THE DERIVATIVE AS A RATE OF
CHANGE

In case of a linear function y = mx + b the graph is a straight
line and the slope m measures the steepness of the line by
giving the rate of climb of the line, the rate of change of y
with respect to x.

As x changes from x, to x;, y changes m times as much:

Vi = Yo = mx; = Xp)
Thus the slope m = (y; — yo)/(x; — x,) gives the change in
y per unit change in x.

In more general case of a differentiable function y = f(x),
the difference quotient

SEAD =S faeh =@ g
x+h—x f,

gives the average rate of change of y (or f) with respect to
x. The limit as & approaches zero is the derivative dy/dx =
f’(x), which can be interpreted as the instantaneous rate of
change of y with respect to x. Since the graph is a curve, the
rate of change of y can vary from point to point.

| Illustration | 1 ;

Find the rate of change of volume of a sphere with respect to
its radius when r =4 cm

v= 22 WV i
3 dr
when r=4, d—V =64r
dr

Illustration | 2 ;

A point is in motion along a curve 12y = x>. Which of its
coordinate change faster?

Differentiating both the coordinates with respect to ¢
we have

D &

dt dt
- o_x
x; 4

Hence, if

(i) 2 <x<?2,then & < 1, i.e. the rate of change of the
t
ordinate is less than that of the abscissa.

(i) Forx>2orx<-2, & > 1 i.e. the rate of change of
xt
the ordinate is greater than that of the abscissa.
(iii)) For x = £ 2, the rate of change of ordinate is equal to
that of the abscissa.

Velocity and Acceleration

Suppose that an object is moving along a straight line and
that, for each time 7 during a certain time interval, the object
has (coordinate) x(¢). Then at time ¢ + A, the position of the
object is x(t + h), and x(t + h) — x(¢) is the change in position
that the object experienced during the time period ¢ to ¢ +
h. The ratio

x(t+h) = x(1) _ x(t+h)— x(t)
t+h—t h
gives the average velocity of the object during this time
period. If L
lim x(t+h)— x(t) = X(1)
h—0
exists, then x’(¢) gives the (instantaneous) rate of change of
position with respect to time. This rate of change of position
is called the velocity of the object. If the velocity function
is itself differentiable, then its rate of change with respect ¢
time is called the acceleration, in symbols
a(®) =v'(t) =x"(r)
the speed is by definition the absolute value of the velocity:
speed at time ¢ = lv(¢)!
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If the velocity and acceleration have the same sign then
the object is speeding up, but if the velocity and acceleration
have opposite signs then the object is slowing down.

A sudden change in acceleration is called a jerk. Thus,
Jerk is the derivative of acceleration. If a body’s position at
the time ¢ is x(¢), the body’s jerk at time ¢ is

da_
VPR

Illustration | 3 E

A point moves in a straight line so that its distance from the
. . 1 .
start in ¢ sec is equal to s = Zt4 — 4 +161* . What will be

acceleration and at what times is its velocity equal to zero?
ds
v=—=1 126> +32t
dt

2
o= omin
dr
v=0 = £-12¢+32=0

= (A-12t+32)=0

= t(t-4)(@-8)=0
att =0, t =4, t = 8 the velocity will be zero and the cor-
responding acceleration will be 32, — 16, 32 respectively.

Ilustration | 4 E

A body whose mass is 3 kg performs rectilinear motion ac-
cording to the formulas=1+1¢+ t2, where s is measured in

2
mv
cm and ¢ in secs. Determine the kinetic energy ( ) j of
the body in 5s after the start.

é:l+2t,v=£ =1lcm/s
dt dt|,_s
2
K.E. = m; = 3000x 121 _ 181500 gm cm?*/s*
=181.5x 10° erg.
Differentials Lety=f(x) be a differentiable function. Let

h # 0. The difference f(x + h) — f(x) is called the increment
of f from x to x + A, and is denoted by Af.

Af=f(x +h) - fix)

The product f’(x) h is called the differential of fat x with
increment /4, and is denoted by df

df =f'(x) h
The change in f from x to x + & can be approximated by
f'(x0) b
Jx+h) —f(x) = f'(x) h.

Illustration | 5 E

Find the increment and differential of the function
y:3x3+x—1 at x=1, Ax=0.1.
dy = (9x* + 1) Ax
At x=1,Ax=0.1,dy = (9 +1) (0.1)
=1
Ay=[Bx+A) +x+A0) - 11-3 > +x-1)
= 9x% Ax + 9x Ax” + 3Ax° + Ax
Ay —dy = 9x Ax® + 3Ax°

At x=1,Ax=0.1
Ay —dy =0.09 +0.003 = 0.093.
TANGENT AND NORMAL

Let y = f(x) be the equation of a curve, and let P(x,, y,) be
a point on it. Let PT be the tangent, PN the normal and PM
the perpendicular to the x-axis (Fig. 11.1).

Y

P(x0,%0)

o /T M N X
Fig. 11.1

The slope of the tangent to the curve y = f(x) at P is given
by f’ (x,) Thus the equation of the tangent to the curve y =

S(x) at (xg, yp) is
Y—=Yo= f,(xo) (x —xp)

Since PN is perpendicular to PT, it follows that, if " (x,) #
0, the slope of PN is —1/f"’ (x,). Hence the equation of the
normal to the curve y = f(x) at (x;, y,) is

I (x) = y) + (x—x0) =0

An equation of the normal parallel to the x-axis is y = .
The length of the tangent at (x, y,) is PT, and it is equal to

b
(f )
The length of the normal is PN and it is equal to

|vo [V1+ (F (o)) -

TM is called subtangent and the length of the subtangent
is equal to

|yo| 1+



1
TR
frx)™
MN is called subnormal and the length of the subnormal is
equal to ly, f'(xy)l.

Illustration | 6 E

Derive the equation of tangent and normal at (x,, y,) of the
curve y = log x.
d 1 d
dy 1 dy

dx X dx

Hence equation of tangent at (x,, y,) is

1

X=X, X0

1
y—logxg= —(X -x,)
Xo
Equation of normal is

Y —log x5 = —xo(X — xp)
Length of tangent = |log x|+ 1+ xé

Length of normal = |log x, |, [1+ Lz
Xo
Length of subtangent = |x, log x,|

Length of subnormal = |y, x,|

ANGLE BETWEEN TWO CURVES

An angle of intersection of two curves is defined as the
angle between the tangents to the two curves at their point
of intersection. Let y = f(x) and y = g(x) be two curves, and
let P(x,, y,) be their point of intersection. Also, let y and ¢
be the angles of inclination of the two tangents at P with the
x-axis, and let 8be the angle between the two tangents. Then

tang —tany  g'(xy) — f'(xp)

*tan6 = =
I+tangtany 1+ f'(x;) g’ (xy)

Orthogonal Curves

If the angle of intersection between two curves is aright angle
then the two curves are said to be intersecting orthogonally.
Two curves y = f (x) and y = g(x) cut orthogonally if f’(x)
g'x)=-1

THE ROLLE’S AND LAGRANGE’S
THEOREMS

Rolle’s theorem Let f(x) be a function defined on a closed
interval [a, b], such that (i) f(x) is continuous on [a, b], (ii)
f(x) is derivable on ]a, b[, and (iii) f(a) = f(b). Then there
exists a ¢ € la, b[ such that f’(¢) = 0.

Rolle’s theorem for polynomials  If ¢(x) is any polynomial,
then between any pair of roots of ¢(x) = O lies a root of

¢'(x) = 0.

Applications of Derivatives 11.3

If a polynomial equation P (x) = 0 has at least n real roots,

then P’ (x) = 0 has at least (n—1) real roots, P"(x) = 0 has at
least (n—2) real roots and so on.
Lagrange’s Mean Value theorem Let f(x) be a function
defined on [a, b], such that (i) f(x) is continuous on [a,
b], and (ii) f(x) is derivable on ]a, b[. Then there exists a
¢ €la, b[ such that

o= IO =T @

b—a

| Illustration | 7 E

Check the validity of Rolle's theorem for y = 4" in the
interval [0, «].

Being exponential function, y is a continuous function x
and y’ = (45™) (log 4) cos x. Also y(0) = 4° = 1 and y(7) =
45n7 — 4° = 1. Hence all the hypothesis of Rolle's theorem
are satisfied. For conclusion,

Y (r/2)=0 and w2 € [0, ]

| Ilustration | 8 E

Show that the equation x° — 3x + C = 0 cannot have two dif-
ferent roots in (0, 1).

Consider f{x) = x*> — 3x + C. Suppose f has two distinct
roots say x; and x, in (0,1). fis a polynomial so continuous
on [x;, x,] and differentiable in (x,, x,) and f(x,) = fix,) =0
so by Rolle's theorem there is oce (x;, x,) < (0, 1) such that

fo)=0 = 3a’-320 = a=zxl¢(0,1).
So x*—3x+ ¢ =0 cannot have two different roots in (0, 1).
MONOTONICITY

A function f(x) defined on a set D is said to be non-decreas-
ing, increasing, non-increasing and decreasing respectively,
if for any x,;, x, € D and x; < x,, we have f(x,) < f(x,), f(x|)

<f(x,), f(x)) = f(x,) and f(x;) > f(x,), respectively (Figs 11.2
and 11.3). The function f(x) is said to be monotonic if it pos-
sesses any of these properties.

Y

y=f(x)

Sxp) s
S(x1)

o X1 X2
An increasing function

Fig. 11.2
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Y
fe)p————— |
|
P63 ] Em— -
L
||
||
||
L
(0] Xy X2 X

A decreasing function

Fig. 11.3

As an immediate consequence of Lagrange’s Mean theo-
rem, we have
Testing monotonicity Let f (x) be continuous on [a, b]
and differentiable on ]a, b[. Then
(i) for f (x) to be non-decreasing (non-increasing) on
[a, b] it is necessary and sufficient that f* (x) > 0
(f'(x) £ 0) for all x € la, bl.
(1) for f (x) to be increasing (decreasing) on [a, b] it
is necessary and sufficient that f"(x) > 0 (f{(x) < 0)
for all x €]a, bl.

| Illustration | 9 E

Show that the function y = V2x — x? increases in the inter-
val (0, 1) and decreases in (1, 2)
1 2-2x

V)=~ =
2 \/2x -x*

¥’ is not defined at x =0, x = 2.

1-x

0,2.
\/(2—x)x *7

¥ (x)>0if I — x>0 so yincreases on (0, 1) and y’(x) < 0

for x € (1, 2), so y decreases on (1, 2).

| Ilustration |10E

. . . 1-x+x°
Find the interval of monotonicity of y = ———
I+x+x

(x4 xD)(=1+2x) = (1 - x+ x2)(1+2x)
(1+x+x2)2

y'(x)

o242k 2 -0)
(I+x+x3)?  (A+x+x%)?

Since the denominator is always positive so the sign of
y'(x) according to the sign of x* —1.

Thus y(x)>0 & X*-1>0ex>1orx<-1

Hence y increases on (1, o) U (-0, —1) and decreases on
(-1, 1).

MAXIMA AND MINIMA

A function has a local maximum at the point x,, if the value of
the function f(x) at that point is greater than its values at all
points other than x,, of a certain interval containing the point
X,. In other words, a function f{x) has a maximum at x if it
is possible to find an interval (o, ) containing x, i.e., with
o < x, < B, such that for all points different from x, in (c,
B, we have f (x) < f (x,).

A function f(x) has a local minimum at x, if there exists
an interval (¢, 3) containing x, such that f(x) > f(x,) forx €
(o, B) and x # x,.

One should not confuse the local maximum and local
minimum of a function with its largest and smallest values
over a given interval. The local maximum of a function is
the largest value only in comparison to the values it has at
all points sufficiently close to the point of local maximum.
Similarly, the local minimum is the smallest value only in
comparison to the values of the function at all points suffi-
ciently close to the local minimum point.

The general term for the maximum and minimum of a
function is extremum, or the extreme values of the function.
A necessary condition for the existence of an extremum at the
point x,, of the function f (x) is that where f(x,) = 0, or f” (x,)
does not exist. The points at which f “(x) = 0, or where f(x)
does not exist, are called critical points of the function f.
First derivative test

(1) If f1x) changes sign from positive to negative at x,,
i.e., f(x) > 0 for x < x;, and f{(x) < O for x > x,
then the function attains a local maximum at x,,

(ii) If f(x) changes sign from negative to positive at x,
ie., f(x) <0 for x < x;, and f1(x) > O for x > x,
then the function attains a local minimum at x,.

(iii) If the derivative does not change sign in moving

through the point x,, there is no extremum at that
point.
Second derivative test  Let fbe twice differentiable, and let
¢ be aroot of the equation f(x) = 0. Then

(1) ¢ is a local maximum point if f”(c) < 0

(i) ¢ is a local minimum point if f(c) > 0.

However, if f(c) = 0, then the following result is applica-
ble. Let f(c) = f”(¢) = --- =f "~V (¢) = 0 (where /" denotes
the rth derivative), but £ (c) # 0.

(i) If n is even and f @ (¢) < 0, there is a local maxi-
mum at ¢, while if f () (c) > 0, there is a local
minimum at c.

(i1) If n is odd, there is no extremum at the point c.

The greatest (least) value of continuous function f (x) on
the interval [a, b] is attained either at the critical points or
at the end-points of the interval. To find the greatest (least)
value of the function, we have to compute its values at all
the critical points on the interval ]a, b[, and the values f (a),



f (b) of the function at the end-points of the interval, and
choose the greatest (least) out of the numbers so obtained.

| Illustration |IIE

Find the extrema of y = 2x° = 3x7%, yis differentiable function
and y’ = 6x% — 6x = 6x(x — 1).

So, points extremum are 0 and 1 y” =6 2x-1) y’(1) =
6>0,y"(0)=-6<0.
Ymax = y(O) =0
and Ymin = Y(1) =2-3 =-1

Hence

® Example 1: The approximate value of cos 31° is

(a) 0.52 (b) 0.851
(c) 0.641 (d) 0.681
Ans. (b)
Solution: Known value near to cos 31° is cos 30°
r 3
= cos—=—
6 2
Let y=cosx Yy (x)=-sinx
cos31 =cos(£+ij.80puttingx= z and Ax = L,
6 180 6 180
,(n) . T 1
we have y'| — | = —sin— =——
6 6 2
, . T T
cos (x + Ax) = cosx + f(x) Ax. Putting x = — and Ax =—,
we have 6 180
B olr 1732 1 314
cos3l= ————=—""—"—-—XxX—
2 2180 2 2 180
=0.851

® Example 2: The tangent line at (2, 4) to the curve y =
x> — 3x + 2 meets the x-axis at

7
@ 2,0) (b) (5,0)
11 14
o) el
Ans. (d)
Solution: @ =3x* 3= 3(x2 -1
dx
L N
axl =34-1)=9

Equation of tangent at (2, 4) is
Y-4=9(X-2)

Applications of Derivatives 11.5

| Illustration |12E

Find the greatest and least value of y = X =3x*+6x-2on
[1, 1]. y is a differentiable function of x and y'(x) = 3x*> — 6x
+6=30"-2x+2)=3((x— 1)+ 1)>0.

Hence y increases on [—1, 1]. Thus the greatest value = y(1)
=1-3+6-2=2,leastvalue=y(-1)=-1-3-6-2=-12.
Point of Inflection

A point x = ¢ is said to be point of inflection for a curve y =
f ) if f” (¢) = 0 or is not defined and f”’(c) # 0

SOLVED EXAMPLES
Concept-based

Straight Objective Type Questions

This meets x-axisif Y =0

= _—4=X—2 :>X=2—i=5.
9 9 9

® Example 3: The slope of the tangent to the curve
x=1r+3r-8

y=27-2t-5
at the point (2, —1) is
(a) 2/3 (b) 6/7
(c) 4/5 (d) 32

Ans. (b)
Solution: We need to determine the value of ¢ corre-
sponding to the given point, so

2=1+3r-8 }:>

t2+3t—10=0}:> t=2,-5
—1=2¢>-2¢-5

= 2-t-2=0 | t=2,-1
Hence common value is 2
i}
, dt 4t -2 _ 6
Ve = | e :(2t+3l_2_?

dt Ji=>

1

@ Example 4: The interval in which y = ————
4x° —9x" +6x

is increasing is

() (= o0, ) (b) (0, 1/2)
(c) (172, 1) (d) (1, e0)
Ans. (¢)
12x*> —18x+6

Solution:

y(x)=-
4x* —9x* +6x)°

_ 6Q2x-D)(x-1)
(4x* —9x* +6x)°
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Yyx) >0 2x-1)(x-1)<0
< (1) 2x-1>0, x-1<0
(i) 2x-1<0, x-1>0
(1) = xe (1/2,1) case (ii) is not possible. Hence y increases
on (172, 1)

® Example 5: Let y = x — log(1 + x), the minimum value

of yis
(@) 1 () 0
1
c) -1 d) —
(© (d) >
Ans. (b)
Solution: y’(x) = 1_L: Y The domain y is
I+x 1+x
x>-1.50y'(x)=0 = x=0
1
y’(x) = ———>0. Hence y is min at x = 0 and y,,;,, =
(1+x)
0O-logl1l=0

® Example 6: A covered box of volume 72 ¢cm® and the
base sides in a ratio of 1:2 is to be made. The length all sides
so that the total surface area is the least possible is

(a) 2,4,9 (b) 8,3,3
(c) 6,6,2 (d) 6,3,4
Ans. (d)

Solution: Let [/, b, h be the dimensions [/ = 2b, so
V=I1bh=2b
_ 36

= 72=20h = h=—
b
The surface area S = 2(Ib + bh + [h)

= 2(2;;2 +%+2bxﬁ)
b b2

ﬁ = 4(2b—ﬁj, — iszeroif b=3 and
db b?
2
1
L5 (2019,
db b
Hence S is minimum when b = 3. So the dimensions are
36

6,3, — =6,3,4
9

® Example 7: A point on the curve y = x* = 3x+5 at which
the tangent line is parallel to y = —2x is

(@) (1,3) (b) (0,5)

o(&-2) (g

Ans. (c)

Solution: Since y'(x) = 3x% = 3, s0 by the condition of
parallelism

3xP-3=-2
x:iL
3
1 1 3
Ifx=—,theny= ———+5
3 33 3
_s 8 _o 83
33 9

® Example 8: The greatest value of y = sin 2x — x on

——,—|is
22

@ = (b) 1
2 T
(c) 2 (d) 5
Ans. (a)

Solution y' =2cos2x—1 = y'(x)=0 & cos’x= %

%. Thus the critical points of y in

-—,—|are —,—,—.Now y|-—|==,y| = |=—=
|: 2 2} 2 6 2 2 2 2 2

and y(%) = ? —% . The greatest value is %

So, y'(x) = 0 if x =

® Example 9: The point of inflection of y = X -5+
3x-5is

@ L o 3
2 4
© ~ @ 2
4 4
Ans. (d)

Solution: Since y is twice differentiable function so for
inflection points y”(x) = 0, y”’(x) #0

y(x)=3x>—10x+3
y'=6x-10. So,y’(x)=0ifx= %

Y’(x)=6#0. So,x= % is a point of inflection.

® Example 10: The minimal rate of change of the function
f(x) =3x° = 5x° + 5x =T is

(a) (b)

() (d

W AW
N|w KAl



Ans. (b)
Solution Rate of change of f(x) is f'(x)

= 15x* —15x2 +5=15(x4 —x? +§)

® Example 11: A spherical balloon is expanding. If the
radius is increasing at the rate of 5 inch per minute, the rate
at which the volume increases (in cubic inches per minute)
when the radius is 10 inch is

(a) 100 & (b) 1000
(c) 2000 7 (d) 500 &
Ans. (c)

Solution: The volume V = % e, r being the radius.

It is given that ? =5 inch/min and we have to find Z—V
t t

when r = 5 inches.

d_V =472 ﬂ
dt d
av
= - =47 (100)5 = 2000 7.
dt r=10

® Example 12: An object is moving in the clockwise
direction around the unit circle x*> + y* = 1. As it passes

through the point (1/2, NE) /2), its y-coordinate is decreasing

at the rate of 3 units per second. The rate at which the
x-coordinate changes at this point is (in units per second)

OF (b) 33
© 3 @ 2V3
Ans. (b)
Solution: We find % when x = % andy = ? given

d .
that d_y = — 3 units/s and x° + y2 =1.
t
Differentiating X+ y2 =1, we have

2xﬂ +2yﬂ =0.
dt dt

Putting x=1/2,y = J3/2 and dyldt = -3, we have

Ldx 3 5 g
2dr 2

ax _ 33
dt

Applications of Derivatives 11.7

=15 (x2—1j2+i >15.5
2) 12) 12 4

The minimum vale of f is attained at x =+ L and equals % .

V2

LEVEL 1
Straight Objective Type Questions

® Example 13: An approximate value of cos 40° is

(a) 0.7688 (b) 0.7071
(c) 0.7117 (d) 0.7
Ans. (a)

Solution:
Let f(x) = cos x. 40° = 45° - 5°
T T

T T .
= 2~ _ = radians
4 180 4 6

We use a differential to estimate the change in cos x when
x decreases from n/4 to n/4 — (n/36)
f'x)=—sinxand df=f'(x) h=—hsinx
With x = /4 and h = — 7/36, df is given by

’ — _1 1 E
df=—-f'(x)h = ( 36) s1n(4)

_ T N2 _mNZ_ 0617
36 2 72
cos 40 = cos 45 + 0.0617 =0.7071 + 0.0617
=0.7688.

® Example 14: The values of x for which the tangents to

the curves y = x cos x, y = (sin x)/x are parallel to the axis of

x are roots of (respectively)
(@) sinx=x,tanx =x
(c)cotx=x,tanx =x

(b) cotx=x,8ecx=x
(d) tanx=x, cotx=x

Ans. (¢)
Solution: Let y = f(x) = xcos xand y = g (x) =
(sin x)/x. Now f’(x) = — x sin x + cos x and g ~ (x) =

(x cos x — sin x)/x’. Since the tangents are parallel to x-axis
so f’ (x) =0and g ’(x) = 0, which is turn give cot x = x and
tan x = x respectively.

