("Question“‘
Set DIFFERENTIAL EQUATIONS
(Marks with option : 08)
. 13

FORMATION OF DIFFERENTIAL EQUATION |

| Solved Examples | 2 marks each ‘

Ex. 1. Find the order and degree of the D.E. :

2
A3) ("Zy> +c0s<dy>=0.
dx

Solution :

(1) The given D.E. is @+x<dy>+y=2 sin x
dx? dx
This D.E. has highest order derivative % with power 1,
X

*. the given D.E. is of order 2 and degree 1.

(2) The given D.E. is

On squaring both sides, we get

1 2y
7 2=<dx2>
(%)

dx
2 2
() o= ()
dx dx? dx
This D.E. has highest order derivative % with power 3.
X

", order =2 and degree = 3.



. [\ dy
(3) The given D.E. is{ —= | +cos| = |=0
dx? dx

This D.E. has highest order derivative %
X
", order =2
Since this D.E. cannot be expressed as a polynomial in differential

coefficients, the degree is not defined.

Ex. 2. Form the differential equations by eliminating the arbitrary constants
from the following equations :

M) y=c2+= @) 3 + )3 = dax
x
() y=Ae~ + Be—5* @) y*=(x+c).
Solution :
a)y=&+§ (1)

Differentiating w.r.t. x, we get

d_y=1<cz+e>=o+c<_1>
dx dx X X2

L _c
" dx X2
o= —xzﬁ

dx

Substituting the value of ¢ in (1), we get

2
o2 )
dx X dx

et <@>2_x@
o dx dx

2
x4 <@> —X & —y=0
dx dx

This is the required D.E.

(2) The given equation is x* + )3 = 4ax .. (1)

Differentiating w.r.t. x, we get
3x2 4 332 d_ 4a
dx

Substituting the value of 4a in (1), we get



x3+y3 =<3x2 +3y2@>x
dx

X+ =3x+ 3xy2@

dx

28—+ 307 @=O
dx

This is the required D.E.

() y=A4e> + Be—> - (D

Differentiating twice w.r.t. x, we get

@erS" X5+ Be > x (—15)

dx
. Y _ 505 _ 5o
dx
and &y =54e>* x 5 —5Be > x (—15)
dx?
=254¢> + 25Be>* = 25(A4e> + Be )
—25y . By ()]
dxy
L ——=25y=0
dx? 4

This is the required D.E.

@ y*=(x+c)? o (D)
Differentiating w.r.t. x, we get

2y%=3(x+c)2~(1)=3(x+c)2

(x+c)2=23—y-%

, 2y dy\’

. (x~|—c)6=<?-%>

. 8 rayy

| @2)2_f.<5> - [By (D]

dy 3
" 27y4=8y3<—>
dx

dy 3
L 27y=8(—
7 (dx>



dy 3
L8l —=) —=27y=0
<dX> 4

This is the required D.E.

Ex. 3. Verify that :
dy
dx

dy

(1)y=a+b1sasolut10n0fxa+2 =0.

(2) x? +y? =12 is a solution of the D.E.yzx%+r 1+<Zﬁ>

(3) ysecx = tanx + c is a solution of D.E. Z—i + y tanx = secx.

dy
dx

(4) y=logx + c is a solution of the differential equation x:fx— +—=0.

(5) y = Ae* + Be—* is a solution of the D.E. szy Zi)— 2y =0.

Solution :

b
(1) y=a+-
X

Differentiating w.r.t. x, we get
dy 1 b
o0+ p[ —— )= —=
dx + < x2> x2

29
=—b
dx

Differentiating again w.r.t. x, we get
d/dy\ dy d

2. 2 (L2 T y—

* dx<dx> & ™)

L NP
YaR T T
d 2 dy

25-=0
dx2

b
Hence, y=a +— is a solution of the D.E.
X



2) x2+y* =%

Differentiating w.r.t. x, we get

a0 x4y Y
X

d dx
2
RHS = x ¥ 1 1 1+<dy> (‘—x +r 1+<_—x>
dx dx y
2
=—+r /1+— /y = /

_y2 2 __ 42
:_x+r <r>:_+_: x: =y =LHS
y y y y y

2
Thus, y =x ?—l— ro|1+ <§> is a differential equation whose solution is
X X

(3) ysecx =tanx + ¢
Differentiating w.r.t. x, we get

d dy d d
—(secx) + secx — = —(tanx) + —
Y gy (seex) +seex =2 (tanx) + ()

. ysecxtanx + secx b _ sec2x + 0
X
Dividing throughout by secx, we get
ytanx+?:secx oo [ secx # 0]
X

". ysecx = tanx + c is the general solution of the D.E.

@ + ytanx = secx.
dx

“4) y=logx+c
Differentiating both sides w.r.t. x, we get

—4+-=x1=0 xdy b =0
dx*>  dx dx*>  dx
d’ | dy
This shows that y = logx + ¢ is a solution of the D.E. x — > d =0.
X X



(5) Differentiating y = Ae* + Be—% twice w.r.t. x, we get
dy
X

=Ae¢* —2Be %

and —= &y =Ae* +4Be~ %
dx?

Hs=4 & —2y
x2 dx
— (de* + 4Be~2) + (Ae* — 2Be~2¥) — 2(Ae* + Be— )
=Ae* +4Be~ 2 4+ e —2Be~ % —24¢* —2Be~ %
=0=RHS

This shows that y = Ae* + Be~ > is a solution of the D.E. ? + & _ 2y =0.

dx

Examples for Practice | 2 marks each ‘

1. Find the order and degree of the D.E. :

dy _2sinx+3 ()@—I—dy—l— 1+
X

dx
L
dy \' P _ g d <d3y> <dy> _
3 |: <dx>} 8 dx? @ ax3 dx 20

)]

NS08

dy
(5) x4 L2 1+<dy> (6) e<5>+d—y=x.
dx? dx? dx
2.  Write the degree of the differential equation
0P +3 ") +3x +5y=0. (March °22) (1 mark)

3. Form the differential equations by eliminating the arbitrary constants

from the following equations :
() x—aP+y2=1 @ y=a+?
X

() y=(c1 +cx)er (4) y=A4e3* + Be=*
(5) y=Acos2x + Bsin2x.

