Chapter 4

Principle of Mathematical Induction

Exercise 4.1

Question 1: Prove the following by using the principle of mathematical
induction for all n € N:

n_
1434324 +3m1 =81

Answer 1:

Let the given statement be P(n), i.e.,

P(n): 143+ 32+ .4 301= 80

Forn =1, we have

_ (31-1) _3-1

P (1):= » = g = 1, which is true.

Let P(k) be true for some positive integer k, i.e.,

k_
1+3+32+...+3k-1=(321)...(1)

We shall now prove that P (k + 1) is true.
Consider

1+3+32+ ...+ 3k-1+3(kt+1)-1
=(1+3+32+...+3k-1)+3k

_ (3%-1)
2

+ 3k

_ (3F-1)+2.3F

[using (1)]




_ (1+2)3%-1
2

33k
2

3k
2

Thus, P (k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true
for all natural numbers 1.e., N.

Question 2: Prove the following by using the principle of mathematical
induction for all n € N:

2
B+23+3+ .+ = (22

Answer 2:
Let the given statement be P(n), i.e.,

2
Pln): 1923+ 394+ 0 = (D)

Forn =1, we have

P(1): 13 =1= (@)2 - (12—2)2 = 12 = 1which is true.

Let P(k) be true for some positive integer k, i.e.,

2
13423+354  +13= (k(k2+1)) .1

We shall now prove that P (k + 1) is true.
Consider
13423+ 33+ + K3+ (k + 1)

=(13+23+33+ .+ k) + (k+ 1)




2
_ {"“‘2*”} + (k + 1)3 [using (1)]
_ K (k+1)?

.+t k+1)’

_ k3 (k+1)3 +4(k+1)3
4

_ (k+1)?*{K? +4(k+1)}
4

_ (k+1)2+(K?2 +4k+4)
4

_ (et 1% +(k+1)?
4

_ (k+1)% (k+1+1)?
4

_ {(k+1)(k+1+1)}2

2
Thus, P (k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true
for all natural numbers 1.e., N.

Question 3: Prove the following by using the principle of mathematical
induction for all n € N:

(1+2)  (142+3) 7 (14243+-n)  (n+1)

Answer 3:

1 1 1 2
o+ =

Let the given statement be P(n), i.e.,

1 1 1 2n

P(n): 1 + + S =
(142) = (1+2+3) (1+2+3+.4n)  (n+1)

Forn =1, we have

P(1):1 =£=§= 1 which is true.

1+1




Let P(k) be true for some positive integer k, i.e.,

(1)

1 1 1 2k
+ +...+ = .
(1+2) (142+3) (1+2+3+..k) k+1

We shall now prove that P (k + 1) is true.

Consider

1 1 P 1 1
1+2  1+2+3 7 14243+.+k  1+2+3+--+k+(k+1)

1 1 1 1
= {1 + + + -+ } +
1+2  1+2+3 1+2+3+k 14+2+3++k+(k+1)

1+

L + : [using (1)]

k+1 = 1+2+3+.+k+(k+1)

2k 1
T k1 + ((k+1)(;c+1+1)) [1 +2+3+..+n =

n(nz+1)]

2
k+1  (k+1)(k+2)

et )

2 {k2+2k+1}
okt U k42
2 (k+1)2]
k1l ok

_ 2(k+1)

k42

Thus, P (k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true
for all natural numbers 1.e., N.

Question 4: Prove the following by using the principle of mathematical

induction foralln €N: 1.23+234+..+n(n+1)(n+2)=
n(n+1)(n+2)(n+3)

4




Answer 4:

Let the given statement be P(n), i.e.,

nn+1)(n+2)(n+3)
4

Pn): 1.23+234+..+n@m+1)(@n+2)=

Forn =1, we have

1(1+1)(1+2)(1+3) _ 1.2.3.4

P(1):123=6= ;

= 6 which is true.

Let P(k) be true for some positive integer k, i.e.,

k(k+1)(k+2) (k+3)
4

1.23+234+ .. +kk+1)(k+2)=

We shall now prove that P (k + 1) is true.

