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Differential Equations

@ Order and Degree of a Differential Equation

» The order of highest derivative appearing in
a differential equation is called order of the
differential equation.

» The power of the highest order derivative
appearing in a differential equation, after it is
made free from radicals and fractions, is called
degree of the differential equation.

Note : Order and degree (if defined) of a
differential equation are always positive
integ rs.

HOMOGENEOUS DIFFERENTIAL
EQUATIONS

@ A differential equation of the form
dy _ flx.y)
dx g(x,y)

where, f (x, y) and g (x, y) are homogeneous
functions of x and y of the same degree.

LINEAR DIFFERENTIAL EQUATIONS

d
Q An equation of the form d—y + Py =Q where P
X

and Q are functions of x only (or constants) is
called a linear differential equation of the first
order.

SOLUTION OF A DIFFERENTIAL EQUATION

@ Solution of a differential equation is a function
of the form y = f (x) + C which satisfies the given
differential equation.

Q General Solution : The solution of a differential
equation which contains a number of arbitrary
constants equal to the order of the differential
equation.

@ Particular Solution : A solution obtained by
giving particular values to arbitrary constants
in the general solution.
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FORMATION OF A DIFFERENTIAL
EQUATION

Q Differential equation of the equation of a family
of curves is obtained by eliminating arbitrary
constants occurring in it with the help of
equation of the curves and equations formed
by its differentiation.

METHODS OF SOLVING DIFFERENTIAL
EQUATIONS

0 Equation in variable separable form : If the
differential equation is of the form f (x) dx =
g(») dy, then the variables are separable and
such equations can be solved by integrating on
both sides. The solution is given by
[ f(x) dx =] g(y) dy + C, where C is an arbitrary
constant.

Q Equation reducible to homogeneous form :If
the equation is of the form d_y — M ,where

dx  g(x,y)

f(x, y) and g(x, y) are homogeneous functions of

the same degree in x and y, then put y = vx and

dy

Lyt x? so that the dependent variable
X

dx
y is changed to another variable v, then apply

variable separable method.

0 Solution of Linear Differential Equation : A
differential equation of the form Z_y +Py=Q>
b
where P and Q are functions of x (or constants)
can be solved as :

1.  Find Integrating Factor (LF.)= ej P

2. The solution of the differential equation is
y(I.F)= IQ (I.LF.)dx+ C, wh re C is constant

of integ ation.
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Previous Years’ CBSE Board Questions /

9.2 Basic Concepts
(1 mark)

1.

Write the sum of the order and degree of the
following differential equation

(2}

Write  the
degree  of  the

(AI 2015)

order and
equation

2V 3 )
Ld_y) +(%J +x*=0 (Foreign 2015)

sum of the
differential

dx*

Write the sum of the order and degree of the
differential equation

d 2y
1+( y) =7 L—y] .
dx dx?

Write the degree of the differential equation

2
d—y +3x 7y 0.
dx dx? (Delhi 2013)

(Delhi 2015C)

Write the degree of differential equation

2V 4
x{d—y] +x(d—yj =0.
dx? dx

Write the degree of the differential equation
3 4
& d
x[—y] +y(—y) +x°=0. (Delhi 2013)
dx? dx
Write the degree of the differential equation :

2
(d_y) +3yd—=0
dx dx?

(Delhi 2013)

(Delhi 2013C)

Write the degree of the differential equation

2 2 3
LQJ +(§j +4=0.
dt2 dt

What is the degree of the following differential

(AI 2013C)

2 2
equation? 5x(%j —%—6y=10gx

(Delhi 2010)

9.3 General and Particular Solutions
of a Differential Equation

(4 marks)

10. Verify that y = 3cos(logx) + 4sin(logx) is a
solution of the differential equation

2
xzd—y+xd—y+y 0.

dx? dx
9.4 Formation of a Differential
Equation whose General
Solution is given

(1 mark)

11. Find the differential equation representing the

(AI 2008 C)

A
family of curves v=—+ B, where A and B are
r

arbitrary constants. (Delhi 2015)

12. Write the differential equation obtained by
eliminating the arbitrary constant C in the
equation representing the family of curves
xy = C cos x. (Delhi 2015C)

13. Write the differential equation representing the
family of curves y = mx, where m is an arbitrary
constant. (AI2013)

14. Form the differential equation of the family
of curves y = a cos (x + b), where a and b are
arbitrary constants. (Delhi 2007)

m (4 marks)

15. Form the differential equation of the family of
circles in the second quadrant and touching
the coordinate axes. (AI 2016, 2012)

16. Form the differential equation of the family
of parabolas having vertex at origin and axis
along positive y-axis. (Delhi 2011)

17. Find the differential equation of the family of all
circles touching the y-axis at the origin.
(Delhi 2010C, AI 2009)
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18. Form the differential equation of the family of
circles touching the x-axis at origin.
(Delhi 2010C, AI 2009 C)

19. Find the differential equation of all circles in
the first quadrant which touch the coordinate

axes. (AI2010C)

20. Form the differential equation representing
the family of ellipses having foci on x-axis and
centre at the origin.  (AI 2010C, Delhi 2009 C)

21. Form the differential equation representing the
family of curves given by (x - a)* + 2)* = a’,
where a is an arbitrary constant. (AI 2009)

22. Form the differential equation of the family of
curves y = A cos2x + B sin2x, where A and B are

constants. (Delhi 2007)
9.5 Methods of Solving First
Order, First Degree Differential

Equations

(1 mark)

23. Find the integrating factor of the differential

-23x
. e y |dx
equation —— |—=1.
[ Vx \/de)’

(Delhi 2015, AI 2015C)

24. Write the integrating factor of the following
differential equation :

(1+y2)+(2xy—coty)%=0 (AI2015)
25. Write the solution of the differential equation
% =27 (Foreign 2015)
26. Find the solution of the differential equation
% =x3e 2. (AI 2015C)

27. Solve the following differential equation :
x cos y dy = (xe* log x + €) dx. (Delhi 2007)

28. Solve the following differential equation :
tan y dx + sec” y tan x dy = 0.
(Delhi 2007, AI 2007)

29. Solve the following differential equation :
sec’ x tan y dx + sec* y tan x dy = 0. (AI 2007)
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30. Solve the following differential equation :

d
ya- xz)% = x(1+ y*). (AI 2007)

m (4 marks)

31. Find the general solution of the following

differential equation :
-1 d
1+ %) +(x e y)ﬁ =0 (Delhi 2016)

32. Find the particular solution of the differential
equation (1 - y*)(1 + logx)dx + 2xy dy = 0,

given that y = 0 when x = 1. (Delhi 2016)
33. Solve the differential equation :
P (A1 2016)
dx dx

34. Solve the following differential equation
yidx + (o - xy + y?)dy =0 (Foreign 2016)

35. Solve the following differential equation
(cot™ y+x)dy=(1+ yz)dx (Foreign 2016)

36. Find the particular solution of the differential
dy x(2log x +1)

equation -~ = —— 2" given that
dx siny + y cos y

y= g ,when x = 1. (Delhi 2014)

37. Solve the following differential equation :

dy 2
(x* —1) = +2xy=—"—|x|#1  (Delhi 2014)
a5

38. Find the particular solution of the differential
equation ¢* 1—y2 dx+ldy =( given that
X

y =1 when x = 0. (Delhi 2014)

39. Solve the following differential equation :
dy

cosecxlogy——+x"y* =0.  (Delhi 2014)

40. Find the particular solution of the differential

equation Z—y =1+x+ y+xy, given that y = 0
X

when x =1 (AI 2014)
41. Solve the differential equation
d -1
(1+x2)£+y=etan x (AI 2014)
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42.

43.

44.

45.

46.

47.

48.

49.

50.

51.

Find the particular solution of the differential
equation x (1 + %) dx — y (1 + x*)dy = 0, given
that y = 1 when x=0. (AI 2014)

Find the particular solution of the differential

equation log (d_y) =3x+4y,given that y=0

dx
when x = 0. (AI2014)

Solve the differential equation
(x* - yx)dy + (* + x*y*)dx = 0, given that

y=1when x = 1. (Foreign 2014)

Solve the differential equation

d
Lo ycotx =2cosx, given that y = 0 when

dx

x= g (Foreign 2014)

Find a particular solution of the differential

equation Z—y +2ytanx =sinux, given that y = 0,
x

T
when x = 3 (Foreign 2014)

Solve the differential equation

dy 2
logx—+y=—logx.
xlogx—-+y=""logx

(Foreign 2014, Delhi 2010)
If y(x) is a solution of the differential equation

[2+Smx)d—y=—cosx and y(0)=1, then

I+y |dx

find the value of y(gj (Delhi 2014C)

Find the general solution of the differential

d
equation (x—y)d—i=x+2y.

(Delhi 2014C, AI 2010)

Find the particular solution of the differential
equation x % -ytx cosec(%) =0; given

that y =0 when x = 1.
(AI 2014C, 2011C, Delhi 2009)

Solve the differential equation

xd—y+ =X CoS X +sin x, given T =1
dx V= 8 Y 2
(AI 2014C)

52.

