Inverse Circular Functions

2.01 Introduction

If sin@=x then we say x is the sin of 6 and 0 is the sine inverse of x. This statement is written

mathematically as 6 =sin"' x or @ =arcsinx is read as sine inverse x.
2.02 Inverse circular functions

We know that sin@, cos 0, tan 6 are trigonometrical circular functions, which for every value of 0 gives
a fixed value

If sin@ = x then 6@=sin"'x
sin”' x is said to be an inverse circular function. The simialr inverse function are
cos'x,tan"' x, cos”' x and cot™ x
Note:

. .1 -1 . . . .
1.  In functions sin~ x,cos  x , —1 is not a exponent but representation of an inverse function as

1
. 1 . . _
(sinx)” = m therefore sin ™' x # (sin x) ™'

. ,l . .
2. sin” x denotes an angle whereas sin@ denotes a number where 6 is an angle.

Inverse circular function:
To find the inverse to fie. f~' the function f must be one-one onto.

It is clear from the study of trigonometric function that normally they are not bijective. Therefore it is
not possible to find their inverse under normal conditions, but on restricting the domain of these function, they
become one-one onto and we can easily derive their inverse, under these conditions.

the domain and range of inverse trigonometric function can be understood by the following table-
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Table 2.1

Function| Domain Range Curve
y =f(x)
sin x xeR yel-1L1]
Or £l A : 2
3z |_mm Y
27 2| 272)
z 3
> |
cosx | xeRr yel-L1] vl,
Y = cos X
...[—71', 0], [O, 71'], [71', 27r]... |
T y=tan (x}
|
tanx | xeR-Qn+DZ. VneZ |yeR | o le | |
R
[ [
o e
[ 3 ﬂj [ T ﬂ] | Loz ) |
TTH T APl A ) | | | |
2 2 2 2 o ap WS %
| | -2 |
z 3 | | |
27 2 oo : | B | :
| | | I
I
cotx | xeR-nmr VY neZ yeR ! ! | !
| I |
or : 1 | ! :
HEAVPRAVERY
(=7, 0), (0, 7), (7, 27)... ! f-a | !
| -6 I |
. v 7 n
sec x xeR—(2n+1)E V neZ y € (=0, —1]U[l, ) o -
or i.e. range does not exist . -\iz\“/, E E .
- S T
w7, 0] —{-m 12}, between —1 and 1 ’ \-7-'2L: o :12'5_ -
\ : i : ' ‘\-_ :
[0, 71~ {z/2}, el &0 Al
i b o .
[z, 27]— {37 /2} ” ‘:,_ . .
y=sCcCcx
cosecx| xeR—-nnr ¥V neZ y € (=0, —1]U[l, ) ¥
V= euses K
B2, - 21— {-n}, i.e. range does not exist ) I,l ;]'.
-7 /2, m/2]-{0}, between —1 and 1 " . __,/f ‘
[7/2,37/2]-{x},... N 2
i _\:1 /’__.-\\. :
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Analysing the above table we see that

(1)  Circular functiosn are not bijective in their entire domain.

(i) tan,cot,sec,cosec functions are not defined on some of its points in their domain.

@) In sine and cosine functions range is restricted to [—-1, 1] whereas in sec and cosec functions range do
not lie between the interval (-1, 1)

Now if we have to find the inverse of these functions then we have to restrict their domain and make
them one-one onto, for that from the above table the trigonometric fucntions become bijective itself by restricting
their domain to any of the given intervals and then their inverse can be found out.

The following table shows the domain and range of inverse trigonometric functions under these bounded
conditions. Every interval of range have a branch of inverse function. In these branches there is a principal branch,
their range and shape represented by dark black colour.