4. If y = e*, show thatx? =ylogy.
X



ANSWERS

1. (1) order =1, degree =2 (2) order =3, degree =1
(3) order =2, degree =2 (4) order =3, degree =3
(5) order =2, degree =1 (6) order =1, degree is not defined.
2. 2
dy \ d
3. (1)y2[<y> +1]=1 @ xx+DZ4y=0
d dx
dy dy d*y
3 —2—= =0 4) — =
® 527 O
(5) + 4y =0.
| Solved Examples ‘ 3 marks each
Ex. 4. Form the differential equations by eliminating the arbitrary constants
from the following equations :
(1) y=e (4 cosx + Bsinx) 2) Ax*+ By’ =1
(3) y=Acos (logx) + Bsin (logx) (4) y = c;e* + ce ™.
Solution :
(1) y=e~%(4 cos x + B sin x)

. e¥-y=4cosx+Bsinx (D)

Differentiating w.r.t. x, we get

Zx'j—y—Fy'ezx x 2=A(—sinx)+ B cos x
x

dx

Differentiating again w.r.t. x, we get

62x<@+2d_y>+<dy+zy> e x 2= —A cos x + B(—sin x)
dx*>  dx dx

<dy+2y> —A sin x+ B cos x

<d2y+2 +2Zy+4 > — (A4 cos x + B sin x)

dx? dx
dy | dy >
+4=+4y |= —e&> .. [By (1
e <dx2 Y e~y [By (1]
&y

. dx2+4d +4y=—y



4
" dx? dx

This is the required D.E.

(2) Differentiating Ax? + By? =1 (1)

twice w.r.t. x, we get

+5y=0

24x + ZByQ =0
dx

ie. Ax—i—By?:O .. (2)
d%  dy. dy}
dA+B + = 0
an |:ydx2 dx dx
e A+B + =0 ..(3
e [ a2 dx ®

These three equations in 4 and B are consistent.

*. determinant of their consistency is zero.

x2 32 1
dy
X - 0]=0
Y dx

d*y <dy>2

1 4= 0

ydx2+ dx

" x2(0—0) —2(0 — 0)+1[xy?+x<dy> ydy}o

dx dx
dzy <dy > dy
Y0
Ve dx2 dx 4
This is the required D.E.

@) y=Acos(logx) + Bsin(logx) (D
Differentiating w.r.t. x, we get
& = — 4 sin (log x)-i(log X) + B cos (log x)-i (log x)
dx dx dx
_ —Asin(logx) +Bcos(logx)
X X

. xz—y: — Asin (logx) + Bcos (logx)
X

Differentiating again w.r.t. x, we get

d%  dy _ —Acos(logx) _Bsin(logx)
dx2 dx X X




xzﬂ —I—x@ = —[4 cos (log x) + B sin (log x)]
dx>  dx
=-y [By (D]
2
. xzﬂ +x@ +y =0 1is the required D.E.
dx>  dx
@) y=cie¥ +ce™ (1)

Dividing both sides by e, we get
e My=ce ¥+,

Differentiating w.r.t. x, we get

675):.@_’_);)(@*5)5)((—5)=Clef3x><(—3)+0
dx
dy
e 5, )= —3ce
<dx y> 1

Dividing both sides by e—3*, we get
dy )
e X =—5y |= -3¢
( dx Y 1

Differentiating w.r.t. x, we get

e2x<d2y_5dy>+<dy_5y>-ezx( —2) =0

dx? dx dx
e—2x<@—5@—2ﬁ+ 10y>=0
dx? dx dx
Y _ g g, -
dx? X

This is the required D.E.

Ex. 5. Form the differential equation of :
(1) the family of circles touching the X-axis at the origin.

(2) the hyperbola whose length of transverse and conjugate axes are

. X 2
half of that of the given hyperbola — —— =k,
16 36
Solution :
(1) Let C(0, k) be the centre of the circle touching the X-axis at the origin.
Then radius of the circle is k.

". equation of the circle is (x —0)?> + (y —k)?> =k?



Xy =2k + 2= %

X2+ y?=2ky
2
g y=2k
7 C 0.k
where k is an arbitrary constant. k
Differentiating w.r.t. x, we get
dy X' o X
2y _ 24
( )= dx d -0
32 dx
dy dy
Ly X2x—x?= 4= =0
4 dx 4 dx -

L 2xy = (x? —yz)@
dx

dy  2xy

Cdx xr—3?
This is the required D.E.

(2) The equation of the hyperbola is

2 2 2 2
2P e B P
16 36 16k 36k
X2 2
Comparing this equation with ——=-5=1, we get
a b
a?=16k, b>=36k

L a=4k,b=6k
". I(transverse axis)=2a= Sﬁ
and /(conjugate axis) =2b= 12\/12
Let 24 and 2B be the lengths of the transverse and conjugate axes of the
required hyperbola.
Then according to the given condition

24=a=4/k and 2B=b=06./k

L A=2Jk and B=3./k

". equation of the required hyperbola is

x2 y2

2R



". 9x? —4y? =36k, where k is an arbitrary constant.

Differentiating w.r.t. x, we get

Ix2x—4x2y —=0
dx
dy
9x—4y—=0
* ydx

This is the required D.E.

Examples for Practice | 3 marks each

Form the differential equations by eliminating the arbitrary constants
from the following equations :

(1) xy=Ae* + Be =~ +x2 (2) y=e"*(4 cos2x + B sin 2x).
(3) y=c1e* + e 4) xy = ae> + be—.
(5) y*=a(b —x)(b+x) 6) (y—a)>=4(x—0b).

Form the differential equation of :

(1) all circles passing through the origin and having their centres on the
X-axis.