53.

54

55.

56.

57.

58.

59.

60.

61.

62.

) CBSE Chapterwise-Topicwise Mathematics

Solve the following differential equation :

xcos(%jj—i = ycos(%}+x; x#0.

(AI 2014C, Delhi 2012C)

Find the particular solution of the following
differential equation :

xy%=(X+2)(y+2);y=—1 when x = 1.

(Delhi 2012)
. Solve the following differential equation :
2x* Z—y —2xy+y*=0 (Delhi 2012)
X

Find the particular solution of the following

differential equation; j—y =1+x°+y*+x%y7, given
x

that y =1 when x = 0. (Delhi 2012)

Find the particular solution of the following
differential equation : (x+1) Z—y =27 -1
x

y=0whenx=0. (Delhi 2012)

Find the particular solution of the following

d
. . . . 2 Y
differential equation : x(x 1)_dx =l y=0

when x =2 (AI2012)

Solve the following differential equation :
(1 +x%) dy + 2xy dx = cot x dx; x# 0
(AI 2012, 2012C, Delhi 2011C)

Find the particular solution of the differential

d
equation : d—y+y cot x = 4x cosec x, (x # 0),
x

T
given that y = 0 when x = 7 (AI2012)

Find the particular solution of the following

differential equation :

x d_y -y+ xsin(ZJ =0, given that when
dx X

X=2,y="m. (AI2012)

Solve the following differential equation :
dy . .
T, Y =cosx, given thatifx=0,y=1.
X (Delhi 2012C)

Find the particular solution of the following
differential equation, given that x =2,y =1:

x% +2y=x%,(x#0) (Delhi 2012C)
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63.

64.

65.

66.

67.

68.

69.

70.

71.

72.

73.

74.

75.

76.

Find the particular solution of the differential
equation :

d
d—y+ycotx=2x+x2 cot x, x # 0, given that y = 0,
x

when x = g (Delhi 2012C)

Solve the following differential equation :
dy Yo

= cy= <x<=

dx+secx y tanx,(O_x<2).

(AI 2012C, Delhi 2008C)
Solve the following differential equation :

d
x—y+y x+xycotx=0,x#0.
dx (AI 2012C, Delhi 2011C)

Solve the following differential equation :

cos® x %+y=tanx.

(Delhi 2011, 2008, 2008C, AI 2009, 2008)

Solve the following differential equation :
(I+y 2 (1 + log x) dx + xdy=0. (Delhi 2011)

Solve the following differential equation :

" tan ydx + (1 - €*)sec ydy 0. (Delhi2011)
Solve the differential equation :

xdy + (y - x%)dx = 0. (AI2011)
Solve the d1fferent1al equation :

xdy - (y + 2x*)dx = 0. (AI2011)
Solve the differential equation :

(y+ 3 E = AL 2011

Solve the following differential equation :
xdy — ydx = \|x* + y*dx (AI2011)
Solve the following differential equation :

[xsinz(z)—y}dx+x dy=0 (Delhi 2011C)
x

Find the particular solution of the differential
equation satisfying the given conditions :

oy =ytanx, given that y =1, when x=0.
dx (Delhi 2010)
Solve the following differential equation :
(x + 1)

+ 2xy = ,lxz + 4.

(AI 2010, 2008, Delhi 2008)
Solve the following differential equation :

d
(3 +x% +x+ 1)% =2+ x.  (AI2010)

77.

78.

79.

80.

81.

82.

83.

84.

85.

86.

87.

88.

89.

90.
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Show that the following differential equation is
homogeneous and then solve it.

ydx+xlog( de 2xdy =0. (AI2010)

Solve the following differential equation:

(AI 2010)

dy 1

2

x°=1)—=—+2xy= sIx|#1
( )dx I 1| |

Solve the following differential equation :

xylog(y]dxl-{y - X log(yﬂdyzﬁ

(Delhi 2010 C)

Solve the following differential equation :

xlong—y + y =2logx. (Delhi 2009)
X

S;lve the following differential equation :

4 + y = cosx — sinx. (Delhi 2009)

dx

Solve the following differential equation :

1+ x ) + y =tan Tx. (Delhi 2009)

Solve : xd—y =y- xtan(lj. (AI 2009)
dx X

Solve the following differential equation :
(x - y")dx + 2xydy = 0, given that y = 1, when
=1. (Delhi 2008)

Solve the following differential equation :

dy _ xQ2y - x)

o m, ify=1,whenx=1.
(Delhi 2008)
Solve : & (AI 2008)

—— + 2ytanx = sinx.
dx Y

Solve the following differential equation :
d
24y 2
—=2xy+y°.
YTy

Given that y =1, whenx =1 (AI2008)

Solve the following differential equation :

(1 +e™)dy + (1 + y*)e*dx = 0. (AI 2008 C)
Solve the differential equation :

d

dy +2y =6¢". (Delhi 2007)

Solve the following differential equation :
x cos ydy = (xe* log x + €")dx. (Delhi 2007)
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91.

Solve the following differential equation :

dy —3x
4—=—4+8y=>5 . ‘Al 2007
dx J ¢ ( )

(6 marks)

92.

93.

94.

95.

96.

97.

98.

99.

100.

101.

Solve the differential equation :

(tan’ly -x)dy=(1+ yz)dx. (Delhi 2015)
Find the particular solution of the differential
dy xy
equation I 2. 2 given thaty=1,when
x=0. W xT+y (Delhi 2015)
Show that the differential equation
2

d_y=y— is homogeneous and also solve
dx Xy —x

it. (AI 2015)

Find the particular solution of the differential
equation (tan"'y-x) dy = (1+y*)dx, given that
x=1wheny=0. (AI 2015)

Solve the following differential equation :

el e

=0
(Foreign 2015)
Solve the following differential equation :
(\/1+x2 +y2 +x%y? )dx+xy dy=0
(Foreign 2015, AI 2010)

Find the particular solution of the differential

d
equation x d_y +y - x+xycotx=0;x#0, given
x
T
that when x = 5,)/ =0. (Delhi 2015C)

Solve the differential equation x* dy + (xy+y*)dx
=0giveny=1,whenx=1
(Delhi 2015C, 2013C, 2010)

Solve the differential equation
T
[x sin’ [Z)— yjdx +xdy=0 given y= 1
X

(AI 2015C, 2014C, 2013C, 2013)

Solve the differential equation

whenx=1

Y . . T
—Z 3 = 2 =2 when x=—.
Ix y cotx = sin 2x given y = 2 when >

(AI 2015C)

102.

103.

104.

105.

106.

107.

108.

109.

110.

111.

___ CBSE Chapterwise-Topicwise Mathematics

Show that the differential equation
dy . [ [y
x—=sin| = [+x—ysin| = [=0
dx ( X J 7 ( X
is homogeneous. Find the particular solution of
this differential equation, given that x = 1 when

y= g (Delhi 2013)
Show that the differential equation
2ye” dx + (y - 2x €”) dy = 0 is homogeneous.

Find the particular solution of this differential
equation, given that x =0 when y = 1
(Delhi 2013, AI 2012C)

Show that the differential equation (x ¢”+ y) dx
= xdy is homogeneous. Find the particular
solution of this differential equation, given that
x=1wheny=1 (Delhi 2013)
Find the particular solution of the differential

equation (tan™" y - x) dy = (1 + *) dx, given
that whenx=0,y=0 (AI2013)

Find the particular solution of the differential

equation Z—x +xcoty=2y+ y2 cot y,(y #0),
y

given that x=0 when y=".  (AI2013)

Find the particular solution of the differential
equation (3xy + y*) dx + (> + xy) dy = 0 : for
x=1y=1 (Delhi 2013C)
Find the particular solution of the following

differential equation given that y = 0 when
x=1:(*+ xy) dy = (x* +y2) dx (Delhi 2013C)

Find the particular solution of the differential

dy

equation (x - ) T
X

=x+2y, given that when

x=1Ly=0 (AI2013C)

Find the particular solution of the differential

: AL b
equation x Cos(x]dx y cos(x)+x,

T
given that whenx =1, y = e (AI 2013C)

Solve the following differential equation :

Yy Y

= (ydx+xdy)= = |(xdy — ydx).
xcos( xj(y x+x y) ysm(x )(x ly—y x)

(AI 2013C, 2010C)
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Detailed Solutions /

1. The given differential equation is

3 2 2
£l (o) 2
dx [\ dx dx)  gy?
Order =2 and Degree = 1
o Order + Degree=2+1=3
2. Order =2, Degree = 2.