Table 2.2
Functi¢n Domain Range Curve
y =
3t 7w =1,
sin"x [ ¥x=[-L1] =TS TS
/2
_r T
2727 « o x
=2 =1 1 2
T 3 i
> {
,I\?I’T
Y
2r
3n/2
00571 X X e [—1, 1] ...[—ﬂ', 0], n
/2
[0, 77]; i 43210 71/22 3 4 >
[7T, 271'],... :l:n/Z
-2n
3r & v
tan'x | xeR _7’_5’
__________ miZ_______
o) (7 3 -
27 2) 2 2) el
Note: function is not defined on
¥ =arctan o] X
SElEzESE L e et
27 2°2° 2 //—
—/—n
=3mi2
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r
________ eml__________
ot x| xer (=, 0); \ /2
T
O, 7); —i ——————————
(7, 27),... O@tx
Note: function is not defined on X X
w7, 0, 7, 27... x
2 k
=1
Y
¥
h
ml Z#.
T .
sec’ x| xe (=0, ~1UML @) | .-z, 0]~{-7/2}; %
.
[0, 7]—{x/2}, .v-".:'t] ...........
e
- 7 X
[z, 27]-{37/2},... X — = g
Note: function is not definedon | ~  ~=2I27° _"EE: ----------
wm w12, m12,3712,... Y=
wwr
%'
¥ =o'y
Y
3n
2
L
cosec ' x| x€(—0, -1U[l, 0) | ...[B7n/2, =7 /2]-{-x};
T
[-7/2, m12]-{0}; [y=acesz] 3 k
(7/2,3n/2)—{r},... o '
A . =32 -1 |01 2 3 4=
Note: function is not defined on .
7,0, 7,... i _%
-7
y'

Note : If y= f(x) then we get x= f'(y) ie. in the graph of trigonometric functions if we

interchange the X and Y-axis then we get the graph of inverse trigonometric functions.

(1)  If the branch of inverse circular function is not defined then we mean the principal branch of the function
only.

(i) If the value of inverse circular functions lies in the principal branch then that value is termed as its principal
value, See table 2.3
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General values

We know that sin 6 = sin {nn +(-1)" 0} , where n eZ is the set of integers.

Now if sin”' x=6 then the general value of sin"' x is nz+(~1)"sin™ x and is denoted by sin'x
Thus Sin"'x=nx+(-1)"sin"' x, neZ
Similarly Cos'x=2nmw+cos'x, neZ
Tan 'x=nz +tan”' x etc.
where by Cos'x, Tan'x we mean the general value of cos™ x,tan” x . Similarly

Sec™'x, Cosec'x, Cot™'x we mean the general value of sec™ x, cosec™'x, cot™ x
Principal value
The Principal value of inverse circular function is the smallest positive or negative value of & which

.1 .o 1 .
satisifies the equation sin6 = x, cos@ = x For example sin 1(;)230 ,sin 1(——) We denote this by

V2

sin”' x, cos™ x, tan"' x etc.

The intervals of inverse circular functions are different:

Table 2.3
Function Principal Value Domain
. T T
y:su’f X _ESySE —-1<x<1
y:cosfl_x 0<y<rm —-1<x<1
-1 7[
y=tan  x _E<y<5 —00 < X < 0
-1 O<y< d
y=sec x yEmy#Eo (—o<x<-1U(l<x<x)
. T T 0
y=cosec'x Sy SYs<5.y? (—o<x<-1U(l<x<x)
y=cot'x O<y<rm —00 < X < 0

Note: (i) If x>0 then the principal vlaues of all inverse circular functions lie in the first quadrant [0, 77 /2]
(ii) If x<O then the principal vlaues of sin™' x, tan™' x and cosec'x lie in the fourth quadrant

[—7 /2, 0] whereas the values of cot™ x,sec™ x lie in the second quadrant [ /2, 7]
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2.03 Relation between Inverse Circular Functions
Let @=sin"'x then sin@=x then ¢os@ = +/1— 2 ( sin’ @ +cos® 0 = 1)