(2) all lines which makes intercept 3 on X-axis. (March °22) (2 marks)

(3) all parabolas whose axis is the X-axis.

ANSWERS
dy | dy &? dy
1 2= 2_.2=0 2) — 5 0
() 9242 % @ 2242 % 5y—
dy dy
3 6y=0 4 =25xy
() sy @ 272422
d*y d2y < >
— 6 2 =0.
(5)xyd2+(x y) (6) o
(1) y —x2 =2y % @ y=(x—3)d—y
dx dx

d*y <dy>
3 =0.
()yd2+ e



SOLUTION OF DIFFERENTIAL EQUATION

1. Variable Separable Method

‘ Solved Examples ‘ 2 marks each ‘

Ex. 6. Solve the following differential equations :
(€)) %=l+x+y+xy (2)y%+x=0. (March ’22)

(3) sec2x tanydx + sec?y tanxdy = 0. (Sept. ’21)
Solution :

1) @=1+x+y+xy
dx

s %:(1+x)+y(l+x)=(1+x)(1+y)
X

1
L ——dy=(+x)dx
1ery ( )

Integrating, we get, j L dy = [(1 +x)dx
1+y

x2
10g|1+y|=x+5—|—c

This is the general solution.

.o dy

Ly —=—x
ydx

Coydy=—xdx

Integrating both sides, we get
j yvdy=— j X dx

2 2

" JL: —£+Cl
2 2

L yr= —xr 420

. x24yr=c, where c =2¢,
This is the general solution.

(3) sec’x-tanydx + sec?y-tanxdy =0
2 2
s secxdx+secydy=0
tanx tany



Integrating, we get

2 2
Jsecxa,x_kjsecydyzc1
tanx tany

Each of these integrals is of the type

JJ;((;C))dleog /()] + ¢

*. the general solution is

log|tanx |+ log|tany | =logc, where ¢; =logc
". log|tanx - tany|=logc
. tanx-tany =c¢

This is the general solution.

Examples for Practice ‘ 2 marks each

Solve the following differential equations :

dy dy 1432
1. (1) ==x¥»+ 2) —=
()dx ey ()dx 1 +x?
dy dy _ ,dy
3)) y—x—==0 4) Y ——==x2 =,
3y T @y =
2. (1) cosxcosydy —sinxsinydx =0 (2) cos?ydx —cosecxdy =0
(3) secx dy+cosecydx=0 4) tany%=sin (x+y)+sin (x —y).
X
3. (1) 2t dx —3dy=0 ?2) ?zx«/%—xz
X
3) @=4x+y “4) log<d—y>=2x+3y.
dx dx
ANSWERS
w3
1. (D 10g|y|=?+x+c (2) tan~ly=tan—lx + ¢
B)x=cy 4) 2% tan~x +1=c)%
2. (1) cosx-siny=c (2) cosx +tany=c
(3) sinx—cosy=c (4) sec y+2cos x=c.
3
3. (1) 4 +3e¥=c 2) 3y+(25—x*)2=c

B) #+4r=c (4) 3e>+2e ¥ =c.



‘ Solved Examples ‘ 3 marks each

Ex. 7. Solve the following differential equations :

(1) e‘tan?ydx + (e* — 1) secydy =0
dy dy)

) y—x—=a +

2)y ; <y .

3) (x—yx)dx — (y +x%y)dy =0.

Solution :
(1) e*tan?ydx + (e* — 1)sec’ydy =0
et sec2y
I dx + dy=0
er— tan2y
On integrating, we get
e*
fet_l x ﬁ:"id = (D)
Pute—1=t¢ C.ooede=dt
S becomes,j ldt—i-J ! x €08 yd =c
t coszy sin?y

" J%dt +[ cosecydy =c

. log|t|+ (—coty)=c
. logle¥—1|—coty=c
This is the general solution.

dy dy) dy ly
) y—x—==al| ¥+ —xZ=w?+a
@y dx <y dx Y dx v dx
) dy dy . dy
Ly—at = +a—= Loyl —ay) =(x+a) =
yoayt=x—_ta—- y(l—ay) = (x+a) o
.oodx dy
“xta y(-—ay)
dx d
j —J Y —¢ (1)
x+a Jy(l—ay)
Now,j by j(l—ay)-i—aydy J(l—i- >dy
y (1 —ay) y(1—ay) y l—ay
log|1 —
—tog |yl +a B =1 _ 1001y —tog|1 — ay| = log

1 —ay




_y

I —ay

Gra(-a)|_ . . Gral-w)
y y

. (x+a)(1 —ay) = cy is the general solution.

Q) =y dx— @ +x)dy=0
©x(1—33dx —y(1 +x¥)dy=0

. (1) gives, log|x +a| — log

‘ = logc, where ¢; =logc

.. log

. X Y
. dx — dy=0
1 +x2 1 —y? Y

2x
T l4xr 12
Integrating both sides, we get

J 2 dx—i—J . dy=c¢
1 +x? 1—)?

Each of these integrals is of the type

dy=0

JJ;((;))dleong(x)l—Fc

*. the general solution is

log |14+ x%|+log|1—3?|=logc, where ¢; =logc
o dog (1 +x3)(1—yH) | =loge
S+ A -y =c

‘ Examples for Practice ‘ 3 marks each ‘

Solve the following differential equations :

1. y—x§=3<l +x2?> 2. (I +y)*tan—'x dx +2y(1 +x3)dy=0
x x

N1 =x2dy +x/1 —)y?dx=0

2 2
4., e—xjy:y(l + tan x + tan’x) 5. wdy—}-wdx:o
x X

w

y
ANSWERS
1. Gx+DHy—3)=cx 2. (tan—'x)2 + log |1 +)? =c
3. JV1I=x+1—-)y=c¢c 4. log|y| = e‘tanx + ¢
5. 2(x% 4% +2(xsin2x + ysin2y) + cos 2y + cos 2x + ¢ = 0.