. Order + Degree =2 + 2 =4

3. Order = 2, Degree = 3
. Order + Degree=2+3=5

4. Degree of the given differential equation is 1.
5. Degree of the given differential equation is 2.
6. Degree of the given differential equation is 3.
7. The degree of the differential equation is 1.
8. Degree of given differential equation is 2.
9. Degree of the given differential equation is 1.
10. We have, y = 3cos(logx) + 4sin(logx) ..(1)
Differentiating (i) w.r.t. x, we get
a _ —3sin(lo x)£+ 4cos(lo x)1
dx 905 995
dy ) .
= xd— = -3sin (logx) + 4cos(logx) ...(ii)
X
Differentiating (ii) w.r.t. x, we get
d2 £ry d_y =-3cos(lo x)— —4sin(lo x)—
dxz dx - g g
d
= dx_é/ + xd—z =—(3cos(logx) +4sin(log x))
d’y d
= x’ ary x—y +y=0
dx?  dx
2
m v=A4po w__A_ dv_24
r dr r? ar* P
d>v dv 24 (-A
Now, — +—=—+| —
e dr 3 r
Py 2 dv a2
dr® dr r ar> r “dr
d’v 2d
CV 2% 0 s the required D.E.

dr?2  rdr
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12. Here, xy = Ccosx ..(1)
Differentiating (i) w.r.t. x, we get
dy .
1-y+x~a=—Csmx (i)
Eliminating C from (i) and (ii), we get
e

sinx d
dx _ _ :>x.—y+y=—xy tan x, is the

Xy Cos X dx

required differential equation.

13. Here, y=mx ..(i)
Differentiating (i) w.r.t. x, we get
dy _
w ! (ih)
Eliminating m from (i) and (ii), we get
dy dy . .

y=x- P xa —-y=0, is the required
differential equation.
14. Here,y=acos (x +b) ..(1)
Differentiating (i) w.r.t. x, we get
dy =—a sin(x +b)
dx
Again differentiating w.r.t. x, we get

2 2 2
d—y:—a cos(x+b):>d—;/:—y :>d—§+y =0.
dx dx dx

15. The equation of the circles in II"® quadrant
touching co-ordinate axes is

(x+al+(y-a)i=a ()
[Here Cis (-a, a) and radius = a]

which has only one arbitrary constant a.
Differentiating (i) w.r.t. x, we get

_x+yy

=

2(x+a)+2(y—a);i—y=0 =a
x
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Substituting for a in (i), we get

x+yy Y x+yy Y x+yy Y
x+# +] - ,M _ /yy
y -1 y-1 y-1
=>[x(y’—1)+x+}/y]2+[y(y’—1)—x—y’y]2:(x+y’y)2
2 .12 2 7. \2
S+ 0 +x+y) =x+yy)

dy Y dy Y
:>(x+y)2 (ﬁ) +1 :(x+yd_i) , is the required

differential equation.

16. Y

x2= 4ay

® F(0,a

> X
(0,0)

Equation of parabola having vertex at origin and axis
along positive y-axis is

X’ = 4ay, where a is the parameter. ...(1)
Differentiating (i) w.r.t. x, we get

2x
2x:4ay1 = —=4aqa

(i)
N1
Substituting the value of 4a from equation (ii)
in equation (i), we get
2
x? =—xy :>x2y1 —2xy=0 = xy;-2y=0,
el

is the required differential equation.

17. Let C denote the family of circles touching
y-axis at the origin. Let (a, 0) be the co-ordinates of
the centre of any mer}pber of the family.

<

(o, OW > X

Therefore, equation of family Cis (x-a)’ +y*=a
or x +y2 =2ax ..(1)
where, a is any arbitrary constant.
Differentiating (i) w.r.t. x, we get

dy dy

2x+2ya=2a = x+ya=a ...(ii)

Substituting the value of a from (ii) in (i), we get
d
2 2 )
+ =2 + =
X"ty X ( x+y j

= x4+ y2 -2 = 2xyy, = 2xyy; + X = y2

2

) CBSE Chapterwise-Topicwise Mathematics

which is the required differential equation.

18. Equation of circle touching x-axis at origin is

F+(y-al=a> = X +y" -2ay=0 (1)
Differentiating (i) with respect to x we get
x+yy

2x+2yy -2ay =0 = a= .
y

Substituting the value of a in eq. (i), we get

2x + yy
K+ yP— (xy’)’)’)

= y’(x2 —yz) =2xy = y'=

y=0

2xy
2y
19. Let the equation of the family of circles which
touch the coordinate axes in the first quadrant be

(x-a)*+ (y - a)’=a’ ...(1)
where a is the radius of the circle.
"N
= (a, a)
a
Xe 0 »X
v
]/’

Refer to answer 15.

20. The equation of family of ellipses is

2 2
XL
a v ()

Differentiating both sides of (i) w.r.t. x, we get

12

a2 b dx x \dx a2

Differentiating (i) both sides of (ii) w.r.t. x, we get
dy
(z)(&) o Cde Ty
x )| do? x? dx

2 2
N xyd_§+x(d_y] —yd—yzo, is the required
dx dx dx

differential equation.
21. Wehave, (x - a)* + 2y* = a’

= +2)'-2ax=0 = x* +2)° = 2ax (1)
Differentiating (i) with respect to x, we get

2x +4yy’ =2a

Substituting the value of 24 in (i), we get

K+ 297 = 2x + 4yy)x

= X +28=2x"+dxyy’
= 2 -xX=dxyy = -2 +4xyy" =0
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22. We have, y = Acos2x + Bsin2x (1)
Differentiating (i) both sides w.r.t. x, we get
d_y = —2Asin2x + 2Bcos2x

dx

Differentiating (ii) both sides w.r.t. x, we get
2

—f =—4Acos2x — 4Bsin2x

dx

..(ii)

=—4(Acos2x+ Bsin2x)

2
dx?

_ZJ;_LJd_xZI
Vx o Wx)dy

23. We have, [e

or - +-—

This is a linear differential equation of the form

dy 1 e_Z\/;
—+Py=Q,whereP=—,0Q=——
dx N
1
——dx
LE= el P [k - efﬁ = 2Vx

24. The given differential equation is
dy 0

dx

(1+y2)+(2xy—coty)

= (1+y2)j—x+2xy—coty=0
Y

2 t
L s
dy 1+y 1+y
This is a linear differential equation of the form
2 t
d—x+Px=Q, where, P = ) and Q= CO);
dy 1+ y? 1+y
2y
——d
. LF.= efpdy = eIH}'2 ’ = oo+ _ g +y°
dy _
25. We have, = =277
dx
dy 1 y o
Integrating both sides of (i), we get
2y

=x+C = 2=(C+x)log2
log2
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Taking log on both sides to the base 2, we get
= log,2” =log, [(C + x) log2]

= y=log, [(C+ x) log2]

which is the required solution.

26. We have, @ _ e =e?dy=xdx
dx
2y 4

x
On integrating, we get B +C’

= 2”7 =x"+C, where C=4C

27. We have, x cos y dy = (xe* log x + €*) dx

(xex logx+exJ
cosydy =| ————— |dx
x

X
J.cosydy = I(ex logx+e7jdx

X
siny =e” logx—J.l-exdx+J.e—dx
x x
siny=e"logx + C.

28. We have, sec’ y tan x dy = —tan y dx

sec” y dx - -I-sec2 y

dy = - dyz—.[cotxdx

tan y tanx tan y

[Puttan y =t = sec’ y dy = dt]
J.% = —log| sinx| +logC

= loglt| = —loglsinx| +logC
= log|tan y| +log|sin x| = logC
= log|tan y-sinx| = logC
= tanysinx=C
29. We have, sec’ x tan y dx + sec” y tan x dy = 0
sec’ y tan x dy = — sec” x tan y dx
2 2
sec sec” x
[Z 2y = [ = Zax
tan y tan x

= log|tany| = —logltan x|+ log C
log|tan x| + log|tany| =logC

U

U

log|tanxtany| =logC
tanxtany = C.

2y dy _ 2
30. We have, y(1 - x%) M =x(1+y)

y X dx 2y 2X

dy = dy = dx
(1+y2) y 1-x? (1+y2) y 1-x?
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Integrating both sides, we get

log(1 +y2) = -log(1 - ) + logC
log(1 + %) +log(1 - x%) = logC
log(1 - )1 +y2) =logC
(1-x)(1+y") =

14l

31. We have, (1+y2)+(x_etan71y)j_y=0

etan71 y )d_)’ —

= (x- —(1+y%)

-1 -1
dx x—eB® dx 1 eBn Yy
= - - ST x=

dy  —(1+y%) dy 1+y2
This is a linear differential equation of the form

d tan! y
—x+Px:Q, where P = and Q=e
dy 1+ y?

1+y2

1+y2
Ay

LF.=¢ ¥
Solution is

tan Ly

tan” y)

etan” Yy _ J‘(e dy+C

1+y
eZtan y
.[—2 dy+C
I+y

2tan”! y
-1 e
= x-e® V= +C

2

-1
tan "y _
€ tan ! y

x= +Cie

. We have, (1 - y*)(1 + log x) dx + 2xy dy =0
(1 -9 +log x) dx = - 2xy dy
1+1 2
(I+logx) ng)dxz— 4 dy
X 1- y
On integrating both sides, we get

2
%zlogﬂ—yzHC

Whenx=1,y=0
2
—(l“;’gl) =log()+C = c=%

(1+logx)2 5, 1
—2 " =log|1- +—

5 gll=y" [+
= (1+logx)*=2log|l-
solution.