® Example 15: The length of the subtangent to the ellipse
x=acost,y=bsintatt=mn/41is

(a) a (b) b
(©) b2 @) a/\2
Ans. (d)
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Solution: % =— g sin t and Q = b cos t, therefore

dr dr
d
& = —é cot (m/4) = —é. The length of the subtan-
dxli=r/4 a a
dx . T a a
gent=|y — =bSll’l—X——‘ = —.
0 dy t=mi4 4 b V2

@® Example 16: Tangent of the angle at which the curve
y=d and y =b" (a # b > 0) intersect is given by

log ab logal/b
(a) — 2 (b) g
1+log ab 1+ (log a) (log b)
(© log ab (d) none of these
1+ (log a) (log b)
Ans. (b)

Solution: Intersection of the two curves is given by a”
= b* which implies x = 0. If o is the angle at which the two
curves intersect then

tan o= A "M _ a*loga—b"logh |
I+mm, 1+a*b*(loga)(log b)|x =0
- (ogalb) (Putting x = 0)
1+ (loga)(log b)

® Example 17: For the parabola y2 = 16x, the ratio of the
length of the subtangent to the abscissa is

(@) 2:1 (b) 1:1
(c)x:y @ x*:y
Ans. (a)
. . . dy dy 8
Solution: Differentiating, 2y —— =16 so — =—. Thus
dx dx
2
the length of the subtangent is y,;ﬂ = y? = 16?)( =2x.

Hence length of the subtangent: abscissa=2x:x=2:1.

@® Example 18: If the tangent to the curve X - y2 =0 at

m?,-m’)is parallel to y=— 1 x—2m’, then the value of m” is
m
(a) 173 (b) 1/6
(c) 2/3 (d) —2/3
Ans. (c)
Solution: Differentiating x’—y*= 0, we have
&3 a3t _ 3w
dx 2y dx (m2 7m3) 2m3 - 7 ‘
According to the given condition, — % m=— 1
m
= m2 = 2
3
cx+d

® Example 19 If the function f (x) = —————— has a
(x—-D(x—-4)
turning point at the point (2, — 1) then

(@) c=2,d=0 ®d)c=1,d=0
©c=1,d=-1 dc=1,d=1
Ans. (b)

cx—=Dx=-4)—(cx+d)2x-5)
(x=1)*(x—4)?

So 0=f’(2)=_2c+(42€+d)=§ = 4

2c+d _

-2

Solution: f’(x)=

0

Also c=1.

—-1=f(2)=

—C =

® Example 20: The distance between the origin and the
normal to the curve y = ™ + x° at the point whose abscissa
isOis

@ 1/V5 (b) 2/5
(©) 3/ d) 2/3
Ans. (b)

Solution: The point on the curve corresponding to x =

01is (0,1)
gy = P )
dx d‘xx=0

Hence the equation of the normal at the point (0, 1) is
y-1=(=12)(x-0) = 2y+x-2=0

Therefore, the distance of the point (0, 0) from this line is

25,

® Example 21: The function f (x) = 1 + x (sin x) [cos x],
O<x< w2

(a) is continuous on (0, 7/2)

(b) is strictly decreasing in (0, 7/2)

(c) is strictly increasing in (0, 7/2)

(d) has global maximum value 2.
Ans. (a)

Solution: For 0 <x < /2, [cos x] =0. Hence f(x) = 1 for
all x € (0, ni/2]. Trivially f(x) is continuous on (0, 7/2). This
function is neither strictly increasing nor strictly decreasing
and its global maximum is 1.

® Example 22: Let f be an increasing function on [a, b]
and g a decreasing function from [a, b] to [a, b], then

(a) fo gis adecreasing function

(b) g ofis an increasing function

(c) fo gis an increasing function

(d) none of these
Ans. (a)

Solution: For x; <x,, x|, x, € [a, b], since g is decreas-
ing s0 g(x)) > g (%)) = f(g(x))) > f(g (x) i.e. fo g is de-
creasing function on [a, b]. Similarly g o fis also decreasing
function.

® Example 23: If a <0 and f (x) = e” + ¢~*. Suppose that
S = {x : f(x) is monotonically decreasing} then



(@ S={x: x>0}
© S={x:x>1}
Ans. (b)
Solution: f'(x) = a(e™ — ¢~ ). So f is monotonically
decreasing if and only if e™ —e~* > 0, i.e. ¢** > 1 which is
true if and only if 2ax > 0. Since a < 0, we must have x < 0.

() S={x:x<0}
(d S={x:x<1}

® Example 24: The equation of the horizontal tangent to

the graph of the function y =¢" + ¢ " is

(@ y=-2 (b) y=-1
(©)y=2 (d) none
Ans. (c)

Solution: The slope of the horizontal tangent is 0, so
O=dy/dx=¢—e™ = e¥=1= x=0.1fx=0theny=
2. Hence the equation of horizontal tangent at (0, 2) is y = 2.

@® Example 25: Let fix) and g(x) be defined and
differentiable for x > x; and f (x)) = g(xy), f'(x) > g’(x) for
X > xy then

(a) f(x) < g (x) for some x > x,

(b) f(x) = g (x) for some x > x,

(c) f(x) > g (x) for all x > x,

(d) none of these
Ans. (c)

Solution: Consider the function ¢(x) = f(x) — g(x) on
the interval [x,, x]. By Lagrange’s theorem we have ¢(x)
-0 (x0) = ¢ "(2) (x — xp) for some z € (x,, x). Since P(x,)
=0,¢"@=f @ -g  (@>0.5 ¢x) - d(x) = $(x)
=("@-g' (@) x-x)>0 = ¢(x)>0
Thus f(x) > g(x) for all x > x,,.
@® Example 26: If y = 2x + cot™! x + log (\/1 +x2 - x),
then y

(a) decreases on (— oo, o0)

(b) decreases on [0, o)

(c) neither decreases nor increases on [0, o)

(d) increases on (— oo, o0)
Ans. (d)

Solution:

y(x)=2- 12+ ! i(\/1+x2—x)
I+x° 142 —xdx

1 1

1+ J1+x?

since 1/(14+x?) and 1/ \J1+ x% are less than or equal to 1 for

all x. So f(x) increases on (— o, o).

=2_

® Example 27 The equation x*~7x+2=0has

Applications of Derivatives 11.9

(a) exactly two real and distinct solutions

(b) has four real roots

(c) no real root

(d) all the four roots lie between 0 and 2
Ans. (a)
Solution: Let f(x) = x* = 7x + 2. Since f(0) =2, f(1)
=—4andf(2)=4
so by Intermediate value theorem there is x; € (0, 1) and x,
€ (1, 2) such that f(x,) = f(x,) = 0. Also f'(x) = 4x* =17, s0
f(x) decreases for x < (7/4)1/ 3 and increases for x > (7/4)1/3
and I< (7/4)” 3 < 2. Thus f(x) cannot be zero at any other

point.

@® Example 28: The maximum value of ™ is
(@) (1/e)* (b) e
(c) e (d) 1/e

Ans. (b)

Solution: Letf(x)=x"" = logf(x)=(1/x)log x. Dif-

ferentiating both the sides, we have f'(x) = f(x) [1 - l(z)g X}

X
Soff(x) =0 & x=-e. Alsof’(x) >0 for 0 <x < e and
f'(x) < 0 for e < x < e, Thus, f (x) has a maximum at x = e
and max f (x) = '’

® Example29: LetP (x) =ay+a, X’ +ayx* + ... + a, x™"

be a polynomial in a real variable x with 0 < a, < q,...<a,,.
The function P(x) has

(a) neither a maximum nor a minimum

(b) only one maximum

(c) only one minimum

(d) none of these
Ans. (c)

Solution: Since P(x) is a polynomial, it is differenti-
able, and its extremum values are given by P’(x) =0

= 2a,x + 4a,x> + ...+ 2na, x" "' =0
= 2x (@, + 2a,* + ... + na, x"" " H =0
But, a, > 0 and other terms of 2a, x* + ... + n a, x**~ are

non negative so we have x = 0. Also P”(x) = 2a, + 12a, x* +
... +2n(2n— 1) a, x*" % so that P”(0) = 2a, > 0. Therefore,
P(x) has only one minimum at x = 0.

® Example 30: Iff(x)=

x
and g (x) = PP where 0

sin x
< x £ 1, then in this interval
(a) f(x) and g (x) are increasing functions
(b) both f (x) and g (x) are decreasing functions
(c) f(x) is an increasing function
(d) g (x) is an increasing function
Ans. (c)
sin X — X COS X

f,()C) = )

sin” x

X
Solution: Letf(x)= —_—
sin x
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Let u(x) = sin x — x cos x s0 #’(x) = cos x — COS X + x sin x =
xsin x> 0 for 0 < x < 1. Hence u is an increasing so u(x) >
1(0) = 0. Thus f’(x) > 0 for 0 < x < 1. i.e. fis an increasing

function. Now
, tan x — x sec” x
g = —F——
tan” x

Let v(x) =tan x — x sec’x. Since v'(x) = sec’x — sec’x — 2x
sec’x tan x = — 2x sec’x tan x < 0 for 0 < x < 1. Hence v(x)
<v(0)=0s0 g'(x) <0 for 0 <x< 1. Thus g is a decreasing
function.

® Example 31: If f (x) = x** then

(a) (0, 0) is a point of maximum

(b) (0, 0) is not a point of minimum

(c) (0, 0) is a critical point

(d) There is no critical point
Ans. (c)
Solution: % _2
dx 3
but there is no derivative for x = 0. So (0, 0) is a critical

x~1/3. This derivative is never zero,

point. Tf x < 0 then % <0 and if x> 0 then % > 0. Thus

(0, 0) is a point of minimum.

® Example32: Letf(x)=(ax+b)/(cx+d)(da—cb#0,c#0)
then f (x) has
(a) a critical point
(c) a maximum
Ans. (b)

Solution: f’(x) =

(b) no point of inflection
(d) a minimum

da—cb
a—cz;tO for any x € R so fhas
(ecx+d)
no critical point in particular no minimum and no maximum.
Now

” —2(da — cb)c
) = 24X

(ex+d)

point of inflection.

@® Example 33: Letf(x)=(x—a)" (x—b)", where m,n e 1
and m, n > 1. Then

(a) (a, 0), (b, 0) are the only critical points of f

(b) there are m + n critical points of f

(c) there are exactly three critical points of f

(d) none of these
Ans. (c)

Solution: f(x) =m (x —a)" ' (x=b)" +n (x — a)"
(x _ b)n -1

# (0 for any (x, f (x)). Hence f has no

=(x—a)" ' (x=b)"" ' [(m+ n)x — (mb + na)]. Thus f’(x) =

mb + na

O=x=a,x=b,x = . So f has exactly three criti-

. m+n
cal points.

@®@ Example 34: A ball is dropped from a platform 19.6 m
high. Its position function is

(@) x=—4.97+19.600<:< 1)
(b) x=-4.97+19.6(0< 1 <2)
() x=-9.87+19.6(0<1<2)
(d) x=—-4.9t+19.6(0<1<2)

Ans. (b)

. d*x . .

Solution: We have a = d—2 = —9.8. The initial condi-
t

tions are x (0) = 19.6 and v (0) = 0.

So V= % =-9.8f+v(0) =-9.8¢

- x=-497+x(0)=-4.97+19.6
Now, the domain of the function is restricted since the ball
hits the ground after a certain time. To find this time we set
x =0 and solve for t.

0=-497+196 =

x=-49+19.6

t=2

Thus 0<t<2)

® Example 35: Letf(n)=20n—n> (n=1,2,3...), then
(@) f(n) >casn— oo
(b) f (n) has no maximum
(c) The maximum value of f(n) is greater than 200.
(d) None of these
Ans. (d)
Solution: Consider f{x) = 20x — x2, defined for all real
number x. /7 (x) = 20 — 2x and f”(x) = — 2. Hence x = 10 is
a point of maximum. Thus the maximum value of f (n) is
200 — 100 = 100.

® Example 36: The point of the curve y = x* that is closest
to (4,—1/2) is

(@) (1, 1) () (2,4)
(c) (2/3,4/9) (d) (4/3, 16/9)
Ans. (a)

Solution: Let the required point be (x, y) on the curve so

d= \/(x —4)?> +(y+1/2)* should be minimum. It is enough
to consider
D=0x-42+0+112)%=(x-4)%+ x>+ 1/2)%
D’ = 4x* + 4x — 8. Now for critical points
D'=0s0ox’+x-2=0 = x=1.Clearly D”
atx=11s 16 > 0. Thus D is minimum when x = 1. So the
required point is (1, 1)

® Example 37: The smallest value of M such that |x? — 3x
+ 2| £ M for all x in the interval [1, 5/2] is

(a) 1/4 (b) 3/4
(c) 5/4 (d) 5/16
Ans. (b)

Solution: Consider f(x) = x*—3x+2on[l,5/2]. Now f'(x)
=2x -3 so the only critical point is 3/2. Since f(1) =0, f(3/2)
=—5/4 and f(5/2) = 3/4. min {f(x): xe [1,5/2]} =0, hence the



max {lf(x)l:xe [1,5/2]}=max { f(x): x € [1,5/2]} =3/4. Thus
M =3/4.

® Example 38: The number of solutions of the equation
a™ + g(x)=0, where a >0, g (x) #0 and g (x) has minimum
value 1/2, is

(a) one (b) two
(c) infinitely many (d) zero
Ans. (d)

Solution: a ™™ = — g(x) < - 1/2, since g (x) = 1/2 for
all x. But this is not possible as a’™ > 0 for all x. Thus the
number of solution is zero.

® Example 39: The minimum value of f(x) =13 — x| +
12+ xI+15—xlis

(2) 0 (b) 7
(c) 8 (d) 10
Solution:  (6_3y  y<-2
3 10—x, —2<x<3
TO=1 4 3<x<s
3x-06, x25

The function fis decreasing for x € (— o, 3) and increases on
(3, ). Hence x = 3 is a point of minimum and min f(x) = 7.

® Example 40: If f (x) =x (x —2) (x—4), 1 <x<4,thena
number satisfying the conclusion of the mean value theorem is

(a) 1 (b) 2
(c) 572 (d) 72
Ans. (a)

Solution: f'(x)=(x—2) (x—4) + x(x —4) +x (x - 2) =
3x% - 124 + 8. Also f(4) = 0 and f(1) = 3. Thus LH=/D

=— 1. We must have — 1 = f/(x) 4-1
=  3x*—12x+9=0

= ¥ —4x+3=0

= x=1 or x=3.

® Example 41: The sum of the intercepts of a tangent to
Vx + \/5 =Ja , a >0 upon the coordinate axes is

(a) 2a (b) a
(c) al2 d) a
Ans. (b)
. 1 1 dy dy Jy
© Solution: ——+———2 =0 o Ny
© Solution 2\/;+2\/§dx = i 7

Equation of tangent at any point (x, y) of the curve is Y — y

_ W

= —XZ (X —x). So intercepts of X-axis and Y-axis are x +
X

Jay andy+ xy.

Therefore, the sum of intercepts = x + y + 24xy =

Applications of Derivatives 11.11

(Vx+) =a

® Example 42: Let x and y be two real numbers such that
x>0 and xy = 1. The minimum value of x + y is

(@) 1 (b) 12
(c) 2 (d) 1/4
Ans. (c)

Solution: If xy=1then S=x+y=x+ l/x and §'(x) =
1-1/F=5®) =0 x=1(asx>0). Also §”(x) = 2/x’ >
0 for x = 1. Hence minimum value of x + y is 2.

1 1YV
Alternatively S = x+—=(\/;——) +2>2and S=2 for
X Jx

x = 1. Hence the minimum value of S is 2.

® Exampled43: The function M has no maximum
sin (x + )
or minimum if (k an integer)
(@) B-a=kn b) B-azkn
() B-a=2knm (d) none of the above
Ans. (b) _
Solution: Let f(x) = M , so that
sin (x + )
P = sin (x + ) cos (x + &) — cos (x + ) sin (x + &)
sin” (x + B)
_ sin(oc— )
sin® (x + B)

Thus, f (x) has no maximum or minimum if f”(x) # 0. i.e. if
sin (B - o) # 0 equivalently B— o # km, k € L.

@®@ Example 44: The tangent to the curve y = X —6x* +9x +
4, 0 < x <5 has maximum slope at x which is equal to

(a) 2 () 3
(c) 4 (d) none of these
Ans. (d)

Solution: u = Q =3x*—12x+ 9. For u to be maximum
dx

or minimum du _ 0 which is true if and only if 6x — 12 =

0 © x=2.Nowu(0)=9,u(2)=-3andu (5)=24.Thus
the maximum of u (x), 0 <x<5isu (5)sox=>5.

@® Example 45: The set of all values of the parameters a

for which the points of minimum of the function y =1 + a’x

W +x+2

—x satisfy the inequality —
(a) an empty set ’
(b) (-3v3,-23)
(©) (2v3.3V3)
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(d) (—3\/5,—2\/5) U (2\/5, 3J§)

Ans. (¢) ,
d d
Solution: —> =®—3 =0 x=+a/3 . Since —z
dx dx
=—6xsoyisminimumf0rx=—a/\/§.
2
) 5 X +x+2
Since x” +x+2 >0 forall x so for —————— <0, we must
x“+5x+6

have x* + 5x + 6 < 0. Ifx=—a/\/§,wehavea2/3—5a/\/§
+6<0ie.a’~5V3 a+18<0& (a—2V3)(@a-3Y3)
<0ie.ae (243,33).

® Example 46: The point of intersection of the tangents

drawn to the curve xzy = 1 —y at the points where it is met by
the curve xy = 1 — y is given by

(@ (0,-1) (®) (1, 1)
(©) (0, 1) (d) none of these
Ans. (c)

Solution: The intersection of x’y =1 —yandxy=1 -y
are given by X y=xy. Since y # 0 on any of two curves so we
must have x =0, 1. Thus the curves intersects at (0, 1); (1, 1/2).

- d
Now, differentiating x* y = 1 — y, we have & __2x )
X 1+ x?
dy dy 1 :
Thus — =0and — = — —. Equations of tan-
dx | ) dx |y 172

gentsare Y=1and Y — 1/2 = (-1/2) (X — 1). Their intersec-
tion is given by (0, 1).

@® Example 47: The equation of the tangent to the curve

y=(2x—1) !~ at the point of its maximum is

(@ y=1 (b) x=1
©x+y=1 dx—y=-1
Ans. (a)

Solution: y'(x)=—2 (2x—1) > 42219 =221 -0
(-2x+2)

Thus y’'(x) =0 = x=1. Since, y”"(1) <0so (1, 1) is
the point of maximum and an equation of tangent to the
curveisy—1=0(x—-1),ie.y=1.

® Example 48: If the function f (x) = x> + o /x has a local
minimum at x = 2, then the value of o is

(@) 8 (b) 18
(c) 16 (d) none of these
Ans. (c)

Solution: f'(x)=2x—oa/x’,s0f’ (x)=0 < 2x= o/x’
& x=(a/2)". Clearly for x = (a/2)", we have f” (x) > 0.
S02=(a2)* = o= 16.

® Example 49: Three normals are drawn to the parabola

y2 = 4x from the point (¢, 0). These normals are real and
distinct when

(@) c=0 (b)c=1
(©) c=2 dc=3
Ans. (d)

. . . d 2
Solution: Any point on y2 =4xis (t2, 21). Since d_y =—
X oy

d 2 .
SO 4 =—= 1 . Hence equation of normal at (tz, 2t)1s

dx (2.21) 2t ¢

Y-2i=—t(X—-1)

This passes through (c, 0) if — 2t =—1 (c — t2)
= t=0,F=c-2
Thus the roots are real and distinct if ¢ > 2 so ¢ = 3 is the
correct choice.

® Example 50: The function f(x) = (log (x— 1))* (x— 1)* has
(a) local extremum at x = 1
(b) point of inflection at x = 1
(c) local extremum at x = 2
(d) point of inflection at x = 2
Ans. (c)
Solution: f'(x) = (x — 1)*2 log (x — 1) - 1/(x=1) +
2(log (x —1))*(x = 1)
=2(x-1)[log(x—D][1+1log (x—1)]
fx)=0 = x=2o0rl+ ¢!, since the domain of fis
{x:x>1}.

ff@)=2log(x—1)(1+log(x—1)+2(x—-1)x
[L + ilog(x — 1)}
x—1 x-1
f7(2) =2>0. Hence x = 2 is a point of extremum.

® Example 51: If f{(x) = log x satisfies Lagrange's theorem
on [1, e] then value of ¢ € (1, e) such that the tangent at c is
parallel to line joining (1, f(1)) and (e, f(e)) is

3 1+e
>y b
(@) e 5 (b) 5
() e-1 C)) ot
2
Ans. (c)
Solution: f'(c) = 1
c
So M :f’(c)zl
e_l C
o, logezlogl 1
e—1 c
1 1
= DR = c=e-1
e—1 c



® Example 52: The value of ¢ for which the conclusion
of Lagrange's theorem holds for the function fix) =

Va? = x*,a>1 on the interval [1,a]is

ala+1) 1+a
a) —— b
(a) 5 (b) >
Ja(a+1) a(a—1)
c) —= d —=
() 3 (d) 3
Ans. (¢)
- fa —
Solution: f@-/0 _ f(c)= .
a—1 a2 —c2
\/az—az—\/az—l _ —c
a—1 at — 2
= 3 /a+1 - _ ¢
a—1 \/a2 -
N at+l 2
a—1 a? —c2
= (a+1)(@-c*)=c*(a-1)
= H—a—1+1-a)=—(a+ 1)d*
= ¢ (2a) =(a + a*
N 2= (a+a
2
Since ¢ € (1,a) soc= (a -I;l)a
|x=2[+a , if x<2
® Example 53: Let f(x) = 5
4x +3x+1, if x>2
If f(x) has a local minimum at x = 2, then
(a) a>21 (b) a<21
(c) a>30 (d)a>24
Ans. (b)
Solution: Since fhas a local minimum at x = 2
So f(2) < fix) for x in an open interval around 2.
= f(2) £ lim f(x)
x—2+

Thus, a=f(2)< lim4x®+3x+1=21
x—2

® Example 54 If y = mx + 2 is parallel to a tangent to

curve ¢® = 1 + 16x” then

(a) jm|<1 (b) |m|<1
(c) |m|>1 d) m|=1
Ans. (a)
Solution Differentiating, we have
47D 3y
dx
ﬂ B 8x

dx 1+16x>
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According to the given condition

8x
m= >
1+16x
8.x . 2
|m|= >|<1 (since 16x” -8 |x|+ 1
1+16x

=@ |x|-1)*>0)

® Example 55: Given the function f(x) = x> ¢, x > 0.
Then f(x) has the maximum value equal to

(a) (b) (2¢)”!