Consider

1.23+234+ ... +kk+1)(k+2)+k+1)k+2)k+3)
={123+234+..+kk+1D(k+2)+k+1)k+2)k+3)

_ k(k+1)(k+2)(k+3)

+ (k+ 1)(k+ 2)(k + 3) [using (1)]

= (k +1)(k +20(k +3) (5 +1)

_ (k+1D)(k+2)(k+3)(k+4)
4

_ (k+1D)(k+1+1)(k+1+2)(k+1+3)
4

Thus, P (k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true
for all natural numbers 1.e., N.

Question 5: Prove the following by using the principle of mathematical
induction for all n € N:




_ (2n-1)3™"*1+3

1.3+232+332+ ... +n.3" )

Answer 5:

Let the given statement be P(n), i.e.,

_ (2n-1)3"*143
4

P(n): 1.3 +2.32+3.32+ ... +n.3n

Forn =1, we have

(2n-1)31*t14+3 3243 12 C .
== =T=3,Wh1chlstrue.

P(1):13=3
Let P(k) be true for some positive integer k, i.e.,

(D

We shall now prove that P (k + 1) is true.

(2k—1)3k*t143

1.3+232+332+Kk3k=

Consider

1.3+2.32+ 333+ . + k3% (k+1).3k+1
=(1.3+2.32+3.33+ .+ k3% + (k+1).3k+1
Thus, P (k + 1) is true whenever P(k) is true

_ (2k-1)3k*143

, + (k + 1)3%*1 [using (1)]

_ (k-1)3F 14344k +1)3K+1
4

3R k—14+4(k+1)}+3
4

3+ 1(6k+3)+3
4

3kl 302K+1)+3
4

3l D+ (op 1 9)43
4




_ (2(k+1))3k+DH1 3
4

Hence, by the principle of mathematical induction, statement P(n) is true
for all natural numbers 1.e., N.

Question 6: Prove the following by using the principle of mathematical
induction for all n € N:

12+23+34+ ... +n @+ 1)= [{DD)

3
Answer 6:

Let the given statement be P(n), i.e.,

nn+1)(n+2)
3

P(n): 1.2+23+3.4 + ... +n (@) = |

Forn =1, we have

1(1+1;(1+2) = 1'2'3 = 2which is true.

P():12=2=

Let P(k) be true for some positive integer k, i.e.,
We shall now prove that P (k + 1) is true.
Considerl.2 +23+34+ ... +k (k+1)+(k+1).(k+2)

—[12+23+34+ . +kk+ D]+(k+1)(Kk+2)

= KOADEY) 4 (k + 1) (k + 2) [using (1)]

= (k+ 1) (k+2)(5+1)

_ (k1) (k+2)(k+3)
3

_ (et ) (k+1+1)(k+1+2)
3

Thus, P (k + 1) is true whenever P(k) is true.




Hence, by the principle of mathematical induction, statement P(n) is true
for all natural numbers 1.e., N.

Question 7: Prove the following by using the principle of mathematical
induction for all n € N:

n(4n2+6n—1)
3

13+35+57+...+2n-1)2n+1)=

Answer 7:

Let the given statement be P(n), i.e.,

n(4n?+6n-1)
3

P(n): 1.3+35+57+...+2n-1)2n+1)=

Forn =1, we have

1(41%+46.1-1) 4+6-1 9 C oy
= == 3, which 1is true.

P(1):13=3= : -

Let P(k) be true for some positive integer k, 1.e.,

k (4k*+6k—1)
3

13435457+ ... +Qk—1)2k+1)= (D

We shall now prove that P (k + 1) is true.
Consider

(13+35+57+ ... +Qk-1)Qk+ 1)+ 2k +1)— 1} 2(k+ 1) +1}

_ k(4k®+6k—1)
3

+ 2k +2—-1)(2k + 2 + 1) [using (1)]

2 —
— MER O L 2k + D2k + 3)

_ k(4k*+6k—1)
3

+ (4k? + 8k + 3)