¥*| + 1 is the required
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33. We have, y+xd—y:x_ dy
dx dx
= Xd—y+yd—y:x—y:> d_y:X—y
dx dx dx x+y
This is a linear homogeneous D.E.
Puty=vx = —y=v+xﬂ
dx

Equation (i) becomes

dv x-vx 1-v

Vix—= =—
dx x+vx 1+v
xdv_l—v_ _1—1/—1/2—1/_1—21/—1/2
dx 1+v 1+v 1+v
1+v dx
2(_)dV=__
vi+2v—1 x

Integrating both sides, we get

1
Elog|v2+2v—1|=—log|x|+logC

1
= Elog|v2+2v—1|+log|x|=logC
1 yz 2y
= —log|~=+—=—1|+log|x|=1logC
2 xz X
2
2
= log y—2+—y—1+210g|x|:210gC
X X
2 _ .2
N logw 2 = log C*
X
= yY+2y-x=+C
=y’ +2xy-x*=C, (where C, = + C?)
34. Wehave, y* dx+ (x> - xy+y") dy=0
2
o Y
dx x* —xy+y°

This is homogeneous differential equation.

L Puty=vwx = d—y=v+xﬂ,weget
dx dx
V+,ﬂ=i
dx 52 _yx? 4 y2x?
N e
dx 1y 42



Differential Equations

xdv —? ;
= — =
dx  1—y 42
3

= ﬂz—_v_v

ax  1—y44?

2

1-v+ 1
= V—Zdyz——dx

v(1+v7) X

Integrating both sides, we get

1+ 1
[ Y g -f dv=—~dx
v(1+v?%) v(1+v?) x
= |=dv- v=—|—dx
IV J.1+v J.
= log|v| - tan”'v = —log |x| + log C
= log ‘ﬁ =tan'v = % =y

-1
= |y| = Ce™ is the required solution.

35. We have, (cot™'y + x) dy = (1 + y*)dx
dx _ cot™! y+x
dy 1+ y2

dx 1 cot™ly
= | |x= 5

dy 1+y I+y
This is a linear differential equation of the form

!
cot

d—x+Px Q, where,P=— ! 2andQ— y
dy I+y 1+ y

—f —d
LE = 1+y :ecot y

Solution is,

cot 1)/ J‘COt y cot lyd +C
1+y)
[Putt=cot’ly = di= — 12dy]

O I+y
xe®t 7 = —Itetdt +C

-1
= xe® V =—¢t-1+C
-1 - _
= xet V=t 1y(l—cot 1y)+C
36. We have, & _ *¥Qlogx+1)

dx siny+ycosy
= (siny + y cosy)dy = x(2 logx + 1)dx
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On integrating both sides, we get
= —cosy+ ysiny - (- cosy)

2 x2

2
=2 logxxx——jlxx—dx +—+C
2 x 2 2
2 2
= ysiny:leogx—x—+x—+C
22
= ysiny=x"logx + C
T

whenx=1,y= 5

gsing=l-log(l)+c = §=C

y siny = x” logx + 7/2 is the required solution.

37. We have, (x* -1 )j—y+2xy— x££ 1
. dy 2xy 22 .
&2 @)

This is a linear differential equation of the form,

d 2x 2
—y+P)/=Q, where P= and Q=(x2—1)2

dx _x2—1

2x

LF, = ¢l Pdx _ eI 2o elOg(xz_l) =x>-1

Hence, solution of differential equation is given by

2(x
= Dz

= 2 )= axtoeF 7L
yx ) XZ ng+1

+C

2 x—1
“D=log|>—=
= ylx )=log 11

38. We have, e*

e

Integrating both sides, we get

1-y? dx+%dy=0

x e“dx + dy=0

= x-e —Jl.exdx—%f(l—yz) 2(=2y)dy=C
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1

=>xex—ex—l—(1_y2)2 =C
2 1/2

= e (x-1)-\1-y* =C
Whenx =0,y=1,e(0-1)-v1-1=C = C=-1

X (x—1)—41- y2 = —1 is the required solution.

d
39. We have, cosecxlog yd—y +x2y* =0
x
1 2
logy, o ¥ g
y? cosecx

Integrating both sides, we get
Jllo%dy + J.x2 sinxdx=10
y

[Putlogy =t = ldy =dtand y = ¢']
Y

= J.t.e_tdt +.|.x2 sinxdx =C

e t

- —t
= t.—l—_[l.‘i—ldt+x2 (—cosx) —'[Zx(—cosx)dsz

= —te'-e'-x*cosx+ 2xsinx —ZII.Sin xdx=C

1+1lo
= —J—xzcosx+2xsinx +2cosx=C
y

is the required solution.

d
40. We have, d—y=1+x+y+xy
X

= Lo () + (e x)y = (142 (1)
X

= d_y =(1+x)dx
I+y
Integrating both sides, we get

Ili—yy:'[(l+x)dx+C

2
x
= log(l+y)=x+—+C
og(l+y)=x+3 ..(i)
Whenx=1,y=0

1
logl=1+-+C = C:_é
2 2

The particular solution of (i) is

2
log(1+y)=x+x7—%.
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41. Refer to answer 31.
42. We have, x(1 +y2) dx - y(1+ %) dy=0

SR Sy N— dy=0
1+x 1+y2

= 2 dx = 2y dy
1+ x* 1+y2

Integrating both sides, we get
log(1 + %) = log(1+ x*) + log C
= 1+y'=C1+x)
Whenx=0,y=1 .. 1+1=C(1+0)=C=2
1+ y* = 2(1 + x°) is the required particular
solution.

43. We have, log(;i—y) =3x+4y
x

d -
d_)’ — e3x+4y — e3x _e4y — e 4y dy: e3x dx
X

Integrating both sides, we get

3x —4y

3x —4 € €
eXdx—|eVdy=C = —-—
-[ ". 4 3 —4

=C

Whenx=0,y=0
1 1

—+—=C :>C=1
4 12

3
S S
= —4—==
3 4 12

= 4™ + 3¢ = 7 is the required particular
solution.

44. We have, (x* - yx*)dy + (" + x*y*)dx = 0
= 21 -y)dy +y2(1 +xY)dx=0

:I(l;zy)dy+f(11:cz)dx=0

= j(yiz—lewj(x%ﬂ)dx =0

y

=>—l—log|y|—l+x= C
¥ X
= —x-xylog|y| -y +xy = Clxy) ()
whenx=1,y=1

-(1) - (1) (M log 1] - (1) + (1)* () = C (1)
=C=-1
Equation (i) becomes
x*y = x + xylogly| + y - xy



Differential Equations

d
45. We have, d_y + ycotx =2cosx
x
This is a linear differential equation of the form
dy

d—+Py=Q,whereP=cotx,Q=2cosx
X

LF, = ¢l cotxdx _ jloglsinx] =| sinx |
y|sin x| = .[| sinx | (2cosx)dx

= y|sinx|= jsiandx

1
= y(sinx) = —5c052x+C
yis
when x=—,y=0
2
1 1
O(SinE) = ——c052(£)+c C=-=
2 2 2 2

. 1 1
y(smx) =—-—cos2x——
2 2

ie, 2y sin x + cos 2x + 1 = 0 is the required
solution.

d
46. We have d—y+2ytanx =sinx
x

It is linear differential equation of the form

dy

D ipy=qQ

dx 4

where P =2 tan x, and Q = sin x

Now, LF. = (J2tanx dx _ 2logfsecs] =| sec’ x |

y(sec2 x) = I(secz x)(sinx)dx
= y(sec2 x) = I sec x tan x dx

= y(sec? x) = secx +C

o
when x = 3= 0
(0)[sec*(n/3)] = sec (M/3) + C = C=-2
y(sec” x) =secx -2 i.e., y=cos x — 2 cos” xis the
required solution.