(c) ¢! (d) none of these.
Ans. (a)
Solution: f”(x) = 2xe > — 2x%¢ > = 2(1- x)x e >*. Now,
f)=0

o x=1,0 Also f"(x) =2 (1 —x)e™> = 2xe ™
—4(1 — x)xe >, s0 (1)
=—2¢2<0and f”(0) > 0. Thus max f(x) = f(1) = ¢ %

® Example 56: Letf(x)=(x—4) (x—5) (x—6) (x—7) then
(a) f’(x) = 0 has four real roots
(b) three roots of f'(x) = 0 lie in (4, 5) U (5, 6) U (6, 7)
(c) the equation f”(x) = has only two roots
(d) three roots of f’(x) =0 liein (3, 4) U (4, 5) U (5, 6)
Ans. (b)

Solution: Since f(4) =f(5) =f(6) = f(7) =0, so by
Rolle’s theorem applied to the intervals [4, 5], [5, 6], [6, 7]
there exist x; € (4, 5), x, € (5, 6), x5 € (6,7) such that f’(x,)
=f"(x,) =f'(x;) = 0. Since f” is a polynomial of degree 3 so
cannot have four roots.

x> -1

® Example 57: If f (x) = —
x“+1

for every real number x,

then the minimum value of f
(a) does not exist because fis unbounded
(b) is not attained even though fis bounded
(c) isequal to 1
(d) isequal to—1

Ans. (d)

x* -1 2

i

Solution: We have f (x) = .
x”+1 x”+1

f (x) will attain its minimum value when 2/(x2 + 1) is maxi-
mum i.e. when x>+ 1 is minimum i.e. at x = 0. Thus min f(x)
=f(0)=-1. Since -1 <f(x) < 1 so fis bounded.

@® Example 58: Forall x e (0, 1)
(a) ef<1l+x (b) log, (1 +x) <x
(c) sinx>x (d) log, x>x

Ans. (b)

Solution: Sincee* = Zx—' > 1 +xforx>0so (a)is not
n=0 T

true. Also log x is an increasing function so x > log (1 + x).

Again ¢' > x for x > 0 so x > log, x. We know that
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. 2 X 2 X .
sinx=x——+—...=x—| ———+...| The terms in-
31 5! 31 5!

side the brackets are positive since x € (0, 1) so sin x < x.

® Example 59: Let fbe a differentiable function on R and
h(x) =f(x) = (f(x))* + (f (x))° for all x € R. Then

(a) hincreases whenever f decreases

(b) h decreases whenever f increases

(c) hincreases or decreases accordingly as

fincreases or decreases

(d) nothing can be claimed in general

Ans. (¢)

Solution: 7’ (x) = /7 (x) — 2f (x) f/(x) + 3(f (x))* f"(x)
=f7(0) [1=2f (x) + 3(f (x))’]

2
Since 1 —2f(x) + 3(f(x))* = 3 {(f(x) - %) + %} >0 forall x

so i’ (x) >0 or < 0 accordingly as f’(x) >0 or < 0. Hence &
increases or decreases according as fincreases or decreases.

® Example 60: Let f(x) = ax’ + bx’ + cx + d, b* — 3ac > 0,
a>0, ¢ <0. Then f(x) has

(a) local maximum at some x € R*

(b) a local maximum at some x € R™

(c) alocal minima at x =0

(d) local minima at some x € R,

R* = (0, ). R = (-0, 0)

Ans. (b)

Solution: f'(x) = 3ax® + 2bx + C. The discriminant D =
4b* - 12ac = 4(b* - 3ac) > 0

So f’(x) = 0 has exactly two real roots say ¢, 8 so f'(x) =

3a(x — o) (x— B). But £ <0 = aff<0. So we have a< 0,
a

B>0o0ra>0,B8>0.1f <0, B>0, forx< o, f'(x) >0 and
for x > o but near to a, f’(x) > 0. Also for x < 3, but close to
B, f'(x) <0 and for x > S, f’(x) > 0. Thus f has local maxima
at x = o which is R™ and f has local minima at x = f € R*
In case a> 0, < 0, our conclusion is same i.e., local min-
ima at x = o and local maxima at x = f3.

3—x2, x<2
® Example 61: If f{x) = and
Ja+14 —|x—48|,x>2

f(x) has a local maxima at x = 2, then
(a) a cannot be determined
(b) least value of a is 2011
(c) greatest value of a is 2011
(d) a=3010

Ans. (¢)

Solution: Since f has local maxima at x = 2, so
lim f2+ 1) <f2)
5

Since lim f2+h) = lim 3-Q2+h?>=f2)
h—0- h—0-
So we must have lim f(2 + h) <f(2)
h—0+

= lim Ja+14—[2+h-48|<-1

h—0+
= Ja+14 <46-1=45
= a<2011.

The greatest value of a is 2011.

@® Example 62: The total number of local maxima and
local minima of the function

(2+x) , -3<x<-1
f(x)={ x*3 -<x<2
(a) 0 (b) 1
(c) 2 d 3
Ans. (c)

Solution: Since Ilim fix)= lim fix)=1
x—=-1+

x—=>-1-

So, fis continuous on (- 3, 2). Also

’ 3(x+2)2 , -3<x<—-1
ffx)= s
273)x"" , -1<x<0,0<x<2
f7(0) does not exist
3
Lf'(-1)= lim f(X)—f(1)= lim (x+2) -1
x—>—-1- x+1 x—o—1- x+1
(x+1)[(x+2)2+(x+2)+1]
= =3
x>l x+1
23 _4

Rf'-1)= Jim 2
x—-1+ x+1

. (xl/S —1)()61/3 +1)
- xgrr}+(x1/3+l)(x2/3+x1/3+1)

So fis not differentiable at x = — 1

For x # 0, — 1, f’(x) # 0. Critical points of f are — 1, 0. At
x=—1, f has a local maximum and at x = 0, f has a local
minimum.

® Example 63: Let g : R — (— /2, 1/2) be given by g(u)
=2 tan"!(e") — 7/2, then g is

(a) even and is strictly increasing in (0, o)

(b) odd and is strictly decreasing in (— oo, o)

(c) odd and is strictly increasing in (— oo, o)

(d) neither even nor odd, but is strictly increasing in

=-2

(_ 007 oo)‘
Ans. (c)
1
Solution: g(—u) =2 tan™' (_"j —/2
e

=2cot e~ 2



2[7:/2 —tan”" e“] -7/2

-1 u

/2 —tan” €' =—g(u)

u

2e
Also, g =
14 ¢

- >0VueR

Thus g is an odd function which is strictly increasing on R.
x%logx , ifx>0
0 , ifx=0

If Rolle’s theorem can be applied to f on [0, 1] then value
of a can be

® Example 64: Let f(x) = {

(@ -1 (b) =172
(© 0 d) 172
Ans. (d)

Solution: For the Rolle’s theorem to be applicable on
[0, 1], we must have that f is continuous on [0, 1] and in
particular at x = 0 from the right.

So lim x% logx =f(0)=0
x—0+

= lim 198X _¢
x—=0+ x~
1 o
o opm g o m o
x—0+ (—O()xfafl x—=0+ -

This is possible only if o > 0.

® Example 65: Suppose that f{x) = x° — px + ¢ has three
distinct real roots where p, ¢ > 0. Then which one of the
following hold?

(a) f(x) has minima at \/g and maxima at — \/g .
(b) fix) has minima at — \/E and maxima at \/; .
(¢) f(x) has minima at both \/j and — \/7 .
(d) f(x) has maxima at both \/j and — \/7 .

Ans. (a)

Solution: As f(x) = 0 has three real and distinct zero so
f(x) = 3% — p = 0 has two real and distinct zeros by Rolle’s
Theorem.

So x:i\/z
x>0 if x< \/7 f'x)<0 if \/7<x<\/7
f x>0 if x>\/;
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Thus f(x) has a local maximum at x = — \/g and a local

minimum at x = P .

3
® Example 66: Given P(x) = X+ ax® + bx* + cx + d such
that x = 0 is the only real root of P’(x) = 0.
If P(- 1) < P(1), then in the interval [- 1, 1]
(a) P(-1)isthe minimum but P(1) is not the maximum
of P
(b) neither P(— 1) is the minimum nor P(1) is the
maximum of P
(c) P(- 1) is the minimum and P(1) is the maximum
of P
(d) P(- 1) is not minimum but P(1) is the maximum
of P
Ans. (d)
Solution: P'(x) = 4x° + 3ax” + 2 bx + ¢
As P(0)=0 so ¢=0
P’(x) = x(4x* + 3ax + 2b)
As x = 0 is the only real root of P’(x) = 0, roots of 4x% + 3ax
+ 2b must have imaginary roots,
therefore 4x* + 3ax +2bh>0Vxe R
Thus P'(x)<0forx<0
>0 forx>0
Therefore, x = 0 is a point of local minimum at x = 0 As
P(— 1) < P(1), we get P(1) is maximum but P(- 1) is not
minimum of P on [- 1, 1].

® Example 67: Let f: R — R be defined by

) k—2x , ifx<-1
X) =
2x+3 , ifx>-1
If f has a local minimum at x = — 1, then a possible value
of kis
(a) —1/2 (b) -1
(c) 1 (d) 0
Ans. (b)
Solution: If f has a local minimum at x = — 1 then
lim f(=1+h)>f(-1)=k+2
h—0
= lim f(—1+h) 2k+2
h—0+
= lim 2(-1+h)+3 2k+2

h—0+
= 12k+2=k<-1.

® Example 68: The value of a in order that f(x) = sin x —
cosx — ax + b decreases for all real values of x is given by

@ a=.2 ) a<+2
(©az1 (da<l1
Ans. (a)
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Solution: f(x) =cosx+sinx—a

= J2sin(x+7/4)—a
f'(x) £ 0 for all x if

a> maxi?2 sin(x+7r/4):\/5
xeR

® Example 69: The curve that passes through the point
(2, 3), and has the property that the segment of any tangent to
it lying between the coordinate axes is bisected by the point
of contact, is given by :

(a) 2y-3x=0 9

(b) y=
X
2 2
© @+ =13 (@ (f) +(Xj )
Ans. (b) 2 3

Solution: The equation of tangent at (x, y) to the curve
y = f{x) is given by

d
Yoy=2(x-x)
dx dx
This tangent meets the axes at A(x—yd—,oj and
y

B(O, y— x%) . We are given mid point of AB as (x, y) so,
by

1( dx] 1( xdy)

—|x-y—|=xand —| y—— |=y

2 dy 2 dx

= &by =
x oy

loglxy|=C

= xy=te‘=A

As it passes through (2,3) soA =6
xy=6ory=06/x

® Example 71: Let fix) = 2v/x and g(x) = 3—1/x, x> 1
Statement-1: f(x) > g(x) (x> 1)

Statement-2: f(x) — g(x) increases on (1, o)

Ans. (a)

Solution: f’(x) — g'(x) = a

32

>0forx>1

2
X

Hence f(x) — g(x) > f(l)—g(1)=0,x> 1

Therefore f(x) > g(x), x > 1.

® Example 72: Let f(ix) = x* — 2x* + 5 be defined on [- 2, 2]
Statement-1: The range of f(x) is [2, 13]

Statement-2: The greatest value of fis attained at x = 2
Ans. (d)

Solution: f’(x) = 4x> — 4x = 4x(x — 1) (x + 1). The criti-
cal points of fare 0, — 1, 1 But f(0) =5, f(1) =4, f(—1) =

@® Example 70: A spherical balloon is filled with 4500 7
cubic meters of helium gas. If a leak in the balloon causes
the gas to escape at the rate of 72 7 cubic meters per minute,
then the rate (in meters per minute) at which the radius of
the balloon decreases 49 minutes after the leakage began is :

(@) 719 (b) 2/9
(c) 972 (d) 977
Ans. (b)

Solution: Let r be the radius of the balloon and V be its
volume. It is given that
v _
dt

-72r
i(ﬂn’rﬁ):—72ﬂ = iﬂl"3 =-T72nt+C
dr\3 3

4
When r= 0, gmf3=V=45007t
4 3

gﬂ'r =4500r—-72m¢t

When ¢ =49, gnr3 =4500m— (72m) (49) =972 1w

= P=729 so r=9
d(4
Also, —(—ﬂr3j =-Nr = 4nr ar _ 72
dr\ 3 dt
dr 2r 18 dr 2
— = == . SO —_— = ——,
dt 4mr? r dtl,—g 9

Assertion-Reason Type Questions

4, f(2) = 13. So the range of fis [4, 13] and grea, test value
of fis at x = 2.

® Example 73: Let f{x) = 2x° + 3x* — 12x + 1
Statement-1: f decreases on (- 2, 1)
Statement-2: The solution set of x*> + x =2 < 0 is (- 2, 1).
Ans. (a)
Solution: f’(x)=6x" + 6x—12=6(x — 1) (x + 2)
Sof’(x) <0if and only if x € (-2, 1).

2
@® Example 74: Lety= x+ 4 (a>0)

x
Statement-1: y_ . = —2a (local mix)

Statement-2: y,_. = 2a (local min)
Ans. (b)



ﬁz(x—a)(x+a)

Solution: y’(x)=1—

= y'(x)>0forxe (a, ) U (—e,—a)and y (x) <0 for
x € (— a, a). Therefore y is local maximum at x = —a
and loval minimum at x = a.

® Example 75: Letf(x) =(x—-1) (x-2) (x=3) (x—4)
Statement-1: f’(x) = 0 has three roots lying in (1, 2) U
(2,3)v 3,4

Statement-2: Rolle’s theorem is valid for fon [1, 4]

Ans. (b)

Solution: Applying Rolle’s theorem on [1, 2], [2, 3],
[3, 4], we get three roots of f'(x) =0 on (1, 2) (2, 3), (3, 4).
® Example 76: Let fbe a function defined by

tan x

fo=4 x
1 ,ifx=0

, ifx#0

Statement-1: x = 0 is point of maxima of f
Statement-2: /' (0) =0

Ans (b)

Solution: Let g(x) = tan x — x, —71/2 <x < x/2

= g'w= see’x — 1 = tan® x > 0 for —/2 < x < 7W/2
= g increases on (-m/2, m/2)

= tanx<xfor-m/2 <x< w2

Thus fr) = 22X < [ for -2 < x < 12, x#0
and f(1)=1, .. x=0 in point of maxima.
Also  lim f(x)— f(0) ~ lim tanx — x
x—0 x—=0 x>0 x2
2. 2
=1imsec X lzlhmtan x:O
x—0 2x 2 X

Hence f(0)=0
Thus, both the statements are true. However statement: 2 in
not a correct explanation of statement: 1.

® Example 77: Let a, b € R be such that the function f
given by f(x) = log Ix| + bx* + ax, x # 0 has extreme values at
x=-landx=2

Statement-1: f has local maximum at x = -1 and at x = 2
Statement-2: a = 1/2 and b = -1/4.

Ans. (a)

Solution: f'(x) = l—i—2bx +a, x#0
X

As x = -1 and x = 2 are extreme value of f, f'(-1) = 0 and

f@=0
= -1-2b+a=0and %+4b+a=0
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Solving these equations, we geta = 1/2, b =-1/4
1

1 1 1
Th ‘)= ———x+—=——(x+1D(x-2).
us  f(x) ~ T3t 2x(x )(x—=2)

We have f’(x) >0, if x < -1; f'(x) <0, if -1 <x <0; f’(x)
>0,if 0 <x <2 and f'(x) <0, if x > 2.

Therefore, f(x) has a local maximum at x = -1 and x = 2.
Thus statement-1 and statement-2 are True and statement-2
is a correct explanation for statement : 1.

@® Example 78: Statement 1: X’ >y, e<x<y

Statement 2: f(x) = logx

Ans. (a)
Solution: Let f(x) =

is a decreasing function for x > e.

logx
x
1-logx
2
Thus f'(x) > 0 if 1 —log x > 0 i.e. logx < 1 i.e. x < e and
f(x)<0ifx>e.

So fincreases on (0, e¢) and decreases on (e, o)

f'x) =

e<x<y = flo>fly) = logx | logy
X

y
= ylogx>xlogy = x>y

® Example 79: Let f(x) = |x - 7|+ |x— 10| + |x — 12|
Statement 1: f(x) has a minimum at x = 12
Statement 2: fis not differentiable at x = 12

Ans. (d)

29-3x , x<7
15—x 7<x<10
© Solution: = ’
e JO=95 | j0<x<12
3x-29 , x2>12

Since f’(x) changes sign around x = 10 from negative to
positive f has minimum at x = 10.
fis clearly not differentiable at x = 12.

@® Example 80: Let b, ¢ be two non-zero real numbers
such that b* < 3¢
Let f(x)=x3+bx2+cx+d,xeR.

Statement 1: fis 1-1 function

Statement 2: fis strictly function

Ans. (¢)

Solution: f”(x) =3x> + 2bx + ¢

The discriminant of f” is 4b> — 12¢ = 4(b* - 3¢) < 0.

So, f'(x)>0. Hence fis an increasing function.

If there exists x;, x, s.t. x| # x, (say x; <x,) and f(x;) =f(x,)
then by Rolle's theorem there is ¢ € (x;, x,) such that f’(c)
=0 but f(x) >0 forall x. So fis 1 — 1.
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® Example 81: The point M (x, y) of the graph of the
function y = ¢™ so that area bounded by the tangent at M
and the coordinate axes is greatest is

(@ (1,¢™) b) 2,¢7

(©) (=2, %) () (0, 1)
Ans. (a)
Solution: For x >0, y = ¢™. The equation of tangent is
Y —y=—¢" (X - x). This will intersect coordinate axes at

(x + ye', 0) and (0, y + xe™"). Hence the area of the required

1
triangle A is 5 y +xe™) (x + ye¥)

= l (] +.X)2 e—x [

=~
5 y ]

Now

&8

= % [ (1 +x)%e™+2(1 +x)e™

1
=— (1+x)e*(1-x
> ( e (1-x)
Note that %=0:> x=1-1
dx

Also, P 5 0.if0<x<1and ¥ <0ifx< 1. Hence A is
dx dx

maximum when x = 1 so y = ¢”'. Since y is even function
other possibility of M is (-1, ™).

@® Example 82: The abscissa of the point on the curve 9y2
= x°, the normal at which cuts off equal intercepts on the
coordinate axes is

(a) 2 (b) 4
(c) -4 (d) -2
Ans. (b) 5
d
Solution: Differentiating 9y> = x> we have 3y: g—
y

Any point on the curve is of the form (¢, £°/3) and so dy at
this point is #/2. Thus an equation of normal is

y—113= (=2t (X-1)
This will intersect coordinate axes at (0, 2t + t3/3) and

4
t
(g + tz,OJ . Hence we must have

3 4 2 t3

T L AR SR S

3 6 3 6

Clearly = 2 satisfies, the last equation. Hence the abscissa

of the required point is 4. (For # = 0, the normal meets both
the axes only at origin.)

LEVEL 2

Straight Objective Type Questions

® Example 83: A curve passes through the point (2, 0)
and the slope of the tangent at any point (x, y) is x> — 2x for
all value of x. The point of maximum ordinate on the curve is

(a) (0, 4/3) (b) (0, 2/3)
(c) (1, 2/3) (d) (2,4/3)
Ans. (a)

d d(x
Solution: =Y =2 —2x="2|2 24
dx dx\ 3

x3 2
y=—-x"+c
3

Since the curve passes through (2, 0), we get 0 = 8/3 — 4
+c¢ ie.,c=4/3
Hence the equation of the curve is

3
X 2
= —x +=
Y73 3
Now, from dy/dx = 0, we get x =0 or 2. Also
q2 2 2
S oax-2 o d—f =—2andd—f )
dx dx x=0 dx x=2

Hence at x = 0, y has a maximum. Thus the required point
is (0, 4/3).

® Example 84: If the tangent to the curve 2y3 =ax’ +x° at
the point (a, a) cuts off intercepts o and 3 on the coordinate
axes, where o* + B2 = 61 then the value of lal is

(a) 16 (b) 28
(c) 30 (d) 31
Ans. (c)

Solution: The slope of the tangent is
dy _ 2ax +3x2
6y

and the value of this slope at (a, a) is 5/6. Therefore, the
equation

5 y
_ = — — e 4+ —=
y-a=gbi-a) —al5  al6

represents the tangent. Thus the x-intercept «is — a /5, and
the y-intercept B is a/6. From o* + % = 61, we now get

’

a*

a .4 - a®=25x36 = lal = 30.
25 36

61 =
@® Example 85: The coordinates of the point on the
parabola y2 = 8x, which is at minimum distance from the
circle x> + O+ 6)2 =1 are



(@ (2,-4) (b) (18,-12)
© 2,4 (d) none of these
Ans. (a)

Solution: A point on the parabola is at a minimum dis-
tance from the circle if and only if it is at a minimum dis-
tance from the centre of the circle. Any point on the parabola
y2 = 8x is of the form P(2t2, 4t). The centre of the circle
X+ G+6)P2=1is0(0,-6)
OP*=41* + (=6 — 41> =4 (' + 48 + 121 + 9)
Let A= +47+12t+9
i—A =40 +8t+12=4(F +2t+3)
t
=40+ 1) (P —1+3)

So —
dt

d’A
dr
Hence required point is P(2, — 4).