2. General solution by substitution

Solved Examples | 3 marks each

Ex. 8. Solve the following differential equations with the help of the

substitutions shown against them :

dy

1) 1+—= =cosec (x +

@ I x+y)

Q) x+ y%= sec (x2+y?), x* + y* = u (March °22)
dy Y

3) | x=—p |e*=x%cosx, y=vx

()< e y) y

@ %=(4x+y+1)2,4x+y+l=u

) @zw,j,x_zy:u.
dx 3x—2y+1

Solution :

dy
(1) 1+—=cosec (x+) .. (1)
dx

Putx+y=v

dy dv
Sl —=—=—
+dx dx
d
.. (1) becomes, —Uzcosec v
dx

1

. dv=dx
cosec v

Integrating both sides, we get
| sinvdo= | dx

. —Ccosv=x+c

. x+cos(x+y)+c=0
This is the general solution.

) x+y%=sec(x2+y2) (D)

dy du

Put x> +)%=u 2x+2ya—a



dy 1 du

. x+ydx—§'a

1 d
.. (1) becomes, E_u =secu du=2-dx

dx "7 osecu
Integrating both sides, we get
j cosudu=2 j dx
. sinu=2x+c CLosin(x24+)?)=2x+c

This is the general solution.

Y
3) (x@—y>ex=xzcosx (D
dx
Put y =oux @zv—i-x@and)—}:v
dx dx X

.".(1) becomes, |:x< v +x? > - vx:| e’ =x%cosx

X

. ,dv v _ 2
| X +x"——70x e =x“cosx
dx

dv
— x eY =x%cosx
dx

X2

. Ldv
. eY—=cosx
dx

. eYdv=cosxdx
Integrating both sides, we get
[ e?dv = cosxdx

L el=sinx+c
y

L ef=sinx+c

This is the general solution.

@ Y @xryp )
dx
Putdx+y+1=u 4y Y _du
dx dx
" @:@_4 S becomes,@—4=u2
dx dx dx
" @=u2+4 ! du = dx

dx w44



Integrating, we get
1
——du=|dx
j u* + 2?2 I

1tanl<u>=x—i-cl
2 2

" tan—l<w>=2x+2cl
2

. tan_1<4x+y+ 1

2

This is the general solution.

dy 6x—4y+3 2(3x—2)+3

>=2x+c, where ¢ =2¢

.
()dx 3x—2y+1 (Bx—2)+1 O
Put3x—2y=u
Y _du
dx
A
dx 2
. (1) becomes, _<3_@>:2u+3
u+1
_@ 4u+6
dx  u+1
. du 3_4u—i—6_3u—i—3—4u—6
" dx u+1 u+1
, @_—u—3__<u+3>
Tdx u+l u+1
. u+1du=—dx
u+3
Integrating, we get
u+1du=—jdx
Ju+3
=2, 4
J u+3
. <1— 2 >du=—jdx
J u+3

" jldu—2fuj_3du= — | dx



L u—2loglu+3|=—x+c
o 3x—2y—2log|3x—2y+3|=—x+c
L 4x—2y—2log|3x—2y+3|=c

This is the general solution.

| Examples for Practice | 3 marks each

Solve the following differential equations :

1. Using the substitution x + y=u :
(1) G+ ) dy = adx @ P
x
3) _ cos (x + ).
dx

2. Using the substitution x —y=u :

(1) cosz(x—y)%=1 @) (- y)( Zﬁ) e,

3. Using the substitution y = vx :
/22
(1) < - >sm<y>=xze" (2) @:M
X dx X
4. Using the substitution shown against them :
(1) cos(x—2y)+2@=0,x—2y=u
dx
dy\ .
2) |y+x—|sinxy=cosx, xy=u
dx
dy 9
?3) d—=(9x+y+2) ,IX+y+2=u
X
dy
4) 2x—2y+5) d—=x—y+3,x—y=u.
X

ANSWERS

v
. () x+y+a*=c-e® 2) y—atanl<x+y>=c

a
3) tan( ;y>=x+c.

2. (1) y=cot(x—y)+c 2) x—y)=2e&+c.



3. (1) e*+cos <)—}>+c:0 2) sin—‘<3—)>: log |x| + c.
x x

4. (1) tan<x_22y>=x+c (2) sinx+cosxy+c=0

?3) tan1<9x+37y+2>=3x+c 4) x—2y+log|x—y+2|=c.

3. Homogeneous Differential Equations

A homogeneous D.E. of the first order is of the type d_ _(x)) or

dx  fx)
f1Gx, v) dx + f>(x, ) dy = 0, where f (x, v) and f; (x, y) are homogeneous functions
of the same degree in x and y. Such an equation can be reduced to the variables

separable form by the substitution y = vx.

| Solved Examples | 3 or 4 marks each

Ex. 9. Solve the following differential equations :

€)) (1+2e;c)+2e;c<1_x>¢1y:0.
y/dx
Solution :
) (1+Ze%)+2€%<1_f>@:0
v/ dx

(1+2§)+2§<1—§>- L

%)
(1+Ze;)2;+26yx<1—;>=0 ()

X
Put —=u Soox=uy

. odx N
.dy—u ydy

d
“. (1) becomes, (1 +2e”)<u +yd—;>+26“(1 —u)=0

d
. u+2ue“+y<1 +2e“>d—u+26”—2ue“=0
y



du
Soo(wA2e)+y(1+2et) —=0
dy

dy 142e
—+
y  u+2e"

u=

Integrating both sides, we get

1 14 2et
~d du=
Jy y+Ju+2e" u=c

.. log|y|+log|u+2e*|=log ¢, where ¢;=log ¢

.4 1420 and [ gz
. [ ﬁ(u+2e)—l+2e and Jf(u) du=log |f(u)|+c}
. logly(u+2et)|=log ¢
Soy(uA2et)=c
y<f+26§>=c
y
R x+2yJ=c

This is the general solution.