47. We have, xlogxd—y+y:%10gx
dx X

dx xlogx”™ 42
It is a linear differential equation of the form
d 1 2
—y+Py=Q, where P = ,Q=—
dx xlogx x2
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IE =efx1;gx " _ Jloglogx ~ logx
y(logx) = I(log x)x%dx
= y(logx):long.x%dx—J(%(logx).[x%dx)dx

= y(logx)= logx(—%)+f%dx
X

= y(logx) = logx(—gj—z-i-c

x) x
48. We have, 2+ sinx d—yz—cosx
1+y Jdx
d
y ___cosx

1+y  2+sinx

Integrating both sides, we get
log(y + 1) = -log(2 + sinx) + log C

= log(y+1)=1lo
gy +1) g2+sinx

= y+1=C/Q+sinx) = (y+1)2+sinx)=C
Given: y(0) =1 x=0,y=1

(1+1).24sin0)=C = C=4
(y+1)(2+sinx) =4

= y= 4 -1 (1)
4 2 +sinx
T, . . T 4 1

Put x = —in it (i), (—):__1:_.
2 4 2 2+1 3
49. We have, (x_y)d_y=x+2y
dx
o Ay _x+2y ()
dx x-—y

This is a linear homogeneous differential equation.
d dv
. Puty=vx = D _y1+xZ
dx dx

Equation (i) becomes

dv  x+2vx  1+2v

v+x— =
dx x-—vx 1-v
dv  1+2v _1+v+1/2
dx 1-v 1-v
1-v dx

=5 —dv=—

1+v+v? X
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Integrating both sides, we get
- % Qvi1)+>

5 2dv=10gx+C
vi+v+1
_l 2v+1 +3J- dv
2792 4v41 2 2
1
3 o3
2 2
=logx+C

= —%log(v2 +v+1)
vt

2
32

+§- ! tan ™!
2 32
2
= —llog[y—+l+lj
2 X2 x

+/3 tan™ (—] logx+C
x

e

=logx+C

= ——log(y +xy+x )+\/_tan [

50. We have, xd—y—y+xcose (Z)
dx x
= d_y_ P —cosec(lj ..(i)
dx «x x

d
Put y=vx=>—y=v.1+x.ﬂ
dx dx
Equation (i) becomes

dv v
v+ Xx——v =-—cosecv = xd— = —cosecv

dx X
= -—sinvdy = dx
X
Integrating both sides, we get cos v =log x + C
= cos| 2 =logx+C
x

Whenx=1,y=0
= cos(%)=logl+€:>C:1

" cos(zj =logx +1
x
is the required particular solution.

d
51. We have, xd—y+y = X Ccosx +sinx
X

bl

dx x x

XCosx +sinx
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This is a linear differential equation of the form
dy XCosx +sinx

—+Py=Q, whereP——, Q=
dx x

1
J.de — e.I.;dx — elogx

ILE. =e

=X.

xdx+C

XCosx +sinx
y~x = J‘—-

X

= xy= '[xcosxdx+_[sinx dx+C

= x-sinx—J.l-sinxdx +J.sinxdx+C

=xsinx+ C

Given y (g) =1

b
2
Xy = x sin x = y = sin x is the required

T . T
.1:—sinE+C:> C=0
solution.

52. We have, xcos(z)d—y = ycos(z)+x;x #0
x)dx X

= cos(y) dy (Z)cos(lj+l ...(1)
dx X x

This is a linear homogeneous differential equation
d d

Puty=vx = Doya+x 2
dx dx

Now (i) becomes

dv
cosV.|v+x— |=vcosv+1
dx

dv
= xcosv— =1
X

Integrating both sides, we get

dx
= cosvdy = —
x

sinv=logx+C = sin(zj=logx+c
x

is the required solution.

53. We have, xyj =(x+2)(y+2)

d
N yay _ x+2 dx
(y+2) X
2
= dy- O +2)dy dx+;dx
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Integrating both sides, we get
y-2log(y+2)=x+2logx+C
whenx=1,y=-1
So,-1-2log(-1+2)=1+2logl+C
= C=-1-1=-2

So, we have y - 2log(y + 2) = x + 2log x - 2
= y-x+2=2logx(y+2).

54. We have, 22 d—y—ny + y2 =0
dx
2
Y Y,V ()

dx  x  9x2

This is a homogeneous linear differential equation
dy dv

Puty=vx = ~=v+x—

4 dx dx

. (i) becomes

v+x—v—v+ﬁ=0 = xﬂzi
dx 2 dx 2
dv  1ldx
2 2 x

Integrating both sides, we get

1 1 x 1
;zilogx+C1:> ;zzlogx+C1

= 2* _logx+C. [where C = 2G|]
y

d
55. Wehave,—y=1+x2+yz+x2y2
dx
. d)’_1+ 2, .2 2
=1t x Yy (14 x0)
dx

=(1+x).(1+y)
d
= 24 5= (1 +x2 )dx
1+y
Integrating both sides, we get

3
tan_1y=x+?+C

whenx=0,y=1

_ T
tan 11=0+0+C=>C=Z

-1 1 3 T

Sotan Cy=x+—- x0T +—
3 4

is the required particular solution.

56. We have, (x + 1)d_y =2¢7 -1 (i)
dx
dy dx e’ dx
= =— =
207V -1 x+1
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Integrating both sides, we get

-log (2 -¢") =log (x+1)+ C

(Taking 2 -¢” = ton L.H.S.)

whenx=0,y=0
-log(2-1)=log(0+1)+C = C=0
Eq. (ii) becomes

-log(2-¢)=log(x+1)

= log(x+1)log(2-¢)=0

= logx+1)(2-¢)=0 = x+1)(2-¢)=1

is the required particular solution.

..(i1)

57. We have, x(x* — 1)% =1 (i)

dy = ! dx

x(x2 -1
Integrating both sides, we get

1
J.dyz-[—x(x—l)(x+l)dx+c

1 1 1 1 1
=y= [——+—.—+—.—}dx+c
x 2 x-1 2 x+1

=-logx+ %log(x -1+ %log(x +1)+C ..(ii)
whenx=2,y=0

0= —log2+%log1+%log3+c

1 1 4
= C=log2——-log3=—log—
og 2og 20g3
From (ii),
1 1 1 4
=-logx+~-1 -+-1 +1)+—log—
y 0og x 2og(x ) 2og(x ) 2og3

1 4(x2 -1)

=—log 5 is the required particular solution
2 3x

58. We have, (1 + x%) dy + 2xy dx = cot x dx; x # 0

b, 2x ool Q)

dx 1+x2.

1+ x°
This is a linear differential equation of the form
d 2 t
—y+Py:Q, where P = — ,Q= o
dx 1+ x?

1+ x2

Pd J~72x2 dx 2
6'[ X _ e l+x _ elog(l+x ) 2

LF. = =1+x

The solution of (i) is
y-(1+x2)=J.thZ-(1+x2)dx+C
1+x
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= Icotxdx+C = log|sinx| + C
_log|sinx |+C

=y 5 is the solution of the given
1+x
differential equation.
dy

59. We have d—+yc0tx=4xcosecx(x¢0) ..()
X

This is a linear differential equation of the form

dy
Zipy=Q
dx 7=Q

where, P = cot x, Q = 4x cosecx
“LF. = edex _ e_[cotxdx = |sin x|
The solution of (i) is
y'|sinx|=.f4xcosecx-|sinx|dx+C =j4xdx+C
=2+ C ..(ii)
whenng,yzo

TEZ

2
From (i), 0.sin~ =2-| * | +c=>c=-"
2 2 2

o . .
= y-sinx = 2x* — = is the required particular
solution. 2

60. We have xd—y—y+xsin(z)=0
dx X
d—y—l-i-sin(z)zo
dx x X

This is a linear homogeneous differential equation.
d d

Puty=vx = Doy
dx dx

dv .
S V+x——v+sinv =0
X

dv dx
= x—+sinv=0 = cosecvdv+—=0
x X
Integrating both sides, we get

log |cosec v - cot v| + log x = log C
= x(cosecv-cotv)=C

)

whenx=2,y=m

2 cosecz—cotE =C=>C=2
2 2

- feef) (2]

is the required particular solution.
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61. We have, dy _ ¥y =CosX . (i)
dx

This is a linear differential equation of the form

d—y+Py=Q,whereP=—l,Q=cosx

dx
o LF = efpdx =e ~
Hence the solution of (i) is
ye ¥ = Ie_x.cosxdx+ C

-x —x -X -x
J.e cosxdx =—e " cosx+e smx—fe cos xdx

1 _
=Je *(sinx — cos x)

Thus the required solution of (i) is

_ 1 _
ye * =Ee *(sinx — cosx) +C

..(i1)
Putting, x = 0, y = 1 in (ii), we get

l-eO

1
=Eeo (sin0—cos0)+C
1 3
= 1==(-D)+C=>C=-
2 2

1. 3,
From (ii), y = 2 (sinx — cos x) +Ee

is the required particular solution.

d
62. We have, xd—y+2y =x%,(x #0)
X

“~+Zy= i
= x)’ x (i)

This is linear differential equation of the form

d 2
—y+Py =Q, whereP=—,Q=x
dx x
LE. = of ¥ = p[2/xdx _ 2logx _ jlogs” _ 2
The solution of (i) is
4

2 2 3 X
x“=|xx"dx+C=|x"dx+C=—+C
y _[ x '[ x .