O=cos'\I-x*

imilar tan @ = sinf _ = 0= tan" —=
S ly cos® «/ —x? 1—x2
NI 1-x°
cotf = C?SH = Y 5 0=cot” al
sin @ X X
1 1 1
secH = = =0 =sec”

cos0 JI—x* I

1 o1
cosecd =——=—=0=cosec”' —
sinf x X

2
sin”' x =cos™ (\/1 —x’ ) =tan"' al =cot™ =X sec”! ! =cosec! 1
V1= x* X 1-x2 X

Note: The validity of these formulae is for certain interval.
2.04 Properties of inverse circular functions

@ sin(sin’l x) =x, —1<x<1 and sin”'(sinf)=x, —% <6 S%
Proof : “ssin”' x=0 then sin@=x [by definition]
putting the vlaue of 0, we have sin(sinfl x) =x
again if sinf=x,-1<x<1
. T r
then stlnlx,—ESQSE;O:sin’l(sinG)

thus from the given table for the values of x and 8 we have

cos (cos*l x) =x cos ™' (cos 0) =0
tan (tan ™' x) = x tan”' (tan 6) = 0
cot (cot x) pt cot™! (cot) =6
sec (sec x) sec! (secO) =0

S——"
N

cosec (cos ecilx) =x cosec ' (cosech)=

. 1 2w\ 2rm 2w
Note: sin sm? # 3 Since the principal value of sin™' x is not 3
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.1 [ . 27[] o1 . [ 7[] . [ . 7[] T
Sin SIn—— | = S1n smm| 7——| | =811 SIN— | =—
3 3 3 3

.1 _
(i) sin”' —=cosec”'x, R~(-11)
X
. 1 ) 1 _ . _
Note: sin'—=60=sinf=—=cosecd=x=60=cosec 'x =sin"'—=cosec'x
X X X
71 . 711
cosec x=sm —,x<-1,x2>1
X
cos x=sec —, x<-1,x2>1
X
1 1
sec x=cos —,x<-1x2>1
X
-1 a1 -1 gl
tan” x=cot” — x>0 and cot x=tan —, x>0
X X
. .1 _ _
(i)  sin”'(—x)=—sin"'x and cos™ (-x)=7—cosx,~1<x<1

Proof : sin” (—x) =60 = —x =sin@ = x = —sin 0 =sin(—0)

or sin” x=-0 =—sin"' (-x)
or sin”!(—x) =—sin" x

Similarly if cos™ (-x)=60 @ x=-cos@
or x=cos(w—0)

cos'x=n—-6

or cos” x=mw—cos” (—x)
or cos™ (—x)=m—cos™ x
Similarly tan”'(—x)=—tan"'x, cosec” (—x)=—cosec x

sec” (—x)=m—sec” x,cot” (—x)=m—cot™ x

2.05 Other important standrad formulae
(i) To Prove that:

(@) sin”' x+sin~' y =sin™’ {x\/l—y2 + y\/l—xz}
(b) 2sin”' x=sin""' {2)(\/1 —-x’ }
© 3sin”' x =sin™ {3x—4x3}
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Proof : (a) Let sin!x=6, sinf, =x and sin”' y=0,

ie. sin@, =y then cos 6, =\/1—sir126’1 =VJ1-x
similarly cos0, =\/1—sin2 0, =\/1—y2
we know that

sin (01 + 02) =sin @, cos B,  cos 6, sin b,

or 0,£0, =sin"' (sin 0, cos 0, £ cos 6, sin 6’2)

sin" x+sin”' y =sin”"' [x\/l— v £ yaf1- 22 }

() Let sin'x=0 ie. sinO=x

sin26 = 2sin @ cos O = 2sin O/ 1—sin? O = 2xv/1—x*
— 20 =sin™ {2x\/1— x* }

2sin”' x =sin™ {2)(\/1 —x? }
() We know that sin30 = 3sin 0 —4sin’ 0
30 =sin"' (3sin0 - 4sin’0)
or 3sin”' x =sin™ (3x - 4x3)

