A)a= (B) b = (C)[v|]=3 (D)a=b

at point E. If AD = 4 and volume of tetrahedron = T , then

(A) altitude from vertex Dis 2 (B) there is only one possible position for point E
(C) there are two possible position for point E (D) vector ] —K is normal to the plane ABC

A straight line cuts the sides AB, AC and AD of a parallelogram ABCD at points P, Q and R respectively.

_ . — = A=
If AP =%,AB, AR=2,AD and AQ= ?AC, where 4., 1, A, are positive scalars, then

(A)X,, A, A, arein AP (B) X, A, A arein HP
(C)A,, &, h,arein HP (D)A, A, > A2

SECTION-3 : NUMERICAL VALUE TYPE (Marks - 18)

13.

Consider two lines

= x=1= 5 "3 13 =y-3= 5

If the plane x + by + cz + d = 0 parallel to the lines L, L, and equidistant from both L, and L, then absolute

value of is

+d



JEE(AdVv.)-Mathematics Vectors & Three Dimensional Geometry

14.

15.

16.
17.

18.

If the reflection of point g inthe plane F.n=q is 0.8 + % (q+ ré.ﬁ) , then (o.—y)* equals
n

Two adjacent sides OA and OB of a rectangle OACB are represented by 3 and b respectively, where O is

origin.

L~ =2
If16 ‘a X b‘ =3 (|a| + ‘b‘) and '9' is the angle between the diagonals OC and AB, then non-negative square

root of the reciprocal of the sum of greatest value and the product of all possible values of tan = equals

2

If 3x + 4y + z =5, X, y z € R then the reciprocal of the minimum value of (x2 + y2 + z2) equals

If the distance between points P and Q is 'd' and the projections of PQ on the coordinate planesared,,d,, d,

d2

respectively, then d12 +d§ +d§ equals

If the line with direction cosines proportional to 2, 1, 2 meets each of thelinesx =y + 1=z atP and x — 2y
+1=0&y-z=0at6, then PQ equals

B Answers N
1. (D) 2 D)
5

13.
17.

: 3. © 4. (A)

(B), (C).(D) 6. (B), (D) 7. (A). (C) 8. (A), (B), (C)
(A),(B),(C) 10.  (C),(D) 1. A),(C), (D) 12.  (C), (D)
0.50 14. 025 15.  0.50 16.  1.04

0.50 18. 3.00