2
:y=%+Cx_2 .. (ii)
When x = 2, y = 1 in (ii), we get
2
1_2_+£:1+9 =—=0=C=0
4 2

y= X is the required particular solution.
4



Differential Equations

d
63. We have, d_y + ycotx =2x+ x2 cotx,(x #0)
x
This is a linear D.E of the form Z_y +Py=Q
x
where P = cot x, Q = 2x + x* cot x
LF. = e_[de _ e.[cotxdx

= y-sinx = I(2x+x2 -cotx)sinxdx +C

— elog|sinx| = sin x

= fosinxdx +J-x2 cosxdx+C

= ZJ.xsinxdx +x° sinx—J.szinxdx-i-C

=x’sinx+C

When x=g,y=0

2 -
0=—+C =>C=——
4 4

2 n

= y-sinx:x sinx — —
4
2 n

=>y=x _TCOSCCX

64. We have, Z—y+secx.y=tanx,(03x< gj . (D)
X

This is a linear D.E. of the form d_y +Py=Q,
where P = sec x, Q = tanx X

“LF. = eJde _ ejsecxdx

_ elog|secx+tanx| =|secx +tan x |

The solution of (i) is
¥+ |sec x + tan x|

= f| secx +tanx |-tanxdx + C
= .[| secx tanx+tan” x |dx +C
= .[| secx tanx |dx +.[| secx—1]dx+C

=secx+tanx-x+C

d
65. We have, xd—y+y—x+xycotx=0,(x¢0)
x
:>xd—y+(1+xcotx).y=x
X
dy 1+4xcotx
=4+ ———"y= .
dx X (1)

237

This is linear D.E. of the form ;i_y +Py=Q
x
1+ t 1
wherep = — 2% _ 2 cotx,Q=1
x x
Now L.F. = efpdx = o855 = gin x
The solution. of (i) is

y-xsinx = Il~xsinxdx+C
= x(—cosx)+f1~cosxdx+C
= xysinx =-xcosx+sinx+C

66. We have, cos” x - Z—y +y=tanx
X
Dividing by cos’x on both sides, we get

Y,y _

tanx

dx  cos’x cos’x
This is a linear D.E. of the form

d—y+Py=Q, where P = =sec2x,Q=

dx cos” x cos” x

tan x

2
LE. = e_[de _ efsec x.dx _ etanx

y.einr = jetanx X tan x X sec x.dx

Puttan x =t = sec’x- dx =dt
y xenx Z'[et X t-dt

ye'dn¥ = tj'et dt — J'[%(t)fet dt} .dt

ye™ =txe -+ C

yetanxztanxetanx_etanx_l_ C
ye* =" [tanx - 1]+ C
y=(tanx - 1) + Ce ™*

Loyl

We have, (1 + yz)(l +logx)dx + xdy = 0
(1 +y2)(1 + logx)dx = -xdy

1+1 -
= og* dx = dy2
x 1+y

I

Integrating both sides, we get

2
1+lo
% =—tan"'y +C
1+ logx)*
—( 0g) + tan_ly =C

which is the required general solution.
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68. We have, ¢* tan ydx + (1 - ¢°) sec’ y dy = 0
= ¢“tan ydx=— (1 -¢") sec’ y dy
2

- e dx = —Ssec )/d (1)

1-¢* tany
Integrating both sides, we get
-log |1-¢*| = -log |tan y| - log C
= 1-¢=Ctany

69. We have, xdy + (y - x’)dx = 0
dy ¥y _

= Z+Z =x
dx x
This is a linear differential equation of the form
dy 1 2
— +Py=Q,whereP= —,Q=x
dx 7 Q X Q
LF.=e
The solution of differential equation is

1
[Lax
X =% =y

y-xz_l.x2 -x dx+C

= x—£+C:> —x—3+9
M= Y=Y

70. We have, xdy - (y + 2x*)dx =0

d—y—Z=2x.

This is a linear differential equation of the form
-1
d_y +Py=Q, whereP= —,Q=2x
dx x
1
—|—dx
X

The solution of differential equation is
1 1
— |=|2x—dx+C
y(xj '[ % dx

= Z=2x+C$y=2xz+Cx

X

71. Refer to answer 70.

72. We have, xj—y—y=\/x2 +y?
X

2
dy _ N S N 4 i
:XE_JH— Xyt = Ux x+ + o (1)

This is a linear homogeneous differential equation.

Puty=vx =
4 dx

) CBSE Chapterwise-Topicwise Mathematics

Eq. (i) becomes

v+xﬂ=v+ 1+v2zxﬂ=\/1+v2
dx dx
dx dv dx dv

= = = | ==
X \/1+v2 Jx \/1+v2

= logx+logC, =log|v+V1+v* |

z+J17_2
X X2
= logCx=log|y+yx*+y* |-logx
= iC1x2=y+W
= Cx2=y+\lx2+y2

which is the required general solution.

= logx+logC, =log

[where C = +C|]

73. We have, [xsin (Z) —yldx+xdy =0
x

:sinz(z)—z+d—y:0 .. (i)
x x dx

This is a linear homogeneous differential equation
dv

Puty=vx :>d—y:v+x—
dx dx

(i) becomes

.2 dv
sin“v—-v+v+x—=0
dx

dv .2 2 dx
= x—+sin“v=0= cosec” vdv+—=0
dx X
Integrating both sides, we get

—cotv+logx=C= —cot(l)+logx=C
x

is the required solution.

74. We have, d—yzytanx = d—yztanxdx
dx y

Integrating both sides, we get
d

I—y = Itanx dx =log y = log|sec x| + C
y

Whenx=0,y=1 = logl =log(sec0) + C
= C=0

log y =log|secx| = y=secx.
which is required particular solution.
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75. We have, (x* + 1)Z—y +2xy = x>+ 4
x

,lx2+4

d_y_l_ 2%y _ i
x“+1

dx  x?41

This is linear differential equation of the form

,Ix2+4

2
d}’+py Q> where P= X and Q=
dx x%+1 2 +1
[2%ax R
CLF =Xt =@t o x4

The solution of the given differential equation is

2
\/x +4
y+ )= [ (P + Ddx + C
x“+1

= (*+ Dy = g,/xz + 4+ 2log
x4 %%+ 4‘ +C

76. We have, (x3+x2+x+l)§—y=2x2+x
X
d_y_ 2x% +x
dx 3 43 +x+1
2x% +
= dy=——— i (D)
x“(x+1)+1(x+1)

Integrating (i) both sides, we get

J- J' 2x +x
= x
(x* +1)(x+1)
J- 2x +x
(x +l)(x+1)
Now, let 22x +x _ A BJ;+C
(*+D(x+1) *+t1 x> 41

= 2 +x=ACC+1)+Bx+C) (x+1)
Comparing coeflicients of x, we get

1=B+C (i)
Comparing constant terms, we get

0=A+C=C=-A .. (iii)
Comparing coefficients of x*, we get 2 = A + B... (iv)
Now solving (ii) & (iii), we get—- A+ B=1 (V)

Solving (iv) & (v), we get 2B=3 = B=3/2
Substituting the value of B in (2) & (5), we get
A=1/2and C=-1/2
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3.1
2 2 2
g Ix'“ x*+1 ¥

1 3¢ 2x dx
= y==log(x+1)+= dx—=
2 4jx +1 J‘x +1

= y =%log(x+l)+% log (x* -i—l)—%tan_1 x+C
which is the required general solution.

77. Wehave,ydx+xlog( de 2xdy=0

y y\dy dy _
lo -2—==0
= x+ g( )dx dx

dy ylx
= ~2-log(y/x) (1)

This is a homogeneous differential equation.

Puty=vx = é=v+x%,then(l)becomes
v+x£—;
dx 2-logv
oG v, Cologvidv dx
dx 2-logv vlegv—-v  x

1-(1 1
(logv— )d dx

v (logv-1) x

Integrating both sides, we get

1 1 dx
J [m‘;}”: ~

= log|logv—1|-log|v| = log|x|+C,
logv—1 -
= log ogv—1i_ 1 logv 1:ecl
V X
logv-1 1 + 6% = C(say)
VX
logZ -
= x =C=>logl—1=Cy
y x

= logZ:1+Cy
x

which is the required general solution.



240

78. We have, dy ny -

dx x* -1 (x 1)?
This is a linear differential equation of the form
dy 2x 1
——+Py=Q, where P= ,Q=
dx 4 xr-1 (x* -1

2x

Ry
Pdx J. 2 2_
[Pac _ V2™ _ jlog

ILF.=e =x*-1

Required solution is

y(x* ~1)= f o (2 —1dx+C

+C

2 [ 4dx :ll X
y(x 1)—jx2_ Jlog|
! lo |x l|
2(x* -1) |x+1| x2 -1

+C=y(x*-1)
1

}/:

79. We have,

xylog( jdx+[ —leog(%ﬂdyzo
Y

dy xylog "

dx

- 2 Yy 2.
log| £ |—
X Og(x) y

This is a homogeneous linear differential equation.

: dy dv
Put y—vx:>a—1/+xdx
v+xﬂ= xvxlogv vlogv
dx  x Zlogv—vix® logv—v2
dv _ vlogv v
= X T 2 VT 2
dx logv—v logv—v
2
_, logv—v® _dx
v? X
= v_3logvdv—ldv=d—x
v X

Integrating both sides, we get

v2 ol v
logv-——J.—-—dv logv=logx+C
%

-2
logv
= 2g2 2-|. Sdv—logv=logx+C
v
logv 1
= —2—2——2—10gv=logx+C
v: o 4y
_—l[logv+l}—logvx=C
2L 2 4
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Y
2| log=
= x—zl 2x+i]+logy=—c

=

- X [ZIOg(Zjﬁ- 1}+ 4y*log y = —4Cy*
x

- X [ZIOg(Zj+1}+4y2(logy+C) =0
x

80. We have, xlong—y+y =2logx
X

_2logx - d_y+ y 2

dx xlogx «x

.