® Example 86: The equation ¢* %+ 2x— 17 = 0 has
(a) two real roots (b) one real root

(c) eight real roots (d) four real roots
Ans. (b)

Solution: Clearly x = 8 satisfies the given equation. As-
sume that f(x) = ¢~ 8 + 2x — 17 = 0 has a real root o other
than x = 8. We may suppose that o > 8 (the case for o < 8
is exactly similar). Applying Rolle’s theorem on [8, ], we
get B e (8, @), such that f/(8) = 0. But f/(B) = P8 + 2, so
that ¢#~% = -2 which is not possible. Hence there is no real
root other than 8.

0if t = — 1. Moreover,

43 (=1%*+2)>0.

t=—1

® Example 87: The maximum and minimum value of f{x)

=ab sinx+ bV1—a® cosx + ¢ lie in the interval ( assuming
lal<1,b>0)
@) [b—c, b+ c]
(c) [c=b,b+c]
Ans. (¢)
Solution: f’(x) = ab cos x — bN1—a® sin x = b cos
(x + @) where ¢ = cos a. Soff(x)=0= x=02m+1)
(/2 — @)
Also f”(x) =— b sin (x + ¢). Thus f"(m/2 — ¢) = — b < 0 and
f7 (3r/2 — ¢) = b > 0. Hence f has maximum at /2 — ¢ and
minimum at 37/2 — ¢. Moreover, max f = ab sin (7/2 — ¢)
+ bl—a® cos(M2—@)+c=a’b+b(l-a)+c=b+c
and min f=c — b.

®d) (b-c,b+c)
(d) none of these

Alternatively f (x) = b sin (x + @) + ¢, p = cos ' aso
max f(x) =b.1 +cand minfix)y=-b+c=c—-»b

® Example 88: The maximum area of the rectangle whose
sides pass through the angular points of a given the rectangle
is of sides a and b is
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(b) (1/2) (a + b)
(d) none of these

(@) (1/2) (ab)’
(c) (1/2) (a + b)Y
Ans. (c)
Solution: Let ABCD be the given rectangle of sides a
and b and EFGH be any rectangle, whose sides pass through
A,B,C,D.
A = Area EFGH = (b sin O + a cos 60) (a sin 6 + b cos 0)
=ab + (a2 + bz) sin 6 cos 0.

G
D C
a
F
H b a
A 6 B
E
Fig. 11.4
dA/d6 = (a* + b*) cos 2050 dA/dO=0 = 6= m/4
2 2
M:—2(az+bz)sinz¢9,soM <0
del 2
O0=r/4

Hence A, = (1/2) (a + b)*.

xample 89: The image of the interval [- 1, 3] under
@ E le 89: The i f the i 1 [- 1, 3] und
f(x)=4x"—12xis

(@) [-2,0] (b) [-8,72]
(¢) [-8,0] (d) [8,72]
Ans. (b)

Solution: To find the image of the given interval, we
must find the set of values of f(x) for x € [ 1, 3]. By virtue
of the continuity of f(x), the image is the interval
[min f (x),max f (x)}
xe[-1,3] xe[-1,3]

The critical points of f(x) are given by f'(x) = 12x* - 12 =
12 (x* - 1)=0. That is, x = + 1, so that f(1) = — 8, f(— 1) =
8 and f(3) = 72.

rr[lax]f(x) =f(3)="72and rr[lin ]f(x) =f(1)=-8
xe[-13 xel[-1,3
Hence the image of [- 1, 3] under the mapping f(x) is [ 8, 72].

® Example 90: The difference between the greatest and
least values of the function f(x) = cos x + (1/2) cos 2x — (1/3)
cos 3x is

(a) 3/8 (b) 2/3
(c) 8/7 (d) 9/4
Ans. (d)
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Solution: The given function is periodic, with period
2. So the difference between the greatest and least values
of the function is the difference between these values on the
interval [0, 27]. We have

f'(x) = — (sin x + sin 2x — sin 3x)

= — 4 sin x sin (3x/2) sin (x/2).

Hence x =0, 27/3, wand 2 are the critical points.
Also, f(0) =1+ 1/2 - 1/3 =7/6, f2n/3) = — 13/12, f(n)
=—1/6 and f(2m) = 7/6. Hence the greatest value is 7/6 and
the least value is — 13/12. Thus the difference is

716 — (-13/12) = 27/12 = 9/4.

@®@ Example 91: The longest distance of the point (a, 0)
from the curve 2x* + y2 -2x=0is

(@) V1-2a+2a® (b) V1-2a+a?
(c) V1+2a+2ad® (d) V1+a+a®

Ans. (a)
Solution Let (x, y) be any point on the curve 2% + y2 -
2x = 0. Its distance S from the point (a, 0) is given by

T=8=@x-a)’+y =(x-a)’+(2x-2x")
=—xX*+2x(1-a)+d (1)
For S to be maximum, we have d7/dx =0
= -2x+2(1-a)=0 = x=1-a.Since d*T/dx*<0,
$0 S is maximum when x = 1 — @ and this maximum value
is given by — (1 — a)2 +2(1 - a)2 +a’=1-2a+ 24’ Hence
S = (1= 2a +2aH"2.

® Example 92: The sides of the rectangle of the greatest
area, that can be inscribed in the ellipse x* + 2y* = 8, are
given by

(a) 4~/2, 4 (b) 4,22
(© 2,2 @) 22,2
Ans. (b)

2 2
Solution: Any point on the ellipse % + yI =1is

(2 J2 cos 6,2 sin 0). [see Fig. 11.5]

y
(2./2 cos 6,2 sin 6)
d N
Fig. 11.5

A = Area of the inscribed rectangle

:4(2\/5 cos 0) (2 sin 0)

= 82 sin20

%:16\/5 c0s20=0 = 6=/
2

d2A .
Also 5 = —32+/2 sin 26< 0 for 8= n/4.

Hence, the inscribed rectangle is of largest area if the
sides are 4+/2 cos 774 and 4 sin (m/4)i.e.4 and 2 V2.

® Example 93: An equation of the circle that is tangent to
y= X at (1, 1) and has the same second derivative there is
(@) x> +y* +24x-28y+2=0
(b)) 2% +y) +12x -8y -8=0
(©) 3(x* +y*) —24x+ 10y +8=0
(d) none of these

Ans. (d)

2
. dy , Ay d’y|
Solution: —2= =3x*so —| =3and—| =6
dx dx (1D 2

(C8))

Let the required circle be X+ y2 +2gx+2fy+c=0.
Since this should pass through (1, 1) so we have

242¢+2f+c=0 (1)

dy dy
Also 2x+2y = +2g¢+2f=2 =0
dx dx

Puttingx=1,y=1 and % =3, we have

1+3+g+3f=0
Again differentiating (1), we have

2 2 2
(2] oy

dc) a7
2
Putting y = 1, b =3 and d—;} = 6, we have
dx dx
16 +6f=0 = f=-8/3

so g =4 and ¢ = — 14/3. Thus required circle is
3% +y) +24x - 16y — 14 =0.
® Example 94: Let f(x) = 6x*° - 3x'° x € [- 1, 1]. Then
(a) The maximum value of f (x) on [- 1, 1] is 3
(b) The maximum value of f(x) on [- 1, 1]is 9
(c) The minimum value of f(x) on [- 1, 1]is 0
(d) none of these

Ans. (b)

-1

Solution: f” (x) = 8’;/% . Thus £’ (x) = 0 when x = 1/8
ar

and f (x) does not exist when x = 0. Now f (- 1) =9, £ (0)
=0,f(1/8)=-9/8 and f(1)=3.

The maximum value of f (x) is 9 and the minimum value
is—9/8 on [-1, 1].



® Example 95: Let g (x) = (log (1 +x)) "' —x~!, x>0 then
@ l<g<?2 b)-1<gx)<0
©)0<g<l (d) none of these

Ans. (c)

Solution: For x > 0, consider the function f(x) =
log (1 + x) on the interval [0, x]. Since the function is dif-
ferentiable on (0, x), by Lagrange’s theorem, there is a
& e (0, x) such that

log (1+x)—1log(1+0 , 1
g(1+x)=log(1+0) _ .~
x=0 1+&
N log(1+x) _ 1 <1
X 1+§
= log(l+x)<x = gkx)>0
1 1
Also e (0, = <x 5 — >
$e (0,x) E<x v E 7 Tes
N log (1+x) !
X 1+x
= log (1 +x)> —— = g) <.
I+x
. x“—x+1
® Example 96: The maximum value of — for all
real values of x is x“+x+1
(a) 172 )1
(c) 2 d) 3
Ans. (d) )
- 1 2
© Solution: LetS=x2 Al : *
x“+x+1 x“+x+1

70022 (x> +x+1)=x(2x+1)

(x2+x+1)2
=—7 ﬁ
x2+x+12
( )

S’'(x) =0 x==1. Since §°(x) >0 forx <— 1 and §'(x) <
0 for — 1< x <1, also S" (x) >0 for x > 1. So S is maximum
whenx=-1.Hence S_,, =1+2/1=3.

® Example 97: If the tangent at (1, 1) on y2 =x2- x)?
meets the curve again at P, then P is

(@) (4,4) (b)) -1,2)
(c) (9/4, 3/8) (d) none of these
Ans. (c)

Solution: Zy? =2-x°-2x(2-x)
X

d
=3x’—8x+4. So &y
Hay

=-1/2.
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An equation of tangent at (1, 1)is Y -1 =(-1/2) (X - 1)

i.e. Y= (-=1/2) x + 3/2. The intersection of this line with the
given curve is given by (— x/2 + 3/2)2 =x2- x)2

= x% = 6x+9=16x + 4x° — 16x%. So,
48 =178 +22x-9=0
= (x—1)@x-9) (x+1)=0.

Thus x=1, 9/4, — 1. But x =—1 cannot lie on the given curve
so required point is (9/4, 3/8).

@® Example 98: If the curves y2 = 6x, 9% + by2 = 16, cut
each other at right angles then the value of b is

(a) 2 (b) 4
(c) 972 (d) none of these
Ans. (c)
Solution: The intersection of the two curves is given by
9x% + 6bx — x = x (1)
Differentiating y* = 6x, we have — =—.
dx y

Differentiating 9x% + 6y2 =16, we have d_y = _9_x'
dx by

For curves to intersect at right angles, we must have at the

. . . 3

points of intersection —[b—xj =-1 = 2ix= byz. Thus
y\ by

we must have

W +9°=16 = 9?+27x-16=0 (ii)
(1) and (ii) must be identical so 27 = 6b = b = 9/2.

® Example 99: The distance of that point on y = x* + 3x
+ 2x which is nearest to the line y = 2x — 1 is

(a) 4/V5 (b) 3/V5
©) 2/v5 @) /5
Ans. (d)

Solution: Distance of any point (x, y) from y =2x — 1 is:

y—2x+1 ) 4 5 o
T f (x, y)isony=x"+3x" + 2x then this distance
i S = Xt +3x7 41

J5

dS 4x3+6x ds
=" 5 o0 = x=0.
dx J5 dx

Also, §’(x) < 0 for x <0 and S’(x) > 0 for x > 0.
Thus S is minimum when x = 0, and min. Sis 1/./5 .

® Example 100: A given right circular cone has a volume
p, and the largest right circular cylinder that can be inscribed
in the cone has a volume ¢g. Then p : g is

(a)9:4 (b) 8:3

(c)7:2 (d) none of these
Ans. (a)
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Solution: Let H be the height 0
of the cone and & be its semi verti-
cal angle. Suppose that x is the ra- x
dius of the inscribed cylinder and &
be its height h = QL = OL — 0Q =
H—xcota

V = volume of the cylinder

L
=77:x2(H—xcotOt) M r
| Fig. 11.6
Also p = 3 m(Htan )’ H (i)
W
dr = 7 (2Hx — 3x° cot @)
dv
SO —— =0e=x=0,
dx
2
x:thalnoc,—2 =—-2nH < 0. so
3 dx x:gthma
3

. . 2 4
Vis maximum whenx= — Htan q¢andg=V , =7 ry H®

5 1 4 .

tan“ a— H = — p. [using (i

3 9p[ g @]
Hencep:g=9:4.

@® Example 101: The set of all values of a for which f(x) =
(@* = 3a+2) (cos® (x/4) —sin® (x/4)) + (a — 1)x +sin 1 doesn’t
possess critical points is

(@) [1, o) (®) (=2,4)
(c) (1,3)Vu(3,95) (d) (0, ) v (l,4)
Ans. (d)

Solution: The given function can be written as
f)=(@—-1)(@—-2)cos (x/2) + (a—1) x+sin 1.
It is clearly differentiable, so its critical points are given by
f=12)(a-1)(@-2)sin(x/2)+(a-1)=0
If a =1, f'(x) = 0 for all x, while for values of a other than
1, f'(x) will be zero if

(a—2)sin (x/2) =2
In order not to have critical point, a must therefore satisfy

a# 1 and

>1 which is the same as saying a € (0,
a—

Hu(,4).
@® Example 102: Letx,pe R,x+1>0, p#0, 1. Then
@ (1+x)’>1+pxforp>0
®) (1 +x)’>1+pxforpe (-, 0)U (1, )
© (1+x)P>1+pxforO<p<1
(d Ad+xf<l+pxforp<l

Ans. (b)

Solution: Let f(x) = (1 + x)’- (1+ px) so f{0) = 0. Now
F)=pA+x¥ '—pandf” @) =p(@p-1)(1+xP % Let
p € (—e,0)U(l, ) then f”(x) >0sof’is increasing. This
implies f "< 0on (- 1,0) and f” > 0 on (0, =) as f" (0) = 0.
Therefore fdecreases on (- 1, 0) and increases on (0, «) but
fO)=0sof(x)>0ifx>-1(x#0). Thus(1+x) >1
+ px for p € (- o0, 0) U (1, o). Similarly it follows that
1+x)’<1+px,if0<p<]l.

asinx+bcos x

® Example 103: If f (x) = decreases for

csin x+d cos x

all x if
(@) ad—bc <0 (b) ad—bc>0
(c)ab—-cd>0 (d)ab-cd<0
Ans. (a)

(a cos x— b sin x) (¢ sin x +d cos x) —

Solution: f’ (x) = (asin x+b cosx) (ccosx — dsin x)

(csinx+d cos x)2

_ad (cos2 x +sin? x)—bc (cos2 x +sin? x)

(csinx +d cos x)?
_ ad — bc

(csinx +d cos x)?

f decreases for all x if and only if f’(x) < O for all x i.e.
ad —bc <0.

® Example 104: On the interval [0, 1] the function

X% (1- )c)75 takes its maximum value at the point

(@0 (b) 1/3
(c) 172 (d) 1/4
Ans. (d)

Solution: Let f(x) = x> (1- x)75 . The critical points of
fare given by f’(x) = 0. But
£ =x** (1 -x)"*[25 - 25x — 75x]
=25¢ (1 - x)™ (1 - 4x)
Thus the critical points are 0, 1, 1/4
Since £ (0) = 0, f(1) = 0 and f (1/4) = (1/4)*® (3/4)"
so ftakes its maximum value at x = 1/4.

@® Example 105: For a >0, the value of a for which the
equation ax* = log x possess a single root is

(a) 172 (b) 1/2¢
(c) lle (d) 2¢7!
Ans. (b)

Solution: For a > 0, the curves y, = ax” and y, = log x
can have only one point in common if they touch each other.

At the point of tangency y';(x) =y, (x) = 2ax=1/x > x =
1/4/24 (clearly x cannot be negative). Putting this value in

ax® = log x, we have (1/2) = log 2a)"? = log2a=-1=
a=1/2e.
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1. The length of the tangent to the curve x = a sin® 1,
y=a cos’t (a > 0) at an arbitrary is

(a) a cos’t (b) a sin®7
) 2
asin”t acos”t
(d) —
cost sint

2. Equation of normal to x = 2¢/, y = e at t = 0 is
@x+y-4=0
b)x+2y—-4=0
(c)2x—y-3=0
() x—2y-3=0

2
3. A point moves according s = 5 sin%t-i—so. The ac-

celeration at the end of first second is
2

T i

(a) BT (b) T
2
P T

© T (d T

4. Let fix) = x logx — x + 1 then the set {x : f(x) > 0}
is equal to

Applications of Derivatives 11.23

EXERCISE

J Concept-based
Straight Objective Type Questions

(l L) o (11
© (355 ()(—5,—§j

6. Let f(x) = 2x” — logx, then
(a) fincreases on (0, o)

(b) f decrease on (%oo)

(c) fincreases on (%,oo)
(d) fdecreases on (0, 1)

7. Let fix) = %x“ —x>—9x% +7, then the number of

critical points in [- 1, 4] is
(a) 4 (b) 3
(c) 2 (d) 1

8. On the curve x° = 12y, the values of x for which the
abscissa changes at a faster rate than the ordinate is
(@) (-2,2) ~ {0} (b) (=3,3) ~ {0}
(©) (1.4) @ ey o,

9. The value of k > O for which the curves i—2+ yI =1

and y* = 16x cut each other orthogonally is

(@) (1, ) (b) (1/e, =) )
() [e, o) (d) (0, 1) U (1, o) (@) 1 (b) g
5. On the curve y = x3, the point at which the tangent
line in parallel to the chord through the point (-1, —1) (© 3V3 (d) 5V5
and (2, 8) is 10. The least value of g(r) = 8¢ — * on [-2, 1] is
@) (1, 1) (b) (l,lj (a) 16 (b) -20
28 (c) -32 (d) 7
r.1 LEVEL 1
LJ Straight Objective Type Questions

11. Let f (x) = tan”' x and g (x) = x>0 then

(@) f(x) < g (x), on (0, )
(b) f(x) <g (x) on [1, o)
(¢) g @) <f(x) on (0, )

(d) none of these

—’
+x°

12.Letf(x) =(x—-2) (x=3) (x—4) (x=5) (x — 6) then

(a) f’(x) = 0 has five real roots

(b) four roots of f’(x) = 0 lie in (2, 3) U (3, 4) U

“4,5)uv(5,6)

(c) the equation f” (x) has only three roots
(d) four roots of f’(x) =01liein (1,2) U (2,3) U (3, 4)

U (4,5)
13. Let f (x) = (x — 3)° (x + 1)* then
(a) x =—1 is point of minima

(b) x =-1 is point of maxima
(c) x=17/9 is a point of maxima
(d) x =—1 is neither a point of maxima and minima.
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14. The normal to the curve represented parametrically by
x=a (cos 8+ Osin 0) and y = a (sin 6 — 6 cos 0)
at any point 6, is such that it
(a) makes a constant angle with the x-axis
(b) is at a constant distance from the origin
(c) does not touch a fixed circle
(d) passes through the origin.