(ii) To Prove that

(a) cos” x*cos™ y:cosfl{xy$\/1—x2\/l—y2}

(b) 2cos ' x=cos™ (2x2 — 1)

(©) 3cos x=cos™ (4x3 — 3x)
Proof : (a) Let cos'x=0, ie. cos 0, = x

and cos'y=0, ie. cosf, =y

then sin@, =+1-x* and sin@, =/1-y’

Now we know that

cos (01 + 02) =co0s 6, cos O, Fsin b, sin b,

or 6,0, =cos™ (cos 0, cos 0, Fsin G, sin 6’2)

cos” xtcos ' y= [xy$\/1—x2\/l— yz}
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(b)  Let cos'x=0 ie cos@=x - cos20=(2cos’0)-1=2x"-1

or 20 =cos™' (Zx2 - 1)
or 2cos”' x=cos”' (2x2 - 1)

(c) We know that cos30 =4cos’ 6—3cos O -.30=cos™ (4 cos’ @—3cos 9)
or 3cos™ x=cos™ (4x3 - 3x)

(ii1) To Prove that

+
(a) tan”' x+tan"' y=tan" { al y}
1—=Xxy
(b) tan”' x—tan”' y =tan”’ {u}
1+ xy

1 ,1(X+y+Z—xyZ\

(©) tan”' x+tan”' y+tan~' z =tan L
l1-xy—yz—2zx
2
(d) 2tan”' x =tan"' [ al 2]
1—x
3
() 3tan”' x =tan”' {3)( xz\
1-3x

Proof : (a) Let tan"' x=0, ie., tang, =x and tan"'y=0, ie., tanf, =y

We know that
tan 6, + tan 6 +
tan (6, +6,) = il 2 X7
l-tan6 tanf, 1-xy
+
or 6, +6, = tan™" {x_y\
1-xy
» o L x+y)
or tan”' x+tan”' y = tan L—
1—=Xxy
i _ af x- L
(b) tan”' x—tan”' y =tan™’ (H—yj can be proved in a similar manner as (a)
Xy
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(x+y)

(©) Now tan”' x+tan”' y = tan" L—

_ _ _ x4+ _
tan”' x+tan' y+tan~' z = tan 1L—yJ+tan 'z

— tan {(x+y)/(1—xy)}+z
_1—z{(x+y)/(1—xy)}
gt X+ y+z—xy7)
I-xy—yz—zx
(d  Let tan" x=60 ie. tanf=x
tan 20 — 2tan2¢9 _ 2x2
I-tan" 60 1-x
2x
20=tanl[ j
or 1-x°
or 2tan1x=tanl[ 2x2j
1-x
© Kiow that an 30 < 3tan 6 —tan’ 0
e we know tha STy
30 = tan”! 3tan6 —tan’ @
1-3tan’ 0
3
or 3tan” x-tanl{3x xz}
1-3x
(iv) To prove that
1
() cot” x+cot™ y=cot™ L i }
X+
1
(b) cotl)c—cotlyzcotl(xer j
y—x
Proof : (a) Let cot”' x=6, and cot™ y= 0,
then cotf, =x, cot, =

cot6, coth, —1

we know that cot(91+02): v v
cot 6, +cot 0,

[33]
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[ cot 0, cot 0, — 1

or 0,+0, =cot
cotf, +cotb,

_ _ S xy—1
cot ' x+cot™ y=cot 1( Y j

or
X+y

xy+1
y—x

(b) cot” x—cot y=cot™ ( j can be proved as (a)

(iv) To Prove that

1

1 -1 T -1 -1 T
X+ cot XZE (c) sec x+cosec xZE.