- dx xlogx  xlogx

This is a linear differential equation of the form

dy

—+ Py=Q, where P= ==
=0 xlogx » Q
Refer to answer 47.

d
81. We have, d_y + y =cos x — sin x, which is a
x

linear differential equation of the form

dy

——+ Py=Q, where P=1,Q =cos x —sinx

dx
IL.E = ejdx ="

The solution of given differential equation is

ye* = Iex(cosx—sin x)dx+C
X _ X _ -X
= ye =ecosx+C = y=cosx+Ce

82. We have (1-1-962)2—)/+y=tan_1 X
x

tan ! x

Y,y _ _
(1+x2)

dx 14 x?

This is a linear differential equation of the form
d !
—y+Py=Q,where P= ! ,Q= tan _ x
dx 1+x
1
|F - e'[1+x2 o — etan’lx

Solution of given differential equation is

1+ x°

-1 tan™* x
y . etan X J’ . eta\n de +C
+ X

= yet :Jte dt+C [Putting tan"'x = 1]
= y=e(t-1)+C = y=(t-1)+Ce"

= y=(tan'x-1)+ Ce™ "
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83 ‘A]e ha‘ye y y
. > - = - —_

dy V% tanZ
e
dx X
This is a homogeneous differential equation.
dy dv
Puty=vx= L =yp4+x—
Y dx dx
dv_ vx—xtanv

v+x ==y —tanv
dx x

xdv 1
—=—tanv = cotvdv=- — dx
X

dx
Integrating both sides, we get
log |sinv| = -logx + logC
= log [sin Z‘ + logx = logC
X

><I\<

= log (x sin Zj logC = xsin £=C
X

84. We have, (x* - y2

Ydx +2xydy=0
2
2 2 [Z) -1
o Yy ox X ()

Puty=vx= —=v+xﬂ
dx
(i) becomes
vty dv v—l - dv v2—1_
dx 2 dx 2v
dx 2V V2 +1 X

Integrating both sides, we get
log|v? +1|=—log|x|+C, = log|(V?*+1) x|=C,

2 2
= |ogy +X u:ieQ:C(say)
X

_C1:>

= X+ yz =Cx
Whenx=1,y=1=1+1 :C:>C:2:>x2+y2:2x
which is the required solution.
dy  x(2y - x) dy _2y-x

85. Wehave, -2 =227 7% — 2 =

e have dx ~ x(2y + X) dx 2y +x
This is a linear homogeneous differential equation

dy dv

ax VXX

Puty=vx=
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V+Xﬂ_2vx—x dv_2v-1
dx — 2vx + X dx ~ 2v+1
dv 2v12v—vv12v
Xax = 2v+1 To2v+l
2v+1 dx
———dv=——"r
2vi—-v+1 X
Integrating both sides, we get
.[ 4v + 2 _ %
2 v+1 - )X
4v-1 3
= ——— v+ |———=-logx+C
2J.Zv —v+1 2'[2v2—v+1
2 3 dv
= §I09|2V V+1I+Z'[V2_X+i+l_i
2 16 2 16
=-logx + C
1 2 3 dv _
= §Iog|2v —v+1|+Zf— =-logx+C

A
4 16

3 4v-1
= —Iog|2v -V+l+— — | =-logx+C
o)
4y

1 2y2—xy+x 3
= Zlogl———|+—=tan"
2 x? J7 [ﬁxJ
=-logx+C
1 2y2 xy+x2
= Zlo + logx +
2 X2
3 _1f 4y =X
—=tan =C
V7 (ﬁx]
2
= Elog[zy Xy +X J(Xz)
2 2
3 1[4y —X
+ —=tan =C
J7 [ 7xj
1 2 2 3 -1 4y—X
= =log|2y® — xy + x|+ — tan =C
plog2y’ -y o+ | T
Whenleyzl
1 13
=lo 2+—tan —=C
N N

The solution of the given equation is
1 2 2 3 -1 4y =X
=log|2y“—xy + X |+ —=tan
Z10912y" =Xy x|+ = ( Tox

=%Iogz a2

NN
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86. Refer to answer 46.

dy dy 2xy+ y2
2 -5 = 2 —_—=

87. We have, x X =2Xy+y = X 2
This is a homogeneous differential equation.

dy dv
P t, = 2 = -
ut, y=vx = i V+Xx i

dv  2x-wx+ VX2
= V+Xo—=———
dx X2

\VA dv dx dv dv dx
= Xg=Vtv=

=2v+ V2

v(v+1) X TV v+l x
Integrating both sides, we get
logv - log(v + 1) = logx + logC

v+1 X+y
= y=Cx(x+y).
88. We have, (1 +e¢*™)dy + (1 +)")e* dx=0

= Iog(L =logCx = I

X
= dy2+ 62 dx=0
1+y° 1+e™*
dy dt ) P
= W+m=0 [putting e* = t = e"dx = di]

Integrating both sides, we get
tan'y +tan't=C = tan"'y+tan 'e*=C

89. We have, %+ 2y = 6¢" which is a linear

d
differential equation of the form d—i + Py = Q, where
P=2,Q=6¢
LE = el =
The solution of given differential equation is
ye? = J'Gex -e¥dx+C
3X

3+C

= ye¥ :f6e3xdx+C = ye?* =

= y=2"+Ce™

90. We have, xcosydy = (xe*logx + €")dx

X
= cosydy=|€e" Iogx+e7jdx

= Jcosydy = J.ex[logx + %jdx

= siny=e¢"logx+ C

=3 dy _5 —3X
+8y=>5e :&+2y—ze

which a linear differential equation of the form
dy _ _ _ 5 -3x
&+Py—Q,where P=2,Q= Ze

91. We have, 4ﬂ
dx
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LE = G[de =¥

The solution of differential equation is

ye* =_[§e‘3xezxdx+c = ye¥* = gje‘xdx+c

= ye= _Tse’x+C = y:_Ts e+ Ce

92. We have, (tan™'y —x)dy = (1 + y*)dx

-2x

dx tan ly-—x
_, dx_tanly-x

dy 1+ y2
dx 1 tan ! y
= —+ S x= 5
Ay 1+y 1+y
This is a linear differential equation of the form
d 1 tan”!
—x+Px=Q, where P = 5 andQ:Lzy
dy 1+y 1+y
Refer to answer 82.
d X
93. We have, X
X x4y
This is a homogeneous linear differential equation
ly dv
Puty=vw =5 —=v+x—
dx dx
ety dv_ x-vx
dx X +v'x’
dv v dv v
= V+x—= = x— = —v
dx 1447 dx 1442

v —° dx 142
= Xx—= = —=- dv
dx 142 X v
Integrating both sides, we get

d—x=—‘[v_3dv—_|.%dv

X

= 1ogx=%—logv+C

2v
x2
= logxz—z—logy+logx+C
2y
2
= logyzx—2+C
Zy

Wheny=1,x=0 = logl=0+C = C=0

x2

2
. . . 2
Particular solutionis y = e Y
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d 2 2 2
94. We have, . ~= ) /Zx ~ .. (D)
dx xy—-x" (xy—x")/x
= Itis a homogeneous differential equation
d d
Puty=vx = oA piad
X dx
Equation (i) becomes
2 v 2 y
Vix—=——" = x—= —y=—
dx v-1 dx v-1 v—1
L yol,, _dx =>(1 —Jdv-d—x
v X v X
Integrating, we get
v-logv=logx+C = v=logvx+C

- 2= logy+C
X
= y=x(logy+ C) is the required solution.
95. Refer to answer 92.
We get the solution as
x=tany-1+ Ce ™ (1)
Now, puttingx =1,y = (1) in (i), we get
l=tan' 0-1+Ce"™ = C=2
So, required particular solution is
x= tan'ly -1+2e-tan™ ).

96. We have,
)—szin(lﬂdamo
x

el
PRGNy

dx y—xcos(zj

R =

X
2 sin(lj—lcos[l]
Yy \x) x x Q)
dx L cos(ZJ
X X
This is a homogeneous differential equation.

Put —vx:>d—y—v+xﬂ
uty dx dx

Equation (i) becomes,

dv 2sinv—vcosv
yV+x—=—-"-—-—"—
dx y—cosv dx

dv 2sinv—vcosv
SX—=—
Y—Ccosv

dv  2sinv—v* v —cosv dx
= X—= = 3 dy = —
dx v—cosv 2sinv —v X
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—-1(2cosv—2v dx
| e, _ds
2 2sinv—v X

Integrating both sides, we get

-1
> log(2sinv—v*)=logx+C,

X

=>log|: [Zsmy yzﬂ -2C,
X X

=2x’ sin% —y? =¢7% =C (say)

= logx” +2C, +log[251ny y] 0
X

which is the required solution.