_ k(4k?+6k—1)+3(4k*+8k+3)
3

_ 4k3+6k%—k+12k*+24k+9
3




_ 4k3+18k3+23k+9
3

_ 4k3+14k3 +9k+4K3 +14k+9
3

_ k(4K%+14k+9) +1(4k? +14k+9)
3

_ (k+1)(4k?+14k+9)
3

_ (k+D{ak?+8k+4+6k+6—-1}
3

_ e+ Dfa(k?+2k+1)+6(k+1)-1}
3

_ e+ D4+ +6(k+1)-1}
3

Thus, P (k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true
for all natural numbers 1.e., N.

Question &: Prove the following by using the principle of mathematical
induction foralln EN: 1.2 +2.22+32%2+ ... +n2"=(n—1)21+2

Answer &:

Let the given statement be P(n), i.e.,

P(n): 1.2 +222+ 322+ . +n20=(n— 1) 201+ 2

Forn=1, we have
P(1):12=2=(1-1)2"1+2=0+2=2, which is true.
Let P(k) be true for some positive integer k, i.e.,
1.2+222+322+ ... +k2k=(k-1)2k"1+2 .. (i)

We shall now prove that P (k + 1) is true.




Consider

(1242224323 4+ + k.25 + (k + 1). 2k*+1
= (k + 1)2%*1 + 2 4 (k + 1)2%+1

=24 {(k = 1) + (k + D} +2

=212k 42

= k. 2k+1)+1 + 2

={(k +1) —1}2k+D+1 4 9

Thus, P (k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true
for all natural numbers 1.e., N.

Question 9: Prove the following by using the principle of mathematical
induction for all n € N:

2 4 8 an 2n

Answer 9:

Let the given statement be P(n), i.e.,
1 1
P(Il). E Z
Forn =1, we have
P (1): Z=1- il = which is true.
2 21 2
Let P(k) be true for some positive integer k, i.e.,
1 1,1 1 1
_E+Z+§+m+z_k_ 1 — 2k ... (1)
We shall now prove that P (k + 1) is true.

Consider




2 4 8 2

1
2k+1

= (1= 5) + g sing (1)

1 1
:1_2_k+__

1-50G-

1 /1
-0
2 2
1
- 2k+1

Thus, P (k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true
for all natural numbers 1.e., N.

Question 10: Prove the following by using the principle of mathematical
induction for all n € N:

11 1
25 ss et T (3n—-1)(3n+2)  (6n+4)

1 n

Answer 10:

Let the given statement be P(n), i.e.,

1 1 1 1 n
P(n): 2.5 + 5.8 + 811 o (3n—-1)(3n+2)  (6n+4)

Forn=1, we have

1 1 1 1 D
P(l)—=—= = —, which is true.
25 10 61+4 10

Let P(k) be true for some positive integer k, 1.e.,

k
i+i+i+...+ ! (1)

25 58 811 (3k—1)(3k+2)  6k+4 "

We shall now prove that P (k + 1) is true.




Consider

1 1
B E s + E toe (3k—1)(3k+2) G D-1GBRID12)

k 1

T ke T (3k+3-1)(3k+3+2) [using (1)]

k 1

6k+4 = (3k+2)(3k+5)

k 1
© 2(3k+2) + (3k+2)(3k+5)

1 k 1
= ~+
3k+2 \2 3k+5

k(3k+5)+2)
2(3k+5)

=
" 3k+2 (32(;:2;2)
((3’2;223;?”)

3k+2

3k+2

B 2(3k+5)

_ k+1
 6k+10
k41
B 6(k+1)+4

Thus, P (k + 1) is true whenever P(k) is true.
Hence, by the principle of mathematical induction, statement P(n) is true
for all natural numbers 1.e., N.

Question 11: Prove the following by using the principle of mathematical
induction for all n € N:

1 n 1 1 4ot 1 _ n(n+3)
1.2.3 234 345 nn+1)(n+2) 4(n+1)(n+2)




Answer 11:

Let the given statement be P(n), i.e.,

1 1 4o 1 _ n(n+3)
1.2.3 2 34 345 n(m+1)(n+2)  4(n+1)(n+2)

P(n):

Forn= 1, we have, which is true.