. . T i
(a) sin”' x+ cos lx:E (b) tan
. . . T
Proof : (a) Let sin”' x=0 then sin l)c:0:>)c:sm0:cos[5— j
LT
= cos x=—-0
2
LT
= COS X:E—Sln X
. . T
=sin” x+cos x=—.
2
_ T
(b) Let tan"' x=6 then tanlx:0:>x:tan9:cot[5—9j
_ T
=cot'x==-6
2
.,z o
= cot x=5—tan X
_ I
= tan~' x+cot lx:E.
. . T
(c) Let sec” x=0 then sec 1x=0:x=see0=cosec[5— j
I
= cosec leE—G

4 »
= cosec x:E—sec X

1 4
—=sec x+cosec x :E.
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Ilustrative Examples
Example 1. Find the principal value of

(a)shll(—é) (b) mn*(—JE) (¢) sec! (¥2),

. 1 . 1
Solution : (a) Let sin”' (_EJ =0, sinf= -3

. T . T
since the principal vlaue of sin™ x lies in the interval ) <sin”' x< =
Tep<Z
2 2
But sin @ is negative
“Z<o<0
2
— sin@z—l:—sinzzsin —EJ:NE’:—E
2 6 6 6
. Y
-, the principal value of sin ) is —¢

(b) Let tan™ (—\/5) =0, = tanf=-/3

- .. . T _ T
since the principal value of tan "X lies in the interval ) <tan™ x < >

_£<H<£
2 2
But tan 6 is negative
~2<6<0
2
= tan@:—\/gz—tan%:tan(—gJ = ez_g

.. the principal value of tan” (—/3) is —7/3

(©) Let sec ' (\/5) =0, = secO=+2
Here since x >1 i.e. for | < x the principal value sec”' x lies in the interval 0 <sec™ x < r
0<6< z
2
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= sec@zﬁzsecn/él = 0O=nxn/4

. Thus the principal value of sec™'(+/2) is 7/4

E le 2. P that 4tan"l—tan’li+tan"i—z

xample 2. Prove tha 5 0 59" 2
o1 L1 L

Solution : L.H.S. =4tan” ——tan  —+tan —99

=2 [2 tan™' lj - [tan1 1 tan ' Lj
5 70 99

o 2/5 tan”! 1/70-1/99

=2tan —tan ' ——— — 7~
1-1/25 1+1/70%x1/99
:2tan*l——tan*lﬂ
12 6931

L 2x5/12 L1
et

an
1-25/144 239

1201
a1 22 o ) 119 239
=tan t 539 tan 120 1
1+—
119 239
28561 T
=tan '=——=tan '()===
28561 O 4 (RHS)
Example 3. Prove that
/ -b (b+acosx}
2tan”! tan— = _
+b a+bcosx
b
Solution : Let { a- tan }
a+b
tan@ = _b i
a+b 2
1—tan* 0
20=——
= €08 1+tan* @
1_a—btan2£ b(1+tan j+a(1 tan xj
a+b 2 2 2

-b
1+27%@n* Y gl 1+ tan® X |+ 5| 1-tan? >~
a+b 2 2 2
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al—tanz(x/2)
1+ tan’(x/2)

N 1—tan*(x/2)
1—tan*(x/2)

_b+acosx
a+bcosx

b+acosx

J

20 =cosl(
a+bcosx

-
2tan™" a-b tan =\ = cos
a+b 2

1 1
Example 4. Prove that tan [E +-cos” ﬁj +tan [Z —cos
4 2 b 4 2

i b+acosx

a+bcosx

- a
Solution : Let cos'—=0, gg cos20= Z

| =
SRR

LH.S. = tan [%m} +tan (%_aj

T T
tan —+tanf tan——tan@
4 n 4

1—tan£tan6’ 1+tan£tan9
4 4

3 1+tan9+1—tan0
l1-tanf 1+tané

B (1+ tan 0)2 +(1-tan 0)2
B (1-tan 0)(1+ tan 0)

_2(1+tan20\ 2

L a

)

[dividing Nr and Dr by 1+ tan” x/2 ]

2b

2 2b
—=R.H.S.