2) (x*+yHdx—2xy dy=0
2y dy=(x*+y?)dx

(D Py o)
dx  2xy
Put y=0x @zv—i-x@
dx dx
dv X2+ v%x?
S becomes,v-i—xazm
v—}—x@=1+v2
d 20
dv 1497 1 +02—202
T 20
) x@_l—zﬂ
Codx 20
livvzdv:%dx



Integrating both sides, we get

20 1
dv=|—-d
Jl—vz v Jx o
—2v
Jl—vzdv [ dx

—log |1 —v%|=log |x| +log ¢,

. d _ /'(v)
. [ E(l—vz)——ZU and f(—)dv—log |f(v)|+c}

. log |(1—02)~1|=log |¢yx|
1

T

=CiX

=CX
2 2
-y

C 22 1
. Xt —yf=cx, where c=—
9

This is the general solution.

Examples for Practice | 3 or 4 marks each |

Solve the following differential equations :

1. xzj—yzxz—i—xy—i—y2 2. ¥?ydx — (X +)*)dy=0
x
3. yz—x2Q=xyd—y 4. (x> 4+ 3xy + y?)dx —x?dy =0
dx dx
5. xj—y—xtan<y>+y 6. y2 dx+(xy +x2)dy=0.
x
ANSWERS
1. tan— (2 ) = log| x| + 2. log|y|— 5 =
. tan~!{ = )=log|x|+c . log|y 3y3—c

Y -
3. ;C+10g|y|—c

5. sin<i—:> =cx 6. x)? =c* (x +2y).



4. Linear Differential Equations

d
The general form of a linear differential equation of the first order is d_y +P-y=0,
X

where P and Q are the functions of x only or constants. The solution of the linear

differential equation is given by y (LF.)=[ O (L.F.)dx+c, where LF.= elPdx,

| Solved Examples ‘ 3 or 4 marks each ‘

Ex. 10. Solve the following differential equations :

d d
) xay—i—Zy:xLlogx @) (x+2y3)ay=y.

Solution :

d
m )c—y—i-2y=x2 -logx
dx

dy (2
. —+<—>~y=x-logx .. (1)
dx \x

This is the linear differential equation of the form

dy 2
—+P-y=0, where P=—and Q=x-logx
dx X

CLFmel Pdi—gf 2dv_ o2 Lax
— e 2logx — plogx’ — {2

". the solution of (1) is given by

y-(LF)=[ 0-(LF.)dx+c

L y-x?=|(xlogx)-x>dx+c

. x2y=[x3logxdx+c

=(logx) | x3 dx—f [d%(logx)f x3 dx}dx+c

o1 oxt
:(IOgX)Z—J‘gde'i'C

1 1
:Zx“logx—zj X3dx+c

4

1 x
. xz'yzzx“ logx—Z-Z—l—c



x+28 1
")
dx
12 , dx
V _dy
" Z—;—i-x=2y2 (D

d.
This is the linear differential equation of the form d—x+P -x=(, where

1
P=——and 0=2)?
y

 LE=e¥— 3

:e‘lOgyZelogG’):l
y

*. the solution of (1) is given by
x-(LF) =j O(F)dy+c

1 1
" x<—>= 212 x—dy+c
y y

X

S ==2{ydx+c
y
X »?

S —=2-"+c Cox=y(c+)?)
y 2

This is the general solution.

Ex. 11. The curve passes through the point (0, 2). The sum of the coordinates
of any point on the curve exceeds the slope of the tangent to the curve at
any point by 5. Find the equation of the curve.

Solution : Let A(x, y) be any point on the curve. Then slope of the tangent to

Ay
the curve at the point A is —.



According to the given condition

dy
x+y=a+5

%—yzx—S

This is the linear differential equation of the form
dy
dx
. LF.=e
". the solution of (1) is given by

y-(LF)=[ 0-(LF.)dx+c

Soyrer=[(x—5) e Ydx+c

e Yoy=(x—5) j e—xdx—f[dii(x—S)f e—xdedx—i-c

+P-y=0, where P=—1and Q=x—5

[Pdx_ J—ldx_

e > e~
e ty=(x—95)- _1—J1~ _ldx—i-c

e fy=—(x—=5)e*+| e Ydxtc

efx
1-I-C

Lety=—(x—5e*+

Ly=—x—=5—1+ce"
Ly=—x+5—14ce"
L y=4—x+ce"
This is the general equation of the curve.
But the required curve is passing through the point (0, 2).
.. by putting x=0, y=2 in (2), we get
2=4—-0+c Soe=-=2

.. from (2), the equation of the required curve is y=4 —x—2¢*.

| Examples for Practice | 3 or 4 marks each

1. Solve the following differential equations :

(1) v, y_2 3 ) d—y+ysecx=tanx
dx x dx

3) %—ky cot x = x2 cot x +2x (4) (14+y?) dx=(tan~'y—x) dy

d
(5) ydx+(x—y») dy=0 (6) ylogy:(logyz—X)g

(D)

o)



Find the equation of the curve which passes through the origin and has the

slope x +3y—1 at any point (x, y) on it.

3. If'the slope of the tangent to the curve at each of its point is equal to the sum
of abscissa and the product of the abscissa and ordinate of the point. Also,
the curve passes through the point (0, 1). Find the equation of the curve.

ANSWERS
x> 3x?