P (1): =) 1e 1 , which is true.
123 4(1+41)(1+2) 423 1.3

Let P(k) be true for some positive integer k, i.e.,

11 L 1 _ _ k(k+3) e
123 234 @ 345 k(k+1)(k+2)  4(k+1)(k+2)

We shall now prove that P (k + 1) is true.

Consider

:[ 1 1 1 + cee 1 ] 1
123 ' 23.4 ' 345 k(e D(k+2)] T (k+1)(k+2)(k+3)
 k(k+3) 1 _
T a0 T krnkr2 ke LUsne (1]
k(3) | 1 }

k+3

Tkt 1)(k+2)

k(k+3)2+4}

Tkt 1)(k+2) 4(k+3)

k(k2+6k+9)+4}

Tkt 1)(k+2) 4(k+3)

(k+ 1)(k+2)

4(k+3)

k3+2k3+k+4k3+8k+4}

(k+1)(k+2) 4(k+3)

&
{
{
{k3+6k2+9k+6}
{
{

k(K% 4+2k+1)+4(k? +2k+1)}

Tkt 1)(k+2) 4(k+3)




_ 1 {k(k+1)2+4(k+ 1)2}
(k+1)(k+2) 4(k+3)

_ (k+1)?(k+4)
4(k+1)(k+2)(k+3)

_ (k+1D{(k+1)+3}
4{(k+1)+1}H{(k+1)+2}

Thus, P (k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true
for all natural numbers 1.e., N.

Question 12:

Prove the following by using the principle of mathematical induction for
alln EN:

a(r™-1)

r—1

a+ar+ar?+-+ar™ =

Answer 12:

Let the given statement be P(n), i.e.,

a(r™-1)

Pm:a+ar+ar?+-+ar" = ——

Forn =1, we have

a(rt-1)

r—1

P(l):a= = a, which is true.

Let P(k) be true for some positive integer k, i.e.,

O G BN

r—1

=a+ar+ar?+--+ark"

We shall now prove that P (k + 1) is true.

Consider

{a+ar+ar?+ - +ark1}+ qrk+n-1




k_
= a(:fll) + ar® [using (1)]
B a(rk—1)+ark(r— 1)

r—1

_a(rf-1)+ark1-ark

r—1

ark—a+ark+1—ark

r—1

a(rk+1-1)

r—1

Thus, P (k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true
for all natural numbers i.e., N.

Question 13: Prove the following by using the principle of mathematical
induction for all n € N:

(142 (1+2) (1 +0) . (1+28) < o+ 7

Answer 13:

Let the given statement be P(n), i.e.,

Pay=(1+3)(1+3)(1+47) .. (1+22) = n+1)?

n2

Forn =1, we have

P (1): (1 +§) + 4 = (1 +1)? = 22 = 4, which is true.

Let P(k) be true for some positive integer k, i.e.,

-(1+3)(1+3)( +g) (1 +(2';1)) = (k+1)2 ...




We shall now prove that P (k + 1) is true.

Consider

(42 (142 (1+2) 0 (14 ED)] {1 4 CleD)

2(k+1)+1 .
) lusing (1)

(k+1)2+2(k+1)+1]
(k+1)2

(e + 12 (1+

= (k + 1)?

=k+1)+2k+1)+1
= {(k+t1)+ 1} +2
Thus, P (k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true
for all natural numbers 1.e., N.

Question 14: Prove the following by using the principle of mathematical
induction for all n € N:

Answer 14:
=(1+%)(1+%)(1 +§) (1 +%)= (n+1)

Let the given statement be P(n), i.e.,

P (n): (1 +%)(1 +%)(1 +§) (1 +%) =(n+1)
Forn =1, we have

P(1): (1+35)=2=(1+1), which is true.

Let P(k) be true for some positive integer k, i.e.,

Plo: (1+3)(1+2)(1+3) . (143)=k+1) ...