15. The value of a for which the equation x* — 3x + a = 0
has two distinct roots in [0, 1], is given by

(@) -1 (b) 1
()3 (d) none of these
16. If the sum of the squares of the intercepts on the

axes cut off by the tangent to the curve x' + y* =

a' (a > 0) at (a/8, a/8) is 2, then a has the value
(@) 1 (b) 2
(c) 4 (d) 8

17. The value of m for which the area of the triangle in-
cluded between the axes and any tangent to the curve
X"y = b" is constant, is
(a) 12 (b) 1
(c) 372 (d 2

18. If the tangent at any point on the curve X yt= at

cuts off intercepts p and ¢ on the coordinate axes, the

value of pJV3 + q4/3 is

(a) a?
() a'
19. The interval of increase of the function y =
x—-2sinxif 0 <x <27, is
(@) (0, m) (b) (0, m)
(c) (m/2, m) (d) (w/3, 51/3)
20. The greatest value of y = (x + 1)1/3 —(x- 1)1/3 on [0, 1]
is

(b) a
(d) none of these

(a1 (b) 2
© 3 (d) 2"

21. Let f be a function defined by f (x) = 2x* — log Ixl,
x # 0 then

(a) fincrease on [— 1/2, 0] U [1/2, o)
(b) fdecreases on (— oo, 0)

(c) fincreases on (— oo, — 1/2)

(d) fdecreases on [1/2, oo ]

22. The shortest distance of (0, 0) from the curve y =

e'+te
is
2
(a) 12 (b) 1/3
(c) 2 (d) none of these

23. The normal to the circle x> + y* — 2x — 2y = 0 passing
through (2, 2) is

(@ x=y
©)x+2y-6=0

(b) 2x+y-6=0
dx+y-4=0

24.If £ (0) = 0 and f”(x) exists and > 0, for all x > 0
then f (x)/x
(a) decreases on (0, )
(b) increases on (0, o)
(c) decreases on (1, o)
(d) neither increases nor decreases on (0, o)

25. The value of k so that the equation Y- 12x+k=0
has distinct roots in [0, 2] is
(a) 4 (b) 2
(c) 2 (d) none of these

26. Let f (x) = 6x* — 3x' defined on [~ 1, 1] then

(a) maximum value of fis 7
(b) maximum value of fis 5
(c) maximum value of fis 9
(d) minimum value of fis — 3/2

27. An equation of tangent line at an inflection point of
F=x"—6x+ 1222 - 8x + 3 is
(@) y=3x+4 (b)y=4
() y=3x+2 (d) none of these

28. The number of real roots of the equation 2% = 3x% +

6x+ 6 =01is
(@1 (b) 2
(© 3 (d) none of these
29. Let f (x) = (x — 2) (x* — 4%’ + 6x* — 4x + 1) then
value of local minimum of f is
(a) —2/3 (b) — (4/5)*
(c) —4%5° (d) — (4/5)°
30. Let £ (x) = x> = 2lxl + 2, x € [~ 1/2, 3/2] then
(a) min f(x) = 1/2 (b) min f (x) = 1
xe [-1/2,3/2] x€ [-1/2,3/2]
(c) max f(x) =3/2 (d) none of these
x€ [-1/2,3/2]

-1
31. A critical point of the function f (x) = ¥ > | is
(a) -1 (b) 3
(c) 2 (d) 12
32. The function f (x) = x* decreases on the interval
(@) (0, ¢) () (0, 1)
(c) (0, 1/e) (d) none of these

33. The interval of increase of the function y = x — €' +
tan (m/7) is
(@) (==, 1) (b) (0, o)
(©) (=0, 0) (d) (1, e0)

34. Let f (x) = X+ px + q. The value of (p, g) so that
f(1) = 3 is an extreme value of f on [0, 2] is
(@ (-2,2) () (1, 4)
(© (=2,4) (d) (-2,3)

35. The number of inflection points of a function given
by a third degree polynomial is exactly
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(a) 2 (b) 1 (¢) f(6)=10 (d) f(6)<5
(c)3 (d) 0 47. An extremum value of the function

36. Let f (x) = 2 tan”' x + sin”! 2x2 then fO)=(sin™ 0+ (cos™ 1)’ (-1 <x< D is
(@) max f () = 2 (b)H'xf( _— (W 78 () 8
a) max f(x) =7 min f(x) =T
(c)maxf(x)=m (d) none of these © m'/32 (d) /16

48. Let f (x) = x log x + 3x. Then

37. If the normal to the curve x> = y2 at the point (mz, - m3) .
(a) fincreases on (e, o)

isy =mx —2m’, then the value of m? is

(a) 1 (b) 1/2 (b) fincreases on (0, )
(c) 1/3 (d) 2/3 (c) fdecreases on (0, o)
38. Let f(x) = 2 sin x + cos 2x (0 < x < 2m) and g(x) = (d) f decreases on (0, ¢
X + cos x then 49. Let f (x) = x* ¢ then
(a) g'is a decreasing function (a) max f (x) = ¢! (b) max f (x) = 4e
(b) fincreases on (0, 1/2) (c) min f(x) = ¢! (d) min f(x) >0
(¢) fincreases on (0, T/6) L (n/2, ST/6) 50. The minimum value of f (x) = 13 — xl + 12 + x| +
(d) fdecreases on (0, m/2) I5 — xl is
39. The minimum value of the function f(x) = tanx + cot x @0 (b) 7
in the interval (0, 7/2) is © 8 (d) 10
(a) 1 (b) 0 51. Let f(x) = 2 + 2x — 3x*® on [- 1, 10/3].
(c) 2 (d) 172 Then f has
40. The number of points of extremum of the function (a) Absolute maximum at an end point
f(x) =3x* - 4x’ + 6x” + b for any value of b is (b) Absolute minimum at an interior point
(a) 4 (b) 3 (c) Absolute minimum is f(10/3)
(© 1 (d 2 (d) Absolute minimum is f(— 1)
41. The szllgrtest distance of the line y — x — 1 = 0 from 52.1f f and g are defined on [0, ) by
x =y’ is
. x" -1 X
(@) 3/8 (b) V274 f) = Jim —— and g() = [ (1)dr.
n—see y
(c) 3/4 @) 328 Then
42. The value of a for which the extremum of the function (a) g has local maximum at x = 1
fx= = 3ax® + 3(a2 — Dx + 1 lie in the interval (b) g has local minimum at x = 1
(-2, 4 lie in (c) g is an increasing function on (0, =)
(a) (-1,0) (b) (-2,4) (d) g is a decreasing function on (0, ).
© 1.5 @ 1.3 53. Let filx) = sin x + cos x then
43.1f A >0, B> 0 and A + B = /3 then the maximum (a) x = 177/4 is a point of minima
value of tan A tan B is (b) x = 137/4 is a point of maxima
(a) 173 (b) 172 (¢) x=21n/4 is a point of minima
(c) 1/ V2 (d) NEYD) (d) x =297/4 is a point of maxima
44. The maximum value of |x log xl for 0 <x <1 is 54.1f fix) = x ' =9 then f(x) is
(@0 | (b) l/e (a) increasing on [-1/2, 1]
(c) 2¢ (d) none of these (b) decreasing on R
: 2
45. The grez.itest value of the function log, 1/9 — log; x (c) increasing on R
@ >1)1s (d) decreasing on [-1/2, 1]
(a) 2 () 0

55. The tangent to the curve y = ¢* drawn at the point (c,
(c) -4 (d) -2 o B . c—1
] ) €°) intersects the line joining the points (c — 1, "~ )
46. Let f be differentiable for all x. If f (1) = -2 and and (c + 1, e 1
f'(x) 2 2 for x € [1, 6] then () onthe leftof x=c  (b) on the right of x = ¢
(a) f(6) <8 (b) f(6)=8 (c) at no point (d) at all points
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56. Statement-1: ¢” > 7°
Statement-2: The function x'* (x > 0) has local
maximum at x = e.

57. Statement-1: Icot x — cot yl < Ix — yl for all x, y
€ (- m/2, n/2)
Statement-2: If f is differentiable on an open
interval and | f’(x) | < M then | f(x) — f()) | £ M
[x —yl

58. Statement-1: The function f(x) = 2 sin x + cos 2x
(0 £ x £2m) has minimum at x = 7/3 and maximum
at Sm/3.
Statement-2: The function f(x) above decreases on
(0, m/3), increases on (7/3, 57/3) and decreases on

J Assertion-Reason Type Questions

59 Let f(x) = tan~! %
I+x
Statement-1: The difference between the greatest
and smallest value of f(x) on [0, 1] is /4
Statement-2: If a function g decreases on [a, b]
then the greatest value of g = g(a) and least value
of g is g(b).

60. Let f(x) =
log x

Statement-1: The minimum value of f(x) is e
Statement-2: log x > 1 for x > ¢ and < 1 for

x < e.
(5712, 2m)
r.1 LEVEL 2
LJ Straight Objective Type Questions
61. The critical points of the function f (x) = (x — 2)*° () ((173) (a*> + b* + ¢*), 0)
(2x + 1) are (d) none of these
(a) —1and 2 (b) 1 66. A channel 27 m wide falls at a right angle into another

(¢) 1and - 1/2 (d) 1 and 1/2
62. The function f(x) = (1/4)x3 —sin mx + 3 on [- 2, 2]
takes the value
(a) 1 (b) 16/3
(c) 6 (d) 8

1
63. The greatest value of fix) = tan”! x — 5 log x on

[1/3/3,7/3] is
(a) W2+ (1/2) log 3 (b) ©/6 + (1/4) log 3
(c) /6 + (1/2) log 3 (d) w4 - (1/4)log 3
64. Equations of those tangents to 4x2—9y2:36 which are
perpendicular to the straight line 2y + 5x = 10; are

@) 5(y-3) = (x—/117/4)
(b) 5(y-2)=2(x-18)
(©) 5y +2)=2(x-18)

(d) none of these
65.If a,b,c, € R, then

x+a’ ab ac
flx)y=| ab x+b? bc | decrease on
ac bc x+c?

(@) (= (2/3) (@ +b*+ A, 0)
(b) (0, (2/3) (@* + b + %))

channel 64 m wide. The greatest length of the log that
can be floated along this system of channels is
(a) 120 (b) 125
(c) 100 (d) 110
67. For a € [m, 2x], the function

[\

0 —
8—a

1

f(x):%sinatan3x+(sina—1)tanx+

has
(a) x=nm(n € 1) as critical points
(b) no critical points
(c) x=2nm (n e I) as critical points
(d) x=2n+1)n(ne XI) as critical points.
68. The value of a for which the function
fx)=(@a-3) (x +1log5) + 2a—-17) cot (x/2)
sin® (x/2) does not possess critical point is
(@) (=e0, —4/3] (b) (=0, = 1)
(©) [1, o) (d) (0, )
69. The interval to which b may belong so that the func-

tion
In1_ _ 12
f(x)=[1——21 bob ]x3+5x+\/g
b+1

is increasing at every point of its domain is
(©) [1,4] (d) [2, 3]



70. A tangent is drawn at a variable point on an ellipse
Xla* + yz/b2 = 1, then minimum area of the triangle
formed by the tangent and the coordinate axes is
(a) ab (b) (@ + b2
() (a+b)*/4 (d) 2 ab

71. The set of all x for which log (1 + x) < x is

(a) (1, ) (b) (0, =)

(©) (=1, (d) none of these
72. The minimum value of 253" 4+ 27 is

(a) 27 (b) 2

(©1 (d) none of these
73. Let f() |x| forO<lxI<2

.Let f(x) =
1 forx=0

Then at x = 0, f has
(a) alocal maximum
(c) alocal minimum

74.1f fix) = xe™" =, then f(x) is
(a) increasing on [-1/2, 1]
(b) decreasing on R
(c) increasing on R
(d) decreasing on [-1/2, 1]

(b) no local maximum
(d) no extremum

75. Let f) x%logx if x>0
. Let fix) =
0 if x=0

Rolle's theorem can be applied to f on [0, 1] then
value of o can be

(a) -1 (b) 172

©0 (d) 172

76. A cone is made from a circular sheet of radius V3
by cutting out a sector and gluing the cut edges of
the remaining piece together. The maximum volume
attainable for the cone is

(a) /3 (b) 76
(c) 27/3 d) 3\3x

77. The dimensions of the rectangle of maximum area
that can be inscribed in the ellipse ()C/4)2 + (y/3)2

=1 are
(a) V8,42 (b) 4,3
(c) 248,32 (d) none of these

78. The condition for y = ax* + b + ex* +dx + e to
have points of inflection is
(a) b*—4ac>0 (b) 3b* —8ac=0
(c) 3b* = 8ac >0 (d) 3b* - 8ac <0

79. The largest value of m such that W - 3x +2l>m
for all x in the interval [3/2, 7/4] is
(a) 3/4 (b) 3/8
(c) 3/16 (d) 7/4

Applications of Derivatives 11.27

80. The point in the interval [0, ] for which the curve y
= (1/2)x and y = sin x are farthest apart is
(a) m/2 (b) /4
(c) ©/6 d =z

81. The points at which the tangents to the curve ax* +
2hxy + by* = 1 is parallel to y-axis is
(@) (0,0)
(b) where hx + by = 0 meets it
(c) where ax + hy meets it

(d) none of these

2
ax

2u® cos’ o
1/2) where the tangent is parallel to y = x has an
ordinate u*/4a then the value of o is

(a) m/2 (b) m/6

(c) m/3 (d) none of these

82. If the point on y = x tan o — O<oax<

lx=1+a, x<1

83. Let f (x) =
tf® {2x+3, x>l

If f (x) has local minimum at x = 1 and a = 5 then
the value of a is

(@5 (b) 6

(c) 1172 (d) 1572

84. Let g (x) = _[; f(t)dtr and f (x) satisfies the equation

fa+y)=fx +f () +2xy — 1 for all x, y € R and
f’(0) = 2 then

(a) gincreases on (0, =) and decreases on (— oo, — 0)
(b) g increases on (0, o)

(c) gdecreases on (0,e ) and increases (— oo, 0)

(d) g decreases on (— oo, o )

85. The area of the triangle formed by the positive x-axis
and the normal and the tangent to the circle X+ y2

=4 at (1, \/3) is

(a) 23 (b) V3
© 43 ) 3

86. The interval into which the function y = 2)(;1
transforms the entire real line is X" —=2x+3
(a) [1/3, 2] (b) [-1/3, 2]
(c) [-1/3, 1] (d) none of these

87. The angle at which X+ y2 = 16 can be seen from
the point (8, 0) is
(a) /6 (b) 74
(c) ©/2 (d) n/3
88. The critical points of the function
f)=@+2" Qx-1) are
(a) —1and 2 (b) 1
(c) Tand - 1/2 (d) -1 and -2
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log (m + x) S

89. The function f (x) =
log (e +x)

(a) increasing on [0, o)
(b) decreasing on [0, o)
(c) increasing on [0, /e) and decreasing on [Tt/e, o)
(d) decreasing on [0, T/e) and increasing on [7/e, oo)
90. A rectangle with perimeter 32 cm has greatest area if
its length is
(a) 12 (b) 10
(©) 8 (d) 14
91. The greatest value of the function
f(x) =cot™ x + (1/2) log x on [1,4/3] is
(a) (w/6) +0.251og 3 (b) (n/3) —0.25log 3
(c) 4 (d) tan”' e~ 1/2
92. A particle is moving along the parabola y* = 4(x + 2).
As it passes through the point (7, 6) its y-coordinate
is increasing at the rate of 3 units per second. The
rate at which x-coordinate change at this instant is (in
units/sec)
(a) 4 (b) 6
(c) 8 9
93. The perimeter of a rectangle is fixed at 24 cm. If the
length [ of the rectangle is increasing at the rate of 1
cm per second, the value of [/ for which the area of
rectangle start to decrease is
(a) 2cm (b) 6 cm
(c) 4cm (d) 8 cm
94. The rate at which fluid level inside vertical cylindrical
tank of radius r drop if we pump fluid out at the rate
of 3cm® I/min is

l l Previous Years' AIEEE/JEE Main Questions

1.If 2a + 3b + 6¢ = O(a, b, c € R) then the quadratic
equation ax*> + bx + ¢ = 0 has

(a) at least one root in [0, 1]
(b) at least one root in [2, 3]
(c) at least one root.

(d) none of these

[2002, 2004]
2. The maximum distance from origin of a point on the
curve x = a sin ¢t — b sin (a—tj,y:acost—bcos

(%t) both a, b > 0 is

1 3

- b) ——

@ nr? ®) nr?
2

(© — @ L

r r

95. The length [ of a rectangle is decreasing at the rate

of 2 cm/sec while the widths w is increasing at the
rate of 2 cm/sec. When [ = 12 and w = 5, the rate of
change of area is (in cm2/sec)

(a) 14 (b) 12

(c) 8 (d) 4

96. Let f be twice differentiable function such that f(x) =

x% x =1, 2, 3. Then

(@ f"x)=2Vxe (1,3)

(b) f”(x) = 2 for some x € (1, 3)
© f"x)=3Vxe (2,3)

(d) f”(x) =f"(x) for some x € (2, 3)

97. A tangent drawn to the curve y = f(x) at P(x, y) cuts

the x-axis and y-axis at A and B respectively such that
BP : AP = 3 : 1, given that f(1) = 1 then
(a) equation of the curve is x? -3y=0.
x
(b) normal at (1, 1) is x + 3y =4.
(c) curve passes through (2, 1/8)
(d) equation of the curve is x ? +4y=0.
X
98.1f 0 < b* < ¢ then f(x) = x* + bx* + cx + d
(a) has no local minima
(b) has no local maxima
(c) is strictly increasing on R
(d) is strictly decreasing on R

(@ a->b (b) a+b

©) Vg2 +p2 (d) 2 _p2?
3. If the function f(x) = 2x> — 9ax® + 12a*x + 1 where

a > 0, attains its maximum and minimum at p and ¢

respectively such that p2 = ¢, then a equals

(@) 1 (b) 2

(c) 12 (d) 3

[2002]

[2003]

A0 u = Nacos? 0+Db2sin> 6 +

\/a2 sin® @ + b cos’ 0




10.

1

—

12.

then the difference between the maximum and mini-
mum values of u” is given by

(a) (a+b)* (d) 2Va? +1?

() 2(a* + b? (d) (a - b)* [2004]

. A function y = fla) has a second order derivative

f7(x) = 6(x — 1). If its graph passes through the point
(2, 1) and at that point the tangent to the graph is
y = 3x — 5, then the function is

(a) (x+ 1)’ (b) (x—1)°

(c) (x—1)° d) (x+1)° [2004]

. The normal to the curve x = a(1 + cos 6), y = a sin 6
at 6 always passes through the fixed point
(@) (0,0) (®) (0, a)
(© (a,0) (d) (a, a) [2004]

. A function is matched below against an interval where

it is supported to be increasing which is of the fol-
lowing pairs in incorrectly matched?

Interval Function
(@) (oo, 1/3) 3 2x+ 1
(b) (oo, —4) ©+6x2+6
(¢) (=00, o) -3 +3x+3
(d) (2, =) 23 232~ 12x+ 6

[2005]

. The normal to the curve x = a (cos 6 + O sin 6),

y = a(sin 6 — @ cos 0) at any point Q is such that
(a) it passes through (% —a)

(b) it is at constant distance from origin
(c) it passes through origin

(d) it makes angle g + O with the x-axis [2005]

. Let f be differentiable for all x. If f(1) = -2 and f’(x)
> 2 for x € [1, 6] then
(@) f(6) <5 (b) f(6)=5
(c) f(6) 28 (d) f6) <8 [2005]

A spherical iron ball 10 cm in radius is coated with a
layer of ice of uniform thickness that melts at a rate of
50 cm’/min. When the thickness of ice is 5cm, then
the rate at which the thickness of ice decreases, is

(a) 1/547 cm/min (b) 5/6r cm/min

(c) 1/36r cm/min (d) 1/8rcm/min  [2005]

2
. The function f(x) = §+— has a local minimum at
X
(@ x=1 (b) x=2
(c)x=-2 (d)x=0 [2006]

A value of ¢ for which the conclusion of mean value
theorem holds for the function f(x) = log x on the
interval [1, 3] is

13.

14.

15.

16.

17.

Applications of Derivatives 11.29
(a) 2logz e (b) (1/2)log 3
(c) logs c (d) log 3. [2007]

The function f(x) = tan ™! (sin x + cos x) is an in-
creasing function is

(a) (m/4, m/2) (b) (—m/2, m/4)

(c) (0, n/2) (d) (-m/2, w/2) [2007]
Suppose the cube X3 - px + g has three distinct real

roots where p > 0 and ¢ > 0. Then which one of the
following holds?

(a) The cubic has minima at \/g and maxima at — \/g

(b) The cubic has minima at — \/g and maxima at \/g

(¢) The cubic has minima at both \/g and —\/é

(d) The cubic has maxima at both \/g and —\/g

[2008]

Given P(x) = x* 4+ ax® + bx* + cx + d such that x = 0

is the only real root of P’(x) = 0.

If P(-— 1) < P(1), then in the interval [- 1, 1]

(a) P(— 1) is the minimum but P(1) is not the maxi-
mum of P

(b) neither P(— 1) is the minimum nor P(1) is the maxi-
mum of P

(¢) P(-1)is the minimum and P(1) is the maximum of
P

(d) P(-~ 1) is not minimum but P(1) is the maximum

of P. [2009]
Let f: R — R be defined by

000 k—=2x, if x<-1

X) =
2x+3, if x>-1

If f has a local minimum at x = — 1, then a possible
value of k is
(a) -1/2 (b) -1
(ON! (d) 0 [2010]

The curve that passes through the point (2, 3), and
has the property that the segment of any tangent to it
lying between the coordinate axes is bisected by the
point of contact, is given by:

(@) 2y-3x=0 (b) y=6/x

@ (5=

[2011]

(c) X*+y*=13
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18.

19.

20.

21.

22.

23.

24.

Let f be a function defined by
tan x
— L, x#0
fy =14 x
1 , x=0

Statment-1: x = 0 is point of maxima of f

[2011]
Statement-2: f’(0) = 0.

Let a, b € R be such that the function f given by f(x)
= log Ixl + bx* + ax, x # 0 has extreme values at x =
-l and x =2

Statement-1: f has local maximum at x = -1 and at
x=2

Statement-2: ¢ = 1/2 and b = -1/4. [2012]

A spherical balloon is filled with 4500 7z cubic meters
of helium gas. If a leak in the balloon causes the gas
to escape at the rate of 727 cubic meters per minute,
then the rate (in meters per minute) at which the radius
of the balloon decreases 49 minutes after the leakage
began is

(a) 7/9 (b) 2/9

(c) 92 (d) 9/7 [2012]

The cost of running a bus from A to B is Rs.| av + é),
y

where v km/h is the average speed of bus. When
the bus travels at 30km/h, the cost comes out to be
Rs. 75 while at 40 km/h, it is Rs. 65. Then the most
economical speed in km/h of the bus is

(a) 45 (b) 50

(c) 60 (d) 40 [2013, online]

If the surface area of a sphere of radius r is increas-
ing uniformly at the rate of 8 cm?/s then the rate of
change of its volume is

(a) constant (b) proportional to Jr

(c) proportional to P (d) proportional to r

[2013, online]

The real number k for which the equation 2% + 3x +
k = 0 has two distinct real roots in [0, 1]

(a) lies between 2 and 3
(b) lies between —1 and 0
(c) does not exist

(d) lies between 1 and 2 [2013]

The maximum area of a right angled triangle with
hypotenuse # is
h h’
(d) —= (b) —
22
2 2

(d) [2013, online]

© NG

25.

26.

27.

28.

29.

30.

31.