B Ll—tanzé’J - (1-tan0) -
1+tan’ @

2

2xy

a

1 X _
Example 5. If cos™ —cos : % =a then Prove that
a

X _
cos~ —+cos

Solution : Given 1Y _ g
a b

[37]
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y .2
CoOSO +—=SIn" «.
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2 2
Xy / X / Yy

= ——1=—, /-5 =cos«
ab a’ b’

= [%—cosaY:{l—Z_z}{l_Z_z]

2.2 2 2 2.2
XyT 2xy Xy Xy
= —=cosa+cos’a=1-"5—+
a’h®  ab a> b a’b’
2 2
X~ 2xy y
— ————cosa+-5=1- cos’ a
a®> ab b’
2 2
x 2x .
. —2——ycosa +y—2=s1n2 a.
a ab b
Example 6. Solve the following equation :
1-a? L 1-b? _
cos™ —+cos ——==2tan" x.
l+a

Solution : Let a=tan6,b=tangd, = O=tan'a,d=tan'b

l1-a®> 1-tan’0
1+a> 1+tan’6

0s 20

1-b> 1-tan’¢
= =Co0s2
= 1+b*> 1+tan’ ¢ ¢

from the given equation

cos ' (cos20)+cos™' (cos 2¢) = 2tan ' x

= 20+2¢=2tan"" x
= O+¢=tan"'x
= tan 'a+tan 'h=tan ' x
L a+b 4
- tan =tan  x
1-ab
_a+b
l—ab’

Example 7. Prove that

cos [tan’1 {sin (cot’1 x)}} = ;Cz :;
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Solution : Let cot™ x=0, then cot@=x

1 1 1
cosecd Jeot?9+1 xP+1

If cot@=x, sinf=

O=cot” x=sin"

L.HS. =cos| tan”’ {sin(cot*1 x)}]
=cos _tan*1 sin (sin’1 L)
L X+ IJ

:cos_tan*( ! q
L\/1+x2J

1
We know that tan ¢ = then €OS ¢ =
V1+x° 2+ x°

Example 8. Solve the following equation :

41 o1 » 1
tan” ——=tan~ —+tan  ———.
a—1 X a —x+1
41 o1 4
Solution : tan” ———tan~ —=tan ————
a—1 X a —x+1
(1 1)
= tan”' le =tan" — .
1+ a — X+
(a—l)x
x—a+1 _ 1
= ax—x+1 a*—x+1
= (x—a+1)(a2—x+1)=ax—x+1
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=

j—
Example 9. Solve the following equation :

. o pis
sin ' x +sin 12x:§

Solution :

= 2

= 2

2

3

1
thus the solutionis X = —
us the solution is 7

2 3 2 2
xa —a —x +a +x—a=0

az(x—a)—(x+a)(x—a)+(x—a) =0

(x—a)[az—(x+a)+1]

=0
(x—a)(az—x—a+1)=0

X=a and x=a’—a+l.

. o pis
sin ' x +sin 12x:§

[E —cos™ xj + [E —cos™! 2xj _Z
2 2 3

_ _ 2w
cos™' x+cos 12x:?

cos™' [x.2x —J1=x*1-4x* J = 2?7[

x? _mm:cos%
M%;Jﬁm
1
4x' + 242 = (1-%)(1-4x%) [by squaring]
4)c4+i+2x2 =1-5x" +4x*

1 /3

2\7

3
-= \/; does not satisfy the given equation
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10.

11.

12.

13.

14.