1. (1) ————xy=c
0 Z=> v
(2) y(sec x+tan x)=sec x+tanx —x+c¢
(3) y=x%+c cosec x (4) x+1—tan—ly=ce—tan~ 'y

3
(5)%:xy+c (6) xlogy=(logy)*+c¢
xj

2. 3(x+3y)=2-2e& 3. 1+y=2e2

5. Particular solution
| Solved Examples | 2 marks each
Ex. 12. Find the particular solutions of the following differential equations :
ay H 4 Y o whenx—1,y=2
x+2 y+2
(2) sec’ytanxdy + sec’xtanydx =0, when x =y = g
3) d_ ¥ cosx, when x =~ y=0.
dx ’ 6
Solution :
(1) The given differential equation is
d
e Ay _
x+2 y+2

Integrating, we get

j dx J dy
+| “==¢
x+2 y+2

o log |x+2|+1log |y +2|=log ¢, where ¢; =log ¢
Colog|(x+2) v+2)|=log c
S x+2)(+2)=c




Lxy+2x+2y+4=c
Lxy+2(x+y)+4=c
This is the general solution.
When x=1, y=2, we get
12)+2(1+2)+4=c
L 24+6+4=c Soe=12
". The particular solution is
xy+2@x+y)+4=12
ie.xy+2 (x+y)=8.
(2) The given DE. is secytanxdy + secrtanydy =0

sec?y

. ¢h+8“xd =0
tany tanx

2

sec sec

. j yd dex=cl
tany tanx

Each integral is of the type

J?F}h-b@f@ﬂ+c

". log|tany| + log|tanx| =logc, where ¢; = logc
". log|tanxtany|=logc
. tanxtany =c

This is the general solution.

When x = y—4 we get
tanE~tanE=c Coe=1
4 4

", the particular solution is tanxtany = 1.

(3) The given D.E. is % = eXcosx
X

N
. gdy—cosx dx

Integrating, we get
| e=dy = cosx dx
—2y
¢ —sinx + ¢
2



e ¥ = —2sinx—2c
. e+ 2sinx =c, where c= —2¢,

This is the general solution.

Whenng,yzo, we have

O+ 2sinf=c
6

" 1+2<l>:c C.oe=2
2

". the particular solution is e=2 4+ 2 sinx = 2.

‘ Examples for Practice | 2 marks each

Find the particular solutions of the following differential equations :

1. sinx@zylogy, whenx=ﬁ,y=1.
dx 2

2. d—y=3x+y,whenx=y=0 3. cos<d—y>=a,aeR,y(O)=2
dx dx
dy By dy
4. —+xy=xy’, whenx=1,y=4 5. y—x—==0,whenx=2,y=3.
dx dx
ANSWERS
. -2
1. y=1 2. 3%4+37r=2 3. cos< >=a
X
2
4.x—+log L‘=l+log<i> 5. 3x—2y=0.
2 y—1] 2 3

| Solved Examples | 3 or 4 marks each

Ex. 13. Find the particular solutions of the following differential equations :

1 ya+ logx)? —xlogx =0, when x =¢, y = €2
'y

(2) cos(x+y)dy =dx, when x=0 and y = 0.

3) xy% =x2+ 2% y(1)=0.

dy . T
4) — —3y cot x =sin 2x, when y | — | =2.
0 o sin 2 wvns 2



Solution :

@ y(1 +logx)@—xlogx=0
dy

. l—i—logxdx_@zo
x log x y
; dex—J@zcl (D
x log x y
Putx logx =+

Then [x-i(log x) + (log x)-i (x)} dx =dt
dx dx
g [)—C+(logx)(l):|dx=dt o (1 +log x) dx =dt
X

. Jl—HongXZJ @zlog |t| = log |x log x|
x log x t

", from (1), the general solution is

log |x log x| —log |v| = log ¢, where ¢; =logc

" 10g)”0g)C =log ¢ -_)M:c
y
L xlogx=cy
Now, y = e?, when x = ¢,
" eloge=c-&? l=ce v [ loge=1]

Le=—
e

", the particular solution is xlogx = < 1 > y
e

(2) cos(x+y)dy=dx
dy__ 1
"dx cos(x+Yy)

PUtx+y=v.Thenl+@=@
x  dx
dy _dv _
dx dx
(1)becomes,d—v—1= 1 dv_ 1 +1=1—Fﬂ
dx cosv dx  cosv COS T



089y =dx
1+ cosv

Integrating, we get

_Cosv do = j dx

J 1 +cosv

. 1 +cosv—1 dvzjdx

J l+4cosv

g <1—;>dv=jdx
J 1 +cosv
o 1
N e———|do=] ax
v
J 2c052<5>
1 dv—ljsecz<2>dv=jdx
J 2 2
tan<g>
2
2

1
U——-
2
" x+y—tan<x+y>=x+c
X+

=x+c

2
. Y
. y=tan +c
y=tan (%

This is the general solution.
When x =0, y =0, we get
0=tan0+c Soe=0

*. the particular solution is y = tan <x¥>

dy _ y (D)

Put y = vx. Then Q=v +x@
dx dx

2 2,2 2
(1)becomes,v+xd—v=x +ovw 1420
dx X vx v




o dv 14202 14202 —0?
L X—= — ="

E 0 0
dv _1+40?
dx v
S S
1 +v? X

Integrating, we get

f o dv:fldx
1 +02 X

. lf 20 dvzfldx
2) 1402 X

" %logl 1 +02|=log|x|+logc

" log|l+9v%|=2log|x|+2logc
. log|1 + 0% =log|x?| + logc,?

. log|1+v?| =log|cx?|, where ¢ = ¢,?

L4l =cx?
2
" 1+J%=cx2
x
2 .2
" x_—l;y = cx?
X

Sox2+yi=coxt

This is the general solution.

Now, y(1)=0, i.e. whenx =1, y =0, we get
1+0=c(1) Soe=1

" the particular solution is x2 + )2 = x*.

dy .
(4) ——3y cotx=sin2x
dx

. dy .
C 5—(3 cotx)y=sin2x - (1)

This is the linear differential equation of the form

d
d—i:-i-Py:Q, where P= —3 cotx and Q=sin 2x



" 1F. :eIde: ej—S cotx dx

. .. =3
—3log sin x log (sin x
—e 2 — ogGinx)

1
sin3x

=(sinx) 3=

*. the solution of (1) is given by

y-(LF)=[0-(LF)dx+c

Ly X =[sin 2x X ———dx+c
sindx sindx

ycosec3x=j2 sinx cosx X ———dx+c
sin’x
. 3 cos x
Joycosecx=2| ———dx+c
sin’x
Put sin x=¢ ;. cosx dx=dt

1
Ly cosec3’x=2jt—2 dt+c

" ycosec’x=2 [t~ 2dt+c

(1
",y cosecix =2 [—J +c

"y cosecix=

m x

",y cosec3x+2 cosecx=c¢
This is the general solution.