Statement-1: The equation x logx = 2 — x is satisfied
by at least one value of x lying between 1 and 2

Statement-2: The function f(x) = x logx is an increas-
ing function in [1, 2] and g(x) = 2 — x is a decreasing
function in [1, 2] and the graphs represented by these
functions intersect at a point in [1, 2].[2013, online]

Statement-1: The function x*(¢* + ¢™) is increasing
for all x >0

Statement 2: The function x*¢* and x*¢™ are increas-
ing for all x > 0 and sum of two increasing functions
in any interval (a, b) is an increasing function in
(a, b) [2013, online]

If f and g are differentiable function in [0, 1] satisfy-
ing f(0) = 2 = g(1), g(0) = 0 and f(1) = 6 then for
some ¢ € (0, 1)

(@) 2f(c)=g'(c) () 2f(c)=3¢(c)

(¢) f(e)=8'(c) @ f(©=2g"(c) [2014]
If x = -1 and x = 2 are extreme points of f(x) =
a log Ix| + Bx* + x then:

(b) a:—67ﬂ= _l

1
a=-6B=~
@ 2 2

(c)a:2,[5=—% (d)a=2,[5=% [2014]
If the volume of a spherical ball is increasing at the
rate of 47 cc/sec, then the rate of increase of its radius
(in cm/sec), when the volume is 2887 cc is

1 1
(a) 5 ®)

1 1 .
c) — d — 2014, online
© Y (d) 2 [ s ]
If non-zero real number b and ¢ are such that
min f{x) > max g(x) where flx) = x° + 2bx + 2¢ and

c

gx) = - = 2¢x + b? (x € R) then |—| lies in the
interval:

1 1
(@) [—,ﬁ} (b) [o,—}

NG) 2

(c) B%} (d) [ﬁw] [2014, online]
Let f and g be two differentiable functions on R such
that f(x) > 0 and g’(x) < O for all x € R. Then for
all x

(@) g(fx)) > g(fix-1))

(b) flg(x)) > flg(x + 1)

(c) flg) > flgx—1))

(d) g(flx) <g (flx+ 1)) [2014 online]



32.

33.

34.

35.

36.

37.

38.

If Rolle’s theorem holds for the function f(x) = 2 +

. . . 1
ax’ + bx in the interval [-1, 1] for the point ¢ = —,
then the value of 2a + b is 2

(a) 1 (b) -1
(c) 2 (d) -2
[2014, 2015 online]
Let f(x) be a polynomial of degree four having extreme
value at x =1 and x = 2. If lim[1+@} = 3, then
x—0 X
f(2) is equal to
(a) -8 (b) -4
©0 (d) 4 [2015]

The equation of a normal to the curve sin y =

. (T .
xsm(§+yj at x =0 1is

(a) 2x + Y3y =0 () 2y — V3x =0
(©) 2y + Bx =0 @ 2x— Y3y =0
[2015, online]
Let k and K be the minimum and maximum values
| 0.6
of the function f(x) = % in [0, 1] respectively,
O

then the order pair (k, K) is equal to
(a) (1,2%9 (b) (2704, 209
(c) 27%° 1) (d) (274, 1) [2015, online]

From the top of a 64 metres high tower, a stone is
thrown upward vertically with the velocity of 48m/s.
The greatest height (in metres) attained by stone,
assuming the value of the gravitational acceleration
g = 32 m/s?, is:

(a) 100 (b) 88

(c) 128 (d) 112 [2015, online]

The distance, from the origin, of the normal to the
curve, x =2 cos t+ 2tsint,y =2 sin t — 2¢ cos ¢ at

T,
t= —, 18
4
(a) 4 (b) 242
() 2 (d) V2 [2015, online]

Let the tangents drawn to the circle, ¥ +y =16
from the point P(0, &) meet the x-axis at points A and
B. If the area of AAPB is minimum, then % is equal
to:

39.

40.

41.

42.

43.

Applications of Derivatives 11.31
(a) 43 (b) 343
(©) 32 d) 42 [2015]
Consider
i /4
fx) = tan_l[ 1”?“) xe(O,—) .
1—sinx 2
A normal to y = f(x) at x = % also passes through
the point:
2r
(@) (0,0) (b) (O?j

b4 b4
c) |—,0 d [—.0 2016
(© ( G ) (d ( 2 ) [ ]
If m and M are are the minimum and the maximum

values of 4+l sin’2x — 2cos*x, x € R, then M — m

is equal to
9 15
— b) —

(@) 2 (b) 2

(o) 7 (d) 1 [2016, online]
4 4 ’

If the tangent at a point P, with parameter ¢, on the
curve x = 42 + 3,y= 8t — 1, t € R meets the curve
again at a point Q, then the coordinates of Q are:
(a) (167 +3,-64r — 1) (b) (4" +3,-8 - 1)
() (F+3,£-1) d) (P +3,-£-1)

[2016, online]

Let fix) = sin®x + cos*x. Then fis an increasing func-

tion in the interval
St 3rm T 5w
= = b |=, =
w [ o [2
T

T .
(c) }Z’E[ (d) }O,ZI: [2016, online]

Let C be a curve given by y(x) = 14++/4x-3, x>%.

If P is a point on C, such that the tangent at P has

slope % then a point through which the normal at

P passes, is
(@ (1,7) (b) 3,4
(c) (4,-3) (d) (2,3) [2016, online]
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. The slope of the normal to curve y = x° — 4x* at

2, -1) is
1 1

a) — b) —

(a) 1 (b) 5

(c) 4 (d) -4 [2006]

. For the curve x = £ — 1,y= - t, the tangent line
is perpendicular to the x-axis when

(@r=0 (b)t=1
1 1

= — d)t=— 2006

(c) 1 NG (d) ¢ 5 [2006]

If fix) = 45" gatisfies the Rolle's theorem on [0, 7],
then the value of ¢ € (0, @) for which f'(c¢) = 0 is

T T
(a) c= g (b) c= Z
©) c= % ) ¢ = % [2006]

. The value of ¢ for which the conclusion of Lagrange's
mean value theorem holds for the function f(x) =

V25— x2 on the interval [1, 5] is

() V3 ) V5
() V15 (d) 2 [2007]
Let flx) = {|x—1|+a if x<1
2x+3 if x>1
If f(x) has a local minimum at x = 1, then
(a)a>5 (b) 0O<a<5s
(c)a<ss (d)a=5 [2007]

. If m is the slope of a tangent to the curve ¥ =1+
4x* then

(a) Im| <1 (b) |m| >1
(c) |m| =1 d) |m| <1 [2007]
.Let f: (—oo, 0) — (— oo, o) be a continuous and dif-
ferentiable function and let f'(-) denote the derivative
of f(-). If f(0) = -2 and f’(x) < 3 for each x € [0, 2],
then the largest possible value of f(2) is
(a) 1 (b) 2
(©) 3 (d) 4
. Let f: [-1, 2] — (- oo, o) be given by

[2008]

432 +1
2 +1

Jf) =

9.

10.

11.

12.

13.

14.

Then the maximum possible value of f(-) on [-1, 2] is

29
(@) 1 (b) r

21 28
(© 5 (d) 5 [2008]
Let y = fix) be a curve which passes through (3, 1) and
is such that normal at any point on it passes through
(1, 1). Then y = f(x) describes
(a) acircle of area
(b) an ellipse of area 27

(c) an ellipse of area 37

(d) acircle of area 47 [2008]
T
in— , 0<x<1

Let flx) = X sin . X

0 , x=0
then f’(x) = 0 for
(a) exactly two values of x
(b) no value of x
(c) infinitely many values of x
(d) exactly one value of x [2009]

Let fix) = [1 - xz], x € R, where [ ] is the greatest
integer function. Then

(a) fis increasing

(b) x =0 is the point of maxima of f

(c) fis continuous at x =0

(d) fis decreasing [2009]

A particle is constrained to move along the curve
y = ~x starting at the origin at time t = 0. The point
on the curve where the abscissa and the ordinate are
changing at the same rate is:

o) ol

11
() (Z’E) (d) 1, 1)

If the tangent and normal to the hyperbola x* — y* =
4 at a point cut off intercepts a; and a, respectively
on x-axis and b, and b, respectively on y-axis then
the value of a,a, + b, b, is

(a) -1 (b) 0

(c) 4 @1 [2010]

Let f be a differentiable function defined on R such
that f{0) = -3. If f’(x) < 5 for all x then

[2009]



(a) f2)>7 (b) (2)<7
(d) f(2)=28

(© f(2)>8
T

15. Let f be a function defined on |:_E 5} by fix) =3

[2010]

’

cos*x — 6 cos’x — 6 cos’x — 3. Then the range of f(x)
is

(a) [-12,-3] (b) [-6,-3]

(¢) [-6, 3] (d) (12, 3] [2010]
16. The function f(x) = xe ™ has

(a) neither maximum nor minimum at x = 1

(b) a minimum at x = 1

(c) a maximum at x = 1

(d) a maximum at x = —1 [2011]

17. Each side of a square is increasing at the uniform rate
of Im/sec. If after sometime the area of the square
is increasing at the rate of 8 mz/sec, then the area of
square at that time in sq. meters is
(a) 4 () 9
(c) 16 (d) 25 [2012]

18. The rate of change of the volume of a sphere with

respect to its surface area when the radius is 2 units
is:

(a) 4 (b) 3
(c) 2 (d1 [2013]
19. If m is the slope of a tangent to curve ¢’ = 1 + x* at

the point (x, y) on the curve then all possible values
of m lie in the interval:

(a) [0, 1] (b) (1, =)
(€) (=oo,=1) (d) [-1, 1] [2013]

20. fix) = Ixlogxl, x > 0 is monotonically decreasing in:

(2) (Ol) (b) [ll}

e e
(©) (1,¢) (d) (e, =)
21.Let f(x) = Ix — x;l + |lx -

distinct real numbers. Then the number of points at
which f(x) is minimum

(a) 1
(c)3 [2014]

22. The maximum value of f{(x) = 2 sin x + sin 2x, in the

interval I:O,%TC:| is

[2014]

x,l, where x; and x, are

(b) 2
(d) more than 3

(@) V2 +1 (b) 243
(©) % @ 3 [2015]

23. The abscissa of a point, tangent at which to the curve
y = ¢ sin x, x € [0, 7], has maximum slope, is:

Applications of Derivatives 11.33
V4 V4
(a) = (b) =
4 2
©r (o [2016]
24. Let p(x) be a real polynomial of degree 4 having
extreme values at x = 1 and x = 2. If lim p(;) =1,
then p(4) is equal to: 0 x
(a) 16 (b) 32
(c) 64 (d) 8 [2016]
Reasoning Type

25. Let b, ¢ be two non-zero real numbers such that b*<3c.
Letf(x)=x3+bx2+cx+d,xe R.

Statement-1: fis a 1 — 1 function.
Statement-2: f is a strictly decreasing function on R.

[2009]

26. Statement-1: The function f defined on R as f(x) =
min{x, x*) is not differentiable at x = 1.

Statement-2: The smaller angle between the tangents

) 1
tothecurvey:xandy=x2atx:lls tanlg.

[2010]

27. Statement-1: If f(x) = ¢* =P ©“~% then Rolle's theo-
rem is applicable to f(x) in the interval [1, 3].

Statement-2: Mean value theorem is applicable to

f(x) = " V@9 in the interval [1, 4]. [2011]
28. Let f(x) = x* — 8x +12, x € [2, 6].

Statement 1: f'(c¢) = 0 for some ¢ € (2, 6).

Statement 2: f is continuous on [2, 6] and differenti-
able on (2, 6) with f(2) = f(6). [2012]

29. Let a, b, ¢ € R, a > 0 and the function f:R — R be
defined by fix) = ax® + bx + ¢

Statement-1: b < 4ac
of x.

= fix) > 0 for every value

Statement-2: f is strictly decreasing in the interval

b . . L .
—oo,—z— and strictly increasing in the interval
a

b
(—Z,ooj [2012]

)i
9P Answers
Concept-based

1. (a) 2. () 3. (b) 4. (d)

5. (a) 6. (¢) 7. (¢) 8. (a)

9. (b) 10. (c)
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Level 1 Previous Years' B-Architecture Entrance
1. (o) 12. (b) 13. (b) 14. (b) Examination Questions
15. (d) 16. (c) 17. (b) 18. (a) 1. (a) 2. (b) 3. (¢) 4. (c)
19. (d) 20. (¢) 21. (a) 22. (d) 5. () 6. (a) 7. (d) 8. (b)
23. (a) 24. (b) 25. (d) 26. (c) 9. (d) 10. (c) 11. (d) 12. ()
27, (d) 28. (a) 29. () 30. (b) 13. (b) 14. (b) 15. (a) 16. (c)
31. (o) 32. (0 3. (0 34. (o) 17. (c) 18. (d) 19. (d) 20. (b)
35. (b) 36. (©) 37, (d) 38. (©) 21. (b) 22. (c) 23. (b) 24. (a)
39. (¢) 40. () 41. (d) 42. (d) 25.(9) 26. () 27. (b) 28. (3)
43. (a) 44. (b) 45. (c) 46. (b) 29. (b)
47. (c) 48. (a) 49. (b) 50. (b) O .. ]
51. (d) 52. (b) 53. (c) 54. (a) frﬁi Hints and Solutions
55. (a) 56. (d) 57. (d) 58. (a)
59. (a) 60. (a) Concept-based
Level 2 1 ﬂ _ —ac?szzt+sint=_0f)st
61. (b) 62. (a) 63. (b) 64. (d) 4 asinteost o sint
65. (@) 66. (b) 67. (b) 68. (a) Length of the tangent = | y|,(1+ sinzzt
69. (d) 70. (a) 71. (c) 72. (d) cos” t
73. (a) 74. (a) 75. (d) 76. (c) acos’t ,
77. (¢) 78. (c) 79. (c) 80. (d) = Teosy deost
81. (b) 82. (d) 83. (a) 84. (b) dy et 1,
85. (a) 86. (d) 87. (d) 88. (d) 2 T g ¢ Hi=0thenX =2,y =1
89. (b) 90. (c) 91. (a) 92. (d) Equation of normal is
93. (b) 94. (b) 95. (a) 96. (b) vo1 28| (x-2)
97. (¢) 98. (¢) =0
Previous Years' AIEEE/JEE Main Questions = r-1=2%-2 = 2X; r=3 j 0
ds « T _d's _-m . m

1. (a) 2. (b) 3. (b) 4. (a) o Ty syt anda= g =—resins

5. (b) 6. (c) 7. (a) 8. (b) 2

9. (c) 10. (d) 11. (b) 12. (a) at =1) = BT
13. (b) 14. (a) 15. (d) 16. (b) 4. f'(x) = 1 + logx — 1 = log x > 0 for x > 1. So f is
7 © SO B 20-© P Gt 0 xx o T o fs Gecteaming Tor
O @ B e D ors]l o ) ) S OTor 0% n e

. . . . 5. @ = 3x%, we need x such that 3x2=E=2=
29. (c) 30. (d) 31. (b) 32. (b) e ’ 5173
33. (¢) 34. (2) 35. (d) 36. (a) = x> =1sox =1 or —1. Thus two points are (I,
37. (¢) 38. (d) 39. (b) 40. (a) ~1) and (1, 1).
41. (d) 42. (c) 43. (a)

6. f(x) = 4x—l
X

1
The function f increases if 4x——>0 ie. x>1/2
X



1 1
The function f decreases if 4x——<0 i.e. 0<x< 5
X

7. fis differentiable function, so the critical points are
given by f’(x) = 0

F(x)=3x-3x" - 18x=3x (x +2) (x = 3)

The critical points of f are 0, -2, 3 but only
0,3 e [-14].

dx

dy

8. 3;&@:12 = dxziz.We need ‘ >1

dy d_yx

= iz>1 = <4, x20 = xe(=2,2)~{0}.
X

2 2
x° y. o dy —4x 3
9. For el +—4 =1, I __kzy and for y° = 16,

1 —4 1
ﬂ: —62 For orthogonality (Tx](—ijz_l
dx 3y K=y )\ 3y
=  64x = 3Ky = 48K%x
= k2 :i = k=&
3 3
10.g()=0 = 8-4°=0 = £ =2s01=2"

but 2" ¢ [-2, 1]. Now g(-2) = -32, g(1) = 7
So —-32 in the least value.

Level 1

X 1 1
LW (x) =
2

11. Let h(x) = tan™" x — .
2x2
y—
(x* +1)°

= f(x) > g(x) on (0, =)

12. f(2) = f(3) = f(4) = f(5) = f(6) = 0,
so, by Rolle's theorem applied on [2, 3], [3, 4], [4,
5], [5, 6] there are x; € (2, 3), x, € (3.4), x3€ (4,
5), x4 € (5, 6) such that f'(x) =0, i =1, 2, 3, 4.
Since f’ is polynomial of degree 4 so cannot have
five roots.

1B3.f/0)=@-3*" @+ 1> O9x-7)
For x < -1, f'(x) >0 and for -1 <x <0, f'(x) <
0. x = -1 is a point of maxima.

1+x*  x*+1
> 0 for all x. For x > 0 h(x) > h(0) = 0

14. Gl
dx
y — a(sin @ — 6 cos 0) = —cot B(x — a(cos 6 + 6
sin ) which simplifies to x cos 6 + y sin 0 = a.
The distance of the normal from origin is | a .

15. Apply Rolle's theorem to show that the given equa-
tion cannot have two real distinct roots.

= tan 6, so equation the equation of normal is

Applications of Derivatives 11.35

d
16. (d_yj (a/8, a/8) = —1. The equation of tangent at
X

(a/8, a/8) is y + x = al4. The x and y intercepts of
this line both equal a/4, so

2 2
2=2L 4% S 4=y
16 16
17. The slope of tangent to x" y = b™ is ﬂ:—ﬂ, So
dx X
the equation of tangent is ¥ — y = — LA X -x)
X
Y
which simplifies to + = 1. Thus the

x+% y+my
m
base of the triangle is the X-intercept, x + x/m and

the height is the y-intercept, y + my. So the area
of the triangle is

(12) (x +ﬁ) (y + my)
m

Cxy(d4m)y b"(1+m)
B 2m 2mn™!

which is constant if m = 1.
18. The slope of the tangent is —x*/y* and its equation

X Y

—+ = 1.

is
atlx 614/y3

Thus the required intercepts are p = a*/x’ and ¢ =
a4/y3 so that

—4/3 + q—4/3 — a—16/3 —-16/3 a4 — a—4/3

«+yh=a

P
19.1-2cosx>0ifcosx<1/2 = x e (25_”)
373
2/3 2/3
20. Forx# -1, 1, & =D =04 DT7 g gy

dx 3" - 1)°"°
at x = 0. y(0) = 2, y(-1) = y(1) = 23, so the great-
est value of y is 2.

2 - p—
2. ) = dx— LB T _ @D Q@rt D
X

X X

2x—-1|2x+1| x | f/(x

x<—-1/2 - - - -
-12<x<0 - + - +
O<x< 12 - + + -
x> 172 + + + +

Thus f increases on [-1/2, 0] U [1/2, oo].
e’ +e
2

22. Let (x, y) be any point on y =



11.36 Complete Mathematics—JEE Main

U=S§= square of distance of (x, y) from (0, 0)

) e+ 1

=X+ —— =
4 2
2x —2x
4 =2x+% "¢  —0forx=0
dx 2
2
and d_2 > 0 at x = 0. Hence S is min for x = 0
x
and min S? = l+l = 1.
2 2
d
23.2x+2yﬂ—2—2ﬂ=0:>—y =-1
dx dx dx|a2)
Required equation of normal is y — 2 = (x — 2)

= y=ux

24. Let g(x) = f& g'(x)
X

_ ' (0)-f(x)
5 .
Let h(x) = x f'(x) — f(x), (x) = xf"(x) > 0
So h(x) > h(0) = 0 for x > 0’. Hence g’(x) > 0,
x > 0 g increases on (0, oo).

25. If o and B are real and distinct roots of X -
12x + k = 0. Then fix) = X — 12x + k satisfies
o) = fif) = 0 then there ye [, B] < [0, 2] such
that f’(y) = 0 ie., 33> = 12 =0 = y=+ 2. Not
possible.

26. f'(x) = 8" — ¥ = %

X

f)y=3f-1)=6+3= 9,f(lj = —9/8 thus
max f = 9. 8

27. f/(x) = 4x° — 18x% + 24x — 8, f"(x) = 12x* — 36x
+24 =127 -3x+2) = 12(x - 1) (x — 2), /(%)
=0=x=1,2
Ifx=1theny=2. If x =2, y = 3. So equation of
tangent at (1, 2)is y -2 =f"(1) (x = 1) =2(x - 1).
Equation of the tangent at (2, 3) is y — 3 = f'(2)
x-2)=0.

28. The odd degree has at least one real root if the equa-
tion has at two real roots then by Rolle's theorem
there is ¥ € [o, fB] such that 67 — 67+ 6 = 0 =
¥ — y+ 1 = 0 which is not possible for y € R.

29.f(0) = (x-2) (x - )= () = (x - D+ 4(x -
D (x=2) = (x - 1)’G5x - 9) so for 1 <x < 9/5,
f’(x) < 0 and for x > 9/5, f’(x) > 0. Thus x = 9/5

=0ifx=1/8

4
f has local minimum £(9/5) = —%(%) .

K2 +2x+2, —1/2<x<0
x> =2x+2, 0<x<3/2

and f'(1) =0

f7(0) doesn't exist. Since f(0) = 2, f(-1/2) = 5/4,
f@(372) =5/4, f(1) =1 so Max. f(x) = 2 and min
fx) =1.

30. f(x) = {

31. The function is not differentiable at x = 0 and
x = 1. Now

x—1 x21 _x+2ifx>l
ORI = fw=1 Y
- 1—-x x<1 - x=2 .fx<1
_7 _,1
x2 x#0 x3 x#0

so we get a third critical point x = 2.

32. The derivative of the function, x* (log x + 1), is
negative when log x < -1 i.e., when x < el

33. y'(x) = 1 — ¢" is positive when ¢* < 1 i.e., when x
<0

34.3=fi)=1+p+qand f()=0=2+p=0
=>p=-2,qg=4.

35. Let fix) =ax’ + bx> + ex + d, a # 0, f”(x) = 6ax
+2b, f(x) =0

-b
= x = i f7(x) = 6a # 0. So only one point of
a inflection.

4tan'x  if-1<x<1
36. fix) = J4tan' x—7 if x>1

4tan” x+ 7 if x< -1
V4
So max fix) = 4 5 -T=T7

dy

3m .
— =——The equation of normal at (m?,
dx (m?=m®)

37.

—md) is Y + m® = (2/3m) (X — m?). Simplifying we
have Y = (2/3m) X — 2m/3 + m3) which is identical
with y = 2mx — 2m® if m* = 2/3.