We shall now prove that P (k + 1) is true.




Consider

[(2+3)@+5) (140 -(+ D (1 +5)
= (e + D |1+ [using (1)]

[y

=k+1+1
Thus, P (k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true
for all natural numbers 1.e., N.

Question 15: Prove the following by using the principle of mathematical
induction for all n € N:

— 124324524+ + (2n . 1)2 _ n(2n—1;(2n+1)

Answer 15:

Let the given statement be P(n), i.e.,

_ n(2n-1)(2n+1)
3

P(n): 12+ 32+ 52+ ...+ (2n— 1)?

Forn =1 we have

1(21-1)(2.1+1)  1.1.3 D
. 3)( D _ ; = 1, which is true

P(1): 12=1

Let P(k) be true for some positive integer k, i.e.,

k(2k—1)(2k+1)
Z .

We shall now prove that P (k + 1) is true.

P (k): 12+ 32+ 52+ (2k+ 1)* =

(1)

Consider

{12 +32+52++ Rk—1D?*}+{2(k+1) —1}?




_ k(2k=1)(2k+1)

+ (2k + 2 — 1)? [using (1)]

_ kQk-1)(2k+1)

+ (2k + 1)

_ k(2k-1)(2k+1)+3(2k+1)?
3

_ (2k+1){k(2k-1)+3(2k+1)}
3

_ (2k+1){2k?—k+6k+3}
3

_ (2k+1){2k?+5k+3}
3

_ (2k+1)(2Kk?+2k+3k+3)

B 3

_ k+1D{2k(k+1)+3(k+1)}

B 3

_ (2k+1) (k+1)(2k+3)

B 3

_ (k+D{2(k+1)-1}H{2(k+10+1}
3

Thus, P (k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true
for all natural numbers 1.e., N.

Question 16: Prove the following by using the principle of mathematical
induction for all n € N:

14 47 710 (3n—-2)(3n+1)  (3n+1)

Answer 16:

1 1 1 1 n
+

Let the given statement be P(n), i.e.,

1 n

AL U S S _
(n): 1.4 47 7.0 (3n-2)(3n+1)  (3n+1)




Forn = (1) we have

1 1 11 C
P(l))=—= = — = —, which is true.
14  31+4 4 14

Let P(k) be true for some positive integer k, 1.e.,
1 1 1 k

47 7.10 (3k—2)(3k+1)  (3k+1) "

P (k): ==+ (1)

We shall now prove that P (k + 1) is true.

Consider

= {i + i L oo 1 } + 1
14 47 7.10 (3k-2)(3k+1)) = (3(k+1)-2}3(k+1)+1}

k 1

T 3k+1 + (3k+1)(3k+4) [using (1)]

N (3k1+1) {k + (3k1+4)}

_ 1 {k(3k+4)+1}
(3k+1) U (3k+4)

_ 1 {3k2+4k+1}
3k+1) U (3k+4)

1 {3k2+3k+k+1}
3k+1 (3k+4)

_ (Bk+1)(k+1)
(B3k+1)(Bk+4)

_ (k+1)
3(k+1)+1

Thus, P (k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true
for all natural numbers 1.e., N.

Question 17: Prove the following by using the principle of mathematical
induction for all n € N:




ESE SO S 1 __ =
35 57 79 = (2n+1)(2n+3) 3(2n+3)

Answer 17:

Let the given statement be P(n), i.e.,

1 _n
(2n+1)(2n+3)  3(2n+3)

P(n): o=+ 4 =+ +
3.5 5.7 7.9

Forn =1, we have
1 1

P (1): 1= = —, which is true.
3.5 3(21+3) 3.5

Let P(k) be true for some positive integer k, i.e.,

1 1 1 1 k
P (k): 3.5 + 5.7 + 7.9 o (2k+1)(2k+3)  3(2k+3)

We shall now prove that P (k + 1) is true.

