9.11 Triple Integral

Functions of three variables: f(x,y,z), g(X,y,2), ...
Triple integrals: ”I f (x,y,z)dV, J:” g(x,y,z)dV,
G G

Riemann sum: iiif(ui SV Wy )AxiijAzk

i=1 j=1 k=1
Small changes: Ax;, Ay;, Az,
Limits of integration: a, b, ¢, d, r, s
Regions of integration: G, T, S
Cylindrical coordinates: r, 0,z
Spherical coordinates: r, 0, ¢

Volume of a solid: V
Mass of a solid: m
Density: u(x,y,z)
Coordinates of center of mass: X, y, Z
MXZ

1

First moments: M, ,M,,

Moments of inertia: Lo>L,,L,1,1,L,]

1099. Definition of Triple Integral
The triple integral over a parallelepiped [a, b]x[c, d]x[r, 5]

is defined to be
” f(x,y,z)dV=lim izn:zp:f(ui,vj,wk)AxiijAzk,
[a, blx[c, d]X[r, s] $Z§2§::8 i=1 j=1 k=1

max Az, —0

where (ui Y, ,wk) is some point in the parallelepiped
(Xi—l’xi)x (Yj—l’Yj)X (Zk—l’zk ) ;and Ax; =x; =X,

AY; =Y = Vi Az =2y =2,

1100. ”j [f(x,y,z)+ g(x,y,z)]dV=”I f(x,y,z)dV+”j g(x,y,z)dV



1101. J.J.J- ,y, (x,y,z)]dV = J.J.J- f(x,y,z)dV - j” g(x,y,z)dV

1102. {[[ kf(x,y,2)dV =k[[[ f(x,y,2)dV

where k is a constant.

1103.1If £ (x,y,z)z 0 and G and T are nonoverlapping basic
regions, then

m f(x,y,2)dV = j” f(x,y,z)dV + I” f(x,y,z)dV
GUT G T
Here GUT is the union of the regions G and T.

1104. Evaluation of Triple Integrals by Repeated Integrals
If the solid G is the set of points (x,y,z) such that

(x,y)eR, x,(x,y)<z<y,(x,y), then

m x,y,2)dxdydz = ”Ljfxy, dz}dxdy,

R | xi(xy)

where R is projection of G onto the xy-plane.

If the solid G is the set of points (X,y,z) such that
a<x<b, (Pl(x)S ys (pz(X), XI(X’Y)S zs Xz(X’Y)’ then

il <>dx1[[f<>de

al| o ()\ (xy)

1105. Triple Integrals over Paralleleplped
If G is a parallelepiped [a b then

m x,y,2)dxdydz = { !f ,Y,Z)dsz}dx



1106.

1107.

In the special case where the integrand f(x,y,z) can be
written as g(x)h(y)k(z) we have

I sy @g(x)dx][]jh(y)dyj@k(z)dz) |

Change of Variables

.”.[ f(X’Y:Z)dXdydz =

_j.[.[ x(u, v, w), y(u,v,w), z(u, v, w)] ox.y,2)
a(u)V,W)
x ox ox
ou Ov ow
where a(x,y,z) _[9y oy ﬁio is the jacobian of
a(u,V,W) ou Ov Ow
o oo
ou Ov ow

the transformations (x,y,z)— (u,v,w), and S is the pull-
back of G which can be computed by x=x(u,v,w),

y=y(wv,w)
z=2(u,v,w) into the definition of G.

Triple Integrals in Cylindrical Coordinates
The differential dxdydz for cylindrical coordinates is

0(x,y,2)

8(r,6,z)

dxdydz = drd0dz =rdrd6dz.

Let the solid G is determined as follows:

(xy)eR, x,(%y)<z<y,(xy),

where R is projection of G onto the xy-plane. Then

J.” f(x,y,z)dxdydz = J.” f(rcos®,rsin 6,z rdrdodz
G S



% (rcosO,rsin@)
= ” If(rcos G,rsine,z)dz rdrdo.
(r,6)

%1 (rcos0,rsin@)

Here S is the pullback of G in cylindrical coordinates.

1108. Triple Integrals in Spherical Coordinates
The Differential dxdydz for Spherical Coordinates is

a(x,y,z)

olr,6,0)
J.” f(x,y,z)dxdydz =

dxdydz = drd0de =r* sin 0drdode

= J.“. f (r sin 0 cos @,rsin Osin @, r cos 6) r’sin0drd0deo,
S

where the solid S is the pullback of G in spherical coordi-
nates. The angle 0 ranges from 0to 27, the angle ¢

ranges from 0 to .
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Figure 202.



1109. Volume of a Solid
v = [[[ dxdydz
G

1110. Volume in Cylindrical Coordinates
V= ”I rdrd6dz

S(r,e,z)

1111. Volume in Spherical Coordinates
V= j j j r? sin 0drdode

S(x,0,0)

1112. Mass of a Solid

m =Hj p(x,y,z)dV R

where the solid occupies a region G and its density at
a point (x,y,z) is u(x,y,z).

1113. Center of Mass of a Solid

—_M)’Z —_sz —_MXY
X= » Y= » L= )

m m m
where

M, = J.J.J- xp(x,y,z) dv,
M, = [[] yu(oy,z)av,

M, = j” zu(x,y,z)dV

are the first moments about the coordinate planes x=0,
y=0, z=0, respectively, u(x,y,z) is the density function.

1114. Moments of Inertia about the xy-plane (or z=0), yz-plane
(x=0), and xz-plane (y=0)



L, ='[J.'[ 2’u(x,y,z)dV
I, = ”I x’u(x,y,z)dvV
L, = [[[ y’u(oy,2)dv

1115. Moments of Inertia about the x-axis, y-axis, and z-axis

=1 +I, =m zz+y2)ux,y,z )av,

L= +1 _m 2+ Ju(x,y,2)dV,
IZ=IXZ+IYZ:”I y:+x )ux,y,z dv
G

1116. Polar Moment of Inertia
L=L, +I, +I, = [[[ (& +y* +2* u(x,y,2)dV
G