38. f(x) =2 cos x — 2 sin 2x = 2 cos x(1 — 2 sin x) >
0
if (i) cos x >0, sin x < 1/2 (ii) cos x < 0, sin x
> 1/2
ie., if x € (0, W/6) U (37/2,27) or x € (72, 57/6).
So f increases on (0, /6) U (7/2, 57/6).

) 2
sin” x —cos” x

39. fx) = sec? x — cosec? x = — 5 =

sin” xcos” x

- 2
COSTX i) = 0, F(3m4) = 0. For 0

sin” x cos” x
<x < m4, f(x) <0 and for /4 < x < W2,

(%) > 0. Min f(x) = fim/4) = 2.
40. () = 1232 — x + 1), £(x) = 0 only for x = 0,

41. Distance of (£, f) on y2 =xfromy—-x—-1=0is

lt—12 =11 2 —t+1
NN

1/2. So the shortest distance = 32 /8.

+ 1. This is minimum if ¢ =




2. f)=3x-@+1)(x-@-1)=0=>x=at
1.
a-1€e (2,4 =>ae (-1,5,a+1¢€e (2,4

= ae (-3, 3) ~
43.y = tan A tan (W3 — A) = m where x =
tan A. 1++3x

dy _ —-(Bx-1)(x+3)

.As 0 < A < m/3, x

dx (1++/3x)?

tan A > 0

dy 1 dy 1

— =0=>x=——>0for0<x< — and

dx TR N
1

is < 0 for x >—=. S0 yuux =¥ = (x=1/3/3) = 13.
5 (v=1/33)

44. fix) = —=x log x, for 0 < x < 1, and f(x) = —(1 + log
x). Sof(x) =0 = x= el It is easy to see max
foo = fieh) = €.

log9 21
45. fin) = log, (1/9) — log, 2> = —.082 _2logx

logx log3

2((log3)* - (log x)*)
x(log x)* log3

f) = so f(x) =0 = log x

=t log 3
= x =3 or 1/3. One can see by first derivative test
that max f(x) = f(3) = —4.

46. Applying Lagrange's mean value theorem there is

¢ e (1, 6) such that M = fle) 22

= f(6) = f(1) + 10 = 8.
47. f(x) = 3[(sin”! x)? = (cos™! x)*]V1-x?

f(x)=0= sin"' x =cos™! xorsin! x=-cos! x
but
sin”! x + cos™ x = /2 so sin”' x = cos”! x = sin”!

x = /4
= x = 1/V2 . Thus f1/V2) = ©132.
48. f(x) =log x + 4 so f(x) >0 if log x > 4 ie, x>
4
e .
49. /X)) =R -xxe”. fx)=0=>x=0,2
For 0 < x <2, f(x) >0 and for x > 2, f(x) < 0
So max f(x) = f(2) = 4e°.

50. fix) =
6—-3x ,x<-2
10—-x , 2<x<3 min f(x)=f3)="17.
4+x ,3<x<5
3x—6  ,x>5

51. f is not differentiable at x = 0. For x # 0, f'(x) =
2-3x " Sof(x)=0
27

10
= x = ? >?, hence f’(x) is never zero, for x # 0.
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Now f(=1)==3,f0)=2
26 (10"
f(10/3) = ?—3 (?j >0 but is less then 2.

Hence absolute minimum is f{— 1) and absolute
maximum is f(0).

o, [ 0sx<
52.f00 = lim —— =1 1, if x>l
el 0, if x=I

g’(x) = f(x). Hence g has local minimum at x = 1.
53. f/(x) =cos x —sinx =0 = x = nw + 7/4
f(x) = — sin x — cos x = — (sin x + COS x)

T b4 n
"Nr+ = | = (1D)"H! (sin—+cos—j
S (" 4) -1 4 4

=(_1)n+l\/§

If n is even then f{x) has maxima and if #» is odd then
f(x) has minima.
54. Let fix) = xe"' =) we can write
O ==@-1)Qx+ 1)t
since  ¢"Y>0Vxe Rso
f(x) <0 for x < -1/2; f/(x) >0 for -1/2 < x < 1
and is < O for x > 1.
Thus f(x) increases on [-1/2, 1]
55. Equation tangent at P(c, ) is y — ¢ = ¢ (x — ¢)
(1)
The equation of line joining (¢ + 1, ¢! and
(!, ) is
y_eC+1:%(6C+1_eC—1)(x_C_1) (2)
Subtracting (2) from (1)
e(e-1) =

ec[(x—C){l—%(e—e‘l)}+%(e—e‘l)}
1= (-0t 5fe=e) |+ 2 fe-)

ete! =2

=S c—-x= >0 = x<c

R )

Thus two lines meet on the left of x = c.
56. Consider f(x) = x'*

f/(x) — xl/x(l B lggx)
X
f has local maximum at x = e
Since m > e and f decreases on (e, ) so fiw) <
fley = n<e’
57. Applying Lagrange’s mean value on [x, y], we have
c € (x, y) such that
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f)-f(x)

fllo)=

L) - I=1f)lly-xI<Mly-x|
Gf 1 f'(x) | £ M)
and | /) —f) 1 2MIlx -yl GflIf'x)1 =M
Putting f(x) = cot x, f(x) = — cosec’ x, | f/(x) | > 1
Hence | cot x —coty | =21 x —y |

58. f/(x) =2 cos x — 2 sin 2x = 2 cos x (1 — 2 sin x)
Now determine the sign of f’(x) on [0, 27].

< 0 for

59. f(x) = w4 —tan' x = fi(x)= - 5
1+x

all x. So the greatest value is f{0) = n/4 and least
value is f{(1) = 0.
1-logx

(logx)’

60. f'(x) =

Level 2

61.f"(x) = (23) (x = 2P 2x + 1) + 2(x - 2)**
= (?) -1 @-27"

f(x) =0 = x =1 also f’(x) does not exist at x = 2,
hence the critical points are x = 1 and

x =2.
62.f(-2) =1
1 1 -(1-x)

1+x2_§ - (1+x2)2x <0

63. f'(x) =

for x > 0 i.e. f decreases on [1/\/5, \/§]
Therefore, the greatest value is f (1/\/5 )

= tan”! L—llogL—£+l log 3
V32 T3 6 4 '
2 2 4x
6a. LY oo X YD dy _ X
9 4 9 2dx dx 9y
The tangent will be perpendicular to 2y + 5x = 10
if 4—x><(_—5) =-1= 10x =9y
9y 2
2 2
Substituting the value of x in — — Y= 1, we have
9 4
1
(i——) 2 = 1, which is not possible. Thus there
100 4

is no point on the curve at which the tangent is per-
pendicular to 2y + 5x = 10.

1 0 0 x+a* ab ac
65.f(x) = lab x+b> bc |+| 0O 1 0

ac bc x+c? ac be x+c?

x+a’ ab ac

+| ab x+b* bc
0 0 1
=+ x+A -+ x+d) x+ A
2 2 2 2 2 12
—a"c +(x+a)x+b)-a b
:3x2+2(a2+b2+62)x
=xBx+2@+b+c)

2
f decreases if x < 0 and x > — g (a2 + b+ cz)

ie. on (= 2/3) (a® + b* + ¢H), 0).

66. Let 'a' be the part of log in the channel of width 27
m and 'b' be the part of log in the channel of width
64 m.

Sol=a+b
= 27 cosec 6 + 64 sec 0

ﬁ = — 27 cosec O cot O + 64 sec O tan O
deo
ﬂ =0=tan 0 = 3
4
2
One can verify that ﬂ <0 for 6 = tan™! 3
d6* 4

max [ = 27><§+64><é = 125.
3 4

Fig. 11.7

67. f'(x) = sin a tan® x sec’ x + (sin a@ — 1) sec® x

= sec’ x (sin a tan® x + (sin a — 1))
l1-sina

Since sec? x # 0 so tan® x = -
sina

Now a € [m, 2r] so sin a < 0. Hence L.H.S. is > 0
but R.H.S. < 0. Thus there is no critical point.
68. The derivative of f(x) is (4a — 3) + (a — 7) cos x. It

is
da-3

T—a

4da-3

T—a

<1

zero when cos x =




69.

70.

71.

4a -3

T—a
i.e. when a = — 4/3 or a < 2. Hence the interval when
f has no critical points are (— e — 4/3] and [2, oo).

<l=>a-7<4a-3<7-a

[ _ _ 2
fx) =3 o N2l=db=bn 2 +5>0if
b+1
2> - if
o N21-4b-07
b+1
_ _ 2
1_\/21 4b-v*

bh+1
which is trivially true if b + 1 <O ie. b < -1
If b+ 1 > 0 then
b+1¥>21-4b-b"=>bB-2)b+5>0
ie.b>2o0orb<-5

so b e [2, 3].

Any point on the ellipse is given by (a cos 6,
b sin 0)
2 —
Also & = _b_x = —b
dx azy a

cot O

The equation of tangent at (a cos 6. b sin 0) is Y — b

. -b
sin 8 = — cotf (X — a cos 60)
a
This tangent cuts the coordinate axes at the points

(0, L) and (L o)
sin@ cos@

The area of the triangle formed by the tangent and
the coordinate axes is

A= 1a—bzabcosec%’

B E sin @ cos @

But cosec 20 is smallest when 0 = /4

Amin:ab.
Let f(x) = x — log (1 + x). The domain of f is

1 I1+x-1 X
—1,). fx) =1 - = = . Since
( - 1) 1+x I+x 1+x

1 +x>0forxe dom fsof'(x) >0if x>0
and f1(x) < 0 for (- 1, 0). Thus f increases (0, oo).
Morever, f(0) = 0. Hence f(x) = f(0) = 0 = x = log
(1 + x) for x € (0, o0).

For x € (- 1, 0), f decreases so

f(x) = f(0). Hence x = log (1 + x) on (- 1, oo).

72.

73.

74.

75.

76.

77.

78.

79.

Applications of Derivatives 11.39

20% =37 4 27 > 28 and the value 28 is
attained at x = V3. Hence the minimum value of
202 =37 4 27 is 28.

-x —2<x<0
fx) =141 x=0

x O<x<2
f is not continuous at x = 0. Morever
f(0) > f(a) for a € (-1/2, 1/2) ~ {0}. f has local
maximum at x = 0.
)= 4+ x (1= 2x) Y
=(l+x-2) " V= (x-1) Qx+ e Y

Since ¢! =% > 0 for all x, so f1x) > 0 if and only if
x-1DAd+2x)<01e-1/2=min (1, - 1/2) < x <
max (1, -1/2) = 1.

Thus f increases on [— 1/2, 1].

Clearly f(0) = f(1) = 0. For f to be continuous

on [0, 1], we must have lim x“log x = 0. This is
x—0+

possible only if o > 0. Thus o = 1/2 is only such
value.

Let h be the height of cone, then the radius r of the
cone satisfies 7> = 3 — h°

V= ln(s—hz)h sod—v = l7z(—3h+3)
3 dh 3

2
Yoo n=t1as0 XY - _x<o
dh dn?

SO Viax = %717(3— 1) = 2—”

Any point on the ellipse is of the form (4 cos 6, 3
sin 0), 0 < 8 < 2x. Area A of a rectangle inscribed in
the ellipse = 4 X 4 cos@ x 3 sin O = 24 sin 26. This
will be maximum when 260 = 7/2 or 6 = /4. Hence
the dimensions of the ellipse are

1 1
2.4.— and 23 —— ie. 248 and 3v2.
V2 V2

vy =4dax® +3bx> + 2 cx + d

vy’ =12 ax* + 6 bx + 2 ¢ , y” = 0 should have real
distinct roots. This is true if 36b> — 96ac > 0

i.e. 3b* — 8ac > 0.

f(x) = Ix* = 3x + 2|

=— (> -3x+2),32<x<7/4

f’(x) = — (2x — 3). So the critical points are
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80.

81.

82.

3/2,7/4 . f(3/2)— —, f(7/4) = 36 Thus

3 3
> Som= >
fo 2 e Som= 1o

We are looking for x € [0, 7] for which
[(1/2)x — sin x| is maximum.
(1/2)x —sinx if(1/2)x=sinx
- {sinx—(l/Z)x if sinx < (1/2)x

ﬁ
dx

Thus critical points are x = 0, /3, 7. S(0) = 0

S(r/3) = £—5 .S (m =" Thus
6 2
Smax=7'£'/2 at x = .
2ax + 2h (waLy) + 2 by Y =0
dx dx
- dy =_ax+hy
dx hx + by

The tangent will be Il to Y-axis if Ax + by = 0

dy ax

— =tan o —————. The tangent will be parallel
X u” cos” o
. ax
toy=xiftan ¢ - ——— =1
u” cos” o
(tan 0 — 1) u? cos® &
=x=

a
2

u .
= — (sin& — cos @) cos &
a

The corresponding ordinate is given by
2

u .
y = — (sin — cosq) cos¢ tano
a

a ut
2u cos’ o a
2

a

2
= Y (sin*a - 112)
a

According to given condition

2 2
Y osinfa-12)= %

a da

=12 -cosx=0=cos x =12 = x = n/3

— (sinox — cosa) cos’a

1
= u—[sinz o —sing cosa—z(l —-2sina cosa)}

83

84.

85.

86.

87.

S = {

f(x) = lim
h—0

= sino = 3/4
l-x+a, x<1
2x+3, x>1

If f(x) has local minimum at x = 1, then f(1) <

fA +h), h>0ie a<?2(l+h) +3

Hence a £ 5. So a = 5.

S+ = f®)

h
lim SO+ f()+2xh—1- f(x)
h—0 h
o S-FO

h—0 h
(Putting x = y = 0 we obtain f(0) = 1)
=f0)+2x=2x+1)

fx) =+ 1)2 + C. Putting x = 0, we obtain C = 0.

Thus f(x) = (x + )% But g’(x) = f(x) = (x + 1)*> 0
S0 g increases on (— oo, oo) in particular on (0, oo).

dy ~ x dy 1

dx y’ E(l,@f V3
Equation of tangent at (1, NE) ) is

Y- 3= (V3) x-1)

This will intersect X — axis at (4, 0). Equation of the
normal at (1, /3) is

Y- 3 =3 X-1)

This will intersect X-axis at (0, 0) so the required area
of the triangle

- %4@ - 23,
Ve X -2x+3-2x-1)7  —(x-17+2
(x? = 2x +3)? (x? =2x+3)?

y':yOforx:li\/E

y’>0f0r1<x<1+\/§andy’<0forx>1+
V2

ymax

= y(1++2). Similarly y,;, =y (1-v2)

V2 V2
<1+\/—) = —andy(l—\/z) :—T.

Equation of tangent at any point (x;, y,) is
xx; +yy; = 16



88.

89.

90.

91.

(2,23)

(N
NP

(2, -243)

Fig. 11.8

This passes through (8, 0) if 8x; = 16 i.e. x; =2
soy, = 2 V3. The slope of tangent is 3.
Therefore 8 = n/6 and 20 = 7/3.

For x # - 2,

fr(x) = %(x + 2)—1/3 (2X _ 1) + (x + 2)2/32 2
(0/3)(x+1)
(x+2)'"°

f(x) =0 = x =— 1 clearly f is not differentiable

at x = — 2. Thus the critical points are — 1, — 2.
log(e + x) X L log(m + x) X
, T+ X e+ x
F) = -
(log(e + x))

_ log(e + x) X (e + x) — (7w + x) log (7 + x)

(m+ x) (e + x) (log(e + )c))2

Since log function is an increasing function and
e < 1, log (e + x) < log (7w + x)

= (e +x)log (e + x) < (e + x) log (m + x) <
(m + x) log (7 + x) for all x > 0. Thus f’(x) < 0 for
all x > 0.

= f decreases on [0, o).
20+ b) =32 =1+ b = 16.
Area of rectangle A = Ib = I(16 — )

A
A 6 _so ™ o=
dl dl
dA . )
E = -2 < 0. Thus A is maximum when [ = 8.
1 1 (1-x)
fX)=——+— = —"+—>0forxe 1,\/5
1+x2 2x (1+x2)2x ( )

fincreases on [1,\5 :I The greatest value of fis equal
1
to f (\/g) = cot™! \/§+510g\/§

92.

93.

94.

95.

96.

97.

Applications of Derivatives 11.41
r 1
=—+—1log3.
6 4%
d d . . ..
2y—y =42 According to the given condition
dt dt
@ =3. So
dx dx

2X6%Xx3=4— = — =9 unit/s.
dt dt

20+b)=24=1+b=12

ﬂ+% =0.If ﬂ is 1 cm/s

dt dt dt

then @:— .ﬁzl@+bﬂ=b—l
dt dt dt drt

A
% will start decreasing if b — [ <O butb +1=12
t

so [ =6.
V=nrh= v = nr? dn
d dt

dh 3

dt
“ g, d
dt dt dt
A —12X2+5x(=2) = 14
dtli—12p=5s

Let g(x) = f(x) — x°. As [ is twice differentiable so g
is also twice differentiable.

Also

gH=f1)-1’=1-1=0
gQ2)=f(2)-2"=2"-2=0
gB3)=f(3)-3"=3"-3"=0

By Rolle’s theorem 3 o €(1, 2) and B € (2, 3)
such that g’(a) = 0, g’(B) = 0.

Again applying Rolle’s theorem 3 y € (o, B)
such that g” (y) =0

As ae (1, 2), Be (2, 3), (o, B) < (1, 3)
" =f"n-2=0=f"(y =2

So there is some x € (1, 3) such that f”(x) = 2.

Equation of tangent at P(x, y)
Y-y=f () X-x
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SO A = (x j and B = (0, y — x f'(x)).

1
-y——00
S (x)

3:1 = BP:AP

= 2+ 2O o+

9 _ XA+ Lo (W)
L Yargon T T
2

50l S (=3l = D

X X X

3
= X = Const or x3y =C

y

Since f(1) = 1, so Const = 1

Thus the curve is either x° = y or x3y =1.
The last curve passes through (2, 1/8)

98. f is a differentiable function and

F(x) = 3x* + 2bx + ¢

( b)z c b

3 x+=| +=———
3) 3 9

_ 12
3{(x+b/3)2+3c b}

9
Since b* < ¢ < 3¢ 50 3¢ — b* > 0 and hence
f'(x) > 0 i.e. fis strictly increasing on R.
Previous Years' AIEEE/JEE Questions
L. Let f(x) = %ax3 +%bx2 +cx -

Note that f is continuous and differentiable on R. We
have

f(0) =0 and f(1) = §+§+c - 0.

.. By the Rolle’s theorem 3 & € (0, 1) such that f’(c)
= 0.
ie. acd + ba+c = 0.

t
2. ﬁ acost—b-gcos(a—t) = a[cost—cosa—}
dt b b b

@ —asint+b-gsin(a—tj = a sina—t—sint
b b b

dt
a t) . a t
dy sin%t—sint 2005((b+1)2)sm((b—1j2)
Y@ =
& cost—cos ™ _2sin (a_HJt sin (l_a)t
b b 2 b)2

a t
= cot| —+1|=
(i)

Equation tangent at any point is

Y—(acost—bcos%t)

S 0 e~

Distance of origin from (i) is

at a t
(acost— bcos)— cot(( + 1))
b b 2
(asint—bsinat)
S = b

\/1+c0t2 (a+1)t
b 2

. a t at
_ |sin|| =+1|—=|| acost—bcos—
- b 2 b
—cos 2+1 r asinz—bsinﬁt)
b 2 b
b 2 b b
. t at .(ta t
= |asin| ——+—— |+ bsin| ————
( 2 b2j (2b 2]
t

. (at
= (a+b)Sll’1(ZE—§j

So the maximum value of S is a + b.

f(x) = 6x* — 18ax + 12a*> = 6(x* — 3ax +

®

)

24%)

f7(x) = 6(2x — 3a). According to the given condition

') =0f"(g) and f"(p) < 0, f"(g) > 0.

p+q=23a,pq= 24%. Since p2 = ¢, SO p3 = 24° and
2 3a 3a —1£V1+12a
p+p-=3aand p<7 and q>7,p: —

=24’ Clearly a =2

3
—1+
thus( 1_\/;+12aj

satisfy this

equation as for a = 1, 1/2, 3 the L.H.S. is irrational

and R.H.S. is a rational number.

. We have

u= |a®+b*> a*-b* at+b* a*-b
+ cos20 + -
2 2 2

2

2

cos26



Squaring, we get

2,42
Thus, max (uz) =a*+ b+ Z[a ;b j

= 2(d* + b°)

2, .2)\? 2 .22
andmin(uz):a2+b2+2\/(a ’;b j —[a 2b ]

=az+b2+2ab=(a+b)2
-, max (%) — min %) = (a — b)>.

S =6(x-1) = f(x=3x-1*+C

, d
But /()] 1) = d_i} =3
(2.1)

L3=32-1 +C,=C =0
Thus, f/(x) = 3(x — 1)*
=f)=@x-1°+C,

As y = f(x) passes through (2, 1)
1=2-1)’+C,=C,=0

o f) = -1y
ﬂ = —a sin 0, ﬂ =a cos 6
do do
& _ —acos slope of normal at 0 is sin 6
dx asin@ cosf

Thus, equation of normal at 0 is

sin @

y —a sin 0 = [x — a(l + cos 0)]

cosf
This clearly passes through (a, 0)

If fix) = 3x* — 2x + 1, then
1 1
ffy=6x-2=06 X—g <0forx<g

Thus, f(x) decreases on the interval (—oo, 1/3].
If f(x) = x* + 6x* + 6,

f’(x)=3x2+ 2x=3xx+4)>0ifx <-4
= f(x) increases on (—oo, —4]

If f(x) = x> — 3x* + 3x + 3, then

f) =37 -6x+3=3x-1>20Vx

10.