I

2>=2, i.e. y=2, when ng

Now, y<

. 2 cosec® S 42 cosec —=c
2 2
L2(1P+2()=c Coc=4
", the particular solution is
y cosec’x +2 cosec x=4

. ycosec’x+2=4sinx.



‘ Examples for Practice | 3 or 4 marks each

Find the particular solutions of the following differential equations :

1.

2.

w

x—yx)dx—(+x%) dy=0, whenx=2,y=0

(x+ 1)@—1 =2e 7, y=0,whenx =1
dx

<y + xj—y> sinxy =cosx, when x =0,y =0
X

dy
X+
Y

— =sec (x> +)?), whenx =y =0
x

x+y)dv+(x—y)dc=0,whenx=1=y
2x—2y+3)dx—(x—y+1)dy=0,whenx=0,y=1

(x+2y2)j—y=y, whenx=2,y=1.
x

ANSWERS
(1432 (1—2) =5 2.2Q2+e)=3@+1)
sinx + cosxy =1 4. sin(x? +)?) =2x

tan—1<J—}>+log\/x2+ 2=§+logﬂ
x

x—y)—loglx—y+2|+1=0 7. x=22

APPLICATIONS OF DIFFERENTIAL EQUATION |

If x denotes the amount or quantity (which grows or decay) at time ¢, then
. . dx
rate of change of x w.r.t. time ¢ is 7
t
In case of growth, x increases as ¢ increases.
dx . . dx
. — is positive. Hence, — = kx, where k£ > 0.
dt dt
In case of decay, x decreases as ¢ increases.
dx . . dx
. p is negative. Hence, = = — kx, where k > 0.
t t

Newton’s law of cooling states that the rate of change of temperature of a
body at any time is proportional to the difference between the temperature

of the body and that of its surrounding medium.



Let 0 be the temperature of the body at time ¢ and 0, be the temperature of

the surrounding medium.
do . . .
Then 7 is the rate of change of temperature with respect to time ¢.
t

According to the Newton’s law of cooling

do
— oc (0—0
” ( o)
. do .
I = — k(0 —6,), where k is a constant and £ > 0.

‘ Solved Examples ‘ 3 or 4 marks each

Ex. 14. If the population of a country doubles in 60 years; in how many
years will it be triple (treble) under the assumption that the rate of
increase is proportional to the number of inhabitants ?

(Given : log2 = 0.6912, log 3 = 1.0986)

Solution : Let P be the population at time ¢ years.

Then c;—P , the rate of increase of population is proportional to P.
t

" d—PocP
dt

" d—P = kP, where k is a constant

dt

" d—P=kdt
P

On integrating, we get
Jd—P = k{dt
P

.o logP=kt+c

Initially, i.e. when 1 =0, let P = P,
CologPy=kx0+c .. c=logP,

;. logP =kt +logP, .. logP —logPy=kt

10g<P£>:kt (1)
0

Since the population doubles in 60 years, i.e. when ¢ = 60, P = 2P,

1og<%>:60k o k=2log2
Py 60



P t
.. (1) becomes, log| — |=—1log2
(1) g<PO> 60.°8

When population becomes triple, i.e. when P =3P,, we get

log<&>=ilog2
P 60

t
;. log3=—1log?2
g 60 g

_ 60( 1-0986 )
0-6912
=60 x 1-:5894 =95-364 ~ 95.4 years
". the population becomes triple in 95.4 years (approximately).

Ex. 15. The rate of growth of bacteria is proportional to the number
present. If initially, there were 1000 bacteria and the number doubles in
1 hour, find the number of bacteria after 2% hours. [Take \/i =1.414]

Solution : Let x be the number of bacteria at time ¢.

dx
Then the rate of increase is 7 which is proportional to x.

o odx o
- X
dx )
*. —=hkx, where k is a constant
dt
d
P kar
X
On integrating, we get
dx
—=k\dt
J X j
o logx=kt+c

Initially, i.e. when t=0, x=1000

. 1log1000=kx0+c .. ¢=1log 1000
". logx=kt+1og 1000

". logx—1log 1000 =kt

1og<loxoo>:kt ()




Now, when t=1, x=2 x 1000 =2000

2000

X

.. (1) becomes, log<1000>=tlog2
Ift—21—5 th
BRI M

X 5 3
log(| —— |==1og 2 =log (2)*
0g<1000> 5 log 0g(2)

5
. — (72— _ _
o (—1000> (2 =42=4x1.414=5.656

. x=5.656 x 1000 =5656

Hence, number of bacteria after 2% hours =5656.

Ex. 16. The rate of decay of certain substance is directly proportional to
the amount present at that instant. Initially, there are 25 gm of certain
substance and two hours later it is found that 9 gm are left. Find the
amount left after one more hour.

Solution : Let x gm be the amount of the substance left at time ¢.

d.
Then the rate of decay is j); , which is proportional to x.

o odx
. —
ar 7
d.
" o —kx, where k£ > 0
dt
1
o —dx=—kdt
X
On integrating, we get
1
J—dx: —k| dt
X
o logx=—kt+c

Initially, i.e. when t=0, x=25

o log25=—kx0+c .. c=log?25
. logx= —kt+1log25

;. log x—log25=—kt



10g<2xs) ket ()

Now, when t=2, x=9

9
log(—)=—2
0g<25> k
3\?2 3
" —2k=log(>) =21log(=
°g<5> °g<5>
3
k= —log(2
°g<5>

3
". (1) becomes, log<25>—tlog <§>

When t=3, then

o )

x 27 . 27

E:E ..X—S

27
Hence, the amount left after 3 hours =3 gm.

Ex. 17. A right circular cone has height 9 cm and radius of the base 5 cm.