97. We have, \/1+x2+y2+x2y2 +xyj_)’:0
X

d_y —,/(1+x2)(1+y2)
dx
—I“

=>f——

w/1+y
e 2y 4o
T

[putting 1 + %% = v*= 2xdx = 2vdv]

= J1+y* = J.1+ dv
= Jl+yP=-v- 1 _1+C
4 Y 8 v+1

[ 2

1 1+x" -1

= \/1+y2+\/1+x2+zlog—=c
J1+x%+1

98. Refer to answer 65.

The required solution
y-xsinx=x(-cosx) +sinx + C ...(1)

Putting x = g,y =0 in (i), we get

0=—Ec0sE+sinE+C = C=-1
2 2 2

Xy sin x = sin x — x cos x — 1 is the required particular
solution.
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99. We have, x* dy + (xy + ") dx=0
2
LY oty (D)
dx x2
This is a homogeneous linear differential equation
d
Put y=vx = YD y1tx dv
dx dx
2.2
(i) becomes v + xﬂ o _XwAvxe
dx x2
= xﬂ =—Qv+v?)
dx
Separating the variables, we get
dv N dx P dv N dx —0o
2wyt x viv+2) x
11 1
S vl adeat
2lv v+2 x

Integrating, we get

%[logv —log(v+2)]+logx =logC

= og( )+210gx—logC

= log(erzj+log3c2

=logC

2
= ( j=logC - 2 _-C
v+2 v+2
Y
= £ —=C =xy=C(x+y) ..(i)
Y2
X

Putting x = 1, y = 1 in (ii), we get
1
1= C@-1+) = C =

The required particular solution is
2x

3x2 -1

3x2y:2x+y<:>y:

B

100. We have, (xsinz( J— yjdx +xdy=0

= d—y+sin2 (Zj—z =0 ..(i)
dx x x

d
Puty=vx=>—y=v-1+xﬂ

(i) becomes
dx dx

dv .
V+x—+sin’v—v=0
dx
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dv dx
= x—+sin’v=0 = cosec’vdv + — =0

dx X
Integrating both sides, we get
d
.[coseczvdv + J.—x =C
X

= -cotv+logx=C = —cot(1)+logx=C

x
...(ii)
Putx =1, y =m/4 in (ii), we get

—cot§+log1=C = C=-1

.. —cot (ZJ+ logx+1=0 is the required particular

x

solution.

101. We have, d—y—3ycotx =sin2x ..(0)
This is a linear xdifferential equation of the form
% +Py=Q

where P = -3 cot x, Q = sin2 x
LF :edex _ e—3jcotxdx

_ e—3log [sin x| _

|sin "> x|
y-sin ™ x = Isin2x -sinxdx+C

2sin x cos x
= }; = 3 dx+C
sin” x sin” x

dx + C (Put sin x = t = cos x dx = dt)

_J-Zcosx

Sin- X

= y=-2 sin® x + Csin® x (i)

i
Put x = 7= 2 in (ii), we get

2=-21+C-1=C=4
y =4 sin’® x -
solution.

2 sin® x is the required particular

102. We have, x d—ysin[x)+ X — ysin(ljzo
dx X X

Loy ysin(%)— X %sin(%)—l o

E

This is a linear homogeneous differential equation
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d
Put y=1/x:—y=v+xﬂ
dx dx

dv vsinv — 1

*. (i) becomes

dv vsinv—1

v+ _ = _
dx sinv dx sinv
dv 1 dx

= X—=—-—— = sinvdv=——
dx sinv X

Integrating both sides, we get
—cosv=-logx + C

= —cos[%)+ logx=C ...(ii)
T

Put y=§,x= 1 in (ii), we get

= —cos(g)+ logl=C = C=0

= logx = cos(%) is the required solution.

103. We have, 2ye™” dx +(y—2x e”)dy =0

dx 2xe’ -y x 1 .
—= T (1)

dy_ 2ye™” Y 2e

This is homogenous linear differential equation.

dx dt
Put Z=t=x= yt =>—=1-t+y —
dy dy
(i) becomes
dt d
t+y —=t—— =2¢ dt+Z =0
dy e y
Integratmg both sides, we get
2e'+logy=C = 27 +logy=C ..(id)

Putting x =0, y = 1 in (ii) we get C =2
2¢7 + log y = 2, is the required particular solution.

104. We have, (x &7 + y) dx = x dy

dx X x/ .
T = (D)
yoxem Yy Loy
y
This is a homogeneous linear differential equation
dx dv
Putx=vy =—=v+y
dy dy
(i) becomes
dv % dv % —v’e"
v+ y p—— —_— — =
dy wve' +1 dy wve'+1 ve' +1
ve +1d =_d_y l+ 1 dv:—d—y
vie y v vie’ y

Integrating both sides, we get

10gv+jﬁdv=—logy+€

245

dv dv
=logvy+|—=——=C =logx+|—=——=C
gvy+ [ gt [

which can’t be integrated further.

105. Refer to answer 92. »

We have, x = tan~ y —1+Ce™ 7 )
Puttingx =0, y= 01n (i), we get

0= O—1+Ce = C=1

—tan™

x=tanly-1+e "7 is the required particular

solution.

106. We have,

?+xcoty=2y+y2coty,(y¢0) (@)
Y

This is a linear differential equation of the form
?+Py Q, where P=coty, Q =2y + y* cot y
y
LE = efpdy =eJCOW Y _ plogsiny =siny.
The required solution is

x-siny=J.(2y+y2coty)siny dy+C
=J.2ysinydy+‘[y2cosydy+c

= J.Zysinydy +J.[y2 sin y —J.Zysinydy] +C
:y2 siny+C ...(ii)

T
Putting y = E’x =0 in (ii), we get

2 2
Ozn—sinE+C = Cz—n—
4 2 4

Hence the required particular solution of (i) is
. 2 . 7'52
xsiny = ysiny == -.

107. We have, (3xy + ) dx + (x* + xy) dy = 0

d 3xy + y?
R ()
dx X"+ xy

This is a homogeneous linear differential equation

d
Puty—vx:>—y—v 1+ x- ﬂ
dx dx

(i) becomes

dv 3x - vx + 12 x? 3v + 12
VEX o= =-
X X"+ x-vx 1+v
dv 3y 0P -4y
=S x—=-v- = —
dx 1+v v+1
y+1 dx
= dv + =0
2v° +4y X
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Integrating both sides, we get

1
Zlog| 2v* +4v | +log | x |= log C’

1 2
2y 4 ,
= (21/ +4v) x=C’ ﬁ{%+—yJ x=C
X X
1
(Zx Y +4x y)4 =C’
= 2xy +4xy=C [where C = (C)Y] ...(ii)

Put x=1,y=1in(ii)), weget = C=6
Hence 2x2y2 + 4x3y =6= x2y2 + 2x3y =3
is the required particular solution.

108. We have, (x* + xy) dy = («* + y*) dx

2 2
dx  x*+ xy
This is a homogeneous linear differential equation
dy dv
Put y=vx=—*-=v-1+x—
dx dx

(i) becomes

dv 2 +v2x? 3 1+v2

v+ Xx
d.x x2+x.vx 1+v
dv 1+12 1-v 1+v dx
= —v= = dv=—
dx 1+v 1+v 1-v x

Integrating both sides, we get
= I+—— |dt =logx+C
e

v

= -v-2log(1-v)=logx+C

= ——ZIOg(l— j—logx+C . (if)
X X

Puttingx=1,y=0in (ii), weget = C=0

= 1—2[log(x—y)—logx] =logx
x

= 1—210g(x—y)+logx =0
x
is the required particular solution.

109. Refer to answer 49.
The general solution is

_ 2
logx+C = Tllog(y_z.kl_ﬂ}

X X

+3tan”! (—+lj/\/§ (1)

X
Putting x = 1, y = 0 in (i), we get
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1 1 T
0+C=——log(0+0+1 +\/§tan‘1 — | =2C=—+
1080+ 0+ (ﬁ] 3

T 1 2 2 2
logx +——==——[log(y” + xy+ x°) —log x“]
8 2\/5 2 8 ) 8

(52

x+2yj

V3x

= L:—%log(x2+xy+y2)+\/§tan_l[

23

110. Refer to answer 52.
Y

The general solution is sin==logx +C (1)
x
. T . .
Putting x =1, ¥ = — in (i), we get
1
logl+C = C=—

. s1n—
4

2

[y . : .
sin| = |=logx+—=, is the required particular
U NG

solution.

111. We have,

xcos( )(ydx+xdy) ysm( )(xdy ydx)

:>cos[lj(y+xd—y)=lsin(zj(xd—y—y) ..(1)
x dx ) x x dx
(i) becomes

Puttingy:vx:d—y=y.1+xﬂ
dx dx
dv . dv
cosv|vx+x|v+x— ||=vsinv| x| v+x— |—vx
{ ( dxﬂ { ( dx) }
( dvj . dv
= cosV|2v+x— |[=vsinv-x—
dx dx

) dv
= 2vcosv = x(vsinv — cosv)d—
x

ysinv—cosv dx
:>—dv=2— (tanv—ljdV—Zd—x
vcosv X v X
Integrating both sides, we get
log |sec v| - log v =2log x + log C

[secv] = log Cx?

= sec(ZJ = Cxy
X

= log—— = |secv |= Cvx?

“«WO»