Applications of Derivatives 11.43
Jf(x) increases on (—oo, oo)

If fix) = 2x° — 3x> — 12x + 6, then

fi(x) = 6x* —6x— 12 =6(x* —x—2)
=6(x—-2)(x+1)>0forx>2

= f(x) increases on [2, =)

.x =a(cos 0 + O sin 6), y = a(sin 6 — 6 cos 6)

= % = a(-sin O + sin O + 6 cos 6) = af cos O

and % = a(cosf — cos 6 + O sin 6) = a6 sin O

dy _ sin

dx cos6

Equation of normal at 6

cosO

y —a(sin 80— 0 cos 6) = - {x —a(cos O+ Osin 6)}

sin@

= X COS 0+ysin9:a{00529+ 0 cos O sin 0 +
sin’6 — 6 cos 0 sin 0}

= xcos 8+ ysin 0=a

This line is at a distance a from the origin.

. By the Lagrange’s mean value theorem,

w = f(o) for some a € (1, 6)

= f(6) + 2 = 5f(0) = 10
= f(6) > 8

Let thickness of ice at time ¢ be r cm. Then volume
of ice:

Fig. 11.9

V= %n(lo +r) - %ﬂ(10)3

dv > dr

= =4a(10 + r°- =

dt dt
2dr

= 50 = 47(10 + r)
dt
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dr =50
T a 4An(0+r)
dr} =50
T a7 anasy
-
187
1
. thickness is decreasing at the rate = cm/min.
T
1 2 (x=2)(x+2)
1.fx)=-—-—— = ——F5—

For local maximum/minimum, set f’(x) = 0
=>x==2.

Asf/(x) <O for0<x<?2

and f'(x) > 0 for 2 < x < oo,

f(x) has a local minimum at x = 2.

b SO-1) _

i =S

1
N log, 3 _ 1

2 c
= ¢ = 2 logse

cosx—sinx

13. f/(x)

1+ (sin x + cos x)*
f’(x) > 0 if and only if cos x > sin x

This is true if ( d ”]
€ | —7%—
is is true if x 22

14. As fix) = X - px + g has three real and distinct,
roots, f'(x) = 3x% — p has two distinct zeros by Rolle’s
theorem.

Now f/(x) = 0 = x = i\/%

We have f’(x) > 0 if x < —\/%

<0 if —\/Z<x<\/Z
3 3
> 0 if x>\/Z
3

Thus f(x) has a local maximum at x =

—JE and local
3
minimum at x = /%

15.

P(x)=x4+ax3+bx2+cx+d
= P'(x) = 4> + 3ax* + 2bx + ¢
As P’(0) =0, we get c =0

s P/(x) = x(4x° + 3ax + 2b)

As x = 0 is the only real root of P’(x) = 0, roots of
4x* + 3ax + 2b = 0 must be imaginary, therefore

4x* +3ax +2b >0V x € R
Thus, P’'(x) < 0 for x < 0
> 0 for x > 0.
. x = 0 is a point of local minimum at x = 0.
Graph of y = P(x) is given in Fig. 11.10.

As P(-1) < P(1), we get P(1) is maximum but P(—1)
is not minimum of P on [-1, 1].

Fig. 11.10

16. f will be continuous at x = —1 if

17.

= lim f(x) = lm f(x) =A-1)

x—-1-
=>k+2=2-)+3=k+2
= k=-1

For this value of k, f is continuous at x = —1, f'(~1)
does not exist and f'(x) < 0 for x < — 1

and f’(x) > 0 for x > -1,
therefore, f has a local minimum at x = —1.

Equation of tangent at (x, y) to the curve y = f(x) is
given by

Yoy= P (x-x
dx

dx
This tangent meets the axes at A (x— yd—,Oj and

ly
dy
B|0,y—x—]|.
(yxdxj

We are given mid-point of AB = (x, y)



18.

19.

2 dy dx
:@ Q=O
x oy

S loglyl=c=xy==%e=A.

As it passes through (2, 3), we get 6 = A
soxy=6o0ry=6/k

Let g(x) =tan x — x, — W2 < x < 7/2

= g'(x) = sec’x — 1 = tan’x > 0 for -2 < x < 7/2.

Thus, g(x) is a strictly increasing function on (-7/2,
72).

Therefore, tan x < x for —m/2 < x < 7/2

QY for a2 < x < 72, x £ O.

= flx) =

*. x = 0 is a point of maxima.

Also,
0 = lim LD =1©
x—0 X

tan x
-1

= lim
x—0 X

. tanx—x 0
= hm—2 —form
x—0 X 0

sec2

= lim
x—0 2x

x—1

2
1 lim (tan x)
2 x—0 X

=0

Thus, both the statements are true. However, state-
ment-2 is not a correct explanation of statement-1.

f’()c)=l + 2bx + a, x # 0.
X

As x = -1 and x = 2 are extreme values of f so
f1)=0=f(2)
— 1-2b=a=0and % +db+a=0

Solving we get, a = % and b = _!

4

So f'(x) = l—lx+l -1 x+1) (x-2)
x 2 2 2x

20.

21.

22.

Applications of Derivatives 11.45

We have
fx)>0ifx<-1
<0if-1<x<0
>0if0<x<?2
<0ifx>2

Thus f(x) has a local maximum at x = —1 and x = 2

-. statement-1 and statement-2 are both true and
statement-2 is a correct explanation for the state-
ment-1.

Let » be the radius of balloon and V be its volume.

It is given that ‘ji—v =-12x
t

= a\3 = e

= %nﬁ = 72mt + k
When t =0, k = %n;ﬁ =V =4500x
4
. Enr = 4500 — 72mt
When ¢ = 49, %71,,3 = 4500z — (72m) (49) = 9721
=r=729=r=9
d(4
Also, —(—7“”3) = 721 = 4w’ ﬂ =-12r
dr\ 3 dt

—~18 dr

dr _ -2 _ &
dt

dt arr? P2

= _2
r=9 9 ‘

C=av+ b . According to the given conditions,
v

75 = 430+ and 65 = 440+
30 40
Solving a = % b = 1800. Thus

c 1, 1800
2

\%

£= 1—1880 so§=0=>v=60
v 2y av

d*c 3600

— = > 0. Thus C is minimum when v = 60.
dv %
S:4n’r2’8=§:8n-rﬂjizl

dt dt dt r
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23.

24.

25.

26.

27.

V= _"n

ar = 477:7‘2ﬂ = 4r so d—Vocr-
dt dt dt

Let fix) = 2x° + 3x + k

Suppose o, € [0, 1], a < B be such that f{e) = 0
= fiP).
As fis differentiable on [a, S,

By the Rolle’s theorem there exists r € (a, b) such
that f(r) = 0 = 6/ + 3 = 0.

But 6/ + 3 = 0 is not true for any real r.

Thus, there is no real value of k, for which 23 + 3x
+ k = 0 has two real and distinct roots in [0, 1].

A = % pb . p is the perpendicular and b is the base

P+b=hs0A= %p‘/hz_pz

dd 1 1 (=2 1 W2 = p?=p?
o e
b~ 2 45 =) 2 -
dA 0 Pk t. that A i i
- = = = —F. 1S e€as O see a 1S maxi-
dp P= Y
h 1 h |, K
forp= —=,80A = ———|h> ——
mum for p NG SO Aax ;) >
h2
:T_

If fix) = x log x then f'(x) = 1 + log x > 0 for x €
[1, 2] so fincreases on [1, 2]. For g(x) =2 — x, g'(x)
= —1 so g decreases on [, 2]. Therefore g(x) = f(x)
for some x € [1, 2]. Hence the statement-1 follows.

Let fix) = x¢", f'(x) = 2xe" + x*¢" > 0 for x > 0.
g(x) = X%, g'(x) = 2xe™ — X% = 2x - x°) &

g'(x) > 0 for x < 2 and g’(x) < O for x > 2. Hence
g decreases for x > 2 and increases on (0, 2). State-
ment-2 is not true. If i(x) = x*(¢* + ¢™) then h'(x) =
2x(e" + ™) + x> (¢ — ¢™) > 0 for x > 0. Hence h
increases for x > 0.

Let F(x) = fix) — 2¢(x)
F(0) = f(0) — 2g(0) =2 — 0 = 2.
F(1) =f(1) - 2¢(1) =6 -4 =2

F is continuous on [0, 1] and differentiable on (0, 1)
with F(0) = F(1), so by Rolle’s theorem there is ¢ €
O, ) s. t. fle) =0 = f(c) = 2¢°(c).

28.

29.

30.

31.

32.

33.

Fe=2 +2B+ 1
X

As x = -1 and x = 2 are extreme points so f'(-1) =
(2 =0ie.

-—a-2B+1=0

[0

— +4B8+1=0
5 B

Solving ov = 2, B = —%.

V= %nﬁ . When V = 2887 C.C then 2887 = %nﬁ

= r = 6. Also a _ 47zr2£ = 47 = 47r36£
dt dt dt
dr 1
= — = —.
dt 36

fx) = x> + 2bx + 2¢* = (x + b)* + 2¢% — b s0
min flx) = 2¢% — b2 Also glx) = %~ 2cx + b =
b2+c2—(x+c)2=>maxg(x)=bz+c2

Thus 2¢* — b* > b* + ¢?
c c
Z >\/§ = E E(\/E,OO)-

Note that f is a strictly increasing function and g is a
strictly decreasing function.

=

Now, x <x+ 1 = gx)>gx+ 1)

= flg(x)) > flglx + 1))

S=1) = f(1)
= 2+a-b=2+a+b
=b=-2

Also, f(c) =0 = 6¢> + 2ac + b =0
:>§+a—2=0:>a=l
2 2

Thus, 2a + b=1-2 = -1
1im[1+f(x)} =3

x—0 x2

= fimZ®) =2
x—=0 x

- fix) must be of the form
fx) = ax* + bx® + 2%
= f/(x) = 4ax’ + 3bx* + 4x

As f(x) has extreme values at x = 1 and x = 2,
4a +3b+4=0



34.

35.

36.

37.

32a + 12b + 8 =0

Solving these we get a = % b=-2

Thus, f(2) = %(2“) -2 +202%) =0.

When x =0, sin y = 0 = y = 0 (since all lines given

pass through origin)

@ _ sin(£+ )+xcos(£+ )Q
cosy o T ETY 37

When x = 0, y = 0, therefore

d
_y} = sin(EJ+0 = ﬁ
(0,0) 3

dx 2

Thus, slope of normal at (0, 0) is —2/\/3 and its
equation is

y = (—2/\/§)x or 2x+\/§y =0
Let m = 0.6,

A+ x™)(m)(1+ x)" " = mx™ 1+ x)"
1+ x™)?

fo) =

_ m(+ )" A+ 1™ = X =X

(1+x™)?

~om(+ )" (1=x"h
- (1+x™)>?

ForO<x< 1, f'(x) <0

as X" = = 1M > T for0<x < 1.
Thus, f’(x) < 0 for 0 < x < 1

= f(x) is strictly decreasing on [0, 1]
sk =max fix) = 0) =1

and k = min flx) = (1) = 274

Hence, (k, K) = (27%%, 1)

If s is the height at any instant, then
2g(s — 64) = v’ —u?

where v is the initial speed and v is the speed at that
instant.

At the highest point,
~2(32) (s — 64) = 0 — 48

2
=s5=064+ a8 = 100.
64
Let x; = x(7/4) and y, = y(7/4).

dx

; =-2sint+2sint+ 2t cos t = 2t cos t
t

Applications of Derivatives 11.47
d . .
;); =2cost—2cost+2tsint=2tsint
a
'.—y=tantz>ﬂ} =1
dx dx li—pa

= slope of normal at ¢t = 7i/4 is —1.

Thus, equation of normal at (x;, y;) is
y-y=-@&-x)orx+y-(x+y)=0
Its distance from the origin is

1 + il
d= —F——
J2
1 T 1 T
Butx, +y, = 2[ L (1+—)+2(—)(1——j
e N A
= 2\/5
d=2
. Let coordinates of A be (k, 0) then equation of tangent
PA is
y
A
P a (0, h)
> X
B \y A
Fig. 11.11
X+2 =1, where Ihl, Ikl > 4.
k h
I 4 (1)
1 1
[Eae
|||

- N Y B

Let A = Area of APAB = 2(area of AOAP)

- 2(%) (Rl 1K) = a2 + 12

164*

But from (1), k* =
W -16
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1612 =4 — cos 2x — cos> 2x
oA = 16(R + 1) = 16| B + 5
" -16 9 (1 )
= ——| —+cos2x
164* 4 \2
" 2 _16 Note that
But A is minimum if and only if A’ is, we therefore m = 0 when cos 2x = 1
minimize, A% 9
and M = — when cos 2x = -1/2.
We have 4
413 (K —16)— h* (2h m=
i(A2)=16 ( : ) > ( ) So M m 4
dh (h2 ~16)

41. An equation of tangent at P@A7 + 3,8 — 1) is
_ 320 (h=42)(h+4V2)

2417 2472
(h* —16)> y—(8t3—1):—t(x—(4t3+3)) aS@ _ 241
d 2 d . 8t dx 8¢
As E(A ) =0forh= 4\/5 and E(A ) <Oif It will meet the curve again at
2 3 .
4<h< 4y andis >0if h > 42 Q(4t,~ + 3, 8t,° — 1) if

81,7 — 8 = 31[41,> — 41
Thus A* is minimum when 7 = 4./5 .
39. For x € (0, m/2)
1+ sin x = 1 — cos (/2 + x)
= 2 sin®(7W/4 + x/2)
and 1 —sin x = 1 + cos(//2 + x)

= 2t - 1)1, +  + 1) = 3(t, — 0)(1t, + 11)

=, -2t -1t - ) =0

1
=S -0t -2 +D=0=1 =1, St

=2 Cosz(ﬂ/4 + x/2) Thus, coordinates of Q are #+3,-£-1)
. fix) = tan™" [tan(£+£ﬂ =rF . x 42. fix) = sin* x + cos* x, since f is differentiable and
42 42

fx) = 4sin’x cos x — 4cos’x sin x

= fx) =172 = — 2 sin x cos x (coszx — sin? x)

An equation of normal to y = f(x) at x = 7/6 is

= — sin(4x) > 0
_(Lz) _ _z(x_z) T
SEVERT 6 VXG(Z’EJ
T T

=y- g = -2x + E = f(x) increases on }gg[
= 2x+y=2113

w2+ 2 .2
It passes through (0, 27/3) Cdx 2Jax —3 Jax—13 3

40. Let E =4 + % sin*2x — 2cos’x = J4x-3 =3=>x=3

=4+ % sin® 2x — % (2cos*x)? Forx=3,y=1+J#@)-3 =4

The equation of normal at (3, 4) is

1 1
=4+ — (1 —cos*2x) — — (1 + cos x)° 3
2 2 y—4= _E(x ~3)

1
=4 + E (1 + cos 2x) [1 — cos 2x — 1 — cos 2x] It passes through (1, 7).

1
=4 - 5 (1 + cos 2x) (2cos 2x)



Previous Years' B-Architecture Entrance
Examination Questions

1. Q = 3x* — 8x. ﬂ

=12 - 16 = —4. So the slope
dx dx 2,-1)

of the normal is i

2. gy By 2]
di di & u

line is perpendicular to x-axis if = 0.

3. f(0) = fim) = 1. f(x) = cos x 4" 50 f'(c) = 0 = cos

So tangent

T
c=0=>c=—.

4.f(5) = 0, f(1) = V24 SO-/D _ 1 5 =\ﬁ
5-1 4 2
’ 3

F) = ——— s0 () \F <

X) = SO f(c) = 4|— = = =
V25— %7 2 25-¢2 2

=2 =75 -3 = ¢ =15. For c € (1, 5), we

have ¢ = 15

5. f0) l-x+a if x<1 A
Jfx) = , =a
2x+3  if x>1
So we must have lim f(x)>a ie.52aora<5
x—1+
dy 8x
6.2y = log(1 + 4x*) = 2% =
vee dx  1+4x7
dy 4x
dx 1+ 4x*

Since 4x < 1 + 4x* so Iml < 1

7. We have w = f’(¢) for some ¢ € (0, 2)

f2) = 2f'(c) + l0) <6 — 2 = 4.

(x2 +1)(4x> +6x)— (x* +3xF +1)2x
(x? +1)?

8.f'(x) =

_2x(x* (27 +2)+2)
(% +1y7°

f'(x) =0 for x =0, f'(x) <0, for x <0, f(x) >0 for
x>0

fi=1) = g,f(Z) = 2—59 , f(0) = 1 so the maximum value
29
of fis —.
! 5

Applications of Derivatives 11.49

1
9. Equation of normal at any point is ¥ —y = ——
/(%)
X - x).
This passes through (1, 1),s0 1 -y = — ,1 (1 -x)
JF'(x)

dx
=21-y=-—0-%
dy

2 2
I (VM
2 2

Since it passes through (3, 1) so
0=2+C=C=-=22
= (x - 1)2 + (y— 1)2 = 4 which is circle of radius 2

so the area is 4.

. T T T
10. f(x) = sin———cos—, 0 < x <1
X X X

. V3 T
f/(0) does not exist. f'(x) =0 = tan— = —
X X
. /4 .
Since 0 < x £ 1 so w£—<oo. By drawing graph of
X
tan x and x, we can see that there are infinitely many

solutions.

11. Since 1 — X% is a decreasing function and [x] is an
increasing function so flx) = [1 — xz] is a decreasing

function.
oL dx o dvdx then 2/x =1
dt 2Jx dt dt  dt
or x = l SOy = l
4 07T
Boar-y® cos P X
dx dx y
Equation of tangent at (x, y)
Y-y="(X-x
Y
2 2
Soal = _y_+x = i7b1 =YyV—-—— = ——
X X Yy Yy

Equation of normal at (x, y)
Y - = Z (X — x)

x
So a, = 2x, by =2y

4 4
a,a, + byb, = ;XZx—;XZy =0.
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14.

15.

16

17.

18.

19.

20.

21.
22.

S~ () = f'(c) for some ¢ € (0, 2)
2-0
A2) = f0) + 2f"(c) <3 + 2.5 = 1.

V4

f(%) = f(_z) = 3. Also f'(x) =
6 cos x sin x (2 cos x + 1) (cos x — 2)

El

For xe[—%g},2c05x+1¢0,cosx—2¢050

fX)=0=sinx=0=x=0.

fl0) =3 -6 -6 —3 =-12. Hence range of f(x) is
[-12, -3].

) =e —xeF =1l -2, f X)) =0=>x=1

F7x) = (1 —x) + e 1), f" (1) = - <0

f has maximum at x = 1.

Area A(x) = x> = d_A = 2x@
dt dt
= 8 = Zx@ =2x
dt
=>x=4=A-=16
vt o Y ol adS=ant = B — s
3 dr dr
v _ 4w 1 AV
s  8mr 2 dSl
, dy 2x
d=1+x=y=log(l +x°),s0om=— =
s dx  1+x?
m <1 =>me [-1, 1]
—xlogx, 0<x<1
fix) = Ix log x| = x llog x| =
xlogx, x>1

—(1+1logx), O0<x<l
x>1

fo = {

1+logx,

f(x)<0if 1l +logx>0for0<x<1 = logx>
1=x>e'for0<x<1

So xe [1,1} .

e
By drawing the graph, we get two points of minimum.
Jx) =2 sin x + sin 2x = 2 sin x + 2 sin x cos x
=2 sin x (1 + cos x)
f'(x) =2 cos x (1 +cos x)— 2 sin x sin x

=2 [cos x + cosx — (1 - cos’ x)]

=2 [2cos2x + cos x — 1]
=2(cosx+1)(2cosx—-1)
Now, ff(x) =0=>x=ma3 (- 0<x<m

We have f(0) = 0, f(%) - 2(£]+

NE) 3\6,
2

2 2
and fim) = 0.

Thus, maximum value is 3\/5 .

23.m = L = €*(sin x + cos x)
dx
dm =2 cosx=0=>x= L
2
2
d—T = 2¢" (cos x — sin x)
dx
d’m
e =2¢™(-1) < 0

24.

25.

26.

x=m/2

Thus m is maximum when x = 7/2

As lim &

v IR 1, p(x) must be of the from
px)=x*+ax’ +bx*a,be R

p’(x) = 2x + 3ax* + 4bx®

As p’(1) =0, p'(2) = 0, we get
2+3a+4b=0and 4+ 12a +32h =0
= 3a+4b=-2,3a + 8b = -1

ﬂa:—l,b:l
4

sop@) =451 + 4a + 16b) = 16(1 — 4 + 4) = 16

f(x) = 3x> + 2bx + c. Discriminant of f(x) = 4% -
3ac) £0

So f’(x) > 0 and hence f increases. Since f is continu-
ous and increasing so fis 1 — 1.

2 < _
min (x, ) = {x O<xst o fl+m=fA)

X x>1 h—0+ h
lim 1+h-1 -1
h—0+ h

— 2 —

1imwz 1im(l+h#=2'50fis
h—0— h h—0— h

not differentiable at x = 1.



Applications of Derivatives 11.51

dy , dy b b ¢ b
Fory=x, — =1sotan 6, =1. Fory=x", — = _ 2, 0 ¢ _ 2 c_ v
y Py 1 y dx 29. fix) = a(x +ax+aj a (x+2a) +a 0
dy:| 2-1 1
2x SO — =2.tan 0 = = — 2 _p2
dx | 1+2x1 3 - g (x+i) +ﬂ >0
2a 4a°

27. f in statement-1 is continuous function on [1, 3] and

differentiable on (1, 3) f(3) = 1 = f(1) so Rolle’s theo-
rem is applicable. Again the mean value is applicable
so statement-2 is true but is not a correct explanation
for statement-1.

28. f is continuous on [2, 6] and differentiable on (2, 6)

being a polynomial also f{2) = 0 = f{6) so by Rolle’s
theorem there is ¢ € (2, 6) such that f'(c) = 0.

f(x) =2ax + b. So f'(x) > 0if x > —; and
a

b
fx)<0ifx < ——.
2a
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