It is inverted and water is poured into it. If at any instant the water
level rises at the rate of <§> cm/sec, where A is the area of the water

surface at that instant, show that the vessel will be full in 75 seconds.

Solution : Let r be the radius of the water surface and / be the height of the

water at time .

', area of the water surface

A=mr?sqcm.
Since height of the right circular cone is 9 cm and
radius of the base is 5 c¢m,

_> _3)
9 9

SN

2
*. area of water surface, i.e. 4 = n< gh >



_ 257h?
81

A

(1)

T

The water level, i.e. the rate of change of 7 is % rises at the rate of <A > cm/sec.

. dh _nm_ mx8l
Cdr 4 25mR
. dh 81
Cdr 25K

On integrating, we get

o ondh =L
25

=—-t+c
25

Initially, i.e. when =0, k=0 . 0=0+c¢ C.ce=0
8l

"3 25

3
(r2dn=SL [ a w_81
25 3

When the vessel will be full, 7=9 S =— Xt

_81x9x25 _
3 x 81

Hence, the vessel will be full in 75 seconds.

75

- [By ()]

Ex. 18. A body cools according to Newton’s law from 100 °C to 60 °C in
20 minutes. The temperature of the surrounding being 20 °C. How long

will it take to cool down to 30 °C ?

Solution : Let 0 °C be the temperature of the body at time ¢. The temperature of

the surrounding is given to be 20 °C.
According to Newton’s law of cooling

do
o 0-2
o o 0—-20

. ﬁ: —k(0—20), where k > 0
dt
N a
0—-20
On integrating, we get

1
_ dh= —
Jg_zod kf dt

. log(0—20)= —kt+c



Initially, i.e. when 1=0, =100
. log (100—20)= —kx0+c .. c=log80
. log(0—20)= —kt+1log 80
. log(0—20)—1log 80 = —kt
0—20

log<T>= —kt . (1)

Now, when =20, =60

60—20
10g< >=—k><20

80
1 <40>— 20k k= 11 <l>
.. log 30)" Sook= 200g2
0—-20 t 1
RN ¢! , log| —— |==—log| =
(1) becomes 0g< 20 > 20 0g<2>

When 0=30, then
| <30—20>_ £ <1>
81780 ) T20 °%\2
1 1\
o log( = )=log( = }?°
°g<8> °g<2>
qOE)
“\2) "8 \2
t

..%Z

Hence, the body will cool down to 30 °C in 60 minutes, i.e. in 1 hour.

3 o t=60

Examples for Practice | 3 or 4 marks each

1. The population of a town increasing at a rate proportional to the population
at that time. If the population increases from 40 thousands to 60 thousands

in 40 years, what will be the population in another 20 years.

<Given : ﬁ: 1.2247>

2. Bacteria increases at the rate proportional to the number of bacteria present.
If the original number N doubles in 3 hours, find in how many hours the

number of bacteria will be 4N?



3. The rate of disintegration of a radioactive element at any time ¢ is proportional
to its mass at that time. Find the time during which the original mass of
1.5 gm will disintegrate into its mass of 0.5 gm.

4. Water at 100°C cools in 10 minutes to 88°C in a room temperature of 25°C.
Find the temperature of water after 20 minutes.

5. A person’s assets start reducing in such a way that the rate of reduction of
assets is proportional to the square root of the assets existing at that moment.
If the assets at the beginning was ¥ 10 lakhs and they dwindle down to

% 10,000 after 2 years, show that the person will be bankrupt in 2% years
from the start.

ANSWERS

1. 73,482 2. 6 hours 3. 716 log 3 4. (77.92)°C.

MULTIPLE CHOICE QUESTIONS | 2 marks each |

Select and write the most appropriate answer from the given alternatives

in each of the following questions :

;
1. The order and degree of the differential equation |:1 + <Zy > :| =7 <%>
X X

are respectively

(a) 2,3 (b) 3,2 (¢) 2,2 (d) 3,3
2 3y
2. The order and degree of the differential equation ay + b +x 1 +d—
dx*>  dx dx3

are respectively

(a) 2,3 (b) 3,2 () 1,3 (d) 3, 1. (Sept. °21)
3. The differential equation yZ—y + x =0 represents family of

X

(a) circles (b) parabolas (c) ellipses (d) hyperbolas

4. The differential equation of y = ¢? + is
X
dy dy
a —X——= b) — + x=+y=0
() x < dx> o ( ) Rl

dy>2 dy dy | dy
=) +x—== ot =0
(C)x<dx X =Y (d) R



The solution of? +y=cos x —sin x is
X

(a) ye*=cos x+c (b) ye*+e*cosx=c
(c) ye*=e*cos x+c (d) y**=e"cosx + ¢

P Y ENE P
dx X

The solution o

(a) sin1<§—:>=210g |x| +¢ (b) sin1<)£>=log |x|+¢
(c) sin<§—é>=log x|+ ¢ (d) sin<§—;>:2log |x|+ ¢
The solution of the differential equation % =sec x —y tan x is
(a) ysecx+tanx=c (b) ysecx=tanx+c

(c) secx+ytanx=c (d) secx=ytanx+c

The particular solution of ? =xe¥ ", whenx=y=01s
X

() e 7V=x+1 (b) extr=x+1
() f+e=x+1 (d) &r=x—1

The integrating factor of linear differential equation xZ—y +2y=x?log x is
X

@ - (b) x © & @ »
X X

. If the surrounding air is kept at 20 °C and a body cools from 80 °C to 70 °C
in 5 minutes, the temperature of the body after 15 minutes will be

(a) 51.7°C (b) 54.7°C (¢) 52.7°C (d) 50.7°C
N
ANSWERS
1. (@) 2,3 2. (d) 3,1
2
3. (a) circles 4. (a) x4<@> —x@=y
dx dx
5. (c) ye*=e*cos x+c¢ 6. (b) sin—1<X>=log |x|+c
x
7. (b) ysecx=tan x+c¢ 8. (a) e V=x+1
9. (d) 2 10. (b) 54.7 °C.