Exercise 2.1
Find the principal value of the following angles:

(i) sin~'(1) (i) Cosl[—%j (iii) sec*‘(—\/i)

(iv) cosec™ (-1) ) cot{ \/TJ (vi) tanl( ! j
iv —~ v —|= vi — |
3 3

Prove that [from 2- 8 ]

2tan” 1 tan™' 1z
2 7 4
17 L2 1
tan ' ——tan ' = =tan"' —
19 3 7

cos™! 63 +2tan”" 1_ sin™' 3
65 5

sec’ (tan*l 2) +cosec’ (cot*1 3) =15

2
,ll_x
2

2tan ' x =sin™

= COS
g

1+ x
tan”! ax . |bx o fex
an~ ,[—+tan  ,[—+tan" ,[— =7, where a+b+c=x
bc ca ab

1
. 1{1+\/1+x2 }2

1
—tan  x=cos
2 241+ x*

If cos™ x+cos™ y+cos™ z=r, thenprove that x*+ y* + z> + 2xyz = 1.

If sin”" x+sin”' y+sin™' z = 7z, then prove that wWl-x? + y\/l — " +zd1-7" =2xyz.
(Hint : If A+ B+C =7 then sin2A+sin 2B +sin2C =4sin Asin BsinC)

) . ) T
If tan™' x+tan”' y+tan IZ:E, then prove that xy + yz+ zx =1.

1 1-y> 1 -7
If —sin™ L +—tan*13Z £

1
+—cos — 5. _
2 l+x* 2 1+’ 3 135 then prove that x+ y+z = xyz.

(J1+y2) 1
If sec™ (\/1 +x’ ) +cosec” L—yJ +cot™ [5] =37, then prove that x+ y+z = xyz.
y

Prove that tan™' x+cot™ (x+1)=tan™ (x* + x+1).
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15. If tan™'x,tan™' y, tan”' z are in A.P, then prove that y*(x+z)+2y(l-xz)—-x—z=0
16. If the roots of X'+ px’+gx+p=0 are a, B, v , then prove that (except one situation)
tan" @ +tan”' f+tan”' ¥y =n7 and also find the situation when it does not happen.

Solve the following equation [Q. 17 to 25]

17. sec™ [ij —sec” (%] =sec'b—sec ' a
a

18 cosl(x2_1\+tanl[ 2x j_2_7r
' Lx2+1J x> -1 3

-1 1 -1

tan +tan =tan —
19. 1+ 2x 4x+1 x*
20. tan"' > 7 +tan’ x-1_ z—tan' 7
x—1 X
1 T
21. sin™’ [—] +cot ' x=—
V5 4
22. 3tan’ L tan™' 1_ tan™' !
2++3 x 3

23. sin Z[COS’1 {cot(Ztan’l x)}} =0

24, tan” [lj +2tan”" [lj +tan”' [lj +tan”' [l] -z
: 4 5 6 )4

. . 2w 4 O T
25, sin” x—sin y:?; CcOoS™ xX—cos yzE.

Miscellaneous Exercise - 2

1. The principal value of tan™' (—1) is

(@) 45° (b) 135° (©) —45° (d) —60-
2. 2tan"'(1/2) equals
-1 3 -1 3 -1 5 -1 1
BT C R R |
3. Iftan"'(3/4)=0 then the vlaue of sin@ is
3 3 4 1
@) 3 (b) 3 © 3 @ 7
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10.

11.
12.

13.

14.

15.

The value of cot [tan*l o +cot™! a] is

(a) 1 (b) oo (c) 0
. a1
If sin l[zj = X, then the general value of x is
T T T
2nw+ — — +—
(@) 2t G () nrsZ

The value of Ztan(tan*1 x+tan™ x3) is

2x
1—x*

(a) (®) 1+x° (c) 2x

If tan™'(3x)+ tan™' (2x) = E, then the value of x is

4
1 . 1
OF- b) 3 © 15
(J3) (J3)
The value of sin™ LiJ +2cos™! Lij is
2 2
z w = 2
@ 5 b) 5 © 3
i a1 - .
If tan (1) +cos [—] =sin" x, then the value of x is
J2
(a) -1 (b) 0 (c) 1
-1 afl 4
If cot " x+tan [gj = 5 then the value of x is
1
(@) 1 (b) 3 (©) 3

If 4sin”' x+ cos™ x = 7, then find the value of x

Find the value of cos [(ﬂ /2)+sin”! (1/3)]
If sin™' (3/4)+sec™ (4/3) = x, then find the value of x
Find the value of sin™' (4/5)+2tan"' (1/3)

If sin™' (5/x)+sin™' (12/x) =90°, then find the value of x

[43]

(d) None of these

(@ m(-1) 2

(d) None of these

N | =

(d)

@ r.

d —3.