Consider

1011 1 1
st Tt T (2k+1)(2k+3)] + (2(k+1D)+1}{2(k+1))+3}

K .
T 3(2k+3) | (2k+3)(2k+5) [using (1)]

_ 1 [k 1 ]
(2k+3) 13 (2k+5)

_ 1 'k(2k+5)+3]
(2k+3) L 3(2k+5)

1 '2k2+5k+3]
(2k+3) L 3(2k+5)

1 '2k2+2k+3k+3]
(2k+3) L 3(2k+5)

_ 1 [2k(k+1)+3(k+1)
2k+3 3(2k+5)

_ (k1) (2k+3)
3(2k+3)(2k+5)




(k+1)
3{2(k+1)+3}

Thus, P (k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true
for all natural numbers 1.e., N.

Question 18: Prove the following by using the principle of mathematical
induction for all n € N:

[+2+3+ . +n<-(2n+1)?

Answer 18:

Let the given statement be P(n), i.e.,
P(): 14243+ . +n <-(2n+1)>2

It can be noted that P(n) is true for n = 1 since

1 2 _2
I<Z(21+1)* =

Let P(k) be true for some positive integer k, i.e.,
P(k)=1+2+3+...+k<§(2k+1)2

We shall now prove that P (k + 1) is true whenever P(k) is true.

Consider

(1+24.+k) + k+1) < é(Zk + 1)2 + (k + 1) [using (1)]
< {2k +1)? +8(k + 1)}
<%{4k2+4k+1+8k+8}

< §{4k2 + 12k + 9}




<= (2k+3)?

< %{Z(k +1) +1)2

Hence, (1+2+3+---+k)+(k+1)<§(2k+1)2+(k+1)

Thus, P (k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true
for all natural numbers 1.e., N.

Question 19: Prove the following by using the principle of mathematical
induction for all n € N:

n(n+ 1) (n+5)is a multiple of 3.

Answer 19:

Let the given statement be P(n), i.e.,

P(n): n(n+ 1) (n + 5), which is a multiple of 3.

It can be noted that P(n) is true forn=1since 1 (1 +1) (1 +5) =12,
which is a multiple of 3.

Hence,

Let P(k) be true for some positive integer k, 1.e.,

k (k+1) (k+5)is a multiple of 3.

~k(k+1)(k+5)=3m, where m €N ... (1)

We shall now prove that P (k + 1) is true whenever P(k) is true.
Consider

k+1D {(k+1D+1} {(k+1)+5}

=k+1)k+2) {(kt5+1}
=k+1)(k+2)k+t5+k+1)(k+2)




= (k(k+1)(k+5+2k+ 1) (Kk+5)+Kk+1)k+2)
=3m+ (k+1) {2 (k+5)+ (k +2)}

=3m+(k+1) 2k +10+k + 2}
=3m+(k+ 1) {3k + 12}

=3m+3(k+1)k+4)

=3{m+(k+1)(k+4)} =3xq,where q=[m+ (k+1) (k+4)} is
some natural number.

Therefore, (k+ 1) {(k+ 1)+ 1} {(k+ 1)+ 5} is a multiple of 3.
Thus, P (k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true
for all natural numbers 1i.e., N.

Question 20: Prove the following by using the principle of mathematical
induction for all n € N:

102n=1+ 1 is divisible by 11.
Answer 20:

Let the given statement be P(n), i.e.,

P(n): 10°2=1+ 1 is divisible by 11.

It can be observed that P(n) is true forn =1

since P (1) =102!-1+ 1 =11, which is divisible by 11.

Let P(k) be true for some positive integer Kk,

i.e.,, 102k-1+1 is divisible by 11.

%~ 10%-1+1=11m, where m € N ... (1)

We shall now prove that P (k + 1) is true whenever P(k) is true.

Consider




1026+D-1 4 1

—102k+2-1 4 |

— 102k + ]

102(10%1+1-1)+1

=102 (10%1+1)- 102+ 1

=102.11m — 100 + 1 [using (1)]

=100 % 11m-99

=11(100m-9)

= 11r, where r= (100m - 9) is some natural number
Therefore, 102k*D-1+1 is divisible by 11.
Thus, P (k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true

for all natural numbers 1.e., N.