(d) None of these



16. P that sinfli—cosflz—sin’lﬁ
. Prove that : 5 T 5
17. If tan' x+tan™ y+tan~' z = 7, then prove that x+ y+ z+=xyz.
-1 1 -1 -1 2
18. Prove that : tan [EtanZAj+tan (cotA)+tan (cot A)=0_
19. Prove that : tan"' x=2tan™' [cos ec(tan’1 x) —tan (cot’1 x)]
L ox3 - .
20. If ¢=tan ! and @ =tan”! 2x-K , then prove that the value of ¢—6 is 30°
K—-x K3
_ [ sin2a +cos
21. Prove that: 2tan 1[tan(45° —a)tanﬁ}zcos ! ‘ p .
2 1+sin2a cos 8
. Important Points]
1. If sin@=x then @=sin'x and sin”' x=6 then sin0=x.
2. sin(sin’l x) =x, sin”(sinx)=x; cos (cos*l x) =x,cos ' (cosx)=x etc.
. .. s -1 -1 -1 1. T T
3. () The principal value of sin  x, tan " x, cot " x,cosec x is ) to 5
(i) The principal value of cos™ x and sec™ x lies from ( to 7
4. (@ sin"(-x)=-sin"x, tan”'(—x)=—tan"'x, cosec” (—x)=—cosec x
(i) cos(—x)=m—cosx, sec”(-x)=m—secx, cot (—x)=m—cot " x
. . 1 a1 1 a1 -1 1
5. (@ sinT'x=cosec”—, cos'x=sec’—, tan x=cot —
X X X
. -1 | 1 a1 - o1
(i) cosecx=sin"'—, sec’x=cos'—, cot'x=tan" —
X X X
sl -1 T -1 -1 T -1 -1 T
6. sin'x+cos x= tan~' x + cot x=7n sec”' x+cosec'x=—
+y)
7. G4 tan”' x+tan~' y =tan" L
+Xy
+y+
(i) tan” x+tan” y+tan” z=tan" {M\
l1-xy—yz—2zx
. 2x L 1=x? o 2x
8. 2tan'x=sin"' ~=cos” ~=tan" -
+x 1+ x 1-x




,

9. sin”' x*sin”' y=sin"’ (x.«/l —y 2 yAl-x* )
10. cos 'x+cos' y=cos™ (xy FVl-x*V1-x7 )

11. (i) 2sin”' x=sin"' (2x\/1 —x ) (ii) 2cos™ x =cos™ (2x2 —~ 1)

12. () 3sin”' x =sin~* (3x - 4x’) (ii) 3cos™ x=cos™ (4x° - 3x)
(i) 3tan-' x = tan -1 X=X
1-3x2
Answers
Exercise 2.1
N 27 L 37T T 2z N
. > (i) 3 (i1) 1 (iv) > (v) 3 (vi) 6
T -2
17. x:ab 18. x:tan[aj 19. x20,3,? 20. X:11i4\/6
—-461
2. x=3  22. x=2  23. xzil,i(li\/i) M. x=—-
1
=—, :1
25. x > y
Miscellaneous Exericse - 2
1. (¢) 2. (a) 3. (b) 4. () 5. (d) 6. (a) 7. (a)
8. (¢) 9. (¢) 10. (¢) 11. 1/2 12. -1/3 13. ©/2 14. /2
15. 13
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